Course Instructor: Dr A. 1. Sulyman

e TABLE 3.1: PROPERTIES OF CONTINUOUS-TII\;[E tF OURIER SERIES

Property Section Periodic Signal Fourier Series Coefficients
x(t)| Periodic with period T and ay
y(t) | fundamental frequency wo = 27/T by
Linearity 3.5.1 Ax(t) + By(1) Aay + Bb, .
Time Shifting 3.5.2 x(t — o) - age ke = gk
Frequency Shifting Mol x(1) = eM2ITY x(1) Q-
Conjugation 3.5.6 x*(1) a’,
Time Reversal 3.5.3 x(=1) a-i
Time Scaling 354 x(eet), @ > 0 (periodic with period T/c) ay
Periodic Convolution J x(T)y(t = m)dT Tayby
T
+eo
Multiplication 3.55 x(H)y(t) > abg
[=—
<& - dx(t . 5 AT
Differentiation df:) Jkwoay = Jk—j—,—ak
—— J ! @ dt (finite valued and 1 1
x a; = |- a
AERERE . periodic only if 2 = 0) Tkao )™ T \ Gk )™
Il ay = a‘_k
Refar} = Refa—i}
Conjugate Symmetry for 3.5.6 x(#) real Im{a} = —9Im{a_}
Real Signals la] = la-i|
La; = — a4
Real and Even Signals 3.5.6 x(¢) real and even a; real and even
Real and Odd Signals 356 x(#) real and odd a; purely imaginary and odd
Even-Odd Decomposition [x,(t) = &v{x(1)} [x(1)real] Re{ay}
of Real Signals * Lxo() = 0dla(}  [x() real] jomiai}

Parseval’s Relation for Periodic Signals

% L [x(0fdr = i lasf*
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Course Instructor: Dr A. I. Sulyman

e TABLE 3.2: PROPERTIES OF DISCRETE-TIME FOURIER SERIES

Property Periodic Signal Fourier Series Coefficients
x[n] | Periodic with period N and ay | Periodic with
y[n] } fundamental frequency wo = 27/N by } period N

Linearity Ax[n] + By[n] Aa; + Bby

Time Shifting x[n — no) aye /KMo

Frequency Shifting eIM@mINM 3 [ 1] Ghitr

Conjugation x'[n] a-,

Time Reversal x[—n] a_y

) . x[n/m), if nis a multiple of m 1 [viewed as periodic
vz HeRloE Faoln] = { 0, if n is not a multiple of m m (with. period mN )

Periodic Convolution
Multiplication
First Difference

Running Sum

Conjugate Symmetry for
Real Signals

Real and Even Signals
Real and Odd Signals

Even-Odd Decomposition
of Real Signals

(periodic with period mN)
> alrlyln =1

)

x[n]y[n]

x[n] — x[n — 1]

i K] (finite valued and periodic only)
ft ifap =0

x[n] real

x[n] real and even
x[n] real and odd

{ x.[n] = &{x[n]} [x[n] real]
x,[n] = Od{x[n]} [x[n]real]

Nakbk

> ab

1=(N)
(1 _ e—jk(Zw/N))ak

ap = a-,
Refa} = Refai}
Im{ay} = —Im{ai}
laa] = la_d
<)Zak = —<)ia_k
ay real and even
a, purely imaginary and odd
Refas}
jgmiai}

Parseval’s Relation for Periodic Signals

LS P = S (b

n=(N) k=(N)
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Course Instructor: Dr A. I Sulyman

+ TABLE 4.1: PROPERTIES OF THE FOURIER TRANSFORM

Section Property Aperiodic signal Fourier transform
x(t) X(jo)
y(@®) Y(jo)
43.1 Linearity ax(t) + by(t) aX.( jw) + bY(jw)
432 Time Shifting x(t = to) e X (jw)
43.6 Frequency Shifting e x(1) X(j(w — wp))
433 Conjugation x'() X(—jw)
435 Time Reversal x(—1) X(—jw)
1 .
43.5 Time and Frequency x(at) ‘—E|X (%)
* Scaling
44 Convolution x(1) * y(t) X(jw)Y(jw)
45 Multiplication x(0)y(®) L J "X(j6)Y(i(w — §)d0
434 Differentiation in Time %x(z‘) joX(jw)
, :

434 Integration J x(t)dt 715X( jw) + mX(0)6(w)
43.6 Differentiation in tx(t) j dj—X (jo)

Frequency @

X(jow) = X*(— jw)
Re{X(jo)} = Re{X(—jo)}

433 Conjugate Symmetry x(1) real In{X(jw)} = —9Im{X(— jo)}

for Real Signals X(jo)| = |X(~ jo)|

_ X (jo) = —¥X(— jw)

433 Symmetry for Realand  x(7) real and even X(jw) real and even

Even Signals
433 Symmetry for Real and - x(f) real and odd X(jw) purely imaginary and odd

_ Qdd Signals .
(=8 '

433 Dol Desompo 0 O"{"(I)} [{g¥ el (_];“{X ()}

sition for Real Sig- xo(f) = Od{x(t)} [x(r) real] jIm{X(jw)}

nals
437 Parseval’s Relation for Aperiodic Signals

+e 1 +o
J i |x()Fdt = o J X(jw)Pdw
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Course Instructor: Dr A. I Sulyman

TABLE 4.2: BASIC FOURIER TRANSFORM PAIRS

Fourier series coefficients

Signal Fourier transform (if periodic)
4o ) 4o
Z agelke 2 Z ai8(w — kwy) a
k= -« k= —o=
. =1
oot - 2m8(w — wo) %

a, = 0, otherwise

g a = da-) = =
cos wot 7[8(w — wo) + §(w + wo)] ! 0 ! othzerw's
¢ =0, ise
: ™ 4 = —a-p= zl
sin wot Z[8(w — wg) — 6(w + wq)] I
J a, = 0, otherwise

a0=1, ak=0,k#0
x(t) =1 27 6(w) this is the Fourier series representation for
any choice of T > 0

Periodic square wave

L <T o oo ' .
x(t) = { 0 T < .tl < :ri Z 28in kwoT) Sy = ko) woT) i (kon|-:> _ sin kwoT)
and el k T ar kar

x(t+T) = x(t)

e +eo
> 8¢ n) %’Iza@—?.;_") g

n=-—wo k=—c

forall k

|-

x(t){ L lH<T 2sinwT) B
0, [>T w
sin Wt . 1, |lo|<W
X(jo) = [ o e
Tt 0, |o|>W
6(2) 1 —
1
u(z) — + 7mé(w) —
jw
5(t — ty) e /vt —
e "u(t), Refa} > 0 : —
’ a+ jo
te " u(t), Refa} > 0 1 —
' (a+ jo)?
(,',—":ll—)!e“"u(t), 1 .
Refa} > 0 (a+ jo)




Course Instructor: Dr A. 1. Sulyman

TABLE 5.1: PROPERTIES OF THE DISCRETE-TIME FOURIER TRANSFORM

Section Property Aperiodic Signal Fourier Transform
x[n] X(e’”")} periodic with
yln] Y(e/*)] period 27
532 Linearity ax[n] + by[n] aX_(e"") +_bY(e/‘")
533 Time Shifting x[n — no] e emX(e’*)
533 Frequency Shifting e/*" x[n] X(ef("’_""o’)
534 Conjugation x"[n] X"(e7*)
5.3.6 Time Reversal x[—n] X(e™)
. . x[n/k), if n = multiple of k "
= X (el
5.3.7 Time Expansion xy[n] { 0 if n » multiple of k (e. ) |
5.4 Convolution x[n]* y[n] X(e*)Y(e!)
. 1 . .
5.5 Multiplication x[n]y[n] 5= J X(e®)Y(e/“)db
. 2
535 Differencing in Time x[n] - x[n—11 (1—e)X(e*)
n 1 .
; 1 e
5.3.5 Accumulation Zﬂ x[k] T X(e’?)
+oo
+X(e™) > 8w — 27k)
k=~
dX(e
5.3.8 Differentiation in Frequency — nx[n] j )2(: )
X(e?) = X*(e7)
Re{X(e/®)} = RefX(e™/*)}
534 Conjugate Symmetry for x[n] real Im{X(e/?)} = —Im{X(e )}
Real Slgnals v lx(e]w)l = |X(3_Im)l
IX () = =% X(e )
534 Symmetry for Real, Even x[n] real an even X(e/*) real and even
Signals
534 °  Symmetry for Real, Odd x[n] real and odd X(e/*) purely imaginary and
Signals odd
534 Even-odd Decomposition x.[n] = &v{x[n]} [x[n] real] Re{X(e/)}
of Real Signals xo[n] = Od{x[n]} [x[n] real] jImiX ()}
53.9 Parseval’s Relation for Aperiodic Signals

S st = 5z | KCEPde

n=-«

a duality relationship between the discrete-time Fourier transform and the continuous-time
Fourier series. This relation is discussed in Section 5.7.2.

5.7.1 Duality in the Discrete-Time Fourier Series

Since the Fourier series coefficients a; of a periodic signal x[r] are themselves a periodic
sequence, we can expand the sequence d in a Fourier series. The duality property for
discrete-time Fourier series implies that the Fourier series coefficients for the periodic se-
quence a; are the values of (1/N yx[—n] (i.e., are proportional to the values of the original
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Course Instructor: Dr A. I. Sulyman

TABLE 5.2: BASIC DISCRETE-TIME FOURIER TRANSFORM PAIRS
Signal Fourier Transform Fourier Series Coefficients (if periodic)
. S 27k
Z a/(L"’k(Z"/N)“ 21 Z a6 (ID - _N_) ay
k=(N) k=-o
(@ wy = I
P 5 ia( 2ml) . l, k=mm=zNm=2N,...
@ T w—wy — 2T =
‘ [ —on ’ * 0, otherwise
(b) 5% imational > The signal is aperiodic
@ w =
il L k=+mtm=N tm=2N,...
coswoh ™ Z (8w — wp — 271 + 8(w + wy — 27])} aq =1{7% k m, tm= N, =m ]
- 0, otherwise
(b) %} irrational = The signal is aperiodic
(@ wo =%4F
o le, k=nrrxNrx2N,...
sinwgn —711 Z{B(w—wo——27rl)——8(w+w0—27r1)} ap = —.2le = —r,—r=N,—r=2Nn,...
- 0, otherwise
(b) ‘21’1171 irrational = The signal is aperiodic
] =1 5 is( o) I, k=0£N, x2N,...
x[n] = T w = 2T ay =
! ——w 5 0, otherwise
Periodic square wave |
L |n = N, . sin[2mkIN)N, + 1))
= ez a, = - , k#0, =N, £2N,...
=00 M<pm =N | 2 S akS(w - 2—;5> . N sin[2mk/2N]
md = ay = BVLNLI k=0, N, *2N,...
x[n+ N] = x[n]
+00 +o
k;wS[n—kN] %%T-k:z—:wS(w— —2'—]7;—1() ay = %forallk
a'uln], o<1 L. —
’ | — ge~Je
: |
= [ 1 =M sinfao(M; + ) _
0, |n|>N, sin(w/2)
: , 0s|o=W
sinWn _ W o Wn - ’
T L I R i .
O<W=<m X () periodic with period 27
é[n] 1 —
1 i
u[n] -l——FJT + kZ— 'IT6((IJ = 271'1() -—_
8[n— ngl e~dwno —
(n+ Da"u[n], lal <1 —-—1——— —
(1 - ae~Jjo)?
(n+r—=1! 1
e a"uln), o <1 T=ac oy —
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Course Instructor: Dr A. I. Sulyman

TABLE 5.3: SUMMARY OF FOURIER SERIES AND TRANSFORM EXPRESSIONS

Continuous time Discrete time
Time domain Frequency domain Time domain Frequency domain
I 1
x(1) = ! a, = x[n] = 1 a, =
; 1 — ik k(2 l -
ZZ:—‘: ake_[kwol i T_Io JTU x(te Jkwgt zk=(N) akejk(_ﬂ/N)n ‘ W| 2k=(N) x[n)e JkQ2mINm
Fourier : !
Series continuous time | discrete frequency discrete time discrete frequency
eriodic in time ! aperiodic in frequenc periodic in time eriodic in frequenc
P ! p quency ; p quency
1 . 1 .
"'!(’) = I X(jw) = x[n] = X X(ed®) =
4= . jot | +o . | = —jwn
N [22 X(w)eldw |22 x(ye™ i dr o fy X el V2w xlnle
ourier i 77 o |
Transform | continuous time continuous frequency Hiscrete dme ! continuous frequency
aperiodic in time : aperiodic in frequency aperiodic in time : periodic in frequency
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Course Instructor: Dr A. 1. Sulyman

e TABLE 9.1: PROPERTIES OF THE LAPLACE TRANSFORM

Laplace
Section Property Signal Transform ROC
x(r) X(s) R
x,(t) X (S) RI
X(1) Xa(s) Ry
9.5.1 Linéan’ty ax () + bxy (1) | aX(s) + bXa(s) | Atleast R, N R,
9.5.2 Time shifting x(t = tg) e X(s) R
9.5.3 Shifting in the s-Domain e x(t) X(s — s0) Shifted version of R (i.e., s is
in the ROC if s — 50 is in R)
9.54 Time scaling x(at) %X (i) Scaled ROC (i.e., s is in the
SR ROC if s/a is in R)
9.5.5 Conjugation x(t) X*(s") R
9.5.6 Convolution x1(2) * x5(28) X1 (5)X5(s) Atleast Ry N R,
9.5.7 Differentiation in the %x(t) sX(s) At least R
Time Domain
9.5.8 Differentiation in the —tx(t) %X(s) R
s-Domain s
!
9.5.9 Integration in the Time f x(T)d(T) =X(s) At least R N {Refs} > 0}
Domain -
____________________ B o o i o e e ) e e e e e et b e A A e e e e e,
Initial- and Final-Value Theorems
9.5.10 If x(r) = O for ¢ < 0 and x(¢) contains no impulses or higher-order singularities at ¢t = 0, then

x(0") = lim sX(s)
—> 00

N
If x(¢) = O for ¢ < 0 and x(¢) has a finite limit as t — o¢, then

lim x(¢) = lim sX(s)
1= s—0
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Course Instructor: Dr A. 1. Sulyman

TABLE 9.2: LAPLACE TRANSFORMS OF ELEMENTARY FUNCTIONS

Transform
pair Signal Transform ROC
1 o(1) 1 Alls
2 u(t) % Re{s} >0
3 —u(—1) % Re{s} <0
4 N L Refs} >0
n—DI" 5 45
n—1| 1
5 —G_—l)!u(—t) F (RE{S} <0
—at 1 o
6 e u(t) g (Re{s} > —a
1
e _
7 e *'u(—1) e Rels} < —a
8 —Le'“’u(z‘) ; Rels} > —
n—1D! G +a)y e e
9 —Le"a’u(—t) — Re{s} < —
n—1)! G+ar A
10 8(@t—-1T) et Alls
s
11 [COS wot]u(t) }Tw% (RQ{S} >0
. Wo
12 [sin a)ot]u(t) ST-F—Q)—% (RQ{S} >0
—at st+a _
13 [e™*" cos wot]u(t) Gragtal pr: Refs} > —a
—— wo _
14 [e™ sinwotlu(r) Grortal oy Rels} > —a
_d"8() i
15 u,(t) = er S All s
16 Uu_, (1) = u(®)*---=u(z) : Refs} >0
s"

n times




Course Instructor: Dr A. 1. Sulyman

¢ TABLE 9.3: PROPERTIES OF THE UNILATERAL LAPLACE TRANSFORM

Property Signal Unilateral Laplace Transform
x(1) XL(s)
x1(1) XLi(s)
x(t)- La(s)

Linearity ax;(t) + bxy(2) a%,(s) + bAq(s)

Shifting in the s-domain e%' x(1) XL(s — s0)

Ti I s, a>0 | tec(E

ime scaling at), b
Conjugation x*(f) x % (s)
" Convolution (assuming x1(2) * x2(2) XL, (5) La(s)

that x, () and x,(?)
are identically zero for

t<0)

. o o . d _
Differentiation in the time z;x(t) sX(s) — x(07)

domain

: e d
Differentiation in the —1x(1) ‘ ’r L(s)

s-domain =

! 1

Integration in the time J x(t)dTr =~ X(s)

domain 0= 8

Initial- and Final-Value Theorems

If x(#) contains no impulses or higher-order singularities at # = 0, then
x(0") = lim s X(s)
s—>@

}jn}° x(t) = liu(}sff(s)
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Course Instructor: Dr A. I. Sulyman
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Course Instructor: Dr A. I. Sulyman

e TABLE 10.2: SOME COMMON z-TRANSFORM PAIRS

Signal Transform ROC
1. 8[n] 1 Allz
1
_ >1
2. uln] T ||
1
3. —u[-n—1] R ld <1
4, 8[n—m] " All z, except
0 (if m>0)or
o (if m <0)
1
n . O >
5. "uln] e |2 > |et|
6. —a"u[—n—1] ! |z < |
) 1-az!
az”!
n = >
7. na"uln] A= |2 > |a
-1
az
_ Pl . <
8. —na’"u[-n—1] d=a ) |z < |
1 —[coswplz™
>
9. [coswon]uln] 1= [Rooswolz ' + 22 lz] > 1
. [sin wo]z™
>
10. [sinwon]u[n] T-Dooswole ' + 22 lzZ>1
1 = [rcoswolz”
! >
11. [ cos wonluln] = Trosw! T7 lz| > r
12. [ sinwon]uln] lrsinslz Il > r

1 - [2rcoswplz™" + r2z?
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Course Instructor: Dr A. I. Sulyman

e TABLE 10.3: PROPERTIES OF THE UNILATERAL z-TRANSFORM

Property Signal Unilateral z-Transform
— x[n] X(2)
— xi[n] Xi(2)
— bAL La(2)
Linearity ax,[n] + bxy[n] ai(2) + bXa(2)
Time delay x[n—1] - 1 X(2) + x[-1)
Time advance x[n+1] 72X (z) — zx[0]
Scaling in the z-domain ejwon x[n] X(e Jeuz)
zgx[n] X(2/z0)
a"x[n] X@'2)
Ti . (] = x[m], n=mk (2
Hhe expansion BM=10 n#mk foranym z
Conjugation x*[n] X (z)
Convolution (assuming x1[n] * x5[n] XL1(2)Xa(2)
that x,[n] and x,[n]
are identically zero for
n<0)
First difference x[n] — x[n—1] (1 -z )X - 2[-1]
. < 1
Accumulation % x[k] =71 X(2)
Differentiation in the nx[n] —zd L)
. dz
z-domain
Initial Value Theorem

2[0] = lim X(z)

38



