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Exercises

1.

*2.

*5.

A box contains three marbles: one red, one green, and one blue. Consider an exper-
iment that consists of taking one marble from the box then replacing it in the box
and drawing a second marble from the box. What is the sample space? If, ar all
times, each marble in the box is equally likely to be selected, what is the probability
of each point in the sample space?

Repeat Exercise 1 when the second marble is drawn without replacing the first
marble.

A coin is to be tossed until a head appears twice in a row. What is the sample space
for this experiment? If the coin is fair, what is the probability that it will be tossed
exactly four times?

Let E, F,  be three events. Find expressions for the events that of E,F, G
{a) only F occurs,

(b} both E and F but not G occur,

{c) at least one event occurs,

(d) at least two events occur,

{e) all three events occur,

(f) none occurs,

{g) at most one occurs,

(h) at most two occur.

An individual uses the following gambling system at Las Vegas. He bets §1 that
the roulette wheel will come up red. If he wins, he quits. If he loses then he makes
the same bet a second time only this time he bets §2; and then regardless of the
outcome, quits. Assuming that he has a probability of :'f of winning each bet, what
is the probability that he goes home a winner? Why is this system not used by
everyone?

Show that E(F U G) = EF U EG.

Show that (E U F)¥ = E°F-.
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13.
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15,
15.
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18,

If P(E) = 0.9 and P{F) = 0.8, show that P(EF) = 0.7. In general, show thar
MEFy = P(Ey + P(F) -1

This is known as Bonferroni’s inequality.
We say that E  F if every point in E is also in F. Show that if E — F, then

P(F) = P(E) + P(FE*) = P(E)

Show that
P (U E.-) <) P(E)
i=1 i=1

This is known as Boole’s inequality.

Hint: Either use Equation (1.2) and mathematical induction, or else show that
Ui Ei = |JiL Fi, where Fy = Eq, F; = E; ['"];:;% Ef, and use property (iii) of a
probability.

If two fair dice are tossed, what is the probability that thesumisi, i = 2,3,...,122

Let E and F be mutually exclusive events in the sample space of an experiment.
Suppose that the experiment is repeated until either event E or event F occurs.
Whart does the sample space of this new super experiment look like? Show thar the
probability that event E occurs before event F is P(E)/ [P(E) + P(F)].

Hint: Argue that the probability that the original experiment is performed » times
and E appears on the nth time is P(E) < (1—p)" 1, n = 1,2,..., where p = P(E) +
P(F). Add these probabilities to get the desired answer.

The dice game craps is played as follows. The player throws two dice, and if the sum
is seven or eleven, then she wins. If the sum is two, three, or twelve, then she loses.
If the sum is anything else, then she continues throwing until she either throws that

number again (in which case she wins) or she throws a seven (in which case she
loses). Calculate the probability that the player wins.

The probability of winning on a single toss of the dice is p. A starts, and if he
fails, he passes the dice to B, who then attempts to win on her toss. Theyv continue
tossing the dice back and forth until one of them wins. What are their respective
probabilities of winning?

Argue that E = EFUEF°, EUF = EU FE“.
Use Exercise 15 to show that P(E U Fy = P(E) + P(Fy — P(EF).

Suppose each of three persons tosses a coin. If the outcome of one of the tosses
differs from the other outcomes, then the game ends. If not, then the persons start
over and retoss their coins. Assuming fair coins, whar is the probability that the
game will end with the first round of tosses? If all three coins are biased and have
probability ;lf of landing heads, what is the probability that the game will end at
the first round?

Assume that each child who is born is equally likely to be a boy or a girl. If a family
has two children, what is the probability that both are girls given that (a) the eldest
is a girl, (b) at least one is a girl?
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20,
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26,
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Two dice are rolled. What is the probability that at least one is a six? If the two
taces are different, what is the probability that at least one is a six?

Three dice are thrown. What is the probability the same number appears on exactly
two of the three dice?

Suppose that 5 percent of men and 0.25 percent of women are color-blind. A color-
blind person is chosen at random. What is the probability of this person being male?
Assume that there are an equal number of males and females.

A and B play until one has 2 more points than the other. Assuming that each point
is independently won by A with probability p, what is the probability they will play
a total of 2#n points? What is the probability that A will win?

For events Eq, Ea, ..., E, show thart

P(E{Ey - -Ep) = PIE{)P(E|Eq)P(E;|E{Ep) - - - P(Ey|Eq - - - Ey_q)

In an election, candidate A receives n votes and candidate B receives m votes, where
# = m. Assume that in the counrt of the votes all possible orderings of the n + m
votes are equally likely. Let Py, denote the probability that from the first vote on
A is always in the lead. Find

(a) P21 (b) P31 (¢} Pun {d) P32 (e) Pa2
(f) Pu2 (g) Paj (h) Ps3 {i) Psa
(i) Make a conjecture as to the value of P, ,.

Two cards are randomly selected from a deck of 52 playing cards.

{a) What is the probability they constitute a pair (that is, that they are of the same
denomination)?

(b) What is the conditional probability they constitute a pair given that they are
of different suits?

A deck of 52 plaving cards, containing all 4 aces, is randomly divided into 4 piles

of 13 cards each. Define events Eq, Ez, E3, and E4 as follows:

E, = {the first pile has exactly 1 ace},
E> = {the second pile has exactly 1 ace},
E; = {the third pile has exactly 1 ace},
E4 = {the fourth pile has exactly 1 ace)

Use Exercise 23 to find P(EqE2E;Es), the probability that each pile has an ace.
Suppose in Exercise 26 we had defined the events E;, i = 1,2,3,4, by

E1 = {one of the piles contains the ace of spades],
E: = {the ace of spades and the ace of hearts are in different piles},

E; = {the ace of spades, the ace of hearts, and the
ace of diamonds are in different piles},

E4 = {all 4 aces are in different piles)

Now use Exercise 23 to find P(E1E2E1E4), the probability that each pile has an
ace. Compare vour answer with the one you obtained in Exercise 26.
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If the occurrence of B makes A more likely, does the occurrence of A make B more
likely?

Suppose that P(E) = 0.6. What can you say about P(E|F) when

{a} E and F are mutually exclusive?

(b} Ec F?

c) Fc E?

Bill and George go target shooting together. Both shoot at a target at the same time.

Suppose Bill hits the target with probability 0.7, whereas George, independently,

hits the target with probability 0.4.

{(a) Given that exactly one shot hit the target, what is the probability that it was
George’s shot?

(b) Given that the target is hit, what is the probability that George hit it?

What is the conditional probability that the first die is six given that the sum of the
dice is seven?

Suppose all # men at a party throw their hats in the center of the room. Each man
then randomly selects a hat. Show that the probability that none of the # men selects
his own hart is
1 1 1 (—1)"
TR TR R

Note that as # — oo this converges to ¢~ 1. [s this surprising?

In a class there are four freshman boys, six freshman girls, and six sophomore boys.
How many sophomore girls must be present if sex and class are to be independent
when a student is selected at random?

Mr. Jones has devised a gambling system for winning at roulette. When he bets, he
bets on red, and places a bet only when the ten previous spins of the roulette have
landed on a black number. He reasons that his chance of winning is quite large
since the probability of eleven consecutive spins resulting in black is quite small.
What do you think of this system?

A fair coin is continually flipped. What is the probability that the first four flips are

(a) H,H,H, H?

(b) T, H,H,H?

(c) What is the probability that the pattern T, H, H, H occurs before the pattern
H, H, H, H?

Consider two boxes, one containing one black and one white marble, the other,

two black and one white marble. A box is selected at random and a marble is

drawn at random from the selected box. What is the probability that the marble is
black?

In Exercise 36, what is the probability that the first box was the one selected given
that the marble is white?

Urn 1 contains two white balls and one black ball, while urn 2 contains one white
ball and five black balls. One ball is drawn at random from urn 1 and placed in urn
2. A ball is then drawn from urn 2. It happens to be white. What is the probability
that the transferred ball was white?

Stores A, B, and C have 50, 75, and 100 employees, and, respectively, 50, 60, and
70 percent of these are women. Resignations are equally likely among all employees,
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regardless of sex. One employee resigns and this is a woman. What is the probability
that she works in store C?

ja) A gambler has in his pocket a fair coin and a two-headed coin. He selects
one of the coins at random, and when he flips it, it shows heads. What is the
probability that it is the fair coin?

b) Suppose that he flips the same coin a second time and again it shows heads.
Now what is the probability that it is the fair coin?

jc) Suppose that he flips the same coin a third time and it shows tails. Now whart
is the probability that it is the fair coin?

In a certain species of rats, black dominates over brown. Suppose thar a black rat

with two black parents has a brown sibling.

{a) What is the probability that this rat is a pure black rar (as opposed to being a
hvbrid with one black and one brown gene)?

(b} Suppose that when the black rar is mated with a brown rat, all five of their
offspring are black. Now, what is the probability that the rat is a pure black
rat?

There are three coins in a box. One is a two-headed coin, another is a fair coin,
and the third is a biased coin that comes up heads 75 percent of the time. When
one of the three coins is selected at random and flipped, it shows heads. What is
the probability that it was the two-headed coin?

Suppose we have ten coins which are such that if the ith one is flipped then heads will
appear with probability /10, = 1,2,...,10. When one of the coins is randomly
selected and flipped, it shows heads. What is the conditional probability that it was
the fifth coin?

Urn 1 has five white and seven black balls. Urn 2 has three white and twelve black
balls. We flip a fair coin. If the outcome is heads, then a ball from urn 1 is selected,
while if the outcome is tails, then a ball from urn 2 is selected. Suppose that a white
ball is selected. What is the probability that the coin landed tails?

An urn contains & black balls and r red balls. One of the balls is drawn at random,
but when it is put back in the urn ¢ additional balls of the same color are put in with
it. Now suppose that we draw another ball. Show that the probability that the first
ball drawn was black given that the second ball drawn was red is b/(b + 1 + ¢).

Three prisoners are informed by their jailer that one of them has been chosen at
random to be executed, and the other two are to be freed. Prisoner A asks the jailer
to tell him privately which of his fellow prisoners will be set free, claiming that
there would be no harm in divulging this information, since he already knows that
at least one will go free. The jailer refuses to answer this question, pointing out
that if A knew which of his fellows were to be set free, then his own probability of
being executed would rise from % to {;, since he would then be one of two prisoners.
What do you think of the jailer’s reasoning?

For a fixed event B, show that the collection P{A|B), defined for all events A, satisfies
the three conditions for a probability. Conclude from this that

P(A|B) = P(A|BC)P(C|B) + P(A|BC)P(C*|B)

Then directly verify the preceding equation.



*48.

Sixty percent of the families in a certain community own their own car, thirty

percent own their own home, and twenty percent own both their own car and their
own home. If a family is randomly chosen, what is the probability that this family

owns a car or a house bur not both?

Chapter 1

. §={(R,R),(R,G),(R,B),(G,R),(G,C),(C,B),
(B.R),(B,G), (B, B)}

The probability of each point in 5is 1/9.
. 5={(R,G),(R,B),(G,R),(G,B),(B,R),(B,G)}

. S={le1.e2,....en), n = 2} where ¢ £ (heads, tails}.
In addition, e, =¢, | = heads and fori=1,...,n —
2ife; =heads, then g; | = tails.

P{4 tosses} = P{(t,t,1,h)} + P{(h,t,h, 1)}
171* 1

=2H =3

. (@) F(EUG) = FEG*

(b) EFG*

() EUFUG

(d) EFUEGUEG

(e) EFG

() (EUFUG) = EFG*

(g) (EF)(EG)(FG)

(h) (EFGY

. E If he wins, he only wins $1, while if he loses, he

4
loses $3.

. If E(F U G) occurs, then E occurs and either F or G
occur; therefore, either EF or EG occurs and so

E(FUG) c EFUEG

Similarly, if EF U EG occurs, then either EF or EG
occurs. Thus, E occurs and either F or G occurs; and
so E(F U G) occurs. Hence,

EFUEG c E(FUG)

which together with the reverse inequality proves
the result.

7.

10.

11.

12.

If (E U F)° occurs, then E U F does not occur, and so
E does not occur (and so E* does); F does not occur

(and so F° does) and thus E° and F° both occur.

Hence,
(EUF)" C E°FF

If E°F° occurs, then E° occurs (and so E does not),
and F occurs (and so F does not). Hence, neither E
or F occurs and thus (E U F)° does. Thus,

E°FF « (EUF)
and the result follows.
1= P(EUF) = P(E) + P(F) — P(EF)

F = EUFE", implying since E and FE are disjoint
that P(F) = P(E) + P(FE)".

Either by induction or use
l;_r.lEJ- = EyUESE, UESESEs U -+~ UES ---ES_,En

and as each of the terms on the right side are
mutually exclusive:

P(UE;) =P(Ey) + P(EiEg) + P{EEEEEg,} + -
i
+ P(Ei e E;—1Eu)
<P(Ey) +P(E2) +---+ P(Ex) (why?)

=l o7
P .o ) 36
{sumisi} = 17B_i
., i=8,..,12
% 1

Either use hint or condition on initial outcome as:
P{E before F}
= P{E before F | initial outcome is E}P(E}
+ P{E before F | initial outcome is F}P(F)
+ P{E before F | initial outcome neither E
or F}[1 — P(E) — P(F)]



13.

14.

16.

= 1-P(E) + 0- P(F) + P{E before F}
= [1— P(E) - P(F)]

Therefore, P{E before F} = — L)

Condition an initial toss

P{win} = Ep{win | throw i}P{throw i}

i=2
Now,
P{win| throw i} = P{i before 7}
0 i=212
S
N 1 i=71
% i=8,..10
where above is obtained by using Problems 11
and 12.
P{win} = 49.

o0
P{Awins} = E P{A wins on (2n + 1)st toss}

— %( P)Z?’EP
~%0
—P Y (1P

=Fi=a-p¢
P
2P —p?
1
T 2-P
P{Bwins} =1—P{A wins}

_1-pP
—2-p

P(EUF) = P(E U EEY)
=DP(E) + P(FEY)
since E and FE® are disjoint. Also,
P(F) = P(FE U FEY)
= P(EE) + P(FE°) by disjointness
Hence,

P(EUF) = P(E) + P(F) — P(EF)

P(E) + P(F)

17.

18.

19.

20.

Prob{end} =1 — Prob{continue}

=1-P({H,H,H}U{T,T,T})

=1— [Prob(H, H, H) + Prob(T, T, T)].

. 111
Fair coin: Prob{end} =1-— {E . 3 . 3 + E
_ 3
T4
. . 111 3
Blasedcom:P{end}z]—[1-1.14_1.
9
~16

Let B = event both are girls; E = event oldest is

girl; L = event at least one is a girl.

_PED_M® _y4_1
@ PEB =% =pE =127 2
(b) P(L)=1-P(nogirls)=1- % = %

-

_PBL _PB) _ 14 _1
P(BIL) = P(L)y P(L) 3/4 3

E = event at least 1 six P(E)

__ numberof waystogetE 11
" number of sample pts 36

D = event two faces are different P([))
=1- Prc-b(two faces the same)

=] - — =

= 2PEID) = 7

P(D)  5/6

6 P(ED) _ 10/36 _
3

1

Let E = event same number on exactly two of the
dice; 5 = event all three numbers are the same;
D =event all three numbers are different. These
three events are mutually exclusive and define the

whole sample space. Thus, 1 = P(

D) + P(S) +

P(E),P(S)=86/216=1/36; for D have six possible

values for first die, five for second, and four for

third.

. Number of ways to get D =6-
P(D)=120/216 = 20/36
SP(Ey=1-P(D)—P(S)
20 1 5

=l-% %=1

5.4 =120.



21. Let C = event person is color blind.

22,

23,

24

P(Male|C)
_ P(C|Male) P(Male)
- P(C|Male P(Male) + P(C|Female) P(Female)
_ 05x .5
T 05x . 54.0025x 5
2500 20
T 2625 21

Let trial 1 consist of the first two points; trial 2 the
next two points, and so on. The probability that
each player wins one point in a trial is 2p(1 — p).
Now a total of 2n points are played if the first (s — 1)
trials all result in each player winning one of the
points in that trial and the n'" trial results in one of
the players winning both points. By independence,
we obtain

P{2n points are needed }

=2p-p)y" PP +(1-p?), n=1

The probability that A wins on trial nis
(2p(1—p))* 'p* and so

P{Awins}=p* ¥ (2p(1—p))"!

n=1

7

“T-2p0-p)

P(E\)P(E;|E\)P(E3|E1Eg) - - - P(Ey|Ey -+ Ey—1)

_pe, PEE) PEEE) | P(Es - En)
VP(E)) P(E\Ey)  P(Ey---En1)
=P(Ey---En)

Let a signify a vote for A and b one for B.

(a) Py = P{a,a,b} =1/3

(b) P33 = P{a,a} = (3/4)(2/3) = 1/2

(c) Pap=Pla,a,a} + Pl{a,a.b,a}
=(3/5)(2/H[1/3 + (2/3)(1/2)] =1/5

(d) Pyy = P{a,a} = (4/5)(3/4) = 3/5

(e) Pyy="P{a,aa}+ P{a,ab,a}
=(4/6)(3/5)[2/4 + (2/H(2/3)] =1/3

25.

26.

27.

(f) Py3=P{always ahead|r,a}(4/7)(3/6)
=(2/7)[1 - P{a,a,a,b,b,bja,a}
—P{a,a,b,bla,a} — P{a,a,b,a,b,blaa}]
=(2/7)1 —(2/5)3/4)(2/3)1/2)
—(3/5)02/4)— (3/5)(2/4)(2/3)(1/2)]
=1/7
(g) Psy = Pla,a} =(5/6)(4/5) =2/3
(h) Ps,=P{a,a,a} + P{a,a,b,a}
=(5/7)4/6)[(3/5) + (2/5)3/H]=3/7

By the same reasoning we have

(i) Ps3=1/4

(G) Ps4=1/9

(k) In all the cases above, Py = i
! n+n

(a) P{pair}=P{second card is same
denomination as first}
=3/51
(b) P{pair|different suits}
__ P{pair, different suits}
" P{different suits}
= P{pair}/P{different suits }

4y /48 52\ 39.28.37
PE) = (1) (12)/(13) ~ 51-50-49
3\ (36 39\ 26-25
PE,|EY) = (1) (12)/(13) =38.37
2\ (24 26
P(E5|E1Es) = (1) (12) / (13) =13/25

P(E4|E\ExEq) =1

39.26-13

PEEEED) = 51755749

P(E)=1
P(E;|Eq) = 39/51, since 12 cards are in the ace of
spades pile and 39 are not.

P(E;|E4E;) = 26/50, since 24 cards are in the piles
of the two aces and 26 are in the other two piles.

P(E,|E{E5E5) = 13/49

So
P{each pile has an ace} = (39/51)(26/50)(13/49)
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29.

30.

31.

32.

Yes. P(A|B) > P(A) is equivalent to P(AB) =
P(A)P(B), which is equivalent to P(B|A) = P(B).

(a) P(E[F) =0

(b) P(E[F) = P(EF)/P(F) = P(E)/P(F) =
P(E)= 6

(c) P(E|F)=P(EF)/P(F)=P(F)/P(F)=1

(a) P{George|exactly 1 hit}
P{George, not Bill}
- Pexactly 1}
P{G, not B}
~ P{G, not B} + P{B, not G)}
_ (4)(.3)
(4)(3) + (7)(.6)
=2/9
(b) P{Clhit}
= P{G, hit}/P{hit}
=P{G}/P{hit} = 4/[1— (.3)(.6)]
=20/41

Let § = event sum of dice is 7; F = event first
die is 6.

1 1 _ P(F|S)
P(S) = 2P(FS) = 3-P(F|S) = T
_1/36 _1
T 16 &

Let E; = event person { selects own hat.
P (no one selects own hat)

=1-P(EyUEU---UEy)

=1- [EP(E:‘I) — Y P(Ei\Eip) + - -

iy iy <ip

+ (=1)"*'P(E,E2En)

=1- ZP(EH) — z P(Ei Eiz)
i ipiz
- E P(EiyEisEi3) + -+ -
i <ip<iz

+ (-1)"P(E1E2Ex)

Let k{1, 2, ...,n}. P(Ei; El; Eit) = number of
ways k specific men can select own hats +
total number of ways hats can be arranged
=(n — k)!/n!. Number of terms in summation
Zﬁqz{_{& = number of ways to choose k vari-

ables out of n variables = [ﬂ =n!/kln — k)L

33.

35.

37.

Thus,
E P(Ei\Eiz - - - Eiy)

iy

-3

1<l
_nfn=k! _ 1
Tkl et TR

.. P(no one selects own hat)

(n—Kk)!
n!

1 1 1 1

Sloqtg-mto ey
1 1 1
=y oyt ey

Let 5= event student is sophomore; F = event
student is freshman; B= event student is boy;
G=event student is girl. Let x= number of
sophomore girls; total number of students =
16 + x.

10 10

P(F)= —P(B)= —P(FB)= ———

(F) 16+I{} 16+x() 16 +x
= P(FB)= P(F)P(B) =

le+x (FB) (F)P(B) 16+ x

10

6rx =7

. Not a good system. The successive spins are

independent and so
P{11%" is red|1st 10 black} = P{11'" is red}

18
:pkgﬂ
(a) 1/16

(b) 1/16

(c) 15/16, since the only way in which the
pattern H, H, H, H can appear before the pat-
tern T, H, H, H is if the first four flips all land
heads.

. Let B = event marble is black; B; = event that box

i 1s chosen. Now
B=EBB1UBE,P(B) = P(BB,) + P(BBE;)
= P(E|B,)P(B,) + P(B|B,)P(E;)

11 17

_11,21_7
22732712

Let W = event marble is white.



P(W|B1)P(By)

PBIWY= 5TBP(Ey) + POVIBP ()
11 1
__ 22 _4_3
11,11 55
2 2 2 12

38. Let T = event transfer is white; Ty = event trans-
fer 1s black; W = event white ball is drawn from

urn 2.
_ P(W|Tw)P(Tw)
POWIW) = BT )P T) + POV T5)P(T)
2 2 4
__ 73 _xau_*
22,1155
7 3 7 3 21

39. Let W = event woman resigns; A, B, C are events
the person resigning works in store A, B, C, respec-
tively.

P(C|W)
_ P(WIC)P(C)
~ P(W|C)P(C) + P(W|B)P(B) + P(W|A)P(A)

100

_ 70 555
- 100 75 50
.70}(@“‘.6{]){%"‘.50@

70 ;140 1

T 225/ 225 2

40. (a) F= event fair coin flipped; U= event two-
headed coin flipped.
P(H|F)P(F)

P(H|F)P(F) + P{(H|L)P(LI)

11

22
11 1
2

P(F|H) =

1.2
+ 2

P(HH|F)P(F)
P(HH|E)P(F) + P(HH|U)P(U)
11
2

(b) P(FIHH)=

(c) P(F|HHT)
B P(HHT|F)P(F)
= P(HHT|F)P(F) + PEATP()
P(HHT|F)P(F)

~ P(HHT|F)P(F) +0

since the fair coin is the only one that can show
tails.

41. Note first that since the rat has black parents and
a brown sibling, we know that both its parents are
hybrids with one black and one brown gene (for
if either were a pure black then all their offspring
would be black). Hence, both of their offspring’s
genes are equally likely to be either black or brown.

(a) P(2 black genes | at least one black gene)

. P(2 black genes)
"~ P(at least one black gene)

1/4
33" 1/3
(b) Using the result from part (a) yields the follo-
wing:
P(2 black genes | 5 black offspring)

_ P(2black genes)
" P(5 black offspring)

_ 1/3
TO1(1/3) + (1/2°2/3)

=16/17

where P(5 black offspring) was computed by con-
ditioning on whether the rat had 2 black genes.

42. Let B= event biased coin was flipped; F and U

(same as above).

P(U|H)
B P(H|LD)P(L)
~ P(H[U)P(U) + P(H|B)P(B) + P(H|F)P(F)
1 1
| ;§ T 1~ % -3
9
'3+33%33 B

43. Leti= event coin was selected; P(H|i) = L

10
5 1
P(H|5)P(5 0 10
P(|H) = IU( PPG) _ mm] 10]
P(H[i)P(i) ==
E | E 10 10

o1
=T

10
i
i=1



44,

46.

Let W = event white ball selected.
P(W|T)P(T)
P(W|TY(T) + P(W|H)P(H)

11

52
5
12

P(T|W) =

2

37

o=
2

| =
] =
—

. Let B; = event i ball is black; R; = event it ball

1s red.
P(R3|B)P(By)
PR = 5, B)P(B) + P(Ro|R1)P(Ry)
r b
_ b+r+c b+r
r b r+c r
b+r+c b+r b+r+c b+r
rb
=rfr+(r+|:]r
b
Tb4r+c

Let X(=B or =C) denote the jailer’s answer to
prisoner A. Now for instance,

P{A to be executed|X = B}
_ P{Atobeexecuted, X = B}
- P{X =B}

_ P{Ato be executed} P {X = B|A to be executed]}

P{X =B}
_ (1/3)P {X = B|A to be executed }
- 1/2 ’

Now it is reasonable to suppose that if A is to be
executed, then the jailer is equally likely to answer
either B or C. That is,

1

P{X = B| A tobe executed} = 5

47.

and so,

1
P{A tobe executed|X = B} = 3
Similarly,

1
P{Atobeexecuted|X =C} = 3

and thus the jailer’s reasoning is invalid. (It is true
that if the jailer were to answer B, then A knows
that the condemned is either himself or C, but itis
twice as likely to be C.)

1. 0<PAB)=1

P(SB) @ =1

P(B) ~ P(B)

3. For disjoint events A and D

P{(AUD)B)
P(B)

__ P(ABUDB)

o P(B)

_ P(AB) 4+ P(DE)

- P(B)

=P(A|B) + P(D|B)

2. P(S|B)=

P(AUD|B)=

Direct verification is as follows:

P(A|BC)P(C|B) + P(A|BC")P(CE|B)

_ P(ABC)P(BC)  P(ABC) P(BCY)
~ P(BC) P(B) " P(BCY) P(B)
_ P(ABC)  P(ABCY)

~ P(B) P(B)

_ P(AB)

~ P(B)

= P(AB)
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Exercises

1.

[

*4,

An urn contains five red, three orange, and two blue balls. Two balls are randomly
selected. What is the sample space of this experiment? Let X represent the number
of orange balls selected. Whar are the possible values of X? Calculate P{X = 0}.

Let X represent the difference between the number of heads and the number of tails
obtained when a coin is tossed » times. Whart are the possible values of X?

In Exercise 2, if the coin is assumed fair, then, for n = 2, what are the probabilities
associated with the values that X can take on?

Suppose a die is rolled twice. What are the possible values that the following random
variables can take on?

{a) The maximum value to appear in the two rolls.

{b) The minimum value to appear in the two rolls.

ic) The sum of the two rolls.

{d)  The value of the first roll minus the value of the second roll.

If the die in Exercise 4 is assumed fair, calculate the probabilities associated with
the random variables in (i)—{iv).

Suppose five fair coins are tossed. Let E be the event that all coins land heads. Define
the random variable I

I — 1, if E occurs
E=10, if E° occurs

For what outcomes in the original sample space does Iz equal 1? Whatis P{Ip = 1}?

Suppose a coin having probability 0.7 of coming up heads is tossed three times.
Let X denote the number of heads that appear in the three tosses. Determine the
probability mass function of X.



8.

9.

10.
*11.

12.

13.

14.

15.

*16.

Suppose the distribution function of X is given by

0, b =0
Fihy=131, 0=b=<1
1, l=bh<=mo

What is the probability mass function of X?
If the distribution function of F is given by

0, b =0
1, o0<b=1
) = 1=b<2
F(b) = {
D=4 2<pes
e 3=b <35
1, bh=3.5

calculate the probability mass function of X.
Suppose three fair dice are rolled. What is the probability at most one six appears?

A ball is drawn from an urn containing three white and three black balls. After the
ball is drawn, it is then replaced and another ball is drawn. This goes on indefinitely.
What is the probability that of the first four balls drawn, exactly two are white?

(On a multiple-choice exam with three possible answers for each of the five questions,
what is the probability that a student would get four or more correct answers just
by guessing?

An individual claims to have extrasensory perception (ESP). As a test, a fair coin is
flipped ten times, and he is asked to predict in advance the outcome. Qur individual
gets seven out of ten correct. What is the probability he would have done at least
this well if he had no ESP? (Explain why the relevant probability is P{X = 7} and
not PIX =71.)

Suppose X has a binomial distribution with parameters 6 and {F Show that X = 3
is the most likely outcome.

Let X be binomially distributed with parameters # and p. Show that as & goes from

0 to n, P(X = k) increases monotonically, then decreases monotonically reaching

its larpest value

(a) in the case that (n + 1)p is an integer, when & equals either (2 + 1)p — 1 or
(n+ L)p,

(b) in the case that (# + 1)p is not an integer, when & satisfies (n + 1)p—1 < k =
in+ Lip.

Hint: Consider P{X = k}/P{X = k — 1} and see for what values of k it is greater

or less than 1.

An airline knows that 5 percent of the people making reservations on a certain
flight will not show up. Consequently, their policy is to sell 52 tickets for a flight
that can hold only 50 passengers. What is the probability that there will be a seat
available for every passenger who shows up?



17.

18.
19,

20,

21.

23

24,

Suppose that an experiment can result in one of r possible outcomes, the ith outcome
having probability p;, # = 1,...,r, 3.0 p;i = 1. If n of these experiments are
performed, and if the outcome of any one of the n does not affect the outcome of
the other # — 1 experiments, then show that the probability that the first outcome
appears x1 times, the second x3 times, and the rth x, times is

L ¥
_— 1452 — Xr re = e
P - ' : whenxi +x2+--+x,=n
This is known as the multinomial distribution.
Show that when » = 2 the multinomial reduces to the binomial.

In Exercise 17, let X; denote the number of times the ith outcome appears, § =
1,....r. What is the probability mass function of Xq + X2 + ... + Xg?

A television store owner figures that 50 percent of the customers entering his store
will purchase an ordinary television set, 20 percent will purchase a color television
set, and 30 percent will just be browsing. If five customers enter his store on a
certain day, what is the probability that two customers purchase color sets, one
customer purchases an ordinary set, and two customers purchase nothing?

In Exercise 20, what is the probability that our store owner sells three or more
televisions on thar day?

If a fair coin is successivelv flipped, find the probability thar a head first appears on
the fifth trial.

A coin having probability p of coming up heads is successively flipped until the rth
head appears. Argue that X, the number of flips required, will be n, # = r, with
probability

PIX=n}= (’::ll)p'tl —p"",  n=r

This is known as the negative binomial distribution.
Hint: How many successes must there be in the first # — 1 trials?
The probability mass function of X is given by

pik) = (

Give a possible interpretation of the random variable X.
Hint: See Exercise 23.

r+k—1

pa-eh k=0

In Exercises 25 and 26, suppose that two teams are playing a series of games,
each of which is independently won by team A with probability p and by team B
with probability 1 — p. The winner of the series is the first team to win / games.

25,

26,

If i = 4, find the probability that a total of 7 games are playved. Also show thar this
probability is maximized when p = 1/2.

Find the expected number of games that are played when

(a) i=12;

(b) i=3.

In both cases, show that this number is maximized when p = 1/2.



*27. A fair coin is independently flipped » times, k times by A and » — k times by B.

28.

29,

30,

31

32,

33

34

Show that the probability that A and B flip the same number of heads is equal to
the probability that there are a total of & heads.

Suppose that we want to generate a random variable X that is equally likely to
be either 0 or 1, and that all we have at our disposal is a biased coin that, when
flipped, lands on heads with some (unknown) probability p. Consider the following
procedure:

1. Flip the coin, and let 0, either heads or tails, be the result.
2. FHlip the coin again, and let Oz be the result.

3. 1t 0q and 07 are the same, return to step 1.

4. 1f 05 is heads, set X = 0, otherwise set X = 1.

ja) Show that the random variable X generated by this procedure is equally likely
to be either 0 or 1.

b) Could we use a simpler procedure that continues to flip the coin until the last
two flips are different, and then sets X = 0 if the final flip is a head, and sets
X =1 ifitisa tail?

Consider # independent flips of a coin having probability p of landing heads. Say

a changeover occurs whenever an outcome differs from the one preceding it. For

instance, if the results of the flipsare H H T H T H H T, then there are a total of

five changeovers. If p = 172, what is the probability there are k£ changeovers?

Let X be a Poisson random variable with parameter i. Show that P{X = i} increases
monotonically and then decreases monotonically as i increases, reaching its maxi-
mum when i is the larpest integer not exceeding .

Hint: Consider P{X = i}/P{X =i—1}.

Compare the Poisson approximation with the correct binomial probability for the
following cases:

{a) PIX =2}whenn=28, p=0.1.

(b) P{X =9} when n = 10, p = 0.95.

(c) P{X =0} when n =10, p =0.1.

id) PIX =4)whenn=9, p =0.2.

If you buy a lottery ticket in 50 lotteries, in each of which your chance of winning
a prize is 111“5, what is the (approximate) probability that you will win a prize (a)
at least once, (b) exactly once, (c) at least twice?

Let X be a random variable with probability density

o a1 —xd), —1l=x=1
f) = [(}, otherwise

{a) Whar is the value of ¢
(b} Whart is the cumulative distribution function of X3
Let the probability density of X be given by

c(dx — 2xh), Dwx =2
0, otherwise

fx) ={



35,

36,

37.

‘38,

39,

40,

41.

{a) What is the value of ¢?
(b) P{3<X<3|=2

The density of X is given by
_[10sx2, for x = 10
f(xj_[D* forx = 10

What is the distribution of X? Find P{X = 20}.
A point is uniformly distributed within the disk of radius 1. That is, its density is

f,m=C, 0D=x*+y =<1

Find the probability that its distance from the origin is less than x, 0 = x = 1.

Let X{, X5,...,X, be independent random variables, each having a uniform distri-
bution over (0,1). Let M = maximum (X1, Xz, ..., X,). Show that the distribution
function of M, Fp(-), is given by

Fapix) = x", 0=x=1

What is the probability density function of M?
If the density function of X equals

ﬂx]:[ce—l‘, D<x<oo

0, x-=0

find ¢. Whar is P{X = 2}?
The random variable X has the following probability mass function:

pih=1,  p2y=%,  poa=1

Calculate E[X].

Suppose that two teams are playing a series of games, each of which is independently
won by team A with probability  and by team B with probability 1—p. The winner
of the series is the first team to win four games. Find the expected number of games
that are played, and evaluate this quantity when p = 1/2.

Consider the case of arbitrary p in Exercise 29. Compute the expected number of
changeovers.

Suppose that each coupon obtained is, independent of what has been previously
obtained, equally likely to be any of m different types. Find the expected number
of coupons one needs to obtain in order to have at least one of each type.

Hint: Let X be the number needed. It is useful to represent X by

X=>'X

where each X; is a geometric random variable.



43,

44.

43,

46,

47,

An urn contains # + m balls, of which » are red and m are black. They are with-
drawn from the urn, one at a time and without replacement. Let X be the number
of red balls removed before the first black ball is chosen. We are interested in deter-
mining E[X]. To obtain this quantity, number the red balls from 1 to n. Now define
the random variables X;, i =1,...,n, by

Y 1, if red ball i is taken before any black ball is chosen
0, otherwise

ja) Express X in terms of the X;.

(b)  Find E[X].

In Exercise 43, let Y denote the number of red balls chosen after the first but before

the second black ball has been chosen.

ja) Express ¥ as the sum of # random variables, each of which is equal to either
Oor 1.

(b) Find E[Y].

{c) Compare E[Y] to E[X] obtained in Exercise 43.

{d) Can you explain the result obtained in part (c)?

A total of r keys are to be put, one at a time, in k& boxes, with each key indepen-

dently being put in box i with probability p;, Zf‘:j p; = 1. Each time a key is purt

in a nonempty box, we say that a collision occurs. Find the expected number of

collisions.

If X is a nonnegative integer valued random variable, show that

(a) E[X] = me >n) = me > 1}
n=0

n=1

Hint: Define the sequence of random variables I,, n = 1, by

L1 ifm=X
=10, ifn=X

Now express X in terms of the I,,.

(b) If X and Y are both nonnepative integer valued random variables, show
that

EIXY]=) Y P(X=nY=m)

n=1m=1

Consider three trials, each of which is either a success or not. Let X denote the
number of successes. Suppose that E[X] = 1.8.

(a) What is the largest possible value of P{X = 3}?

(b) What is the smallest possible value of P{X = 3}?

In both cases, construct a probability scenario that results in P{X = 3} having the
desired value.



*48.

49,
s0.

51.

53
54,

55.

56.

If X is a nonnegative random variable, and g is a differential function with g(0) = 0,
then

E[g{X}]:f P(X = Dg'(t)dt
0

Prove the preceding when X is a continuous random variable.
Prove that E[X?] = (E[X])*. When do we have equality?

Let ¢ be a constant. Show that
(a) Var(cX) = cVar(X):
(b} WVar{c + X) = Var(X).

A coin, having probability ¢ of landing heads, is flipped until a head appears for
the rth time. Let N denote the number of flips required. Calculate E[N].

Hint: There is an easy way of doing this. It involves writing N as the sum of r
geometric random variables.

{a) Calculare E[X] for the maximum random variable of Exercise 37.
(b} Calculate E[X] for X as in Exercise 33.
{c) Calculate E[X] for X as in Exercise 34.

If X is uniform over (0, 1), calculate E[X™] and Var(X™").
Let X and ¥ each rake on either the value 1 or —1. Let

pl, H=PX=1,Y =1},
p(l, —1)=P[X =1, Y = —1},
p(—1, ) =P{X = -1, Y = 1},
p(—1, —-1)=P[X = -1, Y = —1)

Suppose that E[X] = E[Y] = 0. Show that

(a) p(lp 1) ZP(_I: —1);

'[h] P“} _1}' =P{—1> ]]

Let p = 2p(1, 1). Find

(c) Var(X);

(d) Var(Y);

{e} Cov(X,Y).

Suppose that the joint probability mass function of X and Y is

PIX=iY=j)= (i) e, 0=i<j

{a) Find the probability mass function of Y.
{b) Find the probability mass function of X.
(c) Find the probability mass function of ¥ — X.

There are #n types of coupons. Each newly obtained coupon is, independently, tvpe
i with probability p;, i = 1,...,#n. Find the expected number and the variance of
the number of distinct tvpes obtained in a collection of k& conpons.



57.

58.

59.

&l

6l.

621,

63,
*6d.

63,
66,

67.

Suppose that X and Y are independent binomial random variables with parameters
(n,p) and (m, p). Argue probabilistically (no computations necessary) that X + Y
is binomial with parameters (1 + m, p).

An urn contains 2n balls, of which r are red. The balls are randomly removed in
successive pairs. Let X denote the number of pairs in which both balls are red.
ja) Find E[X].
(b} Find Var(X).
Let Xy, X3, X3, and X4 be independent continuous random variables with a com-
mon distribution function F and let
p=PlX1 = X3 = X3 = XN}
ja) Argue that the value of p is the same for all continuous distribution functions F.
{b) Find p by integrating the joint density function over the appropriate region.
{c) Find p by using the fact that all 4! possible orderings of X1, ..., X4 are equally
likely.
Calculate the moment generating function of the uniform distribution on (0, 1).
Obtain E[X] and Var[X] by differentiating.

Let X and W be the working and subsequent repair times of a certain machine. Let
Y = X + W and suppose that the joint probability density of X and Y is
fxyix,¥)= e ™ Dex < Y =00

ja) Find the density of X.
{b) Find the density of Y.
{c) Find the joint density of X and W.
id) Find the density of W.

In deciding upon the appropriate premium to charge, insurance companies some-
times use the exponential principle, defined as follows. With X as the random
amount that it will have to pay in claims, the premium charged by the insurance
Company is

p=l In(E[e°X])
a
where a is some specified positive constant. Find P when X is an exponential random
variable with parameter A, and @ = @i, where 0 = o = 1.

Calculate the moment generating function of a geometric random variable.

Show that the sum of independent identically distributed exponential random vari-
ables has a gamma distribution.

Consider Example 2.48. Find Cov(Xj;, X;) in terms of the ay;.

Use Chebyshev's inequality to prove the weak law of large numbers. Namely, if
X1, X3z,... are independent and identically distributed with mean g and variance
o* then, for any £ = 0,

|

Suppose that X is a random variable with mean 10 and variance 15. What can we
say about P{5 = X = 15}?

X1+ X2+4+---+ Xy
n

—

::-E]—HJ as M — 0



68,

69,

*70.

71.

*72,

73.

74,

Let X1, X2,...,Xp be independent Poisson random variables with mean 1.

{a) Use the Markov inequality to get a bound on P{X; + --- + Xyp = 15}

(b} Use the central limit theorem to approximate P{Xy + .-+ + X0 = 15).

If X is normally distributed with mean 1 and variance 4, use the tables to find
P2 = X < 3}.

Show that

"ok 1
a1
dm e =3
k=0

Hint: Let X, be Poisson with mean n. Use the central limit theorem to show that
P{X,<n}— L.

Let X denote the number of white balls selected when k balls are chosen at random
from an urn containing # white and m black balls.

(a) Compute P{X =i}.
(b) Letfori=1,2,...,kj=1,2,...,n,

1, if the ith ball selected is white
0,  otherwise

[1, if white ball j is selected

0,  otherwise

Compute E[X] in two ways by expressing X first as a function of the X;s and then
of the Y;s.

Show that VariX) = 1 when X is the number of men who select their own hats in
Example 2.31.

For the multinomial distribution (Exercise 17), let N; denote the number of times
outcome § occurs. Find

(a) E[N;l;

(b} Var(N;);

(c) CoviN;, Nj);

(d) Compute the expected number of outcomes that do not occur.

Let X1, Xz,... be a sequence of independent identically distributed continuous
random variables. We say thata record occurs at time 7 if X, = max(X1,..., Xp_1).
That is, X, is a record if it is larger than each of Xi,..., X,_1. Show

{a) P{a record occurs at time n} = 1/n;

(b) E[number of records by time n] = 37 1/§;

(c) Var(number of records by time ) = 371" (i — 1)/i%;

{d) Let N = min{s: n = 1 and a record occurs at time n}. Show E[N] = oc.

Hint: For (ii) and (iii) represent the number of records as the sum of indicator (that
is, Bernoulli) random variables.
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76.

77,

78,

79,

80.

Letay = az = --- = ay denote a set of # numbers, and consider any permutation
of these numbers. We say that there is an inversion of 4; and a; in the permuta-
tion if i = j and a; precedes a;. For instance the permutation 4, 2, 1, 5, 3 has §
inversions—i(4, 2}, (4, 1), (4, 3), (2, 1}, (5, 3). Consider now a random permutation
of ay, az,...,ay—in the sense that each of the »! permutations is equally likely to
be chosen—and let N denote the number of inversions in this permutation. Also, let

N; = number of k: & < i, a; precedes 4 in the permutation

and note that N = 37 ; N..
ja) Show that Ny,..., Ny are independent random variables.
(b} Whart is the distribution of N;?
c) Compute E[N] and Var{N).
Let X and Y be independent random variables with means p, and py and variances
o2 and cr}%. Show that

Var(XY) = gﬁcrf: - niaﬁ + nlﬂﬁ

x

Let X and Y be independent normal random variables, each having parameters
and o2. Show that X + Y is independent of X — Y.
Hint: Find their joint moment generating function.

Let ¢(t1,...,ty) denote the joint moment generating function of Xq,..., X,.

{a) Explain how the moment generating function of X;, ¢x,(#), can be obtained
from ¢(t1,...,tn).

(b) Show that Xy,..., X, are independent if and only if

Bl tn) = @y (E1) - - i, (En)
With K(t) = log(E [e’x ], show that
E'(0y = E[X], K"(0) =Var(X)})
Let X denote the number of the events Aq,...,A,, that occur. Express E[X],

iy P{AH st Afﬁ by

k= 1,...,?1.
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1 I
9. p0) = 5’ P'{”:ﬁf P(21=g: 17. Followssincethereaneﬁpemutaﬁonsofn
p(3) = = p(35) = — ok‘;]e-:ts of which x; are alike, x; are alike, ..., x, are
10 10 alike.



18.

19.

20.

21.

22,

23

24

26.

Follows immediately.
P{Xyj+ -+ Xy =my}

= {nm] P+ )" e + -+ p "

s3] ] (2] =

o [8] - o

1

32

In order for X to equal n, the first n — 1 flips must

have r — 1 heads, and then the ntt flip must land
heads. By independence the desired probability is
thus

n—1 —1 —
|:r_1:|pf (I_P)H J’Ip

It is the number of tails before heads appears for
the 1 time.

. Atotal of 7 games will be played if the first 6 result

in 3 wins and 3 losses. Thus,

6
P{7 games} = (3) ra-p?
Differentiation yields

P71 =20 (320 -p7 ~ p3a -7
=60p*(1—p)* [1 — 2p]

Thus, the derivative is zero when p = 1/2. Taking
the second derivative shows that the maximum is
attained at this value.

Let X denote the number of games played.
@ P{X=2)=p"+(1-p)}

P{X =3} =2p(1—p)

EIX]=2{p* + (1 —p}} +6p(1 —p)

=2+2p(1-p)
Since p(1 — p} is maximized when p =1/2, we
see that E[X] is maximized at that value of p.

®) P{X=3}=p"+1-p)

P{X=4}

= P{X =4, Thas 2 wins in first 3 games}

+ P{X =4, I has 2 wins in first 3games}

=3p"(1—pp + 3p(L - pY'(1 - p)

P{X =5}
= P {each player has 2 wins in the first
4 games}

= 6p*(1 —p)*
EXI=3[p"+ (1—p| + 12p(1—p)
P2+ (- p?] + 3020 - p?

Differentiating and setting equal to 0 shows
that the maximum is attained when p =1/2.

27. P {same number of heads} = ¥ P{A = i,B = i}
-y (f) (1/2)f (" I_.k) (/2 *
=) (7)o
() (7)o
- (;:) (1/2)"
Another argument is as follows:

P{# heads of A = # heads of B}
= P{# tails of A = # heads of B}

since coin is fair

= P"{k — # heads of A = # heads of B}
= P"{k = total # heads}

28. (a) Consider the first time that the two coins give
different results. Then

P{X =0} =P {(t,h)|(t,h) or (h, 1)}

_p-p _1
2p(1-p) 2

(b} No, with this procedure
P{X=0}="P{firstflipisataill} =1-p

29. Each flip after the first will, independently, result
in a changeover with probability 1/2. Therefore,



32

33.

35.

P {k changeovers} = (” ; 1) (1/2)" 1

P{X =i} e Ml

= = )i

T PX=i-1] e N 1/i-1)

Hence, P{X = i} is increasing for A = i and
decreasing for A < i.

(a) 394 (b).303 (c).091
c/_ll (l—xz)dle

=

3 3
F)=7 [ A=
3 3

I P A
—4[y 3+3], lay<=1

. c/z(dx—zf)dle
0

38. c=12

31

2. EX]=7

40. Let X denote the number of games played.

P{X=4=p"+(1-p)’
P{X =5}=P{X =5, Iwins 3 of first 4}
+ P{X =5, I wins 3 of first 4}
=4°(1L—pip + 401 —p)°p(1 —p)
P{X=6}=P{X =6, Iwins 3 of first 5}
+ P{X =6, T wins 3 of first 5}
=10p°(1 —p’p + 10p°(1 —py’(1 - p)
P {X =7} =P{first 6 games are split}

=20p°(1—py’
E[X]:ifP{X: i)
=4

Whenp=1/2, E[X]=93/16=5.8125

o2 —2%3/3) =1 41. Let X; equal 1 if a changeover results from the "
flip and let it be 0 otherwise. Then
8c/3=1
n
3 number of changeovers = X;
=3 i—2
1 3 3 3;"2 AS,
Pis<X<sp=¢ dx —2%)d
{2": 2} 8L (41— 2% )ax E[X]=P{X; =1} = P{flipi— 1 flipi}
_u =2p(1—p)
16
we see that
=10 1
P{X >20}= —dx = 3 .
(X =20 _[20 X2 * 2 E[number of changeovers] = 2 E[Xi]
=2
area of disk of radius x
= =2(n—1)p(l —p)
. <1
PAD < x} area of disk of radius 1
mx2 > 42. Suppose the coupon collector has i different types.
== Let X; denote the number of additional coupons
collected until the collector has i + 1 types. It
- PAM < x} =P {max(X,, ..., X;) < x} is easy to see that the X; are independent geomet-
_ ric random variables with respective parameters
=P{Xi=x.... Xy = 3} (n—i)/n, i=0,1,...,1 — 1. Therefore,
n
— PIX: < x n—1 n—1 n—1 i
E = ) fo]=22[1‘fx]=2ﬂf(ﬂ—!)
- i=0 i=0 i=0
— x” "
_ d — | =n E 1’{}
fulx) = EP (M <x}=nx a



"
83 () X=YX
i=1

(b) E[X]=P{X;=1}
= P{red ball i is chosen before all n
black balls}
=1/(n + 1) since each of these n + 1
balls is equally likely to be the
one chosen earliest
Therefore,
n

E[X]= Y E[X;]=n/(n+1)

i=1

(a) LetY;equallifred balliis chosen after the
first but before the second black ball,

i=1,...,n Then
n

Y=YV,
i=1

(b) E[Y;]=P{Y; =1}
= P{red ball i is the second chosen from
asetofn + 1balls}
=1/(n+ 1) since each of then + 1is
equally likely to be the second one
chosen.

Therefore,

ElY]=n/(n+1)

(c) Answer is the same as in Problem 41.

(d) We can let the outcome of this experiment be
the vector (Ry, Rz, ..., Ry) where E; is the num-
ber of red balls chosen after the (i — 1)* but
before the i black ball. Since all orderings of
the n 4+ m balls are equally likely it follows that
all different orderings of Ry, ..., Ry will have
the same probability distribution.

For instance,
P{Ry=a,R;=b}=P{R;=a,R, =b}

From this it follows that all the R; have the
same distribution and thus the same mean.

. Let N; denote the number of keys in box i,

i = 1,....,k. Then, with X equal to the number
k

of collisions we have that X = E (N, —1)" =
i=1

k
¥ (Nj —1 + I {N; = 0}) where I {N; = 0} is equal

i=1
to 1if N; = 0 and is equal to 0 otherwise. Hence,

k
EX]=3 (pi-1+1-p))=r—k
i=1

i
+ Y (d—p)
=

]

Another way to solve this problemis to let ¥ denote

the number of boxes having at least one key, and

then use the identity X = r — Y, which is true since

only the first key put in each box does not resultin
k

a collision. Writing ¥ = % I{N; > 0} and taking
i=1
expectations yields

k
EX]=r—E[Y]=r—- 3 [1-(1-p)]

i=1

k
=r—k+ Z(l—p,—)r

i=1

0
. Using that X = ¥ I, we obtain

n=1
o0 o0
E[X]= ¥ Ell.]= ¥, P{X > n]
n=1 n=1
Making the change of variables m = n — 1 gives

Emp:%szm+lk=§Pmbm}

m=0 m=0

L_[Lifn<X
"0, ifn>X

1, it m<Y
Im 0, f m=Y

Then

o0 00 o0 00
XY = zrr: zIm: z zfnfm
n=1 m=1 H=1m=1
Taking expectations now yields the result

EIXY1=Y Y ElluJml

=1 m=1



47. Let X be 1 1f trial i 1s a success and 0 otherwise.

49, EF[X?] -

51.

52.

(a) The largest value is .6. If X; = X; = X3, then
1.8 = E[X] = 3E[X,] = 3P{¥X =1}
and so
PIX=3}=P{X;=1}=6
That this is the largest value is seen by Markov’'s
inequality, which yields
PIX =3} <E[X]/3=6

(b) The smallest value is 0. To construct a probabil-

ity scenario for which P{X =3} =0let U bea
uniform random variable on (0, 1), and define

ifll <.6

1
X = 0 otherwise
X 1 ifll=4
270 otherwise
1 ifeither <3 or UZ=.7
o

0 otherwise
It is easy to see that

PX;=X,=X;=1} =0

(E[X])* = Var(X) = E(X — E[X])?=0.
Equality when Var(X) = 0, that is, when X is

constant.

Var(cX) = E[(cX — E[cX])*]
=E[*(X — E(X))*]
=c2Var(X)

Var(c + X) = E[(c + X — E[c + X])’]

= E[(X — E[X])*]
= Var(X)

r
N=Y X;j where X; is the number of flips between
i=1
the (i — 1)* and i" head. Hence, X; is geometric
with mean 1/p. Thus,

r
r
EIN]= Y E[X;]= "1
i1 P

55.

1 1

n+1" 2n+1

1 2
Coln+1]
(a) Using the fact that E[X + Y] = 0 we see that

0=2p(1,1) — 2p(—1,-1), which gives the
result.

(b} This follows since
0=EX-Y]=2p(1,-1)—2p(—1,1)

(c) Var(X) =E[X*]=1
(d) Var(Y)=E[¥]=1
(e) Since

1=p(1,1) + p(—1,1) + p(1,-1) + p(-1,1)
=2p(1,1) + 2p(1, 1)
we see that if p = 2p(1, 1) then
1-p=2p(1,-1)
Now,
Cov(X, Y) = E[XY]
=p(1.1) +p(-1,-1)
—p(L-1)—p(-11)
=p-(1-p)=2p-1
(a) P(Y =j) = i G)e‘”}d;}!

i=0

_-2" M z ()1’1}‘1

:e_u(z_f#

o0 1 =
) PX=i)=Y (J:)E‘Z")Jﬁ!
j=J
2 s 4}
_.' }Z {;—1
i [+ 4]
= l,e—”f" ¥ Ak
i fory
_oa X
!'[

(@ PX=i,Y-X=K=PX=iY=k+1i)

(1)

Ak
—AN A
e E

2 A+
&+ 1)



showing that X and Y — X are independent
Poisson random variables with mean A. Hence,

P(Y - X=k=e L

56. Let Xj equal 1 if there is a type i coupon in the

57.

58.

collection, and let it be 0 otherwise. The number of

distinct typesis X = i Xi.
i=1
EX1=Y EX]1=YP{X;=1} =Y (1-p)f

i=1 i=1 i=1

To compute Cov(Xj, X;) when i # j, note that X;X;
is either equal to 1 or 0 if either X; or Xj is equal to
0, and that it will equal 0 if there is either no type i

or type j coupon in the collection. Therefore,
P{X;X; =0} =P{X; = 0} + P{X; =0}
—P{X;=X; =0}
=(1-pf+1-p)
(1 —pi—p)f
Consequently, for i # j
Cov(X;, Xj) = P{X;X; = 1} — E[X;]E[X;]
=1-[1—p) + 1 —p)
—(1—pi—p - (A —py 1 —pp)f
Because Var(X;) = (1 — p)*[1 — (1 — p)f]
we obtain
Var(X)= i Var(X;) + 23 Y Cov(X;, X;)
1? i<j
=Xa- Pl — (1 —pif]

+2¥¥n-10-p)f

Joi<j
+ (A-p) — (A —pi—p)
— (1 —pFa—pf

It is the number of successes in n 4+ m independent

p-trials.

Let X; equal 1if both balls of the i * withdrawn pair

are red, and let it equal 0 otherwise. Because

rir—1
E[X;{]=P{Xi=1} = m

59.

we have

E[X]= Y E[Xi]
i=1
_rr=1)
T (4n-2)
because

rir—1)(r—2)r-3)

EIXiXjl = 2n(2n —1)(2n — 2)2n — 3)

For Var(X) use

Var(X) =Y Var(X;) + 2} Cov(X;, X;)
i i<j
=n Var(Xy) + ni{n — 1) Cov(Xy, X3)
where

Var(Xy) = E[X,](1 — E[X,])

Flir —10r —2)(r — 3)
2n(2n —1)(2n — 2)(2n - 3)

— (X311

Cov(X1, X3) =

(a) Use the fact that F(X;) is a uniform (0, 1) ran-
dom variable to obtain

p=P{F(Xy) < F(Xp) > E(Xa) < F(Xy)}
ZP{U1 < U2 = U3 < U,;}

where the U;,i = 1,2,3,4, are independent
uniform (0, 1) random variables.

1 p1 px2 pl
®p=[ [ [ [ dudrair
0 Jx JO X3
1 1 a2
=f f f (1—33)!113{112(1]:1
0 Jx JO

_ j; ' ﬂ : (x2 — 32/ 2)dxads

-/ (173 = 232 + 2} oy
i)

=1/3-1/6+1/24 =5/24

(c) There are 5 (of the 24 possible) orderings such
that X < X > X5 < Xj. They are as follows:

NH>Xe> X3 X
Xn=>Xa=X1=X5
X2>X|>X4)X3
Xa>Xo>X3> X4
XXX



60.

61.

62.

1 f
E[e”‘]:f ety = & 1
0
d x, ftef—ef4 1
aE[eJ l=———
@y [P+ et —ef) —2t(te! —ef 4 1)]
drzE[‘?I 1= e
et —2(tet —ef 4 1)

t3

To evaluate at f = 0, we must apply I'Hospital’s
rule.

This yields
tet Lot gt e 1
E[X]=lim—"% "% _jimZ ==
[X]= lim —— =02 2
5 2tet 4 t2et — 2tet — 2et 4 2¢t
E[X?]=lim = £ 1€ 2% +
t=0 3t
—lim& =1
T =03 3

@ fx= [ " e My
= e Ax

L)
® A= [ e Mas
0
= Azyg_)‘y
(c) Because the Jacobian of the transformation

x=x,w=y—xis 1, we have

frew(x,w) = foy(x, X + w) = N A0
— g AT NpAW

(d) It follows from the preceding that X and
W are independent exponential random vari-
ables with rate A.

E[e™] = f e N My = s L

— ¥

Therefore,
P= L].n 1
T aA (1-a)

The inequality In{1 — x) < —x shows that
P>1/A

63.

64,

65.

66.

67.

68.

69.

70.

@)=Y e"(1—p)"'p

n=1

=pe' 3 (1—pey"™!
n=1
o__p
1-(1-p)
(See Section 2.3 of Chapter 5.)

n
Coo(X;, X)) = Cool; + ¥ axZe,py + 3 a3 Z)
k=1 i=1

=

Il
1=

Cov(ag Ly, ayy)

...

= |
-
E
Il
-

[
1
E

1yt Cov(Zy, Zt)

.,
=
-
E
Il
-

Y agag
j

k=1
where the last equality follows since

ifk=t

1
Cov(Zg, Zy) = 0 ifkt

P{‘X1+---+Xn—u,u
n

:-e}

=P{Xj+---+Xy—np|>ne}
< Var{X; +--- 4 Xu} /n? €2
=no? /n? &2

—0Dasn — oo

P5<X <15} =

[y Tl

2
(a) P{X1++X10>15}£§
5
P{Xy+---+Xp=>15l=1-0 |—
(b) P{X, 10 } L’I_O]
1
O(1) — @ 3 = .1498
Let X; be Poisson with mean 1. Then
] k
P{z}{ﬁ_:n}ze‘“
1 k

n
n

< k!
But for n large ¥ x; — n has approximately a nor-

=

1
mal distribution with mean 0, and so the result
follows.



71. (a) P{X:z‘}:{?] [kn—ﬁf]/{n_;m] Hence,

1 171? 1
Co(X, X)=—ou || =———
i=0,1,..,min(k,n) (X, Xj) N(N-1) [N] NN -1)
k
(b) XZEXI' and N
i=1 N-1 1
Vnrr(X):—+2[ ]
N 2 [ NEN -1
EIX = 3 EX 1 = N, x0T
i=1 n4m N N
th =1

since the i ball is equally likely to be
either of the n + m balls, and so

73. As N; 1s a binomial random variable with para-
E[X]=P{X; =1} = ' g

n4m meters (11, P;), we have (a) E[N;]=nPj (b) Var(X;) =
n nP; = (1—P;); (c) for { #j, the covariance of N; and
X= E Y; N; can be computed as
i=1
)
E[X]= ) EIYi] Cov(N;, Nj) = Cov | ¥ X, ¥, Yk]
i=1 k k
H
=3 P{ i'" white ball is selected } where X;(Y})is 1 or 0, depending upon whether or
f?l ; . not outcome k is type i( j). Hence,
=f=21 n+m n+m Cov(N;, Nj) = %%Cﬂf}(xk: Ye)
72. For the matching problem, letting Now fork # ¢, Cov(X, Y¢) = 0 by independence of
trials and so
X=X+ -+ Xy
Cov(N;, N;) =¥ Cov(Xy, Yy)
where k
¥ 1 if i*" man selects his own hat = Z (E[X Yi] — E[XLE[Y (D)
"7 10 otherwise k .
=— Y E[X,]E[Y}] (since XYy = 0)
we obtain k
X —_yrm
Var(X) =Y Var(X;) +23% Y Cov(X;, X;) k
i=1 i< =—nP;P;

Since P{X; = 1} = 1/N, we see (d) Letting

1 N_1 1, ifnotypei’'s occur
ﬁ} =N Yi= 0, otherwise

Also we have that the J;‘lunlb@r of outcomes that never

Var(X;) = % {1 —

Cou(X;, X;) = EIX,Xj] — E[X,IEIX;] oceur is equal to 3, ¥; and thus,

Now, r r
1 ifthei" and j”’ men both select E [; Yf} = ; E1Y;]
X,-XJ,- = their own hats r
0 otherwise = 2‘ P{outcomes i does not occur}
and thus _ i (1— P,
E[X;X]=P{X;, =1, X; =1} 1
=P{X; =1}P{X; =1|X; =1} 74. (a) As the random wariables are independent,
1 1 identically distributed, and continuous, it fol-

TNN-1 lows that, with probability 1, they will all have



75.

(c)

(d

et

(a)

(<)

different values. Hence the largestof Xy, ..., Xj
is equally likely to be either Xy or X5 ... or Xj.
Hence, as there 1s a record at time # when X
is the largest value, it follows that

Plarecord occursatn} = %

|1, ifarecord occurs atj
Letl; = {0, otherwise
Then

" 1 n 1
E[zf}':| =ZE[I}-]=Z—,
1 1 1/

It is easy to see that the random variables
Iy, 15, ..., Iy are independent. For instance, for
i<k

P{I,,- =1/I,=1} = P{IJ,— =1}

since knowing that X; is the largest of
) P Xj, ..., X clearly tells us nothing about
whether or not X is the largest of Xy, ..., Xj.
Hence,

Varifj = i Var(l;) = i [1] [}i}
1 1

Slilli

P{N = n}

= P{Xj is the largest of X, ..., X;;} = %

Hence,

EN = 3 P{N > n} =

=1

P18
=
[
¢

=
|
-

Knowing the values of Ny, ,,,,Nf- is equivalent
to knowing the relative ordering of the ele-
ments ay, ..., a;. For instance, if Ny =0, N> =1,
N3 = 1 then in the random permutation a;
is before a3, which is before ;. The indepen-
dence result follows for clearly the number
of a1,....a; that follow #;;1 does not proba-
bilistically depend on the relative ordering of
A1 eee, ).
1 .
PIN; =k} = e k=01,..,i—-1
which follows since of the elements ay, ..., 451
the element a; 4 is equally likely to be first or
second or ... or (i + 1)%.
i—1 :

Ny =2y k=11

15 2

1! i—D2i-1
k=0

76.

77.

78.

79.

and so
i—DRi-1) (-1
Vm(N,—)z( )g )_(4)
P
T2
E[XY] = pixpy

E[(XY)] = (i3 + o3)(y + o)

Var(XY) = E[(XY)’] - (E[XY])

Ifg1(x.y) =x +¥, &200y)=x—y, then

dg1 dg
ox

= | 8g2 9% =2
Hence, if U=X 4+ Y, V=X -7, then

1 u4+v u—7o
Suv(u,v)= Efx, Y {T’ T]

2 1 ffu+e T°
52 |2 7 H#

Sl

_e—p?jot [uju u? ]

(a) é(F) = #(0,0...0,1,0... 0) with the 1 in the i"
place.

(b) If independent, then E [cszri] = 7 [eti¥i]
i

On the other hand, if the above is sahsfied, then
the joint moment generating function is that of the
sum of 1 independent random variables the i of
which has the same distribution as x;. As the joint
moment generating function uniquely determines
the joint distribution, the result follows.

1o E[XetX]

K'(t) = E[e]
X 24X 2 X
K,,“J:E[e’ JE[x%e%] — E2[Xe™]

E2 [EIX]



80.

Hence,
K'(0) = E[X]
K"y = E[XZ] — Ez[X] = Var(X)

Let I; be the indicator variable for the event that A;

occurs. Then

Taking expectations yields

()5

Hence,
E[X] =5, E[@] =5
giving that

Var(X) = E[X?] - §3 =25, + §, — 2
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Exercises

1.

*2,

6.

If X and Y are both discrete, show that ¥ pyy(xly) = 1 for all y such that
py(y) = 0.
Let X and X; be independent geometric random variables having the same param-
eter p. Guess the value of

PIX1=ilX1 + X2 =mn)

Hint: Suppose a coin having probability p of coming up heads is continually
flipped. If the second head occurs on flip number n, what is the conditional proba-
bility that the first head was on flip number i, i =1,...,n — 1}

Verify your guess analytically.
The joint probability mass function of X and Y, p(x, v), is given by

p, =3, pa, =1, pG,n=4,

P, =1 p2,2)=0, p3,2) =4,

pi1,3) =0, p2,3=1 p3,3=1%
Compute E[X|Y =i] fori=1,2,3.

In Exercise 3, are the random variables X and Y independent?

An urn contains three white, six red, and five black balls. Six of these balls are
randomly selected from the urn. Let X and Y denote respectively the number of
white and black balls selected. Compute the conditional probability mass function
of X given that ¥ = 3. Also compute E[X|Y = 1].

Repeat Exercise 5 but under the assumption that when a ball is selected its color is
noted, and it is then replaced in the urn before the next selection is made.

Suppose p(x,y,z), the joint probability mass function of the random variables X,
Y, and Z, is given by

p,1, =4, p2,1,1) =1
p(1,1,2y =4, p2,1,2)= &,
pL2L D) =f, p(2,2,1) =0,
pi1,2,2)=0, p2,2,2)=1
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What is E[X|Y = 2]? What is E[X|Y =2,Z =1]?

An unbiased die is successively rolled. Let X and Y denote, respectively,
the number of rolls necessary to obtain a six and a five. Find (a) E[X],
(b) E[X|Y = 1], (c) E[X]Y = 5].

Show in the discrete case that if X and Y are independent, then
E[X|Y =yl = E[X] forally

Suppose X and Y are independent continuous random variables. Show that
E[X|Y =y] = E[X] forally

The joint density of X and Y is

y, Daeoyenoo, —y=Zx<y

2 .2
ftx,}l] — %E_}I

Show that E[X|Y =y] = 0.
The joint density of X and Y is given by
e XYy
flx,)=—, D=x<00, D=y<=n0

Show E[Jﬂ? = }'] =
Let X be exponential with mean 1/4; that is,

fxxy=ae™, D=x <=0

Find E[X|X = 1].
Let X be uniform over (0, 1). Find E[X|X =< {;].
The joint density of X and Y is given by

¥
f{x,y}:%, Desx<y, D=y=<=oo

Compute E[X?|Y = vy].
The random variables X and Y are said to have a bivariate normal distribution if
their joint density function is given by

1
2aoyoyy 1 — p* P l 2(1— %)

« |:(x_#x)2 _ EPEx_I-Lx}"':}'_I-L}']' + (j"_#j.')l:| ’
Ty Ty Oy

for —o0 = x = 0o, —00 = ¥y = 0o, where oy, oy, px, fty,and p are constants such
that -1 <= p < 1, ox > 0,0y > 0, —00 < 1y < 00, —00 < fy < DO,

f':x?}'j =
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{a) Show that X is normally distributed with mean p, and variance aﬁﬁ and Y is

normally distributed with mean ., and variance arf.

ib) Show that the conditional density of X given that ¥ = y is normal with mean
iy + (pox/oy)(y — py) and variance s2(1 — p%).
The quantity p is called the correlation between X and Y. It can be shown that
~EIX — o MY — )]
o Oy Oy
Covi(X, Y)

G'_'[G':p

o

Let Y be a gamma random variable with parameters (s, «). That is, its density is

fr) =Ce™y 1, y>0

where C is a constant that does not depend on y. Suppose also that the conditional
distribution of X given that ¥ = y is Poisson with mean y. That is,

PIX=iY=yl=e ¥/, iz0

Show that the conditional distribution of ¥ given that X = i is the gamma distri-
bution with parameters (s + i,a + 1).

Let Xy.....X, be independent random wvariables having a common distribution
funcrion that is specified up to an unknown parameter 8. Let T = T(X) be a function
of the data X = (Xy....,X,). If the conditional distribution of Xy,..., X, given
T(X) does not depend on & then T(X) is said to be a sufficient statistic for 8. In the
following cases, show that T(X) = Y7 { X; is a sufficient statistic for #.

{a) The X; are normal with mean & and variance 1.

(b) The density of X; is f(x) = 8¢, x = 0.

(c) The mass function of X; is p(x) = (1 — )%, x =0,1,0 =8 = 1.

{d) The X; are Poisson random variables with mean #.

Prove that if X and Y are jointly continuous, then

EIX] = f EIX|Y = ylfy () dy

o0

An individual whose level of exposure to a certain pathogen is x will contract the
disease caused by this pathogen with probability P(x). If the exposure level of a
randomly chosen member of the population has probability density function £,
determine the conditional probability density of the exposure level of that member
given that he or she

{a) has the disease.

ib) does not have the disease.

(c) Show that when P(x) increases in x, then the ratio of the density of part (a) to

thart of part (b) also increases in x.

Consider Example 3.13, which refers to a miner trapped in a mine. Let N denote
the total number of doors selected before the miner reaches safety. Also, let T;
denote the travel time corresponding to the ith choice, i = 1. Apain let X denote
the time when the miner reaches safety.
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{a) Give an identity that relates X to N and the T;.

(b} Wharis E[N]?

c) What is E[Ty]?

(d) Whatis E[Y N, T;IN = n]?

(e} Using the preceding, what is E[X]?

Suppose that independent trials, each of which is equally likelv to have any of m
possible outcomes, are performed until the same outcome occurs & consecutive
times. If N denotes the number of trials, show that

mE — 1

E[N] = —1

Some people believe that the successive digits in the expansion of = = 3.14159 . ..
are “uniformly™ distributed. That is, they believe that these digits have all the
appearance of being independent choices from a distribution thart is equally likely
to be any of the digits from 0 through 9. Possible evidence against this hvpothesis
is the fact that starting with the 24,658 601st digit there is a run of nine successive
7s. Is this information consistent with the hypothesis of a uniform distribution?

To answer this, we note from the preceding that if the uniform hypothesis were
correct, then the expected number of digits until a run of nine of the same value
OCCUTS is

(10° = 1)/9 = 111,111,111

Thus, the actual value of approximately 25 million is roughly 22 percent of the
theoretical mean. However, it can be shown that under the uniformity assumption
the standard deviation of N will be approximately equal to the mean. As a result, the
observed value is approximately 0.78 standard deviations less than its theoretical
mean and is thus guite consistent with the uniformity assumption.

A coin having probability p of coming up heads is successively flipped until two of
the most recent three flips are heads. Let N denote the number of flips. (Note that
if the first two flips are heads, then N = 2.) Find E[N].

A coin, having probability p of landing heads, is continually flipped until at least

one head and one tail have been flipped.

{a) Find the expected number of flips needed.

{b) Find the expected number of flips that land on heads.

{c) Find the expected number of flips that land on tails.

(d) Repeat part (a) in the case where flipping is continued until a total of at least
two heads and one tail have been flipped.

Independent trials, resulting in one of the outcomes 1, 2, 3 with respective proba-

bilities p1, p2, P31, Z,-3=1 Py = 1, are performed.

{a) Let N denote the number of trials needed unril the initial outcome has occurred
exactly 3 times. For instance, if the trial resultsare 3,2,1,2,3,2, 3then N = 7.
Find E[N].

{b) Find the expected number of trials needed until both outcome 1 and outcome 2
have occurred.

You have two opponents with whom you alternate play. Whenever you play A,
you win with probability p4; whenever vou play B, vou win with probability pp,
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where pp = p4. If your objective is to minimize the expected number of games you
need to play to win two in a row, should vou start with A or with B?

Hint: Let E[N;] denote the mean number of games needed if you initially play .
Derive an expression for E[N,] that involves E[Ng]; write down the equivalent
expression for E[Ng] and then subtract.

A coin that comes up heads with probability p is continually flipped until the pattern
T, T, H appears. (That is, vou stop flipping when the most recent flip lands heads,
and the two immediatelv preceding it lands rails.) Let X denote the number of flips
made, and find E[X].

Polya’s urn model supposes that an urn initially contains r red and & blue balls. At

each stage a ball is randomly selected from the urn and is then returned along with

m other balls of the same color. Let X be the number of red balls drawn in the

first k selections.

{a) Find E[X,].

(b) Find E[Xz].

{c) Find E[X3].

{d} Conjecture the value of E[X,], and then verify your conjecture by a condition-
ing argument.

(e} Give an intuitive proof for your conjecture.

Hint: Number the initial r red and & blue balls, so the urn contains one type i red

ball, for each i = 1,...,r; as well as one type j blue ball, for each j = 1,..., 5.

Now suppose that whenever a red ball is chosen it is returned along with mr others

of the same type, and similarly whenever a blue ball is chosen it is returned along

with m others of the same type. Now, use a symmetry argument to determine the

probability that any given selection is red.

Twao players take turns shooting at a target, with each shot by player ¢ hitting the

target with probability p;, i = 1, 2. Shooting ends when two consecutive shots hit

the target. Let u; denote the mean number of shots taken when player i shoots first,

i=1,2.

{a) Find pq and ;.

ib) Let h; denote the mean number of times that the target is hit when player i
shoots first, i = 1, 2. Find hq and h2.

Let X;, i = 0 be independent and identically distributed random wvariables with
probability mass function

p(H=PX;=j, i=1,...,m, ZPU}'=1
i=1

Find E[N], where N = min{n = 0: X,; = Xg}.

Each element in a sequence of binary data is either 1 with probability p or 0 with
probability 1 — p. A maximal subsequence of consecutive values having identical
outcomes is called a run. For instance, if the outcome sequence is 1,1,0,1,1,1,0,
the first run is of length 2, the second is of length 1, and the third is of length 3.
{a) Find the expected length of the first run.

(b) Find the expected length of the second run.

Independent trials, each resulting in success with probability p, are performed.
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{a) Find the expected number of trials needed for there to have been both at least
n successes or at least s failures.

Hint: Is it useful to know the result of the first # + mr trials?

{b) Find the expected number of trials needed for there to have been either at least
n successes or at least s failures.

Hint: Make use of the result from part (a).

If R; denotes the random amount that is earned in period 7, then ¥7°, g~ 1R;,
where 0 = g < 1 is a specified constant, is called the total discounted reward with
discount factor . Let T be a geometric random variable with parameter 1 — g
that is independent of the R;. Show that the expected total discounted reward
is equal to the expected total (undiscounted) reward earned by time T. That is,
show that

[zﬁ}[z}

i=1 i=1

A set of n dice is thrown. All those that land on six are pur aside, and the others are
again thrown. This is repeated until all the dice have landed on six. Let N denote
the number of throws needed. (For instance, suppose that # = 3 and that on the
initial throw exactly two of the dice land on six. Then the other die will be thrown,
and if it lands on six, then N = 2.) Let m,, = E[N].

{a) Derive a recursive formula for m,, and use it to calculate m;, i = 2, 3,4 and to

show that m; = 13.024,
{b) Let X; denote the number of dice rolled on the ith throw. Find E[Z:il X

Consider # multinomial trials, where each trial independently results in outcome §

with probability p;, ZLI p; = 1. With X; equal to the number of trials that result
in outcome §, find E[X1|X2 = 0].

Let pg = P{X = 0} and suppose that 0 = pg = 1. Let x = E[X]and o = Var(X).
(a) Find E[X|X # 0].

(b} Find Var(X|X #£ 0).

A manuscript is sent to a typing firm consisting of typists A, B, and C. If it is typed
by A, then the number of errors made is a Poisson random variable with mean 2.6;
it typed by B, then the number of errors is a Poisson random variable with mean 3;
and if typed by C, then it is a Poisson random variable with mean 3.4. Let X denote
the number of errors in the typed manuscript. Assume that each typist is equally
likely to do the work.

{a) Find E[X].

{b) Find Var(X).

Let U be a uniform (0, 1) random variable. Suppose that # trials are to be performed
and that conditional on U = u these trials will be independent with a common
success probability #. Compute the mean and variance of the number of successes
that occur in these trials.

A deck of n cards, numbered 1 through n, is randomly shuffled so that all #! possible
permutations are equally likely. The cards are then turned over one at a time until
card number 1 appears. These upturned cards constitute the first cycle. We now
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determine (by looking at the upturned cards) the lowest numbered card that has

not vet appeared, and we continue to turn the cards face up until that card appears.

This new set of cards represents the second cycle. We again determine the lowest

numbered of the remaining cards and turn the cards until it appears, and so on until

all cards have been turned over. Let m,, denote the mean number of cycles.

{a) Derive a recursive formula for s, in terms of sy, b =1,...,n—1.

(b) Starting with mgy = 0, use the recursion to find my, w5, m4, and ma.

(c) Conjecture a general formula for m,.

id) Prove your formula by induction on #. That is, show it is valid for n = 1, then
assume it is true for any of the values 1,...,# — 1 and show thar this implies
it is true for ».

{e) Let X;equal 1 if one of the cycles ends with card #, and let it equal 0 otherwise,
i=1,...,n. Express the number of cycles in terms of these Xj.

it} Use the representation in part (e) to determine #1,,.

{g) Are the random variables X,. .., X,; independent? Explain.

{h) Find the variance of the number of cycles.

A prisoner is trapped in a cell containing three doors. The first door leads to a

tunnel that returns him to his cell after two days of travel. The second leads to a

tunnel that returns him to his cell after three davs of travel. The third door leads

immediately to freedom.

{a) Assuming that the prisoner will always select doors 1, 2, and 3 with prob-
abilities 0.5, 0.3, 0.2, what is the expected number of davs until he reaches
freedom?

{b) Assuming that the prisoner is always equally likely to choose among those
doors that he has not used, what is the expected number of days until he
reaches freedom? (In this version, for instance, if the prisoner initially tries
door 1, then when he returns to the cell, he will now select only from doors 2
and 3.)

{c) For parts (a) and (b) find the variance of the number of days until the prisoner
reaches freedom.

A rar is trapped in a maze. Initiallv it has to choose one of two directions. If it
goes to the right, then it will wander around in the maze for three minutes and will
then return to its initial position. If it goes to the left, then with probability % it
will depart the maze after two minutes of traveling, and with probability % it will
return to its initial position after five minutes of traveling. Assuming thar the rat is
at all times equally likely to go to the left or the right, what is the expected number
of minurtes that it will be trapped in the maze?

If X;,i=1,...,nare independent normal random variables, with X; having mean

st; and variance 1, then the random variable 7 ; X2 is said to be a noncentral

chi-squared random variable.

{a) if X is a normal random variable having mean g and variance 1 show, for
\t| = 12, that the moment generating function of X is

5 2
(1—20"V2eTx

{b) Derive the moment generating function of the noncentral chi-squared random
variable 377 ; X,.l, and show that its distribution depends on the sequence of
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means g, .. ., ity only through the sum of their squares. As a result, we say
that 37 | X '1 is a noncentral chi-squared random variable with parameters n
and 6 = Y7y pf.

(c) If all w; = 0, then 3%, Xf is called a chi-squared random variable with
n degrees of freedom. Determine, by differentiating its moment generating
function, its expected value and variance.

(d) Let K be a Poisson random variable with mean /2, and suppose that condi-
tional on K = k, the random variable W has a chi-squared distribution with
n + 2k degrees of freedom. Show, by computing its moment generating func-
tion, that W is a noncentral chi-squared random variable with parameters
and &.

(e} Find the expected value and variance of a noncentral chi-squared random
variable with parameters # and 4.

The density function of a chi-squared random variable having n degrees of freedom

can be shown to be

1 ,—xs2 21

fay = T2
F(n/2)

, x=10
where I'it) is the gamma function defined by
F[f}l:f e x' ldx, t=0
0

Integration by parts can be employed to show that I'(¢) = (¢ —1)I'(¢—1), when ¢ = 1.
If Z and y2 are independent random variables with Z having a standard normal
distribution and y having a chi-square distribution with n degrees of freedom, then
the random variable T defined by

T:Z

{2
yxﬂfﬂ

is said to have a t-distribution with n degrees of freedom. Compute its mean and
variance when n > 2.

The number of customers entering a store on a given day is Poisson distributed with
mean A = 10. The amount of money spent by a customer is uniformly distributed
over (0, 100). Find the mean and variance of the amount of money that the store
takes in on a given day.

An individual traveling on the real line is trying to reach the origin. However,
the larger the desired step, the greater is the variance in the result of that step.
Specifically, whenever the person is at location x, he next moves to a location
having mean 0 and variance fxZ. Let X,; denote the position of the individual after
having taken » steps. Supposing that Xy = xq, find

(a) E[Xal;

{b) WVar(X,).

{a) Show thart

CoviX, Y) = Cov(X,E[Y | X])
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{b) Suppose, that, for constants @ and b,
E[Y|X]=a+ bX

Show that
b = Cov(X, Y)/Var(X)

If E[Y|X] = 1, show that
Var(X Y) = Var(X)

Suppose that we want to predict the value of a random variable X by using one
of the predictors Y1,...,Y,, each of which satisfies E[Y;|X] = X. Show thar the
predictor ¥; that minimizes E[(Y; — X)?] is the one whose variance is smallest.

Hint: Compute Var(Y;) by using the conditional variance formula.

A and B play a series of games with A winning each game with probability p. The
overall winner is the first player to have won two more games than the other.

{a) Find the probability that A is the overall winner.

{b) Find the expected number of games played.

There are three coins in a barrel. These coins, when flipped, will come up heads

with respective probabilities 0.3, 0.5, 0.7. A coin is randomly selected from among

these three and is then flipped ten times. Let N be the number of heads obtained

on the ten flips.

{a) Find P{N = 0}.

(b) Find P{N = n),n=0,1,...,10.

ic) Does N have a binomial distribution?

{d) Ifyouwin $1 each time a head appears and you lose $1 each time a tail appears,
is this a fair game? Explain.

If X is geometric with parameter p, find the probability that X is even.

Suppose that X and Y are independent random variables with probability density
functions fx and fy. Determine a one-dimensional integral expression for P{X +
Y < x}.

Suppose X is a Poisson random variable with mean 4. The parameter A is itself a
random variable whose distribution is exponential with mean 1. Show that P{X =
np = (3"

A coin is randomly selected from a group of ten coins, the nth coin having a prob-
ability /10 of coming up heads. The coin is then repeatedly flipped until a head
appears. Let N denote the number of flips necessary. What is the probability dis-
tribution of N? Is N a geometric random variable? When would N be a geometric
random variable; that is, what would have to be done differently?

You are invited to a party. Suppose the times at which invitees are independent
uniform (0,1) random variables. Suppose that, aside from vourself, the number of
other people who are invited is a Poisson random variable with mean 10.

{a) Find the expected number of people who arrive before you.

(b) Find the probability that you are the nth person to arrive.
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Data indicate that the number of traffic accidents in Berkeley on a rainy day is a
Poisson random variable with mean 9, whereas on a dry day it is a Poisson random
variable with mean 3. Let X denote the number of traffic accidents tomorrow. If it
will rain tomorrow with probability 0.6, find

{a) E[X]:
(b) P{X =0};
(c) Var{X).

The number of storms in the upcoming rainy season is Poisson distributed but with
a parameter value that is uniformly distributed over (0, 5). That is, A is uniformly
distributed over (0, 5), and given that A = A, the number of storms is Poisson with
mean . Find the probability there are at least three storms this season.

A collection of # coins is flipped. The outcomes are independent, and the ith coin
comes up heads with probability o;,i = 1, ..., Suppose that for some value of
fol<j<no= % Find the probability that the total number of heads to appear
on the # coins is an even number.

Suppose each new coupon collected is, independent of the past, a tvpe i coupon

with probability ;. A total of # coupons is to be collected. Let A; be the event that

there is at least one type i in this set. For i # j, compute P(A;A;) by

(a) conditioning on Nj, the number of type { coupons in the set of # coupons;

{b) conditioning on F;, the first time a type i coupon is collected:

(c) using the identity P(A; U A;) = P(A;) + P(A;) — P(A;A;).

Two players alternate flipping a coin that comes up heads with probability p. The

first one to obtain a head is declared the winner. We are interested in the probability

that the first player to flip is the winner. Before determining this probability, which

we will call £(p), answer the following questions.

{a) Do you think that f(p) is a monotone function of p? If so, is it increasing or
decreasing?

(b) What do you think is the value of lim,, ., f(p)?

{c) What do you think is the value of limy_.q f(p)?

(d) Find f(p).

Suppose in Exercise 29 that the shooting ends when the target has been hit twice.

Let m; denote the mean number of shots needed for the first hit when player i shoots

first, i = 1,2. Also, let P;, i = 1,2, denote the probability that the first hit is by

player 1, when player i shoots first.

{a) Find #q and m.

{b) Find Py and P5.

For the remainder of the problem, assume that player 1 shoots first.

{c) Find the probability that the final hit was by 1.

(d) Find the probability that both hits were by 1.

(e} Find the probability that both hits were by 2.

{f) Find the mean number of shots taken.

A, B, and C are evenly matched tennis players. Initially A and B play a set, and
the winner then plays C. This continues, with the winner always playing the
waiting player, until one of the players has won two sets in a row. That player
is then declared the overall winner. Find the probability that A is the overall
winner.
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Suppose there are n types of coupons, and that the type of each new coupon obtained

is independent of past selections and is equally likely to be any of the n types.

Suppose one continues collecting until a complete set of at least one of each type is

obtained.

{a) Find the probability that there is exactly one type { coupon in the final
collection.

Hint: Condition on T, the number of types that are collected before the first type
i appears.

(b} Find the expected number of types that appear exactly once in the final
collection.

A and B roll a pair of dice in turn, with A rolling first. A’s objective is to obtain a
sum of 6, and B’s is to obtain a sum of 7. The game ends when either plaver reaches
his or her objective, and that player is declared the winner.

{a) Find the probability that A is the winner.

(b) Find the expected number of rolls of the dice.

(c) Find the variance of the number of rolls of the dice.

The number of red balls in an urn that contains # balls is a random variable that is
equally likely to be any of the values 0,1, ..., n. That is,

Pli red,n — i non-red} = =0,...,n

n+1’

The # balls are then randomly removed one ar a time. Let Y denote the number of

red balls in the first & selections, £ =1,...,n.

(a) Find P{Y,=j}L,j=0,...,n.

(b} Find P{Y,_1 =jl.j=0,...,n.

(c) What do you think is the value of P{Y, =j},j=0,...,n?

(d} Verify your answer to part (c) by a backwards induction argument. That is,
check that your answer is correct when & = »n, and then show that whenever
it is true for k itis also rue for £k — 1,k =1,...,n.

The opponents of soccer team A are of two types: either they are a class 1 or a
class 2 team. The number of goals team A scores against a class i opponent is a
Poisson random variable with mean 2;, where &y = 2, 4, = 3. This weekend the
team has two games against teams they are not very familiar with. Assuming that
the first team they play is a class 1 team with probability 0.6 and the second is,
independently of the class of the first team, a class 1 team with probability 0.3,
determine

{a) the expected number of goals team A will score this weekend.

(b} the probability that team A will score a total of five goals.

A coin having probability p of coming up heads is continually flipped. Let Pj(n)
denote the probability that a run of j successive heads occurs within the first n
tlips.

{a) Argue that

Pi(n) = Pi(n — 1) + p'(1 — p)[1 — Py(n — j — 1)]

{b) By conditioning on the first non-head to appear, derive another equation
relating P;(n) to the quantities P;(n — k), k=1,...,j.
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In a knockout tennis tournament of 27 contestants, the players are paired and
play a match. The losers depart, the remaining 2"~ players are paired, and they
play a match. This continues for # rounds, after which a single player remains
unbeaten and is declared the winner. Suppose that the contestants are numbered 1
through 27, and that whenever two players contest a match, the lower numbered
one wins with probability p. Also suppose that the pairings of the remaining players
are always done at random so that all possible pairings for that round are equally
likely.

{a) What is the probability that player 1 wins the tournament?

{b) 'What is the probability that player 2 wins the tournament?

Hint: Imagine that the random pairings are done in advance of the tournament.
That is, the first-round pairings are randomly determined; the 2" first-round pairs
are then themselves randomly paired, with the winners of each pair to play in round
2; these 2" groupings (of four players each) are then randomly paired, with the
winners of each grouping to play in round 3, and so on. Say thart players i and j are
scheduled to meet in round £ if, provided they both win their first £ — 1 matches,
they will meet in round £. Now condition on the round in which players 1 and 2
are scheduled to meet.

In the match problem, say that (i, /), < j, is a pair if i chooses j's hat and j chooses

i’s hat.

(a}) Find the expected number of pairs.

{b) Let Oy, denote the probability that there are no pairs, and derive a recursive
formula for O, in terms of Q;, < n.

Hint: Use the cycle concept.

{c) Use the recursion of part (b) to find Qs.

Let N denote the number of cycles that result in the match problem.

{a) Let M, = E[N], and derive an equation for My, in terms of My,..., M,_1.

(b} Let C; denote the size of the cycle that contains person j. Argue that

N=3 1/G
=1

and use the preceding to determine E[N].
(c) Find the probability that persons 1,2, ...,k are all in the same cycle.
(d) Find the probability that 1,2, ...,k is a cycle.
Use Equation (3.14) to obtain Equation (3.10).
Hint: First multiply both sides of Equation (3.14) by n, then write a new equation
by replacing n with # — 1, and then subtract the former from the latter.
In Example 3.28 show that the conditional distribution of N given that 7y =y is

the same as the conditional distribution of M given that Uy = 1 — y. Also, show
that

EINJU =yl =EM|Uj =1—y]=1+¢

Suppose that we continually roll a die until the sum of all throws exceeds 100. What
is the most likely value of this total when you stop?
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There are five components. The components act independently, with component i
working with probability p;, i = 1,2, 3,4, 5. These components form a system as
shown in Figure 3.7.

The system is said to work if a signal originating at the left end of the diagram can
reach the right end, where it can pass through a component only if that component
is working. (For instance, if components 1 and 4 both work, then the system also
works.) What is the probability that the system works?

This problem will present another proof of the ballot problem of Example 3.27.
{a) Argue that

Puym =1— P{A and B are tied at some point}
(b) Explain why

P{A receives first vote and they are eventually tied}

= P{B receives first vote and they are eventually tied}

Hint: Any outcome in which they are eventually tied with A receiving the first vote
corresponds to an outcome in which they are eventually tied with B receiving the
first vote. Explain this correspondence.

(c) Argue that P{eventually tied} = 2m/(n + m), and conclude that Py, = (n —
) (4 m).

Consider a gambler who on each bet either wins 1 with probability 18/38 or loses

1 with probability 20/38. (These are the probabilities if the bet is that a roulette

wheel will land on a specified color.) The gambler will quit either when he or she

is winning a total of 5 or after 100 plays. What is the probability he or she plays

exactly 15 times?

Show thar

(a) EIXY|Y =y] = yE[X|Y = ¥]

(b) El(X, VY =yl=Elg,nY =yl

(cl E[XY]=E|YE[X|Y]]

In the ballot problem (Example 3.27), compute P{A is never behind}.

An urn contains # white and m black balls that are removed one at a time. If
n = m, show that the probability that there are always more white than black balls
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in the urn (until, of course, the urn is empty) equals (# — #1) /(n + m). Explain why
this probability is equal to the probability that the set of withdrawn balls always
contains more white than black balls. (This latter probability is (n — m)/(n + m)
by the ballot problem.)

A coin that comes up heads with probability p is flipped » consecutive times. What
is the probability that starting with the first flip there are always more heads than
tails that have appeared?

Let X;,i = 1, be independent uniform (0, 1) random variables, and define N by
N = min{m: X, = X,,_1}

where Xy = x. Let f(x) = E[N].

{a) Derive an integral equation for f(x) by conditioning on X;.
(b} Differentiate both sides of the equation derived in part (a).
{c) Solve the resulting equation obtained in part (b}.

{(d} For a second approach to determining f(x) argue that

(1—x)&1

HN;MZ_E?ﬂr

(e} Use part (d) to obtain f(x).

Let Xy, X5, ... be independent continuous random variables with a common dis-
tribution function F and density f = F', and for £ = 1 let

Np = min{n = k: X,, = kth largest of Xq,.._, X}

(a) Show that P{N, =n} = ﬁﬁ?” = k.
{b) Arpue that

. e fit+ k=2 ;
Fxn, () = f)(Fp*! ;ﬂ ( ; ){F{x}}
(c) Prove the following identity:

o0

41-*=Z(‘+’i_2){1—a;2 D=a=1,kz2
i=0

Hint: Use induction. First prove it when k£ = 2, and then assume it for £. To prove
it for k£ + 1, use the fact that

i+ k-1 i e fit k=2 .
E:( ) )u—a}=§:( ; )u—m

i=1
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where the preceding used the combinatorial identity

(m) (m : ]) (m : 1)

.= . +1 .

i i i—1

Now, use the induction hypothesis to evaluate the first term on the right side of the

preceding equartion.
{d} Conclude that X, has distribution F.

An urn contains # balls, with ball i having weight w;,i = 1,....n. The balls are
withdrawn from the urn one at a time according to the following scheme: When
§ is the set of balls that remains, ball i,i € §, is the next ball withdrawn with
probability s/} ;_gw;. Find the expected number of balls that are withdrawn
before ball i,i = 1,...,n.

In the list example of Section 3.6.1 suppose that the initial ordering at time ¢ = 0 is
determined completely at random; that is, initiallv all #! permutations are equally
likelv. Following the front-of-the-line rule, compute the expected position of the
element requested at time ¢.

Hint: To compute Ple; precedes e; at time ¢} condition on whether or not either ¢;
or ¢; has ever been requested prior to ¢.

In the list problem, when the F; are known, show that the best ordering (best in the
sense of minimizing the expected position of the element requested) is to place the
elements in decreasing order of their probabilities. That is, if Py = P; = --- = P,
show that 1,2,...,# is the best ordering.

Consider the random graph of Section 3.6.2 when n = 5. Compute the probability
distribution of the number of components and verify vour solution by using it to
compute E[C] and then comparing your solution with

; —_ 1
E[C]:ZG)%

k=1

{a) From the results of Section 3.6.3 we can conclude that there are {"‘;"E;j}

nonnegative integer valued solutions of the equation x1 + --- + xp = 1.
Prove this directly.
(b) How many positive integer valued solutions of x1 + -- - + x,, = 1 are there?

Hint: Letv;, =x;,— 1.

(c) For the Bose-Einstein distribution, compute the probability that exactly & of
the X; are equal to 0.

In Section 3.6.3, we saw that if U is a random variable that is uniform on
(0, 1) and if, conditional on U = p, X is binomial with parameters # and p, then

PiX =i} = i=0,1,...,n

n+1’

For another way of showing this result, let U, Xy, X1, ..., X, be independent uni-
form (0, 1) random variables. Define X by

N=#:X;=U
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That is, if the # + 1 variables are ordered from smallest to largest, then U would
be in position X + 1.

(a) Whatis P{X =i}?

{b) Explain how this proves the result of Section 3.6.3.

Let Iy,..., I, be independent random variables, each of which is equally likely to
be either 0 or 1. A well-known nonparametric statistical test (called the signed rank
test) is concerned with determining Pp(k) defined by

Putk) =P 1) jl; < .l.'al
i—1

Justify the following formula:
P,(k) = 1P,_y(k) + 1P, 1(k—m)

The number of accidents in each period is a Poisson random variable with mean 5.
With X, n = 1, equal to the number of accidents in period », find E[N] when

(a) N=minin: X2 =2,X,-1=1X,; =0);

(b)) N=min(n: X, 1 =2,X,, - =1X, 1 =0,X,=2)

Find the expected number of flips of a coin, which comes up heads with probabil-
ity pr, that are necessary to obtain the pattern h,t,h, h,t, h,t,h.

The number of coins that Josh spots when walking to work is a Poisson random

variable with mean &. Each coin is equally likely to be a penny, a nickel, a dime, or

a quarter. Josh ignores the pennies but picks up the other coins.

{a) Find the expected amount of money that Josh picks up on his way to work.

{b) Find the variance of the amount of money that Josh picks up on his way to
work.

{c) Find the probability that Josh picks up exactly 25 cents on his way to work.

Consider a sequence of independent trials, each of which is equally likely to result in

any of the outcomes 0, 1, .. ., m. Say that a round begins with the first trial, and that

a new round begins each time outcome 0 occurs. Let N denote the number of trials

that it takes until all of the outcomes 1, ... ,m — 1 have occurred in the same round.

Also, let T; denote the number of trials that it takes until j distinct outcomes have

occurred, and let I; denote the jth distinct outcome to occur. (Therefore, outcome

I; first occurs at trial T;.)

{a) Argue that the random vectors (I1,...,Iy) and (T4,. .., T,,) are independent.

(b) Define X by letting X = j if outcome 0 is the jth distinct outcome to occur.
(Thus, Iy = 0.) Derive an equation for E[N]in terms of E[T;],j = 1,...,m — 1
by conditioning on X.

{c) Determine E[T;],j=1,...,m— 1.

Hint: See Exercise 42 of Chapter 2.

(d) Find E[N].

Let N be a hypergeometric random variable having the distribution of the number
of white balls in a random sample of size » from a set of 1w white and & blue balls.
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Thar is,

()2
{m+b}

r

P{M:ﬂ!}:

where we use the convention that {’:‘] = 0 if either j = 0 or j = m. Now, consider

a compound random variable Sy = Efij X;, where the X; are positive integer

valued random variables with «; = P{X; = j}.

{a) With M as defined as in Section 3.7, find the distribution of M — 1.

(b) Suppressing its dependence on b, let Py, (k) = P{5y = k}, and derive a recur-
sion equation for Py, (k).

(¢} Use the recursion of (b) to find P, (2).

For the left skip free random walk of Section 3.6.6 let g = Pi§, < 0 for all n) be
the probability that the walk is never positive. Find g when E[X;] < 0.

Consider a large population of families, and suppose that the number of children in
the different families are independent Poisson random variables with mean A. Show
that the number of siblings of a randomly chosen child is also Poisson distributed
with mean J.

Use the conditional variance formula to find the variance of a geometric random
variable.
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L szlyu‘l,‘-"] =
X

2.P5Y Py ;
Pyiy Py

2. Intuitively it would seem that the first head would

4.

5

be equally likely to occur on either of trials 1,...,
1 — 1. That is, it is intuitive that

P{Xi=ilXy + Xo=n}=1/(n-1),
i=1,...n—-1

Formally,

X, =Xy + Xo=n}
o p{Xl =f,X.1 + Xz = n}
- PIX) + X, =n}
Xy =i X =n—i}
T OPIX L X;=n}
B P(l _p)f—lp(l _p}rr—i—l
T on—1 _

("7 pa-pr

=1/(n—1)

In the above, the next to last equality uses the inde-
pendence of X; and X; to evaluate the numerator
and the fact that X; + X; has a negative binomial
distribution to evaluate the denominator.

E[X|]Y=1]=2
5
E[X|Y =2]= 3
12
E[X|Y =3]= =
MNo.

(a) P{X = i|¥Y = 3} = P{i white balls selected
when choosing 3 balls from 3 white and 6 red }

, 1=0,1,2,3
9 i
3

(b) By same reasoning as in (a), if ¥ = 1, then
X has the same distribution as the number of
white balls chosen when 5 balls are chosen
from 3 white and 6 red. Hence,

) am D

E[X|]Y =1]=5=-==
(XY =1]=55 =

6. pxy(13)=P{X =1,Y =3}/P{Y =3}

=P{1 white, 3 black, 2 red }
/P{3 black}

-~z ][5 (5]

6 [571°797°
i (18] |73)

_3

9
Pxy(013)= %
P23 =2
Py BR) =
amr:u:%

. Given Y =2, the conditional distribution of X

and Z is

1
PUX,Z) = (L)Y =2} =
P{1,2)Y =2} =0

4
P{R2))Y =2} =
SD:

1 8 9
EX|Y=2]=—-+—-=~
[X] I=c+z=53

EX|Y=2Z=1]=1
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14.

(a) E[X]=E[X|firstrollis 6]%
5
E[X|first roll is not 6]3

1 5
=zt 1+ E[X]Jg
implying that E[X] =
) EIX|Y=11=14+E[X]=7

@ E[iw {z_:t?]+ SIEE Er 5]
HIEERENR

~ ] IEl+

| =

. E[X|Y =y]= pr{x =zx|Y =y}

= ZJ(P{X ==x} by independence
= E[X]

(Same as in Problem 8.)
¥ 2
E[X|]Y =y] = cf x(y? — x¥)dx = 0
-y
1 _I."rlf

—exp 1
Frpy(xly) = 1 = —exp *
exp_l’fgexp yge Y

exp ¥

Hence, given Y = y, X is exponential with mean y.

The conditional density of X given that X = 1is

flx)  Aexp M

= whenx = 1
P{X =1} exp_J‘

Fxpx=10) =

-
E[X|X > 1] = exp"f xhexp Mdr=1+1/A
1

by integration by parts.
B oot
hix <@ =pix <y *<
1
7=

1/2 1

Hence, [X|X-€_ ] 2xdx = -
0

15.

17.

18.

1

Fxpy =y (xly) = =
‘f(y} fylexp_y dx
o Y
=—, D<x<
m Y

E[X*Y =y] =

Y 2
1f.::zﬁ‘xzy—
Yo 3

With K = 1/P{X =i}, we have that

=KP{X =ilY =y}fr(y)
=K Vyle Wy !

Frix (ylf)

— K] e —(1 +a]yya+r' -1

where K; does not depend on y. But as the pre-
ceding is the density function of a gamma random
variable with parameters (s + i,1 + «) the result
follows.

In the following = Zn

iq Xis and C does not
depend on #. For (a) use that T is normal with
mean 14 and variance #; in (b) use that T is gamma
with parameters (1, 8); in (c) use that T is bino-
mial with parameters (1, #); in (d) use that T is Pois-
son with mean né.

(a) flxy,..xn|T=t)

:f(xl,_.,,xm

fr(t)

_ flr, .. Xn)

T RG

exp{— Y (x; — 6)%/2}
exp{—(t —n#)2/2n}

= Cexp{(t —no)*/2n =¥ (x; — 6)*/2}

T =1

=Cexp{#/2n— 6t + nt* /2% x7/2
+ 6t —n#?/2}
=Cexp{(Y x,)*/2n - ¥ x7/2}
_ f(xh,“,_
(b) flxr,...xy|T=18)= [Z0)
3 9?‘! {]Exf
e e in—1)!
el

Parts (c) and (d) are similar.

:{n_



19. f ELX|Y = y]fy(u)dy

20. (a) f(x|disease)=

21.

= [ [ stapimaspry
— f f 1?:($}dxfr(y}dy

= [ [fecpayas

= f Xfy (x)dx
= E[X]

P{disease|x} f(x)
~ [ P{disease|x} f(x)dx
__P)fx)

T P(x)f(x)dx

(b) f(x|no disease) = - — LI ®)

(0)

(a)
(b)

(0)

(d)

(e)

J 11— P(x)]f(x)dx
flx|disease) Pix)
flx|no disease) ~ ~1—P(x)
where C does not depend on x.

N
X=%T;

i=1
Clearly N is geomefric with parameter 1/3;
thus, E[N] = 3.

Since Ty is the travel time corresponding to
the choice leading to freedom it follows that
Ty=2andso E[Ty] =2

Given that N =n, the travel times T;i=1,...,
1 — 1 are each equally likely to be either 3 or
5(since we know thata doorleadingback to the
nine is selected), whereas Ty, is equal to 2 (since
that choice led to safety). Hence,

E [i TjN = n] =Er§ T;|N = n]

+ E[Ty|N =n]
=4(n—1) +2

Since part (d) is equivalent to the equation

=4N -2

N
E {Z TN
i=1

we see from parts (a) and (b) that
E[X]=4E[N]-2
=10

22,

23,

Letting N; denote the time until the same outcome
occurs { consecutive times we obtain, upon condi-
tioning N;_q, that

E[N;] = E[E[N;|N;-1]]
Now,
EIN;INi 1]
1 with probability 1/n

=N;1+
E[N;]with probability(n — 1) /n

The above follows because after a run of i — 1 either
arun of i is attained if the next trial is the same type
as those in the run or else if the next trial is different
then it is exactly as if we were starting all over at
that point.

From the above equation we obtain
E[N;] =E[N; 1]+ 1/n+ E[NJ(n—-1)/n
Solving for E[N;] gives
E[N;i] =1+ nE[N; 4]
Solving recursively now yields
E[N;1=1+ n{l + nE[N,_,]}
=1+n+ n?E[N; ]

=1+4n+--- 4 nt1E[N,]
=14+n+4---4+n!
Let X denote the first time a head appears. Let us

obtain an equation for E[N|X] by conditioning on
the next two flips after X. This gives

E[N|X]=E[N|X,h,h]p* + E[N|X,h, tIpq

+ E[N|X,t,hlpq + E[N|X, t, t]§*
where j =1 — p. Now
E[N|X,hh]|=X 4+ LE[N|X,ht]=X +1
E[N|X,t,hl =X + 2, E[N|X,t,t] =X + 2 4+ E[N]
Substituting back gives
EIN|X]=(X + 1)(p* + p) + (X + 2)pq

+ (X + 2+ E[ND¢*

Taking expectations, and using the fact that X is
geometric with mean 1/p, we obtain

EINI=1+p+q+2pq+q/p+27 + ¢ EIN]



Solving for E[N] yields

2+ 24+ ¢

24. Inall parts, let X denote the random variable whose
expectation is desired, and start by conditioning on
the result of the first flip. Also, h stands for heads
and { for tails.

(a) E[X]=E[X]h]p + E[X|t](0 —p)

(o) e o

=1+p/A-p+1-p)p
(b) E[X]=(1+ E[number of heads before
first tail])p + 1(1 —p)
=1+p(1/Q-p-1)
=l1+p/A-p—p
(c) Interchanging pand 1 — pin (b) gives result:
1+(1-p/p-Q0-p
(d) E[X]=(1+ answer from (a))p
+ (1+2/p)1—p)
=Q2+p/A-p)+ QA -p)/pp
+ (1+2/p)1-p)

25. (a) LetF be the initial outcome.

3 3 2
EN]= S EINF=ilpi=Y (1 + F)pr-:l +6=7
i=1 I

i=1

{b) LetNj; be the number of trials until both out-
come 1 and outcome 2 have occurred. Then
E[N12] = E[N12|F = 1]p1 + E[Ni2|F = 2]p2

+ E[Ny2|[F =3]p3

1 1
( Pz)p' ( Pl)p“

+ (1 + E[Nyz])pa

|41 p2
=1+ 2 + 2 4 pEIN
R P3E[Ny 2]
Hence,
no, m
+2 4+ 2
E[Ny;] = 2 N
P11+

26. LetN, and Ny denote the number of games needed
given that you start with A and given that you start

27.

with B. Conditioning on the outcome of the first
game gives

E[Nal = E[Nawlpa + E[NA[I(1 —pa)

Conditioning on the outcome of the next game
gives

E [N lw] = E[Na[wwlpg + EINa[wl](1 - pp)
=25 + 2 + EINAD(L - ps)
=2+ (1-pp)E[NA]
As E[N4|l]=1 + E[Ng] we obtain
E[Nal=(2 + (1 - pg)EINAsDPa
+ (1 + E[Np])1 —pa)
=1+pa+pa(l —ps)E[N4]
+ (1 —pa)E[N&]
Similarly,
EINs]=1+ps + ps(1 — pa)E[Ns]
+ (1-pp)EINA]
Subtracting gives
E[Na] — E[Ng]
=Pa—Ps + (Pa—1)(1 - pp)E[N4]
+ (1 ps)(1— pA)EING]
or
[1+ (1—pa)d —pp)I(E[NA]l - E[Ng]) = pa — P
Hence,ifpg = pqthen E[N 4] — E[N5] < 0, showing
that playing A first is better.
Condition on the outcome of the first flip to obtain
E[X]=E[X|Hlp + EIX[TI(1 —p)
=(1 + E[X]p + EIX|TI(1 - p)
Conditioning on the next flip gives
E[X|T] = E[X|TH]p + E[X|TTI(1 - p)
=@+ EXDp + 2+ 1/p)1—p)

where the final equality follows since given that
the first two flips are tails the number of additional
flips is just the number of flips needed to obtain a
head. Putting the preceding together vields

E[X]=(1+ E[X]}p + (2 + E[X])p(1 —p)
+ @ +1/p)(1—p)?

or

1
E[X] =

p(1—py?



28. LetY;equallif selection i is red, and let it equal 0

otherwise. Then

k
E[X¢]= 3 E[Yi]
i=1

ENl=g
r
EXi=

E[Y] = E[E[Y2|X4]]

o r+mX
T olr+b+m

r I m r
“r4+b+m  r+b+mr+b

—— T (1+- L
Tr+b+m r+b

o
Tr+b 20,
r
E[¥;]=2——
[X2]=27— .
To prove by induction that E[Y;] = I‘-I-;b' assume
that for all{ < k, E[Y;] = s
Then
E[Y] = E[E[Y| X1l
e e 0,
T r+b+k=1m
r+mE[Y, Y]
= TIhRG_Dm
T+ m(k — 1) 2.

Tr4+b+(k—1)m
_r
Tr+b

The intuitive argument follows because each selec-
tion is equally likely to be any of the r + b types.

29. Letg; =1—p;, i =1.2. Also, let h stand for hit and

m for miss.

(@) p1=EINilpr + E[Nmlgy
=p1(E[N|h, hlp; + E[N|h, m]q2)
+ (1 + p2)
=2ppa + 2+ pdmge + (1 + p2dfa
The preceding equation simplifies to
pi(l—mge) =14+ p1 + p2m
Similarly, we have that
po(l=paqi) =1+ P2 + pao
Solving these equations gives the solution.
I =E[H|h]py + E[H|m]q
= pu(E[H|h, hlpz + E[H|h, m]g2) + hag
=2mp2 + (1 + hy) prgo + oy
Similarly, we have that
ha =2pipy + (1 + ho)paiqy + Miga

and we solve these equations to find Iy
and h.

L

1
Y —=plj)=m

EINI= Y EINX, =jlp() = ¥ —
[N] E [N[Xo = jlp(j) 250

Let L; denote the length of run i. Conditioning on
X, the initial value gives

E[Ly]=E[L4]X = 1]p + E[L1|X = 0](1 —p)

(1-p)

and

E[Ly] = E[Lo|X = 1]p + E[L,|X = 0](1 —p)

1 N 1 a )
Pp 1-p u
=2
Let T be the number of trials needed for both at
least 1 successes and m failures. Condition on N,
the number of successes in the first 1 + m trials, to
obtain
-+ m

E[T] = i E[T|N=1’]( : )p"u —prmt
i=0

Now use

E[T|N=i]=n+m+%, i<n



ETN=il=n+m+=%, i>n
-7

Let S be the number of trials needed for n

successes, and let F be the number needed for m

failures. Then T = max(5, F). Taking expectations

of the identity

min(5, F) + max(5,F)=5+TF

yields the result

L M _Em

Elmin(S, F)] = = + 1 -

=

33. Letl(A)equallif the event A occurs and letit equal
0 otherwise,

Eﬁ R!] = E[% IT = :')RI}

8

=ZE[I(T>1 Ri]

i=1

= Z E[I(T = DIE[R;]

i=1

3

M8

P{T = i}E[R

=Y " 'E[R]
i=1

o -
=E E_B"lR,-]

i=1

34. Let X denote the number of dice that land on six
on the first roll.
n

(@) my=3 E[N[X =] (”) (1/6)/(5/6)""
_D

_Z:1+mn f)( ) (1/6)(5/6)"

—1

n .

=1+ mu(5/6)" + Z M i ( ; ) (1/6)
i=1

(G/6)" "
implying that
+Z mn—i (77) (1/6)'(5/6)"

1- (5:’6)"

Starting with my = 0 we see that

My =

my = 1-5/6 =6
_L+m@1/6)6/6) _ g0
1 (5/6) ’

and so on.

35.

37,

(b) Since each die rolled will land on six with
probability 1/6, the total number of dice rolled
will equal the number of times one must roll
a die until six appears n times. Therefore,

E Li x,—} =én

npy = E[X4]
=E[X1|X; = 0](1 —pyp)"
+ E[X;1]Xp > 0][1— (1 — pyp)"]

=n

) _ n
. Pz(] p2)

+ E[Xq|X; = 01— (1 - p)"]
yielding the result

npi(1—(1—p2)"™

EXiXe > 01 = ==

E[X] = E[X|X # 0](1 — po) + E[X|X = Olpo

yielding

EIX|X#0] = E[X]
—Fo

Similarly,

E[X?] = E[X?X # 0)(1 - pp) + E[X*|X = OJpo

yielding
EIX|X # 0] = E'X“l
Hence,
E[X?  EIX]
Var(X|X #0 =T o " A—m
(X|X #0)= 0~ TP
— Ju"_ + 0'2 _ #2
1-pp  (A-po)?
(a) E[X]=(26+3+34)/3=3
(b) E[X*]=[26+26%+3+9+34+347]/3

=12.1067, and Var(X) = 3.1067

. Let X be the number of successes in the n trials.

MNow, given that U = 1, X is binomial with para-
meters (1, ). As a result,

E[X|U] = nU

E[X2|U]=n?U? + nl(1 — U)=nl + (n* — n)U?



39.

Hence,

E[X]=nE[U]
=E[X?] = E[nll + (n* — n)U?]
=n/2 + (n> —m)[(1/2)* +1/12]
=n/6+n%/3

Hence,

Var(X) = n/6 + n*/12

Let N denote the number of cycles, and let X be the
position of card 1.

1 n 1 n
(@ Mu=-Y ENX===Y (1+m_y)
i3 3

1 n—1
j=1

(by my=1

my=1 +% =3/2

my=14 %{1 +3/2)=1+1/2+1/3
=11/6

1
my=1+ 1{1 +3/24+11/6) =25/12
(€) my=14+1/241/34+---+1/n
(d) Using recursion and the induction hypothesis
gives

n—1

My=1+—=3S (14---+1/j)
g

J
=1+%(u—1+(n—2}ﬁ+(n—3);’3
+41/n—1)

=1+ %[u +n/24+---+nfin—1)
—(n-1]

=1+1/24---+1/n

n

(&) N=3X;

i=1

) =i E[X,] = i Pliislastof1,...,i}

i=1

[N

IVE

1/

i=1

40.

41.

(g) Yes, knowing for instance that { + 1 is the last
of all the cards 1,...,i + 1 to be seen tells us
nothing about whether i is the lastof 1,..., 1.

(h) Var(N)= Y Var(X;) =¥ (1/i)(1 —1/i)
i=1 i=1

Let X denote the number of the door chosen, and
let N be the total number of days spent in jail.

(a) Conditioning on X, we get
3
E[N] =Y E{N|X =i}P{X =1}

The prciagss restarts each time the prisoner
returns to his cell. Therefore,
E(NIX=1)=2+E(N)

EN|IX=2)=3+ E(N)

E(NIX=3)=0

and

E(N)= (502 + E(N)Y) + (.3)(3 + E(N))

+ (.2)(0)
or

E(N) =9.5days
(b) Let N; denote the number of additional days

the prisoner spends after having initially cho-
sen cell i.

1 1 1
EIN]= 32+ EIN1D) + 33 + E[N2]) + 3(0)

5 1
=5 + 7(EIN;] + E[Nz])
3 3
Now,

1 1
EIN, 1= 503) + 5(0) =

1 1
EIN21= 5(2) + 5(0) =1

and so,
5 5

1
EIN]=3 +35=

b2 w2

r2| W

Let N denote the number of minutes in the maze.
If L is the event the rat chooses its left, and R the
event it chooses its right, we have by conditioning
on the first direction chosen:

1 1
E(N) = 5E(N|L) + 3E(NIR)

11 2 1
=3 [5(2) +36+ E(N))} + 53 + E(N)] _

21

5
=ZENy+ ==
6(J+6

=21



43, E[Th3]=

= ——=ElZ|x;]= ,—E[ =0

ﬁ " 3”'..
BT 2] = < E[Z2 2] = = E[Z)] = —
[ |er] 2 [Z7|xx] 2 [Z7] 2

Hence, E[T] =0, and

Var(T) = E[T?] = E[%}

44, From Examples 4d and 4e, mean =500, variance =

"

. —— L}
=”fx} L LZ(U—E)? dx
p X T(n/2)

N e/ 2(x/2)" T 1 dx
=amp ), 2° ™
_nl(n/2-1)

= 2rm/2)

3 n

=2m2-1)

_n

Tn-2

E[NVar(X) + EX(X)Var(N)

_ 10(100)?

+ (50)%(10)

12

=33,323

45. Now
E[Xu|X, 11=0, Var(Xu|X, 1) =3X2_,

(a)

(b)

46. (a)

(b)

From the above we see that

E[X,]=0

From (a) we have that Var(xy) = E[X3]. Now

E[X2]=E{E[X}|X,_1]}
=E[BX3_,]
=BE[X2_,]
=F2E[X2_,]

=p3"X3

This follows from the identity Cov(U, V) =

E[UV]— E[U]E[V] upon noting that
E[XY]=E[E[XY|X]] = E[XE[Y|X]].
E[Y] = E[E[Y|X]]

From part (a) we obtain
Cov(X, Y)=Cov(a + bX, X)

=b Var(X)

47. E[X*Y*|X]= X?E[Y?|X]

= XHE[Y|X])? = X2

The inequality following since for any random
variable U, E[U?] = (E[LI])? and this remains true
when conditioning on some other random variable
X. Taking expectations of the above shows that

E[(XY)*] = E[X?]
As
E[XY] = E[E[XY|X]] = E[XE[Y|X]] = E[X]
the result follows.
Var(Y;) = E[Var(Y;|X)] + Var(E[Y;|X])
= E[Var(Y;|X)] + Var(X)
= E[E[(Y; — E[Y:|X])?|X]] + Var(X)
= E[E[(Y; — X)?|X]] + Var(X)
=E[(Y; — X)?] + Var(X)

. Let A be the event that A is the overall winner, and

let X be the number of games played. Let ¥ equal
the number of wins for A in the first two games.

P(A)=P(A|Y = 0)P(Y = 0)

+ PA|Y = 1)P(Y =1)

+ P(A|Y =2)P(Y =2)

=0+ P(A2p(1—p) +p°
Thus,

_ P
P =131 )

E[X]= E[X|Y = 0]P(Y = 0)
+ E[X|]Y =1]P(Y = 1)
+ E[X|Y =2]P(Y = 2)
=2(1—p)® + (2 + E[X]2p(1 — p) + 27
=2+ E[X]2p(1 —p)
Thus,

2
E[X]=

1-2p(1—p)

50. P{N:n}:%[{lu]( ):I(;:IU n

10
+

=

i| H(‘S)lﬂ—n

|
L

i|( ?}?’l{ 3)10 I'T:|



51.

52,

53.

54.

N is not binomial.
1 1 1
E[N] —3{§} +5[§] +?{§} =5
Let o be the probability that X is even. Condition-
ing on the first trial gives

o =P(even|X = 1)p + Pleven|X = 1)(1 —p)
=(1-a)l-p)

Thus,
_1-p
= m
More computationally
s &) p O .
a=Y P(X=2)= 17 Y (a-p™
n=1 —Paia
__p _(-pP _1-p
l-p1-(1-p? 2-p

P{X +Y < x} =fp{x + Y < x|X = s} fx(s)ds
=fp{x +Y < x|X = s} f(s)ds
=fp{y < x—5|X = s} fx(s)ds
=fp{y < x— s} fx(s)ds
_ f Fy{x s} fi(s)ds

P{X =n} =[mp{x =n|AJe A
1]

:fﬁhc_rﬁ"ﬂ l n+1
0 nt |2

The result follows since

-
f e At =T+ 1) =n!
]

10 k—1
10 —n nl
PIN=1£}= Z{ 10 ] 1010

n=1

56.

57.

N is not geometric. It would be if the coin was
reselected after each flip.

Let Y=1 if it rains tomorrow, and let Y =0
otherwise.

E[X]=E[X|Y = 1]P{Y =1}
+ E[X|Y = 0]P{Y =0}
=9(.6) + 3(4) = 6.6
P{X=0}=P{X =0]Y =1}P{Y =1}
+ P{X=0|]Y =0}P{Y =0}
=.6e"% + 473
E[X?]=E[X?|Y = 1]P{Y = 1}
+ E[X?|Y = 0]P{Y = 0}
= (81 4 9)(.6) + (9 + 3)(4) = 58.8

Therefore,
Var(X) =588 — (6.6]2 =15.24
Let X be the number of storms.

P{X=3}=1-P{X =2}

5
=1_f P{X =:_:2|A=x}%dx
U o

5 . 1
=1 —[ e +xe ™+ e_xrﬁ]gfix
0

. Conditioning on whether the total number of flips,

excluding thej”' one, is odd or even shows that the

desired probability is 1/2.

@ PUAY= X PAAIN =) ()t - pt

=Y P(AjINi = k) (D P —p)"*

k=1
n—1 n—k
- %) @)
= 1—(1-—
k=1 |: ( 1 —Pi :| k
X f{] _Pa')"_k
n—1 i . n—1
=3 (jpra-pr-3
k=1 k=1

(55) ()

x Pjrr{] - P!J"_k



(b)

(c)

60. (a)

(b)
(c)

(d

—

n—1 n

=1-(1—p)' —pi - gl (,()
< pE(L—pi—p)"*

=1-0-p)" —pi —[A1—pp)"
—(—pi—p)" —pi]

=1+ (A—pi—p)' —(1—p)'
—(1—p)"

where the preceding used that conditional on

N; =k, each of the other 1 —k trials indepen-
dently results in outcome j with probability
Pj
1-p;’
n

P(AA) = Y P(AA[|Fr = k)ypi1 — pi) !
k=1
+ P(A,—AJ,-|F,— = n)(1 —pf)“

n

=Y P(Aj|F; = k) pi(1 —py)* !
k=1

n P k—1 .
= 1—-({1—-— (1—p)"
k% ( 1 _PI) P ]
xpill—po)!
P(A;Aj) = P(A;) + P(A)) — P(A; U Aj)
=1-(-—p)" +1-(1—p)"
—[1 - —pi—pp"]
=1+ (0-pi—p)' = (1—p)
—(1 _P,l')"
Intuitive that f(p) is increasing in p, since the

larger p is the greater is the advantage of going
first.

1

1/2 since the advantage of going first becomes
nil.

Condition on the outcome of the first flip:
f(p)=P{lwins|h}p + P{I wins|t}(1 — p)
=p+[1-f(pld—-p)

Therefore,

1
f(P)=m

61, (a) my=E[X|h]lp, + E[H|[m]gy =p1 + (1 + m3)

g1 =14 maq;.

Similarly, m2 = 1 4+ m142. Solving these equa-
tions gives

14+ 1+
ml_l—‘i‘lfh’ mz_l—fhf:‘z

() Py=p1+qmP;

Py =qP
implying that
1 P12
pp=—F_ p,=_Piz_
! 1—qig2 2 1—qg2

{c) Let f; denote the probability that the final hit
was by 1 when i shoots first. Conditioning on
the outcome of the first shot gives

h=pP2+afs and fr=pP1+42h
Solving these equations gives

fi= PP + qip2Py
1—qig2

(d) and (e) Let B; denote the event that both hits
were by i. Condition on the outcome of the first
two shots to obtain

P(By)=p1q2P1 + mg2P(B1) — P(By)

_ 2Py
I—rﬁth

Also,

P(Bz)=qp2(1 — Py) + q192P(Bz) — P(B3)

_ (1 —Py)
— 12

(f) E[NT=2p1p2 + 14212 + my)
+ qipa(2 4+ my) 4+ q1g2(2 + E[N])
implying that

2+ mp1gz + miqipa
1-qa2

E[N] =

62. Let W and L stand for the events that player A wins
a game and loses a game, respectively. Let P(A)
be the probability that A wins, and let P(C) be the
probability that C wins, and note that this is equal



63.

to the conditional probability that a player about
to compete against the person who won the last
round is the overall winner.

P(A) = (1/)P(A|W) + (1/2)P(A|L)
= (1/2)[1/2 + (1/2)P(A|WL)]
+ (1/2)(1/2)P(C)
=1/4 + (1/4)(1/2)P(C)
+ (1/4)P(C) = 1/4 + (3/8)P(C)

Also,

P(C) = (1/2)P(A|W) = 1/4 + (1/8)P(C)
and so

P(C)=2/7, P(A)=5/14,
P(B)y=P(A)=5/14

Let 5; be the event there is only one type i in the
final set.

n—1
P{S; =1} =} P{Si=1|T =j}P{T =}

j=0

=—ZP{S =1IT=j}
jU

Zi

1"
n
The final equality follows because given that there
are still n — j — 1 uncollected types when the first
type i is obtained, the probability starting at that
point that it will be the last of the set of n — j types
consisting of type i along with the n —j — 1 vet
uncollected types to be obtained is, by symmetry,
1/(n —j). Hence,

{z 5; } = nE[s
P
(a) P(A)=5/36 + (31/36)(5/6)P(A)
— P(A) = 30/61
(b) E[X]=5/36 4 (31/36)[1 + 1/6 + (5/6)

(1 + E[X])] — E[X] = 402/61

{c) LetY equal 1if A wins on her first attempt, let
it equal 2 if B wins on his first attempt, and let
it equal 3 otherwise. Then

["1*
| =

[
-

Var(X|Y =1)=0,
Var(X|Y =3) =

Var(X|Y =2) =0,
Var(X)

Hence,

E[Var(X|Y)] = (155/216)Var(X)

Also,

E[X|Y=1]=1, EX|Y=2]=2
E[X|Y =3] =2+ E[X] =524/61
and so

Var(E[X|Y]) = 1%(5/36) + 2%(31/216)
+ (524/61)%(155/216)
— (402/61)% =~ 10.2345

Hence, from the conditional variance formula we
see that

Var(X) = z(155/216)Var(X) + 10.2345
— Var(X) == 36.24

65. (a) P{Yn=j}=1/(n+1),
(b) Forj=0,

P{Yn 1_}} z

i=0,...n
L =1

——P{Y,1 =j|Yu =i}

n+1

= (Yo =]1Ya =)
+ P{Yya =jlYy=j+1})
1 . .
= m(P(last is nonred| j red)

+ Plastis red|j + 1 red)

1 n—j  j+1Yy
_n+1( n T n )—1,-'11

(c) P{Ypy=j}=1/ik+1), j=0,...k
(d) Forj=0,.. k-1
k
P{Yi 1 =j}=3 P{Yr 1 =] =i}
i=0
p{nzi}
H](P{Yk 1=/Yk =]}

+ PYia =jlYe=j+1})

1 (k—j j+1
= (L + T =k
k+]( K T k) '

where the second equality follows from the
induction hypothesis.

66. (a) E[G + G3] = E[G1] + E[G]
=(6)2 + (43 + (32 + (V)3 =51



67.

68.

69.

70.

(b) Conditioning on the types and using that the
sum of independent Poissons is Poisson gives
the solution

P{5} = (.18)e *4° /5! 4 (.54)e°5°/5!
+ (:28)e %67 /5!

A run of j successive heads can occur in the fol-
lowing mutually exclusive ways: (i) either there is
a run of j in the first n — 1 flips, or (ii) there is no
j-run in the first n — j — 1 flips, flip n —j is a tail,
and the next j flips are all heads. Consequently, (a)
follows. Condition on the time of the first tail:

i .
Pim) = ¥ Piln—kpt N (1-p)+p), j<n
k=1

(a) p"

(b) After the pairings have been made there are
¢! players that I could meet in round k.
Hence, the probability that players 1 and 2 are
scheduled to meet in round K is 2“:_1}{2“ —1).
Therefore, conditioning on the event K that
player I reaches round k gives

P{Wy} = P{W,|R}p"""
+ P{W2|R}1—p Y
=p" ' A—pp ! +pM -

(a) Letl{i,j) equal 1ifi and j are a pair and 0 oth-
erwise. Then

"
E{ZI{:‘,;‘)] - (J%ﬁ —1/2
ij

Let X be the size of the cycle containing person
1. Then
n 1
Qn =Y P{nopairs|X =i}l/n= o Y Qu—i
i=1 i£2
(a) Condition on X, the size of the cycle containing
person 1, to obtain

n 1 ]n—l
Sn n 5

(b) Any cycle containing, say, r people is counted
only once in the sum since each of the r people
contributes 1,/ to the sum. The identity gives

E[C] = nE[1/C] =n Z (1/i)1/n) = Z 1/i
i=1 i=1

72,

73.

74,

(c) Let p be the desired probability.
Condition on X

(u—k)

1 \i—k

p_ﬁzﬂ; n—1
i—1

@ =0
Forn =2
P{N = n|U, =y}
=PlyzU 22Uz =--- = U,}
=P{U;<y,i=2,..n}
P{l; = Uy = -+ geqlly|
U <y,i=2,..n}
=y m-1)

[n ]
EIN|Uy =y]= ¥ P{N >t = y}

n=0

= ]
=2+ ¥y m-1)=1+¢
n=2

Also,
PIM=nlh=1-y}=P{M(y) >n—1}
=y -1

Condition on the value of the sum prior to going
over 100. In all cases the most likely value is 101.
(For instance, if this sum is 98 then the final sum
is equally likely to be either 101, 102, 103, or 104. It
the sum prior to going over is 95 then the final sum
is 101 with certainty.)

Condition on whether or not component 3 works.
Now

P{system works|3 works}
= P{either 1 or 2 works}P{either 4 or 5 works}

=(py + P2 —P1P2)(Py + Ps — Paps)

Also,

P{system works|3 is failed }
= P{1 and 4 both work, or 2 and 5 both work}
= P1P4 — P2Ps — P1P4P2Ps

Therefore, we see that



75.

76.

P{system works }
=pa(py + P2 — P1P2)(Py + Ps — Paps)
+ (1= p3)(p,pa + Paps — P1PaPaps)

(a) Since A receives more votes than B (sincea > a)
it follows that if A is not always leading then
they will be tied at some point.

(b) Consider any outcome in which A receives
the first vote and they are eventually tied,
say a,a,b,a,b,a,b,b.... We can correspond this
sequence to one that takes the part of the
sequence untl they are tied in the reverse
order. That is, we correspond the above to the
sequence b, b,a,b,a,b,a,a... where the remain-
der of the sequence is exactly as in the original.
Note that this latter sequence is one in which
B is initially ahead and then they are tied. As
it is easy to see that this correspondence is one
to one, part (b) follows.

(c) Now,

P{B receives first vote and they are
eventually tied }

= P{B receives first vote}= n/(n + m)
Therefore, by part (b) we see that
Pleventually tied }= 2n/(n + m)

and the result follows from part (a).

By the formula given in the text after the ballot
problem we have that the desired probability is

% ( 1;’ ) (18/38)1°(20/38)°

We will prove it when X and Y are discrete.
(a) This part follows from (b) by taking
g(x! ¥y)=xy.
(b) EXY)|Y =7]=3 3 g(x.v)
y X

P{X=x,Y=y|Y =T7)
Now,

PIX=xY =yl =7}

0, ify#y
- {P{X:x, Y=7}, ify=7
So,
EgX.V|Y=T7]= %S(I@P{Xﬂlhﬂ
=Elg(x. MY =7
(e) EIXY]=E[E[XY|Y]]

=E[YE[X|[Y]] by (a)

78.

79.

80.

81.

Let Qy m denote the probability that A is never
behind, and Py m the probability that A is always
ahead. Computing Py by conditioning on the first
vote received yields

n

Pn,m = n+ mQﬁ'—l,m
H—Mm
Butas Py m = , we have
0 _n+mn—m _n—m
e
and so the desired probability is
n+1—m
Q?’i, m — ﬂ——H_

This also can be solved by conditioning on who
obtains the last vote. This results in the recursion

n m
OQum=——0 1 m+ ——0um—1

n+m n+m
which can be solved to yield
n+1l—m
Onm= i 1l

Let us suppose we take a picture of the urn before
each removal of a ball. If at the end of the exper-
iment we look at these pictures in reverse order
(i.e., look at the last taken picture first), we will
see a set of balls increasing at each picture. The
set of balls seen in this fashion always will have
more white balls than black balls if and only if in
the original experiment there were always more
white than black balls left in the urn. Therefore,
these two events must have same probability, i.e.,
n —m/n 4+ m by the ballot problem.

Condition on the total number of heads and then
use the result of the ballot problem. Let p denote the
desired probability, and letj be the smallest integer
that is at least n/2.

no Y 2i—n
r=3 (f ) Pa—pt—

H

i=f

1
{ﬂﬂﬂ=EWhi£EWWI=M®
1 ify<x

ﬂwml=m={l+ﬂw

ify =x

Hence,

1
fmﬂ+fmm



82.

83.

(b) f'(x) = ~f(x)

{c) f(x) = ce *.Since f(1) = 1, we obtain that ¢ =
e,and sof(x) =e! .

(d) PIN = n} =Pl{x < Xy < X3 < --- < Xy} =
(1 — x)" /n! since in order for the above event to
occur all of the n random variables mustexceed
x (and the probability of this is (1 — x)"), and
then among all of the n! equally likely order-
ings of this variables the one in which they are
increasing must occur.

() EIN] = 3 P{N > n)

n=0

=Y (1-x)"/nl=¢""
m

(a) LetA;denote the event that X; is the Kth largest
of Xy,..., X It is easy to see that these are
independent events and P(A;) = 1/i.

P{Ng =n} = PALAL -~ AL Ay)

k-1 k n—21

Tk k+1 n-an
k-1

:u{n—l)

(b) Since knowledge of the set of wvalues
{Xq, ..., Xy} gives us no information about the
order of these random variables it follows that
given N = n, the conditional distribution
of Xy, is the same as the distribution of the
't largest of n random variables having
distribution F. Hence,

=]

k—1 !
fin® =X s e

n=k

x (FQ))" *Foy—1f(x)

Now make the change of variable i = n— k. (c)
Follow the hint. (d) It follows from (b) and (c) that

fx,»\,-k(x) = f(x).
Let Ij equal 1 if ball j is drawn before ball i and

let it equal 0 otherwise. Then the random variable

of interest is 3 I;. Now, by considering the first
j#i

time that either i or j is withdrawn we see that

P{jbefore i} = w;/(w; + w;). Hence,

w.
— !
E {Zf}] =2 w; + W,

# J#

. We have

E[Position of element requested at time ]
H

= z E[Position at time ¢ | ¢; selected]P;
i=i

n
= Z E[Position of ¢; at time t]FP;

i=1

1,
with I; =

0, otherwise

if ¢; precedes ¢; at time {

We have
Position ofgj attime f =1 + E I
j#i
and so,
E[Position of ¢; at time {]
=1+ Z E(l;)
J#
=1+ ZP{EJ' precedes ¢; at time ¢}
j#i

Given that a request has been made for either
€; or ¢j, the probability that the most recent one was
for¢j is Pj/(P; + P;). Therefore,
P{e; precedes ¢; at time f|¢; or ¢; was requested }

P; + P;
On the other hand,

Ple; precedes ¢; at time t | neither was ever
requested }

P{Neither ¢; or ¢; was ever requested by time f }

=(1-P;— PJ.-)’_'
we have
E[Position of ¢; at time {]

=1 la—p—py

+ Z 2( i i)
J#
P 1
+ I (1-(1-P;—P) Y

and

E[Position of element requested at t]
= E P;E[Position of ¢; at time £]



85. Consider the following ordering:

1,62, 000,811, i'l,f,t?{_l,],...,q‘.’n where Pf = P,I'

We will show that we can do better by inter-
changing the order of { and j, ie. by taking
1,62, .., €—1,],1,€[ 12, ..., €. For the first ordering,
the expected position of the element requested is

E!.,,Ii :Pf] + ZPEZ +--

(=P,
+ I+ U+ VP + (1 +2)Peyy + -

Therefore,

Eij—Eji=UP; — P;) + (I + 1)(P; — Py)

=Pj—P,' =10

and so the second ordering is better. This shows
that every ordering for which the probabilities are
not in decreasing order is not optimal in the sense
that we can do better. Since there are only a finite
number of possible orderings, the ordering for
whichpy = p; = p3 = -+ = py is optimum.

87. (a)

(b)

This can be proved by induction on m. It is
obvious when m=1 and then by fixing the
value of x; and using the induction hypothe-

" )
sis, we see that there are E [” N :ﬂ—l—_r;{ _2}

i=0
H—i4+m—2
m—-2
number of ways of choosing m — 1 items from
a set of size 1 + m — 1 under the constraint
that the lowest numbered item selected is
number i + 1 (that is, none of 1,...,i are
selected where | + 1 is), we see that

i {n—f+m—2} _ {n+m—1}

Fard m—2 m—1

It also can be proven by noting that each solu-
tion corresponds in a one-to-one fashion with
a permutation of n ones and (m — 1) zeros.
The correspondence being that x; equals the
number of ones to the left of the first zero, x>
the number of ones between the first and sec-
ond zeros, and so on. As there are (n + m —

!/nl(m — 1)! such permutations, the result
follows.

such solutions. As [ } equals the

The number of positive solutions of xy + --- +
I = N is equal to the number of nonnegative
solutions of 1y + --- 4+ ¥y = 1 —m, and thus

there are [" -1 } such solutions.
m—1

88.

89.

90.

91.

(a)

(b)

If we fix a set of k of the x; and require them
to be the only zeros, then there are by (b)
n—1

(with m replaced by m — k) lm Ck— IJ such

i n—1
solutions. Hence, there are Kl lmek—1

outcomes such that exactly k of the X; are
equal to zero, and so the desired probability

m n—1 n+m—1
Ble] [m—k-1 / m—1
Since the random variables LI, X4, ..., X,; are all
independent and identically distributed it fol-

lows that U is equally likely to be the i"" small-
est foreachi + 1,...,1n + 1. Therefore,

P{X =i} =P{U is the (i + 1) smallest}
=1/(n+1)

Given U, each X; is less than U with probabil-
ity U, and so X is binomial with parameters
n,U. That is, given that LI <p, X is bino-
mial with parameters n,p. Since U is uni-
form on (0,1) this is exactly the scenario in
Section 6.3.

Condition on the value of I;. This gives

n
Po(K) =p{ ¥ il < K|l = 1} 1/2
j=1

i
+ P{zﬂj <K|I, = o} 1/2
j=1

H—1
=P{2j1j+11£!(}1j2

=1

n—1
- P{ Yl < K} 1/2

j=1

=[Pp_1(k — 1) + Pu—1(K)]/2

@ !
A 5 5e 5. e 0
1 1
() e952/21.5¢=5 . g5 . g=552 21 + e552 /21
1 1

PA_pr  pp) 7



92. Let X denote the amount of money Josh picks up
when he spots a coin. Then

E[X]=(5+10 + 25)/4 =10,
E[X2] = (25 + 100 + 625)/4 = 750/4

Therefore, the amount he picks up on his way to
work is a compound Poisson random variable with
mean 10-6 = 60 and variance 6-750/4 = 1125.
Because the number of pickup coins that Josh spots
is Poisson with mean 6(3 /4) = 4.5, we can also view
the amount picked up as a compound Poisson ran-

N
dom variable 5 = z X; where N is Poisson with

i=1
mean 4.5, and (with 5 cents as the unit of mea-
surement) the X; are equally likely to be 1, 2, 3.
Either use the recursion developed in the text or
condition on the number of pickups to determine
P(5 = 5). Using the latter approach, with P(N =
i) = e *3(4.5)/il, gives

P(§ =5)=(1/3)P(N = 1) + 3(1/3)3P(N = 3)
+ 41/3)*P(N =4) + 5(1/3)°P(N =5)

94. Using that E[N] = rw/(w + b) yields
P{M —1=n)

_(m+1P{N=n+1}
- E[N]

o 2)(, Yo

(m + b)
i
r

Using that

w4 b

UH_U(nj-]l) B (w—])
OO

w n
v
T (w4 b1
r—1
shows that
(nr—l)( b )
1 r—n—1
PIM—1=n}= ST
r—1
i k
Py (k) = m{; faiPyp—1,r—1(k — i)

Whenk=1

(00)
riv r—1
P, (D) = g (w+ b—l)

r—1

95, With a = P(5; < O for all # = 0), we have
—EX]=a=p_f

96. With P; = ¢ *\/j!, we have that N, the number
of children in the family of a randomly chosen
family is

N L S Sy .
P{N:)):Tze NTj=-1, j=0
Hence,

PIN—1=ky=e *X/k!, k=0
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Exercises

1.

Three white and three black balls are distributed in two urns in such a way that
each contains three balls. We say that the system is in state i, = 0, 1, 2, 3, if the first
urn contains { white balls. At each step, we draw one ball from each urn and place
the ball drawn from the first urn into the second, and conversely with the ball from
the second urn. Let X, denote the state of the system after the nth step. Explain
why {X,,,n =0,1,2,...} is a Markov chain and calculate its transition probability
matrix.

Suppose that whether or not it rains today depends on previous weather conditions
through the last three days. Show how this system mayv be analyzed by using a
Markov chain. How many states are needed?

In Exercise 2, suppose that if it has rained for the past three days, then it will rain
today with probability 0.8; if it did not rain for any of the past three days, then it
will rain today with probability 0.2; and in any other case the weather today will,
with probability 0.6, be the same as the weather vesterday. Determine P for this
Markov chain.



*4,

10.

11.

Consider a process {X,,n = 0,1,...}, which takes on the values 0, 1, or 2. Suppose

PiXyi1 =1 Xa =i, Xp1 =iy_1,..., X0 = ip)

Pr]':" when » is even

pl

i ?

when n is odd

where Z'iu P!j = ZLGP:'.} =1,i=0,1,2.Is { X, n = 0} a Markov chain? If not,
then show how, by enlarging the state space, we may transform it into a Markov
chain.

A Markov chain { X, n = 0} with states 0, 1, 2, has the transition probability matrix

HE
o 1)

I
If P{Xo = 0} = P{Xo = 1} = 1, find E[X3].

Let the transition probability matrix of a two-state Markov chain be given, as in
Example 4.2, by

p 1-p
P=
W '

(=R Lo P
[ g | B o

Show by mathematical induction thar

1ilap—nm 1_lap—1m

1
P — I
1 1 H 1 1 i
7—3(2p—1) 7+32p-1)

In Example 4.4 suppose that it has rained neither vesterday nor the day before
vesterday. What is the probability that it will rain tomorrow?

Suppose that coin 1 has probability 0.7 of coming up heads, and coin 2 has prob-
ability 0.6 of coming up heads. If the coin flipped today comes up heads, then we
select coin 1 to flip tomorrow, and if it comes up tails, then we select coin 2 to flip
tomorrow. If the coin initially flipped is equally likely to be coin 1 or coin 2, then
what is the probability that the coin flipped on the third day after the initial flip
is coin 1? Suppose that the coin flipped on Monday comes up heads. What is the
probability that the coin flipped on Friday of the same week also comes up heads?

If in Example 4.10 we had defined X,, to equal 1 if the nth selection were red and
to equal 0 if it were blue, would X, n = 1 be a Markov chain?

In Example 4.3, Gary is currently in a cheerful mood. What is the probability that
he is not in a glum mood on any of the following three days?

In Example 4.3, Gary was in a glum mood four days ago. Given that he hasn’t felt
cheerful in a week, what is the probability he is feeling glum today?



12.

13.

14.

15.

“16.

17.

For a Markov chain {X,,n = 0} with transition probabilities P;;, consider the
conditional probability that X,, = m given that the chain started at time 0 in state
i and has not yet entered state r by time n, where r is a specified state not equal
to either i or m. We are interested in whether this conditional probability is equal
to the # stage transition probability of a Markov chain whose state space does not
include state r and whose transition probabilities are

Qi,j = ﬁ? b ?é r
ir

Either prove the equality
PIXy=m|Xo =i, X} # r k= 1,....,n} = ;'Lw

Or CONSTruct a CDI.II'ItEI'EXElI'IlplE.

Let P be the transition probability matrix of a Markov chain. Argue that if for some
positive integer r, P has all positive entries, then so does P", for all integers n = r.

Specify the classes of the following Markov chains, and determine whether they are
transient or recurrent:

g 0o 0 0 1
0 12 Iﬂ 0o 0 0 1
1 1

Pi=1z 0 3|, Pr=1y o ol
1 1 2z 7
I I Dﬂ 0o 0 1 0
; 0 3 0 0 12 0 0 o
q T q z T

Pr=|1 o 1 0o of, =0 0 1 0 0O
o o o 1 1 o o 1+ 2 o0
0o 0o o0 3 3 1 0 0 0 0

Prove thart if the number of states in a Markov chain is M, and if state j can be
reached from state 4, then it can be reached in M steps or less.

Show that if state ¢ is recurrent and state i does not communicate with state j,
then P = 0. This implies that once a process enters a recurrent class of states it
can never leave that class. For this reason, a recurrent class is often referred to as a
closed class.

For the random walk of Example 4.18 use the strong law of large numbers to give
another proof that the Markov chain is transient when p £ %

Hint: Note that the state at time » can be written as } " ; Y; where the Y;s are
independent and P{Y; = 1} = p =1 — P{Y; = —1}. Argue that if p = %, then, by
the strong law of large numbers, 3 7Y; — o0 as # — o0 and hence the initial state
0 can be visited only finitely often, and hence must be transient. A similar argument
holds when p = %



18.

19,
20.

*21.

23.

24,

Coin 1 comes up heads with probability 0.6 and coin 2 with probability 0.5. A coin

is continually flipped until it comes up tails, at which time that coin is put aside and

