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Kernel Machines

® Discriminant-based: No need to estimate densities first
® Define the discriminant in terms of support vectors

® The use of kernel functions, application-specific measures
of similarity

®* No need to represent instances as vectors
® Convex optimization problems with a unique solution



~Optimal Separating Hyperplane

X ={xt,r'}, where r' :{H ,If X: =
-1 X €€,

findw andw, suchthat

w'x" +w, >+1for r' =+1

w'x" +w, <+1forr’=-1

whichcanbe rewritten as

r' (WTxt +w, )2 +1

(Cortes and Vapnik, 1995; Vapnik, 1995)



® Distance from the discriminant to the closest instances on
either side

® Distance of x to the hyperplane is ‘WTxt +W0‘

®* We require

® For a unique sol’'n, fix p| |w| |=1, and to max margin

minEHWH2 subjectto rf(w'x’ +w, )= +1,Vt
2
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RS NN

m in%HWH2 subjectto ri(w'x +w, )>+1,vt
L, =W S W 4wy )-1]
- = N
= 2w =Yt (wixt s wy )+ Y o
2 t=1 t=1




I %(WTW)—WTZatrtXt Wy a'r'+> o
t t t
= —E(WTW)+ N o
2 :
- _%Zzatasrtrs(xt )T X'+ a'
t S t

subjectto ) a'r' =0anda’ >0,Vt
t

Most a! are 0 and only a small number have a!>0; they are
the support vectors



~~Soft Margin Hyperplane

® Not linearly separable
rt(WTxt +WO)21—.§t

® Soft error
-

t
® New primal is

L :%||w||2 +C3 =S Wit w1+ £ -3 utet
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0 if y'r' >1

HINPE LOSS = I, e

3 = o

loss for r' = 1

ro w = o
T.

0/ loss
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v-SVM

L 1 t
manHWH vp+NZ§
subjectto

t(WTXt +WO)>p—§t E'>0,p20

L =-5> Tatarre)

tls

subjectto

1
Zatrt =00<a’ SN,Zat <y
t t

vcontrols the fraction of support vectors
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~Kernel Trick

® Preprocess input x by basis functions
Z = @(x) g(z)=w’'z

g(x)=w' ¢@(x)
® The SVM solution

W= Zt:atrtzt — Zt:atrt(p(xt)
g(x)=wo(x)= Zatrtw(xt f o(x)
g(x)= Zatrtk(xt,x)
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~Vectorial Kernels

2

Polynomials of degree g: .|

K(xt,x)=(x"x" +1f

0.5r

K(x,y)=(xTy +1f

2 . . . |
:(lel T X,¥, "‘1) % 05 1 15 5

=1+ 2X,Y, +2X,, + 2X )X, Y.y, + XYL + Xoy2

¢(X): [1' \/EXl,\/EXZ,\/EXlxz,Xlz,XS:IT
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" Vectorial Kernels

2
® Radial-basis functions:
2% ) - 1
t X -
K(x ,X):exp = :
_ 2s _ DD ] 5
(c) s?=0.25
2 - |
DC! 1 - 2 UD 1 2
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Defining kernels

® Kernel “engineering”
® Defining good measures of similarity
e String kernels, graph kernels, image kernels, ...

e Empirical kernel map: Define a set of templates m, and
score function s(x,m)

Pxt)=[s(xt,m,), s(xt,m,),..., s(x',m,,)]
and

Kx,x")=¢ (x)" ¢ (x)
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/Iﬁtiple Kernel Learning

e Fixed kernel combination L
K(x,y)=<K1(x,y)+K2(x,y)
Kl(x,y)Kz(x,y)

e Adaptive kernel combination
X )=Zf7,-/<,-(><,y)

L, —Za ——ZZatasrtrSZnK(x X)
g(x) = Za ZU,K,(X ,x)

® | ocalized kernel combination

g0 =Y a'r' >, (x| O)K, (x' x)
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Multiclass Kernel Machines

e 1-vs-all

® Pairwise separation

® Error-Correcting Output Codes (section 17.5)
® Single multiclass optimization

min%i\ £y c) ¥
=1 i t

subjectto

W,

B Josit t . t t
W, X +w, 2W, X +w;,+2-¢;,Vi#z,5 20
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~~SVM for Regression

® Use a linear model (possibly kernelized)
flx)=w'x+w,

® Use the e-sensitive error function

s o

I —f(xtX—g otherwise

. min%HWHZ +eS (e + &)
r' —(WTX:LWO)SE+Zj
(Wx+w, )—rf <g+é&t

&eré- 20
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Kernel Regression

® Polynomial kernel ® Gaussian kernel
350 Ny (@)s°=5
1 2k
']_
= % 2 A 6 8

2r

150
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—
One-Class Kernel Machines
Consider a sphere with center a and radius R
minR? +C) & )
subjectto t 15|

X' —a| <R?+ &£,E 20

2 vad, ©
1t X
T N T
=Y x-Y S atartrix ) x
0.5F =
t fesfae

subjectto

0<at SC,Zat =1
t
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(a) s% =1 (a)s*=0.1

2 2
1.5} 1.5
1 X 1
0.5 0.5!
% 1 59 1
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m Dimensionality Reduction

(a) Quadratic kernel in the x space

e Kernel PCA does [
PCA on the kernel | @ .
matrix (equal to |
canonical PCA with _, .
-1 -0.5 0 0.5 1

a linear kernel)
e Kernel LDA
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