Z - Transform

The z-transform is a very important tool in describing and analyzing digital
systems.

It offers the techniques for digital filter design and frequency analysis of
digital signals.

Definition of z-transform:

X(2)= Y x[nJz™"
N=—oo Where z is a complex

variable

For causal sequence, x(n) =0, n<0:

X(z) = Z(x(n)) = Z:».:{n):_"

n=0
= x(0)z7" + x(Dz7' + x(2)z72 4 ...

All the values of z that make the summation to exist form a region of convergence.
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Example 1

Problem:
Given the sequence, x(n) = u(n), find the z transform of x(n).

Solution:
X@) =Y umz" =" (z"'=1+ (") + (=) +....
n=0 n=0
Weknow, 147+ 2+ ... =L when |r| < I.
Therefore, 1 1 7
X (Z) = 1 . = l = 1
—Z 1-= £7 Region of convergence

Z /

When, |z7'|<1=]z[>1
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Example 2

Problem:

Given the sequence, x(n) = a"u(n), find the z transform of x(n).

Solution:
X(z) = Zu“u(n)z‘” = Z (uz")”: 1 + (uz’_') + (uz‘l)zﬁ— e
n=>0 n=0
Therefore, 1 1 Z
X(2) = == =
1-az 184 z-a

Region of convergence
Z /

When, |az'|<1=|z[>a
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Z-Transform
Table

Region of

Line No. x(n), n=0 z-Transform X{z Convergence
1 x(n) Z x(n)z™"
n={
2 d(n) 1 |z| = 0
3 au(n) = ] 2 > 1
mu(H) - _3 ]}3 |z| = 1
5 nruin) ziz_—-—]]}: Iz] = 1
6 d"u(n) — 2] > |al
7 e "u(n) p—— lz| = e
5 na"ul(n) = ”zﬂ}z 12| > |al
. zsin(a)
? sin(amu(n) z2 = 2zcos(a) + 1 21 > 1
o z[z — cos (a)]
10 cos(amuin) R ——— |z| = 1
. [@sin (b)]z
11 a” sin (bru(n) 7 Pacos(z + &2 Iz| = |a|
z[z — a cos(b)]
- S Z
12 a’ cos (bnuln) 7 Racosb)z + a2 |z| = |a|
. [e7 sin(b)]z
]3 —n o h N —a
o &in (be)uln) z2 — [2e~% cos(b)]z + e~ 2@ 7> €
an [z — e cos (b)) .
14 e eos (bnmuin) 2 Pevcos(b)z + e 23 z| = e
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Example 3

Problem:

Find z-transform of the following sequences.

a. x(n)= 10sin(0.25mn)u(n) b. x(n) = e """ cos(0.25mm)u(n)

Solution:

a. From line 9 of the Table:

X(z) = 10Z(sin (0.27n)u(n))

B 10 sin (0.25m7)z B 7.07:z
C 22— 2zcos(0.25m) + 1 22— 14142417

b. From line 14 of the Table:

z(z — e " cos(0.257))

I 0.1s - _
X(z) = Z(e """ cos(0.25mn)u(n)) T 3¢ T c0s (0.25m)= 1 ¢ 02

B z(z — 0.6397)
22— 1.2794z + 0.8187°
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Z- Transform Properties (1)

Linea rity: Zlax (n) + bxiin)) = aZ(x(n)) + bZ(x2(n))

a and b are arbitrary constants.

Example 4

Problem:
Find z- transform of x(n) = u(n) — (0.5)"u(n).

=
A

Line 3

Solution: C Z(u(n)) =

Using z- transform __

table: -

_ Z(0.5"u(n)) = — 05" Line 6

Therefore, t X(o)=—— —,
erefore, we ge (2) e —
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Z- Transform Properties (2)

Shift Theorem:
Zlxin—m)) =z"X(2)

Verification:
o n=m
Zlxin —m)) = Z:-:(n —m)z " /
f={)
=x(—m)z "+ .o x(— Dz 0z x(Dz T L
Since x(n) isassumed tobe causal:  x(—ml=x(-m+1)=...=x( —1)=10.

Then we achieve,  Z(x(n —m)) = x(0)z™ + x(1)z™ " + 22z >+ ....
|:> Z(x(n —m)) = 27" (x(0) + x(1)z~" + xQ2)z 2+ ...) = 2" X(2).
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Example 5

Problem:

Find z- transform of  y(n) = [ﬂ.ij{” Vu(n — 3),

where u(n — 5) =1 forn = Sand uin — 5) = 0formn < 5.

Solution:

Using shift theorem,

Y(z) = E[[ﬂ.ij" “uln — 5}] =z 7 Z[(0.5)" u(n)].

Using z- transform table, line 6: Y(z)=z"7. _ =-
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Z- Transform Properties (3)

Convolution

In time domain, xin) = xj(n)*x2(n) = Z:n(n — k)xa(k), Eqg. (1)
k=0

In z- transform domain,

X(z) = Xi(2)Xa(2).

o X(z) = Z(x(n)), X1(z) = Z(x1(n)), and X2(z) = Z(x2(n)).
Verification:

Using z- transform in Eq. (1)

X(z)= Z_T[H}E t= sz'(" — k)xatk)z ",
=0 n=0 k=0
X(z) = » x2(k)z *x1(n — k)z "M, I:> X(z)= N xa(k)z " N xi(n — k)z "4,

i

let m=n-—1FL; 00 80
| > X(z) = zl‘z(ﬁflz : Z-‘fu{m}z " |:> X(z) = X-(2)X1(2) = X1(2) Xa(2).

K=l =\
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Problem:

Solution:

Example 6

Given the sequences,

xi1(n) = 38(n) + 28(n — 1) Find the z-transform of their

xa(n) = 26(n) — &(n — 1). convolution.

Applying z-transform on the two sequences,

Xi(z) =3+ 271
Xiz)=2-=2 L

From the table, line 2

Therefore we get,

X =X0X(2)=@3+2zH2 -z
=64z =272
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Inverse z- Transform: Examples

Find inverse z-transform of  x(z) = 2 + 431 — zﬂ 3
Example 7
We get, x(n)=2Z""(1)+4Z2 ( ) VA D 5)
Using table, x(n) = 28(n) + duln) — (0.5 u(n).
. 5z z
Find inverse z-transform of X(z) = — Example 8

(z— 17 (z—-05)

Weget, y(u)=2 '({3—”) — 7 '(ﬁ) =57 '({__

Using table, x(n) = Snu(n) — 4n(0.5) u(n).

CEN352, Dr. Ghulam Muhammad
King Saud University




Inverse z- Transform: Examples

Find inverse z-transform of X(2) = 5

10z
_-!_|_1

] ]

sin (a)z

| 102 10
Since, Xiz)= m - (sin [HJ)

By coefficient matching, —2cos(a)= —1

22— 2zcos(a)+ 1

Example 9

Hence, cos(a) = 0.5, and a = 60° |:> sin (@) = sin (60°) = 0.866.

Therefore, ... 10 _ sin (@)z I : 0
1(;:]_5,1“[&}.{ (zz—lzcos[a}—l—l) = 0866 sin(n-60") = 11.547 sin (n - 60%).
J 7=3
Find inverse z-transform of X(z) = m— +2z7%+ 03 Example 10

-

x(n) =2 '(z 3%}%«: '{: ﬁ~l:]-|—z I(:4

:—I—ﬂ.S)

|:> x(n)=un—5)+8n—6)+(—0.5" *un—4)
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Inverse z-Transform: Using Partial Fraction

Problem:

1
(1—z9(1—0.5z1) Example 11

Find inverse z-transform of X(z) =

Solution:
First eliminate the negative power of z.

2 5

21—z 1)1 — 0.52°1) — (z— 1)z —0.5)

Dividing both sides by z: 112 _ - .
z (z— 1)z —0.5)

X(z)=

Xz z ) \ - _
Finding the A = (=~ 1) U T3, XE&J:[-El +{~—::nj
constants: = = T 2= 1 2=09)
_ X(2) z z -z
B=(-— 052 _ S Y(z) =
Z lemas (= 1)]|.ops — @) (z—1) * (z —0.3)

/

Therefore, inverse z-transform is:  x(n) = 2u(n) — (0.5)"u(n).
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Inverse z-Transform: Using Partial Fraction

Problem:

Find y(n) if Y(:) = — 1?(23 j i 05 Example 12

Solution:

Dividing both sides by z: Yo _ Az +1)

z  (z—ID(22—z+0.5)
» Y(z) B A A*
= -~ - :
z z—1 (z—0.5-;0.5) (z—0.5+;0.5)

Y(z)

Z

We first find B:

oz 1)
.y (2—=z+0.5)

I x(1+1)

B=(-1 (21405

Next find A:
¥(z)

Z

B z(z + 1)
s=05+05 (2= Iz —=0.5+70.5) 95405

A= (z—05—j0.5)
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Example 12 - contd.

B (0.5 +j0.5)0.5+ 0.5+ 1) (0.5 +0.5)(1.5 +0.5)
(054705 —1)0.54+/05-05+0.5  (—05+0.5;

~(0.707/45°)(1.58114/18 43°)
~ T (0.707/135°)(1/90°)
A* = A= 1.58114/161.57°.

Using polar form A = 1.58114/ — 161.57°

P=0.5+0.5 = |P|/6 =0.707/45° and P* = |P|/ — 6 = 0.707/ — 45°.

4z Az A*z

Now we have: Y(z):z_ i +(z—P)+(z—P*)'

Therefore, the inverse z-transform is:

iy a1 Z o Az A*z
Wn) =4z (3—1)+Z ((E—P)+(E—P*))

»

y(n) = du(n) + 2|A|(|P|)" cos (nh + ¢)u(n)
— du(n) + 3.1623(0.7071Y" cos (45°n — 161.57)u(n)”
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Inverse z-Transform: Using Partial Fraction

Problem:

2
o

Find x(n) if X(z2) = G- DG_057

Example 13

Solution:
Dividing both sides by z:

X(z) z A B C
— 5 = + + R
2 (z—1)z—-057 z—-1 z—05 (z-0.5)

X
where A= (z— 2 2 | _4
< =1 (E - Uﬁ)d z=1
Rm Rm—l JRl l 1 dk_l ( i X(Z})
. + sttt/ R = | E—pP"—
(z=p) (z—p) z-p) (k — DldzF < Jlz=p
B=R —— 9[- _5p XD m=2 \/—05
ez =y, < m=4p=0
d  z —1
—_ — — -4
dz (2_1) =05 (Z—=1) o5
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Example 13 - contd.

B B 1 d’ » X(2)
C=R =G .:zzﬂ{(z_ﬁ'ﬁ) }

= ) z=05
=
= = —1.
z—1lz=05
4z —4z -1z

Then X(z) = .
X = T 05 T 05y

Z—'{ - }Zu(n),

z—1

From Table:

g - 057

z! {(z _‘; 5)3} — 2n(0.5)" u(n).

Finally we get, x(n) = 4u(n) — 4(0.5)"u(n) — 2n(0.5)"u(n).
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Partial Function Expansion Using MATLAB

Problem: 1
X(z2) =
@ =a =005 Example 14
Solution: - ~N
The denominator polynomial can be = conv([1 —1], [1 —0.5])
found using MATLAB: D —
1.0000 —1.5000 0.5000
g J
Therefore,
] | z2
X(z) = — _
@) (I —z7)(1-05z"") 1-15z1+052 z2-152+40.5
X(z) z
and —== 575705
> |R,PK| = residue(|1 0], |1 —1.5 0.5]) The solution is:
- 2z z
R = P = K= XY(2) — B
2 1.0000 | ) z—1 z-0.5
—1 0.5000 CEN352, Dr. Ghulam Muhammad
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Partial Function Expansion Using MATLAB

Problem: "
Y = —— o) Example 15
(z— 1) —z+0.5) P
Solution:
:;}EJ = conv(]1 0 0], |1 1}]) Y( ) EE(E 4 1) 2,3 + 2'1
— T) = —
1100 (z— 1)[31—34—9.5) 23— 2224 1.52-0.5
> D = conv(]l —1], [1 —1 0.5]) Y(2) 21z
- and == T 1505
1.0000 —2.0000 1.5000 —0.5000 = 7 —2rm+ Loz =0
:é:- [R.P.K] = residue(Jl 10, [1 —2 1.5 —0.5)) XY@~ B; . zAzp . EA*; |
— — I — —
4.0000 where B — 4
—1.5000 — 0.5000i _1
—1.5000 + 0.5000i pPr==
pP— A=-15-0.5],
1.0000 p=0.5+0.5],
0.5000 + 0.5000i A" — —1.5+0.5/. and
0.5000 — 0.5000i -
K — p=0.5—0.5.
" CEN352, Dr. Ghulam Muhammad

1
King Saud University ?



Partial Function Expansion Using MATLAB

Problem: X 22
2) = 2
(z = Dz —0.5)’ Example 16
Solution:
> D = conv(conv([l —1],[1 —0.5]),[1 — 0.5])
D=

1.0000 — 2.0000 1.2500 — 0.2500

2 2
X@) = = - X _ -
(z—1)z—0.57% z2—-222+1.252-0.25 z 2322241252025

> [R,P,K] = residue([1 0], [ —2 125 — 0.25])
R =
4.0000
—4.0000
| 10000 X(z):;_zl_zji}s_ :
D (z—0.5)
1.0000
0.5000
0.5000

K = CEN352, Dr. Ghulam Muhammad
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Difference Equation Using Z-Transform

The procedure to solve difference equation using z-transform:

1. Apply z-transform to the difference equation.
2. Substitute the initial conditions.
3. Solve for the difference equation in z-transform domain.

4. Find the solution in time domain by applying the inverse z-transform.
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Example 17

Problem:
Solve the difference equation when the initial conditionis »(—1) = 1.

wn) — 0.5¢(n — 1) = 5(0.2)"u (n).

Solution:
Taking z-transform on both sides:

Y(z) — 0.5(( — 1)+ 271 Y(2)) = 5Z(0.2"u(n))

Substituting the initial condition and z-transform on right hand side using Table:

Y(z) - 0.5(1 + 7' Y(2)) = 5z/(z — 0.2).
Arranging Y(z) on left hand side:
Y(z) —0.5z7'Y(z) = 0.5+ 5z/(z — 0.2).
|$ Y(z)(1 =05z ") = (552 0.1)/(z— 0.2)

vy (35201 55201
$ & =005 0z-02 -05z-02)
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Example 17 - contd.

Y)__$5:-01 4 B
|-J;> z (z—05(:z-02) z—-05 z-02

Solving for A and B:

Y(2) 5.5z 0.1 5.5% 0.5~ 0.1
A=(z—05 Tt [ — 8.8333
=07 =02 |, 05-02 ’
Y(2) 5.5z 0.1 5.5%02—0.1
B=(z—02 el — —3.3333,
00— =05 |, 02-03

8.8333z —3.3333z

Therefore,  y(z) = (z —0.5) u (z—0.2)

Taking inverse z-transform, we get the solution:

p(n) = 8.3333(0.5)" u(n) — 3.3333(0.2)"u(n)
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Example 18

Problem:
A DSP system is described by the following differential equation with zero initial condition:

vn)+0.1p(n—1)—02p(n —2) = x(n) + x(n — 1)
a. Determine the impulse response y(n) due to the impulse sequence x(n) = d(n).

b. Determine system response y(n) due to the unit step function excitation, where
u(n) =1forn=>0.

Solution:
Taking z-transform on both sides:

d Y{:) + 0.1 Y'::):_l - 0.2 ]f(—{:}:_3 — X{:} € X{:):—l
Applying x () = Z(8(n)) = 1 Oon right side

Y(2)1 +0.1z7' =022 = 1(1 +z7H

1 + 2z}
Y(z) =
|:> 2 14+ 0.1z71 —0.2z72

CEN352, Dr. Ghulam Muhammad
King Saud University

24



Example 18 - contd.

We multiply the numerator and denominator by z2

22 +z B z(z + 1)
22401z—-02 (z—0.4)(z+0.5)

Y(z) z+1 4 N B
|$ z  (z—04)(z+05 z-04 z+40.5

Solving for A and B:

Y(z) =

Y(2) z+41 0.4+ 1

A=(z—04 - - — 1.5556
=097 =7705 ‘___{,_4 0.4+0.5
Y(2) 41 —0.5+1
B=(z+0.5 - 2T 0.5556.
Er09—7= =C 0.4‘:__0_5 0504

1.5556z  —0.5556z

Therefore,  Y(z)= C_0d) + 03

Hnece the impulse
response: w(n) = 1.5556(0.4)"u(n) — 0.5556( — 0.5)"u(n).
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Example 18 - contd.
b.
The input is step unit function:  x(n) = u(n)

Z

Corresponding z-transform: X(z) =

z—1
Y(2) +01Y(2)z7' = 02Y(2)z7% = X(2) + X(2)z! [Slide 24]
z 1+ z7! 2z + 1)
Y(z) = ( ) "y G

z—1/\1+01z1-02z (z— 1)z —0.4)z+0.5) Do the
__ middle
Yo - 222227 10370z ~0.1852 steps 'TF"
DTS00 TTZ204 0 2405 yOUrset:

W(n) = 2.2222u(n) — 1.0370(0.4)"u(n) — 0.1852( — 0.5)"u(n).
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