
CHAPTER 

5 

INTEGRALS 

INTRODUCTION 

The two most important tools in calculus are the 
derivative , considered in previous chapters , and the 
definite integral, defined in Section 5.4. The derivative 
was motivated by the problems of finding the slope 
of a tangent line and defining velocity . The definite 
integral arises naturally when we consider the prob­
lem of finding the area of a region in the xy-plane. 
However, this is merely one application. As we shall 
see in later chapters, the uses for definite integrals are 
as abundant and varied as those for derivatives. 

The principal result in this chapter is the funda­
mental theorem of calculus, proved in Section 5.6. This 
outstanding theorem enables us to find exact values 
of definite integrals by using an antiderivative or indef­
inite integral. Each of these concepts is defined in Sec­
tion 5.1; the procedure may be regarded as a reverse 
procedure to finding the derivative of a function. Thus, 
in addition to providing an important evaluation 
process, the fundamental theorem shows that there is 
a relationship between derivatives and integrals- a 
key result in calculus. 

The chapter closes with a discussion of methods 
of numerical integration, used for approximating def­
inite integrals that cannot be evaluated by means of 
the fundamental theorem. These methods are readily 
programmable for use with calculators and computers 
and are employed in a wide variety of applied fields. 
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5.1 ANTIDERIVATIVES AND INDEFINITE INTEGRALS 

Definition (5.1) 

FIGURE 5.1 
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ILLUSTRATION 

Theorem (5.2) 

In our previous work we solved problems of the following type: Given 
aJunctionJ,jind the derivativef' . We shall now consider a related problem: 
Given aJunctionJ,jind aJunction F such that F' = f. In the next definition 
we give F a special name . 

A function F is an antiderivative of J on an interval I if F'(x) = J(x) 
for every x in I . 

We shall also call F(x) an antiderivative of J(x) . The process of finding 
F, or F(x), is called antidifferentiation . 

To illustrate , F(x) = x 2 is a n a ntiderivative of J(x) = 2x , because 

F'(x) = Dx (x 2
) = 2x = J(x). 

There are many other antiderivatives of 2x, such as x 2 + 2, x 2 -1, and 

x 2 + J3. In general, if C is any constant , then x 2 + C is an antiderivative 
of 2x, because 

Dx (x 2 + C) = 2x + 0 = 2x. 

Thus, there is a Jamily oj antiderivatives of 2x of the form F(x) = x2 + C, 
where C is any constant. Graphs of several members of this family are 
sketched in Figure 5.1. 

The next illustration contains other examples of antiderivati ves , where 
C is a constant. 

I(x) 
_ x

2 

- cosx 

ANTI DERIVATIVES OF I(x) 

!X3, !X3 + 8, !X3 + C 

2X4 , 2X4 - 0, 2X4 + C 

sin x, sin x +~, sin x + C 

As in the preceding illustration, if F(x) is an antiderivative of J(x), 
then so is F(x) + C for any consta nt C. The next theorem states that every 
antiderivative is of thi s form. 

Let F be an antiderivative of J on an interval I . If G is any anti­
derivative of J on I , then 

G(x) = F(x) + C 

for some constant C and every x in I. 

PROOF If F and G are a ntiderivatives of J, let H be the function defined 
by 

H(x) = G(x) - F(x) 
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Definition (S.3) 

for every .\ in I. We will show that H is a constant function on I : that is, 
G(x) - F(x) = C for some C, or, equivalently, G(x) = F(x) + C. 

Let (/ and h be any numbers in I such that a < b. To show that H is 
constant on I, it sumces to prove that H(a) = H(b). Since F and G are 
antiderivatives of.r 

H'(x) = G'(x) - ['(x) = I(x) - I(x) = ° 
for every x in I . Since H(x) is differentiable , H is cont inuous, by Theorem 
(3.11). Applying the mean va lue theorem (4.12) to H on the interva l [a , b J, 
there exists a number c in (a. b) such that 

H(iJ) - H(a) 
H '(c) = . 

iJ-II 

Since c is in 1, H '(c) = 0, and thus 

H(iJ) - H(a) = 0, or H(a) = H(b), 

which is what we wished to prove. _ 

We refer to the constant C in Theorem (5.2) as an arbitrary constant. 
If F(x) is an antiderivative of I(x), then aI/ antiderivatives of I(x ) can be 
obtained from F(x) + C by letting C range through the set of rea l numbers. 
We shall employ the following notation for a fam ily of antiderivatives of 
this type. 

The notation 

I f(x) dx = F(x) + C, 

where ['(x) = f(x) and C is an arbitrary constant, denotes the fa mily 
of all antiderivatives of fIx) on an interva l I. 

The symbol S used in Definition (5 .3) is an integral sign. We call 
S I(s) dx the indefinite integral 0[/(\). The expression f(x) is the integrand , 
and C is the constant of integration . The process of finding F(x) + C, when 
given S I(x) dx, is referred to as indefinite integration, evaluating the inte­
gral , or integrating f(x}. The adjective illdefil1ile is used because J I(x) dx 
represents a ./illl1il\' of antiderivatives, not any specific functio n. La ter in 
the chapter, when we discuss definite integrals , we shall give reasons for 
using the integral sign and the differential dx that appears to the right of 
the integrand I(s). At present we shall not interpret I(x) dx as the prod uct 
of I(s) and the differential dx. We shall regard dx merely as a symbol 
that specifies the independent variable x, which we refer to as the variable 
of integration . If we use a different variable of integration, such as I, we 
write 

I I(t) dt = F(t) + C, 

where F'(l) = I(t)· 
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ILLUSTRATION 

Brief table of Indefinite 
integrals (5.4) 

ILLUSTRATION 
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- f.\.4 dx = ~X5 + C because D, (~X5) = -".4. 

- ft - 3dt=-1t - 2+C because D,( -1t- 2)=t - 3. 

- f cos u du = sin II + C because DII sin u = cos II. 

Note that , in general, 

f[D,f(x)] dx = fix) + C 

because F(x) = D, f(x). This allows us to use any derivative formula to 
obtain a corresponding formu la for an indefinite integral, as illustrated 
in the next table. As shown in Formula (1), it is customary to abbreviate 
J I dx by J dx. ./. ~r 

~ I, j ?, .I; I: I 0. 

DERIVATIVE 

Dr [/(x») 

D\(x) = 1 

D.' =.\'(1'=/;- 1) (
,,+ 1 ) 

.\ I' + 1 

D\ (sin x) = cos x 

D,(-cosx)=sinx 

D, (tan x) = sec 2 x 

Dx ( - cot x) = csc 2 
X 

D, (sec x) = sec x tan x 

D, ( - csc x) = csc x co t x 

-----'-----'------

INDEFINITE INTEGRAL 

J Dr [/(x») dx = I (x) + C 

( I ) f I dx = f dx = X + C 

f 
,,' + 1 

(2) X' dx = . + C (I' =/; - 1 ) 
1'+1 

(3) f cos X dx = sin X + C ' 

(4) f sin X dx = - cos x + C . 

(5) f sec 2 x dx = tan x + C 

(6) f csc 2 x dx = - cot x + C 

(7) f sec x tan x dx = sec x + C 

(8) f csc x cot x dx = - csc x + C 

Formula (2) is called the pOIlW rlile/i)r indefinite integration. As in the 
following illustration, it is often necessary to rewrite an integrand before 
applying the power rule or one of the trigonometric formulas. 

_ f., 3. x 5 dx = f.,8 dx = ;: 11 = ~ x9 + C 

f 
1 f ,-3 + 1 I 

- x 3 dx = X 3 dx = ~ 3 + 1 = - 2x 2 + C 

f 
tan x f sin x f 

- - dx = cos x dx = sin x dx = -cos x + C 
sec x cos x 
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Theorem 15.51 

Theorem 15.61 

It is a good idea to check indefinite integrations (such as those in the 
preceding illustration) by differentiating the final expression to see if either 
the integrand or an equivalent form of the integrand is obtained. 

The next theorem indicates that differentiation and indefinite integra­
tion are inverse processes , because each, in a sense , undoes the other. In 
statement (i) it is assumed that f is differentiable , and in (ii) that f has an 
antiderivative on some interval. 

Ii) I [Dx f(x)] dx = f(x) + C 

Iii) Dx [I f(x) dX] = f(x) 

PROOF We have already proved (i). To prove (ii), let F be an anti-
derivative of f and write 

Dx [I f(x) dX] = D, [F(x) + C] = F'(x) + 0 = f(x). -

EXAMPLE 1 Verify Theorem (5.5) for the special case f (x) = x2 

SOLUTION 

(i) If we first differentiate X 2 and then integrate, 

I D, (x 2
) dx = I2x dx = x 2 + C. 

Iii) If we first integrate x2 and then differentiate , 

D, f.\2 dx = Dx e33 

+ C) = x2
. 

The next theorem is useful for evaluating many types of indefinite in­
tegrals. In the statements we assume that[ (x) a nd g(x) have antiderivatives 
on an interval I. 

Ii) I cf(x) dx = c I f(x) dx for any constant c 

(ii) I [j(x) + g(x)] dx = If(x) dx + I g(x) dx 

(iii) I [j(x) - g(x)] dx = I f(x) dx - I g(x) dx 

PROOF We shall prove (ii) . The proofs of (i) and (iii) a re similar . If F 
and G are antiderivatives of f and g, respectively , 

Dx [F(x) + G(x)] = F(x) + G'(x) = I(x ) + q(x). 

Hence, by Definition (5.3) , 

I [j(x) + g(x)] dx = F(x) + G(x) + C, 
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where C is an arbitrary constant. Similarly, 

I j(x) dx + I g(x) dx = F(x) + C I + G(x) + C2 

for arbitrary constants C I and C2 . These give us the same family of anti­
derivatives , since for any special case we can choose values of the constants 
such that C = C I + C 2 . This proves (ii). _ 

EXAMPLE 2 Evaluate I(Sx 3 + 2 cos x) dx. 

SOLUTION We first use (ii) and (i) of Theorem (S.6) and then formulas 
from (S.4): 

I (Sx 3 + 2 cos x) dx = I Sx 3 dx + I2 cos x dx 

= S Ix 3 dx + 2 I cos x dx 

= S(:4 + c l ) + 2(sin x + C2) 

= ~X4 + sc I + 2 sin x + 2C 2 

= ~X4 + 2 sin x + C 

In Example 2 we added the two constants SCI and 2C 2 to obtain one 
arbitrary constant C. We can always manipulate arbitrary constants in 
this way , so it is not necessary to introduce a constant for each indefinite 
integration as we did in Example 2. Instead , if an integrand is a sum , we 
illlegrate each lerl11 o/Ihe sum without introducing constancs and then add 
0111' arhitrary cOll slall1 C alier Ihe last il1legrarion. We also often bypass 
the step S c{(x) dx = c .r f(x) dx , as in the next example. 

EXAMPLE 3 Evaluate I (S13 - 6ji + /3) dl. 

SOLUTION First we find an antiderivative for each of the three terms 

in the integrand and then add an arbitrary constant C. We rewrite Jt 
as II 2 and 1/13 as t - 3 and then use the power rule for integration: 

I (St 3 
- 6\ { +~) dt = I(SI 3 

- 61 1
/
2 + 1- 3

) dl 

EXAMPLE 4 

14 13/ 2 1- 2 

=S' - - 6' + - +C 
4 ~ - 2 

I 
= 2t4 

- 4t 3
/
2 

- - + C 
12 
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SOLUTION First we change the form of the integrand , because the 
degree of the numera tor is grea ter th an or equal to the degree of the de­
nominator. We then find an antiderivative for each term. adding an a rbi­
trary constant C a ft er the las t integra tion : 

I (.\"2 - 1)2 . _ I X4 - 2 .\"2 + I . 
, d.x - , d.\ 

.\" - .\"-

= I (.\"2 - 2 + .\" - 2 ) d.\" 

.\" 3 X - I 

= 3 - 2x + _ I + C 

I I 
= _ .\"3 _ 2x - + C 

3 

EXAMPLE 5 Eva lua te I I dll. 
cos u cot II 

SOLUTION We usc trigonometric identities to change the integrand 
and then apply formula (7) from Table (5 .4): 

I ___ I dll = I sec II tan II dll 
cos II cot II 

= sec u + C 

An applied prob lem may be stated in terms of a differential 
equation that is, an equa ti on th at involves deri va ti ves or differentials of 
an unknown functi on. A fun cti on I is a solution of a differential equati on 
if it sa ti sfies the equ ati on that is. if subst ituti o n of I fo r the unknown 
functi on produces a true statement. To solve a difTerential equatio n mea ns 
to find all so lutions. So metimes, in addition to the differentia l equation, 
we may know certa in values of I o r I', called initial conditions . 

Indefinit e integrals a re useful fo r solving certa in differential equati ons, 
beca use if we a re given a deri va ti vef'(.\") we ca n integrate and usc Theorem 
(5.5 )(i) to obta in an equa ti on in vo lving the unknown fun cti on f: 

In.\") d.\" = I(x) + C 

If we a re a lso given a n initia l condition for I, it may be poss ible to find 
I(x) ex plicitl y. as in the nex t exa mple. 

EXAMPLE 6 Solve the differenti a l equa ti on 

I' (.\") = 6.\"2 + .\" - 5 

subjec t to the initia l co ndition I(O) = 2. 

SOLUTION We proceed as fo ll ows: 

P(.\") = 6x 2 + X - 5 

I f'(.\") dx = I (6x 2 + X - 5) d.\" 

I( .\") = 2 .\"3 + ~.\" 2 - 5.\" + C 
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for some number C. (It is unnecessary to add a constant of integration to 
each side of the equation .) Letting x = 0 and using the given initial con­
dition f(O) = 2 gives us 

f(O) = 0 + 0 - 0 + C, or 2 = C. 

Hence the solution f of the differential equation with the initial condition 
f(O) = 2 is 

f(x) = 2x 3 + 1x2 
- 5x + 2. 

The given equation can also be stated in terms of the differentials of 
y = f( x) by writing 

dy 2 2 
dx = 6x + x - 5, or dy = (6x + x - 5) dx . 

[n this case we integrate as follows: 

f dy = f (6x 2 + X - 5) dx 

y = 2x 3 + 1x 2 
- 5x + C 

The constant C may be found by letting x = 0 and using y = f(O) = 2. 

If we are given a second derivative .f"(x), then we must employ two 
successive indefinite integrals to find f(x). First we use Theorem (5.5)(i) 
as follows: 

f .f"(x) dx = f [Dx f'( x )] dx = f'(x) + C 

After finding ['(x), we proceed as in Example 6. 

EXAMPLE 7 Solve the differential equation 

.f"(x) = 5 cos x + 2 sin x 

subject to the initial conditions f(O) = 3 and f'(0) = 4. 

SOLUTION We proceed as follows: 

.f"(x) = 5 cos x + 2 sin x 

ff"(x) dx = f (5 cos x + 2 sin x) dx 

f'(x) = 5 sin x - 2 cos x + C 

Letting x = 0 and using the initial condition ['(0) = 4 gives us 

['(0) = 5 sin 0 - 2 cos 0 + C 

4 = 0 - 2 . 1 + C, or C = 6. 

Hence 

f'(x) = 5 sin x - 2 cos x + 6. 
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FIGURE 5 .2 

s(r) 

We integrate a seeond time: 

If'(x) dx = I(5 sin x - 2 cos x + 6) dx 

f(x) = - 5 cos x - 2 sin x + 6x + D 

Letting x = 0 and using the initial condition frO) = 3, we find that 

f(O) = - 5 cos 0 - 2 sin 0 + 6 . 0 + D 

3 = - 5 - 0 + 0 + D. or D = 8. 

Therefore, the solution of the differential equation with the given initial 
conditions is 

I(x) = - 5 cos x - 2 sin x + 6x + 8. 

Suppose a point P is moving on a coordinate line with an acceleration 
art) at time I , and the corresponding velocity is [·U). By Definition (4.21), 
a(t) = r '(t) and hencc 

I aU) dl = I r '(1) ell = r{t) + C 

for some constant C. 
Similarly, if we know V(I), then since dt) = s'(I), where s is the position 

function of P, we can find a formula that involves s(t) by indefinite 
integration: 

I r(1) dl = I s'(t) dt = s(l) + D 

for somc constant D. In the next example we shall use this technique to 
find the position function for an object that is moving under the influence 
of gravity. Understanding the problem requires knowledge of a fact from 
physics: An object on or near the surface of the earth is acted upon by a 
force warity- that produces a constant acceleration, denoted by y. The 
approximation to q that is employed for most problems is 32 ft/ sec 2

, or 
980 cm/sec 2

. 

EXAMPLE 8 A stone is thrown vertically upward from a position 
144 feet above the ground with an initial velocity of96 ft sec. Disregarding 
air resistance, find 

(al the stone's distance above the ground after I seconds 

(bl the length of time that the stone rises 

(el when and with what velocity the stone strikes the ground 

SOLUTION The motion of the stone may be represented by a point 
moving on a vertical coordinate line I with origin at ground level and 
positive direction upward (see Figure 5.2). 

(al The stone's distance above the ground at time t is s(t), and the initial 
conditions are s(O) = 144 and l'(0) = 96. Since the velocity is decreasing, 
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["(1) < 0; that is, the acceleration is negative. Hence, by the remarks pre­
ceding this example ; 

o(t) = [" ~ ttl = - 32 

fdt) dt = f - 32 dl 

['ttl = - 321 + C 

for some number C. Substituting 0 for t and using the fact that u(O) = 96 
gives us 96 = 0 + C = C and. consequently. 

r(f) = - 32t + 96. 

Since s'(t) = dl), we obtain 

s'(/) = - 321 + 96 

f s'(t) dt = f ( -32t + 96) dr 

s(t) = - 161 2 + 96t + D 

for some number D. Letting t = 0 and using the fact that 5(0) = 144 leads 
to 144 = 0 + 0 + D , or D = 144. It follows that the distance from the 
ground to the stone at time t is given by 

5(1) = - 16t 2 + 961 + 144. 

Ibl The stone will rise until dr) = O- that is , until 

- 32t+96=0, or 1 = 3. 

leI The stone will strike the ground when s(l) = O- that is , when 

_ 16/ 2 + 96t + 144 = O. 

An equivalent equation is 12 - 61 - 9 = O. Applying the quadratic for­

mula, we obtain t = 3 ± 3, 2. The solution 3 - 3 Ii is extraneous, since 

I is nonnegative. Hence the stone strikes the ground after 3 + 3" 2 sec. 
The velocity at that time is 

1'(3 + 3,}2) = - 32(3 + 3,2) + 96 

= - 96,2::::: - 135.8 ft / sec . 

In economic applications , if a marginal function is known (see page 
226) , then we can use indefinite integration to find the function , as illus­
trated in the next example. 

EXAMPLE 9 A manufacturer finds that the marginal cost (in dollars) 
associated with the prod uction of .\" units of a photocopier component is 
given by 30 - 0.02.\". If thc cost of producing one unit is S35 , find the cost 
function and the cost of producing 100 units. 

SOLUTION If C is the cost function , then the marginal cost is the rate 
of change of C with respect to x- that is , 

C(x) = 30 - O.02x. 
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EXERCISES 5.1 

EXERCISES 5.1 

Exer. 1-42: Evaluate. 

1 I(4x + 3) dx 

3 I (9t 2 
- 41 + 3) dt 

5 I (~-],) d:: _3 __ 

7 I (3 y u + ~) du 
V u 

11 I(3x - 1f dx 

13 Ix(2x + 3) dx 

I 
8x - 5 

15 ~dx 
<.Ix 

~f
X3 -1 

17 --dx , x=f. 1 
x-I 

Hence 

and 

f C(x) dx = f (30 - 0.02x) dx 

C(x) = 30x - 0.01x2 + K 

24 9 

for some K. Letting x = I and using C( I) = 35, we obtain 

35 = 30 - 0.01 + K, or K = 5.01. 

Conseq uently, 

C(x) = 30x - 0.01,2 + 5.01. 

[n particular. the cost of producing 100 units is 

2 I (4x 2 
- 8x + 1) dx 

4 I(2I J -t2 +3t-7) dl 

6 I(~-~ + :)d: 

14 I(2x - 5)(3x + 1) dx 

I 
2X2 - .x + 3 

16 - - -_-- dx 
\x 

C( 100) = 3000 - 100 + 5.01 = $2905.01. 

I 
sec 1 

27 -- dl 
cos I 

I 
sec \I' sin II ' 

31 dll' 
cos \I' 

I
(I + cot2:)cot:: 

33 d: 
esc: 

35 D, v:c + 4 dx I 
,--

37 (sin f;) dx I 
d 
dx 

T' 39 D, I (xJ .jx - 4) dx 

/ 

d I ' t 41 - cot x 3 dx 
, dx 

Exer. 43-48: Evaluate 
constants. 

the 

I 
1 

28 - .- ,- dt 
slIr I 

30 I(4 + 4 tan 2 v) dv 

I 
esc \I ' cos I\, 

32 . dl\' 
S1l1 \I' 

I 
tan:: 

34 -- d:: 
cos :: 

36 I D, \.IxJ - 8 dx 

3aT 
ti-- .-.----

38 -, (, tan x) dx 
IX 

40 D,I(x-+\x2 +9)dx 

42 - cos Y+t dx d I dx y.'o'- -t- 1 

integral if a and bare 

43 I a2 
dx 44 I ab dx 45 I(ar + b) dl 

I 
X3 + 3x2 

- 9x - 2 
18 x-2 dx , x=f.2 

46 I U2 r) dl 47 I(a + h)du 48 I(b - ( 2
) du 

19 6 dl tyI (1
2 +W 

r 

21 Ii cos 11 du 

23 I _ 7 _ dx 
csc x 

25 I( JI + cos r) dr 

20 

22 

24 

I( Ji +2)2 
3 dt 

t 

I -t sin u du 

I 1 --dx 
4 sec x 

Exer. 49-56: Solve the differential equation subject to 
the given conditions. 

49 f'(.'o') = 12x2 
- 6x + I; f(l) = 5 

50 f'(x) = 9.'0'2 + X - 8; 

dl' = 4 '(12 

dx 

/(-1) = I 

.\' = 21 if x = 4 
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J = 70 if x = 27 

53 IU(x) = 4x - 1: /'(2) = -2; I(I) = 3 

54 .f"(x) = 6x - 4; /'(2) = 5; I(2) = 4 

d2
)' 

55 - 2 = 3 sin x - 4 cos x; .\' = 7 and .1" = 2 if.Y = 0 dx 

d 2y 
56 - 2 = 2 cos x - 5 sin x: .\' = 2 + 6n and )" = 3 if x = n dx 

Exer. 57-58: If a point is moving on a coordinate line 
with the given acceleration aCt) and initial conditions, 
find sCt) . 

57 a(t) = 2 - 61; v(O) = -5: 5(0) = 4 

58 a(l) = 3t2
; dO) = 20: 5(0) = 5 

59 A projectile is fired vertically upward from ground level 
with a velocity of 1600 ft /sec. Disregarding air resistance. 
find 

(a) its distance S(I) above ground at time I 

(b) its maximum height 

60 An object is dropped from a height of 1000 feet. Disre­
garding air resistance . find 

(a) the distance it falls in I seconds 

(b) its velocity at the end of 3 seconds 

(e) when it strikes the ground 

61 A stone is thrown directly downward from a height of 
96 feet with an initial velocity of 16 ft/ sec. Find 

(a) its distance above the ground after I seconds 

(b) when it strikes the ground 

(e) the velocity at which it strikes the ground 

62 A gravitational constant for objects near the surface of 
the moon is 5.3 ft /see2 

(a) If an astronaut on the moon throws a stone directly 
upward with an initial velocity of 60 ft /sec, find it s 
maximum altit ude. 
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(b) If. after returning to Earth. the astronaut throws the 
same stone directl y upward with the same initial ve­
locity. find the maximum altitude. 

63 If a projectile is fired vertica ll y upward from a height 
of So feet above the ground with a velocity of 1"0 ft sec. 
prove that if air resistance is disregarded. its distance sIr) 

above the ground after I seconds is given by S(I) = 

_1{jl2 + ["or + so' where y is a gravitational constant. 

64 A ball rolls down an inclined plane with an acceleration 
of 2 ft sec"' 

(a) If the ball is given no initial velocity. how far Ilill it 
roll in I seconds? 

(b) What initial velocity must be given for the ball to roll 
100 feet in 5 seconds~ 

65 If an automobile starts from rest, what constant accel­
eration will enable it to travel 500 feet in 10 seconds') 

66 If a car is traveling at a speed of60 mi /hr , what constant 
(negative) acceleration will enable it to stop in 9 seconds') 

67 A small country has natural gas reserves of 100 billion 
ft J If A(t) denotes the total amount of natural gas con­
sumed after I years. then dA lil is the rllfe O(collslIIllprioll. 

If the rate of consumption is predicted to be 5 + 0.011 
billion ft 3 year. in approximately how many years will 
the country's natural gas reserves be depleted'l 

68 Refer to Exercise 67. Based on U.S. Department of En­
ergy statistics, the rate of consumption of gasoline in the 
United States (in billions of gallons per year) is approxi­
mated by dA ldr = 2.74 - 0.1 II - 0.0Ir2, with I = 0 cor­
responding to the year 1980. Estimate the number of 
gal lons of gasoline consumed in the United States be­
tween 1980 and 1984. 

69 A sportswear manufacturer determines that the marginal 
cost in dollars of producing x warm-up suits is given by 
20 - 0.015x. If the cost of producing one suit is $25. find 
the cost function and the cost of producing 50 suits. 

70 If the marginal cost function of a product is given by 
2 Xl 3 and if the cost of producing 8 units is $20, find 
the cost function and the cost of producing 64 units. 

5.2 CHANGE OF VARIABLES IN INDEFINITE INTEGRALS 

The formulas for indefinite integrals in Table (5.4) are limited in scope, 
because we cannot use them directly to evaluate integrals such as 

f J Sx + 7 dx or f cos 4x dx. 

In this section we shall develop a simple but powerful method for changing 
the variable of integration so that these integrals (and many others) can 
be evaluated by using the formulas in Table (5.4) . 
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Method of substitution (5.7) 

To justify this method, we shall apply formula (i) of Theorem (5.5) to 
a composite function . We intend to consider several functions f, g, and 
F, so it will simplify our work if we state the formula in terms ofa function 
h as follows: 

f [Dx h(x)] dx = h(x) + C 

Suppose that F is an antiderivative of a function f and that 9 is a 
differentiable function such that g(x) is in the domain of F for evcry x 
in some interval. If we let h denote the composite function F g, then 
h(x) = F(g(x)) and hence 

f[D< F(g(x))] dx = F(g(x)) + C. 

Applying the chain rule (3.33) to the integrand D< F(g(x)) and using the 
fact that F' = f , we obtain 

Dx F(g(x)) = F'(g(x) )g'(x) = f (g(x) )g '(x). 

Substitution in the preceding indefinite integral gives us 

ff((J(x))y '(x) dx = F(g(x)) + C. 

We can employ the following device to help remember this formula: 

Let u = g(x) and du = g'(x) dx. 

ote that once we have introduced the variable u = g(x), the differentia l 
du of u is determined by using (ii) of Definition (3.28). If we for mally sub­
stitute into the last integration formula, we obtain 

f .f(ul du = F(u) + C. 

This has the same form as the integral in Definition (5.3); howcvcr , u rep­
resents a function , not an independent variable x, as before. This indicates 
that g'(x) dx in (*) may be regarded as the product of g'(x) and dx. Since 
the variable x has been replaced by a new variable u, finding indefinite 
integrals in this way is referred to as a change of variable , or as the method 
of substitution. We may summarize our discuss ion as follows , where we 
assume that f and 9 have the properties described previously . 

If F is an antiderivative f f, then 

f f(g(x))g'(x) dx = F(g(x)) + C. 

If u = g(x) and du = g'(x) dx, then 

f f(u) du = F(u) + C. 

After making the substitution u = g(x) as indicated in (5.7), it may be 
necessary to insert a constant factor k into the integrand in order to arrive 
at the proper form J f(u) duo We must then also multiply by Il k to main­
tain equality, as illustrated in the following examples. 
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EXAMPLE 1 Evaluate f \ 5x + 7 dx. 

SOLUTION We let u = 5x + 7 and calculate du: 

u = 5x + 7, dL! = 5 dx 

Sincc du contains thc factor 5, the integral is not in thc proper form 
S /(u) du requircd by (5.7). However, we can il1lroduce the factor 5 int o 
the integra nd , providcd wc also multiply by l Doing this and usi ng (i) 
of Theorem (5.6) givcs us 

f j5x + 7 dx = f \ ix+7(!)5 dx 

= ! f 5x + 7 5 dx. 

We now substitute and use the powc r rule for integration: 

f \ 5x + 7 d.Y = A f \ u du 

=+ fU I2 du ) 

u] 2 

=! - 3- + C 
2 

= ?" u3 
2 + C 

= /5(5x + 7)3 2 + C 

In the future . after inse rting a factor I< into an integrand, as in Exam­
ple I . we sha ll simply multiply the integral by I f.:. sk ipping the interme­
diate steps of first writing (1 / 1<)1< and then bringing I I< outside- that is, 
to the left of- the integral sign. 

EXAMPLE 2 Eva lua te f cos 4x dx. 

SOLUTION We mak e the substituti on 

u = 4.Y, du = 4 dy . 

Since du contains the factor 4, we adjust the integra nd by multiplying by 
4 and compensate by multiplying the integral by 1 before substituting: 

f cos 4x dx = ± f (cos 4x)4 dx 

= ± f cos u du 

= i sin u + C 

= i sin 4x + C 

It is not a lways easy to decide what substitution u = U(x) is needed to 
transform an indefi nite integral int o a form that ca n be readily evaluated. 
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Guidelines for changing variables 
in indefinite integrals (5.81 

It may be necessary to try several different possibilities before finding a 
suitable substitution. In most cases no substitution will simplify the inte­
grand properly. The following guidelines may be helpful. 

Decide on a reasonable substitution u = g(x). 

2 Calcu late du = g'(x) dx. 

3 Using I and 2, try to transform the integral into a form that 
invo lves only the variable u. If necessary, introduce a constant 
factor k into the integrand and compensate by multiplying the 
integral by 11k. If any part of the resulting integrand contains 
the variable x, use a different substitution in I. 

4 Evaluate the integral obtained in 3, obtaining an antiderivative 
involving u. 

5 Replace u in the antiderivative obtained in guideline 4 by g(x). 
The final result should contain only the variable x. 

The following examples illustrate the use of the guidelines. 

EXAMPLE 3 

SOLUTION If an integrand involves an expression raised to a power, 
such as (2x .1 + 1)-. we often substitute u for the expression. Thus, we let 

II = 2x 3 + I, du = 6x2 dx. 

Comparing dll = 6x 2 dx with x 2 dx in the integral suggests that we intro­
duce the factor 6 into the integrand . Doing this and compensating by 
multiplying the integral by ~ . we obtain the following: 

f(2x 3 + 1) 7, 2 dx = ~ f(2x 3 + 1)76x 2 dx 

= i, f ll - dll 

= I (IIH) + C 
6 8 

= is (2x 3 + I) H + C 

A substitution in an indefinite integral can sometimes be made in sev­
eral difTerent ways. To illustrate, another method for evaluating the inte­
gral in Example 3 is to consider 

II = 2x3 + I, du = 6x2 dx, t; dll = x 2 dx. 

We then substitute i, dLi for x2 dx, 

f(2x 3 + 1) 7,2 dx = fu 7t;du = ;, fLl 7 dll , 

and integrate as before. 
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------------ - - -- --

EXAMPLE 4 Evaluate fx {/7 - 6x 2 dx. 

SOLUTION ote that the integrand contains the term x dx. If the factor 
x were missing or if x were raised to a higher power, the problem wou ld 
be more complicated. For integrands that involve a radical , we often sub­
stitute for the expression under the radical sign. Thus, we let 

u =7- 6x 2
, du= -12xdx. 

Next we introduce the factor - 12 into the integrand, compensate by mul­
tiplying the integra l by - 12, and proceed as follows: . 

f x{/7 - 6x 2 dx = -12 f {/7 - 6x 2
( - 12)x dx 

= - 112 f ~ dll = - /2 f U
l / 3 du 

1 (u+ 3
) 1 4 / 3 

= - 12 4/ 3 + C = -16 u + C 

= --h(7 - 6X2)4 13 + C 

We could a lso have written 

II = 7 - 6x 2 du = - 12x dx, -12 du = x dx 

and substituted directly for x dx. Thus, 

f {j7 - 6x 2 x dx = f (fu( - /2) du = -12 f ~ dll. 

The remainder of the solution would proceed exact ly as before. 

EXAMPLE 5 f 
X2 - 1 

Evaluate (3 3 . 1)6 dx. x - x + 

SOLUTION Let 

u = X3 - 3x + I. dll = (3\,2 - 3) dx = 3(x 2 
- 1) dx 

and proceed as follows: 

f X2 - 1 1 f 3(x 2 
- I) 

-,----,,-------=--------:c-;- dx- = - dx-
(X3 - 3x + 1)6' 3 (x 3 - 3x + 1)6 . 

=~f~du = I f u - 6 du 
3 II 3 

I (U -S) I (I) =3 -5 +C= - TS US +C 

1 I 
= -- +C 

15 (x 3 
- 3x + I) S 

EXAMPLE 6 f cos j; 
Evaluate ~ dx . 

"\jX 
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SOLUTION We wish to use the formula J cos u du = sin u + C, so let 
us make the substitution 

1 1 
du = _ X - 1/ 2 dx = -- dx. 2 2Fx 

If we int roduce the fac tor 1 into the integrand and compensate by multi­
plying the integra l by 2, we o btain 

EXAMPLE 7 

f cot dx = 2 f cos FxG· Jx-) dx 

= 2 f cos u du = 2 sin u + C 

= 2 sin Fx + C. 

Evaluate f cos 3 5x sin 5x dx. 

SOLUTION The form o f the integrand suggests that we use the power 
rule J 1/ 3 du = tu4 + C. Thus, we let 

u = cos 5x , du = - 5 sin 5x dx. 

The form of du indicates that we should introduce the factor - 5 into the 
integrand , multiply the integra l by - ~, a nd then integrate as follows: 

f cos 3 5x sin 5x dx = -~ f cos 3 5x( - 5 sin 5x) dx 

= -~ f u3 du 

= _~ (:4) + C 

= - 2
1
0 cos4 5x + C 

Exer. 1- 8: Evaluate the integral using the given substi­
tution, and express the answer in terms of x. 

7 J j; cos R dx: u = X
3/2 

8 J tan x sec 2 x dx; u = ta n x 
1 1 f.'« (2x2 + 3)'0 dx: II = 2X2 + 3 

Exer. 9- 48 : Evaluate the integral. 

9 J .j3x - 2 dx 10 J ;,;T;+S dx 
u = 3x 3 + 7 

J 1 St + 5 dt 12 J 1 11 dt 
~ 

13 J(3z+1)4 dz 14 J( 2z2 
- 3)5Z dz 

v2 P-=1 dv 1 16 J v.j9 - v2 dv 
>t-

11 = I + j; 

6 J 1 (Ix" A (5x- 4)'0·' 
II = 5x - 4 17 J x dx 18 J(J - X4 )3 X3 dx 

1 1 - 2X2 
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19 I(S2 + 1)2 £Is 20 I(3 - 5
3 )2 5 £Is 

I (j; + 3)4 
I (I +~) JC) 21 j; dx 22 x2 lix 

X 

I 1 - 2 12 + 1 
23 dt 24 I ' 14 iiI (t 2 - 4t + W (4 - 31- - 2r) 

25 I3 sin 4x dx 26 I 4 cos 1x lix 

27 I cos (4x - 3) dx 28 I sin (I + 6x) lix 

29) I v sin (t,2) lir (30 I cos \ r 
~(It, 

\ c2 

I cos 3x V~1 3x lix 
I 

sin 2x 31 32 dx 
, I - cos 2x 

33 I (sin x + cos X)2 lix (I-Iilll' sin 20 = 2 sin 0 cos 0) 

"'! , I sin 4x ~ 34 -- dx (I-Iilll sin 20 = 2 sin 0 cos 0) 
cos 2x 

7 

-!< 

3~Isinx(1 +COSX)2 lix 36 I sin-' x cos xlix 

37 I sin x - - Ih 
cos4 x 

38 f sin 2x sec s 2.Y lix 

f cos t 
I(2 + 5 cos 1).1 sin 1 lil 39 ? dl 40 (I-sint)-

I sec2 (3x - 4) dx 
csc 2x 41 42 I Ii.Y sin 2x 

I I 43 I sec 2 3., tan 3x dx 44 liy 
tan 4.Y sin 4x . 

I 
I x 45 I ' dx 46 , ,dx si n- 5x cos- (.y-) 

47 f., cot (y2) csc (y2) lix 48 f sec G) tan G) dx 

Exer. 49-52: Solve the differential equation subject to 
the given conditions . 

49 F(x) = \ lx+2: 1(2) = 9 

d\' .--
50 -I' = x, x2 + 5: 

IX 
.1' = 12 if x = 2 

51 f"(x) = 16 cos 2x - 3 sin x: 1(0) = - 2: 1'(0) = 4 
~ 

52 f"(x ) = 4 sin 2x + 16 cos 4x: 1(0) = 6: F(O) = I 

Exer. 53-56 : Evaluate the integral by ral the method of 
substitution and rbl expanding the integrand. Tn what 
way do the constants of integration differ ? 

53 f(x + 4) 2 dx 

CHAPTER 5 INTEGRALS 

I (,~ + W 
55 dx 

,x ( I)' I 56 f I + x - x 2 lix 

57 A charged particlc is moving on a coordi nate line in a 
magnetic field such that its vclocit y (in cm sec) at time 1 

is given by v(t) = i sin (31 - in). Show that th e motion 
is simple harmonic (see page 223). 

58 The acceleration of a particle that is mov ing on a co­
ordinate line is given by a(t) = k cos (Wl + 1M for con­
stants k. w. and 1> and time 1 (in seco nds). Show that 
thc motion is simple harmonic (see page 223). 

59 A reservoir supplies water to a community. In summer 
the dcmand A for water (in ft 3 day) changes according 
to thc formula Ii;! lil = 4000 + 2000 sin (9

1
0 n:1) for time 

1 (in days) , with 1 = 0 correspond ing to the beginning of 
summer. Estimatc the total water consumption during 
90 days of summer . 

60 The pumping action of thc heart consists of the systolic 
phase, in which blood rushcs from the left ve ntricle into 
the aorta. and thc diasto li c phase, during which the 
heart muscle relaxes. The grap h show n in the figure is 
sometimes used to modcl one com plete cycle of th e pro­
cess. For a particular individual, thc systolic phase la sts 
i second and has a maximum now rat e dV lil of 8 L min , 
where V is the volume of blood in the hea rt at time 1. 

raj Show that dVl ill = 8 sin (240n1) L min. 

rbl Est imate the total amount of blood pumped into th e 
aorta during a systolic phase. 

EXERCISE 60 
dV 
- I (liter/min) 
( I 

dV 

dl 
II sin hi 

Sy';tolic Diastolic Systolic 
phase phase phase 

I (seconds) 

61 The rhythmic process of breathing consists of alternating 
periods of inhaling and exhaling. For an adult . one co m­
plete cycle normall y takes place eve ry 5 seconds. If V 

dcnotes the volume of air in the lungs at time 1. th en 
liV/lil is the now rate. 
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lal lf the maximum Aow rate is 0.6 L sec. find a formula 
dV/dt = (I sin ht that fits the giYen information. 

population after 5 years is estimated to be 3000 rabbit s. 
find a formula for N at time (and estimate the maximum 
population. fbI Use part (a) to estimate the amount of air inhaled 

during one cycle . 63 Show. by eva luating in three diAerent ways. that 

f sin x eos x lix = i sin " x + C 62 Many an im al populations Auctuate O\er 10-yea r cycles. 
Suppose that the rate of growth of a rabbit population 
is given by dN/lit = 1000 cos !AnI) rabbit s yr. II here ,\' 
denotes the number in the population at time {(in years) 
and { = 0 corresponds to the beginning of a C}cle. If the 

= - i cos 2 
X + D 

= - 1 cos 2x + E. 

How can all three answers be correc[") 

5.3 SUMMATION NOTATION AND AREA 

Summation notation (5.9) 

In this section we shall lay the foundation for the definition of the definite 
illtegral. At the outset. it is virtua ll y impossible to see any connection be­
tween definite integrals and indefinite integrals. In Section 5.6, however, 
we show that there is a very close relationship: Illdefinite integrals can be 
l/sed ro erall/ate defillite illteyrals. 

I n our development of the definite integral we sha ll em ploy sum s of 
many numbers. To express such sums compactly, it is conve nient to use 
summation notation. Given a collection of numbers [al' a2•· ··• {Ill}' the 
symbol I~ ~ I ak represents their sum as follows. 

Il 

I ak = a l + a2 + a3 + ... + all 
k ~ 1 

The Greek capital letter 2: (sigma) indicates a sum, and ({k represents 
the kth term of the sum . The letter k is the index of summation , or the 
summation variable. and assumes success ive integer values. The integers I 
and II indicate the extreme values of the summation variable. 

+ 
EXAMPLE 1 Evaluate I k2(k - 3). 

k I 

SOLUTION Comparing the sum with (5.9). we see that ak = k2(k - 3) 
and II = 4. To find the sum. we substitute 1.2,3 . and 4 for k and add the 
resulting terms. Thus. 

+ I k2(k - 3) = 12( I - 3) + 22(2 - 3) + 32(3 - 3) + 42 (4 - 3) 
k I 

= (- 2)+( - 4)+0+ 16= 10. 

Letters other than k can be used for the summation variable. To 
illustrate. 

+ + + 
I k2(k - 3) = I i2(i - 3) = I /(J - 3) = 10. 

k I i ~ I j ~ I 
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Theorem (5.10) 

Theorem (5.11) 

v 
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If ak = c for every k, then 

2 2 

I C/k = a I + a2 = c + c = 2c = I C 
k = 1 k = 1 

3 3 

I (/ k = a l + a2 + a3 = c + c + c = 3c = I C. 
k = 1 k = 1 

In general , the following result is true for every positi ve integer 11. 

[F' ~ I c = nc 
k = 1 

The domain of the summation va riable does not have to begin at 1. Fo r 
example, 

s 
I (/ k = (/4 + (/5 + a6 + a7 + as· 

k=4 

EXAMPLE 2 
3 2k 

Evatuate I -(k ). 
k=O + 1 

SOLUTION 

3 2k 20 21 22 23 

Jo (k + I) = (0 + 1) + (1 + 1) + (2 + I ) + (3 + I ) 

= 1 + 1 + j: + 2 = \6 

If II is any positive integer and {al , a2, . . . , a,, } and {bl , b2, . .. , b,, } 
are sets of real numbers , then 

" n n 

Ii) I (ak + bk) = I ak + I bk 
k=1 k = 1 k = 1 

n "II 
liIi) I (ak - bk ) = I ak - I bk 

k = 1 k =1 k =1 

PROOF To prove (i), we begin with 

" I (ak + bk) = (a l + bl ) + (a 2 + b2) + (a3 + b3) + ... + (a" + bTl)' 
k= I 

Rearranging terms on the right we obtain 

" I (ak + bd = (a l + a2 + a3 + . .. + a,,) + (b l + b2 + b3 + .. . + bTl ) 
k= 1 
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Theorem /5.12) 

v 

\ , \ \ 

For (ii), 

" I (cak) = cal + ca2 + ca3 + ... + call 
k = I 

= c(a l + a2 + a3 + ... + a,,) = c( f ak)' 
k = I 

259 

To prove (iii), write ak - bk = Ok + {-I)b k and use (i) and (i i). _ 

The formulas in the following theorem will be useful later in this sec­
tion. They may be proved by mathematical induction (see Appendix I) . 

" lI(n + 1) -I Ii) I k = 1 + 2 + ... + n = --'-~--'-
k=l 2 

f k2 2 2 ? n(n + J )(211 + 1) 
L = 1 + 2 + .. . + n- = ---=--~----'--

k = l 6 
/ Iill 

" [11(n + 1)J2 ~ Jill I P = 13 + 23 + ... + n3 = . 
k = l 2 

100 20 

EXAMPLE 3 Evaluate I k and I k2
. 

k= I k= 1 

SOLUTION Using (i) and (ii) of Theorem (5.12), we obtain 

100 100(101) I k = I + 2 + ... + 100 = = 5050 
k = 1 2 

and 

20 20{21 )(41 ) I k2 = 12 + 22 + ... + 202 = = 2870. 
k = l 6 

" EXAMPLE 4 Express I (k 2 
- 4/.; + 3) in terms of 11. 

k = 1 

SOLUTION We use Theorems (5.11). (5.12). and (5.10): 

" 1/"'1 I (/.;2 - 4/.; + 3) = I /.;2 - 4 I/.;+ I 3 
k = 1 k = l k = l k =l 

II 

11 {II + 1)(2n + I) 11{11+1) 3 
= - 4 + II 

.If 6 2 I' 

= ~1I 3 _ ~n 2 + in 

The definition of the definite integral (to be given in Section 5.4) is 
closely related to the areas of certain regions in a coordinate plane. We 
can easily calculate the area if the region is bounded by lines. For example, 
the area of a rectangle is the product of its length and width . The area 
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FIGURE 5.3 Region under the graph of I 
y 

R 

{/ 
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of a triangle is one-h alf the product of an altitude and the corresponding 
base. The area of any polygon can be found by subdividing it into tri angles. 

I n order to find areas of regions whose boundaries in vo lve graphs of 
functions, however , we utilize a limiting process and then use methods of 
ca lculus. [n particu lar, let us consider a region R in a coo rdinate plane , 
bounded by the vertica l lines x = a and x = b, by the x-ax is, and by the 
grap h of a fu nct ion I that is continuous and nonnegative on the closed 
interva l [a, h]. A region of this type is illustrated in Figure 5.3. Since 
I(x) ?: 0 for every x in [a , h] , no part of the graph lies below the x-axis. 
For convenience, we sha ll refer to R as the region under the graph of f from 
a to b. We wish to define the area A of R. 

h .r 

FIGURE 5.4 An inscribed rectangular polygon 

y 

{/ h x 

To arri ve a t a sat isfactory definition of A, we shall co nsider many rect­
angles of equal width such that each rectangle li es completely under the 
graph of I a nd in te rsects the graph in at least one point , as illustrated in 
Figure 5.4. The boundary of the region formed by the totality of these 
rectangles is ca lled an inscribed rectangular polygon. We shall use the fol­
lowing notation: 

A II' = area of an inscribed rectangular polygon 

If the width of the rectangles in Figure 5.4 is small , then it appears that 

This suggests that we let the wid th of the rectangles a pproach zero and 
define A as a limiting va lue of the a reas A II' of the co rresponding inscribed 
rectangular polygons. The nota ti on discussed next will allow us to carry 
ou t thi s procedure rigorously. 

If 11 is any positive integer, divide the interva l [a, h] into 11 subintervals , 
a ll hav ing the same length I1x = (b - a)/ I1. We can do thi s by choosing 
numbers X o, XI' x 2 , . .. , x," with a = X o, b = x," and 

b - a 
X k - X k - 1 = -- = I1x 

11 

for k = 1. 2, . . . , 11, as indicated in Figure 5.5. Note that 

xo=(I, x 1 =0+ l1x, x 2 =a+ 2I1x , x 3 =a+3 I1x, 

X" = a + n I1x = h. 
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FIGURE 5.5 

y 

({ = X ll x I X2 X , I 
I 
I 

~I 
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x 

b - ({ 

11 

The functi on f is continuous o n each subinterva l [Xk I' xkJ, and 
hence, by the ex treme va lue theorem (4.3). f takes on a minimum va lue a t 
some number Ilk in [Xk- 1, xkJ. Fo r each k, let us construct a rectangle of 
width t.x = \k - '\k - I and height equal to the minimum di sta nce f( lI k) 
from the x-ax is to the graph of I (see Fi gure 5.5). The a rea of the kth 
rectangle is I(ud t..\. The area AII' of the resulting inscribed rectangula r 
polygon is the sum of the areas of the I I rec tangles; tha t is, 

Us ing summ ation nota tio n, we may write 

II 

AII' = I I(u k ) t.x , 
k = 1 

where f( lIk) is the minimum va lue of f on [.\k - I' \kJ. 

If 11 is ve ry la rge, o r, equi va lently, if t.x is ve ry small , then the sum 
AII' of the rectangula r areas should approx imate the area of the region R . 
Intuiti vely we know that if there ex ists a number A such that I~ = I f( lIk) t. x 
gets closer to A as t.\ gcts closer to 0 (but t.x =1= 0), we can ca ll A the area 
of R a nd write 

II 

A = lim AII' = lim I f( lIk) t.\ . 
.lx - O .lx -O k = I 

T he meaning of this lilllit of sums is not the same as th at of the limit of a 
functi on, introduced in Chapter 2. To eliminate the wo rd close/" and arri ve 
a t a sa ti sfac tory defi nit ion of A, let us take a slightly different po int of view. 
If A denotes the a rea of the region R. then the difference 

II 

A - I f(lId t.\ 
k = 1 

is the area of the portion in Figure 5.5 that li es II ll d!! /" the graph of I and 
are/" the insc ri bed rectangula r po lygon. Thi s number may be rega rded as 
the erro r in using the a rea of the inscribed rectangular polygon to approx i­
mate A. We shou ld be ab le to make this erro r as small as des ired by 
choos ing the width t..\ of the rectangles suffic ientl y small. Thi s is the mo­
ti va ti on fo r the fo ll ow ing defin ition of the a rea A of R. The notat io n is the 
sa me as that used in the preced ing discu ss ion. 
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Definition (5.' 3) 
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Let! be continuous and nonnegative on [a, b J. Let A be a real 
number, and let !(uk) be the minimum value of! on [Xk - 1' XkJ. The 
notation 

n 

A = lim I !(Uk) Llx 
6x~O k= 1 

means that for every E > 0 there is a (j > 0 such that if 0 < Llx < 15, 
then 

n 

A - I !(Uk ) Llx < E. 
k = 1 

If A is the indicated limit and we let E = 10 - 9, then Definition (5.13) 
states that by using rectangles of sufficiently small width Llx , we can make 
the difference between A and the area of the inscribed polygon less than 
one-billionth of a square unit. Similarly, if E = 10- 12 , we can make this 
difference less than one-trillionth of a sq uare unit. In general, the difference 
can be made less than any preassigned E. 

Iff is continuous on [a, b J, it is shown in more advanced texts that a 
number A satisfying Definition (5.13) actually exists. We shall call A the 
area under the graph of f from a to b . 

The area A may also be obtained by means of circumscribed rectan­
gular polygons of the type illustrated in Figure 5.6. In this case we select 
the number Uk in each interval [Xk- 1, xkJ such that !(uk) is the maximum 
val ue off on [Xk - l' xkJ. 

FIGURE 5.6 A circumscribed rectangular polygon 

y 

Let 

Acp = area of a ci rcumscribed rectangular polygon . 

Using summation notation, we have 

n 

Acp = I !(uJ Llx , 
k = 1 

where !(Uk) is the maximum value of f on [Xk- 1, xkJ. Note that 

" 11 I !(Uk) Llx ~ A ~ I !(Uk) Llx. 
k = 1 k=l 
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The limit of Acp as ~x --> 0 is defined as in (5.13). The only change is that 
we use 

II 

I I(Vk)~x-A <E, 
k = 1 

since we want this difference to be nonnegative. [t can be proved that the 
same number A is obtained using either inscribed or circumscribed 
rectangles. 

FIGURE 5.7 

(K EXAMP~' Let I(x) = 16 - x 2
, and let R be ;,rreregion under the 

gra-p of! lrom 0 to 3. Approximate the area A of R using 

\" 

16 

2 

FIGURE 5.8 
\. 
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la) an inscribed rectangular polygon with ~x = t 

Ib) a circumscribed rectangular polygon with ~x = t 

SOLUTION 

la) The graph of! a nd the inscribed rectangular polygon with ~x = tare 
sketched in Figure 5.7 (with different scales on the x- and y-axes). Note 
that I is decreasing o n [0, 3J, and hence the minimum value I(u k ) on the 
kth subinterval occurs at the right-hand endpoint of the subinterval. Since 
there are six recta ngles to consider , the formula for AlP is 

(, 

All' = I I(u k ) ~x 
k = 1 

= f'(t) . t + I( 1) . t + I(~) . t + I(2) . t + Im . t + f(3) . t 

= 6} . t + 15· t + 51· t + 12· t + :;: . } + 7· t 

= 2~3 = 36.625. 

Ib) The graph of f and the circumscribed rectangular polygon are 
sketched in Figure 5.8. Since f is decreasing on [0 , 3]. the maximum value 
f(t'k) occurs at the left-hand endpoint of the kth subinterval. Hence 

6 

Acp = I f(l'k) ~x 
k = 1 

= f(O) . t + ftt) . t + f(l) . t + f(1) . t + f(2) . t + fH) . t 
= 16 . t + (~3 . t + 1 5 . i + s,; . i + 12 . t + 31 . i 
= 3~9 = 41.125. 

[t follows that 36.625 < A < 41.125 . [n the next example we prove that 
A = 39. 

EXAMPLE 6 [f I(x) = 16 - x 2
, find the area of the region under the 

graph of I from 0 to 3. 

SOLUTION The region was considered in Example 5 and is resketched 
in Figure 5.9, o n the following page. If the interval [0, 3J is divided into 
11 equa l subintervals, then the length ~x of each subinterval is 3/11. Em­
ploying the notation used in Figure 5.5, with (/ = 0 and b = 3, wc have 

x 0 = 0, X I = ~x, X 2 = 2 ~x, xlI=n~x=3 . 
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FIGURE 5.9 
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Since L'lx = 3/11, 

X k = I-; L'lx = k 
3 31-; 

11 11 

Since f is decreasing on [0, 3J, the number Uk in [Xk - 1 , xkJ at which 1 
takes on its minimum value is always the right-hand endpoint X k of the 
subintcrval; that is, Uk = X k = 3k/l1. Thus , 

(3/-) (31-;)2 f(u k ) = f -; = 16 - -; 
and the summation in Definition (5.13) is 

JI l(uk ) L'lx = JI [(16 - ~~2). ~J 
=3 f (16_9~2), 

11 k = 1 11 

where the last equality follows from (ii) of Theorem (5.11). (Note that 3/ 11 
does not contain the summation variable k.) We next use Theorems (5.11), 
(5.10), and (5.12) to obtain 

I f(ud L'lx = - I 16 - 2 I 1-;2 " 3 ( " 9") 
k = 1 11 k=1 11 k = 1 

= 3[11'16_~11(11+ 1)(211+ I)J 
11 11 2 6 

9 (11 + 1)(211 + I) . 
= 48 - - ? • 

2 w 

To find the area of the region , we let L'lx approach O. Since L'lx = 3/11 , 
we can accomplish this by letting 11 increase without bound. Although our 
discussion of limits involving infinity in Section 2.4 was concerned with a 
real variable x, a similar discussion can be given if the variable is an in­
teger 11 . Assuming that this is true and that we can replace L'lx --> 0 by 
11 --> x, we obtain 

lim I f(lI k) L'lx = lim 48 - - ? 
" [9 (11 + 1)(211 + I)J 

~.\'- 0 ,= 1 ,, - f 2 Ir 

= 48 -1 ' 2 = 39. 

Thus , the area of the region is 39 square units. 

The area in the preceding example may also be found by using circum­
scribed rectangular polygons. In this case we select, in each subinterval 
[x, _ I' XkJ , the number L'k = (k - 1)(3/ 11) at which f takes on its maximum 
val ue. 

The next example illustrates the use of circumscribed rectangles in 
finding an area. 

EXAMPLE 7 [[[(xl = x 3
, find the area under the graph of f from a 

to b for any h > O. 
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SOLUTION Subdividing the interval [0 , bJ into n equal parts (see 
Figure 5.10), we o btain a circumscribed rectangular polygon such that 
~x = bin and X k = k ~x. 

FIGURE 5.10 

r 

Xo XI Xfl b x 

Since J is an increasing function, the maximum value J(/,\) in the inter­
val [x k - I ' xkJ occurs a t the right-hand endpoint; that is, 

b bk 
L'k = X k = k ~x = k - = - . 

n n 

The sum of the areas of the circumscribed rectangles is 

f J(~k) ~x = f [(bk)3. ~J = f b: k3 
k = 1 k= ! 11 11 k= 111 

= b: f k3 = b: [11(n + I )J2 
11 k= ! 11 2 

b4 
. n2{n + 1)2 

4 n4 

where we have used Theorem (5.12)(iii). If we let ~X approach 0, then n 
increases without bound and the expression involving n approaches 1. It 
follows that the area under the graph is 

EXAMPLE 8 If J(x) = X3, find the area A of the regIon under the 
graph of J from 1 to 2. 

SOLUTION The region is sketched in Figure 5.11. 
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If we let A I = area under the graph of! from 0 to t 
and A2 = area under the graph of! from 0 to 2, 

the a rea A can be found by subtracting A I from A2 : 

A = A2 - Al 

In Example 7 we found that the area under the graph of y = .'1'3 from 0 
to b is tb4

. Hence , using b = t for A I and b = 2 for A 2 yields 

, EXERCISES 5.3 

Exer. 1-8: Evaluate the sum. 

~tl(/ + I ) 
4 

2 L (2 j + 1) 
j = I 

5 4 

\J 3 L k(k - I) 4 L (k - 2)(k - 3) 
k =O k = O 

" 10 
5 L [1 + ( - 1 )"] 

n = l 
6 ,t (-I)"G) 

50 1000 

" 7 L 10 8 L 2 
i = 1 k = 1 

Exer. 9-12: Express the sum in terms of n (see Exam­
pI 

" 
10 L (3k 2 - 2k + I ) 

k = I 

Exer. l3-18: Express in summation notation. 

' 13 1 + 5 + 9 + 13 + 17 

14 2 + 5 + 8 + II + 14 

15 t +i+i+rr 

16 i + ~ + 134 + 19 
x 2 X4 x6 x 2

" 
17 1 - - + - - - + ... + ( - I)" -

2 4 6 211 
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24 m4 1 
A = 4 - 4 = 4 - 64 ~ 3.98. 

Exer. 19-22: Let A be the area under the graph of the 
given function f from a to b. Approximate A by dividing 
[a, b] into subintervals of equal length Ax and using 
~IP and Ib) Acp. 

W f (x) = 3 - x; a = - 2, b = 2; Ax = I 

20 f(x) = x + 2; a = - I, b = 4; Ax = I o f(x) = x2 + 1; a= I , b = 3; Ax = } 

~f(x) =4 _x2
; a = 0, b = 2; .<1x = t 

o 23 f(x) = ) sin x; a = 0, b = 1.5; .<1 x = 0. 15 

1 0 24 f(x) = ; a = 0, b = 3; .<1 x = 0.3 
J0+T 

".. 

Exer. 25-30: Refer to Examples 6 and 7. Find the area 
under the graph of the given function f from 0 to busing 
la) inscribed rectangles and Ib) circumscribed rectangles. 

~ 25 f(x) = 2x + 3; b=4 

~f(x) = 8 - 3x; b=2 

27 f(x) = 9 - x 2 ; b = 3 

28 f(x) = x 2
; b = 5 

29 f(x) = x3 + I ; b=2 

30 f(x) = 4x + x 3
; b = 2 

Exer. 31-32: Refer to Example 7. Find the area under 
the graph of f corresponding to the interval la) [1, 3] 
and (b) [a, b] . 

31 f(x) = x3 32 f(x) = x3 + 2 

Tn Section 5.3 we defined the area under the graph of a function! from 
a to b as a limit of the form 

" 
lim I !(Wk) ~x. 
6x~ Ok = 1 
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In our discussion we restricted! and ,1x as follows: 

I. The function f is continuous on the closed interval [a, b]. 
2. f(x) is nonnegative for every x in [a , b]. 
3. All the subintervals [Xk - I, x k] have the same length ,1x . 

4. The number W k is chosen such that !(wk) is always the minimum 
(or maximum) value of! on [xk - j , X k ]. 

There are many applications involving this type of limit in which one or 
more of these conditions is not satisfied. Thus , it is desirable to allow the 
following changes in 1- 4: 

1' . The function f may be discontinuous at some numbers in [a , b]. 
2' . f(x) may be negative for some x in [a, b]. 
3'. The lengths of the subintervals [Xk _ j, xkJ may be different. 

4'. The number Wk may be any number in [xk - j , Xk]. 

Note that if 2' is true , part of the graph lies under the x-axis , and therefore 
the limit is no longer the area under the graph of f. 

Let us introduce some new terminology and notation . A partition P 
ofa closed interval [a , bJ is any decomposition of [a , bJ into subintervals 
of the form 

[Xo , xIJ, [XI ' x 2J, [X2' X3J, ... , [XII - I, xlIJ 

for a positive integer n and numbers X k such that 

a = Xo < XI < X2 < X3 < ... < XII _ I < XII = b. 

The length of the kth subinterval [Xk - I' xkJ will be denoted by ,1xk ; that is , 

A typical partition of [a , b J is illustrated in Figure 5.12. The largest of the 
numbers ,1x l , ,1x2, . .. , ,1xlI is the norm of the partition P and is denoted 
by II PII . 
FIGURE 5.12 A partition of [a , bJ 

~XI ~X, ~\ 1 
1< >~~ 
I I I I 
I I I I I I I 

a = Xo XI X 2 XII I XII = b X 

EXAMPLE 1 The numbers {I, 1.7, 2.2, 3.3 , 4.1 ,4.5, 5, 6} determine a 
partition P of the interval [1 , 6]. Find the lengths ,1x I, ,1x2, ... , ,1xn of 
the subintervals in P and the norm of the partition. 

SOLUTION The lengths ,1xk of the subintervals are found by subtract-
ing successive numbers in P. Thus, 

,1x I = 0.7 , ,1x2 = 0.5 , ,1x3 = 1.1 , ,1x4 = 0.8 , ,1xs = OA, 

,1x6 = 0.5 , ,1x7 = 1.0. 

The norm of P is the largest of these numbers . Hence 
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The following concept, named after the mathematician G. F. B. 
Riemann (1826 - 1866), is fundamental to the definition of the definite 
integral. 

Let f be defined on a closed interval [a, b] , and let P be a partition 
of [a , b]. A Riemann sum of f (or f(x)) for P is any expression Rp 
of the form 

II 

Rp = I f(lVk) f1Xb 
k = l 

where IVk is in [Xk - 1, Xk] and k = 1,2, ... , 11. 

In Definition (5 .14), f(lI'k) is not necessarily a maximum or minimum 
value of f on [Xk _ I ' Xk]. If we construct a rectangle of length I f(I1\) I and 
width f1Xb as illustrated in Figure 5.13, the rectangle may be neither in­
scribed nor circumscribed. Moreover, since f(x) may be negative, certain 
terms of the Ricmann sum RI' may be negative. Conscquently, RI' does not 
always represent a sum of areas of rectangles. 

We may interprct the Riemann sum Rp in (5.14) geometrically , as fol­
lows. For each subinterval [Xk - I , X k], construct a horizontal line segment 
through the point (I\ 'k' f (lI'k)), thereby obtaining a collection of rectangles. 
If f(w k) is positive, the rectangle lies above the x-axis , as illustrated by 
the lighter rectangles in Figure 5.14, and the product f(w k) f1Xk is the area 
of this rectangle. If f(lI'k) is negative, then the rectangle lies below the 
x-axis, as illustrated by the darker rectangles in Figure 5.14. In this case 
the product f(w k) f1Xk is the negative of the area of a rectangle. It follows 
that RI' is the sum of the arcas of the rectangles that lie above the x-axis 
and the negatives of the areas of the rectangles that lie below the x-axis. 

FIGURE 5.14 

\ . 

h .r 

EXAMPLE 2 Let I(x) = 8 - 1X2, and Ict P bc the partition of [0,6] 
into the five subintervals dctcrmined by 

X o = 0, XI = 1.5 , X 2 = 2.5. X 3 = 4.5, x .. = 5, Xs = 6. 

Find thc norm of the partition and the Riemann sum Rp if 

I\" I = I. 1\'2 = 2. I\" J = 3.5 , 11' .. = 5, I\ ' S = 5.5. 



5.4 THE DEFINITE INTEGRAL 

FIGURE 5.15 

v 

x 

Definition (5.15) 

269 

SOLUTION The graph of I is sketched in Figure 5.15 , where we have 
also shown the points that correspond to \I'k and the rectangles of lengths 
I I(\I'd I for k = 1,2,3 , 4, and S. Thus, 

[0,·'1 = 1.5, [0,'\2 = I , [o,x 3 = 2, [o, x4 = 0.5 , [o,'\s = I. 

The norm II P II of the partition is [o,X3, or 2. 
Using Definition (5.14) with n = 5, we have 

S 

RI' = I I(\ld [o,'\k 
k = 1 

= 1(\1'1) [0,'\1 + 1(11'2) [0,'\2 + 1("'3) [0,'\3 + I(w4 ) [o,X 4 + I(IV s) [o,X 5 

= 1(1)(1.5) + 1(2)( 1) + 1(3.5)(2) + 1(5)(0.5) + 1(5.5)(1) 

= (7.5)(1.5) + (6)(1) + (1.875)(2) + ( - 4.5)(0.5) + ( -7. 125)(1) 

= 11.625. 

We shall not always specify the number 11 of subintervals in a partition 
P of [a, b]. A Riemann sum (5.14) will then be written 

and we wi ll assume tha t terms of the form I(wk ) [o,x k are to be summed over 
all sub interva ls [ '\k - I' .\kJ of the partition P. 

Using the same approach as in Definition (5.13), we next define 

lim I I(wk ) [o,X k = L 
II 1' 11- 0 k 

for a real n um ber L. 

Let f be defined on a closed interval [a , bJ, and let L be a real num­
ber. The statement 

lim I f(w k ) [o,X k = L 
II 1' 11-0 k 

means that for every E > 0 there is a 6 > 0 such that if P is a partition 
of [a , b] with II P II < 6, then 

I ~ f(w k ) [o,x k - L I < E 

for any choice of numbers W k in the subintervals [ X k - 1 , x k ] of P. 
The number L is a limit of (Riemann) sums. 

For every £5 > 0 there are infinitely many partitions P of [a , bJ with 
II P II < (5. Moreover, for each such partition P there are infinitely many 
ways of choosing the number IV k in [X k - 1 , X k]. Consequently , an infinite 
number of different Riemann sums may be associated with each partition 
P. However, if the limit L exists, then for any E > 0, every Riemann sum 
is within E units of L, provided a small enough norm is chosen. Although 
Definition (5.15) differs from the definition of the limit of a function , we 
may use a proof similar to that given for the uniqueness theorem 111 

Appendix II to show that if the limit L exists, then it is unique. 
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We next define the definite integral as a limit of a sum , where IVk and 
~Xk have the same meanings as in Definition (5. 15). 

Let f be defined on a closed interval [a , bJ. The definite integral 
of f from a to b, denoted by S~ f(x) dx , is 

fb f(x) dx = lim L f(w k ) ~Xk ' 
a "p ,,~ o k 

provided the limit exists. 

If the limit in Definition (5.16) exists. then f is integrable on [a, b], 
and we say that the definite integral S~ f(x) dx exists. The process of finding 
the limit is called evaluating the integral. Note that the value of a definite 
integral is a real number , not a family of antider ivatives , as was the case 
for indefinite integrals. 

The integral sign in Definition (5.16), wh ich may be thought of as an 
elongated letter S (the first letter of the word sum), is used to indicate the 
connection between definite integrals and Riemann sums. The numbers 
a and b are the limits of integration , a being the lower limit a nd b the upper 
limit. In this context limit refers to the smallest or largest number in the 
interval [a , b] and is not related to definitions of limits given earlier in the 
text. The expression f(x), which appears to the right of the integral sign , 
is the integrand , as it is with indefinite integrals. The differential symbol dx 
that follows f(x) may be associated with the increment ~Xk of a Riemann 
sum of f. This association will be useful in later applications. 

EXAMPLE 3 Express the following limit of sums as a definite integra l 
on the interval [3 , 8]: 

lim f (5\\'f + ;;;; - 4 sin \\ 'd ~Xk' 
" P "~O k = l 

where W k and ~Xk are as in Definition (5.15). 

SOLUTION The given limit of sums has the form stated 111 Defini-
tion (5.16), with 

f (x) = 5x 3 + ;; - 4 sin x. 

Hence the limit can be expressed as the definite integral 

f38 
(5x3 + j; - 4 sin x) dx . 

Letters other than x may be used in the notation for the definite inte­
gral. If f is integrable on [a, b], then 

fb f(x) dx = fb f(s) ds = fb f(t) dt 
{/ a a 

and so on. For this reason the letter x in Definition (5 .16) is ca lled a dummy 
variable . 
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Whenever an interva l [a , b] is employed, we ass ume that a < b. Con­
sequently, Definition (5.16) does not take into account the cases in which 
the lower limit of integration is greater than or equal to the upper limit. 
The definition may be ex tended to include the case where the lower limit 
is greater than the upper limit , as follows. 

If c > d, then f f(x) dx = - f: f(x) dx . 

Definition (5 .1 7) may be phrased as follows: Interchanging the limits of 
integration changes the sign of the integral. 

The case in which the lower and upper limits of integra tion are equal 
is covered by the next definiti on. 

If f(a) exists, then La f(x) dx = O. 

If f is integrable, then the limit in Definition (5.16) exists for every 
choice of IIIk in [Xk _ I, Xk]' This a llows us to specialize Wk if we wish to do 
so. For example , we could always choose W k as the smallest number X k - 1 

in the subinterva l or as the largest number Xk or as the midpoint of the 
subinterva l or as the number tha t always produces the minimum or max i­
mum va lue in [xk- I , xkJ. Moreover, since the limit is independent of the 
partition P of [a , b] (provided that II P II is sufficiently small) , we may 
specia li ze the partitions to the case in which all the subintervals [xk - I, xk ] 

have the same length !lx. A partition of this type is a regular partition . 
If a regular partition of [a, b] contains n subintervals, then !lx = 

(b - a)/n. In thi s case the symbol II p II ---> 0 is equivalent to !lx ---> 0 or 
n ---> 00 , and Definition (5 .16) takes on the form 

fb 11 

Jll f(x) dx = lim L f(w k ) !lx. 
II -X k = 1 

The following theorem is a first application of these special Riemann 
sums . Many other applicat ions will be discussed in Chapter 6 . 

If f is integrable and f(x) ~ 0 for every x in [a , b], then the area A 
of the region under the graph of f from a to b is 

A = f f(x) dx. 

PROOF From the preceding section we know that the area A is a limit 
of sums Lk f( uk) !lx , where f(u k) is the minimum value of f on [Xk - I' xkJ. 
Since these are Riema nn sums, the conclusion follows from Defini­
tion (5.16). _ 

Theorem (5.19) is illustrated in Figure 5.16. It is important to keep in 
mind that area is merely our first application of the definite integral. There 
are man)' instances IVhere S~ f(x) dx does not represent the area of a region. 
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In fact , if[(x) < 0 for some x in [a, b] , then the definite integral may be 
negative or zero. 

If I is continuous and I(x) ~ 0 on [a , b] , then Theorem (5.19) can be 
llsed to evaluate J~ I(x) dx , provided we can find the area of the region 
under the graph off from a to b. This will be true if the graph is a line or 
part of a circle, as in the following examples. (We consider more compli­
cated definite integrals later in this chapter.) When evaluating a definite 
integral using this empirical technique, remember that the area of the 
region and the va lue of the integral are numerically equal; that is , if the 
area is A square units , the value of the integral is the real number A. 

EXAMPLE 4 Evaluate f2 (tx + 3) dx. 

SOLUTION [f[(x) = tx + 3, then the graph of I is the line sketched in 
Figure 5.17. By Theorem (5.19) , the value of the integral is numerically 
equal to the area of the region under this line from x = -2 to x = 4. The 
region is a trapezoid with bases parallel to the y-axis of length 2 and 5 
and altitude on the x-axis of length 6. Using the formu la for the area of 
a trapezoid , we obtain 

f 4 1 1 
_ 2 (2X + 3) dx = 2(2 + 5)6 = 21. 

_~~MPL_E V Evaluate f4 .J16 - x2 dx. 

SOLUTION If I(x) = .J16 - x 2
, then the graph of I is the semicircle 

shown in Figure 5.18. By Theorem (5.19) , the value of the integral is nu­
merically equa l to the area of the region under this semicircle from x = - 4 
to x = 4. Hence 

f 4 JI6 - x 2 dx = t· n(4)2 = 8n. 
- 4 

EXAMPLE 6 Evaluate 

(al 1-4 .J16 - x 2 dx (bl L4 JI6 - x 2 dx 

SOLUTION 

(al Using Definition (5.17) and Example 5, we have 

r-4 J16 - x2 dx ~ _f4 .J16 - x2 dx = - 8n. 
J4 - 4 

(bl By Definition (5.;8), 

f .J16 - x2 dx = O. 

The next theorem states that functions that are continuous on closed 
intervals are integrable. This fact will playa crucial role in the proof of the 
fundamental theorem of calculus in Section 5.6. 
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If f is continuous on [a , b J, then f is integrable on [a , b l 

A proof of Theorem (5.20) may be found in texts on advanced calculus. 
Definite integrals of discontinuous functions mayor may not exist, de­

pending on the types of disco ntinuities. Tn particular, ./ill1ctions Ihal hare 
infinile discolltinuities all (I closed il11erral (Ire nOI inlegrable on Ihal inlerl'al. 
To illustrate, consider the piecewise-defined function I with domain [0, 2J 
such that 

I(x) = {~ 
x 

if x = 0 

if 0 < s ~ 2 

The graph off is sketched in Figure 5.19. Note that lim, _o+ I(x) = UJ . 

If M is any (large) positive number, then in the first subinterval [xo, xlJ 
of any partition P of [a, bJ, we can find a number \1 ' 1 such that 
I(\I'd > !'vI L1s l , or, equivalently, I(w l) L1xl > M. It follows that there are 
Riemann sums L k I(\I'k) L1Xk that are arbitrarily large , and hence the limit 
in Definition (5.16) cannot exist. Thus, I is not integrable. A similar argu­
ment can be given for any function that has an infinite discontinuity in 
[a , b l Conseq uently, if a{tl/lci iOIl I is integrable on [0, h J, I hen it is bounded 
0 11 [a, h J; I hell is, I here is (I real 1l11liliJer M s//ch 117(11 I I(s) I ~ At for aer)' 
x in [a ,bl 

As an illustration of a discontinuous function that is integrable , con­
sider the piecewise-defined function I with domain [0, 2J such that 

if x = 0 

if 0 < x ~ 2 

The graph off is sketched in Figure 5.20. Note that f has a jump discon­
tinuity at x = O. From Example 7 of Section 5.3, the area under the graph 
of r = x3 from 0 to 2 is 2-+ 4 = 4. Thus , by Theorem (5.19), J6 x3 dx = 4. 
We can also show that J6 I(x) clx = 4. Hence I is integrable. 

We have shown that a function that is discontinuous on a closed in-
x terval mayor may not be integrable. However, by Theorem (5.20), func­

tions that are conlinuo//s on a closed interval are alwa\'s integrable. 

EXERCISES 5.4 

Exer. 1- 4: The given numbers determine a partition P 
of an interval, raj Find the length of each subinterval of 
P. rb) Find the norm II PII of the partition. 

1 {O, 1.1 ,2.6,3.7,4.1. 5] 

2 {2, 3, 3.7,4,5.2, 6} 

3 {-3. -2.7. - 1,OA ,0.9, I] 

4 {I. 1.6. 2. 3.5. 4] 

Exer . 5-6: Let P be the partition of [1 ,5] determined by 
p, 3,4, 5}. Find a Riemann sum Rp for the given func­
tion J by choosing, in each subinterval of P, raj the 

right-hand endpoint, rb) the left-hand endpoint, and 
re) the midpoint. 

S I(x) = 2, + 3 

6 I(x) = 3 - 4, 

7 Iff(x) = 8 - ~X2 and P is the regular partition of [0 , 6J 
into six subintervals , find a Riemann sum R1, of I by 
choosing the midpoint of each subinterval. 

8 If 1(,) = 8 - t,2 and P is the partition of [0 , 6J deter­
mined by :0. 1.5.3.4.5.6]. find a Riemann sum RI' of 
I by choosing the numbers 1.2.4. and 5 in the subinter­
vals of P. 



, . 

274 

9 If I(x) = x 3 and P is the partition of [ - 2, 4J deter­
mined by { - 2, 0, I, 3, 4}, find a Riemann sum Rp of I 
by choosing the numbers - I , I, 2, and 4 in the subin­
terval s of P. 

10 If I(x) = J; and P is the partition of [I , 16J determined 
by {I , 3, 5, 7, 9, 16}, find a Riemann sum Rp of I by 
choosing the numbers 1, 4,5 , 9, and 9 in the subintervals 
of P. 

[£] 11 If I(x) = x 2 J cos x and P is the regular partition of [0, I J 
into ten subintervals , find a Riemann sum Rp of I by 
choosing the midpoint of each subinterval of P. 

[£] 12 If I(x) = sin (cos x) and P is the partition of [ - I, I J 
determined by { - I , - 0.65 , - 0.23, 0.51. 0.85 , I}, find a 
Riemann sum Rp of I by choosing the numbers - 0.75 , 
- 0.5 , 0, 0.6 , 0.9 in the subinterval s of P. 

Exer. 13-16: Use Definition (5.16) to express each limit 
as a definite integral on the given interval [a, b). 

" 
13 lim I (3w1 - 211'k + 5) ~Xk; [ - I. 2J 

II 1'11 - 0 k = 1 

" 
. 14 lim I n(\\'1 - 4) ~Xk; 

II PII -O k = 1 

" 
15 lim I 2nwk(l + lVt) ~Xk; 

II P II-Ok= 1 

" 16 lim f (~ + 4wk) ~Xk; 
IIPI ,-O k= 1 

[2,3J 

[0, 4J 

[ - 4,- 3J 

fl' Exer. 17-22: Given xdx= ¥, evaluate the 

integral. 

17 f41 xdx 18 r JS ds 

19 r Jt dt 20 fl4 X dx + 11 J; dx 

21 f44 J; dx + f41 J; dx 22 r J; dx 

Exer. 23-26: Express the area of the region in the figure 
as a definite integral. 

23 y 

2() 

x 
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24 y 

II 

x 

25 

I) 

x 

26 y 

(\ I ) , (\. I h 

x 

Exer. 27 -36: Evaluate the definite integral by regarding 
it as the area under the graph of a function. 

27 fSI 6 dx 28 f3 4dx 
- 2 

'k29 f3 (2x + 6) dx 30 r (7 - 3x) dx -I 
31 f03 1 x - II dx 32 fllx ldx 

3 J 9 _ x2 dx 0 
34 f~' J02 - x2 dx, 0 > 0 

35 r 2 (3 + J 4 - x 2 ) dx , 

36 r r------, (3 - \ 4 - x- ) dx 
- 2 
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5.5 PROPERTIES OF THE DEFINITE INTEGRAL 

Theorem (5.21) 

FIGURE 5.21 

y 

*"-b - a~ 
I I I' 
I I . 

Jb C dx 

" 
(f 

1 
~ 

c 

x 

This sect ion contains some fundamental properties of the definite integral. 
Most of the proofs are difficult a nd have been placed in Appendix II. 

If c is a rea l number, then 

.c c dx = c(b - a). 

PROOF Let f be the constant function defined by f(x) = c for every x 
in [a , bJ. If P is a partition of [a , bJ , then for eve ry Riemann sum of f, 

I f(w k) ~Xk = I C ~Xk = c I ~Xk = c(b - a). 
k k k 

(The last equality is true because the sum Ik ~Xk is the length of the inter­
val [a, bJ.) Consequently, 

I ~ f(w k ) ~Xk - c(b - a) I = I c(b - a) - c(b - a) I = 0, 

which is less than a ny positive number E regardless of the size of II P II · 
Thus, by Definition (5.15), with L = c(b - a), 

lim I f(IVk) ~Xk = lim I c ~Xk = c(b - a). 
II I' II~O k IIPII~O k 

By Definition (5.16), this means that 

.c f(x) dx = .c c dx = c(b - a). -

Note that if c > 0, then Theorem (5.21) agrees with Theorem (5.19) : 
As illustrated in Figure 5.21 , the graph of f is the horizontal line J' = c, 
and the region under the graph from a to h is a rectangle with sides of 
lengths c and b - a. Hence the area S~ f(x) dx of the rectangle is c(b - a). 

EXAMPLE 1 Evaluate f2 7 dx. 

SOLUTION Using Theorem (5.21) yields 

f2 7 dx = 7[3 - (-2)J = 7(5) = 35. 

If c = 1 in Theorem (5.21), we shall abbreviate the integrand as follows : 

rb 
dx = b - a 

J" 
If a function f is integrable on [a , bJ and c is a real number , then , by 

Theorem (5.11 )(ii), a Riemann sum of the function cf may be written 

I Cf(lI'k) ~Xk = c I f(wk) ~Xk' 
k k 
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Theorem /5.23) 
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We can prove that the limit of the sums on the left of the last equation 
is equal to c times the limit of the sums on the right. This gives us the 
next theorem. A proof may be found in Appendix II. 

If f is integrable on [a, b] and c is any real number, then c[ is 
integrable on [a, b] and 

( b C;[(x) dx = C (b f(x) dx. Ja Ja 

Theorem (5.22) is sometimes stated as follows: A cOllstant factor in 
the integrand may he taken oU/side the integral sign. It is not permissible 
to take expressions involving variables outside the integral sign in this 
manner. 

If two functi ons I and ya re defi ned on [a , h], then , by Theorem 
(5.11)(i), a Riemann sLIm of f + Y may be written 

I [[(lI'k) + Y(lI' k )] ~Xk = I f(lI'k) ~Xk + I Y(Wk ) ~Xk ' 
k k k 

We can show that if f and yare integrable, then the limit of the sums on 
the left may be found by adding the limits of the two sums on the right. 
This fact is stated in integral form in (il of the next theorem. A proof of 
(i) may be found in Appendix II. The analogoLls result for differences is 
stated in (ii) of the theorem . 

If f and g are integrable on [a, b] , then f + g and f - g are integra­
ble on [a , b] and 

Ii) ( b [[(x) + y(x)] dx = (b f(x) dx + ( b g(x) dx Ja Ja Ja 

Iii) ( b [[(x) - g(x)] dx = (b f(x) dx - ( b g(x) dx Ja Ja Ja 

Theorem (5.23)(i) may be extended to any finite number of functions. 
Thus, if fl, f2' ... , .I;, a re integrab le on [a, h] , then so is their sum and 

Sub [[l( X) + f2(X) + ... + .I;'(X)] dx 

= (O II(x) dx + (OM,) dx + ... + (b !,,(x) dx . Ja Ja Ja 

EXAMPLE 2 It will follow from the results in Section 5.6 that 

SOl X
3 dx = 4 and SOl x dx = 2. 

Use these facts to evaluate So2 (5x 3 
- 3x + 6) dx . 

SOLUTION We may proceed as follows: 

Sol (5x 3 
- 3x + 6) dx = S02 5x 3 dx - SOl 3x dx + SOl 6 dx 

= 5 S02 x 3 dx - 3 SOl X dx + 6(2 - 0) 

= 5(4) - 3(2) + 12 = 26 
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Theorem (5.24) 

Theorem (5.25) 

If I is continuous on [a , b] and I(x) ~ 0 for every x in [a , b], then , 
by Theorem (5.19). the integral J~ I(x) dx is the area under the graph of 
I from a to b. Similarly, if a < c < 17, then the integrals J~ I(x) dx and 
S~ I(x) dx are the areas under the graph of I from a to c and from c to 
b, respectively, as illustrated in Figure 5.22. Since the area from a to 17 is 
the sum of the two smaller areas, we have 

rb 
I(x) dx = rc 

I(x) dx + rh 
I(x) dx. Jll Ja Jc 

The next theorem shows that the preceding equality is true under a more 
general hypothesis. The proof is given in Appendix II . 

FIGURE 5.22 

I' 

/(1) 

f J(x) dx I" c J(x) dx 

II c b x 

If a < c < 17 and if I is integrable on both [a, c] and [c, 17], then I 
is integrable on [a, b] and 

f I(x) dx = t I(x) dx + .e I(x) dx. 

The following result is a generalization of Theorem (5.24) to the case 
where c is not necessarily between a and b. 

If I is integrable on a closed interval and if a, 17, and c are any three 
numbers in the interval , then 

rb 
I(x) dx = rc 

I(x) dx + rb 
I(x) dx. Ja Jll Jc 

PROOF If C/, h, and c are all different, then there are six possible ways 
of arranging these three numbers. The theorem should be verified for each 
of these cases and also for the cases in which two or all three of the num­
bers are equal. We shall verify one case. Suppose c < a < b. By Theo­
rem (5.24), 

i h . i" . i b 
I(x) dx = I(x) dx + I(x) dx, 

c c a 

which, in turn , may be written 

i h . i" i b 
f ' f(x) clx = - I(x) dx + (x) dx. 

(I C C 

The conclusion of the theorem now follows from the fact that interchang­
ing the limits of integration changes the sign of the integral (see Defini­
tion (5.17)). _ 
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Theorem (S.26) 

Corollary (S.27) 

FIGURE 5.23 
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EXAMPLE 3 Express as one integral: 

f f(x) dx - f f(x) dx 

SOLUTION First we interchange the limits of the second integral using 
Definition (5.17) , and then we use Theorem (5.25) with a = 2, b = 5, and 
c = 7: 

f f(x) dx - f f(x) dx = f f(x) dx + f f(x) dx 

= f f(x)dx 

If f and 9 are continuous on [a , b] and f(x) ;;:: g(x) ;;:: 0 for every x in 
[a , b], then the area under the graph of f from a to b is greater than or 
equal to the area under the graph of 9 from a to b. The corollary to the 
next theorem is a generalization of this fact to arbitrary integrable func­
tions . The proof of the theorem is given in Appendix II. 

If f is integrable on [a , b] and f(x) ;;:: 0 for every x in [a , b], then 

f f(x) dx;;:: O. 

If f and 9 are integrable on [a, b] and f(x) ;;:: g(x) for every x in 
[a, b] , then 

f f(x) dx ;;:: f g(x) dx. 

PROOF By Theorem (5.23), f - 9 is integrable . Moreover, since 
f(x) ;;:: g(x), f(x) - g(x) ;;:: 0 for every x in [a, b]. Hence, by Theorem (5.26), 

f [J(x) - g(x)] dx ;;:: O. 

Applying Theorem (5 .23)(ii) leads to the desired conclusion. _ 

EXAMPLE 4 Show that f 1 (x 2 + 2) dx ;;:: f 1 (x - 1) dx. 

SOLUTION The graphs of y = x2 + 2 and y = x-I are sketched in 
Figure 5.23. Since 

x 2 + 2 ;;:: x- I 

for every x in [ - 1, 2] , the conclusion follows from Corollary (5.27). 

Suppose, in Theorem (5.26), that f is continuous and that , in addition 
to the condition f(x) ;;:: 0, we have ft c) > 0 for some c in [a , b]. In this 
case limx _ c f(x) > 0, and , by Theorem (2.6), there is a subinterval [a' , b'] 
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Mean value theorem 
for definite Integrals 15.28) 

FIGURE 5.24 

Y 

of [a , b] throughout which J(x) is positive. If J( u) is the minimum value 
of J on [a ', b'] (see Figure 5.24), then the area under the graph of J from 
a to b is at least as large as the area J(u)(b' - a') of the pictured rectangle . 
Consequently , S~ J(x) dx > O. It now follows , as in the proof of (5.27) , 
that if J and g are continuous on [a , b], if J(x) ~ g(x) throughout [a , b], 
and if J(x) > g(x) for some x in [a , b], then S~ J(x) dx > J~ g(x) dx. This 
fact will be used in the proof of the next theorem. 

If J is continuous on a closed interval [a, b], then there is a number 
z in the open interval (a, b) such that 

f J(x) dx = J(z)(b - a). 

PROOF If J is a constant function, then J(x) = c for some number c, 
and by Theorem (5.21), 

f J(x) dx = f c dx = c(b - a) = J(z)(b - a) 

for every number z in (a, b). 

a a' u b' b x Next assume that J is not a constant function and suppose that In 

FIGURE 5.25 

Y 

f(v) = M 

f(u) = m 

\ ' 

a u 

FIGURE 5.26 

Y 

a z 

y f(x) 

b 

f( \) 

v x 

x 

and M are the minimum and maximum values of J, respectively , on [a , b J. 
Let J(u) = In and J(v) = M for some u and v in [a, bJ. This is illustrated 
in Figure 5.25 for the case in which J(x) is positive throughout [a , b J. 
Since J is not a constant function, In < J(x) < M for some x in [a , b J. 
Hence, by the remark immediately preceding this theorem , 

f In dx < f J(x) dx < f M dx. 

Applying Theorem (5.21) yields 

m(b - a) < f J(x) dx < M(b - a). 

Dividing by b - a and recalling that In = J(u) and M = J(v) gives us 

1 fb J(u) < -- J(x) dx < J(v). 
b - a a 

Since [l j(b - a)] S~ J(x) dx is a number between J( u) and J(v) , it follows 
from the intermediate value theorem (2.26) that there is a number z, with 
u < z < v, such that 

1 fb J(z) = -- J(x) dx. 
b - a a 

Multiplying both sides by b - a gives us the conclusion of the theorem. -
The number z of Theorem (5.28) is not necessarily unique; however , 

the theorem guarantees that at least one number z will produce the desired 
result. 

The mean value theorem has an interesting geometric interpretation 
if J(x) ~ 0 on [a, bJ. In this case S~ J(x) dx is the area under the graph 
of J from a to b. If, as in Figure 5.26, a horizontal line is drawn through 
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FIGURE 5.27 
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the point P(z, J(z)) , then the area of the rectangular region bounded by 
this line , the x-ax is, and the lines x = a and x = b is J(z)(b - a), which, 
according to Theorem (5 .28), is the same as the area under the graph of 
J from a to b. 

EXAMPLE 5 It will follow from the results of Section 5.6 that 
S6 x

2 dx = 9. Find a number z that satisfies the conclusion of the mean 
value theorem (5.28) for this definite integral. 

SOLUTION The graph of J(x) = x 2 for 0 ~ x ~ 3 is sketched in Fig­
ure 5.27. By the mean value theorem , there is a number z between 0 and 
3 such that 

This implies that 

9=3: 2
, or z2=3. 

The solutions of the last equation are z = ±J3; however, -J3 is not in 

[0, 3]. The number z = J3 satisfies the conclusion of the theorem. 

If we consider the horizontal line through P(J3, 3), then the area of 
the rectangle bounded by this line , the x-axis , and the lines x = 0 and 
x = 3 is equal to the area under the graph of J from x = 0 to x = 3 (see 
Figure 5.27). 

In stat istics the term arithmetic mean is used for the average of a set of 
numbers. Thus , the arithmetic mean of two numbers a and b is (a + b)/2, 
the arit hmetic mean of three numbers a, b, and c is (a + b + c) /3, and so 
on. To see the relationship between arithmetic means and the word mean 
used in mean value theorem , let us rewrite the conclusion of (5.28) as 

, Jb J(z) = -- J(x) dx 
b - a a 

and express the definite integra l as a limit of sums. If we specialize Defini­
tion (5.16) by using a regular partition P with n subintervals, then 

J(z) = -- lim I J(wk ) ~x = lim I J(w k ) - -1 " "[ ~x ] 
b-an~ OO k = 1 " ~ oo k = 1 b-a 

for any number W k in the kth subinterval of P and ~x = (b - a) /n. Since 
~x/(b - a) = l /n, we obtain 

J(:) = lim I J(wk ) - - = lim I J(w k ) - , "[ ~x ] "[ '] 
11---'" X k = I b - a 11 _ 00 k = 1 n 

or J(:) = lim [ J(W 1 ) + J(w 2 ) + . .. + J(W,,) ] . 
,, ---... 00 n 

This shows that we may regard the number J(z) in the mean value theo­
rem (5.28) as a limit of the arithmetic means (averages) of the function 
values J(w l ), J(w 2 ), ... , J(w,,) as n increases without bound. This is the 
motivation for the next definition. 
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Definition (5.29) 

EXERCISES 5.5 

Exer. 1-6: Evaluate the integral. 

. 1 r 2 5 dx 2 f 0 J2 dx 

281 

Let f be continuo us o n [a, b] The average value fav of f o n [a, b] 
IS 

1 ib fav = -b - f (x) dx. - a a 

Note tha t , by the mean value theorem fo r definite integra ls, if f is 
continuo us on [a , b]. then 

fav = f(::) fo r some:: in [a, b]. 

EXAMPLE 6 Give n fo
3 

x 2 dx = 9, fi nd the ave rage va lue of f on 

[0, 3]. 

SOLUTION By D efiniti o n (5.29), with a = 0, b = 3, a nd f(x ) = x2
, 

f: = I r 3X-2 dx = ~. 9 = 3 . 
• • IV 3 - 0 Jo 3 

In the in terva l [0,3] , the fun ctio n values f(x) = x 2 range fro m f(O) = 0 
to f(3) = 9. N o te th a t the functi o n .f takes 011 its average value 3 a t the 

number:: = j 3. 

Exer. 17-22: Express as one integral. 

3 S6
2 

3 dx \ 17 f fix) dx + r fix) dx 
5 - 3 

6 r 100 dx 18 II fix) dx + r fix) dx 
4 6 

Exer. 7-10: It will follow from the results in Section 5.6 
that 

19 r fix) dx + S: fix) dx 

f 4 x, dx = 21 and r4 x dx = ll. 
I J I 2 

Use these facts to evaluate the integral. 

7 SI4 
(3x 2 + 5) dx 

9 SI4 
(2 - 9x - 4x 2

) dx 

8 f (6x - l )dx 

10 f (3x + 2)2 dx 

Exer. 11 - 16: Verify the inequality without evaluating 
the integrals. 

11 f (3x 2 + 4) dx ~ f (2X2 + 5) dx 

12 f (2x + 2) dx ~ f (3x + I) dx 

13 r(x2-6x+8) dx~ 0 

14 r (5x2 
- X + I ) dx ~ 0 

15 SOh (1 + sin x) dx ~ 0 

16 S" 3 (sec x - 2) dx ~ 0 
- " 3 

20 f2 fix) dx - f2 fix) dx 

21 f+lo .r . c fix) dx - c fix) dx 

22 r fix) dx - J;" fix) dx 

Exer. 23 - 30 : The given integral S~ j(x) dx may be veri­
fied using the results in Section 5.6 . ta) Find a number 
z that satisfies the conclusion of the mean value theo­
rem (5.28). (b) Find the average value of j on [a , b] . 

23 S03 3x2 dx = 27 S
- I 3 9 

24 - dx = -
- 4 x 2 4 

25 f2(x 2 + 1)dx= 6 

26 f I (3x 2 
- 2x + 3) dx = 32 

f ~ fl8 27 3.Jx + I dx = 54 28 - dx = - 3 
- I - 2 x 3 

29 f (4x 3 
- I) dx = 14 30 f (2 + 3 /;) dx = 20 
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o Exer. 31-32: The given integral may be verified using 
results in Section 5.6. Use Newton's method to approx­
imate, to three decimal places, a number z that satisfies 
the conclusion of the mean value theorem (5.28). 

33 Let f and 9 be integrable on [a, bJ. If c and d are a ny 
real numbers , prove that r [cf(x) + dg(x)] dx = c r fix) dx + d r g(x) dx . 

31 f2 (8x 3 + 3x - I) dx = 132.5 

S," /4 n .j3 
32 (I - cos 4x) dx = - + -

~6 12 8 

34 If f is continuous on [a , b] , prove that 

I r fix) dx I ::;; Iab 

I fi x) I dx . 

(Hint: - If(x) l ::;; f(x)::;; 1 f(x) I·) 

5.6 THE FUNDAMENTAL THEOREM OF CALCULUS 

FIGURE 5.28 
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I: f(t) dt 

a x b 

FIGURE 5.29 
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a = 0 x b t 

This section contains one of the most important theorems in calculus. In 
addition to being useful in evaluating definite integrals , the theorem also 
exhibits the relationship between derivatives and definite integrals. This 
theorem , aptly called the fundamental theorem of calculus, was discovered 
independently by Sir Isaac Newton (1642 - 1727) in England and by 
Gottfried Wilhelm Leibniz (1646 - 1716) in Germany. It is primarily be­
cause of this discovery that both men are credited with the invention of 
calculus. 

To avoid confusion in the following discussion, we shall use t as the 
independent variable and denote the definite integral of f from a to b by 
S~ f(t) de. If f is continuous on [a, b] and a ::;; x ::;; b, then f is continuous 
on [a , x]; therefore , by Theorem (5.20), f is integrable on [a , xl Conse­
quently , the formula 

G(x) = f f(t) dt 

determines a function G with domain [a, b] , since for each x in [a , b] there 
corresponds a unique number G(x). 

To obtain a geometric interpretation of G(x), suppose that f(t) ~ 0 for 
every t in [a, b l In this case we see from Theorem (5.19) that G(x) is the 
area of the region under the graph of f from a to x (see Figure 5.28). 

As a specific illustration , consider f(t) = t3 with a = 0 and b > 0 (see 
Figure 5.29). In Example 7 of Section 5.3 we proved that the area under 
the graph of f from 0 to b is t b4

. Hence the area from 0 to x is 

G(x) = f: t
3 dt = tx4. 

This gives us an explicit form for the function G if f(t) = ( 3 Note that in 
this illustration, 

Thus , by Definition (5.1) , G is an antiderivative of f. This result is not an 
accident. Part I of the next theorem brings out the remarkable fact that if 
f is any continuous function and G(x) = S~ f(t) dt , then G is an antideriva­
tive of f. Part II of the theorem shows how any antiderivative may be used 
to find the value of S~ f(x) dx . 
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FIGURE 5.30 
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Fundamental theorem 
of calculus (5.30) 

G(x) 

a x Z \ b 
x + h 

Suppose f is continuous on a closed interval [a, b J. 

Part I If the function G is defined by 

G(x) = f f(t) dt 

for every x in [a, b], then G is an anti derivative of f on [a, b J. 

Part /I If F is any antiderivative of f on [a, b], then 

f f(x) dx = F(b) - F(a). 

PROOF To establish Part I , we must show that if x is in [a, b] , then 
G'(x) = f(x); that is , 

lim G(x + h) - G(x) = f(x) . 
h ~ O h 

Before giving a formal proof, let us consider some geometric aspects of 
this limit. If f(x) 2 ° throughout [a , b], then G(x) is the area under the 
graph of f from a to x, as illustrated in Figure 5.30. If h > 0, then the dif­
ference G(x + h) - G(x) is the area under the graph of f from x to x + h, 
and the number h is the length of the interval [x, x + hJ. We shall show 
that 

G(x + h) - G(x) = fez) 
h 

for some number z between x and x + h. Apparently, if h -+ 0, then z -+ x 
and fez) -+ f(x), which is what we wish to prove . 

Let us now give a rigorous proof that G'(x) = f(x) . If x and x + hare 
in [a , b], then using the definition of G together with Definit ion (5.17) and 
Theorem (5.24) yields 

rx+ h rx G(x + h) - G(x) = Ja f(t) dt - Ja f(t) dt 

= f+h f(t) dt + f: f(t) dt 

= J: +h f(t) de. 

Consequently, if h =1= 0, 

G(x + h) - G(x) = ~ fX+h f(t) dt. 
h h x 

If h > 0, then , by the mean value theorem (5.28), there is a number z in 
the open interval (x, x + h) such that 

J:+h f(t) dt = f(z)h 

and, therefore , G(x + h) - G(x) = fez) 
h . 

Since x < z < x + h, it follows from the continuity of f that 

lim fe z) = lim fe z) = f(x) 
11 --+ 0 + z - x + 
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and hence 
. G(x + h) - G(x) . 

lim = lim f (z) = f(x). 
Ii-O ' h Ii -O + 

If h < 0, then we may prove in similar fashion that 

I
· G(x + h) - G(x) - r 
1m - . (x) . 

Ii -O - h 

The two preceding one-sided limits imply that 

G'(x) = lim G(x + h) - G(x ) = f(x). 
Ii - O h 

This completes the proof of Part I. 
To prove Part IT, let F be any antiderivative of f and let G be the spe­

cial antiderivative defined in Part r. From Theorem (5 .2) we know that 
there is a constant C such that 

G(x) = F(x) + C 

for every x in [a , bJ. Hence , from the definition of G, 

f f(t) dt = F(x) + C 

for every x in [a, b J. If we let x = a and use the fact that S~ f(t) dt = 0, we 
obtain ° = F(a) + C, or C = - F(a). Consequently, 

f x f (r) dt = F(x) - F(a) . 
" 

This is an identity for every x in [a , bJ, so we may substitute b for x, 
obtaining 

f f(t) dr = F(b) - F(a). 

Replacing the variable r by x gives us the conclusion of Part IT . _ 

We often denote the difference F(b) - F(a) either by F(x)]~ or by 
[F(x)J~ . Part II of the fundamental theorem may then be expressed as 
follows. 

If f is continuous on [a, bJ and F is any antiderivative of f, then 

f f( x) dx = F(x)J: = F(b) - F(a). 

The formula in Corollary (5.31) is also valid if a ~ b. If a > b, then, by 
Definition (5.17) , 

f f (x ) dx = - J:' f(x) dx 

= - [F(a) - F(b)] 

= F(b) - F(a). 

If a = b, then , by Definition (5.18) , 

f" f( x ) dx = ° = F(a) - F(a). 
" 

Corollary (5 .31) allows us to evaluate a definite integral very easily if 
we can find an antiderivative of the integrand. For example , since an anti-
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FIGURE 5.31 

Y 

Theorem /5.32) 

x 

derivative of x 3 is <\:x-+, we have 

f: x 3 dx = lX4J~ = }b4 
- HO)-+ = lb4

. 

Those who doubt the importance of the fundamcntal theorem should 
compare this simple computation with the limit of sums calculation dis­
cussed in Example 7 of Section 5.3. 

EXAMPLE 1 Evaluatc f 3 (6x 2 
- 5) dx. 

- 2 

SOLUTION An antidcrivative of 6x 2 
- 5 is F(x) = 2x3 - 5x. Applying 

Corollary (5.31) , we gct 

f2 (6x 2 
- 5) dx = [2 X 3 - 5xIz 

= [2(W - 5(3)J - [2( - 2)3 - 5( - 2)J 

= [54 - 15J - [ - 16 + 10J = 45. 

Note that if F(x) + C is used in place of F(x) in Corollary (5.31), the 
same result is obtained, since 

[F(X) + C J: = [F(b) + CJ - [F(a) + CJ 

= F(b) - F(a) = [F(x)J:. 

In particular , since 

fI( x) dx = F(x) + C, 

where F'(x) = I(x), we obtain the following thcorem. 

f f(x) dx = [f f(x) dxI 

Theorem (5.32) states that a definite integral can be evaluated by evalu­
(lling the corresponding indefinite integral. As with previous cases, when 
using Theorem (5.32) it is unnecessary to include the constant of integra­
tion C for the indefinite integral. 

EXAMPLE 2 Find the area A of the regIon betwccn the graph of 
y = sin x and the x-axis from x = 0 to x = 7[, 

SOLUTION The region is skctched in Figure 5.31. Applying Theo-
rems (5.19) and (5.32) gives us thc following: 

A = f :sinxdx = [fsinx dX]: 

= [ - cos xJ~ 
= -cos 7[ - ( - cos 0) 

= -(-1)+ I =2 
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By Theorem (5.32), we can use any formula for indefinite integration 
to obtain a formula for definite integrals. To illustrate , using Table (5.4) , 
we obtain 

rb Xr dx = [xr +1 Jb ifr #- -1 
Ja r + 1 a 

f sin x dx = [ - cos x J: 
Sob sec2 x dx = [tan x J: . 

EXAMPLE 3 Evaluate r 1 (x 3 + 1)2 dx. 

SOLUTION We first square the integrand and then apply the power 
rule to each term as follows: 

r 1 (x 3 + 1)2 dx = r 1 (x 6 + 2x 3 + 1) dx 

_ 405 
- 14 

EXAMPLE 4 Evaluate f (5X - 2J; + ~;) dx . 

SOLUTION We begin by changing the form of the integrand so that 
the power rule may be applied to each term. Thus , 

The method of substitution developed for indefinite integrals may also 
be used to evaluate a definite integral. We could use (5.7) to find an in­
definite integral (that is , an antiderivative) and then apply the fundamental 
theorem of calculus. Another method, which is sometimes shorter, is to 
change the limits of integration. Using (5.7) together with the fundamental 
theorem gives us the following formula , with F' = f: 

rb 
f(g(x))g'(x) dx = F(g(X))Jb Ja a 
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The number on the right may be written 

]
9(b) i 9(b) F(g(b)) - F(g(a)) = F(u) = f( u) duo 
g(a) g(a) 

This gives us the following result , provided f and g' are integrable. 

i

b 
1 i9(b) If u = g(x), then f(g(x))g (x) dx = f(u) du o 

a g~) 

Theorem (5.33) states that after making the substitution u = g(x) and 
du = g'(X) dx, we may use the values of 9 that correspond to x = a and 
x = b, respectively , as the limits of the integral involving u. It is then 
unnecessary to return to the variable x after integrating. This technique 
is illustrated in the next example. 

EXAMPLE 5 f lO 3 
Evaluate ~ dx. 

2 v 5x - 1 

SOLUTION Let us begin by writing the integral as 

f l O 1 
3 ~dx . 

2 v 5x - 1 

The expression .j5x - 1 in the integrand suggests the following substitu-
tion : 

u = 5x - 1, du = 5 dx 

The form of du indicates that we should introduce the factor 5 into the 
integrand and then compensate by multiplying the integral by t as follows: 

f lO 1 d 3 flo 1 d 
3 2 Sx-=t x=s 2 Sx-=t 5 x 

We next calculate the values of u = 5x - 1 that correspond to the limits 
of integration x = 2 and x = 10: 

Ii) If x = 2, then u =. 5(2) - 1 = Y. 

/ii) If x = 10, then u = 5(10) - 1 = 49. 

Substituting in the integrand and changing the limits of integration as in 
Theorem (5.33) gives us 

3 f lo I dx = ~ fl o 1 5 dx 
2 Sx-=t 5 2 Sx-=t 

= ~ f49 _l_ du = ~ f49 U - 1/2 du 
5 9 ~ 5 9 

= [(~) u
l /2 J49 = ~[491 / 2 _ 9 1/2] = 24. 

5 1/2 9 5 5 

• 
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FIGURE 532 

y 
/( \) 

- a a x 

EXAMPLE 6 Eva lua te f orr -+ (1 + sin 2X)3 cos 2x dx. 

SOLUTION The integrand suggests the power rule J~ u3 du = [;t-U4J ~. 
Thus, we let 

u = I + sin 2x , du = 2 cos 2x dx. 

The form of du indicates that we should in trod uce the factor 2 into the 
integrand and mul tiply the integral by 1, as follows: 

( rr/4 . 3 I ( ,,/4 . Jo (I + s1l1 2x) cos 2x dx ="2 Jo (I + Sll1 2X)3 2 cos 2x dx 

We nex t calculate the values of u = I + sin 2x that correspond to the 
limits of integra ti on x = 0 and x = n/4: 

(il If x = 0, then 11 = I + sin 0 = I + 0 = 1. 

n . n 
(iiI If x = - , then u = I + Sll1 - = I + I = 2. 

4 2 

Substituting in the integrand and changing the limits of integration gives 
us 

= I [U4J2 
2 4 1 

= H I6 - IJ = It 

The foll owing theorem illust ra tes a useful technique for evaluating cer­
tain defi nite integrals. 

Let f be continuous on [ - a, aJ. 

(il If f is an even functi on, 

fa Sli f(x) dx = 2 f(x ) dx. 
- a 0 

(iiI If f is an odd functi on, 

f a f(x) dx = O. 

PROOF We shall prove (i). If f is a n even fun ction, then the graph of 
f is symmetric with respect to the y-ax is. As a special case , if f(x) ~ 0 
for every x in [0, aJ , we have a situati on similar to th at in Figure 5.32, 
and hence the area under the graph of f from x = - a to x = a is twice 
that from x = 0 to x = a. This gives us the for mul a in (i). 

To show that the for mula is true if f(x) < 0 for some x, we may 
proceed as foll ows. Us ing, successively, Theorem (5.24), Definition (5 .1 7), 
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and Theorem (S.22), we have 

f a f(x) dx = fO f{x) dx + ra 
f(x) dx 

- a - a Jo 
= - fo-a 

f(x) dx + f~' f(x) dx 

= fo- a 
f(x)( -dx) + f~' f(x) dx. 

Since f is even , f ( - x) = f (x) , and the last eq uality may be wr itten 

fa f(x) dx = fo- a 
f( - x)( - dx) + f: f{x) dx. 

If, in the first integral on the right, we substitute u = - x, du = - dx and 
observe that u = a when x = - a, we obtain 

fa ra ra 
- a f(x) dx = Jo f(u) du + Jo f(x) dx. 

The last two integrals on the right are equal, since the variables are dummy 
rariables, and , therefore, 

fa I{x) dx = 2 ra 
f{x) dx . _ 

- (I Jo 

EXAMPLE 7 Eva luate 

la) f 1 ( .\A + 3x 2 + 1) dx Ib) f 1 (x 5 + 3x 3 + x) dx 

Ie) f 5 (2x 3 + 3x2 + 7x) dx 
- 5 

SOLUTION 

la) Since the integrand determines an even function, we may ap ply Theo­
rem (S.34)(i): 

Ib) The integrand is odd, so we apply Theorem (S.34)(ii): 

f l (X 5 + 3.\, 3 + x) dx = 0 
- 1 

S 

Ie) The function given by 2x 3 + 7x is odd but the function given by 3x 2 

is even , so we apply Theorem (S.34)(ii) and (i): 

The technique of defining a funct ion by means of a definite integral, 
as in Part I of the fundamental theorem of calculus (S.30), will have a 
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very important application in Chapter 7, when we consider logarithmic 
functions. Recall , from (5.30), that if f is continuous on [a , bJ and 
G(x) = J~ f(t) dt for a :-:::; x :-:::; b, then G is an anti deriva tive of f; that is, 
Dx G(x) = f(x). This may be stated in integra l form as follows: 

Dx LX f(t) dt = f(x) 

The preceding formula is generalized in the next theorem . 

Let f be continuous on [a , b J. If a :-:::; c :-:::; b, then for every x in 
[a, bJ, 

Dx f f(t) dt = f(x). 

PROOF If F is an antiderivative of f , then 

Dx f f(t) dt = Dx [F(x) - F(c)] 

= Dx F(x) - Dx F(c) 

= f(x) - 0 = f(x). -

I x 1 
EXAMPLE 8 If G(x) = - dt and x > 0, find G'(x). 

1 t 

SOLUTION We shall apply Theorem (5.35) with c = I and f(x) = I/x. 
If we choose a and b such that 0 < a :-:::; 1 :-:::; b, then f is continuous on 
[a , bJ. Hence , by Theorem (5 .35), for every x in [a, bJ , 

I x I 1 
G'(x) = Dx - dt = - . 

1 t x 

In (5.29) we defined the average va lue fay of a function f on [a, bJ as 
follows: 

I fb fay = -b - f(x) dx 
- a a 

The next example indicates why this terminology IS appropriate III 

applications . 

EXAMPLE 9 Suppose a point P moving on a coordinate line has a 
continuous velocity function v. Show that the average value of von [a , bJ 
equals the average velocity during the time interval [a , b J. 

SOLUTION By Definition (5.29) with f = v, 

1 fb 
Vav = -b - v(t) dt. - a a 
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If s is the position function of P, then s'(t) = v(t); that is, s(t) is an antideriv­
ative of v(t). Hence, by the fundamental theorem of ca lculus, 

f v(t) dt = f s'(t) dt = s(t)J: = s(b) - s(a). 

Substituting in the formul a for Vav gives us 

s(b) - s(a) 
Vav = b - a 

which is the average velocity of P on [a , bJ (see (3.2)). 

Results similar to tha t in Example 9 occur in discussions of average 
acceleration, average marginal cost , ave rage ma rginal revenue , and many 
other applications of the derivati ve (see Exercises 45 - 50). 

, I / 

f 4 (X2 - 4x - 3) dx 2 f 3 (5 + x - 6x 2 ) dx 
I - 2 

31 1~2 cos (tx) dx 32 f O'
/2 

3 si n (tx) dx 

33 f ·i3 (4 sin 2fJ + 6 cos 3fJ) dfJ 
J' /4 

3 f2 (8z 3 + 3z - 1) dz 4 f: (Z4 - 223) dz 

f 7
12 

dx fl 5 6 8 dx 
- 6 

7 f~dx 
I x6 

8 fl4 J 16x S dx 

r t - 3 dt f - 2 2t - 7 
9 10 --dt 4 Ii - I t3 

0f~8 (W+2)dS 12 flO S2 ufs - ,[s) ds 

13 r I (2x + W dx 14 fl2 (4x - S 
- 5x-') dx e 2x2-1 S - I x

3 + 8 
15 f --dx 16 --dx 

3 x-I o x + 2 

17 f (4x 2 - 5)100 dx 18 f s
S 

J x2 + / ,(5 + 1 dx 

19 f 3 2x
3 

- 4x
2 + 5 dx 

I x2 
20 fl( . ly - 2 x--; dx 

~3Ix-4 I dx 22 fl 12x - 3 1 dx 

24 f ~2x - I dx 

:~ 
Cr"? [V'26 

~I<) 
WI d 28 
Uo (3 _ 2X)2 x 

25 

S
4 X 
-:::== dx ofx2+"9 ' 

I 

f
4 I 

29 dx 
I J-;(J-; + 1)3 

30 fOI (3 - X 4 )3 x3 dx 

34 f' /4 (I - cos 40) dfJ 35 f'/6 (x + sin 5x) dx 
J ' /6 - . 16 

S
' /3 sin x 

36 -- dx 
o cos 2 x 

Exer. 37-40: fa) Find a number z that satisfies the con­
clusion of the mean value theorem (5.28) for the given 
integral S~ f(x) dx. fbi Find the average val ue of f on 
[a , b]. 

37 f4 x d 
Jo Jx2 + 9 x 

39 fS J x + 4 dx 40 f 2 J 6 - x dx Jo - 3 

~Exer. 41-44: Find the derivative without integrating. 

42 D, x .x- + 4 dx SI , 

. 0 

S
x 1 

43 D -- dt 
x 0 t + I I . 

S
x I 

44 Dx ~dt , Ixl < 1 
o v I - t 2 

45 A point P is moving on a coo rdinate line with a con­
tinuous acceleration function Q. If L· is the velocity func­
tion , then the average acceleratioll on a time interva l 

[ tl ' t 2J is 

t 2 - I I 

Show that the average acceleration is eq ual to the aver­
age va lue of Q on [t l ' t2]. 
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46 If a function f has a continuous derivative on [a , bJ , 
show that the average rate of change off(x) with respect 
to x on [a , bJ (see Definition (3.4)) is equal to the aver­
age value of f' on [a , bJ. 

47 Thc vcrtical distribution of velocity of the water in a 
river may be approximated by l" = c(d - .1')1 6. where l" 
is the velocity (in m sec) at a depth of.r meters below 
the water surface. Ii is the depth of the river , and c is a 
positive constant. 

lal Find a formula for the average velocity Va v in terms 
of d and c. 

lbl If Vo is the velocity at the surface, show that Ca " = ~ l"o . 

48 In the electrical circuit shown in the figure , the alter­
nating current I is given by I = 1M sin WI , where t is the 
time and 1M is the maximum current. The rate P at which 
heat is being produced in the resistor of R ohms is given 
by P = 12R. Compute the average rat e of production 
of heat over one complete cycle (from 1 = 0 to t = 2rr w ). 

(Hint: Use the half-angle formula for the sine .) 

EXERCISE 48 

R 

r 
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49 If a ball is dropped from a height of So feet above the 
ground and air resistance is negligible , then the distance 
it falls in t seconds is 161 2 feet. Use Definition (5.29) to 
show that the average velocity for the ball's journey to 

the ground is 4-J;; ft /sec. 

50 A meteorologist determines that the temperature T (in 
OF) on a cold winter day is given by 

T = 2101(1 - 12)(1 - 24) , 

where t is time (in hours) and t = 0 corresponds to mid­
night. Find the average temperature between 6 A.M. and 
12 noon. 

5! If g is differentiable and f is continuous for every x, 
prove that 

Dv r a(X ) f(t) lit = f(g(x) )g'(x). 
J. 

52 Extend the formula in Exercise 51 to 

D x rg(x ) to) dt = f(g(x))g '(x ) - f(k( x ))k'(x ). 
Jk( x ) . . 

Exer. 53-56: Use Exercises 51 and 52 to find the 
derivative. 

53 D S·v' _ _ t _ dl 
x 2 Jt3+2 

55 Dv f:: (t 3 + 1)10 dl 

To evaluate a definite integral S~ f{x) dx by means of the fundamental 

theorem of calculus, we need an antiderivative of f. If an antiderivative 

cannot be found , then we may use numerical methods to approximate the 
integral to any desired degree of accuracy . For example, if the norm of a 

partition of [a , bJ is small, then , by Definition (5.16) , the definite integral 
can be approximated by any Riemann sum of f. In particular , if we use 
a regular partition with ~x = {b - a) / I1 , then 

where Wk is any num ber in the kth su binterval [Xk _ 1, xkJ of the partition. 

Of course, the accuracy o f the approximation depends on the nature of f 
and the magnitude of ~X. It may be necessary to make ~X very small to 

obtain a desired degree of accuracy. This , in turn, means that n is large , 

and hence the preceding sum contains many terms. Figure 5.5 illustrates 

the case in which f(wd is the minimum va lue of f on [Xk- I , xkJ. In this 
case the error involved in the approximatio n is numerically the same as 
the area of the region that lies under the graph off and over the inscribed 
rectangles. 
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If we let IVk = X k _ 1 (that is , if f is evaluated at the left-hand endpoint 
of each subinterval [ X k - I , x k]) , then 

If we let \\'k = X k (that is , if f is evaluated at the right-hand endpoint of 
[Xk - I , xk]) , then 

Another and usually more accurate approximation can be obtained by 
using the average of the last two approximations- that is , 

t[JI f(x k -1) ~X + JI f(x k) ~x 1 
With the exception of f(x o) and f(x lI ) , each function value f(xd appears 
twice , and hence we may write the last expression as 

Since ~x = (b - a) / I1, this gives us the following rule . 

Let f be continuous on [a , bJ. If a regular partition of [a, b] is 
determined by a = xo, XI' . . . , XII = b, then 

fb b - a 
f(x) dx ~ - 2- [.f(xo) + 2f(x I) + 2f(x 2) + ... + 2f(x lI - I) + f(x ll )]· 

a n 

The term trapezoidal comes from the case in which f(x) is nonnegative 
on [a, b]. As illustrated in Figure 5.33, if Pk is the point with x-coordinate 
X k on the graph of )' = f(x), then for each k = 1, 2, . .. , 11, the points on 
the x-axis with x-coo rdinates X k - I and X k , together with Pk - I and Pk , are 
vertices of a trapezoid ha ving area 

~x 
2 [.f(xk - I) + f(Xk) ]. 

FIGURE 5.33 

y 

" 

XII X I X l I X k I X k XI/ x 
I I 

-+j ~x ~ 
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The sum of the areas of these trapezoids is the same as the sum in 
Rule (5.36). Hence, in geometric terms , the trapezoidal rule gives us an 
approximation to the area under the graph of! from a to b by means of 
trapezoids instead of the rectangles associated with Riemann sums. 

The next result provides information about the maximum error that 
can occur if the trapezoidal rule is used to approximate a definite integral. 
The proof is omitted. 

If f" is continuous and if M is a positive real number such that 
I f"(x) I ::;; M for every x in [a , b], then the error involved in using 
the trapezoidal rule (5.36) is not greater than 

M(b - a)3 

12n2 

EXAMPLE 1 Use the trapezoidal rule with n = 10 to approximate 

f2 .!.. dx. Estimate the maximum error in the approximation. 
1 x 

SOLUTION It is convenient to arrange our work as follows . Each !(Xk) 
was obtained with a calculator and is accurate to nine decimal places. The 
column labeled m contains the coefficient of !(xk) in the trapezoidal rule 
(5.36). Thus , m = 1 for !(xo) or !(xn), and m = 2 for the remaining !(xk)· 

k Xk !(Xk) m mf(Xk) 

0 1.0 1.000000000 1 1.000000000 
1 1.1 0.909090909 2 1.818181818 
2 1.2 0.833333333 2 1.666666666 
3 1.3 0.769230769 2 1.538461538 
4 1.4 0.714285714 2 1.428571428 
5 1.5 0.666666667 2 1.333333334 
6 1.6 0.625000000 2 1.250000000 
7 1.7 0.588235294 2 1.176470588 
8 1.8 0.555555556 2 1.111111112 
9 1.9 0.526315789 2 1.052631578 

10 2.0 0.500000000 1 0.500000000 

The sum of the numbers in the last column is 13.875428062. 
Since 

b - a 2 - ] 1 

2n 2(10) 20' 

it follows from (5.36) that 

f 2 1 1 
- dx ~ - 0 (13.875428062) ~ 0.693771403. 

1 x 2 
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FIGURE 5.34 
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[he error in the approximation may be estimated by means of (5.37) . 
Since f(x) = I/x, we have f'(x) = _ 1/X2 and f"(x) = 2/x 3

. The maximum 
value of f"(x) on the interval [I , 2] occurs at x = 1 because f" is a de­
creasing function. Hence 

2 
I f"(x) I ~ (i)3 = 2. 

Applying (5.37) with M = 2, we see that the maximum error is not greater 
than 

2(2 - 1)3 1 
12(IOf = 600 < 0.002. 

In Chapter 7 we shall see that the integral in Example 1 equals the 
natural logarithm of 2, denoted by In 2, which to nine decimal places is 
0.693147181. To obtain this approximation by means of the trapezoidal 
rule , it is necessary to use a very large value of n. 

The following rule is often more accurate than the trapezoidal rule. 

Let f be continuous on [a, b], and let n be an even integer. If a 
regular partition is determined by a = xo, Xl' ... , XII = b, then 

(b b - a 
Ja f(x) dx ~ ~ [I(xo) + 4f(x 1) + 2f(x2) + 4f(x 3 ) + ... 

+ 2f(xll _ 2) + 4f(xn -1) + f(x ll )]. 

The idea behind the proof of Simpson's rule is that instead of using 
trapezoids to approximate the graph of f, we use portions of graphs of 
equations of the form Y = cx 2 + dx + e for constants c, d, and e; that is, 
we use portions of parabolas or lines. If Po(xo, Yo) , P1(X I , Y1) , and 
P2(X 2, Y2) are points on the parabola such that Xo < Xl < x 2, then sub­
stituting the coordinates of Po , PI ' and P 2 , respectively, into the equa­
tion Y = cx 2 + dx + e gives us three equations that may be solved for c, 
d, and e. As a special case , suppose h, Yo , YI ' and Yz are positive, and 
consider the points Po( - h, Yo), P 1(0 , YI), and P2 (h, Yz) , as illustrated in 
Figure 5.34. 

The area A under the graph of the equation from - h to h is 

A = (cx 2 + dx + e) dx = - + - + ex = - (2ch 2 + 6e). Jh [a3 ~2 Jh h 
- h 3 2 - h 3 

Since the coordinates of P o( - h, Yo ), P 1 (0, Y1 ), and P 2(h , Y2) are solutions 
of Y = cx2 + dx + e, we have, by substituti on , 

Yo = ch 2 - dh + e 

Y1 = e 

Y2 = ch 2 + dh + e. 

Thus, 

Yo + 4Y1 + Y2 = 2ch 2 + 6e 
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FIGURE 5.35 
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and 

If the points Po , PI ' and P 2 are translated horizontally , as illustrated 
in Figure 5.35 , then the area under the graph remains the same. Conse­
quently, the preceding formula for A is true for any points Po, PI' and 
P2 , provided Xl - Xo = X 2 - XI' 

If[(x) ~ 0 on [a , b J, then Simpson's rule is obtained by regarding the 
definite integral as the area under the graph of J from a to b. Thus, suppose 
n is an even integer and h = (b - a) /n. We divide [a, bJ into n subinter­
vals, each of length h, by choosing numbers a = X o, XI"'" X" = b. Let 
Pk(Xk, Yk) be the point on the graph of J with x-coordinate Xb as illustrated 
in Figure 5.36. 

FIGURE 5.36 

Y 

Yo YII - 2 Y,, - l Yll 

x 

If the arc through Po, PI ' and P 2 is approximated by the graph of an 
equation Y = CX2 + dx + e, then, as we have seen, the area under the 
graph of J from Xo to X 2 is approximated by 

If we use the arc through P 2, P 3 , and P 4 ' then the area under the graph 
of J from X 2 to X 4 is approximately 

We continue in this manner until we reach the last triple of points P,, - 2' 
P,, _ I' P" and the corresponding approximation to the area under the 
graph: 

Summing these approximations give us 

r J(x) dx ~ ~ (Yo + 4Yl + 2Y2 + 4Y3 + . .. + 2Y,, - 2 + 4Y,, _ 1 + Y,,), 
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which is the same as the sum in (5.38). If f is nega ti ve fo r so me x in [a , b J, 
then nega ti ves of a reas may be used to esta bli sh Simpson's rule. 

The fo llowing res ult is a na logo us to (5.37). 

If P4) is continuous and if M is a positive real number such that 
I P4 )(x) I :$; M for every x in [ a, b J, then the error involved in using 
Simpson's rule (5.38) is no t greater than 

M(b - a)5 

180n4 . 

EXAMPLE 2 Use Simpson's rul e with 11 = 10 to a ppro xima te f2 ~ dx. 
I X 

Es tima te the maximum error in the approximation . 

SOLUTION This is the same integra l co nsidered in Exa mple 1. We a r­
ra nge our wo rk as fo llows. The co lumn la beled 111 co nta ins the coefficient 
of f(x k ) in Simpson's rule (5.38). 

k X k !(x k ) m m!(x k ) 

0 1.0 1.000000000 1 1.000000000 
1.1 0.909090909 4 3.636363636 

2 1.2 0.83333333 3 2 1.666666666 
3 1.3 0.769230769 4 3.076923076 
4 1.4 0.7 1428571 4 2 1.42857 1428 
5 1. 5 0.666666667 4 2.666666668 
6 1.6 0.625000000 2 1.250000000 
7 1.7 0.588235294 4 2.35294 11 76 
8 1.8 0.555555556 2 1.11111111 2 
9 1.9 0.5263 15789 4 2.105263 156 

10 2.0 0.500000000 0.500000000 

The sum of the numbers in the las t co lumn is 20.7945069 18. Since 

it fo llows from (5.38) that 

b -a 2- 1 

3n 30' 

f ~ dx ~ (~0)(20.7945069 1 8) ~ 0.693 15023 1. 
x 3 

We sha ll use (5.39) to estima te the erro r in the a pprox ima tio n. If 
f(x) = I/x, we ca n ve rify tha t P4 1(X) = 24/x 5 . The ma ximum va lue Of [(41(X) 
o n the interva l [I , 2J occurs a t x = 1, and hencc 
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Applying (S.39) with M = 24, we see that the maximum error in the ap­
proximation is not greater than 

24(2 - 1)5 

180( 1 0)4 

2 
lS0,000 < 0.00002. 

Note that this estimated error is much less than that obtained using the 
trapezoidal rule in Example I. 

An important aspect of numerical integration is that it can be used to 
approximate the definite integral of a function that is described by means 
of a table or graph. To illustrate , suppose it is found experimentally that 
two physical variables x and yare related as shown in the following table . 

x 1.0 I.S 2.0 2.5 3.0 3.5 4.0 

Y 3.1 4.0 4.2 3.8 2.9 2.8 2.7 

The points (x, y) are plotted in Figure S.37. If we regard y as a function 
of x, say y = f(x) with f continuous, then the definite integral Ii f(x) dx 
may represent a physica l quantity. In the present illustration, the integral 
may be approximated wilhoLll knowing an explicit form for f(x). In partic­
ular , if the trapezoidal rule (S.36) is used, with n = 6 and (b - a) j (211) = 
(4-1)j I2=0.2S,then 

r f(x) dx ~ 0.2S[3.1 + 2(4.0) + 2(4.2) + 2(3.8) + 2(2.9) + 2(2.8) + 2.7J, 

or r f(x) dx ~ 10.3. 

x The number of subdivisions is even, so we could also approximate the 
integral by means of Simpson's rule. 

Exer. 1-12: Approximate the definite integral for the 0 6 f I -- dx; ° I + x 
11=8 

stated value of n by using lal the trapezoidal rule and 
fbI Simpson's rule. (Approximate each !(xk ) to four 

0 f I d 11=4 decimal places, and round off answers to two decimal 7 X' 

places, whenever appropriate.) 
° J I + x2 ' 

0 8 f23~dx; 11=4 

f' 1 I (x- + I) dx ; 11 = 4 r 1 
f 5 x3 dx' 0 9 - -- dx' 11 = 6 

2 /1 =4 ° 4 + x2 
' 

I ' 

3 f 6 I (2x - 1) dx; 11=6 0 10 l O.6 1 d X' 

° J4 - x2 
' 

11 =6 

4 f3.2 I 2 (2 X + I) dx ; 11=6 
0 11 f : J si n x dx; 11=6 

5 r l 
- dx' 

1 x ~, 
11=6 0 12 f o" si n j-; dx; 11=4 
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Exer. 13-16: Estimate the maximum error in approxi­
mating the definite integral for the stated value of n when 
using (a) the trapezoidal rule and (b) Simpson's rule. 

13 r (1 6 1 5)d' - 2 360X + 60 X x, n=4 

14 r ( _-LX4 + .2.X 3) dx' o 12 3 , n=4 

fl 15 2 dx ; n=8 
1 x 

16 J4 -Lx 7/2 dx' 
1 35 , n=6 

Exer. 17-20: Find the least integer n such that the error 
in approximating the definite integral is less than E when 
using (a) the trapezoidal rule and (b) Simpson's rule. 

17 J8 81x 8/ 3 dx' 
1 ' 

E = 0.001 

18 r 1 - - dx' 
1 120x2 ' 

E = 0.001 

19 fl - dX' 
1/ 2 X ' 

E = 0.0001 ( , 

20 r 1 - - dx' 
Ox + 1 ' 

E = 0.001 

Exer. 21-24: Suppose the table of values for x and y was 
obtained empirically. Assuming that y = f(x) and f is 
continuous, approximate S; f(x) dx by means of (a) the 
trapezoidal rule and (b) Simpson's rule . 

21 x 2.0 2.5 3.0 ]J0 j 
y 3 2 435 

22 x 2.0 3.0 4.0 

j Y 5 4 3 
~ 

0 23
1 

x 
I 4~~ 0 24 l ~~h~ 2.00 2.0 12.1 

2.25 3.76 2.2 11.4 
2.50 3.2 1 2.4 9.7 
2.75 3.58 2.6 8.4 
3.00 3.94 2.8 6.3 
3.25 4.15 3.0 6.2 
3.50 4.69 3.2 5.8 
3.75 5.44 3.4 5.4 
4.00 7.52 3.6 5. 1 

---- 3.8 5.9 
4.0 5.6 
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o 25 Use the trapezoidal rule with (b - a)/n = 0.1 to show 
that 

J
2.71d I J2.81d - x < < - x. 

1 X I X 

o 26 It wi ll follow from our work in Chapter 8 that 

rl - _I- dx =~ 
Jo x 2 + I 4' 

Use this fact and Simpson's rule with n = 8 to approxi­
mate n to four decimal places. 

27 If fix) is a polynomial of degree less than 4, prove that 
Simpson's rule gives the exact value of S~ fix) dx . 

28 Suppose that f is continuous and that both f and f" are 
nonnegative throughout [a, bJ. Prove that S~ fix) dx is 
less than the approximation given by the trapezoidal 
rule. 

29 The graph in the figure was recorded by an instrument 
used to measure a physical quantity . Estimate y­
coord inates of points on the graph , and approximate the 
area of the shaded region by using (with n = 6) (a) the 
trapezoidal rule and (b) Simpson's rule. 

EXERCISE 29 

40 

30 

20 

10 

Y 

1 

t f + 

r f 
+ 

l- • 

3 4 5 6 7 x 

30 A man-made lake has the shape illustrated in the figure , 
with adjacent measurements 20 feet apart. Use the tra­
pezoidal rule to estimate the surface area of the lake. 

o 31 An important aspect of water management is the pro­
duction of re liable data on streamflow, the number of 
cubic meters of water passing through a cross section of 
a stream or river per second . A first step in this com­
putation is the determination of the average velocity Ux 

at a distance x meters from the river bank . If k is the 
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depth of the st rea m at a point x meters from the bank 
and cry) is the velocity (in m sec) at a depth of y meters 
(see figure) , then 

U. = ~ rk 
r()') d)' 

x k Jo 

(see Definition (5.29)). With the six-point method, ve­
locity read ings are taken at the surface; at depths 0.2k , 
OAk , 0.6k , and 0.8k; and near the river bottom. The 
trapezoida l rule is then used to es tima te uX' Given the 
dat a in th e following table, estimate uX' 

y(m) o 0.2k OAk 0.6k 0.8k k 

v(y) (m/sec) 0.28 0.23 0.19 0. 17 0.13 0.02 

EXERCISE 31 

>--1 0(E----- L ml-------'>~I 
1 1 
I 1 
~x m 1 

I 1 
1 1 

0.2k 

[£] 32 Refer to Exercise 31. The streamflow F (in m 3/sec) can 
be approximated using th e formula 

F = I~- l"x h(x) dx , 

5.8 REVIEW EXERCISES 

Exer. 1-42: Evaluate. 

8x2 
- 4x + 5 

1 I 4 dx 2 I(3x 5 + 2x3 
- x) dx 

x 

3 I 100 dx 4 I X} /5 (2x - Fx) dx 

5 I(2x + 1)7 dx 6 I .u5x + I dx 

I(1 - 2X 2
)3 x dx 

I(I +\ ~)2 
8 -- dx 

~x 

I 

I 
I(x 2 + 4)2 dx 9 dx 10 

,~(1 + ~)2 

11 I (3 - 2x - 5x3
) dx 12 I(x + X- I)2 dx 

13 I(4x + 1)(4x 2 + 2x - 7)2 dx 

I 1 1 - (l / x) I(2x - 3 
- 3x2) dx 14 , dx 15 

x-

16 I (X 32 +X 32) dx 17 I OI <f80 dx 
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where h(x) is the depth of the stream at a distance x 
meters from the bank and L is the length of the cross 
section. Given the data in the follo wing ta ble, use Simp­
so n's rule to estimate F. 

x (m) 

h(x) (m) 

Vx (m/sec) 

x (m) 

h(x) (m) 

Vx (m/sec) 

o 3 6 9 12 

o 0.5 1 0.73 1.61 2. 11 

o 0.09 0.18 0.21 0.36 

15 

2.02 

18 21 

1.53 0.64 

24 

o 
0.32 0.19 0.11 0 

[£] Exer. 33-34: Use Simpson's rule with n = 8 to approxi­
mate the average value of / on the given interval. 

1 
33 I(x) = --; [0, 4J 

X4 + I 

34 I(x) = J cos x; [ - I. l J 

[£] Exer. 35-36: If/is determined by the given differential 
equation and initial condition /(0), approximate /(1) 
using the trapezoidal rule with n = 10. 

Fx 
35 I'(x) = ~+ 1; 1(0) = I 

x 

36 I'(x) = J tan x; 1(0) = 2 

---
18 

I 2 x
2 

- X - 6 dx 
I X + 2 

20 r J2x + 7 dx 

22 
I2 x

2 + 2 . --, - d.\ 
I x-

24 f 3x2 JX3 + x dx 

f ' , 26 (x- + 1)- dx 
- I 

28 f I (x + l)(x + 2)(x + 3) dx 

29 I sin (3 - 5x) dx 

31 I cos 3x sin 4 3x dx 

33 
I cos 3x I -- IX 

sin 3 3x 

, 
19 SI x- , dx 

o ( I + x3)-

21 I 2 X + 1 
I Jx2 + 2x 

dx 

23 I02 x2R+l dx 

25 I OI (2x - 3)(5x + I) dx 

27 I o" J3;(~ + J3) dx 

30 I x 2 cos (2x3
) dx 

32 I Sin (I / X) . --,- d.x 
x-
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34 f (3 cos 2nt - 5 si n 4nt) dt 

35 f:12 
cos x)3 + 5 sin x dx 

36 fO (s in x + cos X)2 dx 
- rr / 4 

37 f: 4 sin 2x cos 2 2x dx 

f, n4 . 38 (sec x + tan x)(1 - SIl1 x) dx n/6 
39 f Dx 1X4 + 2X2 + I dx 

40 f 2 D, (x sin 3 x) dx o . 

41 Dx fOI (x3 + x 2 - 7)5 dx 

42 Dx f~X (1 2 + 1)10 dt 
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50 fd I(x) dx - f" f(x) dx - f9 f(x) dx Ja Jt Jg 
+ f,b f(x) dx + fa f(x) dx 

m Jt 
51 A stone is thrown directly downward from a height o f 

900 feet with an initial velocity of 30 ft/ sec. 

(aj D etermine the stone's distance above gro und after 
1 seconds. 

(bj Find its velocity a fter 5 seconds. 

(ej D etermine when it st rikes the ground. 

52 Gi ven fl4 (x2 + 2x - 5) dx, find 

(aj a number z that sa ti s fi es the conclusion of the mean 
va lue theorem for integral s (5.28) 

(bj the average valu e of x 2 + 2x - 5 on [1 , 4J 

[£] 53 Evalu a te fOIO JI+'? dx by using 
Exer. 43-44: Solve the differential equation subject to J( 
the given conditions. (aj the trapezo id a l rul e, with 11 = 5 

d2y 
43 - = 6x - 4; y = 4 and y' = 5 if x = 2 

dx 2 

44 f"(x) = X l /3 - 5; ['(1) = 2; f(1) = -8 
[£] 54 

Exer. 45 - 46 : Let f(x) = 9 - x 2 for -2 ~ x ~ 3, and 
let P be the regular partition of [-2,3] into five sub-
intervals. 

45 Find the Riemann sum RI' if f is evalu ated a t the mid-
point of each subinterval o f P. 

46 Find (aj A lP and (bj Acp. 

Exer. 47-48: Verify the inequality without evaluating 
the integrals . 

Exer. 49-50: Express as one integral. 

49 . (x) (X + J(x) ilx - I(x) ilx - J(x) ilx i e r I i '" i" . i" . 
C (I C d 

(bj Simpson's rule , with 11 = 8 

(Use approximations to four decimal places for f(xk) , 

a nd round o ff answers to two decimal places.) 

To monitor the thermal pollution of a ri ve r, a bio logist 
takes hourly temperature readings (in OF) from 9 A .M. 

to 5 P.M. The results are shown in the followin g ta ble. 

Time of day I 9 

Temperature I 75.3 

2 

10 II 

77.0 83.1 

3 4 

12 

84.8 

5 Time of day 

Temperature 86.4 81.1 78.675.1 

86.5 

Use Simpson's rule a nd Definition (5.29) to estimate the 
average wa ter temperature between 9 A.M. and 5 P.M. 





CHAPTER 

6 

APPLICATIONS OF 
THE DEFINITE INTEGRAL 

INTRODUCTION 

In this chapter we discuss some of the uses for the 
definite integral. We begin by reconsidering the ap­
plication that motivated the definition of this mathe­
matical concept- determining the area of a region in 
the xy-plane. Then, in turn, we use definite integrals 
to find volumes, lengths of graphs , surface areas of 
solids , work done by a variable force , and moments 
and the center of mass (the balance point) of a flat 
plate. The reason definite integrals are applicable is 
that each of these quantities is expressible as a limit 
of sums. Moreover , because of the multitude of other 
quantities that can be similarly expressed , there is no 
end to the types of applications . In the last section we 
further illustrate the versatility of the definite integral 
by considering a variety of uses that include the fol­
lowing: finding the force exerted by oil on one end of 
a storage tank , measuring cardiac output and blood 
flow in arteries , estimating the future wealth of a cor­
poration, calculating the thickness of the ozone layer , 
determining the amount of radon gas in a home, and 
finding the number of calories burned during a work­
out on an exercise bicycle. 

As you proceed through this chapter and whenever 
you encounter definite integrals in applied courses , 
keep the following nine words in mind: limit of sums , 
limit of sums, limit of sums . 
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6.1 AREA 

FIGURE 6.1 
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If a function I is conti nuous and f(x) ~ 0 on [a, h], then , by Theo­
rem (5.19), the area of the region under the graph of f from a to b is given 
by the definite integra l S~ f(x) dx . In thi s sect ion we shall consider the 
region that lies between the graphs of two functions. 

If f and 9 are continuous and f(x) ~ g(x) ~ 0 for every x in [a , b], 
then the area A of the region R bounded by the graphs of f, g, x = Q, and 
x = b (see Figure 6.1) can be found by subtracting the area of the region 
under the graph of 9 (the lower boundary of R) from the area of the region 
under the graph of I (the upper boundary of R). as follows: 

A = rh 
I(x) dx - rh 

g(x) dx = rb 
[[(x) - g(x)] dx Ja Ja Ja 

This formula fo r A is a lso true if I or 9 is negat ive for some x in [Q , b J. 
To verify this fact , choose a negariL'e number d that is less than the mini­
mum value of 9 on [a , h] , as illust ra ted in Figure 6.2(i). Next, consider 
the functi ons fl and 9 l ' defined as follows: 

FIGURE 6.2 

II) 

f1(X) = f(x) - d = f(x) + Idl 
9 1 (x) = g(x) - d = g(x) + I d I 

11/) 

.r 

d -----------------

The gra phs of II and ?h can be obtained by ve rti ca l) y shifting the graphs 
of I and 9 a distance I d I. If A is the a rea of the region in Figure 6.2(ii). 
then 

A = rb 
[[Jx) - gl(X)] dx 

J" 
= rh 

[[.I(x) - d] - [g(x) - d]) clx 
J" 

= rh 
[.I(x) - g(x)] dx. 

J" 
We may summa ri ze our discussion as follows. 
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FIGURE 6.3 

Y 

a II' 

Theorem 16.1) 

r = g(x) 

b x 

Corollary 16.2) 

305 

If I and 9 are continuous and I(x) :2: g(x) for every x in [a , b], then 
the area A of the region bounded by the graphs of I, g, x = a, and 
x = b is 

A = rh 
[j(x) - g(x)] dx. 

J" 

We may interpret the formula for A in Theorem (6.1) as a limit of 
sums. If we let h(x) = I(x) - g(x) and if \\" is in [a, b], then 17(\\') is the 
ve rtical distance between the graphs of I and 9 for x = \I ' (see Figure 6.3). 
As in our discussion of Riemann sums in Chapter 5, let P denote a par­
tition of [a , b] determined by a = xc, XI ' . .. , XII = b. For each k, let 
i1xk = Xk - xk- I' and let \I'k be any number in the kth subinterval 
[Xk - I , x k] of P. By the definition of 17 , 

h(\I'k) i1xk = [j(wk) - g(lI"k)] i1Xk ' 

which is the area of the rectangle of length I(lI'k) - g( lI'k) and width i1Xk 
shown in Figure 6.4. 

FIGURE 6.4 

Y 

The Riemann sum 

~ 
I (\' . I (II I) 

I 

------------1 

x" = b 
x 

is the sum of the areas of the rectangles in Figure 6.4 and is therefore an 
approximation to the area of the region between the graphs of I and 9 
from a to h. By the definition of the definite integral , 

lim I h(\I'k) i1Xk = rb 
h(x) dx. 

II I' II~O k Ja 

Since h(x) = I(x) - g(x), we obtain the following corollary of Theo­
rem (6. 1) . 
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FIGURE 6.5 
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We may employ the following intuitive method for remembering this 
limit of sums formula (see Figure 6.5): 

1. Use dx for the width .0.xk of a typical vertical rectangle. 

2. Use f(x) - g(x) for the length f(w k ) - g(wk ) of the rectangle. 

3. Regard the symbol S~ as an operator that takes a limit of sums of 
the rectangular areas [J(x) - g(x)] dx . 

This method allows us to interpret the area formula in Theorem (6.1) 
as follows: 

A = ( b [J(x) - g(x)] dx 
;Ja \ 

limit of length of a width of a 
sums rectangle rectangle 

When using this technique, we visualize summing areas of vertical 
rectangles by moving through the region from left to right. Later in this 
section we consider different types of regions, finding areas by using hori­
zontal rectangles and integrating with respect to y. 

Let us call a region an Rx region (for integration with respect to x) if 
it lies between the graphs of two equations y = f(x) and y = g(x), with f 
and 9 continuous, and f(x) ~ g(x) for every x in [a, b], where a and bare 
the smallest and largest x-coordinates , respectively , of the points (x, y) in 
the region. The regions in Figures 6.1 through 6.5 are Rx regions . Several 
others are sketched in Figure 6.6. Note that the graphs of y = f(x) and 
y = g(x) may intersect one or more times; however , f(x) ~ g(x ) through­
out the interval. 

FIGURE 6.6 R x regions 

y y 

\'f(.1) 

\ ' g (.\) 

a b x a b x 

y y 

G I \' f(.\ ) 

I I D<I I I 
I I 
I .' = g(.\) I I \. = r;(x) I 

• L I 
I I I I 

a b x (/ b x 

The following guidelines may be helpful when working problems. 
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Guidelines for finding the area of 
an Rx region 16.3) 

FIGURE 6.7 

Y 

FIGURE 6.8 
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x 

3) 

, . = 3 - 2x 
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Sketch the region, labeling the upper boundary y = f(x) and 
the lower boundary y = g(x). Find the smallest value x = a and 
the largest value x= b for points (x, y) in the region. 

2 Sketch a typical vertical rectangle and label its width dx. 

3 Express the area of the rectangle in guideline 2 as [!(x) - g(x)] dx. 

4 Apply the limit of sums operator J~ to the expression in guideline 
3 and evaluate the integral. 

EXAMPLE 1 Find the area of the region bounded by the graphs of 

the equations y = x 2 and y = x. 

SOLUTION Following guidelines 1- 3, we sketch and label the region 
and show a typical vertical rectangle (see Figure 6.7). The points (0,0) 
and (1 , 1) at which the graphs intersect can be found by solving the equa-

tions y = x 2 and y = ~ simultaneously. Referring to the figure, we 
obtain the following facts : 

upper boundary: y = ~ 
lower boundary : y = x 2 

width of rectangle: dx 

length of rectangle: ~ - x 2 

area of rectangle: (~- x 2
) dx 

Next, we follow guideline 4 with a = 0 and b = I , remembering that 

applying Jb to the expression (J; - x 2
) dx represents taking a limit of 

sums of areas of vertical rectangles. This gives us 

A = SOl (~ - x 2
) dx = SOl (Xl /2 - x 2

) dx 

= [X~2 _ ;31 ~ _ ~ ~ 

EXAMPLE 2 Find the area of the region bounded by the graphs of 
y + x 2 = 6 and y + 2x - 3 = O. 

SOLUTION The region and a typical rectangle are sketched in Figure 
6.S. The points of intersection ( - I , 5) and (3, - 3) of the two graphs may 
be found by solving the two given equations simultaneously. To apply 
guideline 1 we must label the upper and lower boundaries y = f(x) and 
y = g(x), respectively , and hence we solve each of the given equations for 
y in terms of x , as shown in Figure 6.S. This gives us the following: 

upper boundary: y = 6 - x 2 

lower boundary: y = 3 - 2x 

width of rectangle: dx 

length of rectangle: (6 - x 2
) - (3 - 2x) 

area of rectangle: [(6 - x 2
) - (3 - 2x)] dx 
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CHAPTER 6 APPLICATIONS OF THE DEFINITE INTEGRAL 

We next use guideline 4, with a = - I a nd b = 3, regarding S~ 1 as an 
operator that takes a limit of sums of areas of rectangles. Thus , 

A = f 1 [(6 - x 2
) - (3 - 2x)J dx 

= f 1 (3 - x 2 + 2x) dx 

= 3x - ~ + x 2 

[ 

X3 J3 
3 - 1 

= [9 - 23
7 + 9J - [ - 3 - ( - t) + I J = 3}. 

The following example illustrates that it is sometimes necessary to 
subdivide a region into several R , regions and then use more than one 
definite integral to find the area. 

EXAMPLE 3 Find the area of the region R bounded by the graphs 
of y - x = 6, y - x 3 = 0 , and 2y + x = 0. 

SOLUTION The graphs and region are sketched in Figure 6.9. Each 
equation has been so lved for y in term s of x , a nd the boundaries have 
been labeled as in guideline 1. Typical vertical rectangles are shown ex­
tending from the lower boundary to the upper boundary of R. Since the 
lower boundary consists of portions of two different graphs, the area 
cannot be found by using only one definite integral. Howeve r, if R is 
divided into two Rx regions , R 1 and R 2 , as sho wn in Figure 6.10, then 
we can determine the area of each and add them together. Let us arrange 
our work as follows . 

REGION R, 

upper bo undary : y = x + 6 

lower boundary : y = - 1X 
width of rectangle: dx 

length of rectangle: (x + 6) - ( -1x) 

area of rectangle : [(x + 6) - ( - 1X)J dx 

REGION R2 

y=x+6 

y = x 3 

dx 

(x + 6) - x 3 

[(x + 6) - x 3J dx 

Applying guideline 4, we find the a reas A 1 and A 2 of R 1 and R2 : 

Al = f4 [(x + 6) - (- 1.\)J dx 

= f4 Gx + 6) dx = [~(;2) + 6x14 

= ° - (12 - 24) = 12 

A2 = S02 [(x + 6) - x 3J dx 

= - + 6x - -
[

X2 X4J2 
2 4 0 

= (2 + 12 - 4) - ° = 10 
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The area A of the entire region R is 

A = A I + A z = 12 + LO = 22. 

Wc have now evaluated many integrals similar to those in Example 3. 
For this reason we sometimes merely set up an integral; that is , we express 
it in the proper form but do not find its numerical value . 

If we consider an equation of the form x = f(y), where f is continuous 
for c s; Y s; d, then we ret:erse the roles ofx and y in the previous discussion, 
t real ing y as the independent wriable and x as the dependent variable. A 
typical graph of x = f(y) is sketched in Figure 6.11. Note that if a value 
IV is assigned to y, then f(\\') is an x-coordinate of the corresponding point 
on the graph. 

An Ny region is a region that lies bctween the graphs of two equa­
tions of the form x = f(y) and x = g(y), with f a nd 9 continuous, and 
f(y) ;::: g(y) for every y in [c, d] , where c and d are the smallest and largest 
y-coordinates, respectively, of points in the region. One such region is 
illustrated in Figure 6.12. We call the graph of f the right boundary of 
the region and the graph of 9 the left boundary. For any)', the number 
f(y) - g(y) is the horizontal distance between these boundaries , as shown 
in Figure 6.12. 

We ca n use limits of sums to find the area A of an Rr region. We 
begin by se lecting points on the y-axis with y-coordinates c = )'0' Yl " '" 
Yll = d, obtaining a partition of the interval [c, d] into subintervals of 
width .1)\ = Yk - Yk _ I' For each k we choose a number II 'k in [Yk - I' Yk ] 
and co nsider horizontal rectangles that have areas [f(II'k) - g(\\'k)] .1Yb 
as illustrated in Figure 6.13. This leads to 

A = lim I [j(\\'k) - g(lVk)] .1Yk = rd 
[j( y) - g(y)] dy. 

IIPI/ -O k Jc 

x The last equality follows from the definition of the definite integral. 

FIGURE 6.13 
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CHAPTER 6 APPLICATIONS OF THE DEFINITE INTEGRAL 

Using notation similar to that for Rx regions , we represent the width 
~Yk of a horizontal rectangle by dy and the length f(w k) - g(wk ) of the 
rectangle by f( y) - g( y) in the following guidelines . 

Sketch the region , labeling the right boundary x = f(y) and the 
left boundary x = g(y). Find the smallest value y = c and the 
largest value y = d for points (x, y) in the region. 

2 Sketch a typical horizontal rectangle and label its width dy. 

3 Express the area ofthe rectangle in guideline 2 as [!(y) - g(y)] dy. 

4 Apply the limit of sums operator I t to the expression in guideline 
3 and evaluate the integral. 

In guideline 4, we visualize summing areas of horizontal rectangles by 
moving from the lowest point of the region to the highest point. 

EXAMPLE 4 Find the area of the region bounded by the graphs of 
the equations 2y2 = x + 4 and y2 = x. 

SOLUTION The region is sketched in Figures 6.14 and 6.15. Figure 
6.14 illustrates the use of vertical rectangles (integration with respect to x), 
and Figure 6.15 illustrates the use of horizontal rectangles (integration 
with respect to y) . Referring to Figure 6.14, we see that several integrations 
with respect to x are required to find the area. However, for Figure 6.15 , 
we need only one integration with respect to y. Thus we apply Guidelines 
(6.4), solving each equation for x in terms of y. Referring to Figure 6.15 , 
we obtain the following: 

right boundary: x = y2 

left boundary: x = 2y2 - 4 

width of rectangle: dy 

length of rectangle: y2 - (2y2 - 4) 

area of rectangle: [y2 - (2y2 - 4)] dy 

We could now use guideline 4 with c = - 2 and d = 2, finding A by apply­
ing the operator s~ 2 to [y2 - (2 y2 - 4)] dy. Another method is to use the 
symmetry of the region with respect to the x-axis and find A by doubling 
the area of the part that lies above the x-axis. Thus, 
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FIGURE 6 . 16 
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Throughout this section we have assumed that the graphs of the func­
tions (or equations) do not cross one another in the interval under dis­
cussion. If the graphs of f and 9 cross at one point P(c , d), with a < c < b, 
and we wish to find the area bounded by the graphs from x = a to x = b, 
then the methods developed in this section may still be used; however , 
two integrations are required , one corresponding to the interval [a , c] 
and the other to [c, b J. This is illustrated in Figure 6.16 , with f(x) ~ g(x) 
on [a , c] and g(x) ~ f(x) on [c, bJ. The area A is given by 

A = Al + A2 = t [I(x) - g(x)] dx + .r [g(x) - f(x)] dx. 

If the graphs cross several times , then several integrals may be necessary. 
x Problems in which graphs cross one or more times appear in Exercises 

31 - 36. 
In scientific investigations, a physical quantity is often interpreted as 

an area. One illustration of thi s occurs in the rh eory of elasticity. To test 
the strength of a material, an investigator records values of strain that 
correspond to different loads (stresses). The sketch in Figure 6.17 is a 
typical stress-strain diagram for a sample of an elastic material , such as 
vulcanized rubber. (Note that stress values are assigned in the vertical 
direction.) Referring to the figure , we see that as the load applied to the 
material (the stress) increases, the strain (indicated by the arrows on the 
red graph) increases until the material is stretched to six times its original 
length. As the load decreases , the elastic material returns to its original 
length; however , the same graph is not retraced. Instead , the graph shown 
in blue is obtained. This phenomenon is called elastic hysteresis. (A similar 
occurrence takes place in the study of magnetic materials , where it is called 
magnetic hysteresis.) The two curves in the figure make up a hysteresis loop 
for the material. The area of the region enclosed by this loop is numerically 

Strain (percent) 
equal to the energy dissipated within the elastic (or magnetic) material 
during the test. In the case of vulcanized rubber, the la rger the area , the 
better the material is for absorbing vibrations. 

EXERCISES 6.1 

Exer. 1-4: Set up an integral that can be used to find 
the area of the shaded region. 

y 

~ I 

x 

x - y = 2 

2 y 

x 
.\' + \. 6 
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Exer. 5-22: Sketch the region bounded by the graphs 
of the equations and find its area. 

0 Y =X2; }'= 4x 

6 x + y = 3; Y + x 2 = 3 

7 Y = x 2 + I ; 

8 Y = 4 - x 2
; 

9 Y= l/x 2
; 

10 Y = x 3
; 

y=5 

.I' = - 4 

y= _x 2 ; 

y = x 2 

x = 1; x=2 

11 y2 = -x; 

12 x = )'2; 

x - )' = 4; )' = - 1; Y = 2 

13 y2= 4 +x; 

14 X=y2: 

)' - x = 2; J' = - 2; )' = 3 

)'2 + X = 2 

x-y = 2 

15 X =4)'_y3: x=o 

x = y2 

17 )' = x 3 
- x; Y = 0 

18 Y = x 3 
- x 2 

- 6x ; y = 0 

19 x=y3+2y2- 3y; x= o 

20 x = 9y _ y3; 

21 y=XJ4 - x2; 

22 y=x J x2-9; 

x=o 

.1'=0 

)' = 0: x=5 

'( 
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Exer. 23-24: Find the area of the region between the 
graphs of the two equations from x = 0 to x = n. 

23 )' = sin 4.\; y = 1 + cos ~x 

24 Y = 4 + cos 2.\; y = 3 sin ix 

Exer. 25-26: Set up sums of integrals that can be used 
to find the area of the shaded region by integrating with 
respect to (al x and (bl y . 

25 y 

x 

26 y 

2x + y 

.r 

I' 

Exer. 27 -30: Set up sums of integrals that can be used 
to find the area of the region bounded by the graphs 
of the equations by integrating with respect to (al x and 
(bl y. 

27 )' = j;; y = - x; x= 1; x= 4 

28 ),= I -x2
; ),= .• ,- 1 

29 )' = x + 3; x = _),2 + 3 

30 x = y2; X = 2y2 - 4 

Exer. 31-36: Find the area of the region between the 
graphs of f and 9 if x is restricted to the given interval. 

31 I(x) = 6 - 3x 2
; g(x) = 3x; [0. 2J 

32 I(x) = x 2 
- 4; g(x) = x + 2: [I , 4J 

33 I(x) = x 3 - 4x + 2: g(x) = 2; [ - 1, 3J 

34 I(x) = x 2: g(x) = x 3: [ - I, 2J 
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35 f(x) = sin x: g(x) = cos x; [0 , 2rrJ 

36 f(x) = sin x; g(x) = t [0. rr/ 2J 

Exer. 37-38: Let R be the region bounded by the graph 
of f and the x-axis, from x = a to x = b. Set up a sum 
of integrals, not containing the absolute value symbol, 
that can be used to find the area of R. 

37 f(x) = I x 2 
- 6x + 5 1: a = 0, b = 7 

38 f(x)= I- x2 +2x + 31: a= - 3, b=4 

39 The shape of a particular stress-strain diagram is shown 
in the figure (see the last paragraph of this sect ion). 

EXERCISE 39 

Stress 

5 

4 

3 

2 

2 3 -+ 

6.2 

3 1 3 

Estimate y-coordinates and approximate the area of the 
region enclosed by the hysteresis loop using, with n = 6, 

(a) the trapezoidal rule 

(b) Simpson's rule 

40 Suppose the function values off and 9 in the table below 
were obtained empirically. Assuming that f and 9 are 
continuous , approximate the area between their graphs 
from x = I to x = 5 using , with n = 8, 

{al the trapezoidal rule 

(bl Simpson's rule 

x 

f(x) 

g(x) 

1.5 2 

3.5 2.5 3 

1.5 2 2 

2.5 3 3.5 4 4.5 5 

4 3.5 2.5 2 2 3 

1.5 .5 1.5 

o 41 .31 on [ - 1.5 , 1.5]' 

0 42 

Set up a sum of integrals not ont ining the absolute 
value symbol that can be use to proximate the area 
of the region bounded by the rap of J, the x-axis , and 
the lines x = - 1.5 and x - 1.5. 

he volume of an object pia s an important ole in many problems in the 
p ysical sciences, such as nding centers 0 mass and moments of inerti a. 
(T ese concepts wi ll b Cliscussed la ter in the lext.) Since it is difficult to 
det rmine the vo lu of an irregularly s aped object, we shall begin with 
obj ts that have sImple shapes . Inelu ed in this category are the solids 
of r olution . L~sscd 'here and in t e next section. 

I 

using Riemann sums. 
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CHAPTER 6 APPLICATIONS OF THE DEFINITE INTEGRAL 

Let us partition the interval [a , bJ, as we did for areas in the preceding 
section , and consider the rectangles in Figure 6.19(i). The so lid of revolu­
tion generated by these rectangles has the shape indicated in (ii) of the 
figure. Beginning with Figure 6.23 , we shall remove, or cut o ut , parts of 
solids of revolution to help us visualize portions generated by typical 
rectangles. When referring to such figures, remember that the entire solid 
is obtained by one complete revolution a bout an axis , not a partial one. 

Observe that the kth rectangle generates a circular disk (a flat right 
circular cylinder) of base radius f(wk) and alti tude (thickness) Llxk = 
X k - X k - t . The volume of this disk is the area of the base times the 
altitude- that is , n[!(wk)J2 Llxk. The volume of the solid shown in Fig­
ure 6.19(ii) is the sum of the volumes of all such disks: 

This sum may be regarded as a Riemann sum for n[!(x)r. If the norm 
II p II of the partition is close to zero, then the sum should be close to the 
volume of the solid. Hence we define the volume of the solid of revolution 
as a limit of these sums . 

FIGURE 6.19 
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Let f be continuous on [a, b J, and let R be the region bounded by 
the graph of f, the x-axis, and the vertical lines x = a and x = b. 
The volume V of the solid of revolution generated by revolving R 
about the x-axis is 

V = lim L n[~'wk)]2 Llxk = r n[!(x}Y dx. 
II P II~O k a \ 

, U . 

The fact that the limit of sums in this definition equals S~ n[!(x}Y dx 
follows from the definition of the definite integral. We shall not ordinarily 
specify the units of measure for volume . If the linear measurement is 
inches , the volume is in cubic inches (in. 3

). If x is measured in centimeters , 
then V is in cubic centimeters (em 3

) , and so on. 
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FIGURE 6.20 
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The requirement that f( x ) :::::: 0 was omitted intentionally in Defini­
tion (6.5). If f is negative for some x, as in Figure 6.20(i) , and if the region 
bounded by the graphs of f, x = a, x = b, and the x-axis is revolved about 
the x-axis , we obtain the solid shown in (ii) of the figure, This solid is the 
same as that generated by revolving the region under the graph of 
y = 1 f(x) 1 from a to b about the x-axis. Since 1 f( x ) 12 = [f(X)J 2, the limit 
in Definition (6.5) gives us the volume. 

Let us interchange the roles of x and y and revolve the Ry region in 
Figure 6.21(i) about the y-axis , obtaining the solid illustrated in (ii) of the 
figure . If we partition the y-interval [c , dJ and use horizontal rectangles 
of width L'lYk and length g(wk), the same type of reasoning that gave us 
(6.5) leads to the following definition. 

FIGURE 6.21 
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Since we may revolve a region about the x-axis , the y-axis , or some 
other line, it is not advisable to merely memorize the formulas in (6.5) and 
(6.6) . It is better to remember the following general rule for finding the 
volume of a circular disk (see Figure 6.22) . 

V = n(radius)2 . (thickn~ 

FIGURE 6.22 
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CHAPTER 6 APPLICATIONS OF THE DEFINITE INTEGRAL 

When working pro blems we shall use the intuitive method developed 
in Section 6.1 , replacing £o.xk or £o.Yk by dx or dl', and so on. The following 
guidelines may be helpful. 

2 

Sketch the region R to be revolved, and label the boundaries. 
Show a typical vertical rectangle of width dx or a horizontal 
rectangle of width dy. 

Sketch the solid generated by R and the disk generated by the 
rectangle in guideline 1. 

3 Express the radius of the disk in terms of x or y, depending on 
whether its thickness is dx or dy. 

4 Use (6.7) to find a formula for the volume of the disk. 

S Apply the limit of sums operator J~ or J~ to the expression in 
guideline 4 and evaluate the integral. 

EXAMPLE 1 The region bounded by the x-axis, the graph of the 
equation y = x 2 + I . and the lines x = - I and x = 1 is revolved about 
the x-axis. Find the volume of the resulting solid. 

SOLUTION As specified in guideline 1. we sketch the region and show 
a vertical rectangle of width dx (see Figure 6.23(i)). Following guideline 2, 
we sketch the solid generated by R and the disk generated by the rectan­
gle (see Figure 6.23(ii)). As specified in guidelines 3 and 4, we note the 
following: 

thickness of disk: dx 

radius of disk: x 2 + I 

volume of disk: n(x 2 + 1)2 dx 

We could next apply guideline 5 with a = - 1 and h = I , finding the 
volume V by regarding J~ 1 as an operator that takes a limit of sums of 
volumes of disks. Another method is to use the symmetry of the region 
with respect to the y-axis and find V by applying S6 to n(x 2 + 1)2 dx and 
doubling the result. Thus , 

V = fl n(x2 + 1)2 dx 
- I 

= 2 fol n(x4 + 2X2 + I) dx 

= 2n[~5 + 2C~3) + xl 
=2n(*+i+ I)=i~n~ 11.7. 
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FIGURE 6.24 
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EXAMPLE 2 The region bounded by the y-axis and the graphs of 
J' = x 3

, Y = I, and y = 8 is revolved about the y-axis . Find the volume 
of the resulting solid. 

SOLUTION The region and the solid are sketched in Figure 6.24, to­
gether with a disk generated by a typical horizontal rectangle. Since we 
plan to integrate with respect to y, we solve the equation y = x 3 for x in 
terms of y, obtaining x = i 3 We note the fo llowing facts (see guide­
lines 3 and 4): 

thickness of disk: dy 

radius of disk: yl 3 

volume of disk: rr()'1 3)2 ely 

Finally, we apply guideline 5, with c = 1 and d = 8, regarding H as an 
operator that takes a limit of sums of disks: 

f s f S [y5 /3JS V = I rr(i 3)2 dy = rr I /3 dy = rr ~ 1 

Let us next consider an Rx region of the type illustrated in Figure 6.25(i). 
If this region is revolved about the x-axis, we obtain the solid illustrated 
in (ii) of the figure. Note that if g(x) > 0 for every x in [a , bJ, there is a 
hole through the solid. 

The volume V of the solid may be found by subtracting the volume of 
the solid generated by the smaller region from the volume of the solid 
generated by the larger region. Using Definition (6.5) gives us 

r nl!{\:)r £Ix J" r [ (J{\:iJ- £1\ .1'" )7:1 f{\)]' I(J{\:)f' £I\' 

The last integral has an interesting interpretation as a limit of sums. As 
illustrated in Figure 6.25(iii), a vertical rectangle extending from the graph 

(ii) (iii) 

y y 

II', 

) ~ 't' 
x x 
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CHAPTER 6 APPLICATIONS OF THE DEFINITE INTEGRAL 

of 9 to the graph of J, through the points with x-coordinate W
k

, generates 
a washer-shaped so lid whose volume is 

Summing the volumes of all such washers and taking the limit gives us the 
desired definite integral. When working problems of this type it is con­
venient to use the following general rule. 

V = n[(outer radiusf - (inner radiusf] . (thickness) 

In applying (6.9), a common error is to use the square of the difference 
of the radii instead of the difference of the squares. Note that 

volume of a washer # n[(outer radius) - (inner radius)]2 . (thickness). 

Guidelines similar to (6.S) can be stated for problems involving washers. 
The principal differences are that in guideline 3 we find expressions for the 
outer radius and inner radius of a typical washer, and in guideline 4 we 
use (6.9) to find a formula for the volume of the washer. 

EXAMPLE 3 The region bounded by the graphs of the equations 
x

2 
= y - 2 and 2y - x - 2 = 0 and by the vertical lines x = 0 and x = 1 

is revolved about the x-axis. Find the volume of the resulting solid. 

SOLUTIO N The region and a typical vertical rectangle are sketched in 
Figure 6.26(i). Since we wish to integrate with respect to x, we solve 
the first two equations for y in terms of x, obtaining y = x 2 + 2 and 
y = tx + 1. The solid and a washer generated by the rectangle are illus­
trated in (ii) of the figure . Using (6.9) , we obtain the following: 

thickness of washer: dx 

outer radius: x 2 + 2 

inner radius: tx + 1 

volume: n[(x 2 + 2)2 - (tx + 1)2] dx 

We take a limit of sums of volumes of washers by applying Jb: 

V = SOl n[(x 1 + 2)2 - (tx + 1)2] dx 

= n SOl (x 4 + 11x1 
- X + 3) dx 

= n[-~5 + I} (~3) _ .~2 + 3x I = 7;on ~ 12.4 

EXAMPLE 4 Find the volume of the solid generated by revolving the 
region described in Example 3 about the line y = 3. 
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FIGURE 6.28 
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SOLUTION The region and a typical vertical rectangle are resketched 
in Figure 6.27(i), together with the axis of revolution y = 3. The solid and 
a washer generated by the rectangle are illustrated in (ii) of the figure . We 
no te the following: 

thickness of washer : dx 

FIGURE 6.27 
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Applying the limit of sums operator S6 gives us the volume: 

v = fOI n[(2 - !X)2 - (1 - X2)2 ] dx 

= n Sol (3 - 2x + £x 2 
- x 4

) dx 

= n[3X - X2 + ~ e3
3

) - ~5I = s;On ~ 8.01 

y = 3 

X 

EXAMPLE 5 The regio n in the first quadrant bounded by the graphs 
of y = tx 3 and y = 2x is revolved about the y-ax is. Find the volume of 
the resulting solid . 

SOLUTION The region a nd a typical horizontal rectangle are shown 
in Figure 6.28(i). We wish to integra te with respect to y, so we solve the 
given equations for x in terms of y, obtaining 

x = h and x = 2i t3. 
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\ . 

EXERCISES 6.2 

x 

CHAPTER 6 APPLICATIONS OF THE DEFINITE INTEGRAL 

Figure 6.28(ii) illustrates the volume generated by the region and the 
washer generated by the rectangle. We note the following: 

thickness of washer: dy 

outer radius: 2yl /3 

inner radius: ~y 

volume: n[(2i 3)2 - (ty)2] dy = n(4y2/3 _ ty2) dy 

Applying the limit of sums operator H gives us the volume: 

V = fo8 n(4y2/3 - ty2) dy 

- =[Uy S / 3 _ ~)1 3J8 - 2U.= ~ 107 ') 
-" 5 12 0- lS"~ .-

Exer. 1-4: Set up an integral that can be used to find 
the volume of the solid obtained by revolving the shaded 
r~gkm about the indicated axis. 

)' 3 

(2.4) 

I. ' 

x 

'\ 
(3. 4) 

2 

g:~ 
4 Y 

2 

.r \' - 4 

x 

x 



EXERCISES 6.2 

E",er. 5-24: Sketch the region R bounded by the graphs 
of the equations, and find the volume of the solid gen­
erated if R is revolved about the indicated axis. 

x = I , x = 3, Y = 0; x -ax Is 

6 y = ,Ix. x = 4, 1' =0; x-axis 

(.; y = x 2 - 4x, r = 0: x-ax is 

8 Y = X3, X= - 2, )' = 0; x-a xi s 

9 
? )' = ? Y = x-, - . r-axls 

10 Y= I/x, y= I, r = 3. x = 0; y-axis 

11 X= 4y_ y2, x = 0; y-ax Is 

12 )'=x. r = 3, x = 0; l'-aXIS 

13 Y = x 2, .1'= 4 - .\:2; x-axIs 

14 x = y3, x2 + y = 0: x-ax is 

15 )' = x, x + )' = 4 , x = 0: x -ax is 

16 )' = (x- 1)2 + I, y= - (x- l) 2 + 3: x-ax Is 

17 
? 2} = x; y- = x, r -ax ls 

18 Y = 2x, Y = 4x2: y-ax Is 

19 
? x -)' = 2; x = Y-, y-ax is 

20 x+y= I, x-),= - \. x = 2: r -ax ls 

21 )' = sin 2x, x = 0 , x = 1T , Y =0: x-ax is 

(Hilll : Use a ha lf-angle fo rmula.) 

22 )' = I + cos 3x, x = 0, x = 27!, )' = 0; x-ax Is 

(Hil1l : Use a ha lf-angle fo rmul a.) 

23 Y = sin x, } = cos x , x = O. x = 7! 4: x-ax is 

(Hint : Use a do uble a ngle formul a.) 

24 )' = sec x, y=sin x , x = 0, x = 7! 4: x-ax is 

Exer. 25-26: Sketch the region R bounded by the graphs 
of the equations , and find the volume of the solid gen­
erated if R is revolved about the given line . 

25 r = x 2
, y= 4 

la) y= 4 Ib) \' = 5 

Ic) x=2 Id} x=3 

26 Y= ....Ix. I' = 0, x= 4 

la) x= 4 Ib) x=6 

Ic} ),=2 Id} y =4 

Exer. 27- 28: Set up an integral that can be used to find 
the volume of the solid generated by revolving the 
shaded region about the line la) y = - 2 , Ib) y = 5, 
Icl x=7,and ldl X= -4. 

32 1 

27 y 

x 

28 

x 

Exer. 29- 34: Sketch the region R bounded by the graphs 
of the equations , and set up integrals that can be used 
to find the volume of the solid generated if R is revolved 
about the given line. 

29 J' = ,3 J' = 4x: r = 8 . , 

30 I' = x 3
, y = 4x; x = 4 

31 x + r = 3. y + .\'2 = 3; x = 2 

32 I' = I ? - x- , x - .r = I; .r = 3 

-~x! + )'2 = I ; x = 5 

34 
? 3 = x 2 

; = - I J' = x- , \' .r 
Exer. 35 - 40: Use a definite integral to derive a formula 
for the volume of the indicated solid. 

35 A right circ ul a r cylinder of a ltitudc " a nd radius r 

36 A cy lindri ca l shell of alti tude " , o ut er radius R, and in­
ner radius r 

37 A ri ght circul a r co ne of a ltit ude " a nd base radiu s r 

38 A sphere of radius r 

39 A frus tum of a right circul a r cone of altitude " , lower 
base rad ius R . a nd upper base radius r 

40 A spherica l segment of a ltitude " in a sphere of radius r 
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41 If the region shown in the figure is revolved a bout the 
x-ax is, use the trapezoidal rule wi th n = 6 to approxi­
mate the volume of the resulting so lid . 

EXERCISE 42 

Y 

EXERCISE 41 

y 

1 

1 x 

x 

[£] Exer. 43- 44: Graph f and 9 on the same coordinate 
axes for 0 ~ x ~ 1t . lal Estimate the x-coordinates of the 
points of intersection of the graphs. Ibl If the region 
bounded by the graphs of f and 9 is revolved about the 
x-axis, use Simpson 's rule with n = 4 to approximate the 
volume of the resulting solid. 

42 If the region shown in the figure is revolved about the 
x-axis, use Simpso n's rule with n = 8 to approximate 
the volume of the resulting solid . 

sin x 
43 f(x) = - - ; 

1 + x 
g(x) = 0.3 

44 f(x) = 4 I sin x I ; g(x) = 0.2x + 0.7 

6.3 VOLUMES BY CYLINDRICAL SHELLS 

FIGURE 6.29 

~rl~ 
I I 
I I 

;:.1<: r2~ I 
I I I 

~~r 

Volume Vof a 
cylindrical shell /6.101 

------------------------------ ----
In the preceding section we fo und volumes of solids of revolutio n by using 
ci rcula r di sks or washers. Fo r certa in types o f so lids it is convenient to 
use hollow circula r cylinders- that is, thin cylindrical shells of the type 
ill ustra ted in Figure 6.2~ , where 1'1 is the outer radius , 1'2 is the inner radius , 
h is the altitude , a nd I'l l' = 1' 1 - 1'2 is the thickness of the shell. The average 
radius of the shell is I' = 1(r l + 1'2)' We can fi nd the vo lume of the shell 
by subtracting the volume ndh of the inner cylinder fro m the volume 
nrih of the ou ter cylinder . If we do thi s a nd change the form of the re­
sulting ex pressio n, we o btain 

nl'fh - nr~h = n(ri - rDh 

= n(r l + r2 )(r l - rz)h 

= 2n . 1(1'1 + r2)h(rj - 1'2) 

= 2nrh I'll', 

which gives us the fo llowing general ru le . 

v = 2n(average radius)(altitude)(thickness) 

If the Rx regio n in F igure 6.30(i) is revolved a bo ut the y-axis, we obtain 
the solid illustrated in (ii) of the fi gure . 
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FIGURE 6.30 
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liii) 

y 

y 
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~ 
I 

Iii) 

I' 

x x 

(Iv) 

y 

x 

Let P be a partition of [a , b] , and consider the typical vertical rectangle 
in Figure 6.30(iii) , where lI 'k is the midpoint of [Xk _ l ' XkJ. If we revolve 
this rectangle about the y-axis , we obtain a cylindrical shell of ave rage 
radius Irk> altitude f(lI" k), and thickness ~Xk' Hence, by (6 .10), the volume 
of the shell is 

2m'I'J(lVk) ~Xk' 

Revolving the rectangular polygon formed by all the rectangles deter­
mined by P gives us the solid illustrated in Figure 6.30(iv}. The volume 
of this solid is a Riemann sum: 

I 2m\'J(lVk) ~Xk 
k 

The smaller the norm II P II of the partition , the better the sum approxi­
mates the volume V of the solid shown in (ii) of the figure. Thi s is the 
motivation for the following definition . 

Let f be continuous and suppose f(x) ~ 0 on [a, b] , where 0 :s; a :s; b. 
Let R be the region under the graph of f from a to b. The volume 
V of the so lid of revolution generated by revolving R about the 
y-axIs IS 

V = lim I 2nwJ(wk} ~Xk = r 2nxf(x) dx. 
I I P II~ O k a 

It can be proved that if the methods of Section 6.2 are also app licable, 
then both methods lead to the same answer. 
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Guidelines for finding the volume 
of a solid of revolution using 

cylindrical shells 16.12) 

CHAPTER 6 APPLICATIONS OF THE DEFINITE INTEGRAL 

We may also consider solids obtained by revolving a region about the 
y-axis or some other line. The following guidelines may be useful. 

2 

Sketch the region R to be revolved, and label the boundaries. 
Show a typical vertical rectangle of width dx or a horizontal 
rectangle of width dy. 

Sketch the cylindrical shell generated by the rectangle in guide­
line 1. 

3 Express the average radius of the shell in terms of x or y, de­
pending on whether its thickness is dx or dy. Remember that x 
represents a distance.from the y-axis to a vertical rectangle, and y 
represents a distance .from the x-axis to a horizontal rectangle. 

4 Express the altitude of the shell in terms of x or y, depending 
on whether its thickness is dx or ely. 

5 Use (6.10) to find a formula for the volume of the shell. 

6 Apply the limit of sums operator S~ or S~ to the expression in 
guideline 5 and evaluate the integral. 

EXAMPLE 1 The region bounded by the graph of y = 2x - x 2 and 
the x-axis is revolved about the y-axis. Find the volume of the resulting 
solid . 

SOLUTION The region to be revolved is sketched in Figure 6.31 (i), 
together with a typical vertical rectangle of width dx. Figure 6.31 (ii) shows 
the cylindrical shell generated by revolving the rectangle about the y-axis. 
Note that x represents the distance from the y-axis to the midpoint of the 
rectangle (the average radius of the shell). Referring to the figure and using 
(6.10) gives us the following: 

FIGURE 6.3J 

Ii) 

y 

thickness of shell: dx 

average radius: x 

altitude: 2x - x 2 

volume: 2rrx(2x - x 2
) dx 

Iii) 

y 

\ ::.1 .1 

2,1' 

t _____ _ ~_+-__ ~ ________ L-~ 
'2 x 
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FIGURE 6 .32 

(il 

y - x + 2 

(iiI 

\ ' 

y 

x = :1 

(2. -I) 

---",f: 
(x + 2) - x-

___ .1 

x 

.r = ] 
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To sum all such shells, we move from left to right through the region from 
C/ = 0 to b = 2 (do not sum from - 2 to 2). Hence the limit of sums is 

V = r2 
2rrx(2x _ x 2 ) dx = 2rr r2 

(2X2 - x 3
) elx Jo Jo 

= 2rr[2(~3) _ .:4J: = 8
3
rr ~ 8.4. 

The volume V can also be found using washers; however , the calculations 
would be much more involved , since the equation y = 2x - x 2 would have 
to be solved for x in terms of y . 

EXAMPLE 2 The region bounded by the graphs of y = x 2 and 
)' = x + 2 is revolved about the line x = 3. Set up the integral for the 
volume of the resulting solid. 

ILUTION The region is sketched in Figure 6.32(i), together with a 
typical vertical rectangle extending from the lower boundary)' = x 2 to the 
upper boundary y = x + 2. Also shown is the axis of revolution x = 3. 
In (ii) of the figure we have illustrated both the cylindrical shell and the 
solid that are generated by revolving the rectangle and the region about 
the line x = 3. It is important to note that sinee x is the distance from the 
y-axis to the rectangle , the radius of the shell is 3 - x. Referring to Fig­
ure 6.32 and using (6.10) gi ves us the following: 

thickness of shell: elx 

average radius: 3 - x 

altitude: (x + 2) - x2 

vo lume: 2rr(3 - x)(x + 2 - x 2
) elx 

To sum all such shells, we move from left to right through the region from 
a = - I to h = 2. Hence the limit of sums is 

V = - 2rr(3 - x)(x + 2 - x-) dx. f' , 
- \ 

EXAMPLE 3 The region in the first quadrant bounded by the graph 
of the equation x = 2)'3 - y-+ and the y-axis is revolved about the x-axis. 
Set up the integral for the volume of the resulting solid. 

o The region is sketched in Figure 6.33(i) on the following 
page , together with a typical horizontal rectangle. Part (ii) of the figure 
shows the cylindrical shel l and the sol id that are generated by the revolu­
tion about the x-axis. Referring to the figure and using (6.10) gives the 
following: 

thickness of shell: dy 

average radius: y 

altitude: 2)'3 _ y4 

volume: 2rr),(2.1'3 - .\'4) ely 
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EXERCISES 6.3 

Use cylindrical shells for each exercise. 

FIGURE 6.33 

iiI 

y 

((), 2) 

Y 

2\' I \ ,1 

_1 
-1 

ell' 
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(iiI 

y 

£II' 

1 
I ' t 
t 

X x 

To sum a ll such shells, we move upward through the region from c = 0 
to d = 2. Hence the limit of sums is 

It is worth noting that in the preceding example we were forced to use 
shells and to integrate with respect to y, since the use of washers and in­
tegration with respect to x would req uire that we solve the equation 
x = 2y3 - y4 for y in terms of x, a rather formidable task . 

Exer. 1-4: Set up an integral that can be used to find 
the volume of the solid obtained by revolving the shaded 
region about the indicated axis. 

2 

y \ .\ 
-.., 

x x 
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3 

4 

y 

y 

• X 

Exer. 5- 18: Sketch the region R bounded by the graphs 
of the equations, and find the volume of the solid gen­
erated if R is revolved about the indicated axis. 

OJ' = ;;, x = 4, y = 0; y-ax is 

6 y = I x. x = I , x = 2, y = 0; y -ax Is 
, 

y = x - , .r2 = 8x; 

y2 = 2x; 

9 2x - y = 12, x - 2y = 3, x = 4; 

10 y=x3 + 1, x+ 2y=2, X= I ; 

11 2x - .r = 4 . x = 0, y = 0; 

12 y=x2 -5x, 

x 2 = 4y, 

14 y3 = x, 

15 Y = 2x , 

16 2y=x, 

J' = 0; 

J = 4; 

y = 3, 

y = 6, 

y = 4, 

x = 0; 

x = 0; 

x = I ; 

17 J = Jx + 4 , Y = 0, x = 0; 

18 y= - x , x-y= - 4, ),=0; 

y-axis 

y-axis 

y-axis 

y-axis 

y-axis 

y-axis 

x -ax is 

x-ax Is 

x,ax ls 

x-axis 

x-ax is 

x-ax Is 
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Exer. 19-26: Let R be the region bounded by the graphs 
of the equations. Set up an integral that can be used to 
find the volume of the solid generated if R is revolved 
about the given line. 

19 y =x2 + I , x= O, x = 2, y =O 

(al x = 3 (bl x = - I 

20 y= 4 _X2, y =O 

(al x = 2 (bl x = - 3 

21 Y = x 2, y=4 

(al y = 4 (bl y = 5 (el x = 2 (dl x = - 3 

22 )' = ;;, Y = 0, x= 4 

(al x = 4 (bl x = 6 (el y = 2 (dl Y = - 4 

23 x + )' = 3, Y + x 2 = 3; x=2 

24 y = 1 - x 2, X - Y = 1; y=3 

25 x 2 + y2 = I ; x=5 

26 y = X2 / 3 , Y = x 2
; y= - I 

Exer. 27-30: Let R be the region bounded by the graphs 
of the equations. Set up integrals that can be used to 
find the volume of the solid generated if R is revolved 
about the given axis using (al cylindrical shells and 
(bl disks or washers . 

27 y= 1/;;, x= 1, x = 4 , Y = 0; x-axis 

28 y=9-x2
, x = 0 , x = 2, Y = 0; x -axIs 

29 y = x 2 + 2, x = 0 , X= I , Y = 0; y-ax is 

30 y=x+ 1, x = 0, X= I , J = 0; y-ax is 

31 If the region shown in the figure is revolved about the 
y-ax is, use the trapezoidal rule, with 11 = 6, to approxi­
ma te the volume of the resulting solid . 

EXERCISE 31 

y 

1 X 

32 If the region shown in the figure on the following page 
is revolved a bout the y-axis , use Simpson's rule , with 
11 = 8, to approx imate the volume of the res ulting solid . 
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EXERCISE 32 

Y 

x 

CHAPTER 6 APPLICATIONS OF THE DEFINITE INTEGRAL 

rb) If the region bounded by the graph off and the x-ax is 
is revolved about the y-ax is , set up an integral that 
can be used to approxi mate the volume of the re­
sulting solid. 

[£] 34 Graph , on the same coordinate axes, f(x) = csc x and 
g(x) = x + I for 0 < x < 71. 

raJ Use Newton's method to approximate , to two dec­
im al places , the x-coord inates of the points of in­
tersection of the graphs. 

[£] 33 Graph f(x) = _x4 + 2.21x 3 
- 3.2 1x 2 + 4.42x - 2. 

raJ Estimate the x- intercepts of the graph. 

rb) If the region bounded by the graphs is revolved abou t 
the y-ax is , use the trapezo idal rule with 11 = 6 to ap­
proximate the volume of the resulting solid. 

6.4 VOLUMES BY CROSS SECTIONS 

FIGURE 6.35 

A(a) 

'" "' 
I , 

A (.r) 

a x 

-"""""""A(b) 

b 

If a plane intersects a solid, then the region common to the plane and 
the solid is a cross section of the solid. I n Section 6.2 we used circular 
and washer-shaped cross sections to find volumes of solids of revolution. 
Let us now consider a solid that has the following property (see Fig­
ure 6.34): For every x in [a , b], the plane perpendicular to the x -axis at 
x intersects the solid in a cross section whose area is A(x), where A IS a 
continuous function on [a , h]. 

FIGURE 6.34 

b 

The solid is called a cylinder if, as illustrated in Figure 6.35, a line 
parallel to the x-axis that traces the boundary of the cross section corre­
sponding to a also traces the boundary of the cross section corresponding 
to every x in [a , b]. The cross sections determined by the planes through 
x = a and x = b are the bases of the cylinder. The distance between the 
bases is the altitude of the cylinder. By definition , the volume of the cylin­
der is the area of a base multiplied by the altitude. Thus , the volume of 
the solid in Figure 6.35 is A(a) . (b - a). 

To find the volume of a noncylindrical solid of the type illustrated in 
Figure 6.36, we begin with a partition P of [a , hJ. Planes perpendicular 
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FIGURE 6.36 

(/ b 

Volumes by cross sections (6.13) 
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to the x-axis at each X k in the pa rtition slice the solid into smaller pieces. 
If we choose any number \I 'k in [Xk _ l ' xk], the volume of a typical slice 
can be approximated by the volume A(wk) L1Xk of the red cylinder shown 
in Figure 6.36. If V is the volume of the solid and if the norm II p II is 
small , then 

V ~ I A(wk ) L1x k · 
k 

Since this approximation improves as II p II gets smaller , we define the 
vo lume of the solid by 

V = lim I A(wk) L1Xk = fb A(x) dx, 
11 1' 11- 0 k (I 

where the last equality follows from the definition of the definite integral. 
We ma y summarize our discussion as follows. 

Let S be a solid bounded by planes that are perpendicular to the 
x-axis at a and b. If, for every x in [a , b], the cross-sectional area 
of S is given by A(x) , where A is continuous on [a , b], then the 
vo lume of S is 

V = f A(x) dx. 

An a nalogous result can be stated for a J-interval [c, d] and a cross­
sectional area A(y). 

EXAMP E 1 Find the volume of a right pyramid with a square base 
of side a and altitude h. 

l\s in Figure 6.37(i), let us take the vertex of the pyramid 
at the origin , with the x-axis passing through the center of the square 
base, a distance h from O. Cross sections by planes perpendicular to the 
x-ax is are squares. Figure 6.37( ii) is a side view of the pyra mid. Since 2J 
is the length of the side of the square cross section corresponding to x, 
the cross-sectional area A(x) is 

FIGURE 6.37 
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Using similar triangles in Figure 6.37(ii), we have 

y ta ax 
~ = h ' or y = 2h' 

Hence 

Applying (6.13) yields 

V = f~' A(x) dx = f: G:)X2 dx 

= (~:) [~3I = ~: h3

3 

= ~a2h . 

EXAMPLE 2 A solid has , as its base, the circular region in the xy­
plane bounded by the graph of x 2 + y2 = a2 with a > 0. Find the volume 
of the solid if every cross section by a plane perpendicular to the x-axis 
is an equilateral triangle with one side in the base. 

SOLUTION A triangular cross section by a plane x units from the origin 
is illustrated in Figure 6.38(i). If the point P(x, y) is on the circle and 
y > 0, then the lengths of the sides of this equilateral triangle are 2y. 
Referring to (ii) of the figure , we see, by the Pythagorean theorem , that 
the altitude of the triangle is 

FIGURE 6.38 

(i) 

) (2y)2 - y2 = J3Y2 = 13y. 

(ii) 

/ "(/\ 
/Y lOY \~ 

, I / 
I I I 
I I I 
~y ;'1" y~ 

x (a , 0) P(x , y) y 

.\- II 

Hence the area A(x) of the cross section is 

A(x) = t (2y)( J3 y) = 13 y2 = 13(a2 - x 2). 

Applying (6.13) gives us 

V = fll A(x) dx = fa 13(a2 - x 2) dx 

= 13[a 2'C _ x
3

Ja = 413 a3 

3 -a 3 

\ 
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EXERCISES 6.4 

Exer. 1-8: Let R be the region bounded by the graphs 
of x = y2 and x = 9. Find the volume of the solid that 
has R as its base if every cross section by a plane per­
p~ndicular to the x-axis has the given shape. 

I , A square 
-' 

2 A rectangle of height 2 

3 A semicircle 

4 A quartercircle 

y 

x 

y 

x 

y 

x 

y 

x 
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5 An equilateral triangle 

y 

I, 

x 

6 A triangle with height equal to ± the length of the base 

y 

x 

7 A trapezoid with lower base in the xy-plane , upper base 
equal to ! the length of the lower base , and height equal 
to ± the length of the lower base 

y 

x 



332 

8 A parallelogram with base in the xy-plane and height 
equal to twice the length of the base 

y 

x 

9 A solid has as its base the circular region in the xy-plane 
bounded by the graph of x 2 + )'2 = a2 with a > O. Find 
the volume of the solid if every cross section by a plane 
perpendicular to the x-axis is a square. 

10 Work Exercise 9 if every c.ross section is an isosceles tri­
angle with base on the x)'-plane and altitude equal to 

~ the length of the base. 

11 A solid has as its base the region in the xy-plane bounded 
by the graphs of r = 4 and)' = x 2 Find the volume of 
the solid if every cross section by a plane perpendicular 
to the x-axis is an isosceles right triangle with hypo­
tenuse on the xy-plane. 

12 Work Exercise II if every cross section is a square. 

13 Find the volume of a pyramid of the type illustrated in 
Figure 6.37 if the altitude is h and the base is a rectangle 
of dimensions a and 2a. 

14 A solid has as its base the region in the xv-plane bounded 
by the graphs of y = x and y2 = x. Find the volume of 
the solid if every cross section by a plane perpendicular 
to the x-axis is a semicircle with diameter in the xy-plane. 

IS A solid has as its base the region in the x)'-plane bounded 
by the graphs of )'2 = 4x and x = 4. If every cross sec­
tion by a plane perpendicular to the y-axis is a semi­
circle , find the volume of the solid. 

16 A solid has as its base the region in the x),-plane bounded 
by the graphs of x 2 = 16y and)' = 2. Every cross sec­
tion by a plane perpendicular to the y-axis is a rectangle 
whose height is twice that of the side in the x)'-plane. 
Find the volume of the solid. 

CHAPTER 6 APPLICATIONS OF THE DEFINITE INTEGRAL 

17 A log having the shape of a right circular cylinder of 
radius a is lying on its side. A wedge is removed from 
the log by making a vertical cut and another cut at an 
angle of 45 c

, both cuts intersecting at the center of the 
log (see figure). Find the volume of the wedge. 

EXERCISE 17 

18 The axes of two right circular cylinders of radius a inter­
sect at right angles. Find the volume of the solid bounded 
by the cylinders. 

19 The base of a solid is the circular region in the xv-plane 
bounded by the graph of x 2 + y2 = a2 with a > O. Find 
the volume of the solid if every cross section by a plane 
perpendicular to the x-axis is an isosceles triangle of 

constant altitude h. (Hill!: Interpret I"-a ,,(/ 2 - x 2 dx as 
an area.) 

20 Cross sections of a horn-shaped solid by planes perpen­
dicular to its axis are circles. If a cross section that is 
5 inches from the smaller end of the solid has diameter 
6 + -h;s2 inches and if the length of the solid is 2 feet. 
find its volume. 

21 A tetrahedron has three mutually perpendicular faces 
and three mutually perpendicular edges of lengths 2, 3, 
and 4 centimeters , respectively. Find its volume. 

22 Cavalieri's theorem states that if two solids have equal 
altitudes and if all cross sections by planes parallel to 
their bases and at the same distances from their bases 
have equal areas, then the solids have the same volume 
(see figure). Prove Cavalieri's theorem. 

EXERCISE 22 
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23 The base of a solid is an isosceles right triangle whose 
equal sides have length Q. Find the volume if cross sec­
tions that are perpendicular to the base and to one of 
the equal sides are semicircular. 

x 

h(x) 

048 

3 3.5 4 

12 16 

5 6.5 

20 24 

8 8.5 

28 

9 

24 Work Exercise 23 if the cross sections are regular hexa­
gons with one side in the base. 

Use the trapezoidal rule, with n = 7, to estimate the vol­
ume of water in the pool. Approximate the number of 
gallons of water contained in the pool (I gal :::::0 0.134 ft 3). 

25 Show that the disk and washer methods discussed in 
Section 6.2 are special cases of (6.13). 

EXERCISE 26 

o 26 A circular swimming pool has diameter 28 feet. The 
depth of the water changes slowly from 3 feet at a point 
A on one side of the pool to 9 feet a t a point B diametri­
cally opposite A (see figure). Depth readings h(x) (in feet) 
taken along the diameter A B are given in the following 
table, where x is the distance (in feet) from A. 
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FIGURE 6 .39 Twisted wire 

Qk I 

For some applications we must determine the length of the graph of a 
function. To obtain a suitable formula , we shall employ a process simi lar 
to one that could be used to approximate the length of a twisted wire. 
Let us imagine dividing the wire into many small pieces by placing dots 
at QQ, Ql , Q2"'" Q,p as illustrated in Figure 6.39. We may then approxi­
mate the length of the wire between Qk -l and Qk (for each k) by measuring 
the distance d(Qk _ l' Qk) with a ruler. The sum of all these distances is an 
approximation for the total length of the wire . Evidently, the closer to­
gether we place the dots , the better the approximation. The process we 

QI/ shall use for the graph of a function is similar ; however , we shall find the 
exact length by taking a limit of sums of lengths of line segments . This 
process leads to a definite integral. To guarantee that the integral exists, 
we must place restrictions on the function, as indicated in the following 
discussion. (j . , ' 

A function f is smO'oth on an intetrval if it has a derivative l' that is 
continuous throughout the interval. Intuitively, this means that a small 
change in x produces a small change in the slope 1'(x) of the tangent line 
to the graph of f. Thus , the graph has no corners or cusps. We shall define 
the length of arc between two points A and B on the graph of a smooth 
function. 

If f is smooth on a closed interval [a, b] , the points A(a,f(a)) and 
8(b , f(b)) are called the endpoints of the graph of f. Let P be the partition 
of [a, b] determined by a = X Q , Xl' X2, . .. , X" = b, a nd let Qk denote the 
point with coordinates (Xk,f(Xk)) on the graph of f, as illustrated in 
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FIGURE 640 

y 

(j" 8 

x" = b x 

Figure 6.40. If we connect each Qk _ 1 to Qk by a line segment of length 
d(Qk - l' Qk), the length Lp of the resulting broken line is 

II 

L p = I d(Qk - l' Qk) · 
k=l 

Using the distance formula, we get 

d(Qk- l' Qk) = (Xk - Xk_1)2 + [I(xk) - '/(Xk - 1W· 

By the mean value theorem (4.12), 

'/(xk) - '/(Xk- 1) = .f'(wk)(Xk - Xk- 1) 

for some number W k in the open interval (Xk - 1 , x k). Substituting for 
'/(xk) - '/(Xk- 1) in the preceding formula and letting ~Xk = Xk - Xk- 1' we 
obtain 

Consequently, 

d(Qk - l' Qk) = J(~Xk)2 + [I'( lI'k) ~Xk] 2 
= J I + [.f'(\\'k)] 2 ~Xk· 

LI' = f J I + [I'(lVk)]2 ~Xk· 
k=l 

Observe that LI' is a Riemann sum for g(x) = J I + [I'(x)Y Moreover , 
g is continuous on [a. b], since I' is continuous. If the norm II P II is small, 
then the length Lp of the broken line approximates the length of the graph 
of./ from A to B. This approximation should improve as II P II decreases , 
so we define the length (also called the arc length) of the graph of./ from 

A to B as the limit of sums LI'. Since g = JI+ (/')2 is a continuous func­

tion , the limit ex ists and equals the definite integral J~ J I + [I'(X)]2 dx. 
This arc length will be denoted by L~. 

Let ./ be smooth on [a, b J. The arc length of the graph of f from 
A(a,j(a)) to B(b,j(b)) is 

L~ = fb J 1 + [I'(X)]2 dx. 
II 

I 
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FIGURE 6.41 
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FIGURE 6.42 
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Definition /6.15) 

Definition (6.14) will be extended to more general graphs in C hap­
ter 13. If a function f is defined implicitly by an equation in x and y, then 
we shall also refer to the arc length of the graph of the equation. 

EXAMPLE 1 If f(x) = 3X 2
/
3 

- 10, find the arc length of the graph of 
f from the point A(8 , 2) to B(27 , 17). 

SOLUTION The graph of f is sketched in Figure 6.4l. Since 

f '( ) - 2 - 1 /3_ 2 x - x -~, 
x 

we have , by Definition (6.14), 

(
2)2 ,27 ~ 

1 + 7i3 dx = J s './ 1 + ~ dx 

x 2 /3 + 4 
2/3 dx x 

_ ,2 7 .J 2/3 1 
- Js x + 4 XI / 3 dx. 

To evaluate this integral , we make the substitution 

_ 2 - 1/ 3 _ 2 1 
du - -x dx - -~/ 3 dx. 

3 3 x 
u = X

2
/
3 + 4, 

The integral can be expressed in a suitable form for integration by intro­
ducing the factor ~ in the integrand and compensating by multiplying the 
integral by 1: 

L2 7 = ~ , 27 .JX2 /3 + 4(~ _1_) dx 
s 2J s 3X 1/ 3 

We next calculate the values of u = X
2

/
3 + 4 that correspond to the limits 

of integration x = 8 and x = 27: 

IiI If x = 8, then u = 82
/
3 + 4 = 8. 

liil If x = 27, then u = 27 2
/
3 + 4 = 13 . 

Substituting in the integrand and changing the limits of integration gives 
us the arc length: 

L~7 = ~ fsl3 ~ du = U3 / 2 J ~3 = 13 3/2 - 83/2 ~ 24.2 

Interchanging the roles of x and y in Definition (6.l4) gives us the fol­
lowing formula for integration with respect to y. 

Let x = g(y) with 9 smooth on the interval [c, dJ. The arc length 
of the graph of 9 from (g(c), c) to (g(d), d) (see Figure 6.42) is 

L~ = f .Jl + [g'(y)]2 dy. 
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FIGURE 6.43 
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(HAPTER 6 APPLICATIONS OF THE DEFINITE INTEGRAL 

The integrands, 1+ [./"(X)J2 and I + [g '{y)J2 in formulas (6.14) and 
(6.15) often result in expressions that have no obvious antiderivatives. In 
such cases , numerical integration may be used to approximate arc length, 
as illustrated in the next example. 

XAMP -

lal Set up an integral for finding the arc length of the graph of the equa­
tion y3 - Y - x = ° from A{O, - 1) to B{6 , 2) . 

Ibl Approximate the integral in (a) by using Simpson's rule (5.38) , with 
n = 6, and round the answer to one decimal place. 

lal Since the equation is not of the form y = I(x) , Definition (6.14) cannot 
be applied directly. However , if we write x = y3 - y, then we can employ 
(6.I5) with g(y) = y3 - y. The graph of the equation is sketched in Fig­
ure 6.43. Using (6.15) with c = -1 and d = 2 yields 

L~ I = f 2 , 'I + (3y2 - 1)2 dy 
- 1 

= f I 9y4 - 6y2 + 2 d)'. 

Ibl To use Simpson's rule , we let I(y) = J 9)'4 - 6l + 2 and arrange our 
work as we did in Section 5.6, obtaining the following table . 

k Yk f(Yk) m mf(Yk) 

0 - 1.0 2.2361 I 2.2361 
I - 0.5 1.0308 4 4.1232 
2 0.0 1.4142 2 2.8284 
3 0.5 1.0308 4 4.1232 
4 1.0 2.2361 2 4.4722 
5 1.5 5.8363 4 23.3452 
6 2.0 11.0454 I 11.0454 

The sum of the numbers in the last column is 52.1737. Applying Simpson's 
rule with a = - I, b = 2 , and n = 6 gives us 

f 2 2 - (-I) 
-1 , /9y4 - 6y2 + 2 dy ~ 3(6) (52. 1737) ~ 8.7 . 

A function I is piecewise smooth on its domain if the graph of I can 
be decomposed into a finite number of parts , each of which is the graph 
of a smooth function. The arc length of the graph is defined as the sum 
of the arc lengths of the individual graphs. 

To avoid any misunderstanding in the following discussion, we shall 
denote the variable of integration by t. In this case the arc length formula 
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FIGURE 6.44 
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Defln tlon (6.16) 

Theorem (6.17) 

in Definition (6.14) is written 

L~ = rb 
) 1 + [f'(t)J2 dt. Ja 

If f is smooth on [a , bJ , then f is smooth on [a, xJ for every number x 
in [a, b J, and the length of the graph from the point A(a,f(a)) to the point 
Q(x, f(x)) is 

L;~ = l' ) 1 + [f'(t)J 2 dt. 

If we change the notation and use the symbol s(x) in place of L~, ther.. s 
may be regarded as a function with domain [a , bJ, since to each x in [a , bJ 
there corresponds a unique number s(x). As shown in Figure 6.44 , s(x) is 
the length of arc of the graph of f from A(a, f(a)) to Q(x, f(x)). We shall 
call s the arc length function for the graph of f, as in the next definition. 

Let f be smooth on [a, b J. The arc length function s for the graph 
of f on [a, b J is defined by 

for a ::; x ::; b. 

s(x) = rx ) 1 + [f'(tW dt Ja 

If s is the arc length function , the differential ds = s'(x) dx is called the 
differential of arc length. The next theorem specifies formulas for finding 
ds . 

Let f be smooth on [a , b J, and let s be the arc length function for 
the graph of y = f(x) on [a, bJ. If dx and dy are the differentia ls of 
x and y, then 

(il ds = ) 1 + [[,(x)J 2 dx 

(iiI (dS)2 = (dX)2 + (dy)2 

I)R()()~ By DefinItion (6.16) and Theorem (5 .35), 

s'(x) = D, [s(x)J = D, [1' ) 1 + [f'(t)J2 dt] = ) 1 + [f'(x)J 2 

Applying Definition (3.28) yields 

ds = s'(x) dx = J 1 + [f'(X)J 2 dx. 

This proves (i). 
To prove (ii) , we square both sides of (i), obtaining 

(dS)2 = { I + [f'(x)J 2 }(dx)2 

= (dX) 2 + [f'(x) dXJ 2 

= (dX) l + (dy)2. 

The last equality follows from Definition (3.28). 
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FIGURE 6.45 
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CHAPTER 6 APPLICATIONS OF THE DEFINITE INTEGRAL 

Theorem (6.17)(ii) has an interesting a nd useful geometric interpreta­
tion. Consider y = f(x), and let 11x be an increment of x. Let 11y denote 
the change in y, and let 11s denote the change in arc length corresponding 
to 11x. Typical increments are illustrated in Figure 6.45, where I is the 
tangent li ne at (x , y) (compare with Figure 3.27). Since (dS)2 = (dX)2 + (dy)2, 
we may regard 1 ds 1 as the length of the hypotenuse of a right triangle 
that has sides 1 dx 1 and 1 dy I, as illustrated in the figure. Note that if 11x 
is small , then ds may be used to approximate the increment 11s of arc 
length. 

1"1 11111 

I 
1< >01 

dx = ~x 

EXAMPLE 3 Use differentials to approximate the arc length of the 
graph of y = x 3 + 2x from A(I, 3) to B(1.2 , 4.128). 

SOLUTION If we let f(x) = x 3 + 2x, then , by Theorem (6.17)(i), 

ds = ) 1 + (3x 2 + 2)2 dx. 

An approximation may be obtained by letting x = I and dx = 0.2: 

ds = JI+52 (0.2) = J26(0.2) ~ 1.02 

Let f be a function that is nonnegative throughout a closed interval 
[a, bJ. If the graph off is revolved about the x-axis, a surface ofrevolution 

is generated (see Figure 6.46). For example, if f(x) = J r2 - x 2 for a posi­
tive constant r, the graph of f on [ -r, r] is the upper half of the circle 
x 2 + y2 = r2 , and a revolution about the x-axis produces a sphere of ra­
dius r having surface area 4nr2 . 

If the graph of f is the line segment shown in Figure 6.47, then the 
surface generated is a frustum of a cone having base radii r l and r2 and 
slant height s. It can be shown that the surface area is 

You may remember this formula as follows. 



6.5 ARC LENGTH AND SURFACES OF REVOLUTION 339 

Surface area S of a frustum 
of a cone (6.18) l S = 2n (average radius)(slant height) l 

We shall use this fact in the following discussion. 
Let I be a smooth function that is nonnegative on [a , b J, and consider 

the surface generated by revolving the graph of I about the x-axis (see 
Figure 6.46) . We wish to find a formula for the area S of this surface. Let 
P be a partition of [a , bJ determined by a = X o, XI "'" XII = b, a nd, for 
each k, let Qk denote the point (xk, I(xk)) on the graph of I (see Figure 6.48) . 
If the norm II P II is close to zero , then the broken line /p obtained by con­
necting Qk - I to Qk for each k is an approximation to the graph of I , and 
hence the area of the surface generated by revolving /p about the x -axis 
should approximate S. The line segment Qk - IQk generates a frustum ofa 
cone having base radii I(xk- 1) and I(xk) and slant height d(Qk - l, Qk)' By 
(6.18) , its surface area is 

FIGURE 6.48 

y 

x" = b 

Summing terms of thi s form from k = 1 to k = n gives us the area Sp of 
the surface generated by the broken line /p. If we use the expression for 

d(Qk - l ' Qk) on page 334, then 

Sp = ~2nI(xk - I) + I(xk) [ J' L... 1 + f'(lI' k) - ~Xk ' 
k = 1 2 

where X k - 1 < lI 'k < X k . We define the area S of the surface of revolution as 

S = lim Sp. 
II PII-O 

From the form of Sp, it is reasonable to expect that the limit is given by 

fb 2nI(x) + I(x) 1 + [I'(x)J2 dx = f" 2n/(x) J I + [I'(X)J2 dx. 
a 2 " 

The proof of this fact requires results from advanced calculus and IS 

omitted. The following definition summarizes our discussion. 
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CHAPTER 6 APPLICATIONS OF THE DEFINITE INTEGRAL 

If f is smooth and f( x ) ~ 0 on [a, b] , then the area S of the su rface 
generated by revolving the graph of f about the x-axis is 

S = f 2nf(x) 1 + [J'(X)]2 dx. 

If f is negative for some x in [a, b] , then the following extension of 
Definition (6.19) can be used to find the surface area S: 

S = f 2n I f(x) I .)1 + [J'(xW dx 

We can use (6.18) to remember the formula for S in Definition (6.19). 
As in Figure 6.49, let (x, y) denote an arbitrary point on the graph of f 
and, as in Theorem (6. 17)(i), consider the differential of arc length 

ds = .)1 + [J'(X)]2 dx. 

Next , regard ds as the slant height of the frustum of a cone that has 
average radius y = f( x ) (see Figure 6.49). Applying (6.18), the surface area 
of this frustum is given by 

2nf(x) ds = 2ny ds . 

As with our work in Sections 6.1 through 6.3 , applying S~ may be regarded 
as taking a limit of sums of these areas of frustums. Thus, 

S = rb 
2nf(x) ds = rb 

2ny ds. Ja Ja 

EXAMPLE 4 The graph of y = Fx from (I , I) to (4 , 2) is revolved 
about the x-axis . Find the area of the resulting surface. 

OLUT/O/\. The surface is illustrated in Figure 6.50. Using Defini-
tion (6.19) or the previous discussion , we have 

S = f14 2ny ds 

= fl4 2nx l / 2 JI + (2xll/2)2 dx 

= f4 2nx 1 2 J4X + 1 dx = n f4 
1 4x 1 

4x + 1 dx 

n [ J4 n = (; (4x + 1)3/2 1 = (; (17 3/2 - 53/2) ~ 30.85 square units . 

If we interchange the roles of x and y in the preceding discussion , then 
a formula analogous to (6.19) can be obtained for integration with respect 
to y. Thus, if x = g(y) and g is smooth and nonnegative on [c , d] , then 
the area S of the surface generated by revolving the graph of g about the 
y-axis (see Figure 6.51) is 

S = f 2ng( y).)1 + [g'(y)] 2 dy. 
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EXERCISES 6.5 

Exer. 1-4: Set up an integral that can be used to find 
the arc length of the graph from A to B by integrating 
with respect to ta) x and tb) y. 

I' 

.r 

I' 

m" ll) 

\ ( :-;, -II -------:-;;--- \ \' 

x 

3 

\' -I 

\ ( "\ :-) 
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\ ' 

m 1,1) 

\' 

-I, x 

Exer. 5-12 : Find the arc length of the graph of the equa­
tion from A to B. 

5; )' = jx2 
3 ; A( I , j), B(S, ! ) 

6 (y + 1)2 = (x - 4) 3; A(5 , 0), B(S , 7) 

7 .\' = 5 - p; A{I , 4) , B(4. -3 ) 

8 y=6 \!?+ I; A( -I. 7). B( -S. 25) 

.1' 3 I 
A( I , : ~), B(2 , ~ ) 9 .\' = 12 + ~ ; 

1 .1'3 
A(2, ~l), B(3 , 11°29 ) 10 1'+ - + - = 0' 

. 4x 3 ' 

11 30xr3 - .\'8 = 15 ; A(18
5' I), B( ~lb, 2) 

1'4 I 
A(~, - 2) , 8(?6 ' - I) 12 ,= '-- + _ . 

. 16 21' 2' 

Exer. 13-14: Set up an integral for finding the arc length 
of the graph of the equation from A to B. 

~3 2.1'3 - 7r + 2x = S: .4(3,2), 8(4 , 0) 

14 11x - 4x 3 - 71'=-7: A( I , 2) , B(O , I) 

15 Find the a rc length of the graph of .1'23 + y2 3 = I. 
(Hill !: Use sym metry with respect to the line .I' = x,) 

3,8 + 5 
16 Find the arc length of the graph of \' = -·--3- from 

~ ~ '30x 

( I ,~) to (2. mI. 
Exer. 17- 18: ta) Find sex), where s is an arc length 
function for the graph of f. tb) If x increases from 1 to 
1.1, find .1s and ds. 

17 1 (.1') = if?- 18 1(.1') = \ x 3 

Exer. 19-20: Use differentials to approximate the arc 
length of the graph of the equation from A to B. 

19 .\'=x 2
: .4(2,4), 8(2.1, 4.41 ) 

20 r + x 3 = 0: A( I , - I) , 8(1.1 , - 1,33 1) 
./ 
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Exer. 21-22: Use differentials to approximate the arc 
length of the graph of the equation between the points 
with x-coordinates a and b. 

21 y=cosx; a=n/6, b=3In/ 180 

22 y = sin x; a = 0, b = n/90 

o Exer. 23 - 26: Use Simpson's rule with n = 4 to approxi­
mate the arc length of the graph of the equation from 
A to B. (Round the answer to two decimal places.) 

23 y = x 2 + X + 3; A( - 2, 5), 8(2, 9) 

24 Y = x 3
; 

25 y = sin x ; 

26 Y = tan x ; 

A(O, O) , 

A(O, O) , 

A(O, O), 

8(2, 8) 

8 (n/2, \) 

8(n/4, 1) 

o 27 (al Approximate the arc length of the graph of f(x) = 
4 

sin x from (0 , 0) to (n , O) by using I dk(Qk - I' Qd, 
k = I 

where Qk is the point (ink , f(ink)). 

" 
(bl Ifn is any positive integer, how does I dk(Qk - l, Qk) 

k = 1 

compare to the exact arc length? 

o 28 tal Set up an integral for the arc length in Exercise 27(a) . 

(bl Use the trapezoidal rule with 11 = 4 to approximate 
the integral in (a). 

Exer. 29-32: The graph of the equation from A to B is 
revolved about the x-axis. Find the area of the resulting 
surface. 

29 4x = y2. 
'--- ' 

A(O,O) , 8(1 , 2) 

30 Y = x 3
; A(I , I) , 8(2, 8) 

31 8y = 2X4 + X 
- 2. A( I , i ), 8(2, IN) , 

32 y = 2 x + I; A(0 , 2) , 8(3 , 4) 

Exer. 33-34: The graph of the equation from A to B is 
revolved about the y-axis. Find the area of the resulting 
surface. 

33 y=2 ' x ; A( I ,2), 8(8, 4) 

34 x = 4 JY ; A(4,1), 8(12, 9) 

6.6 WORK 

CHAPTER 6 APPLICATIONS OF THE DEFINITE INTEGRAL 

Exer. 35-36: If the smaller arc of the circle x 2 + y2 = 25 
between the points (- 3, 4) and (3, 4) is revolved about 
the given axis, find the area of the resulting surface. 

35 The y-axis 36 The x-axis 

Exer. 37-39: Use a definite integral to derive a formula 
for the surface area of the indicated solid. 

37 A right circular cone of altitude h and base radius r 

38 A spherical segment of altitude h in a sphere of radius r 

39 A sphere of radius r 

40 Show that the area of the surface of a sphere of radius 
a between two parallel planes depends only on the dis­
tance between the planes . (Hint: Use Exercise 38 .) 

41 If the graph in Figure 6.49 is revolved about the y-axis, 
show that the area of the resulting surface is given by 

f 2nx J I + [J'(xW dx. 

42 Use Exercise 41 to find the area of the surface generated 

by revolving the graph of y = 3.if;, from A( I , 3) to 8(8, 6) 
about the y-axis . 

0 43 The graph of f(x) = 1 - x 3 from (0, I) to (\ ,0) is re­
volved about the x-axis. Approximate the area of the 
resulting surface by using 

~ 2 f(x k- I) + f(xk) d(Q Q) 
L... TC 2 k - I' k , 

k = 1 

where Qk is the point (ik, f(ik)). 

o 44 (al Set up an integral for the area of the surface generated 
in Exercise 43. 

(bl Use Simpson's rule with n = 4 to approximate the 
integral in (a). 

The concept of force may be considered as a push or a pull on an object. 
For example , a force is needed to push or pull furniture across a floor , 
to lift an object off the ground, to stretch or compress a spring, or to 
move a charged particle through an electromagnetic field. 

If an object weighs 10 pounds, then by definition the force required 
to lift it (or hold it off the ground) is 10 pounds. A force of this type is a 
constant force , since its magnitude does not change while it is applied to 
the object. 
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Definition (6.20) 

FIGURE 6.52 
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The concept of work is used when a force acts through a distance. The 
following definition covers the simplest case, in which the object moves 
along a line in the same direction as the applied force. 

If a constant force F acts on an object, moving it a distance d in 
the direction of the force, the work W done is 

W=Fd . 

The following table lists units of force and work in the British system 
and the International System (abbreviated SI, for the French Systeme 
International) . In SI units , 1 Newton is the force required to impart an 
acceleration of 1 m!sec 2 to a mass of 1 kilogram. 

r Unit of Unit of Unit of 
System force distance work 

British pound (lb) foot (ft) foot-pound (ft-Ib) 
inch (i n.) inch-pound (i n.-Ib) 

International (SI) Newton (N) meter (m) Newton-meter (N-m) 

y. V\ 

A ewton-meter is also called a joule (J). It can be shown that 

1 N ~ 0.225 lb and 1 N-m ~ 0.74 ft-lb. 

For simplicity, in examples and most exercises we will use the British 
system, in which the magnitude of the force is the same as the weight, in 
pounds, of the object. In using SI units it is often necessary to consider 
a gravitational constant a (9.81 m/sec 2

) and use Newton's second law of 
motion , F = rna, to change a mass m (in kilograms) to a force F (in 
Newtons). 

EXAMPLE 1 Find the work done in pushing an automobile a distance 
of 20 feet along a level road while exerting a constant force of 90 pounds . 

SOLUTION The problem is illustrated in Figure 6.52. Since the con­
stant force is F = 90 lb and the di stance the a utomobile moves is d = 20 ft, 
it follows from Definition (6.20) that the work done is 

W = (90)(20) = 1800 ft-lb. 

Anyone who has pushed an automobile (or some other object) is aware 
that the force applied is seldom constant. Thus, if an automobi le is stalled , 
a larger force may be required to get it moving than to keep it in motion. 
The force may also vary because of friction, since part of the road may be 
smooth and another part rough. A force that is not constant is a variable 
force. We shall next develop a method for determining the work done by 
a variable force in moving an object rectilinearly in the same direction as 
the force. 
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Suppose a force moves an object along the x-axis from x = a to x = b 
a nd that the force at x is given by f(x), where f is continuous on [a , b J. 
(The phrase force at x means the force acting at the point with coordinate 
x.) As shown in Figure 6.53, we begin by considering a partition P of 
[a , b] determined by 

FIGURE 6.53 

If 
I 

I I 
I , 

I 0 (/ = X II XI x .., X , x" I -" x" ~r/ l .X'I = b 

If L1 ~ is the increment of work~that is , the amount of work done from 
x k - 1 to xk~then the work W done from a to b is the sum 

" W=L1W1 +L1WZ +"'+L1W,,= I L1Wk • 
k = 1 

To approximate L1Wk , choose any number:k in [X k - 1 , xk ] and consider 
the force f(:k) at Zk' If the norm II P II is small , then intuitively we know 
that the function values change very little on [Xk _ I , x k]; that is , f is almost 
constant on this interval. Applying Definition (6.20) gives us 

L1 ~ ~ f(Zk) L1xk 

and hence 

11 " 

W = I L1~ ~ I f(Zk) L1xk· 
k = I k= 1 

Since this approximation should improve as II p II ---+ 0, we define W as a 
limit of such sums. This limit leads to a definite integral. 

If f(x) is the force at x and if f is continuous on [a , b], then the 
work W done in moving an object along the x-axis from x = a to 
x = b is 

W = lim I f(Zk) L1x k = rb 
f(x) dx. 

" P II~O k J" 

An analogous definition can be stated for an interval on the y-axis by 
replacing x with J' throughout our discussion. 

Definition (6.21) can be used to find the work done in stretching or 
compressing a spring. To solve problems of this type, it is necessary to 
use the foll owing law from physics: 

Hooke's Law: The force f(x ) required to stretch a spring x units 
beyond its natural length is given by f(x) = kx, where k is a con­
sta nt called the spring constant. 

EXAMPLE 2 A force of 9 pounds is required to stretch a spring from 
its natural length of 6 inches to a length of 8 inches. Find the work done 
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Definition (6.22J 

in stretching the spring 

la) from its natural length to a length of 10 inches 

Ib) from a length of 7 inches to a length of 9 inches 

SOLUTION 
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la) Let us introduce an x-axis as shown in Figure 6.54, with one end of 
the spring attached to a point to the left of the origin and the end to be 
pulled located at the origin. According to Hooke's law, the force I(x) re­
quired to stretch the spring x units beyond its natural length is I(x) = kx 
for some constant k. Since a 9-pound force is required to stretch the spring 
2 inches beyond its natural length , we have I(2) = 9. We let x = 2 in 
I(x) = kx: 

9 = k . 2, or k = i 
Consequently, for this spring. Hooke's law has the form 

I(x) = 1-x . 

Applying Definition (6.21) with a = 0 and b = 4, we can determine the 
work done in stretching the spring 4 inches: 

W = fo~ ~x dx = ~ [~2I = 36 in.-Ib 

Ib) We again use the forcc I(x) = 1-x obtained in part (a). By Defini­
tion (6.21), the work done in stretching the spring from x = 1 to x = 3 is 

f39 9 [X2J3 . W= 12"xdx=2" 2
1

=18111.-lb. 

In some applications we wish to determine the work done in pumping 
out a tank containing a fluid or in lifting an object, such as a chain or a 
cable, that extends vertically between two points. A general situation is 
illustrated in Figure 6.55, which shows a solid that extends along the 
y-axis from y = e to y = d. We wish to vertically lift all particles con­
tained in the solid to the level of point Q. Let us consider a partition P 
of [e, dJ and imagine slicing the solid by means of planes perpendicular 
to the y-axis at each number Yk in the partition. As shown in the figure, 
L'l)'k = Yk - Yk - l' and Sk represents the kth slice. We next introduce the 
following notation: 

:k = the (approximate) distance Sk is lifted 

L'lFk = the (approximate) force required to lift Sk 

If L'l ~ is the work done in lifting Sk ' then , by Definition (6.20), 

L'lWk ::::: L'lFk . Zk = Zk . L'lFk· 

We define the work W done in lifting the entire solid as a limit of sums. 

W = lim L Zk' L'lFk 
II PII-O k 
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The limit leads to a definite integral. Notice the difference between 
this type of problem and that in our earlier discussion . To obtain (6.21), 
we considered distance increments ~Xk and the force f(zk) that acts through 
~Xk' In the present si tuation we consider force increments ~Fk and the 
distance Zk through which ~Fk acts. The next two examples illustrate this 
technique. As in preceding sections, we shall use dy to represent a typical 
increment ~Yk and y to denote a number in [c, ell 

XAMPlE 3 A uniform cable 30 feet long and weighing 60 pounds 
hangs vertically from a pulley system at the top of a building, as shown 
in Figure 6.56. A steel beam that weighs 500 pounds is attached to the 
end of the cable; find the work required to pull it to the top. 

SOLUTION Let WB denote the work required to pull the beam to the 
top, and let Wc denote the work required for the cable. Since the beam 
weighs 500 pounds and must move through a distance of 30 feet, we have, 
by Definition (6.20), \ \ I 

v ~ .... , ,I) 

WB = 500·30 = 15,000 ft-lb . 

The work required to pull the cable to the top may be found by the 
method used to obtain (6.22). Consider a y-axis with the lower end of 
the cable at the origin and the upper end at y = 30, as in Figure 6.57. 
Let dy denote an increment of length of the cable. Since each foot of cable 
weighs 60/ 30 = 2 lb , the weight of the increment (and hence the force re­
quired to lift it) is 2 ely. If y denotes the distance from 0 to a point in the 
increment , then we have the following: 

increment of force: 2 dy 

distance lifted : 30 - Y 

increment of work: (30 - y)2 dy 

Applying go takes a limit of sums of the increments of work. Hence 

p o 
We = Jo (30 - y)2 dy 

= 2[30Y _ty2J:O 
= 900 ft-lb. 

The total work required is 

W = WB + We = 15,000 + 900 = 15,900 ft-lb. 

EXAMPLE 4 A right circular conical tank of altitude 20 feet and radius 
of base 5 feet has its vertex at ground level and axis vertical. If the tank 
is full of water weighing 62.5 Ib/ ft 3

, find the work done in pumping all 
the water over the top of the tank . 

,OLUTI "" We begin by introducing a coordinate system, as shown 
in Figure 6.58. The cone intersects the xy-pla ne along the line of slope 4 
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through the origin. An equation for this line is 

y = 4x, or x = ty. 
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Let us imagine subdividing the water into slices , using planes perpen­
dicular to the y-axis , from y = 0 to Y = 20. If dy represents the width of 
a typical slice, then its volume may be approximated by the circular disk 
shown in Figure 6.58. As we did in our work with volumes of revolution 
in Section 6.2 , we obtain 

volume of di sk = nx 2 dy = n(ty)2 dy . 

Since water weighs 62.5 Ib/ ft 3
, the weight of the disk , and hence the force 

required to lift it , is 62.5n(ty)2 dy . Thus, we have 

increment of force : 62.5n{/6y2) dy 

distance lifted: 20 - Y 

increment of work: (20 - y)62.5n(ttl ) dy 

Applying go takes a limit of sums of the increments of work. Hence 

W = f 0
20 

(20 - y)62.5n(/6/ ) dy 

_ 62.5 r20 (20 2 3) d - ~n Jo y - y y 

- - n 20 - - -_ 62.5 [ (y3 ) y4J 20 
16 3 4 0 

= 62.5 n(40,000) ~ 163625 ft-lb. 
16 3 ' 

The next example is another illustration of how work may be calcu­
lated by means of a limit of sums- that is , by a definite integral. 

EXAMPLE 5 A confined gas has pressure p (lb/ in.2) and volume u 
(in. 3). If the gas expands from u = a to u = b, show that the work done 
(in.-lb) is given by 

w = rb 
p du. 

J" 

SOLUTION Since the work done is independent of the shape of the 
container , we may assume that the gas is enclosed in a right circular cylin­
der of radius r and that the expansion takes place against a piston head , 
as illustrated in Figure 6.59 on the following page. As in the figure , let du 
denote the change in vo lume that corresponds to a change of h inches 
in the position of the piston head. Thus, 

1 
du = nr2h, or h = - du . 

nr2 

If p denotes the pressure at some point in the volume increment shown 
in Figure 6.59 , then the force against the piston head is the product of p 
and the area nr2 of the piston head. Thus, we have the following for the 
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FIGURE 6.59 
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indicated volume increment: dv 

force against piston head: 

distance piston head moves: 

increment of work: 
, ,1 

(p7w)h = (p77r) - , de = p dv 
7[1'-

Applying S~ to the incremcnts of work gives us the work done as the gas 
expands from e = a to 1: = b: 

EXERCISES 6.6 

~I 400-pound gori lla climbs a vertical tree 15 feet high. 
~A ind the work done if the gorilla reaches the top in 

lal 10 seconds Ibl 5 seconds 

2 Find the work done in lifting an SO-pound sandbag a 
height of 4 fee!. 

~ A spring of natural length 10 inches stretches 1.5 inches 
\ -.JJ under a weight of S pounds. Find the work done in 

stretching the spring 

lal . from its natural length to a length of 14 inches 

Ibl from a length of II inches to a length of 13 inches 

4 A force of 25 pounds is required to compress a spring 
of natural length O.SO foot to a length of 0.75 foot. Find 
the work done in compressing the spring from its nat­
ural length to a length of 0.70 foo!. 

5 If a spring is 12 inches long, compare the work W, done 
in stretching it from 12 inches to 13 inches with the work 
W2 done in stretching it from 13 inches to 14 inches. 

6 [t requires 60 in.-Ib of work to stretch a certain spring 
from a length of 6 inches to 7 inches and another 120 
in.-Ib of work to stretch it from 7 inches to S inches. 
Find the spring constant and the natural length of the 
spring. 

w = rh 
p de 

J" 

7 A freight elevator weighing 3000 pounds is supported 
'- by a l2-foot-long cable that weighs 14 pounds per linear 

foot. Approximate the work required to lift the elevator 
9 feet by winding the cable onto a winch. 

a A construction worker pulls a 50-pound mOlor from 
ground level to the top of a 60-foot-high building using 
a rope that weighs t Ib /ft. Find the work done. 

9 A bucket containing water is lifted vertically at a con­
stant rate of 1.5 ft sec by means of a rope of negligible 
weight. As the bucket rises, water leaks out at the rate 
01'0.25 Ib/sec. If the bucket weighs 4 pounds when empty 
and if it contained 20 pounds of water at the instant that 
the lifting began. determine the work done in raising the 
bucket 12 feet. 

10 In Exercise 9, find the work required to raise the bucket 
until half the water has leaked out. 

11" A fish tank has a rectangular base of width 2 feet and 
length 4 feet , and rectangular sides of height 3 feet. If 
the tank is filled with waler weighing 62.5 Ib ft·1 , find the 
work required to pump all the water over the top of the 
tank. 

12 Generalize Example 4 of this section to the case of a 
conical tank of altitude Ii feet and radius of base ({ feet 
that is filled with a liq uid weighing {! Ib ft 3 
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13 A vertical cylindrical tank of diameter 3 fee t a nd height 
6 feet is full of water. Find the work required to pump 
all the water 

la} over the top of the tank 

Ib} through a pipe that rises to a height of 4 feet above 
the top of the tank 

14 Work Exercise 13 if the tank i only half-full of water. 

15 The ends of an 8-foot-long water trough are equilateral 
triangles having sides of length 2 feet. If the trough is 
full of water, find the work required to pump all of it 
over the top. 

16 A cistern has the shape of the lower half of a sphere of 
radius 5 feet. If the cistern is full of water, find the work 
required to pump all the water to a point 4 feet above 
the top of the cistern. 

17 Refer to Example 5 in this section. The volume and pres­
sure of a certain gas vary in accordance with the law 
pul. 2 = 115 , where the units of measurement are inches 
and pounds. Find the work done if the gas expands from 
32 in .3 to 40 in 3 

18 Refer to Example 5. The press ure and vo lume of a 
quantity of enclosed steam a re rel a ted by the formula 
pU

I
.
14 = c, where c is a constant. If the initial pressure 

and volume are Po and ~o, respectivel y, find a formula 
for the work done if the steam ex pands to twice its 
vo lume. 

19 Newton's law of gravitation states that the force F of 
attraction between two particles having masses 1111 and 
m2 is given by F = Gmlnl 2/s2, where G is a gravitational 
constant and s is the distance between the particles. If 

EXERCISE 19 
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the mass 1111 of the earth is regarded as concentrated at 
the center of the earth and a rocket o f mass 111 2 is on the 
surface (a distance 4000 miles from the center) , find a 
general formula for the work done in firing the rocket 
vertically upward to an altitude h (see figure). 

20 In the study of electricity. the fo rmul a F = kq/r2, where 
k is a constant , is used to find the force (in Newtons) 
with which a positi ve charge Q of strength q units repels 
a unit pos itive charge located r meters from Q. Find the 
work done in moving a unit charge from a point d cen­
timeters from Q to a point jd centimete rs from Q. 

[£] Exer. 21-22: Suppose the table was obtained experi­
mentally for a force f(x) acting at the point with co­
ordinate x on a coordinate line. Use the trapezoidal rule 
to approximate the work done on the interval [a, b], 
where a and b are the smallest and largest values of x, 
respectively. 

21 

22 

x (ft) 

f(x) (lb) 

x (ft) 

f(x) (I b) 

x (m) 

f(x) (N) 

x (m) 

f(x) (N) 

o 0.5 1.0 1.5 2.0 2.5 

7.4 8. 1 8.4 7.8 6.3 7. 1 

3.0 3.5 4.0 4.5 5.0 

5.9 6.8 7.0 8.0 9.2 

2 345 

125 120 130 146 165 

6 7 8 9 

157 150 143 140 

23 The force (in Newtons) with which two electrons repel 
each other is inversely proportional to the square of the 
distance (in meters) between them . 

la} If one electron is held fixed at the point (5,0), find 
the work done in mo ving a second electron along 
the x-axis from the origin to the point (3 , 0). 

Ib} If two electrons are held fixed a t the points (5, 0) and 
(- 5, 0) , respective ly, find the work done in moving 
a third electron from the origin to (3 , 0). 

24 If the force function is constant , show that Defini­
tion (6.21) reduces to Definition (6.20). 

6.7 MOMENTS AND CENTERS OF MASS 

In this section we consider some topics involving the mass of an object. 
The terms mass and weight are sometimes confused with each other. 
Weight is determined by the force of gravity. For example, the weight of 
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an object on the moon is approximately one-sixth its weight on earth , 
because the force of gravity is weaker. However , the mass is the same . 
Newton used the term mass synonymously with quantity of matter and 
related it to force by his second lalV of mOlion , F = ma, where F denotes 
the force acting on an object of mass m that has acceleration a . In the 
British system , we often approximate a by 32 ft / sec 2 and use the slug as the 
unit of mass . In SI units , a ~ 9.81 m/secz, and the kilogram is the unit of 
mass. ]t can be shown that 

1 slug ~ 14.6 kg and 1 kg ~ 0.07 slug. 

In applications we usually assume that the mass of an object is con­
centrated at a point , and we refer to the object as a point-mass, regardless 
of its size . For example, using the earth as a frame of reference , we may 
regard a human being, an automobile , or a building as a point-mass. 

In an elementary physics experiment we consider two point-masses 
m1 and m2 attached to the ends of a thin rod, as illustrated in Figure 6.60, 
and then locate the point P at which a fulcrum should be placed so that 
the rod balances. (This situation is similar to balancing a seesaw with a 
person sitting at each end.) If the distances from m I and m2 to Pare d I 
and d2 , respectively , then it can be shown experimentally that P is the 
balance point if 

I11ld l = mzdz· 

In order to generalize this concept , let us introduce an x-axis, as illus­
trated in Figure 6.61 , with m l and 111 2 located at points with coordinates 
X I and x 2 . If the coordinate of the balance point P is X, then using the 
formula midi = m2d2 yields 

mlx - XI) = 111 2(X 2 - .X) 

This gives us a formula for locating the balance point P. 
If a mass m is located at a point on the axis with coordinate x, then the 

product mx is called the moment M 0 of the mass about the origin. Our 
formula for x states that to find the coordinate of the balance point , we 
may divide the sum of the moments about the origin by the total mass. The 
point with coordinate x is called the center of mass (or center of gravity) 
of the two point-masses. The next definition extends this discussion to 
many point-masses located on an axis , as shown in Figure 6.62 . 

Let S denote a system of point-masses m l , 111 2 , .. • , mIl located at 

" x I' x 2 , . . . , Xn on a coordinate line , and let m = L mk denote the 
k = 1 

total mass. 

" IiI The moment of S about the origin is M 0 = L mkxk· ..- I 

1"1 The ,,"t., of mass (0< ,,"t., of g,.,;ty) of S ';: ~;,." by ~ 
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The point with coordinate x is the balance point of the system S in the 
same sense as in our seesaw illustration. 

EXAMPLE 1 Three point-masses of 40, 60, and 100 ki lograms are 
located at - 2, 3, and 7, respectively, on an x-ax is. F ind the center of mass. 

SO LUTIO N If we denote the three masses by m l , m 2 , and m3 , we have 
the si tuat ion illustrated in Figure 6.63 , with Xl = -2, X 2 = 3, and X3 = 7. 
Applying Definition (6.23) gives us the coordinate x of the center of mass : 

_ 40( - 2) + 60(3) + 100(7) 800 
x- - - -4 

- 40 + 60 + 100 - 200 -

Let us next consider a point-mass m located at P(x, y) in a coordinate 
plane (see Figure 6.64) . We define the moments M x and My of m about the 
coo rdinate axes as follows : 

moment about the x -ax is : M x = my 

moment about the y-ax is: My = mx 

In words , to find M x we multiply m by the y-coordinate of P, and to find 
My we multiply m by the x-coordinate. To fi nd M x and M y for a system 
of point-masses , we add the individual moments , as in (i) and (ii) of the 
nex t definition . 

Let S denote a system of point-masses m l , m2 , ... ,Inn located at 
(Xl' Yt), (X2' Y2), . . . , (X" ' Y n) in a coordinate plane, and let 

II 

In = I Ink denote the total mass. 
k = l 

" IiI The moment of S about the x-axis is M x = I mkYk ' 
k=l 

" liil The moment of S about the y-axis is M y = I InkX k . 
k = l 

liiil The center of mass (or center of gravity) of S is the point (x, 51) 
such that 

_ M y 
X= ­ , 

m 

From (iii) of this definition , 

_ M x 
y = - · 

m 

m,x = M y and my = M x. 

Since mx and my are the moments about the y-axis a nd x-axis, respec­
tively , of a single point-mass m located at (x,y), we may interpret the 
center of mass as the point at which the total mass can be concentrated 
to obta in the moments M y a nd M x of S. 
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We might think of the n point-masses in (6.14) as being fastened to the 
center of mass P by weightless rods, as spokes of a wheel are attached to 
the center of the wheel. The system S would balance if supported by a 
cord attached to P. as illustrated in Figure 6.65. The appearance would 
be simi lar to that of a mobile having all its objects in the same horizonta l 
plane. 

EXAMPLE 2 Point-masses of 4, 8, 3, and 1 kilograms are located at 
(-2,3), (2 . - 6). (7, -3). and (5. I) , respectively. Find M,. M", and the 
center of mass of the system. 

SOLUTION The masses arc illustrated in Figure 6.66. in which we have 
also anticipated the position of ( .~ , f) . Applying Definition (6.24) gives us 

M, = (4)(3) + (8)( - 6) + (3)( - 3) + (2)( I) = - 43 

M .. = (4)( - 1) + (8)(2) + (3)(7) + (2)(5) = 39. 

Since 111 = 4 + 8 + 3 + 2 = 17, 

.~ = M .. = 39 ~ 2.3 
III 17 

and 
43 

-- ~ 

17 
- 2.5. 

Thus, the center of mass is (f2 , - g) . 

Later in the text we shall consider solid objects that are homogeneous 
in the sense that the mass is uniformly distributed throughout the solid. 
In physics, the density p (rho) of a homogeneous solid of mass m and vol­
ume V is defined by p = III JI. Th us, dellSil.l" is lIIass per unit vo lume. The 
Sl unit for density is kg m3

: however , g cm 3 is also used. The British unit 
is lb ft3 or Ib in 3 

Tn this section we shall restrict our discussion to homogeneous laminas 
(thin flat plates) that have area density (mass per unit area) p. Area density 
is measured in kgjm2, Ibj ft2 , and so on. If the area of one face of a lamina 
is A and the area density is p , then its mass 111 is given by III = pA. We wish 
to define the center of mass P such that if the tip of a sharp pencil were 
placed at P, as illustrated in Figure 6.67 , the lamina would balance in 

FIGURE 6.67 

(I) (II) 
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a horizontal position. As in (ii) of the figure, we shall assume that the cen­
ter ol mass of a re('{allyuiar lamina is the point C at II'hich the diayonals 
intersect . We ca ll C the center of the rectangle. Thus, for problems in­
volving mass , we may assume that a rectangular lamina is a point-mass 
located at the center of the rectangle. This assu mption is the key to our 
definition of the center of mass of a lamina. 

Consider a lamina that has area density p a nd the shape of the R x 
region in Figure 6.68. Since we have had ample experience using limits of 
Riemann sums for definitions in Sections 6.1 through 6.6, let us proceed 
directly to the method of representing the width of the rectangle in the 
figure by dx (instead of llx k ), obtaini ng 

area of rectangle : [lex) - ?l(x)] dx. 
L--.-- ' 

FIGURE 6.68 \ ..I 
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Since the area density of the lamina is p, we may write 

mass of rectangular lamina: p[I(x) - g(x)] dx. 

If, as in previous sections, we regard S~ as an opera tor that takes limits 
of sums, we arrive at the following definition for the mass III of the lamina: 

111 = fh p[l(x) - y(x)] dx 
II 

We next assume that the rectangular lamina in Figure 6.68 is a point­
mass located at the center C of the rectangle. Since, by the midpoint 
formula (1 .5), the distance from the x-axis to Cis tel(x) + g(x)], we obtain 
the following result for the rectangular lamina : 

11I0ll1ent ({how the x -axis: Hl(x) + g(x)] . p[I(x) - g(x)] dx 

Similarly, since the distance from the y-axis to C is x, 

1110l11ent about t he y-axis: X· p[l(x) - g(x)] dx. 

Taking limits of sums by applying S~ leads to the next definition. 
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Let a lamina L of area density p have the shape of the Rx region in 
Figure 6.68. 

Ii) The mass of L is m = f p[J(x) - g(x)] dx. 

Iii) The moments of L about the x-axis and y-ax~s are 

M x = Sub Hf(x) + g(x)] . p[J(x) - g(x)] dx 

and My = fb X . p[J(x) - g(x)] d~. 
(/ 

liii) The center of mass (or center of gravity) of L is the point (x, y) 
such that 

_ My 
X= ­

m 

_ Mx 
and y = - . 

m 

An analogous definition can be stated if L has the shape of an Ry region 
and the integrations are with respect to y. We could a lso obtain formulas 
for moments with respect to lines other than the x-axis or y-axis; how­
ever , it is advisable to remember the technique for finding moments­
multiplying a mass by a distance from an axis- instead of memorizing 
formu las that cover all possible cases. 

EXAMPLE 3 A lamina of area density p has the shape of the region 
bounded by the graphs of y = x 2 + 1, x = 0, x = 1, and y = 0. Find the 

center of mass. 

SOLUTION The region and a typical rectangle of width dx and height 
yare sketched in Figure 6.69. As indicated in the figure, the distance from 
the x-axis to the center C of the rectangle is -h, and the distance from the 
y-axis to C is x. Hence, for the rectangular lamina, we have the following: 

mass: py dx = p(x 2 + \) dx 

moment about x -ax is: -h. py dx = ~p(X2 + If dx 

moment about y-axis: X· py dx = px(x2 + 1) dx 

We now take a limit of sums of these expressions by applying the operator 

II. 
o· 

m = f: p(X2 + l)dx = p[tx3 + xJ~ =1P 

Mx = fol ~p(X2 + 1)2 dx = ~p fo' (x4 + 2X2 + I) dx 

= ~p[!X5 + ~X3 + x J~ = i1p 

M v = (I px(x 2 + 1) dx = P {I (x 3 + x) dx . Jo Jo 
, = p[tx4 + ~X2J~ = <tP 
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To find the center of mass (x, y) , we use (iii) of Definition (6.25): 

_ My i p 9 
x = - = - = - and 

In !P 16 

_ M x l~p 7 
Y= - = - = -

111 !P 10 

When we found (.Y", y) in Example 3, the constant p in the numerator 
and denominator canceled . This will always be the case for a homogeneous 
lamina. Hence the center of mass is independent of the area density p; 
that is, .Y" and y depend only on the shape of the lamina. For this reason, 
the point (x, y) is sometimes referred to as the center of mass of a region 
in the plane, or as the centroid of the region. We can obtain formulas for 
moments of centroids by letting p = 1 and 111 = A (the area of the region) 
in our previous work. 

EXAMPLE 4 Find the centroid of the region bounded by the graphs 
of )' = 6 - x 2 and y = 3 - 2x. 

SOLUTION The region is the same as that considered in Example 2 of 
Section 6.1 and is resketched in Figure 6.70. To find the moments and the 
centroid , we take p = 1 and In = A. Referring to the typical rectangle with 
center C shown in Figure 6.70, we obtain the following: 

area of rectangle: [(6 - x 2
) - (3 - 2x)J dx 

distance from x-axis to C: H(6 - x 2
) + (3 - 2x)J 

moment about x-axis: H(6 - x 2
) + (3 - 2x)] . [(6 - x 2

) - (3 - 2x)J dx 

distance from y-axis to C: x 

y = 3 - 2x moment about y-axis: x[(6 - x 2
) - (3 - 2x)J dx 

We now take a limit of sums by applying the operator S~ I: 

Mx = f 1 ~ [(6 - x 2
) + (3 - 2x)J . [(6 - x 2

) - (3 - 2x)J dx 

= 1 f 3 [(6 - X2)2 - (3 - 2x?J dx 
- 1 

= 1 f 3 (x4 - 16x2 + 12x + 27) dx = 41
1
5
6 

- 1 

My = f 1 x[(6 - x 2
) - (3 - 2x)J dx 

= f 3 (3x + 2X2 - x3) dx = 3l 
- 1 

Using A = \2 and (iii) of Definition (6.25), we determine the centroid: 

_ My \2 
x= - = - =1 
. In 3l 

_ Mx 41
1
5
6 13 

and y= - = - = -
m 3l 5 

We could have found the centroid by using Definition (6.25) with 
I(x) = 6 - x 2

, g(x) = 3 - 2x , a = - 1. and b = 3, but that would merely 
teach you how to substitute and not how to think. 
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If a homogeneous lamina has the shape of a region that has an axis of 
symmetry, then the center of mass must lie on that axis. This fact is used 
in the next example . 

EXAMPLE 5 Find the centroid of the semicircular region bounded by 

the x-axis and the graph of y = Ja2 
- x 2 with a > O. 

SOLUTION The region is sketched in Figure 6.71. By symmetry, the 
centroid is on the y-axis; that is , x = O. Hence we need find only y. Re­
ferring to the rectangle in the figure and using p = 1 gives us the following 
result. 

moment about x-axis: h· y dx = h 2 dx = ~(a2 - x 2) dx 

We now take a limit of sums by applying the operator Sa-a: 

Mx = fa ~(a2 - x 2) dx = 2 f~' ~(a2 - x 2
) dx 

= [a 2x - tx3J~ = ~a3 

Using m = A = ~rra2 gives us 

_ Mx ~a3 4a 
y= - = -1- 7 = - ~0.42a. 

m }rra- 3rr 

Thus, the centroid is the point (0, 3: a). 

We shall conclude this section by stating a useful theorem about solids 
of revolution. To illustrate a special case of the theorem, consider an Rx 
region R of the type shown in Figure 6.68. Using p = I and m = A (the 
area of R), we find that the moment of R about the y-axis is given by 

My = f x [J(x) - g(x)] dx. 

If R is revolved about the y-axis, then using cylindrical shells, we find that 
the volume V of the resulting solid is given by 

V = fb 2rrx[J(x) - g(x)] dx. Ja 
Comparing these two equations, we see that 

V 
M r = - · 

. 2rr 

If (x-, y) is the centroid of R, then, by Definition (6.2S)(iii), 

_ Mv (V/ 2rr) V 
X= - ' = -- = --

m A 2rrA 

and hence 

V = 2rrxA. 
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Since.\[ is the di sta nce fro m the y-ax is to the centro id o f R, the last formul a 
sta tes th a t the vo lume V of the so lid o f revolutio n m ay be fo und by multi­
p lying the a rea A o f R by the di sta nce 2rr.\[ tha t the cent ro id tra vels when 
R is revo lved o nce about the y-a xi s . A simila r sta tement is true if R is re­
volved a bo ut the x-ax is . In C ha pter 17 we shall pro ve the fo llowing m o re 
genera l theorem. na med a ft er the m a thema tician Pa ppus o f Alexa ndri a 
(ca. 300 A.D.) . 

Let R be a region in a plane that lies entirely on- o- n-e- s-ide of a line 1 l 
in the plane . If R is revolved once about I, the volume of the resulting 
solid is the product o f the area of R and the distance traveled by the 

L centro id of R . 

EXAMPLE 6 The regi o n bounded by a circle of radius a is revolved 
about a line I, ii1 the pl a : ~ e of the circle, tha t is a dista nce b fro m the center 
of the circle, where b > a (see Figure 6.72). Find the vo lume V of the re­
sult ing so lid. (The su rface of th is d o ughnut-shaped so lid is ca lled a torus .) 

SOLUTION The regio n bo unded by the circle has area rra2
, a nd the 

d istance t raveled by the cent ro id is 2rrb. Hence , by the theo rem of Pa ppus, 

V = (2rrb)(rro 2
) = 2rr 2a2b. 

Exer. 1-2: The table lists point-masses (in kilograms) 
and their coordinates (in meters) on a n x-axis. F ind m , 
M o' and the center of mass. 

Exer. 5 -14: Sketch the region bounded by the graphs 
of the equations, and find m , M x , My, and the centroid. 

5 J' = x 3
, )' = 0, x = I 

I( l~ f--_m_a_s_s _ _ -t_ I_OO 80_", 70
4 c ~ ~ coordinate - 3 / 

2 mass 50 100 50 

coordinate - 10 2 3 
-

Exer. 3-4: The ta ble lists point-masses (in kilograms) 
and their locations (in meters) in an xy-pla ne. Find m, 
M " M y, and the center of mass of the system. 

mass 2 7 5 

location (4. -I) ( - 2.0) (- 8. - 5) 

4 

I mass I I 0 3 4 8 

location ( - 5. - 2) (3. 7) (0 . - 3) ( - 8, - 3) (0 , 0) 

6 .I' = \ x , )' = 0, x = 9 

7 4 
, 

0 \. = - x- )' = 

8 2x + 3.1' = 6. r = O. x = 0 

9 
, 

2y r = x, = X 

10 J' = x2 - , )' = x 3 

11 J' = I - x2 . , X - y = I 

12 .I' = x2 
X + )' = 2 . , 

13 
, 

2 .\ = y-. .\ - )' = 

14 9 
, 

+ 3 x = - r- x )' = . , 

15 Find the centro id of the region in the first qu adrant 
bo unded by the ci rcle .'(2 + )'2 = a2 and the coordinate 
axes. 

16 Let R be the region in the first quadrant bounded by 
pa rt of the parabola .1'2 = ex with c > 0, the x-ax is, and 
the ve rti ca l line through the po int (a, b) on the pa ra bola. 
as shown in the figure on the foll owing page . Find the 
centroid of R . 
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EXERCISE 16 

y 

( \ (tl . h) 

x 

~ 

17 A region has the shape of a square of side 2a surmounted 
by a semicircle of radius a. Find the centroid. (Hint: Use 
Example 5 and the fact that the moment of the region is 
the sum of the moments of the square and the semicircle.) 

18 Let the points P, Q, R, and S have coordinates (-b, 0), 
(-a,O) , (a , 0), and (b , O) , respectively, with 0 < a < b. 
Find the centroid of the region bounded by the graphs 

of y = Jb2 
- x 2 

, )' = J a2 
- x 2 

, and the line segments 
PQ a nd RS. (Him: Use Example 5.) 

19 Prove tha t the centroid of a triangle coincides with the 
intersection of the medians. (Hint: Take the vertices 
at the points (0, 0), (a , b), and (0, c) , with a, b, and c 
positive.) 

6.8 OTHER APPLICATIONS ' 
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20 A region has the shape of a sq uare of side a su r.l1ounted 
by an equilateral triangle of side a. Find the centroid. 
(H im: See Exercise 19 and the hint given for Exercise 17.) 

Exer. 21-24: Use the theorem of Pappus. 

21 Let R be the rectangular region with vertices (1 , 2) , (2, 1) , 
(5,4), and (4 , 5). Find the volume of the solid generated 
by revolving R about the y-axis. 

22 Let R be the triangular region with vertices (1, 1), (2, 2), 
and (3 , 1). Find the volume of the solid generated by 
revolving R about the y-axis. 

23 Find the centroid of the region in the first quadrant 

bounded by the graph of y = Ja2 - x 2 a nd the coordi­
nate axes. 

24 Find the centroid of the triangular region with vertices 
0(0,0) , A(O, a) , and B(b , O) for positive numbers a 
and b. 

o 25 A lamina of area density p has the shape of the region 

bounded by the graphs of f(x) = ~ and g(x) = x 2
. 

Graph f and 9 on the same coordinate axes. 

fa) Set up an integral that can be used to a pproximate 
the mass of the lamina . 

fbI Use Simpson's rule with n = 4 to approximate the 
integral in (a). 

o 26 Use Simpson's rule with n = 4 to approximate the cen­
troid of the region bounded by the graphs of y = 0, 
y = (sin xl/x, x = 1, and x = 2. 

It should be evident from our work in this chapter that if a quantity can 
be approximated by a sum of many terms, then it is a candidate for rep­
resentation as a definite integral. The main requirement is that as the 
number of terms increases , the sums approach a limit. In this section we 
consider several miscellaneous applications of the definite integral. Let us 
begin with the force exerted by a liquid on a submerged object. 

In physics , the pressure p at a depth h in a fluid is defined as the weight 
offluid contained in a column that has a cross-sectional area of one square 
unit and an altitude h. Pressure may also be regarded as the force per 
unit area exerted by the fluid. If a fluid has density p, then the pressure 
p at depth h is given by 

p = ph. 

The following illustration is for water, with p = 62.5 Ib/ft3. 
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DENSITY P IIb/ttJI DEPTH h Ittl PRESSURE p = ph Ilb/ tt21 - 62.5 2 125 - 62.5 4 250 - 62.5 6 375 

Pascal's principle in physics states that the pressure at a depth h in a 
fluid is the same in every direction. Thus , if a flat plate is submerged in 
a fluid , then the pressure on one side of the plate at a point that is h units 
below the surface is ph, regardless of whether the plate is submerged ver­
tically , horizontally , or obliquely (see Figure 6.73, where the pressure at 
points A, B, and C is ph). 

If a rectangular tank, such as a fish aquarium , is filled with water (see 
F igure 6.74), the total force exerted by the water on the base may be cal­
culated as foll ows: 

force on base = (pressure at base) . (area of base) 

For the tank in Figure 6.74, we use p = 62.5 Ib/ ft 3 and h = 2 ft to obtain 

force on base = (125Ib/ ft 2
). (12 ft 2

) = 1500 lb. 

This corresponds to 12 columns of water, each having cross-sectional area 
1 ft2 and each weighing 125 pounds. 

It is more complicated to find the force exerted on one of the sides of 
the aquarium , since the pressure is not constant there but increases as 
the depth increases. Instead of investigating this particular problem , let 
us consider the following more general situation . 

Suppose a flat plate is submerged in a fluid of density p such that the 
face of the plate is perpendicular to the surface of the fluid . Let us intro­
duce a coordinate system as shown in Figure 6.75 , where the width of the 
plate extends over the interval [c , dJ on the y-axis . Assume that for each 
y in [c, dJ, the corresponding depth of the fluid is h(y) and the length of 
the plate is L(y), where hand L are continuous functions. 

We shall employ our ,tandard technique of considering a typical 
horizontal rectangle of width dy and length L( y), as illustrated in Fig­
ure 6.75. If dy is small , then the pressure at any point in the rectangle is 
approximately ph(y). Thus, the force on one side of the rectangle can be 
approximated by 

force on rectangle ~ (pressure) . (area of rectangle) , 

or force on recta ngle ~ ph(y) . L(y) dy . 

Taking a limi t of sums of these forces by applying the operator S~ leads 
to the following definition . 

The force F exerted by a fluid of constant density p on one side of 
a submerged region of the type illustrated in F igure 6.75 is 

F = r ph(y) . L(y) dy. 
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If a more complicated region is di vided into subregions of the type 
illustrated in Figure 6.75. we apply Defi nition (6.27) to each subregion 
and add the resulting forces. The coordinate system may be introduced 
in vario us ways: In Example 2 we choose the x-ax is along the surface of 
the liquid and the positive direction of the y-ax is dow nward. 

EXAMPLE 1 The ends of a water trough 8 feet long ha ve the shape 
of isosceles trapezoids of lower base 4 feet, upper base 6 feet, and height 
4 feet. Find the total force on one end if the trough is full of water. 

SOLUTION Figure 6.76 illustrates one end of the trough superimposed 
on a recta ngula r coordinate system. An equat ion of the line through the 
points (2, 0) and (3, 4) is J' = 4x - 8, or , equivalently, x = t(y + 8). Refer­
ring to Figure 6.76 gives us the following , for a horizontal rectangle of 
width dy: 

length: 2x = 2 'lL)' + 8) = i(y + 8) 

area: iLl' + 8) ell' 

depth: 4 - J' 

pressure: 62.5(4 - )') 

force: 62.5(4 - y) . H)' + 8) d)' 

Taking a limit of sums by applying the operator Sri, we obtain , as in Defi­
niti on (6.27), 

F = fo+ 62.5(4 - y) . tty + 8) dy 

= 31.25 r4 (32 _ 4y _ y2) dy = 7000 ;::::: 2333 lb. Jo 3 

r n t he preceding exam pIc , the length of the water trough was irrelevant 
when we considered the force on one end. The same is true for the oil 
tank in the next example. 

EXAMPLE 2 A cyli ndrical oil storage tank 6 feet in diameter and 
10 feet long is lying on its side . If the tank is half full of oil that weighs 
58 Ib/ft 3

, set up an integral for the force exerted by the oil on one end of 
the tank. 

SOLUTION Let us introduce a coordinate sys tem such that the end of 
the tank is a circle of radius 3 feet with the center at the origin. The equa­
tion of the circle is x 2 + .1'2 = 9. If we choose the positive direction of the 
y-axis dOll'llIrard, then referring to the ho ri zo ntal recta ngle in Figure 6.77 
gives us the following: 

length: 2x = 219= .1'2 

area: 2.J9 - y2 ely 

depth: y 

pressure: 58)' 

force: 58)' . 2 9 - 1'2 ell' \ , . 
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Evaluating thc integral by using the method of substitution would give 
us 

F = 1044 lb. 

Definite integrals can be applied to dye-dilution or tracer methods 
used in physiological tests and elsewhere. One example involves the mea­
surcment of cardiac output that is , the rate at which blood Rows through 
the aorta. A simplc model for tracer expcriments is sketchcd in Fig­
urc 6.78 , where a liquid (or gas) Rows into a tank at A and cxits at B, 
with a constant Row ratc F (in L/sec). Suppose that at timc I = 0, Qo 
grams of tracer (or dyc) are introduced into the tank at A and that a 
stirring mechanism thoroughly mixes the solution at all times. The con­
centration e(t) (in g L) of tracer at time t is monitored at B. Thus the 
amount of tracer pass ing B at time I is given by 

(now rate)' (conccntration) = F· e(l) g/sec. 

If the amount of tracer in the tank at time t is Q(t) , where Q is a differ­
entiable function , then the ratc of change Q'(t) of Q is given by 

Q'(t) = - F . crt) 

(the negative sign indicates that Q is decreasing). 
If T is a time at which all thc tracer has Icft thc tank , then Q(T) = ° 

and, by the fundamental thcorem of calculus, 

f~r Q'(I) £II = Q(t)J: = Q(T) - Q(O) 

=O - Qo= - Qo· 

We may also write 

f~r Q'(I) £II = f ol" [ - F . e(t)] ell = - F f~r c(r) dl. 

Equating the two forms for the integral gives us the following formula. 

Qo = F f~r crt) dt 

Usually an explicit form for crt) will not be known , but , instead , a table 
of function values will be given. By employing numcrical integration, we 
may find an approximation to thc Row rate F (see Exercises II and 12). 

Let us next consider another aspect of the flow of liquids. If a liquid 
flows through a cylindrical tube and if the velocity is a constant vo , then 
the volume of liquid passing a fixed point per unit time is given by roA , 
where A is the area of a cross section of the tube (see Figure 6.79). 

A more complicated formula is required to study the flow of blood in 
an arteriole. In this casc thc now is in layers, as illustrated in Figurc 6.80, 
on the following page. In thc layer closest to the wall of the arteriole, the 
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blood tends to stick to the wall, and its velocity may be considered zero. 
The velocity increases as the layers approach the center of the arteriole . 

For computational purposes, we may regard the blood flow as con­
sisting of thin cylindrical shells that slide a long, with the outer shell fixed 
and the velocity of the shells increasing as the radii of the shells decrease 
(see Figure 6.80). If the velocity in each shell is considered constant , then 
from the theory of liquids in motion , the velocity v(r) in a shell having 
average radius I' is 

where R is the radius of the arteriole (in centimeters) , 1 is the length of 
the arteriole (in centimeters), P is the pressure difference between the two 
ends of the arteriole (in dyn/cm 2), and v is the viscosity of the blood (in 
dyn-sec/cm 2). Note that the formula gives zero velocity if I' = R and maxi­
mum velocity PR 2/(4vl) as r approaches O. If the radius of the kth shell 
is rk and the thickness of the shell is Mk> then , by (6.10) , the volume of 
blood in this shell is 

2rrrk P 
2rrr v(r ) 111' = -- (R 2 - 1'2) M 

k k k 41'1 k k' 

If there are n shells , then the total flow in the arteriole per unit time may 
be approximated by 

To estimate the total flow F (the volume of blood per unit time) , we con­
sider the limit of these sums as n increases without bound. This leads to 
the following definite integral: 

This formula for F is not exact, because the thickness of the shells cannot 
be made arbitrarily sma ll. The lower limit is the width of a red blood cell, 
or approximately 2 x 10 - 4 centimeter. We may assume, however , that 
the formula gives a reasonable estimate. It is interesting to observe that 
a small change in the radius of an arteriole produces a large change in 
the flow , since F is directly proportional to the fourth power of R. A small 
change in pressure difference has a lesser effect , since P appears to the 
first power. 
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In many types of empl oyment , a worker must perform the same assign­
ment repeatedly. For example , a bicycle shop employee may be asked to 
assemble new bicycles . As more and more bicycles are assembled , the 
time required for each assembly should decrease until a certain minimum 
assembly time is reached. Another example of this process of learning by 
repetition is that of a data processor who must keyboard information 
from written forms into a computer system. The time required to process 
each entry should decrease as the number of entries increases. As a final 
illustration , the time required for a person to trace a path through a maze 
should improve with practice. 

Let us consider a general situation in which a certain task is to be re­
peated many times. Suppose experience has shown that the time required 
to perform the task for the kth time can be approximated by f(k) for a 
continuous decreasing function f on a suitable interval. The total time 
required to perform the task n times is given by the sum 

/I 

L f(k) = f (1) + f(2) + ... + fen) . 
k =1 

If we consider the graph of f , then , as illustrated in Figure 6.81 , the pre­
ceding sum equals the area of the pictured inscribed rectangular polygon 
and , therefore , may be a pproximated by the definite integral So f(x) dx. 
Evidently, the approximation will be close to the actual sum if f decreases 
slowly on [0, n].1f f changes rapidly per unit change in x, then an integral 
should not be used as an approximation. 

EXAMPLE 3 A company that conducts polls via telephone in­
terviews finds that the time required by an employee to complete one 
interview depends on the number of interviews that the employee has 
completed previously. Suppose it is estimated that , for a certain survey , 
the number of minutes required to complete the kth interview is given 
by f(k) = 6(1 + k) - 1/ 5 for 0 ~ k ~ 500. Use a definite integral to approx­
imate the time required for an employee to complete 100 interviews and 
200 interviews . If an interviewer receives $4.80 per hour , estimate how 
much more expensive it is to have two employees each conduct 100 inter­
views than to have one employee conduct 200 interviews . 

SOLUTION From the preceding discussion , the time required for 100 
interviews is approximately 

(100 - JI 00 Jo 6(1 + X) - 1/ 5 dx = 6 · t (1 + X)4 5 0 :::::; 293.5 min. 

The time required for 200 interviews is approximately 

f0
200 

6(1 + X ) - 1/5 dx:::::; 514.4 min. 

Since an interviewer receives $0.08 per minute, the cost for one employee 
to conduct 200 interviews is roughly ($0.08)(514.4) , or $41.15. If two em­
ployees each conduct 100 interviews , the cost is about 2($0.08)(293.5) , or 
$46.96 , which is $5.81 more than the cost of one employee. Note , however , 
that the time saved in using two people is approximately 221 minutes. 
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Using a computer, we have 

100 

I 6(1 + k) - I 5 ::::: 291.75 
k ~ 1 

200 

and I 6(1 + k) - 1/5::::: 512.57. 
k ~l 

Hence the results obtained by integration (the area under the graph of f) 
are roughly 2 minutes more than the value of the corresponding sum (the 
area of the inscribed rectangular polygon). 

In economics, the process that a corporation uses to increase its ac­
cumulated wealth is called capital formation. If the amount K of capital 
at time t can be approximated by K = f(t) for a differentiable function 
f, the rate of change of K with respect to t is called the net investment 
flow. Hence , if 1 denotes the investment flow , then 

dK j .'( ) 1 =-= t. 
dt . 

Conversely, if 1 is given by get) for a function g that is continuous on an 
interval [a, b], then the increase in capital over this time interval is 

f" g(t) dt = f(h) - f(a). 
(/ 

EXAMPLE 4 Suppose a corporation wishes to have its net investment 
flow approximated by get) = t l 

3 for t in years and g(t) in millions of dol­
lars per year. If t = 0 corresponds to the present time, estimate the amount 
of capital formation over the next eight years. 

SOLUTION From the preceding discussion , the increase in capital over 
the next eight years is 

f0
8 

g(t) dt = foB t l 3 cit = tt4 3J: = 12. 

Consequently, the amount of capital formation is $12,000,000. 

Any quantity that can be interpreted as an area of a region in a plane 
may be investigated by means of a definite integral. (See , for example , the 
discussion of hysteresis at the end of Section 6.1.) Conversely, definite in­
tegrals allow us to represent physical quantities as areas. In the following 
illustrations, a quantity is numerically equal to an area of a region; that 
is, we disregard units of me as lire me nt, such as centimeter, foot-pound, and 
so on. 

Suppose vet) is the velocity , at time I, of an object that is moving on 
a coordinate line. If s is the position function , then s'(t) = vet) and 

fb fb , J" z;(t) cit = S (t) dt = set) = s(b) - sea). 
a a {l 
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If vet) > 0 throughout the time interval [a, b J, thi s tells us that the area 
under the graph of the function v from a to b represents the distance the 
object travels , as illustrated in Figure 6.82. This observation is useful to 
an engineer or physicist , who may not have an ex plicit form for vet) but 
merely a graph (or table) indicating the velocity at various times . The dis­
tance traveled may then be estimated by approximating the area under 
the graph. 

If vet) < 0 at certain times in [a , b J, the graph of v may resemble that 
in Figure 6.83. The figure indicates that the object moved in the negative 
direction from t = c to t = d. The distance it traveled during that time is 
given by S~ I ve t) I dt. It follows that S~ I vet) I dt is the total distance traveled 
in [a, bJ, whether vet) is positive or negative . 

EXAMPLE 5 As an object moves along a straight path, its velocity 
v(t) (in ft/ sec) at time t is recorded each second for 6 seconds. The results 
are given in the following table . 

o 
v(t) 

2 3 4 5 6 

346 5 5 3 

Approximate the distance traveled by the object. 

SOLUTION The points (t , vet)) are plotted in Figure 6.84. If we assume 
that v is a continuous function , then , as in the preceding discussion , the 
distance traveled during the time interval [0 , 6J is S8 vet) dt . Let us approx­
imate this definite integral by means of Simpson 's rule , with n = 6: 

f6 6 - 0 Jo vet) dt ;::::: ~ [ v(O) + 4v(1) + 2v(2) + 4v(3) + 2v(4) + 4v( 5) + v(6)J 

= HI + 4·3 + 2 . 4 + 4 . 6 + 2 . 5 + 4 . 5 + 3J = 26 ft 

Tn (6.21) we defined the work W done by a variable force f(x) that 
acts along a coordinate line from x = a to x = b by W = S~ f(x) dx. Sup­
pose f(x) ~ 0 throughout [a, b J. If we sketch the graph of f as illustrated 
in Figure 6.85, then the work W is numerically equal to the area under 
the graph from a to b. 

EXAMPLE 6 An engineer obtains the graph in Figure 6.86, which 
shows the force (in pounds) acting on a small cart as it moves 25 feet 
along horizontal ground. Estimate the work done. 

SOLUTION If we assume that the force is a continuous function f for 
o :::; x :::; 25, the work done is 

f2 5 
W = Jo f(x) dx. 
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We do not have an explicit form for f(x); however, we may estimate func­
tion values from the graph and approximate W by means of numerical 
integration. 

Let us apply the trapezoidal rule with a = 0, b = 25 , and n = 5. Refer­
ring to the graph to estimate function values gives us the following ta ble. 

m mf(xk } 

0 0 45 1 45 
1 5 35 2 70 
2 10 30 2 60 
3 15 40 2 80 
4 20 25 2 50 
5 25 10 1 10 

The sum of the numbers in the last column is 315. Since 

(b - a)/ (2n) = (25 - 0)/ 10 = 2.5 , 

it follows from (5.36) that 

, 25 
W = Jo f(x) dx ~ 2.5(315) ~ 790 ft-lb. 

For greater accuracy we could use a larger value of n or Simpson's 
rule. 

Suppose that the amount of a physical entity , such as oil, water, elec­
tric power, money supply, bacteria count , or blood flow , is increasing or 
decreasing in some manner , and that R(t) is the rate at which it is changing 
at time t. If Q(t) is the amount of the entity present at time t and if Q is 
differentiable , then Q'(t) = R(t) . If R(t) > 0 (or R(t) < 0) in a time interval 
[a , b], then the amount that the entity increases (or decreases) between 
t = a and t = b is 

Q(b) - Q(a) = f Q'(l} de = f R(t) dt. 

This number may be represented as the a rea of the region in !l ty-plane 
bounded by the graphs of R, t = a, t = b, and y = O. 

EXAMPLE 7 Starting at 9:00 A.M. , oil is pumped into a storage tank 
at a rate of (150t 1

/
2 + 25) gal/ hr, for time t (in hours) after 9:00 A.M. How 

many gallons will have been pumped into the tank at 1:00 P.M.? 

SOLUTION Letting R(t) = 150t 1
/
2 + 25 in the preceding discussion , we 

obtain the following: 

f o
4 

(150t 1 /2 + 25) dt = [100t 3
/
2 + 25tJ~ = 900 gal 
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EXERCISES 6.8 367 

We have given only a few illustrations of the use of definite integrals. 
The interested reader may find many more in books on the physical and 
biological sciences, economics, and business, and even such areas as 
political science and sociology. 

EXERCISES 6.8 

~ glass aquarium tank is 3 feet long and has square ends 
~-f width 1 foot. If the tank is filled with water, find the 

force exerted by the water on 

~e end (bl one side 

2 If one of the square ends of the tank in Exercise 1 is 
divided into two parts by means of a diagonal, find the 
force exerted on each part. 

3 'he ends of a water trough 6 feet long have the shape 
of isosceles triangles with equal sides of length 2 feet and 

the third side of length 2.)3 feet at the top of the trough . 
Find the force exerted by the water on one end of the 
trough if the trough is 

-ra 11 of water (b/ half full of water 
;/ 

4 The ends of a water trough have the shape of the region 
bounded by the graphs of y = x 2 and y = 4, with x and 
y measured in feet. If the trough is full of water , find the 
force on one end. 

G cylindrical oil storage tank 4 feet in diameter and 5 
feet long is lying on its side. If the tank is half full of oil 
weighing 60 Ib/ft 3 , find the force exerted by the oil on 
o.ne end of the tank. 

6 A rectangular gate in a dam is 5 feet long and 3 feet 
high . If the gate is vertical, with the top of the gate pa­
rallel to the surface of the water and 6 feet below it, find 
the force of the water against the gate. 

7 A plate having the shape of an isosceles trapezoid with 
upper base 4 feet long and lower base 8 feet long is sub­
merged vertically in water such that the bases are paral­
lel to the surface. If the distances from the surface of the 
water to the lower and upper bases are 10 feet and 6 feet , 
respectively , find the force exerted by the water on one 
side of the plate. 

8 A circular plate of radius 2 feet is submerged vertically 
in water. If the distance from the surface of the water to 
the center of the plate is 6 feet , find the force exerted by 
the water on one side of the plate. 

9 A rectangular plate) feet wide and 6 feet long is su b­
merged vertically in oil weighing 50 Ib/ft 3

, with its short 
side parallel to , and 2 feet below, the surface. 

(a)Find the total force exerted on one side of the plate. 

(blIf the plate is divided into two parts by means of a 
diagonal , find the force exerted on each part. 

[£J 10 A flat, irregularly shaped plate is submerged vertically 
in water (see figure) . Measurements of its width , taken 
at successive depths at intervals of 0.5 foot , are compiled 
in the following table. 

l Water depth (ft) rl l 

I Width of plate (ft) 0 

1.5 2 2.5 3 

2 3 5.5 4.5 

3.5 4 

3.5 0 

Estimate the force of the water on one side of the plate by 
using, with n = 6, 

(a/ the trapezoidal rule (bISimpson's rule 

EXERCISE 10 

11 Refer to (6.28). To estimate cardiac output F (the num­
ber of liters of blood per minute that the heart pumps 
through the aorta) , a 5-milligram dose of the tracer in­
docyanine-green is injected into a pulmonary artery and 
dye concentration measurements c(t) are taken every 
minute from a peripheral artery near the aorta. The 
results are given in the following table. Use Simpson's 
rule, with n = 12, to estimate the cardiac output. 

~ (m_in--<)--+_c-,-(t) (mg/L) 

o 0 
1 0 
2 0.15 
3 0.48 
4 0.86 
5 0.72 
6 0.48 
7 0.26 
8 0.15 
9 0.09 

10 0.05 
11 0.01 
12 0 
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o 12 Refer to (6.28). Suppose 1200 kilograms of sodium 
dichromate are mixed into a river at point A and sodium 
dichromate samples are taken every 30 seconds at a 
point B downstream . The concentration e(l) at time I is 
recorded in the following table. Use the trapezoidal rule , 
with n = 12, to estimate the river flow rate F. 

t (sec) e(t) (mgjL or gjm 3
) 

-'------'------'---

o 0 
30 2.14 
60 3.89 
90 5.81 

120 8.95 
150 7.31 
180 6.15 
210 4.89 
240 2.98 
270 1.42 

U
300 0.89 
330 0.29 
360 0 

13 A manufacturer estimates that the time required for a 
worker to assemble a certain item depends on the num­
ber of this item the worker has previously assembled. If 
the time (in minutes) required to assemble the kth item 
is given by f(k) = 20(k + I) - 04 + 3, use a definite in­
tegral to approximate the time , to the nearest minute , 
required to assemble 

fa) I item fbI 4 items fe) 8 items fd) 16 items 

14 The number of minutes needed for a person to trace a 
path through a certain maze without error is estimated 
to be f(k) = 5k - 1

/2 , where k is the number of trials pre­
viously completed. Use a definite integral to approxi­
mate the time required to complete 10 trials. 

15 A data processor keyboards registration data for college 
students from written forms to electronic files. The num­
ber of minutes required to process the kth registration 
is estimated to be approximately f(k) = 6( 1 + k) - 1 3 

Use a definite integral to estimate the time required for 
fa) one person to keyboard 600 regi stration s 
fbI two people to keyboard 300 each 

16 If, in Example 4 , the rate of investment is approximated 
by g(t) = 2t(3t + I), with g(t) in thousands of dollars , 
use a definite integral to approximate the amount of 
capital formation over the intervals [0, 5J and [5 , 10]. 

Exer. 17-18: Use a definite integral to approximate the 
sum, and round your answer to the nearest integer. 

100 20 0 

17 L kW + q-l /4 18 I 5k(k 2 + 10) - 13 
k = 1 k = 1 

o 19 The velocity (in mijhr) of an automobile as it traveled 
along a freeway over a 12-minute interval is indicated 
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in the figure. Use the trapezoidal rule to approximate 
the distance traveled to the nearest mile. 

EXERCISE 19 

60 

40 

20 

Velocity (mi /hr) 

246 8 10 12 Time 

(minutes) 

The acceleration (in ft /sec2
) of an automobile over a 

period of 8 seconds is indicated in the figure . Use the 
trapezoidal rule to approximate the net change in ve­
locity in this time period. 

EXERCISE 20 

25 

20 

IS 

10 

5 

Acceleration (ft/sec2 ) 

1 2 3 4 5 6 7 8 Time 
(seconds) 

21 The following table was obtained by recording the force 
fix) (in Newtons) acting on a particle as it moved 6 
meters along a coordinate line from x = 1 to x = 7. 
Estimate the work done using 

fa) the trapezoidal rule , with 11 = 6 

fbI Simpson's rule , with n = 6 

~ 
~20 

2 

23 

345 

25 22 26 

6 7 

30~ 

22 A bicyclist pedals directly up a hill, recording the ve­
locity vic) (in ft / sec) at the end of every two seconds. 
Referring to the resu lts recorded in the following table, 
use the trapezoidal rule to approximate the distance 
traveled. 

~O 2 

~422 
4 

16 

6 8 

10 2 
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23 A motorboat uses gasoline at the rate of T '\ 9 - T2 gal hI'. 
If the motor is started at t = O. how much gasoline is 
used in 2 hours? 

24 The population of a city has increased since 1985 at a 

rate of 1.5 + OJ Ii + 0.006t2 thousand people per year , 
where T is the number of years after 1985. Assuming that 
this rate continues and that the population was 50,000 
in 1985 , estimate the population in 1994. 

25 A simple thermocouple , in which heat is transformed 
into electrical energy , is shown in the figure . To deter­
mine the total charge Q (in coulombs) transferred to the 
copper wire . current readings (in ampcrcs) are recorded 
every i second , and the results are shown in the follow­
ing table. 

I

t (sec) 

[(amp) 

o 0.5 1.0 1.5 2.0 2.5 ~ 
o 0.2 0.6 0.7 0.8 0.5 0.2 

Use the fact that I = dQ dT and the trapezoidal rule , with 
II = 6, to estimate the total charge transferred to the 
copper wire during the first three seconds. 

EXERCtSE 25 

Ammctcr 

[£] 26 Suppose p(x) is the density (in cm/ km) of ozone in the 
atmosphere at a height ofx kilomctcrs above the ground. 
For example, if p(6) = 0.0052, then at a height of 6 kilo­
meters there is effectively a thickness of 0.0052 centimeter 
of ozone for each kilomcter of atmosphere. If p is a 
continuous function, thc thickness of the ozone layer 
bctween heights a and h can be found by evaluating 
J~ p(x) dx. Values for p(x) found experimentally arc 
shown in the following table. 

x (km) p(x) (spring) p(x) (autumn) 

0 0.0034 0.0038 
6 0.0052 0.0043 

12 0.0124 0.0076 
18 0.0132 0.0104 
24 0.0136 0.0109 
30 0.0084 0.0072 
36 0.0034 0.0034 
42 0.0017 0.0016 
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(a) Use the trapezoidal rule to estimate the thickness 
of thc ozone layer between the altitudes of 6 and 
42 kilometers during both spring and autumn. 

(b) Work part (a) using Simpson's rule. 

[£] 27 Radon gas can pose a serious health hazard if inhaled. 
If V(T) is the volume of air (in cm J) in an adu lt's lungs 
at time 1 (in minutes), then the rate of change of V can 
often be approximated by V'(T) = 12,450n sin (30nT). 
Inhaling and exhaling corrcspond to V'(T) > 0 and 
V'(T) < O. respectively . Supposc an adult li ves in a home 
that has a radioactive energy concentration due to radon 
of4.1 x 10 ~ 1 2 joule/cm ] 

(a) Approximate the volume of air inhaled by the adult 
with each breath. 

(b) If inhaling more than 0.02 joule of radioactive energy 
in onc year is considered hazardous, is it safe for the 
adult to remain at home') 

28 A stationary exercise bicycle is programmed so that it 
can be set for different intensity levels L and workout 
times T. It displays the elapsed time T (in minutes), for 
o ~ ( ~ T , and the number of calories C(l) that are being 
burned per minute at time T, where 

C(t) = 5 + 3L - 6 ~ 1 ( - ~ T I , 

Suppose an individual exercises 16 minutes , with L = 3 
for 0 ~ ( ~ 8 and with L = 2 for 8 ~ T ~ 16. Find the 
total number of calories burned during thc workout. 

29 The rate of growth R (in cm/yr) of an average boy 
who is T years old is shown in the following table for 
10 ~ t ~ 15. 

t (yr) 10 I I 12 13 14 15 
----l 

R (cm/yr) 5.3 5.2 4.9 6.5 9.3 7.0 

USe the trapezoidal ruk. with /I = .:;. to approx imate the 
number of centimeters the boy grows between his tenth 
and fifteenth birthdays. 

30 To determine the number of zooplankton in a portion 
of an occan 80 meters deep. marine biologists take sam­
ples at successive depths of 10 meters , obtaining the fol­
lowing table , where p(x) is the density (in number/mJ) 
of zooplankton at a depth of x meters. 

[ x ~ I 0 20 30 40 50 60 

~x) I 0 10 25 30 20 15 10 

70 80 

5 0 

Use Simpson's rule , with 11 = 8, to estimate the total 
number of zooplankton in a waTer COIUIIlII (a column of 
water) having a cross section I meter square extending 
from the surface to the ocean floor. 
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6.9 REVIEW EXERCISES 

Exer. 1-2: Sketch the region bounded by the graphs of 
the equations, and find the area by integrating with 
respect to (a) x and (b) y. 

2 y2 = 4 - x, x + 2y = I 

Exer . 3-4: Find the area of the region bounded by the 
graphs of the equations. 

3 x=y2, x+y=1 

4 y=_x3
, y=Fx, 7x+3y=10 

5 Find the area of the region between the graphs of the 
equations y = cos tx and y = sin x, from x = n/3 to 
x = n. 

6 The region bounded by the graph of y = ) 1 + cos 2x 
and the x-axis, from x = 0 to x = n/2, is revolved about 
the x-axis. Find the volume of the resulting solid. 

Exer. 7-10: Sketch the region R bounded by the graphs 
of the equations, and find the volume of the solid gener­
ated by revolving R about the indicated axis. 

7 y =~, y = 0, x = 0, x = 2; x-axis 

8 Y = X4, Y = 0, x = I; y-ax is 

9 y = x 3 + 1, x = 0, y = 2; y-ax is 

10 y = {ix, y=Fx; x-axis 

Exer. 11-12: The region bounded by the x-axis and the 
graph of the given equation, from x =0 to x = b, is re­
volved about the y-axis. Find the volume of the resulting 
solid. 
II y = cos x 2

; b = J;J2 
12 Y = x sin x 3

; b = I 

13 Find the volume of the solid generated by revolving 
the region bounded by the graphs of y = 4x 2 and 
4x + y = 8 about 

(a) the x -axis (b) x = I (e) y = 16 

14 Find the volume of the solid generated by revolving the 
region bounded by the graphs of y = x 3

, X = 2, and 
y = 0 about 

(a) the x-axis 

(d) x = 3 

(b) the y-axis 

(e) y = 8 

(e) x = 2 

(f) Y = -I 

15 Find the arc length of the graph of (x + W = 8(y - 1)3 
from A( - 2,1) to 8(5, 3). 

16 A solid has for its base the region in the xy-plane 
bounded by the graphs of y2 = 4x and x = 4. Find the 
volume of the solid if every cross section by a plane 
perpendicular to the x-axis is an isosceles right triangle 
with one of its equal sides on the base of the solid. 
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17 An above-ground swimming pool has the shape of a right 
circular cylinder of diameter 12 feet and height 5 feet. If 
the depth of the water in the pool is 4 feet , find the work 
required to empty the pool by pumping the water out 
over the top. 

18 As a bucket is raised a distance of 30 feet from the 
bottom of a well , water leaks out at a uniform rate. 
Find the work done if the bucket originally contains 
24 pounds of water and one-third leaks out. Assume that 
the weight of the empty bucket is 4 pounds, and dis­
regard the weight of the rope. 

19 A square plate of side 4 feet is submerged vertically in 
water such that one of the diagonals is parallel to the 
surface. If the distance from the surface of the water to 
the cen ter of the plate is 6 feet , find the force exerted by 
the water on one side of the plate. 

20 Use differentials to approximate the arc length of the 
graph of y = 2 sin 1X between the points with x-coordi­
nates nand 91 n/90. 

Exer. 21-22: Sketch the region bounded by the graphs 
of the equations, and find m, M x , My, and the centroid. 

21 y = x 3 + 1, x + y = - I , x = I 

22 Y = x2 + 1, Y = x, x=- I, x=2 

23 The graph of the equation 12y = 4x 3 + (3 / x) from 
A( I , /2 ) to 8(2 , ~J) is revolved about the x-axis. Find the 
area of the resulting surface. 

24 The shape of a reflector in a searchlight is obtained by 
revolving a parabola about its axis. If, as shown in the 
figure , the reflector is 4 feet across at the opening and 
I foot deep , find its surface area. 

EXERCISE 24 

25 The velocity v(t) of a rocket that is traveling directly up­
ward is given in the following table. Use the trapezoidal 
rule to approximate the distance the rocket travels from 
t = 0 to t = 5. 

t (sec) 0 2 3 4 5 
----+-

v(t) (ft/sec) 100 120 ISO 190 240 300 
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0 26 An electrician suspects that a meter showing the total 
consumption Q in kilowatt hours (kwh) of electricity is 
not functioning properly. To check the accuracy , the 
electr ician measures the consumption rate R directly 
every 10 min utes, obtaining the results in the following 
table. 

[ t (min) o 10 20 30 

R (kwh/min) 1.31 1.43 1.45 1.39 

t (min) 40 50 60 

R (kwh/min) 1.36 1.47 1.29 

la) Use Simpson's rule to estimate the total consump­
tion d uring this one-hour period. 
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Ib) If the meter read 48,792 kwh at the beginning of the 
experiment and 48,953 kwh at the end , what shou ld 
the electrician conclude? 

27 Interpret Jo' 2nx4 dx in the following ways: 

la) as the area of a region in the xy-plane 

Ib) as the volume of a solid obtained by revolving a 
region in the xy-plane about 
(i) the x-axis 

(ii) the y-axis 

Ie) as the work do ne by a force 

28 Let R be the semicircular region in the -,"y-plane with 
endpoints of its diameter at (4, 0) and (10, 0). Use the 
theorem of Pappus to find the volume of the solid ob­
tained by revo lving R about the y-axis. 





CHAPTER 

7 

LOGARITHMIC AND 
EXPONENTIAL FUNCTIONS 

INTRODUCTION 

In precalculus mathematics we sketch graphs of equa­
tions such as J' = aX for a > 0 without defining aX if 
x is irrationa l. Instead , we assume that real numbers 
such as an and a,3 exist , and that the graph rises if 
a> 1 or falls if 0 < a < 1. We fUl'lher assume that the 
laws of exponents are true for all real exponents . Next, 
we define the logarithm loga x using our undefined 
exponential expressions and "prove" properties of log­
arithms by applying the unpro L'ed laws of exponents! 
Although this development is acceptable in elemen­
tary algebra, it is unsatisfactory in calculus , where the 
standards of mathematical rigor are higher. 

Our approach in this chapter is to employ a defi ­
nite integral to introduce the natural loyarithmic 
fun ction. We then use this function to define the nat­
ural exponential fun ction. Finally, we give precise 
meanings to aX and loga x. You may think this is an 
awkward procedure; however, it is the simplest way 
to treat these topics riyorously . Moreover , our ap­
proach enables us to establish results on continuity, 
derivatives , and integrals in a simple manner and to 
prove the laws of exponents that are assumed in 
precalculus mathematics . 

Many applications of logarithmic and exponential 
functions are included throughout the chapter. Since 
these functions are inverses of each other , we shall 
begin by discussing the general concept of inverse 
functions. 
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7.1 INVERSE FUNCTIONS 

Definition (7.1 J 

FIGURE 7.1 

a 

c~ 
x f(a) 

D f(c) 

FIGURE 7.2 

Y 

f(x) 

R 

feb) 

A function f may ha ve the same value for different numbers in its domain. 
For example, if f(x) = x 2

, thenf(2) = 4 = f( - 2) but 2 #. -2. In order to 
define the inverse of a function, it is essential that different numbers in 
the domain always give different values of f. Such functions are called 
one-to-one functions. 

A function f with domain D and range R is a one-to-one function 
if whenever a #. b in D, then f(a) #. f(b) in R . 

The diagram in Figure 7.1 illustrates a one-to-one function, because 
each function value in the range R corresponds to exactly one element in 
the domain D. The function whose graph is illustrated in Figure 7.2 is 
not one-to-one, because a #. b but f(a) = f(b). Note that the horizontal 
line y = f(a) (or y = f(b)) intersects the graph in more than one point. 
Thus , if any horizontal line intersects the graph of afunctionf in more than 
one point, thenf is not one-to-one. Every increasing function is one-to-one, 
because if a < b, then f(a) < f(b), and if b < a, then f(b) < f(a). Thus, if 
a#. b, thenf(a) #. f(b). Similarly, every decreasing function is one-to-one. 

If f is a one-to-one function with domain D and range R, then for 
each number y in R, there is exactly one number x in D such that y = f(x), 
as illustrated by the arrow in Figure 7.3(i) . Since x is unique, we may 
define a function 9 from R to D by means of the rule x = g(y) . As in Fig­
ure 7.3(ii), 9 reverses the correspondence given by f. We call 9 the inverse 
function of f, as in the following definition . 

FIGURE 7.3 

/11 /111 

a b x 

Definition (7.21 

f 

~ 
g 

x=~y 
D 

y = f(x) 
D 

R R 

Let f be one-to-one function with domain D and range R. A func­
tion 9 with domain R and range D is the inverse function of f, pro­
vided the following condition is true for every x in D and every y 
in R: 

y = f(x) if and only if x = g(y) 

The following theorem can be used to verify that a function 9 is the 
inverse of f. 
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T'leorern (7.3/ 

Domains and rc"lrges uf 
f and f 1 (7.4/ 
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Let I be a one-to-one function with domain D and range R. If 9 is a 
function with domain R and range D , then 9 is the inverse function 
of I if and only if both of the following conditions are true : 

(II g(f(x)) = x for every x in D 

(iiI I(g(y)) = y for every y in R 

PPOOF- Let us first prove that if 9 is the inverse function of I, then 
conditions (i) and (ii) are true. By the definition of an inverse function , 

y = I(x) if and only if x = g(y) 

for every x in D and every y in R. If we substitute/(x) for y in the equation 
x = g(y) , we obtain condition (i): x = g(f(x)) . Simila rly , if we substitute 
g(y) for x in the equation y = I(x), we obtain condition (ii) : y = I(g(y)). 
Thus , if 9 is the inverse function of I, then conditions (i) and (ii) are true . 

Conversely, let 9 be a function with domain R a nd range D, and sup­
pose that conditions (i) and (ii) are true. To show that 9 is the inverse 
function of I, we must prove that 

y = I(x) if and only if x = g(y) 

for every x in D and every y in R. 
First suppose that y = I(x) . Since (i) is true , g(f(x)) = x ; that IS, 

g(y) = x. This shows that if y = I(x), then x = g(y). 
Next suppose that x = g(y). Since (ii) is true, I(g(y)) = y; that is, 

I(x) = y. This shows that if x = g(y), then y = I(x) , which completes the 
proof. _ 

A one-to-one function I can have only one inverse function . Condi­
tions (i) and (ii) of Theorem (7.3) imply that if 9 is the inverse function 
of I, then I is the inverse function of g. We say that land 9 are inverse 
junctions 01 each other. 

If a function I has an inverse function g, we often denote 9 by 1- 1. 

The - 1 used in this notation should not be mistaken for an exponent; 
that is, 1 - l(y) does not mean l/ [!(y)]. The reciprocal l / [!( y)] may 
be denoted by [!( y)] - 1 . It is important to remember the following 
relationships. 

domain of 1 -1 = range of I 

range of 1 - 1 = domain of I 

When we discuss functions, we often let x denote an arbitrary number 
in the domain. Thus , for the inverse function 1 - 1 ,we may consider I - '(x), 
where x is in the domain 011 - 1 . In this case the two conditions in Theo­
rem (7 .3) are written as follows: 

(II 1 - 1(f(x)) = x for every x in the domain of I 

(III 1(f - l(X)) = x for every x in the domain of 1 - 1 
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In some cases we can find the inverse of a one-to-one function by 
solving the equation J = f(x) for x in terms of y, obtaining an equation 
of the form x = g(J). If the two conditions gU(x)) = x and f(g(x)) = x 
are true for every x in the domains of f and g, respectively, then g is the 
required inverse function f-l. The following guidelines summarize this 
procedure. In guideline 2, in anticipation of finding f - I, we shall write 
x = f - I(y) instead of x = g(y). 

Verify that f is a one-to-one function (or that f is increasing or 
is decreasing) throughout its domain. 

2 Solve the equation y = f(x) for x in terms of y, obtaining an 
equation of the form x = f - l(y). 

3 Verify the two conditions 

f - 1U(x)) = x and fU - l(x)) = x 

for every x in the domains of f and f - l
, respectively. 

The success of this method depends on the nature of the equation 
y = f(x), since we must be able to solve for x in terms of y. For this 
reason , we include simple cases in the title of the guidelines. 

EXAMPLE 1 Let f(x) = 3x - 5. Find the inverse function of f. 

SOLUTION We shall follow the three guidelines. First , we note that 
the graph of the linear function f is a line of slope 3. Since f is increasing 
throughout IR , I is one-to-one, and hence the inverse function f - I exists. 
Moreover, since the domain and range of fare IR , the same is true for 
rl. 

As in guideline 2, we consider the equation 

y = 3x - 5 

and then solve for x in terms of )" obtaining 

J' + 5 
\"= --. 3' 

We now let 

Since the symbol used for the variable is immaterial, we may also write 

f-l(X) = X ; 5. 

We next verify the conditions (i)I-1U(x)) = x and (ii) IU - I(x)) = x: 

Ii) .r \f(x)) = I - 1(3x - 5) 

(3x - 5) + 5 

3 

= x 

(definition off) 

(definition orrl) 

(simplifying) 
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FIGURE 7.4 

Y 

FIGURE 7.5 

y 

x 

" 

x 

(ii) Icr I(X)) = I('( ; 5) (definiti on off I) 

= 3 C ; 5) - 5 (definiti on of f") 

= x (s implifyin g) 

Thus, by Theorem (7.3) , the inverse function of I is given by .r I(X) = 

(x + 5)/ 3. 

EXAMPLE 2 Let I(x) = x 2 
- 3 for x;:::: 0. Find the lI1verse func-

tion of f. 

SOLUTION The graph of I is sketched in Figure 7.4. The domain of I 
is [0, 00 ), and the range is [ - 3, x). Since I is increasing, it is one-to-one 
and hence has an inverse function I - I that has domain [ - 3, 00) and 
range [0, 00 ). 

As in guideline 2, we consider the equation 

and solve for x, obtaining 

x= ± y+3. 

Since x is nonnegati ve, we reject x = - , I)" + 3 and let 

.r I(y) = J' + 3, or, equivalently, .r I(X) = J x + 3. 

Finally, we verify that (i) I - IU(X)) = x for x 111 [0,00) and (ii) 
IU - I(x)) = x for x in [ - 3, x ): 

(II I - IU(X)) = j - 1(X2 - 3) = ) (x 2 
- 3) + 3 = x 2 = x if x;:::: ° 

(iiI IU - \'()) = I(;;+3) = (v'~-+3)2 - 3 = (x + 3) - 3 = x if x;:::: - 3 

Thus, the inverse function is given by I- \'() = rx+3 for x;:::: -3. 

There is an interesting relationship between the graph of a function 
I and the graph of its inverse function I - I. We first note tha t b = I(a) is 
equivalent to a = I - I(b). These equations imply that [he point (a, b) is on 
the graph orf" if" and only iI th e point (b, a) is on [he graph of" .r I. 

As an illustration, in Example 2 we found that the functions I and 
.r I given by 

I(x) = x 2 
- 3 and!"""" \'() = .. ../x + 3 

are inverse functions of each other, provided that x is suitably restricted. 
Some points on the graph off are (0 , - 3), (I, - 2) , (2, I), and (3 , 6). Cor­
responding points on the graph of I - I are (- 3, 0) , ( - 2, I) , (1,2), and 
(6, 3). The graphs of I and I - 1 are sketched on the same coordinate plane 
in Figure 7.5. If the page is folded along the line y = x that bisects 
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quadrants I and III (as indicated by the dashes in the figure), then the 
graphs of I and 1- I coincide. The two graphs a re reflections of each other 
through the line y = x. This is typical of the graph of every function I 
that has an inverse function I - I (see Exercise 14) . 

FIGURE 7.6 

/ 
/ 

(f(b) . b) 

x 

Figure 7.6 illustrates the graphs of a n a rbitrary one-to-one function 
I and its inverse function 1- I. As indicated in the figure, (c, d) is on the 
graph of I if and only if (d, c) is on the graph of.r I . Thus, if we restrict 
the domain of I to the interval [a, b], then the domain of I - I is restricted 
to [f(a),j(b)]. If I is continuous, then the graph of I has no breaks or 
holes, and hence the same is true for the (reflected) graph of 1 - 1. Thus, 
we see intuitively that if I is continuous on [a, b], then 1 - 1 is continuous 
on [f(a),I(b)]. We can also show that if I is increasing, then so is I-I. 
These facts are stated in the next theorem. A proof is given in Appen­
dix II. 

If I is continuous and increasing on [a , b] , then I has an inverse 
function 1 -1 that is continuous and increasing on [f(a) , I(b)]. 

We can also prove the analogous result obtained by replacing the 
word increasing in Theorem (7.6) by decreasing . 

The next theorem provides a method for finding the derivative of an 
inverse function. 

If a differentiable function I has an inverse function 9 = 1- 1 and if 
f'(g(c)) -=1= 0, then 9 is differentiable at c and 

, 1 
9 (c) = f'(g(c))' 
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Corollary (7.B) 

PROOF By Definition (3.6) , 

'() I ' g(x) - g(c) 
9 c = 1m . 

x-c X - C 

Let y = g(x) and a = g(c). Since f and 9 are inverse functions of each 
other , 

and 

g(x ) = y if and only if f(y) = x 

g(c) = a if and only if f(a) = c. 

Since f is differentiable , it is continuous and hence , by Theorem (7.6), 
so is the inverse function 9 = f - 1 . Thus, if x -+ c, then g(x) -+ g(c); that 
is , y -+ a. If y -+ a, then f( y) -+ f (a) . Thus, we may write 

'() I' g(x) - g(c ) 
9 c = 1m 

x-c X - C 

I
. Y - a 

= 1m ""-:---
y-a f( y ) - f(a) 

I
. 1 

= 1m 
y - a f( y) - f(a) 

y-a 

lim f(y) - f(a) 
y- a y - a 

1 1 
f'(a) f'(g(c)) ' -

It is convenient to restate Theorem (7.7) as follows. 

If 9 is the inverse function of a differentiable function f and if 
f'(g(x))"# 0, then 

EXAMPLE 3 If f(x) = x 3 + 2x - 1, prove that f has an inverse func­
tion g, and find the slope of the tangent line to the graph of 9 at the point 
P(2 , I). 

SOLUTION Since f'(x) = 3x 2 + 2 > ° for every x , f is increasing and 
hence is one-to-one. Thus, f has an inverse function g . Since f(J) = 2, it 
follows that g(2) = I , and consequently the point P(2 , I) is on the graph 
of g. It would be difficult to find 9 using Guidelines (7.5) , because we 
would have to solve the equation y = x 3 + 2x - 1 for x in terms of y. 
However , even if we cannot find 9 explicitly , we can find the slope g'(2) 
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EXERCISES 7.1 

Exer. 1-12: Find f-'(x). 

1 I(x) = 3x + 5 

I 
3 f(x)= --

3x - 2 

3x + 2 
5 fIx) = 2x _ 5 

7 I(x) = 2 - 3x 2
, x:o; 0 

8 I(x) = 5x 2 + 2, x ~ 0 

9 I(x) = .)3 - x 

10 I(x)=.)4-x 2 ,O:o;x:o;2 

CHAPTER 7 LOGARITHMIC AND EXPONENTIAL FUNCTIONS 

of the tangent line to the graph of 9 at P(2 , 1). Thus, by Theorem (7.7), 

I 1 1 
g'(2) = 1'(g(2)) = f(l) = S· 

An easy way to remember Corollary (7.8) is to let r = f(x). If g is the 
inverse function of f, then g(y) = g(f(x)) = x. From (7.8), 

1 1 
g'(y) = 1'(g()')) = 1'(x)' 

or, in differential notation , 

dx 

dy 
(

dr) . 
dx 

This shows that, in a sense, the derivative of the inverse function 9 is 
the reciprocal of the derivative off. A disadvantage of using the last two 
formulas is that neither is stated in terms of the independent variable for 
the inverse function. To illustrate , in Example 3 let J' = x 3 + 2x - I and 
x = g()'). Then 

dx 

dy dy/dx 3x 2 + 2' 

that is, 1 1 
g'(y) = 3x2 + 2 = ~3(-g(-'y)""")2O;-+~2 . 

This may also be written in the form 

, 1 
{j (x) = 3(g(X))2 + 2' 

Consequently, to find {/(x) it is necessary to know g(x), just as in Corol­
lary (7.8). 

2 I(x) = 7 - 2x 

. I 
4 f(x) = --3 

x+ 

4x 
6 I(x)= - ' ­

x - 2 

11 f(x) = (~ + I 12 I(x) = (x 3 + 1)5 

13 fa) Prove that the linear function defined by I(x) = 
ax + b with a i= 0 has an inverse function , and find 
F\x) 

fbI Does a constant function have an inverse ') Explain. 

14 Show that the graph orr J is the reAection of the graph 
of I through the line y = x by verifying the following 
conditions: 

(i) If Pta, b) is on the graph orf, then Q(h. a) is on the 
graph orf - , . 

(ii) The midpoint of line segment PQ is on the line.r = x. 

(iii) The line PQ is perpendicula r to the line .I' = X. 
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Exer. 15-18: The graph of a one-to-one function f is 
shown in the figure. (a) Use a reflection to sketch the 
graph of f- I • (b) Find the domain a nd range of f . (e) Find 
the domain and range of f - I • 

15 

16 

17 

/ 
/ 

/ 

y 

y 

(2, -+) / 

/ 
/ 

/ 
/ 

//y = X 
/ 

/ 

/ 
/ 

/ 

/ 

/ 
/ 

/ 
/ 

/ 

/ X 

/ 
/ 

/ 
/ 

/ 
/ 

(1. ()) 

/ 
/ 

y 

/ 

/ 
/ 

/ 

y = X / 
/ 

. / (:;,2) 

x 

x 

18 

/ 
/ 
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y 

= x 
(0. I ) 

/ X 

(:;. I) 

[£] Exer. 19-20: Graph f on the given interva l. (a) Estimate 
the largest interval [a , b] with a < 0 < b on which f is 
one-to-one. (b) If 9 is the function with domain [a , b] 
such that g(x ) = f(x) for a :5 x :5 b, estimate the do­
main and range of 9 - I • 

19 f(x) = 2.lx3 
- 2.98x 2 

- 2. llx + 3; [ - I, 2J 

20 f(x) = sin (s in (1. Ix)); [ -2, 2J 

Exer. 21 - 26 : (a) Prove that f has an inverse function . 
(b) State the domain of f- I

• (e) Use Corollary (7.8) to 
find Dx f -I (X) . 

21 f(x) = ..)2x + 3 22 f(x) = {/sx + 2 

23 f(x)=4 -x2
, x~O 

24 f(x) = x2 
- 4x + S, x ~ 2 

I 
25 f(x) = - , x oF 0 

x 

26 f(x) =..)9 - x 2 , 

Exer. 27-32: (a) U se f' to prove that f has an inverse 
functi on . (b) Find the slope of the tangent line at the 
point P on the graph of f - I • 

27 f(x) = X S + 3x 3 + 2x - I ; 

28 f(x) = 2 - x - x 3 ; 

29 f(x) = -2x + (8Ix 3
), x> 0; 

30 f(x) = 4xs - ( 1/x 3
), x> 0; 

31 f(x) = x 3 + 4x - I; 

32 f(x) = x S + x; 

P(S , I ) 

P( -8,2) 

P( -3,2) 

P(3 , I ) 

P( IS,2) 

P(2, I ) 

7.2 THE NATURAL LOGARITHMIC FUNCTION 
--------------------------------------------------

In the cha pter introducti o n we ex pla ined why it is necessary to take a 
different a pproach to logarithmic and ex po nentia l functi o ns tha n tha t 
used in precalculus mathematics . At first yo u may think it stra nge to defi ne 
a logarithm ic functio n as a definite integral; however, later you will see 
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FIGURE 7.7 

Y 

F(x) = f f(t) dl 

a 

= area under the 
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that the function we obtain obeys the familiar laws of logarithms consid­
ered in precalculus courses. 

Let f be a function that is continuous on a closed interval [a, b]. As in 
the proof of Part I of the fundamental theorem of calculus (5.30), we can 
define a function F by 

F(x) = f f(t) dt 

for x in [a, b]. If f(t) ~ 0 throughout [a , b] , then F(x) is the area under 
the graph of f from a to x , as ill ustrated in Figure 7.7. For the special 
case f(t) = til , where n is a rational number and n =1= - 1, we can find an 
explicit form for F. Thus, by the power rule for integrals , 

F(x) = (x til dt = [~Jx 
J" n + 1 a 

= _ 1_ (x" + I _ a" + 1) if n =1= - 1. 
n+1 

As indicated, we cannot use 1- I = l/ t for the integrand, since 1/ (n + 1) 
is undefined if 11 = - 1. Up to this po int in our work we have been unable 
to determine an antiderivat ive of l/ x - that is , a function F such that 
F(x) = l / x. The next definition will remedy this situation. 

T he natural logarithmic function , denoted by In , is defined by 

Jx 1 
In x = - dt 

1 t 

for every x > O. 

The expression In x (read ell-en of x) is called the na tural logarithm of 
x . We use this terminology because, as we shall see , In has the same prop­
erties as the logarithmic functions studied in precalculus courses. The re­
striction x > 0 is necessary because if x .::;; 0 , the integrand l/ t has an 
infinite discontinuity between x and 1 and hence n (1 / t) dr does not exist. 

If x > 1, the definite integral n (1 It) dt may be interpreted as the area 
of the region the graph of y = l / t from 1 = 1 to { = x (see Figure 7.8(i)). 

FIGURE 7.8 

II) III) 

y y 

\' = 

In x 
- In x 

x x 
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Theorem (7.1 OJ 

If 0 < x < I , then , since 

I x 1 11 1 - dt = - - dt, 
1 txt 

the integral is the negative of the area of the region under the graph of 
y = l / t from t = x to t = 1 (see Figure 7.8(ii)). This shows that In x is 
negative for 0 < x < 1 and positive for x > 1. Also note that, by Defini­
tion (5.18), 

III 
In 1 = - dt = O. 

1 t 

Applying Theorem (5.35) yields 

Ix 1 1 
D - dt = -

x 1 t x 

for every x > O. Substituting In x for n (l / t) dt gives us the following 
theorem. 

1 
Dx In x = ­

x 

By Theorem (7.10), In x is an antiderivative of l /x. Since In x is dif­
ferentiable and its derivative I/x is positive for every x> 0, it follows 
from Theorems (3.11) and (4.13) that the natural logarithmic function is con­
tinuous and increasing throughout its domain. Also note that 

D~ In x = Dx (Dx In x) = Dx (~) = - ~2' 

which is negative for every x > 0. Hence, by (4.16) , the graph of the 
natural logarithmic function is concave downward on (0, ex)) . 

Let us sketch the graph of y = In x. If 0 < x < I, then In x < 0 and 
the graph is below the x-axis . If x > 1, the graph is above the x-axis. 
Since In 1 = 0, the x-intercept is 1. We may approximate y-coordinates 
of points on the graph by applying the trapezoidal rule or Simpson's rule . 
If x = 2, then , by Example 2 in Section 5.7, 

I ? 1 
In 2 = - - dt ~ 0.693. 

1 t 

We will show in Theorem (7.12) that if a > 0, then In a' = r In a for every 
rational number r. Using this result yields the following: 

In 4 = In 22 = 2 In 2 ~ 2(0.693) ~ 1.386 

In 8 = In 23 = 3 In 2 ~ 2.079 

In t = In r 1 = - In 2 ~ - 0.693 

In t = In 2 - 2 = - 2 In 2 ~ - 1.386 

In i = In r 3 = - 3 In 2 ~ - 2.079 
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Table C in Appendix II [ provides a list of natural logarithms of many 
other numbers , correct to three decimal places. Calculators may also be 
used to estimate values of In. 

Plotting the points that correspond to the y-coordinates we have cal­
culated and using the fact that In is continuous and increasing gives us 
the sketch in Figure 7.9. 

At the end of this section we prove that 

lim In x = 00 and lim In x = - 00 . 
x- f x-o+ 

The first of these results tells us that y = In x increases without bound 
as x -> 00 . Note, however, that the rate of change of y with respect to 
x is very smal l if x is large. For example , if x = 106 , then 

d
Y

] = ~] = ~ = 0.000001 . 
dx 106 x 106 10 

Thus, the tangent line is (/lmOSI horizontal at the point on the graph with 
x-coordinate 106

, and hence the graph is very flat near that point. The 
fact that limx _ o. In x = - co tells us that the line x = 0 (the y-axis) is a 
vertical asymptote for the graph (see Figure 7.9). 

The next result generalizes Theorem (7.10). 

If u = g(x) and g is differentiable , then 

I 
Ii) Dx In u = - D< u if g(x) > 0 

u 

PROOF 

Ii) If we let y = In u and u = y(xl, then , by the chain rule and Theo­
rem (7.10) , 

dy dy du 
D\. lnu= D\u. 

. dx du dx u 

Iii) If u > 0, then I u I = II and, by part (i) , 

I 
D, I n I u I = D\ In u = - D, u. 

u 

If u < 0, then 111 1 = - II > 0 and , by part (i), 

1 
D< In I u 1= D< In ( - u) = - D< ( - u) 

- u 

I I 
- ( - I)D\u =- D<u . _ 

II U 

In examples and exercises, if a function is defined in terms of the 
natural logarithmic function , its domain will not usually be stated expli­
citly. Instead we shalllacitly assume that x is restricted 10 values for which 
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Laws of natural logarithms (7.12) 

the logarithmic expression has meaning. Thus , in Example 1, we assume 

x2 
- 6 > 0 ; that is , 1 xl> j6. In Example 2, we assume x + 1 > 0. 

EXAMPLE 1 If f(x) = In (x 2 
- 6) , find .f'(x). 

SOLUTION Letting u = x 2 
- 6 in Theorem (7.1 1 )(i) yields 

, 2 1 2 2x 
f(x) = D, In (x - 6) = - 2-- D, (x - 6) = - 2--6' 

x - 6 x -

EXAMPLE 2 
,---- dy 

If y = In " x + I , find -, . 
ex 

SOLUTION Letting u = Fx+l in Theorem (7.11 lei) gives us 

dy d ~ 
- = - In '\Ix + 1 
dx dx 

1 d ,---- 1 -12 
= Fx+l -d Y x + 1 = Fx+l . -_? (x + I) 

x+ 1 x x+1 

1 1 1 

x + 1 2 ~ 2(x + I) 

EXAMPLE 3 If f(x) = In 14 + 5x - 2x3 1, find .f'(x). 

SOLUTION Using Theo rem (7.ll)(ii) with u = 4 + 5x - 2x 3 yields 

.f'(x) = Dx In 14 + 5x - 2x31 

3 5 - 6x 2 

-,------=------::----;;-3 Dx (4 + 5x - 2x ) = 3 ' 
4 + 5x - 2x 4 + 5x - 2x 

The next result slates that natural logarithms sa ti sfy the laws of loga­
rithms studied in precalculus mathematics courses. 

If p > ° and q > 0, then 

(i) In pq = In p + In q 

(II) In E = In p - In q 
q 

(Ill) In p' = r In p for every rational number r 

PROOF 

(i) If P > 0, then using Theorem (7.11) with u = px gives us 

1 1 1 
D, In px = - D , (px) = - p = - . 

px px x 
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Thus, In px and In x are both antideriva tives of Ilx, and hence, by 
Theorem (5.2) , 

In px = In x + C 

for some constant C. Letting x = 1, we obtain 

In p = In 1 + C. 

Since In 1 = 0, we see that C = In p, and therefore 

In px = In x + In p. 

Substituting q for x in the last equation gives us 

In pq = In q + In p, 

which is what we wished to prove. 

fiil Using the formula In p + In q = In pq with p = Ilq, we see that 

In t + In q = In G· q) = In 1 = 0 

and hence 
1 

In - =- In q. 
q 

Consequently, 

In ~ = In (p .~) = In p + In ~ = In p - In q. 
q q q 

fiii) If r is a rational number and x > 0, then, by Theorem (7.11) with 
u = x', 

Dx (In x') = - Dx (x') = - rx' - 1 = r - = - . 1 1 (I) r 
x' x' x x 

By Theorems (3. 18)(iv) and (7.7), we may also write 

Dx(rlnx)=rDx(ln x)= r = - . (I) r 
x x 

Since In x' and r In x are both a ntiderivatives of rlx, it follows from 
Theorem (5.2) that 

In x' = r In x + C 

for some constant C . If we let x = 1 in the last formula , we obtain 

In I = r In 1 + C. 

Since In 1 = 0, thi s implies that C = 0 and, therefore , 

In x'=r ln x . 

In Section 7.5 we shall extend this law to irrational exponents. _ 

As shown in the following illustration , somet imes it is convenient to 
use laws of natural logarithms before differentiating. 
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ILLUSTRATION 

J(x) 
J(x) AFTER USING 

LAWS OF LOGARITHMS J'(x) 

1 I 6x + 1 -- + -- . 3 = ----:-----:-.,...-,------:-
X + 2 3x - 5 (x + 2)(3x - 5) 

- In [(x + 2)(3x - 5)J In (x + 2) + In (3x - 5) 

- In~ 
3x - 5 

- In x + 1 

1 1 -II 
-- - -- · 3 = --___ --
x + 2 3x - 5 (x + 2)(3x - 5) 

In (x + 2) - In (3x - 5) 

5 In (x 2 + I) 
1 lOx 

5· -- ·)x=--
x 2 + 1 - x 2 + 1 

1 
"2 In (x + I) 

1 _ . _-
2 x + I 2(x + 1) 

An advantage of using laws of logarithms before differentiating may be 

seen by comparing the method of finding Dx In ~ in the preceding 
illustration with the solution of Example 2. 

In the next two examples we apply laws of logarithms to complicated 
expressions before differentiating . 

EXAMPLE 4 If I(x) = In [J 6x - 1 (4x + WJ, find 1'(x). 

SOLUTION We first write J6x - 1 = (6x - 1)1 2 and then use laws of 
logarithms (i) and (iii): 

I(x) = In [(6x - 1)1 2(4x + WJ 
= In (6x - 1}1 2 + In (4x + W 
= -t In (6x - 1) + 3 In (4x + 5) 

By Theorem (7.11) , 

{",(xl = (~ . _1_ . 6) + (3 . _ 1 - . 4) 
. :2 6x - I 4x + 5 

3 12 
=-- +--

6x - I 4x + 5 

84x + 3 

(6x - 1)(4, + 5) 

~
,2_1 dy 

EXAMPLE 5 If y = In 3 - ,-- , find - . 
r + I dx 

SOLUTION We first use laws of logarithms to change the form of y 
as follows: 

(
X2 _ I) 1 3 1 (X2 _ I) 

y=ln -- = - In --
x 2 + I 3 x 2 + I 

= Hln (x 2 
- 1) - In (x 2 + I)J 
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Next we use Theorem (7.11) to obtain 

~~ = ~ C2 ~ I . 2x - x2 ~ I . 2X) 
2x (I I) 

= 3 x 2 - I - x 2 + 1 

2x [ 2 ] 4x 
= 3 (x 2 - l)(x 2 + I) = 3(x 2 - l)(x 2 + 1)' 

Given y = f(x), we may sometimes find Dx y by logarithmic differen­
tiation . This method is especially useful if f(x) involves complicated prod­
ucts, quotients , or powers. In the following guidelines it is assumed that 
f(x) > 0; however , we shall show that the same steps can be used if 
f(x) < O. 

y = f(x) (given) 

2 In y = In f(x) (take natural logarithms and simplify) 

3 Dx [In y] = Dx [In f(x) ] (differentiate implicitly) 

1 
4 - Dx Y = Dx [In f(x)] (by Theorem (7.11)) 

y 

5 Dx y = f(x) Dx [In f(x) ] (multiply by y = f(x)) 

Of course, to complete the solution we must differentiate In lex) at 
some stage after guideline 3. If f(x) < 0 for some x, then guideline 2 is 
invalid, since In f(x) is undefined. In this event we can replace guideline 
1 by I y I = If(x) I and take natural logarithms , obtaining In I y I = In If(x) I· 
If we now differentiate implicitly and use Theorem (7.ll)(ii), we again 
arrive at guideline 4. Thus , negative values of f(x) do not change the 
outcome, and we are not concerned whether f(x) is positive or negative. 
The method should not be used to find f'(a) if f(a) = 0, since In 0 is 
undefined. 

EXAMPLE 6 f (5x - 4)3 I . h . d 'C!' .. fi d T Y = ~, use ogant mlC IlierentlatlOn to n 
'\j 2x + 1 

SOLUTION As in guideline 2, we begin by taking the natural logarithm 
of each side, obtaining 

In y = In (5x - 4)3 - In .J2x + 1 

= 3 In (5x - 4) - ~ In (2x + 1). 

Applying guidelines 3 and 4, we differentiate implicitly with respect to 
x and then use Theorem (7.8) to obtain 

~ D Y = (3 . _1_ . 5) _ (~ . _ 1_ . 2) 
y x 5x - 4 2 2x + 1 

25x + 19 

(5x - 4)(2x + I) 
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Finally, as in guideline 5, we multiply both sides of the last equation by 

J (that is. by (5x - 4)3/ Jb+'I) to get 

25x + 19 (5x - 4)3 
D . \'= ' -,---;=== 

, . (5x - 4)(2x + 1) Jb+'I 
(25x + 19)(5x - 4)2 

(2x + 1)3/2 

Wc could check this result by applying the quotient rulc to J. 

An application of natural logarithms to growth processes is given in 
the next example. Many additional applied problems involving In appear 
in other examples and exercises of this chapter. 

EXAMPLE 7 The COUI11 model is an empirically based formula that 
can be used to predict thc hcight of a preschooler. If l1(x) denotes the 
height (in centimeters) at age x (in years) for ± ::; x ::; 6. then l1(x) can 
be approximated by 

l1(x) = 70.228 + 5.104x + 9.222 In x. 

(a) Predict the height and rate of growth when a child reaches age 2. 

(b) When is the ratc of growth largest? 

SOLUTION 

(a) The height at age 2 is approximately 

17(2) = 70.228 + 5.104(2) + 9.222 In 2;:::; 86.8 cm. 

The rate of change of 17 with respect to x is 

h'(x) = 5.104 + 9.222C} 

Letting x = 2 gives us 

11 '(2) = 5.104 + 9.222(1) = 9.715. 

Hence the rate of growth on the child 's second birthday is about 9.7 cm/yr. 

(b) To determine the maximum value of the rate of growth 11 '(x) , we first 
find the critical numbers of h' . Differentiating h'(x), we obtain 

( 1) 9.222 
h"(x) = 9.222 -2 = --2- ' 

x X 

Since h"(x) is negative for every x in [t, 6J, h' has no critical numbers in 
LL 6). It follows from Theorem (4.13) that h' is decreasing on [±, 6]. Con­
sequently, the maximum value of h'(x) occurs at x = t; that is , the rate of 
growth is largest at the age of 3 months. 

We shall conclude this section by investigating In x as x --> 'Xi and as 
x --> 0 + If x > 1, we may interpret the integral S1 (1 It) dl = In x as the 
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Y 

FIGURE 7.11 

Y 
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area of the region shown in Figure 7.10. The sum of the areas of the three 
rectangles shown in Figure 7.11 is 

t+t+t= :~. 
Since the area under the graph of y = l i t from t = 1 to t = 4 is In 4, we see 
that 

In 4 > g > 1. 

It follows that if M is any positive rational number, then 

Min 4 > M, or In 4M > M. 

If x> 4M
, then since In is an increasing function , 

In x > In 4M > M. 

This proves that In x can be made as large as desired by choosing x suf­
ficiently large; that is, 

lim In x = 00 . 

To investigate the case x ~ 0 +, we first note that 

Hence 

1 
In - = In 1 - In x = 0 - In x = - In x. 

x 

lim In x = lim (-In ~). 
x-o+ x-o+ X 

As x approaches zero through positive values, l /x increases without 
bound and , therefore , so does In (l /x). Consequently, - In (l /x) decreases 
without bound ; that is, 

lim In x = - 00. 

Exer. 1-34: Findf'(x) if/Cx) is the given expression. 23 In (x+~) 24 In (x + #+1) 
26 cos (In 2x) I In (9x + 4) 2 In (x 4 + 1) 

3 In(3x2-2x+ 1) 

5 In 13 - 2x I 
7 1n 12 - 3x l5 

9 In J 7 - 2x 3 

x In x 

13 In }; +~ 

1 1 
15 - + ln -

In x x 

17 In [(5x - 7)4(2x + 3)3J 

R+1 IiPJ In -------::­
IV (9x - 4)2 

4 In (4x 3 
- x 2 + 2) 

6 In 14 - 3x I 
8 In 15x2 

- 113 

10 In 3 6x + 7 

12 In (In x) 

14 In x 3 + (In X)3 

x2 

16 -
In x 

18 In [ ~4x - 5(3x + 8)2J 

x2(2x - 1)3 o In (x + 5)2 

~ ln J4 + X,2 
4 - Xl 

25 In cos 2x 

27 In tan3 3x 

29 In In sec 2x 

31 !n lsecxl 

33 In I sec x + tan x I 

28 In cot (x 2
) 

30 In csc2 4x 

32 In Isin x I 
34 In I csc x - cot x I 

Exer. 35-38: Use implicit differentiation to find y'. 

35 3y - x 2 + In xy = 2 

~ y2 + In (x/y) - 4x = - 3 

(Jy x In y - y In x = 1 

~ y3 + x 2 In y = 5x + 3 

Exer. 39-44: Use logarithmic differentiation to find 
dy/dx. 

39 y = (5x + 2)3(6x + 1)2 
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40 Y = (X + 1)2(x + 2) 3(X + 3)4 

41 Y = J4;"+7(X - W 
42 Y = (3x 2 + 2) ) 6x - 7 

45 Find an equation of the tangent line to the graph of 
J = x 2 + In (2 x - 5) at the point P(3, 9). 

46 Find an equation of the tangent line to the graph of 
y = x + In x that is perpendicular to the line whose 

equation is 2x + 6y = 5. 

47 Shown in the figure is a graph of y = 5 In x - tx. Find 
the coordinates of the highest point , and show that the 
graph is concave downward for x > O. 

EXERCISE 47 

y 

5 

30 x 

48 Shown in the figure is a graph of J = In (x 2 + I). Find 
the points of inflection. 

EXERCISE 48 

y 

x 

49 An approximation to the age T (in years) of a female blue 
whale can be obtained from a length measurement L (in 
feet) using the formula T = - 2.57 In [(87 - L)/63]. A 
blue whale has been spotted by a research vessel, and 
her length is estimated to be 80 feet. If the maximum 
error in estimating L is ± 2 feet , use differentials to 
approximate the maximum error in T. 
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50 The Ehrenberg relation , In W = In 2.4 + 0.0184h, is an 
empirically based formula relating the height h (in centi­
meters) to the weight W (in kilograms) for children aged 
5 through 13. The formula , with minor changes in the 
constants , has been verified in mapy different countries. 
Find the relationship between the rates of change dW/dr 
and dh/dr , for time t (in years) . 

51 A rocket of mass 1111 is fi lled with fuel of mass /112, which 
will be burned at a constant rate of b kg/ sec. If the fuel 
is expelled from the rocket at a constant rate, the dis­
tance s(t) (in meters) that the rocket has traveled after t 

seconds is 

C (1111 + Ill, - bt) 5(t) = ct + - (/11 1 + 1r/ 2 - btl In -
b 1111 + /11 2 

for some constant c > O. 

(al Find the initial velocity and initial acceleration of the 
rocket. 

(bl Burnout occurs when t = /11 2/b. Find the velocity and 
acceleration at burnout. 

52 One method of estimating the thickness of the ozone 
layer is to use the formula In 11/ /0) = - PT, where 10 
is the intensity of a particular wavelength of light from 
the sun before it reaches the atmosphere, I is the inten­
sity of the same wavelength after passing through a layer 
of ozone T centimeters thick , and P is the absorption 
coefficient for that wavelength. Suppose that for a wave­
length of 3055 x 10 - 8 centimeter with p::::: 2.7 , 10/1 is 
measured as 2.3. 

(al Approximate the thickness of the ozone layer to the 
nearest 0.01 centimeter. 

(bl lf the maximum error in the measured va lue of 10/1 
is ± 0.1, use differentials to approximate the maxi­
mum error in the approximation obtained in (a). 

53 Describe the difference between the graphs of y = In (x 2
) 

and y = 2 In x . 

54 Sketch the graphs of 

(al y=ln lx l (bl y= llnx l 

o 55 Use Newton's method to approximate the real root of 
In x + x = 0 to three decimal places. 

56 Show that x > In x for every x > O. 

o 57 Let f(x) = In (x 4
) and g(x) = j;. 

(al Is f( x ) ;::: g(x) on [1 , 2J? 

(bl Is f(x) ;::: g(x) on [3, 64]7 
(el Is there a positive integer M such that f( x ) ;::: g(x) 

on [M , oo)? (Hint. Estimate limx _ oo [j(x) /g(x)].) 

o 58 (al Use the trapezoidal rule. with n = 4, to approximate 

IT In (x 2
) dx. 

(bl Estimate the error in (a) using (5.37). 
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7.3 THE NATURAL EXPONENTIAL FUNCTION 

FIGURE 7.12 

Y 

Theorem (7.14) 

Dehl tlon (7.15) 

In Section 7.2 we saw th at 

lim In x = 00 and lim In x = - 00 . 
x -o + 

These facts a re used in the proof of the following resul t. 

To every real number x there corresponds exactly one positive real 
number y such that In y = x . 

ROOF First note that if x = 0, then In I = O. Moreover, since In is an 
increasing function, I is the only value of r such that In r = O. 

If x is positive, then we may ch oose a number b such that 

In I < x < In b. 

Since In is continuous, it takes on every va lue between In I and In b (see 
the intermediate va lue theorem (2.26)). Th us, there is a number r between 
I a nd b such th at In y = x . Since In is an increasing functi on, there is only 
one such number. 

Finally, if x is nega ti ve , then there is a number b > 0 such that 

In b < x < In I, 

and , as before, there is exactly one number y between b and I such that 

In r = x. -

It follows from Theo rem (7. 14) that the range of the natural loga­
rithms is IR. Since In is an increasing functi on, it is one-to-one and there­
fore has an in ve rse fu.nction, to which we gi ve the foll owing special name. 

The natural exponential function, denoted by exp, is the inverse of 
the natural logarithmic functi on. 

The reaso n for the term exponential in this definition will become clear 
shortl y. Since ex p is the inverse of In , it s domain is IR and its range is 
(0 , x. ). Moreover, as in (7 .2) , 

y = exp x if and only if x = In )', 

where x is any real number and y > O. By Theorem (7.3), we may also 
write 

In (ex p x) = x and exp (In y) = y. 

As we observed in Secti on 7.1, if two functi ons are inverses of each 
other, then their graphs are refl ections through the line )' = x. Hence the 
graph of )' = ex p x can be obtained by refl ecting the graph of y = In x 

x through thi s line, as illustra ted in Figure 7.12. Note that 

lim ex p x = x. and lim exp x = O. 
x-- x x- - oc' 
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Definition of e 17.161 

Approximation to e 17.171 

Definition of eX 17.181 

By Theorem (7.14), there exists exactly one pOSitive real number 
whose natural logarithm is 1. This number is denoted bye. The great 
Swiss mathematician Leonhard Euler (1707 - 1783) was among the first 
to study its properties extensively. 

The letter e denotes the positive real number such that In e = 1. 

Several values of In were calculated in Section 7.2. We can show, by 
means of the trapezoidal rule , that 

f 2.7 1 f 2.8 1 
- dt < 1 < - dl. 

1 tit 

(See Exercise 25 in Section 5.7.) Applying Definitions (7.9) and (7.16) 
yields 

In 2.7 < In e < In 2.8 

and hence 

2.7 < e < 2.8. 

Later , in Theorem (7.32), we show that 

e=lim(1 + h) Lh. 
11 - 0 

This limit formula can be used to approximate e to any degree of accu­
racy . In Section 7.5 we shall obtain the following approximation to five 
decimal places. 

e :::::; 2.71828 

It can be shown that e is an irrational number. 
If r is any rational number, then 

In er=rlne = r(I) = r. 

The formula In er = r may be used to motivate a definition of eX for every 
real number x. Specifically , we shall define eX as the real number y such 
that In y = x. The following statement is a convenient way to remember 
this definition. 

If x is any real number, then 

eX = y if and only if In y = x. 

Since exp is the inverse function of In, 

exp x =.r ifand only if In y = x. 

Comparing this relationship with Definition (7.18), we see that 

eX = exp x for every x. 
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This is the reason for calling exp an exponential function and referring to 
it as the exponential function with base e. The graph of)' = eX is the same 
as that of y = exp x, illustrated in Figure 7.12. Hereafter we shall use eX 
instead of exp x to denote va lues of the nalUral exponential function. 

The fact that In (exp x) = x for every x and exp (In x) = x for every 
x > 0 may now be written as follows: 

IiI In eX = x for every x 

liil e ln 
x = x for every x > 0 

Some special cases of this theorem are given in the following illustration. 

-In e
S = 5 -In e,x + l = Fx+I -e

ln 
5 = 5 -eln, x + 1 =Fx+I -e3 In x = (eln x)3 = X3 -ek In x = (eln x)k = Xk 

A brief table of va lues of eX and e- X is given in Table B of Appen­
dix III. To approximate values of eX with a scientific calculator, we employ 
either an [2] key or the succession I 'NV I [fn xl Still another method is to use 
the [?"' key with)" = e ~ 2.71828. 

The next theorem states that the laws of exponents are true for powers 
of e. 

If p a nd q are real numbers and r is a rational number, then 

PROOF Using Theorems (7.12) and (7.19) , we obtain 

Since the natural logarithmic function is one-to-one, 

This proves (i). The proofs for (ii) and (iii) are similar. We show in Sec­
tion 7.5 that (iii) is also true if r is irrational. _ 

By Theorem (7.7) , the inverse function of a differentiable function is 
differentiable, and hence D, eX exists. The next theorem states that eX is its 
own derivative. 
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Theorem (7.22) 

PROOF By (i) of Theorem (7.19), 

In eX = x. 

Differentiating each side of this equation and using Theorem (7.11)(i) with 
u = eX gives us the following: 

Dx (In eX) = Dx (x) 

1 
- D eX = 1 eX X 

EXAMPLE 1 If f(x) = x 2eX, find f'(x). 

SOLUTION By the product rule and Theorem 7.21, 

f'(x) = x 2(Dx eX) + eX(Dx x 2) 

= x 2ex + eX(2x) = xeX(x + 2). 

The next result is a generalization of Theorem (7.21). 

If u = g(x) and 9 is differentiable, then l 

PROOF Letting y = e" with u = g(x), and using the chain rule and 
Theorem (7.21), we have 

" dy dy du " 
Dxe = dx = dudx =e Dxu . -

If u = x, then Theorem (7.22) reduces to (7.21). 

EXAMPLE 2 If y = eJx2 + 1, find dy/dx . 

SOLUTION By Theorem (7.22), 

dy =!£ e./x2+1 = e~ !£ R+1 
dx dx dx 

= e~!£ (x2 + 1)1 /2 
dx 

= e~ (t)(x2 + l) - 1/2(2x) 

Jx2 + 1 X = e . --:=== 

R+1 
xeJx2+ 1 

R+1' 



396 

FIGURE 7.13 

y 

/1 \ ) l' 

(0. I) 

1'( 

x 

CHAPTER 7 LOGARITHMIC AND EXPONENTIAL FUNCTIONS 

EXAMPLE 3 The function f defined by f(x) = e - x2 
2 occurs in the 

branch of mathematics called probabilitr. Find the local extrema of f. 
discuss concavity, find the points of inflection , and sketch the graph of f. 

SOLUTION By Theorem (7.22), 

f'(x)=e - X2/2D« _ .~2)=e -X22 ( _ 2~\)= _ xe - x2 2 

Since e- x 2 
2 is always positive, the only critical number of f is O. If x < 0, 

then f'(x) > 0, and if x> 0, then f'(x) < O. [t follows from the first deriv­
ative test that f has a local maximum at O. The maximum value is 
f(O) = e - o = 1. 

Applying the product rule to f'(x) yields 

f"(x) = -x Dx e - x 2 
2 + e - x' 2 D,. ( - x) 

= _xe - x2 2( - 2x/2) _ e- x' /2 

= e- x ' 2(X 2 _ I), 

and hence the second derivative is zero at - I and I. [f - I < x < 1, then 
f"(x) < 0 and, by (4.16), the graph of( is concave downward in the open 
interval (- 1, 1). If x < - 1 or x > I , then I "(x) > 0 and, therefore , the 
graph is concave upward throughout the infinite intervals ( - 00 , -I) and 
(I, co ). Consequently, P( -1 , e- 1 2) and Q(I, e - 12) are points of inflec­
tion. From the expression 

f(x) = \~ 2 
e' 

it is evident that as x increases numerically , I(x) approaches O. We can 
prove that lim, _ x f(x) = 0 and lim, _ _ ex I(x) = 0; that is, the x-axis is a 
horizontal asymptote. The graph of f is sketched in Figure 7.13. 

Exponential functions play an important role in the field of radio­
therapy, the treatment of tumors by radiation. The fraction of cells in a 
tumor that survive a treatment, called the surviving ji'action, depends 
not only on the energy and nature of the radiation , but also on the depth, 
size, and characteristics of the tumor itself. The exposure to radiation 
may be thought of as a number of potentially damaging events, where 
only one hit is required to kill a tumor cell. Suppose that each cell has 
exactly one target that must be hit. If f.; denotes the average target size 
of a tumor cell and if x is the number of damaging events (the dose), then 
the surviving fraction I(x) is given by 

f(x) = e - k .,. 

This is called the one-target - one hit surviving ji·action. 
Suppose next that each cell has n targets and that hitting each target 

once results in the death of a cell. In this case , the 11 target - one hit sur­
viving fraction is given by 

I(x) = 1 - (1 - e - kx
)" . 

In the next example we examine the case where 11 = 2. 
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FIGURE 7.14 
Surviving fraction of tumor cells after a 
radiation treatment 

y (surviving fraction) 

I'Olllt of 
Intlectilln 

EXAMPLE 4 If each cell of a tumor has two targets, then the two 
targe t-one hit surviving fraction is given by 

where k is the average size of a cell. Analyze the graph of I to determine 
what effect increasing the dosage x has on decreasing the surviving frac­
tion of tumor cells. 

SOLUTION First note that if x = 0, then 1(0) = I; that is , if there is no 
dose. then all cells survive. Differentiating, we obtain 

/'(x) = ° - 2(1 - e - kx
) D, (I - e - kx) 

= - 2(1 - e-kx)(ke- kx ) 

= - 2ke- kx(I _ e - kx ). 

Since {'(x) < 0 for every x > 0 and /'(0) = 0, the function I is decreasing 
and the graph has a horizontal tangent line at the point (0, I) . We may 
verify that the second derivative is 

{"(x) = 2k 1e- kx(1 - 2e- kx). 

We see that {"(x) = 0 if I - 2e - kx = 0 (that is , if e- kx = }, or, equiva­
lently, - kx = In ~ = - In 2). This gives us 

I ,,= In 2 . k . 

It can be verified that if 0::;; x < (I /k) In 2, then {"(x) < 0, and hence the 
graph is concave downward. If x> (l / k) In 2, then rex) > 0, and the 
graph is concave upward. This implies that there is a point of inflection 
with x-coordinate (I / k) In 2 . The y-coordinate of this point is 

{Gln2)=I-(I - e - 1n2
)2 

= 1 - (I - ~)2 =:i. 
The graph is sketched in Figure 7.14 for the case k = I . The shoulder on 
the curve near the point (0, I) represents the threshold nature of the treat­
ment ; that is, a small dose results in very little tumor elimination. Note 
that if x is large, then an increase in dosage has little effect on the sur­
viving fraction. To determine the ideal dose that should be administered 
to a given patient , specialists in radiation therapy must also take into 

In 2 1 2 3 x (dose) account the number of healthy cells that are killed during a treatment. 

EXERCISES 7. 3 

E xer. 1-30: Findf'(x) ifJ(x) equals the given expression. II eXI (x 2 + I) 12 x l e(X' 1 

13 (e4x _ 5)3 14 (e 3x _ e- 3x)4 

15 e l lx + (1 I eX) 16 e" +.J7 
S~ 6 I / (eX + I) eX _ e- x 

eX In x 17 18 
eX + e X 

19 e 2x In x 20 In eX 
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21 sin e5x 22 e sin 5x 

23 Incose - x 24 e - 3x cos 3x 

25 e3x tan J;: 26 sec e - 2x 

27 sec2 (e - 4X
) 28 e- x tan 2 x 

29 xeCOI x 30 In (csc e3x
) 

Exer. 31-34: Use implicit differentiation to find y' . 

31 eX)' - x3 + 3.\'2 = II 

32 xe)' + 2x - In (y + I) = 3 

33 eX cot y = xe2)' 34 eX cos)' = xe'" 

35 Find an equation of the tangellt line ·~o the graph of 
y = (x - l)eX + 31n x + 2 at the po int P(l , 2). 

36 Find an equation of the wng;rf t line to the graph of 
J = x - e- \ th a t IS parallel to the ir!le 6x - 2y = 7. 

Exer. 37-42: Find the local extrema of f. Determine 
where J is increasing or is decreasing, discuss concav­
ity, find the points of inflection, and sketch the graph 

of f. 
37 fix) = xex 

39 fix) = e l 
x 

41 fix) = x In x 

38 f(x) = x 2e - 2x 

40 fix) = xe - x 

42 fix) = (I - In\Y 

43) A radioactive substance decays according to the for­
mula q(l) = qoe- ct

, where qo is the initial amount of the 
substance, e is a positive constant. and q(l) is the amount 
remaining after time t. Show th at the rate a t which the 
substance decays is proport ional to q(l). 

44 The current I(t) at time t in an electrical circuit is given 
by I(t) = I oe - RI l L, where R is the resistance. L is the 
inductance , and l ois the current at time t = O. Show 
that the rate of change of the current at a ny time I is 
proportional to l(t). 

45 If a drug is inj ected into the bloodstream. then its con­
centration t minutes later is given by 

k 
Cit) = - - (e- hl - e - al

) 

a - b 

for positive constants a, b, and k. 

la) At what time does the maximum concentration 
occur? 

Ib) What can be said abo ut the concentration after a 
long period of time? 

46 If a beam of light that has intensity k is projected ve rti­
cally downward into water, then its intensity I(x) at a 
depth of x meters is I(x) = ke - 14x. 

la) At what rate is the intensity changi ng with respect 
to depth at I meter? 5 meters? 10 meters? 

Ib) At what depth is the intensity o ne- half its value at 
the surface? One-tenth its va lue? 
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47 The Jenss model is generally regarded as the most ac­
curate formula for predicting the height of a preschooler. 
If h(x) denotes the height (in centimeters) at age x (in 
yea rs) for ± :s; x :s; 6, then h(x) can be approximated by 

h(x) = 79.041 + 6.39x - e3261 - 099h 

(Compare with Example 7 of Section 7.2.) 

la) iJI fd ict the height and rate of growth when a child 
reaches the age of I. 

Ib) When is the rate of growth la rgest, and when is it 
smallest') 

48 For a population of female African elephants, the weight 
Wit) (in kilograms) at age I (in yea rs) may be approxi­
mated by a von Bertanlanffy growth function W such 
that 

W(t) = 2600(1 - 0.5Ie - 00751)3. 

la) Approximate the weight a nd the rate of growth of 
a newborn. 

Ib) Assuming that a n adult female weighs 1800 kilo­
grams , estimate her age and her rate of growth at 
present. 

Ie) Find and interpret lim,_ x Wit). 

Id) Show that the rate of growth is largest between- the 
ages of 5 years and 6 years. 

49 Gamma distributions , which are important in traffic 
control studies and probability theory , are determined 
by fix) = eXile - aX for x > 0, a positive integer n , a posi­
tive constant a, and e = a" + 1/ 11 1. Shown in the figure 
are graphs corresponding to a = I for n = 2, 3, and 4. 

la) Show that f has exactly o ne local maximum. 

Ibl If n = 4, determine where fix) is increasing most 
rapidly. 

EXERCISE 49 

Y 

0.30 

0.20 

0.10 

1/ 

2 

2 

4 6 8 10 x 

50 The relative number of gas molecules in a container 
that travel at a velocity of l' cm/sec can be computed 
by means of the M aXlVell- Bolt zmann speed disl rihUl ion. 

, 
I 
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F(u) = cv 2e - m v2
/(2kT), where T is the temperature (in OK) , 

m is the mass of 'a molecule, and c and k are positive 
constants, Show that the maximum value of F occurs 

when v = .J2kT/m, 

51 An urban density model is a formula that relates the 
population density (in number/mi2) to the distance r 
(in miles) from the center of the city, T L ,rmula 
D = ae - bd

,,2, where a, b, and c are positive constants, 
has been found to be appropriate for certain cities, 
Determine the shape of the graph for r ~ 0. 

52 The effect of light on the rate of photosynthesis can be 
described by 

fix) = xae(alb)(l - x b
) 

for x > ° and positive constants a and b. 

fa) Show that f has a maximum at x = 1. 

fb) Conclude that if Xo > ° and Yo > 0, then g(x) = 

yof(x/xo) has a maximum g(xo) = )'0' 

53 The rate R at which a tumor grows is related to its size 
x by the equation R = rx In (K /x), where rand K are 
positive constants. Show that the tumor is growing most 
rapidly when x = e- I K. 

54 If P denotes the selling price (in dollars) of a commodity 
and x is the corresponding demand (in number sold 
per day), then the relationship between P and x may be 
given by p = Poe - ax for positive constants Po and a. 
Suppose p = 300e - O

.
02x

, Find the selling price that will 
maximize daily revenues (see page 228), 

55 Tn statist ics the probability density function for the 
norma l distribution is defined by 

1 2 2 f(x) = -- e : I with 
(J.j2; 
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for real numbers p and (J > ° (p is the mean and (J2 is 
the variance of the distribution) , Find the local extrema 
of f, and determine where f is increasing or is decreas­
ing . Discuss concavity, find points of inflection, find 
limx_ 00 f(x) and limx __ 00 f(x) , and sketch the graph of 
f (see Example 3), 

o 56 The integral S~ e- x2 dx has applications in statistics, 
Use the trapezoidal rule , with n = 10, to approximate 
this integral if a = ° and b = I. 

57 Nerve impulses in the human body travel along nerve 
fibers that consist of an axon, which transports the im­
pulse , and an insulating coating surrounding the axon, 
called the myelin sheath (see figure). The nerve fiber 
is similar to an insulated cylindrical cable, for which 
the velocity v of an impulse is given by v = 

-k(r/R)2 In (r/R) , w. ~re r is the radius of the cable and 
R is the insulation radius, Find the value of r/R that 
maximizes v, (In most nerve fibers r/ R ~ 0,6.) 

EXERCISE 57 Myelin sheath 

58 Sketch the graph of the three target - one hit survi~ing 
fraction (with k = 1) given by f(x) = 1 - (1 - e - x )3 (see 
Example 4), 

o Exer. 59-60: Use Newton's method to approximate the 
real root of the equation to two decimal places. 

60 x In x = I 

-- --------------,----
We may use differentiation formulas for In to obtain formulas for integra­
tion, In particular , by Theorem (7,11), 

Dx In I g(x)1 = g(~)g'(X) ' 

which gives us the integration formula 

f g/X) g'(x) dx = In I g(x) I + C. 

This is resta ed in the next theorem in terms of the variable u, 
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Theorem (7.23) 

CHAPTER 7 LOGARITHMIC AND EXPONENTIAL FUNCTIONS 

If u = g(x) -1= ° and g is differentiable , then 

f ~ du = In I u 1+ C. 

Of course, if u > 0, then the absolute value sign may be deleted. A special 
case of Theorem (7.23) is 

f ~ dx = In I x I + c. 

EXAMPLE 1 f x 
Eva luate ? dx. 

3x - - 5 

SOLUTION Rewriting the integral as 

f x f I 3 ? 5 dx = 3- ?- - xdx x- - .X-- - 5 

suggests that we use Theorem(7.23)with u = 3x 2 - 5. Thus , we make the 
substitution 

II = 3.\"2 - 5, dll = 6xdx. 

Introducing a fact or 6 in the integrand and using Theorem (7.23) yie ld s 

f x I f I I f I 3 2 dx = 6 2 6x dx = - du 
x - 5 3.\" - 5 6 u 

= ~ In 111 1 + C = i In 13x 2 
- 51 + c. 

Another technique is to replace the expression x dx in the integral by ~ du 
and then integrate. 

EXAMPLE 2 f 4 I 
Eva luate 9 dx. 

2 - 2x 

SOLUTION Since I (9 - 2x) is continuous on [2 , 4J , the definite in­
tegral exists. One method of evaluation consists of using an indefinite 
integral to find an a ntiderivative of 1/ (9 - 2x). We let 

II = 9 - 2x , 

and proceed as follow s: 

dll =- 2dx 

f I I f I 
9 - 2x dx = - "2 9 _ 2x (- 2) dx 

If 1 I = - "2 ~ du = - 2 In I u I + C 

= - t ln I9 - 2x l+ C 
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Applying the fundamental theorem of calculus yields 

f 9 ~ 2x dx = -~ [In 19 - 2x II 
= -t(ln 1 - In 5) = t In 5. 

Another method is to use the same substitution in the dejinire integral 
and change the limits of integration. Since u = 9 - 2x, we obtain the 
following: 

til If x = 2, then u = 5. 

Iii) If x = 4, then u = 1. 

Thus , 

I 4 _ _ 1_ dx = - I I-+ __ 1_ ( - 2) dx 
2 9 - 2x 2 2 9 - 2x 

I 1 1 [ Jl = - I.I du = - - In I u I 
2 0 u 2 5 

= - i (ln 1 - ln5) =t ln5. 

S~ EXAMPLE 3 Evaluate - - dx. 
x 

SOLUTION Two possible substitutions are u = ~ and u = In x. If 
we use 

then 

u = In x, 
I 

du = - dx, 
x 

S J ln x S ~ 1 s ? U
3

/
2 

-- dx = "In x . - dx = u l
/ - du = - + C 

x x 3/ 2 

= ~ (ln X) 3 2 + c. 

The substitution u = ~ could also be used; however , the algebraic 
manipulations would be somewhat more involved. 

The derivative formula Dx efllx) = e!J( X)y '(x) gives us the following inte­
gration formula for the natural exponential function: 

S e9IX )y '(x) dx = e9(X) + C 

This is restated in the next theorem in terms of the variable u. 

If u = g(x) and 9 is differentiable, then 

L 
S e" du = e" + C. 



402 CHAPTER 7 LOGARITHMIC AND EXPONENTIAL FUNCTIONS 

As a special case of Theorem (7.24), if u = x, then 

f eX dx = eX + c. 

EXAMPLE 4 Evaluate 

f 
e3 /x 

la) 7 dx f
2 e3/x 

Ib) - 2 dx 
I X 

SOLUTION 

la) Rewriting the integral as 

f e3/x f 1 
- , dx = e3 

X - dx 
x- x 2 

suggests that we use Theorem (7.24) with u = 3/x. Thus, we make the 
substitution 

3 
U= ­

x' 

3 
du = - dx. 

x 2 

The integrand may be written in the form of (7.24) by introducing the 
factor - 3. Doing this and compensating by multiplying the integral by 
-t, we obtain 

= -t fell du 

= -te" + C 

= - te3 
X + c. 

Ib) Using the antiderivative found in (a) and applying the fundamental 
theorem of calcu lus yields 

f 2 e 3/x dx = _ 1 [ e3 xJ2 
I x 2 3 I 

= _t(e3 /2 - e3) :::::; 5.2. 

We can also evaluate the integral by using the method of substitution. 
As in (a) , we let u = 3/x , du = (- 3/x 2

) dx , a nd we note that if x = 1, then 
u = 3, and if x = 2, then u = 1. Consequently , 

The integral S eax dx , with a =1= 0, occurs frequently. We can show that 
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either by using Theorem (7.24) or by showing that (l /a)etlX is an antideriva­
tive of eax 

- f e3x 
dx = te

3x + C 

_ fe - xdx=-e - x+C 

- f e - 5x dx = - ~e - 5x + C 

In the next example we solve a differential equation that contains ex­
ponential expressions. 

EXAMPLE 5 Solve the differential equation 

dy ? . - = 3e- x + 6e - 3 ., 

dx 

subject to the initial condition y = 4 if x = O. 

SOLUTION As in Example 6 of Section 5.1, we may multiply both sides 
of the equation by dx and then integrate as follows: 

dy = (3e 2x + 6e - 3x ) dx 

fdY = f(3e 2X + 6e - 3x
) dx = 3 f e2x dx + 6 f e- 3x dx 

)" = 3(t)e2x + 6( - .\ )e - 3X + C 

= 1e2x - 2e - 3x + C 

Using the initial condition .I" = 4 if x = 0 gives us 

4 = ~eo - 2eo + C = 1- 2 + C. 

Hence C = 4 -1 + 2 = i, and the solution of the differential equation is 

EXAMPLE 6 Find the area of the region bounded by the graphs of 

the equations y = eX, y = x, x = 0, and x = 1. 

SOLUTION The region and a typical rectangle of the type considered 
in Chapter 6 are shown in Figure 7.15. As usual, we list the following: 

width of rectangle: dx 

length of rectangle: eX - \ X 

area of rectangle: (eX - \- x) dx 

We next take a limit of sums of these rectangular areas by applying the 
operator Jb: 

fOI (eX - j;) dx = fOI (eX - Xl 2) dx 

= [ex - tx3 
2 J ~ = e - S ~ 1.05 
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Theorem (7.25) 
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In Chapter 5 we obtained integration formulas for the sine and cosine 
functions. We were unable to consider the remaining four trigonometric 
functions at that time because, as indicated in the next theorem, their 
integrals are logarithmic functions. In the theorem we assume that u = g(x) , 
with 9 differentiable whenever the function is dehned. 

(il f tan u du = -In I cos ul + C 

(ii I f cot u dl( = In I sin ul + C 

(iiil f sec u du = In I sec u + tan u I + C 

(ivl f csc u du = In I csc u - cot ul + C 

PROOF It is sumcient to consider the case u = x, since the formu las 
for II = g(x) then follow from Theorem (5.7). 

To hnd S tan x dx , we hrst use a trigonometric identity to express tan x 
in terms of sin x and cos x as follows: 

f f sin x fl. tan x dx = -- dx = Sll1 X dx 
cos x cos x 

The form of the integrand on the righ t suggests that we make the 
substitution 

L' = cos x , dl' = - sin x dx . 

This gives us 

f tan x dx = - f ~ dv. 

If cos x -# 0, then, by Theorem (7.11 )(ii), 

f tan x dx = - In I r I + C = - In I cos x I + C. 

A formula for J cot x dx may be obtained in similar fashion by hrst 
writing cot x = (cos x) (sin x). 

To find a formula for J sec x dx, we begin as follows: 

f f sec x + tan x 
sec x dx = sec x dx 

sec x + tan x 

f sec1 x + sec x tan x 
= dx 

sec x + tan x 

f 1 , 
= - - (sec x tan x + sec- x) dx 

sec x + tan x 

Using the substitution 

e = sec x + tan x , de = (sec x tan .Y + sec 2 x) dx 
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gives us 

I sec x dx = I ~ dv 

= In \ v\ + C 

= In \ sec x + tan x \ + C. 

A similar proof can be given for (iv). -

If we use cos u = I/sec u, sin u = \/csc u, and In (1 / [;) = -In r , then for­
mulas (i) and (ii) of Theorem (7.25) can be written as follows: 

I tan u du = In \ sec u \ + C 

I cot u du = - In \ esc u \ + C 

EXAMPLE 7 Evaluate I x cot x2 dx. 

SOLUTION To obtain the form Scot u du, we make the substitution 

du = 2x dx. 

We next introduce the factor 2 in the integrand as follows: 

I x cot x 2 dx = 1 I (cot x 2 )2x dx 

Since II = x2 and du = 2x dx, 

f., cot x2 dx = 1 I cot u du = 11n \ sin u \ + C 

= 11n \ sin x 2
\ + C. 

EXAMPLE 8 Evaluate tan - dx. S
n 2 X 

o 2 

SOLUTION We make the substitution 

x 
U= -

2 ' 
1 

du = 2" dx . 

and note that 1I = 0 if x = 0, and u = n/4 if x = n/2. Thus , 

rrr 2 X rn 2 x 1 
Jo tan "2 dx = 2 Jo tan "2 . 2" dx 

= 2 Ion .. tan II du = 2[ln sec IIJ:4. 
In this, case we may drop the absolute value sign given in Theo­
rem (7.25)(iii), since sec u is positive if u is between 0 and n/4. Since 

In sec (n/4) = In ,,fi = 1 1n 2 and In sec 0 = In 1 = 0, it follows that 

S
n 2 X 1 

tan dx = 2 . -In 2 = In 2 ::::::: 0.69. 
022 
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EXERCISES 7.4 

Exer. 1-36: Evaluate the integral. / 

1 lal I _ I_ dx 
2x + 7 

f I Ibl --dx 
- 2 2x + 7 

2 lal I _ I_ dx 
4 - 5x 

r 1 Ibl --dx 
- 14- 5x 

I 4x I 2 4x 3 tal x2 _ 9 dx IbJ - 2--9 dx I x -

I 3x 4 tal - 2-- dx 
x + 4 

I 2 3x Ibl --- dx 
I x2 + 4 

SIal I e- 4x dx Ibl II
3 

e- 4 x dx 

6 lal I x2e3xJ dx Ibl II2 x2e3xJ dx 

("~ tal I tan 2x dx f iB Ibl 0 tan 2x dx 

EXAMPLE 9 Evaluate f e2x sec e2x dx. 

SOLUTION We let 

du = 2e2x dx 

and proceed as follows : 

f e2x sec e2x dx = t f (sec e2X)2e2x dx 

= t f sec u du 

= t In I sec u + tan u I + C 

= t In I sec e2x + tan e2x I + C 

EXAMPLE 10 Evaluate f(csc x - 1)2 dx. 

SOLUTION 

f (csc x-l)2 dx = f (csc2 X - 2 csc x + 1) dx 

= f csc2 
X dx - 2 f csc x dx + f dx 

= -cot x - 21n I csc x - cot x I + x + C. 

We shall discuss additional methods for integrating trigonometric ex­
pressions in Chapter 9. 

lal I cot tx dx f 9"/4 8 Ibl cot tx dx 
3"12 

9 lal I esc tx dx i 5"/3 Ibl " esc tx dx 

10 lal I sec 3x dx S"/12 Ibl 0 sec 3x dx 

I x - 2 x3 

11 dx 12 I -4-- dx 
x2 - 4x + 9 x - 5 

I (x + 2)2 d (2 + In X)IO 
13 --- x 14 I x dx x 

I In x 
15 --;- dx I 1 16 --- dx 

x(ln X)2 

17 I(x + e5x) dx 
e../x 

18 I Fx dx 
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I 3 si n x 
II 

sec2 x 
19 dx 20 dx 

I + 2 cos x + ta n x 

(eX + 1)2 eX 
21 I dx 22 I ' dx eX rex + 1)-

eX _ e - X eX 
23 I dx 24 I -- dx eX + e- X e-' + I 

I cot if; I eXt I + ta n e-') dx 25 if;i dx 26 
J x2 

27 I I -- dx 
cos 2x 

28 I (x + csc 8x) dx 

I tan e - 3X 
I eCO' X sin x dx 29 ]x dx 30 

e 

I cos
Z 

x I ta n
2 

2x 31 --dx 32 - - -dx 
sin x sec 2x 

I cos x sin x 
33 Z dx 

cos x - I 
34 I (ta n 3x + sec 3x) dx 

35 I(I + secx/dx 36 I cSc x ( l - cscx) dx 

,/ Exer. 37- 38 : Find the area of the region bounded by 
the gra phs of the given equations. 

J' = 0, x = 0, x = In 3 

38 Y = 2 ta n x , )' = 0, x = 0, x = IT/4 

Exer. 39-40: Find the volume of the solid generated if 
the region bounded by the graphs of the equations is 
revolved about the indicated axis . 

~ y = e- xl
, x = 0, X = I , y = 0; y-ax is 

40 y = sec x, x - - IT/ 3, x = IT/ 3, )' = 0; x-ax Is 

Exer. 41 - 44: Solve the differential equation subject to 
the given conditions . 

~ y'= 4ezx + 3e - 2x ; y=4 ifx=0 
./ 

42 y' =3e4X _8e- 2x; y= - 2ifx=0 

~ )' '' =3e- x; y= - l and y' = lifx=O 

44 y " = 6e 2
'; )' = - 3 a nd y ' = 2 if x = 0 

Exer. 45 - 46: A nonnegative function f defined on a 
closed interval [a, b] is called a probability density func­
tion if S~ f(x) dx = 1. Determine c so that the resulting 
function is a probability density function. 

~ 
C 'I: 

\ 45 I(x) = -,-' -
"-- x- + 4 

fo r 0 ~ x ~ 3 

46 I(x) = cxe - x
' for 0 ~ x ~ 10 

47 A culture of bacteri a is growin g a t a ra te of 3eo z, per 
ho ur, with I in ho urs a nd 0 ~ I ~ 20. 

407 

How many new bacteria will be in the culture a fter 
the first five hours? 

How many new bacteria a re introduced in the sixth 
through the fo urteenth hours? 

Fo r approximatel y what va lue of t will the culture 
conta in 150 new bacteria? 

If a savings bond is purchased fo r $500 with interes t 
co mpo unded co ntinuously at 7% per yea r, then a fter f 

years the bo nd will be wo rth 500eO .0 7 1 doll a rs. 

Approxima tel y when will the bo nd be wo rth $ 1000? 

Approxima tely when will the value of the bond be 
growing a t a rate of $50 per year? 

4 The specific hea t c of a metal such as sil ver is consta nt 
at temperatures T above 200 oK . If the temperature of 
the metal increases from T 1 to T 2, the area under the 
curve y = ci T from T I to T z is called the change in 
entrOpy ,1.S , a measurement of the increased molecula r 
diso rder of the system. Ex press ,1.S in terms of TI a nd 

T z· 

51 The 1952 ea rthquake in Assam had a magnitude of 8.7 
o n the Richter scale- the largest ever reco rded . (The 
October 1989 San Francisco earthqua ke had a magni ­
tude of 7.1.) Seismologists have determined tha t if the 
la rgest earthqu a ke in a given yea r has magnitude R, then 
the energy £ (in jo ules) released by a ll eart hq uakes in 
tha t yea r ca n be es timated by using the fo rmul a 

£= 9.13 x lO ll IoR el.l 5 ·< dx . 

Find £ if R = 8. 

5 [n a circuit containing a 12-vol! ba ttery, a res isto r, a nd 
a capacitor , the current I(t ) at time t is predicted to be 
I(t ) = 10e - 41 a mperes. If Q(t) is the charge (in coulombs) 
o n the capacito r, then I = dQ/dt. 

If Q(O) = 0, find Q(t) . 

Find the cha rge on the capacito r after a long period 
of time . 

5 A co untry that presentl y has coa l rese rves of 50 millio n 
to ns used 6.5 million to ns las t yea r. Based o n po pula­
tio n projections, the ra te of consumption R (in millio n 
to ns/ yea r) is expected to increase acco rding to the fo r­
mul a R = 6.5eo.021

, where I is the time in years . If the 
co untry uses only its ow n resources , es tim ate how many 
yea rs the coal rese rves will las t. 

53 A very sma ll spherical particle (o n the o rder of 5 micro ns 
in dia meter) is projected into still a ir with a n initi a l ve­
locity of vo m/sec, but its velocity decreases beca use of 
drag forces. It s velocity after I seco nds is given by 
v(l ) = voe - I

/
k fo r some pos iti ve constant k. 
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raj Express the distance that the particle travels as a 
function of t. 

o Exer. 55-56: If T 2 and T , are approximations of a def­
inite integral obtained by using the trapezoidal rule with 
n = 2 and n = 4, respectively, then it can be shown that 
R = H 4T, - T , ) is usually a better approximation. Find 
T 2, T" T l o' and R for the given integral, and decide 
whether R or T

I O 
is the better approximation. 

rb) The stopping distance is the distance traveled by the 
particle before it comes to rest. Express the stopping 
distance in terms of ro and /.;. 

54 If the temperature remains constant, the pressure p and 
volume r of an expanding gas are related by the equa­
tion pv = k for some constant k. Show that the work 
done if the gas expands from ro to r I is k In (r I luo)· (i-/ illl : 

55 fol e - x
' dx ~ 0.746824 

56 f (In X)2 dx ~ 0.188317 
See Example 5 of Section 6.6.) 

7.5 GENERAL EXPONENTIAL AND LOGARITHMIC FUNCTIONS 

Definition of aX (7.26) 

ILLUSTRATION 

Laws of exponents (7.27) 

Throughout this section a will denote a positive real number. Let us begin 
by defining aX for every real number x. If the exponent is a rational num­
ber r, then applying Theorems (7.19)(ii) and (7.12)(iii) yields 

This formula is the motivation for the following definition of aX. 

for every a > 0 and every real number x 

_ (±},3 = e,31 1l(I / Z) ~ e - I.zo ~ 0.3 

[ff(x) = aX, then f is the exponential function with base a. Since eX is 
positive for every x. so is cr'. To approximate values of aX, we may use a 
calculator or refer to tables of logarithmic and exponential functions. 

It is now possible to prove that the law of logarithms stated in Theo­
rem (7.12)(iii) is also true for irrational exponents. Thus, if u is any real 
number, then , by Definition (7.26) and Theorem (7.19)(i), 

I n aU = In eU III a = U I n a. 

The next theorem sta tes that properties of rational exponents from 
elementary algebra are also true for real exponents. 

Let a > 0 and b > O. If u and v are any real numbers , then 

(ab)U = aUbU 

aU aU _ = aU - V 

a'· bU 
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FIGURE 7.16 
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PROOF To show that a"a" = (1" + ', we use Definition (7.26) and Theo-
rem (7.20)(i) as follows: 

== eulna+r ln (j 

== e(U + l') Ina 

To prove that (a")" = (1'11, we first use Defi nition (7.26) with (I" in place 
of a and v = x to write 

Using the fact that In a" = 11 In a and then applying Definition (7.26), we 
obtain 

The proofs of the remaining laws are similar. _ 

As usual , in part (ii) of the next theorem. 11 = g(x) , where g IS 

differentiable. 

(i) D x aX = (r' In a (ii) Dx a" = (a" In a) Dx 11 

PROOF Applying Definition (7.26) and Theorem (7.22), we obtain 

Dx cr' = Dx eX 11111 = eX 11111 Dx (x In 0) = eX 11111(ln a). 

Since eX 11111 = aX, this gives us formula (i): 

Dx cr' = cr' In a 

Formula (ii) follows from the chain rule. _ 

Note that if a = e, then Theorem (7.28)(i) reduces to (7.21) , Sll1ce 
In e = I. 

- D , Y= YIn 3 

_ Dx 3'x = (3'X In 3) D, 
( 

I ) 3'"' In 3 x=(3'Xln3) = --=-
2,x 2 J; 

_ D, IOsil1x = (IO,iI1X In 10) D, sin.\" = (IO,iI1X In 10) cos x 

If a> I, then In a > 0 and, therefore, D, (r' = aX In a > O. Hence cr' is 
increasing on the interval (- %, x ) if a > I. 

If 0 < a < I, then In a < 0 a nd D , cr' = cr' In a < O. Thus, cr" is de­
creasing for every.\" if 0 < a < I. 

The graphs of.l' = Y and r = (1)x = 2- x arc sketched in Figures 7.16 
and 7.17 (on the following page). The graph of y = (r' has the general 
shape illustrated in Figure 7.16 or 7.17 if (/ > I or 0 < a < I, respectively. 
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If u = g(x), it is imporlant to distinguish between expressions of the 
form a" and ua. To differentiate a", we use (7.28); for ua the power rule must 
be employed, as illustrated in the next example. 

EXAMPLE 1 Find y' if y = (x 2 + 1)1 0 + IOx2
+ 1. 

SOLUTION Using the power rule for functions and Theorem (7.28), we 
obtain 

y' = 1O(x2 + 1)9(2x) + (lOx2+ 1 In 10)(2x) 

= 20x[(x 2 + 1)9 + lOx2 In 10]. 

The integration formula in (i) of the next theorem may be verified by 
showing that the integrand is the derivative of the expression on the right 
side of the equation. Formula (ii) follows from Theorem (7.28)(ii), where 
u = g(x). 

Iii) fall du = C~ a)a
u + c 

EXAMPLE 2 Evaluate 

la) f Y dx Ib) f x3(x 2
) dx 

SOLUTION 

la) Using (i) of Theorem (7.29) yields 

f Y dx = Cnl 3) Y + C. 

Ib) To use (ii) of Theorem (7.29), we make the substitution 

du = 2x dx 

and proceed as follows: 

f x3(x 2
) dx = ~ f 3(X2)(2x) dx = ~ f 3U du 

= ~ (_1_)311 + C = (_I_)3(X2) + C 
2 In 3 2 In 3 

EXAMPLE 3 An important problem in oceanography is determining 
the light intensity at different ocean depths. The Beer-Lamhert law states 
that at a depth x (in meters), the light intensity I(x) (in calories/cm 2/ sec) is 
given by I(x) = l oa·", where 10 and a are positive constants. 

la) What is the light intensity at the surface') 

Ib) Find the rate of change of the light intensity with respect to depth at 
a depth x. 
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Definition of log" x (7.30) 

leI If a = 0.4 and 10 = 10, find the average light intensity between the 
surface and a depth of x meters. 

Idl Show that I(x) = l oekx for some constant k. 

SOLUTION 

lal At the surface, x = 0 and 

1(0) = 10ao = 10 . 

Hence the light intensity at the surface is 10 . 

Ibl The rate of change of l(x) with respect to x is 1'(x) . Thus, 

1'(x) = 10(a X In a) = (In a)(loaX
) = (In a)l(x). 

Hence the rate of change 1'(x) at depth x is directly proportional to I(x), 
and the constant of proportionality is In a. 

leI If l(x) = 10(0.4)X, then , by Definition (5.29), the average value of I on 
the interval [0, 5] is 

l av = ~O rs 10(0.4Y dx = 2 rs 
(O.4y dx 

5 - Jo Jo 

_ [I xJS _ 2 5 0 
- 2 In (0.4) (0.4) 0 - In (0.4) [(0.4) - (0.4) ] 

_ - 1.97952 ~ 6 
- ~ 2.1 . 

In (0.4) 

Idl Using Definition (7.26) yields 

where k = In a. 

If a i= I and f(x) = aX, then f is a o ne-to-one function. Its inverse func­
tion is denoted by log" and is called the logarithmic function with base a. 
Another way of stating this relationship is as follows. 

I y = loga x if and only if x = aY 

The expression log" x is called the logarithm of x with base a. In this 
terminology , natural logarithms are logarithms with base e; that is, 

In x = loge x. 

Laws of logarithms similar to Theorem (7.12) are true for logarithms with 
base a. 

To obtain the relationship between log" and In , consider y = log" x, or , 
equivalently, x = a.\'. Taking the natural logarithm of both sides of the last 
equation gives us In x = y In a, or y = (In x) / (ln a). This proves that 

In x 
log" x = - - . 

In a 
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Differentiating both sides of the las t equati on leads to (i) of the nex t theo­
rem. Us ing the chain ru le and generalizing to abso lute va lues as in Theo­
rem (7. 11 ) gives us (ii l, where u = g(x). 

.1 IT _-=- (In x) J _1 .~ --' (. Dx 10 0 a x - Dx I I 
_I na n a x 

. (In I u I) 1 I ' 
(iI) Dx log" I u I = Dx -1- = -I - ' - Dx U 

nan a U 

_ Dx log2 X = D, ( In x) = 1 . 1 = 1 
. In 2 In 2 x (In 2)x 

_2 _ ( In lx2- 9 1) _ 1 . 1 . __ 2x 
- D, log2 I·x - 9 1- D, - In- 2- - In 2 x2 _ 9 2.\ - (In 2)(x 2 - 9) 

Logarithms with base 10 are useful for ce rta in applica tions (see Exe r­
cises 48 51 and 53). We refer to such loga rithms as common logarithms 
and use the symbol log x as an abbrevia tion for logl o x. T his nota tion is 
used in the nex t example. 

EXAMPLE 4 Irl(x) = log ~(2x + 5)2 , fi nd f'(x). 

SOLUTION We fi rst write I(x) = log (2x + 5)2 3 The law log ur = 

r log u is true only if u > 0; however, since (2x + 5)2 3 = 12x + 5 123 , we 
may proceed as foll ows: 

Differentiating yields 

I(x) = log (2x + W 3 

= log 12x + 5 12 3 

= ~ log 12x + 5 1 

2 In 12x + 5 1 
3 In 10 

. 2 1 I 4 
f'{x)=_· - '-- (2) = ~ 
. 3 Inl O 2x+5 3(2x+ 5)lnI 0 

ow that we have defi ned irra tional ex ponents, we may co nsider the 
general power function I given by I(x) = X C for any rea l number c. If c is 
irra ti onal, then, by defi nition, the domain of I is the se t of pos iti ve rea l 
numbers. Us ing Definiti on (7.26) and Theorems (7 .22) and (7 .11 )( il, we 
have 

Dx X C = Dx ee lnx = e e ln x Dx (c In x) 
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Theorem 17 .32) 

This proves that the power rule is true for irrational as well as rational 
exponents. The power rule for functions may also be extended to irrational 
exponents. 

_ D«X,Z)=JiX,Z - l 

- D x (I + eZT = n(1 + e2x)" - 1 Dx (1 + e2x
) 

= n( 1 + e2 -")" - I (2e 2X) = 2ne 2X( 1 + e2.\)" - 1 

EXAMPLE 5 [f y = x-< and x > 0, find D< y. 

SOLUTION Since the exponent in XX is a variable, the power rule may 
not be used . Similarly, Theorem (7.28) is not applicable, since the base a 
is not a fixed real number. However, by Definition (7.26), XX = eX In x for 
every x > 0, and hence 

Dx (:c<) = Dx (eX In X) 

= ex1nx D< (x In xl 

= xX(1 + In x). 

Another way of solving this problem is to use the method of loga­
rithmic differentiation introduced in the preceding section. [n this case we 
take the natural logarithm of both sides of the equation y = XX and then 
differentiate implicitly as follows: 

In y = In x-< = x In x 

DX (In y) = D< (x In xl 

1 
- D X )' = 1 + In x 
y 

Dx y = y( 1 + In x) = xX(1 + In x) 

We shall conclude this section by expressing the number e as a limit. 

III lim (1 + h)l /h = e 
Ii-O 

( I)" liil lim 1 + - = e 
n- 00 n 

PROOF Applying the definition of deri va tive (3.5) to I(x) = In x and 
using laws of logarithms yields 

f
'( I' I n (x + h) - I n x ,Ix + h 

x) = lin = 11m - In --
II ~ O h II ~ O h x 

= lim ~ In (I +~) = lim In (I + ~)I II 
II ~o h x 11 - 0 x 
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Since f'(x) = l /x, we have , for x = 1, 

1 = lim In (l + 17)1 II. 
1I -0 

We next observe , from Theorem (7.19), that 

(1 + 17)1 /11 = e l n (I + 11)' ". 

Since the natural exponent ia l function is continuous at 1, it follows from 
Theorem (2.25) that 

lim (I + hr /II = lim [eln(I+h)I"] 

Jr-O 11-0 

rlim In (I+ II) "' 1 1 
= e "-0 = e = e. 

This establishes part (i) of the theorem . The limit in part (ii) may be ob­
tained by introducing the change of variable n = 1/ 17 with 17 > o. _ 

The formulas in Theorem (7.32) are sometimes used to define the num­
ber e. You may find it instructive to calculate (I + 17)1 II for numerica ll y 
small values of h. Some approxima te va lues are g iven in the following 
table . 

h (1 + h)' /h h (1 + h)' /h 

0.01 2.7048 14 - 0.01 2.73 1999 
0.00 1 2.7 16924 - 0.001 2.7 19642 
0.0001 2.718146 - 0.0001 2.7 184 18 
0.00001 2.718268 - 0.00001 2.7 18295 
0.000001 2.7 18280 - 0.000001 2.7 18283 

To five decimal places , e ~ 2.71828. 

Exer. 1-26: Find rex) if f(x) is the given expression. 25 raj ee rb) x 5 rc) X,5 rd) (/5r rei xiX 2) 

' t Y 

3 8x2 + 1 

s log (x 4 + 3x 2 + I ) 

7 53x-4 

9 (x 2 + I)IO' /x 

11 log (3x 2 + 2)5 

1

6X + 4 1 13 logs --
2x - 3 

5 log In x 

24 (cos 2x)"' 

16 1nlogx 

19 (x + I)' 

22 4 'c< 3x 

2 5- x 

4 9' x 

6 log3 16x - 7 1 

8 )1 - x' 

10 (I OX + 10 - X) 1 0 

12 Iog-,Jx2 + 1 

14 log 121 ~ ;:31 

23 X,an 
X 

26 raj nIT rb) X4 rc) x IT rd) 7r:' 

Exer. 27-42: Evaluate the integral. 

27 raj I y dx rb) f2 Ydx 

28 raj Iy dx rb) f, Y dx 

29 ra)I5 -lx dx rb) f S-2x dx 

30 raj I 23
x- 1 dx rb) f', 23x -1 dx 

31 I 103x dx 32 IS 5x dx 

33 I x(rX' ) dx 34 
(2' + 1)2 

I 2X dx 
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Y Y 
35 f~dx 36 f dx 

2x + I .Jy + 4 

37 f I - - dx 
x log x 

10'x 
38 f - dx 

J; 

f3 cOS X sin x dx 
stan x 

39 40 f - dx 
COS

2 x 

41 (al f n" dx (bl f X4 dx 

(el f x" dx (dl f nX dx 

42 fal fe e dx (bl f x 5 dx 

(el f X~ 5 dx (dl f(J5r dx 

43 Find the area of the region bounded by the graphs of 
y = 2\ x + y = I , a nd x = 1. 

44 The region under the graph of y = 3 - x from x = I to 
x = 2 is revolved about the x-axis. Find the volume of 
the resulting solid. 

45 An economist predicts that the buying power 8(t) of a 
dollar t years from now will decrease according to the 
formula 8(t) = (0.95)'. 

(al At approximately what rate will the buyi ng power be 
decreasing two years from now? 

(bl Estimate the average buyin{f power of the dollar ove r 
the next two years. 

46 When a person takes a I OO-milligram tablet of an asthma 
drug orally, the rate R at which the drug enters the 
bloodstream is predicted to be R = 5(0.95)' mg/ min. If 
the bloodstream does not contain any trace of the drug 
when the tablet is taken, determine the number of min­
utes needed for 50 milligrams to enter the bloodstream. 

47 One thousand trout, each one year old, are introduced 
into a large pond. The number sti ll a live after t years is 
predicted to be N(l) = 1000(0.9)'. 

fal Approximate the death rate dN /dl at times t = 1 and 
t = 5. At what rate is the population decreasing when 
N = 500? 

fbI The weight W(l) (in pounds) of an individual trout is 
expected to increase according to the formula W(t) = 

0.2 + 1.51. After approximately how many years is 
the tota l number of pounds of trout in the pond a 
maximum? 

48 The vapor pressure P (in psi), a measure of the vo latility 
of a liquid , is related to its temperature T (in OF) by the 
Antoine equation: log P = a + [b/ (c + T)] , for constants 
(1 , b, a nd c. Vapor pressure increases rapidly with an 
increase in temperature. Find conditions on a, b, and c 
that gua rantee that P is an increasing function of T. 

49 Chemists use a number denoted by pH to describe quan­
titatively the acidity or basicity of solutions. By defini­
tion, pH = - log [H +] , where [H +] is the hydrogen ion 
concentration in moles per liter. For a certain brand of 
vinegar it is estimated (with a maximum percentage error 
of ± 0.5%) that [H +] ~ 6.3 x 10 - 3 Calculate the pH 
and use differentials to estimate the maximum percent­
age error in the calculation. 

50 The magnitude R (on the Richter scale) of an earthquake 
of intensity I may be found by means of the formula 
R = log (1 /10), where 10 is a certain minimum intensity. 
Suppose the intensity of an earthquake is estimated to 
be 100 times 10 . If the maximum percentage error in 
the estimate is ± I %, use differentials to approximate 
the maximum percentage error in the calculated value 
of R. 

51 Let R(x) be the reaction of a subject to a stimulus of 
strength x. For example, if the stimulus x is saltiness (in 
grams of salt/ liter), R(x) may be the subject's estimate of 
how salty the solution tasted on a sca le from 0 to 10. A 
function that has been proposed to relate R to x is given 
by the Weber-Fechner formula: R = a log (x/xo), where a \ 
is a positive constant. 

fal Show that R = 0 for the threshold ~timulus x = xo · 

fbI The derivative S = dR/dx is the sensitivity at stimu-
lus level x and measures the ability to detect small 
changes in stimulus level. Show that S is inversely 
proportional to x, and compare S(x) to S(2x). 

52 The loudness of sound, as experienced by the human ear, 
is based on intensity level. A formula used for finding 
the intensity level rJ. that corresponds to a sound intensity 
I is rJ. = 10 log (1 /10) decibels, where lois a special value 
of I agreed to be the weakest sound that can be detected 
by the ear under certain conditions. Find the rate of 
change of rJ. with respect to I if 

fal I is 10 times as great as 10 

fbI I is 1000 times as great as 10 

fel I is 10,000 times as great as 10 (This is the intensity 
level of the average voice.) 

53 lfa principal of P dollars is invested in a savings account 
for c years and the yearly interest rate r (expressed as 
a decimal) is compounded n times per year, then the 
amount A in the account after t years is given by the 
compound interest formula: A = P[ I + (r/n)],". 

fal Let h = r/n and show that 

In A = In P + rt In (l + h)l /h 

fbI Let n -> CIJ and use the expression in part (a) to es­
tablish the formula A = Pert for interest compounded 
continuously. 

54 Establish Theorem (7.32)(ii) by using the limit in part (i) 
and the change of variable n = l / h. 
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5. Prove that lim,, _> [I + (x /I)]" = eX by letting h = x/n 
and using Theorem (7.32)(i). 

Estimate th e x-coo rdinate of the point of intersection 
of the graphs. 

o By letting h = 0.1, 0.0 I, and 0.00 I, predict which of the 
following expressions gives the best approximation of e 
for small values of h: 

(I + h)I /I', (I + h + /i l )I". (I + h + i hl)1 I, 

o 57 Graph, on the same coordinate axes , )' = 2 -x and 
y = logl .\". 

7.6 LAWS OF GROWTH AND DECAY 

If the region R bounded by the graphs and the line 
x = I is revolved about the x-axis. set up an integral 
that can be used to approximate the volume of the 
resulting solid. 

II Use Simpson's rule, with 11 = 4, to approximate the 
integral in (b). 

Suppose that a physical quantity varies with time and that the magnitude 
of the quantity at time r is given by q(t) , where q is differentiable and 
q(t) > ° for every I. The derivative q'(I) is the rate of change of q(t) with 
respect to time. In many applications this rate of change is directly pro­
portional to the magnitude of the quantity at time r: that is, 

q'(r) = cq(t) 

for some constant c. The number of bacteria in certain cultures behaves 
in this way. If the number of bacteria q(r) is small , then the rate of increase 
q'(t) is small ; however , as the number of bacteria increases , the rate of 
increase also increases. The decay of a radioactive substance obeys a 
simi lar law: as the amount of Illatter decreases, the rate of decay- that 
is, the amount of radiation also decreases. As a final illustration, sup­
pose an electrical condenser is allowed to discharge. If the charge on the 
condenser is large at the outset, the rate of discharge is a lso large , but as 
the charge weakens , the condenser discharges less rapidly. 

In applied problems the equation q'(t) = cq(t) is often expressed in 
terms of differentials. Thus, if y = q(t) , we Illay write 

dy 
dt = cr, or dy = cy dr. 

Dividing both sides of the last equation by y , we obtain 

1 
- dl' = edt. y . 

Since it is possible to separate the variables .I' and r-in the sense that they 
can be placed on opposite sides of the equals sign-the differential equa­
tion dy/dt = cy is a separable differential equation. We will study such 
equations in more detail later in the text and will show that so lutions can 
be found by integrating both sides of the "separated" equation (I /y) dy = 

c dr. Thus, 

and, assuming)' > 0 , 

f ~ dy = f c dt 
y 

In J = ct + d 
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for some constant d. [t follows that 

If )'0 denotes the initial value of y (that is, the value corresponding to 
t = 0), then letting t = 0 in the last equation gives us 

and hence the solution.\' = eilec1 may be written 

)' = JoeC1
• 

We have proved the following theorem. 

Let y be a differentiable function of t such that y > 0 for every t, 
and let Yo be the value of J' at t = O. If dy/dt = cy for some constant 
c, then 

y = yoeC1
• 

The preceding theorem sta tes that iJthe rate olchanqe olJ = q(t) with 
respect to t is directly proporlionallo J. then J may he expressed in terms 
qlan exponelltialjilllction. If J increases with t , the formula y = yoeC1 is a 
law of growth , and if y decreases . it is a law of decay. 

E The number of bacteria in a culture increases from 600 to 
1800 In two hours. Assuming that the rate of increase is directly pro­
portional to the number of bacteria present , find 

la) a formula for the number of bacteria at time 1 

Ib) the number of bacteria at the end of four hours 

I I ITlr ... I 

la) Let J = q(t) denote the number of bacteria after 1 hours. Thus , 
Yo = q(O) = 600 and (/(2) = 1800. By hypothesis , 

dy 
- = cy. 
dt 

Following exact ly the sa me steps used in the proof of Theorem (7.33), we 
obtain 

Since J' = 1800 when t = 2, we obtain the following equivalent equations: 

1800 = 600e 2c
, 3 = e2c

, eC = 3' 2. 

Substituting for eC in J' = 600e" gives us 

J = 600(3' 2)', or y = 600(3)' /2. 

Ib) Letting t = 4 in )' = 600(3)' 2 yields 

y = 600(3)+ 2 = 600(9) = 5400. 
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EXAMPLE 2 Radium decays exponentially and has a half-life of ap­
proximately 1600 years; that is , given any quantity , one-half of it will dis­
integrate in 1600 years. 

lal Find a formula for the amount y remaining from 50 milligrams of pure 
radium after t years. 

Ibl When will the amount remaining be 20 milligrams? 

SOLUTION 

lal If we let y = q(t) , then 

Yo = q(O) = 50 and q(l600) = ~(50) = 25. 

Since dy/dt = cy for some c, it follows from Theorem (7.33) that 

y = 50ec1 . 

Since y = 25 when t = 1600, 

25 = 50e1600c, or el600c = 1-
Hence 

eC = (~)1 / 1600 = 2 - 1/1600. 

Substituting for eC in y = 50ec1 gives us 

y = 50(rl /1600)', or y = 50(2) - 1/1600. 

Ibl Using y = 50(2) - 1/1600, we see that the value of t at which y = 20 is a 
solution of the equation 

20 = 50(2) - 1/1600, or 21 /1600 = 1-
Taking the natural logarithm of each side, we obtain 

or 

t 5 
-- In 2 = In~ 
1600 2' 

1600 In ~ 
t= ::::0 21l5yr. 

In 2 

EXAMPLE 3 Newton's law of cooling states that the rate at which an 
object cools is directly proportional to the difference in temperature be­
tween the object and the surrounding medium. If an object cools from 
125 OF to 100 OF in half an hour when surrounded by air at a temperature 
of 75 OF, find its temperature at the end of the next half hour. 

SOLUTION Let y denote the temperature of the object after t hours of 
cooling. Since the temperature of the surrounding medium is 75°, the dif­
ference in temperature is y - 75, and hence , by Newton's law of cooling, 

dy 
- = c(y - 75) 
dt 
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for some constant c. We separate variables and integrate as follows: 

1 
--dy = edt 
y - 75 

I _ I - dy = Ie dl 
J' - 75 

In (.I' - 75) = et + b 

for some constant b. The last equation is equivalent to 

Since J' = 125 when t = 0, 

125 - 75 = ebeO = eO, or eO = 50. 

Hence 

y - 75 = 50ect , or y = 50ecr + 75. 

Using the fact that J' = 100 when t = ~ leads to the following equi­
va lent equat ions: 

100=50ec2 +75, eC !2=~g=~, eC = ± 

Substituting ± for eC in y = 50e" + 75 gives us a formula for the tempera­
ture after t hours: 

y = 50(±)r + 75 

In particular, if I = 1, 

J' = 50(±) + 75 = 87.5 F. 

In biology , a function G is sometimes used as follows to estimate the 
size of a quantity at time I: 

G(t) = ke( - Ae - /j,) 

for positive constants k , A, and B. The function G is called a Gompertz 
growth function . It is a lways positive and increasing, but has a limit as t 
increases without bound. The graph of G is called a Gompertz growth 
curve. 

EXAMPLE 4 
function G. 

Discuss and sketch the graph of the Gompertz growth 

SOLUTION We first observe that the y-intercept is G(O) = ke - A and 
that G(t) > 0 for every t. Differentiating twice, we obtain 

G'( t) = ke( - Ae - n,) Dr ( _ Ae - Br) 

= ABke( - IJr - Ae - B ,) 

G"(t) = ABke( - lJr - Ae- B,) Dr ( - Bl - Ae - lJr ) 

= ABk( - B + ABe - Br)e - lJr - Ae- B, 
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Since G'(t) > 0 for every t , the function G IS IncreaSIng on [0, CJJ ). The 
second derivative G"(t) is ze ro if 

- B + ABe - B' = 0 or eBI = A. 

Solving the last equation for t gives us t = (I /B) In A, which is a critical 
number for the function G'. We leave it as an exercise to show that at this 
time the rate of growth G' has a maximum value Bk/e. We can also show 
that 

lim G'(t) = 0 and lim G(c) = k. 

Hence, as c increases without bound, the rate of growt h approaches 0 and 
the graph of G has a horizontal asymptote), = k. A typical graph is 
sketched in Figure 7.18. The point P on the graph, corresponding to t = 

(I /B) In A, is a point ofinftection, and the concavity changes from upward 
to downward at P. 

In the next example we consider a physical quantity that increases to 
a maximum value and then decreases asymptotically to O. 

EXAMPLE 5 When uranium disintegrates into lead , one step in the 
process is the radioactive decay of radium into radon gas. Radon gas 
enters homes by diffusing through the soil into basements, where it pre­
sents a health haza rd if inhaled. If a quantity Q of radium is present ini­
tially , then the amount of radon gas present after t years is given by 

('IQ 
A(t) = (e - C1 I 

_ e- C2 1
), 

C2 - C 1 

where ('1 = -doo In 2 and ('2 = 0.0\05 In 2 are the decay constants for ra­
dium and radon gas , respectively. 

la) Find the amount of radon gas present initially and after a long period of 
time. 

Ib) When is the amount of radon gas greatest? 

SOLUTION 

la) The initial amount of radon gas is 

c1Q 0 0 A(O) = (e - e ) = O. 
C2 - ('1 

If we let t increase without bound , then 

c1Q 
lim A(c) = lim (e - C 1I 

_ e- C21
) 

C2 -C1 (-+'Y.J 

Hence, over a long period of time, the amount of radon gas decreases to 
O. 
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fbI To find the critical numbers of A , we differentiate , obtaining 

Thus , A'{!) = 0 if 

It follows that 

or t = In ('2 - In ('I . 

C2 - C 1 

This value of I yie lds the maximum value of A. Substituting the gIven 
va lues for C 1 and C 2 gives us the approximation 

EXERCISES 7.' 

The number of bacteria in a culture increases from 5000 
to 15,000 in 10 hours. Assuming that the rate of increase 
is proportional to the number of bacteria present. find 
a formula for the number of bacteria in the culture at 
any time I. Estimate the number at the end of 20 hours. 
When will the number be 50.000') 

2 The polonium isotope 2 10 pO has a half-life of approxi­
mately 140 days. If a sample weighs 20 milligrams ini­
tially, how much remains after t days? Approximately 
how much will be left after two weeks ? 

3 If the temperature is constant. then the rate of change 
of barometric pressure p with respect to altitude h is 
proportional to p. If p = 30 in. at sea level and p = 

29 in. when h = 1000 ft , find the pressure at an altitude 
of 5000 feet. 

4 The population of a city is increasing at the rate of 50
0 

per year. If the present population is 500,000 and the 
rate of increase is proportional to the number of people, 
what will the population be in 10 years') 

5 Agronomists use the assumption that a quarter acre of 
land is required to provide food for one person and esti­
mate that there are 10 billion acrcs of tillable land in 
the world. Hence a maximum population of 40 billion 
people can be sustained if no other food source is avail­
able. The world population at the beginning of 1980 was 
approximately 4.5 billion. Assuming that the population 

t::::; O.lSI year::::; 66 days. 

increases at a rate of 2% per year and the rate of increase 
is proportional to the number of people, when wi ll the 
maximum population be reached? 

6 A metal plate that has been heated cools from 180 F 
to 150 OF in 20 minutes when surrounded by air at a 
temperature of 6Q °F. Use Newton's law of cooling (see 
Example 3) to approx imate its temperature at the end 
of one hour of cooling. When will the temperature be 
100 F') 

r 

7 An outdoor thermometer ~sterL1L temperature of 
40 F. Five minutes after it is brought into a room where 
the temperature is 70 F. the thermometer registers 60 OF. 
When will it register 65 ' F') 

8 The rate at which salt dissolves in water is directly pro­
portional to the amount that remains undissolved. If 
10 pounds of salt are placed in a container of water and 
4 pounds dissolve in 20 minutes , how long will it take 
for two more pounds to dissolve') 

9 According to Kirchhoff's first law for electr ical circuit s, 
V = RI + L(dI/dt), where the constants V. R , and L 
denote the electromo tive force , the resistance , and the 
inductance, respectively, and 1 denotes the current at 
time (. If the electromotive force is terminated at time 
t = 0 and if the current is 10 at the instant of removal , 
prove (hat 1 = l oe - R1 t 
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10 A physicist finds that an unknown radioactive substance 
registers 2000 counts per minute on a Geiger counter. 
Ten days later the substa nce registers 1500 counts per 
minute . Approximate its half-life. 

II The air pressure P (in atmospheres) at an elevation of z 
meters above sea level is a solution of the differential 
equa tion d P/dz = - 9.81 p(z) , where p(z) is the density 
of air at elevation ::. Assuming that air obeys the ideal 
gas law, this differential equation can be rewritten as 
dP/dz = - 0.0342P/ T, where T is the temperature (in 
OK) at elevation z. If T = 288 - O.Olz and if the pressure 
is 1 atmosphere at sea level, express P as a function of:: . 

12 During the first month of growth for crops such as maize, 
cotton , and soybeans, the rate of growth (in grams/day) 
is proportional to the present weight W . For a species 
of cotton, dW/dl = 0.21 W. Predict the weight of a plant 
at the end of the month (t = 30) if the plant weighs 70 
milligrams at the beginning of the month. 

13 Radioactive strontium-90, 90Sr, with a half-life of 29 
years, can cause bone cancer in humans. The substance 
is carried by acid rain , soaks into the ground, and is 
passed through the food chain. The radioactivity level 
in a particular field is estimated to be 2.5 times the safe 
level S. For approximately how many years will this field 
be contaminated? 

14 The radioactive tracer 51 Cr, with a half-life of 27.8 days , 
can be used in medical testing to locate the position of 
a placenta in a pregnant woman. Often the tracer must 
be ordered from a medical suppl y lab. If 35 units are 
needed for a test and delivery from the lab requires two 
days, estimate the minimum number of units that should 
be ordered. 

15 Veterinarians use sodium pentobarbital to anesthetize 
animals. Suppose that to anesthetize a dog , 30 milli­
grams are required for each kilogram of body weight. If 
sodium pentobarbital is eliminated exponentially from 
the bloodstream and half is eliminated in four hours , 
approximate the single dose that will anesthetize a 20-
kilogram dog for 45 minutes. 

16 In the study of lung physiology, the following differential 
equation is used to describe the transport of a substance 
across a capillary wall: 

dh V ( h ) 
dr = - (2" k + h ' 

where h is the hormone concentration in the blood­
stream , t is time , V is the maximum transport rate , Q 
is the volume of the capillary, and k is a constant that 
measures the affinity between the hormones and en­
zymes that assist with the transport process. Find the 
general solution of the differential equation. 

17 space probe is shot upward from the earth . If air resi s-
tance is disregarded , a differential equation for the ve-
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locity after burnout is v (dv/dy) = _ky - 2, where y is the 
distance from the center of the earth and k is a positive 
constant. If Yo is the distance from the center of the earth 
at burnout and vo is the corresponding velocity, express 
vas a function of y. 

18 At high temperatures , nitrogen dioxide , N0 2 , decom­
poses into NO and O 2 , If y(l) is the concentration of 
N0 2 (in moles per liter), then, at 600 OK , y(t) changes 
accord ing to the second-order reaction law dy/dt = 

- 0.05 y2 for time t in seconds. Express y in terms of t and 
the initi a l concentration Yo' 

19 The technique of carbon-14 dating is used to determine 
the age of archeological or geological specimens. This 
method is based on the fact that the unstable isotope 
carbon-14 e4C) is present in the CO 2 in the atmosphere. 
Plants take in carbon from the atmosphere; when they 
die , the 14C that has accumulated begins to decay , with 
a half-life of approximately 5700 years. By measuring 
the amount of 14C that remains in a specimen , it is pos­
sible to approximate when the organism died . Suppose 
that a bone fossil contains 20% as much 14C as an equal 
amount of carbon in present-day bone. Approximate the 
age of the bone . 

20 Refer to Exercise 19. The hydrogen isotope fH, which 
has a half-life of 12.3 years, is produced in the atmo­
sphere by cosmic rays and is brought to earth by rain . 
If the wood siding of an o ld house contains 10% as much 
fH as the siding on a similar new house, approximate 
the age of the old house. 

21 The earth's atmosphere absorbs approximately 32% of 
the sun's incoming radiation. The earth also emits ra­
diation (mostly in the form of heat) , and the atmo­
sphere absorbs approximately 93% of this outgoing 
radiation. This difference in absorption of incoming 
and outgoing radiation by the atmosphere is called the 
greenhouse effect. Changes in this balance will affect the 
earth's climate. Suppose J 0 is the intensity of the sun's 
radiation and J is the intensity of the radiation after 
traveling a distance x through the atmosphere. If p(h) 
is the density of the atmosphere at height h, then the 
optical thickness is [(x) = k H p(h) dh, where k is an ab­
sorption constant , and J is given by J = Joe-f(X). Show 
that d/ /dx = - kp(x) I. 

22 Certain learning processes may be illustrated by the 
graph of [(x) = a + b(l - e- CX

) for positive constants a, 
b, and c. Suppose a manufacturer estimates that a new 
employee can produce five items the first day on the job. 
As the employee becomes more proficient , the daily pro­
duction increases until a certain maximum production 
is reached. Suppose that on the nth day on the job, the 
number [ (n) of items produced is approximated by the 
formula [(n) = 3 + 20(1 - e - Oln

). 



7.7 REVIEW EXERCISES 

(al Estimate the number of items produced on the fifth 
day, the ninth day, the twenty-fourth day, and the 
thirtieth day. 

(bl Sketch the graph of f from 11 = 0 to 11 = 30. (Graphs 
of this type are called ieamil1g curves and are used 
frequently in ed ucation and psychology.) 

(cl What happens as 11 increases without bound? 

23 A spherical cell has volume V and surface area S. A 
simple model for cell growth before mitosis assumes that 
the rate of growth d V/dt is proportional to the surface 
area of the cell. Show that dV/dt = k V 2

/
3 for some k > 0, 

and express V as a function of 1. 

7.7 REVIEW E>,5ERC ISES 

Exer. 1-2: Find f-I(X). 

1 f(x) = 10 - 15x 2 f(x) = 9 - 2X2, x:s; 0 

Exer. 3-4: Show that the function f has an inverse func-
tion, and find[D -1(x)lx=(I for the given number a. 

3 x:) = 2x3 - 8x + 5, - I :s; x :s; I ; a = 5 

4 f(x) = e3x + 2ex 
- 5, x ~ 0; a = - 2 

Exer. 5-38: Find f'(x) if f(x) is the given expression. 

5 In 14 - 5x 3 15 6 In Ix 2 _ 71 3 

7 (l - 2x) In II - 2x I 8 log I ~ = ~~ I 
(3x + 2)4)6x - 5 {;!;s 9 In 10 In 4 ---

8x - 7 3x + 5 

In x 
11 

In (2x 2 + 3) 
12 

e2x + 1 

x in x eln (x 2+ 1) 13 14 15 
in x x 

16 in e'x 17 In (e4.< + 9) 18 4v'2X+3 

19 IOXlogx 20 53x + (3X)5 21 J ln p 

22 (I + p)e 23 x 2 e- x2 
2 - 3x 

24 
x 3 + 4 

25 Je 3X + e 3x 26 (x 2 + If' 27 lOin x 

28 71n Ixl 29 xln x 30 (In x) ln x 

31 In I tan x - sec x I 32 In csc p 

33 csc e - 2x cot e - 2x 34 x2etan 2x 

35 In cos4 4x 36 3 sin 3x 

37 (s in x)COS x 38 
sin 2 e- 3x 
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24 In Theorem (7.33) we assumed that the rate of change 
of a quantity q(t) at time t is directly proportional to 
q(t). Find q(t) if its rate of change is directly proportional 
to [q(t)]Z. 

25 Refer to Example 4. 

(al Verify that Bk/e is a maximum value for G'. 

(bl Show that Iim,_ x G'(t) = 0 and lim,_ro G(t) = k. 

(cl Sketch the graph of G if k = 10, A = 2, and B = I . 

e£] 26 Graph the Gompertz growth function G on the interval 
[0, 5J for k = 1.1 , A = 3.2, and B = 1.1. 

Exer. 39-40: Use implicit differentiation to find y'. 

39 1 +xy=eXY 40 In(x+y)+x 2 -2y3= 1 

Exer. 41-42: Use logarithmic differentiation to find 
dyjdx. 

42 Y = Y/(3x - I)J2x + 5 

Exer. 43-78: Evaluate the integral. 

I r I 43 (al f ~dx (bl ~dx 
x e' x I X e' x 

44 (al f e - 3X+2dx (bl fOI e - 3x +2 dx 

45 (al f x4 - X2dx f 2 (bl 0 x4 - x dx 

x 2 + 1 f 2 x
2 

+ I 46 (al f - 3--dx (bl -3-- dx 
x + 3x I X + 3x 

47 f x tan x 2 dx 48 f cot (x + i) dx 

49 f x e dx 50 f I --dx 
7 - 5x 

I 1 
51 f dx 52 f - dx 

x - x in x x in x 

53 
(l + ex )2 

f e2x dx 54 
(e2x + e3x)2 

f e5x dx 

x 2 
f x

2 
+ 1 55 f - dx 56 --dx 

x+2 x+1 

e4/x2 e l /x 

57 f - dx 58 f - 2 dx x 3 X 

f X 
5x 3 

59 dx 60 f - 4-- dx 
X4 + 2X2 + 1 x + I 
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eX 
I(l + e 3x)2 dx 61 I --- dx 6 

I + eX 

63 I 5X
e
X dx 64 IxIOIX ') dx 

65 I I 
xJlog x 

dx 66 IY~dx 

67 I e - X sin e - X dx 68 Ita n x e<CC x sec x dx 

, f cos x + sin x 
II 

csc- x 
69 dx 70 . dx 

+ cot .\: SIl1 x - cos x 

II 

cos 2x 
I3'(3 + sin 3') dx 71 dx 72 

- 2 sin 2x 

73 I eX tan eX dx I sec (1 /x) 
74 2 dx 

x 

75 I (cSc3x+ 1)2dx 76 I cos 2x csc 2x dx 

I (cot 9x + csc 9x) dx I si n x + 1 
77 78 !Ix 

cos x 

79 Solve the differentia l eq ua ti o n y" = _e- 3x subject to 
the co nditi o ns J = - I a nd y' = :2 if x = o. 

80 In seasollal popularioll yroll'lil, the population '1(1) at 
time I (in years) increases during the spring and summer 
but decreases during the fall a nd winter. A differenti a l 
equat ion that is so metimes used to describe thi s type of 
growt h is '1'(1) Ci(I) = k sin :27!1, where k > 0 and 1 = 0 
correspo nds to the first day of spring. 

lal Show th at th e population q(l) is seasona l. 

lbl If Cio = q(O), find a formula for '1(1). 

81 A particle moves on a coordi nate line with an accelera­
tion at time c of e' 2 cm sec2 At I = 0 the particle is at 
the o rigin a nd it s ve loci ty is 6 cm/sec . How far does it 
travel during the lime interva l [0,4J? 

82 Find the local extrema of f(x) = x 2 In x for x > O. Dis­
cuss concavity, find the po ints of inflection, and sketch 
the graph of f. 

83 Find an eq uation of the tangent line to the gra ph of the 
eq ua ti o n y = xe 1 x' + In 12 - x 2 1 at the poi nt P(I , e). 

84 Find the area o f the region bounded by the grap hs of 
the equations.\" = e2x

, .r = x (.\2 + I), x = 0, a nd .\ = I. 
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85 The region bounded by the grap hs of.\" = e~X, x = - 2. 
x = - 3, a nd .r = 0 is revolved about the x-axis. Find 
the volume o f the resulting so lid . 

86 The 1980 po pulation est ima te fo r Indi a was 651 million , 
a nd the po pulati o n has been increas ing at a rate of about 
20

0 per yea r , with the rate of increase proportional to 
the number of people. If I denotes the time (in years) 
after 1980, find a formula for N(t), the population (in 
millions) at time I. Assuming that thi s ra pid growth rat e 
con tinues, es timate the population a nd the rate of popu­
la ti on growth in the year 2000. 

87 A radioactive substa nce has a ha lf-life of 5 days. How 
long will it ta ke for a n a mo unt A to disintegrate to the 
extent that only 10

0 o f A remains? 

88 The carbon-14 dating equation T = -83 10 In x is used 
to predict the age T (in yea rs) o f a fossil in terms of the 
percentage 100x of carbon still present in the specimen 
(see Exercise 19 , Section 7.6). 

lal If x = 0.04. estimate the age o f the fossil to the 
nea rest 1000 years. 

lbl if the maximum erro r in est ima ting x in part (a) 
is ± 0.005. use differentials to approximate the maxi­
mum erro r in T. 

89 The rate at which suga r dissolves in water is propo r­
ti o na l to the amount that rema ins undisso lved. Suppose 
that 10 pounds of suga r are placed in a container ofwa­
ter at I :00 P .M. , and o ne-h a lf is dissolved at 4:00 P.M. 

lal H ow lo ng will it take two mo re pounds to dissolve') 

lbl H ow much of the 10 pounds will be dissolved at 
8:00 P.M. ? 

90 According to Newton's law of cooling, the rate at which 
an object cools is directly proportional to the difference 
in temperature betwee n the object a nd its surrounding 
medium. If f(t) denotes the temperature at time t , show 
that f(t) = T + [.f(0) - TJe - k

', where T is the temper­
a ture of the surrounding medium and k is a positive 
constant. 

9 The bacterium E. coli undergoes ce ll di vision approxi­
mately every 20 minutes. Starting wi th 100,000 cells , 
determine the number of ce ll s a ft er 2 hours. 

92 The differential equa tion p dr + Cl' dp = 0 describes the 
ad iabatic cha nge of state of a ir for pressure p, volume 
l' , a nd a co nstant c. Solve for fI as a function of ['. 


