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Exercises

1.

*2.

*5.

A box contains three marbles: one red, one green, and one blue. Consider an exper-
iment that consists of taking one marble from the box then replacing it in the box
and drawing a second marble from the box. What is the sample space? If, ar all
times, each marble in the box is equally likely to be selected, what is the probability
of each point in the sample space?

Repeat Exercise 1 when the second marble is drawn without replacing the first
marble.

A coin is to be tossed until a head appears twice in a row. What is the sample space
for this experiment? If the coin is fair, what is the probability that it will be tossed
exactly four times?

Let E, F,  be three events. Find expressions for the events that of E,F, G
{a) only F occurs,

(b} both E and F but not G occur,

{c) at least one event occurs,

(d) at least two events occur,

{e) all three events occur,

(f) none occurs,

{g) at most one occurs,

(h) at most two occur.

An individual uses the following gambling system at Las Vegas. He bets §1 that
the roulette wheel will come up red. If he wins, he quits. If he loses then he makes
the same bet a second time only this time he bets §2; and then regardless of the
outcome, quits. Assuming that he has a probability of :'f of winning each bet, what
is the probability that he goes home a winner? Why is this system not used by
everyone?

Show that E(F U G) = EF U EG.

Show that (E U F)¥ = E°F-.
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13.
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15,
15.
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18,

If P(E) = 0.9 and P{F) = 0.8, show that P(EF) = 0.7. In general, show thar
MEFy = P(Ey + P(F) -1

This is known as Bonferroni’s inequality.
We say that E  F if every point in E is also in F. Show that if E — F, then

P(F) = P(E) + P(FE*) = P(E)

Show that
P (U E.-) <) P(E)
i=1 i=1

This is known as Boole’s inequality.

Hint: Either use Equation (1.2) and mathematical induction, or else show that
Ui Ei = |JiL Fi, where Fy = Eq, F; = E; ['"];:;% Ef, and use property (iii) of a
probability.

If two fair dice are tossed, what is the probability that thesumisi, i = 2,3,...,122

Let E and F be mutually exclusive events in the sample space of an experiment.
Suppose that the experiment is repeated until either event E or event F occurs.
Whart does the sample space of this new super experiment look like? Show thar the
probability that event E occurs before event F is P(E)/ [P(E) + P(F)].

Hint: Argue that the probability that the original experiment is performed » times
and E appears on the nth time is P(E) < (1—p)" 1, n = 1,2,..., where p = P(E) +
P(F). Add these probabilities to get the desired answer.

The dice game craps is played as follows. The player throws two dice, and if the sum
is seven or eleven, then she wins. If the sum is two, three, or twelve, then she loses.
If the sum is anything else, then she continues throwing until she either throws that

number again (in which case she wins) or she throws a seven (in which case she
loses). Calculate the probability that the player wins.

The probability of winning on a single toss of the dice is p. A starts, and if he
fails, he passes the dice to B, who then attempts to win on her toss. Theyv continue
tossing the dice back and forth until one of them wins. What are their respective
probabilities of winning?

Argue that E = EFUEF°, EUF = EU FE“.
Use Exercise 15 to show that P(E U Fy = P(E) + P(Fy — P(EF).

Suppose each of three persons tosses a coin. If the outcome of one of the tosses
differs from the other outcomes, then the game ends. If not, then the persons start
over and retoss their coins. Assuming fair coins, whar is the probability that the
game will end with the first round of tosses? If all three coins are biased and have
probability ;lf of landing heads, what is the probability that the game will end at
the first round?

Assume that each child who is born is equally likely to be a boy or a girl. If a family
has two children, what is the probability that both are girls given that (a) the eldest
is a girl, (b) at least one is a girl?
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20,
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26,

*27.

Two dice are rolled. What is the probability that at least one is a six? If the two
taces are different, what is the probability that at least one is a six?

Three dice are thrown. What is the probability the same number appears on exactly
two of the three dice?

Suppose that 5 percent of men and 0.25 percent of women are color-blind. A color-
blind person is chosen at random. What is the probability of this person being male?
Assume that there are an equal number of males and females.

A and B play until one has 2 more points than the other. Assuming that each point
is independently won by A with probability p, what is the probability they will play
a total of 2#n points? What is the probability that A will win?

For events Eq, Ea, ..., E, show thart

P(E{Ey - -Ep) = PIE{)P(E|Eq)P(E;|E{Ep) - - - P(Ey|Eq - - - Ey_q)

In an election, candidate A receives n votes and candidate B receives m votes, where
# = m. Assume that in the counrt of the votes all possible orderings of the n + m
votes are equally likely. Let Py, denote the probability that from the first vote on
A is always in the lead. Find

(a) P21 (b) P31 (¢} Pun {d) P32 (e) Pa2
(f) Pu2 (g) Paj (h) Ps3 {i) Psa
(i) Make a conjecture as to the value of P, ,.

Two cards are randomly selected from a deck of 52 playing cards.

{a) What is the probability they constitute a pair (that is, that they are of the same
denomination)?

(b) What is the conditional probability they constitute a pair given that they are
of different suits?

A deck of 52 plaving cards, containing all 4 aces, is randomly divided into 4 piles

of 13 cards each. Define events Eq, Ez, E3, and E4 as follows:

E, = {the first pile has exactly 1 ace},
E> = {the second pile has exactly 1 ace},
E; = {the third pile has exactly 1 ace},
E4 = {the fourth pile has exactly 1 ace)

Use Exercise 23 to find P(EqE2E;Es), the probability that each pile has an ace.
Suppose in Exercise 26 we had defined the events E;, i = 1,2,3,4, by

E1 = {one of the piles contains the ace of spades],
E: = {the ace of spades and the ace of hearts are in different piles},

E; = {the ace of spades, the ace of hearts, and the
ace of diamonds are in different piles},

E4 = {all 4 aces are in different piles)

Now use Exercise 23 to find P(E1E2E1E4), the probability that each pile has an
ace. Compare vour answer with the one you obtained in Exercise 26.
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If the occurrence of B makes A more likely, does the occurrence of A make B more
likely?

Suppose that P(E) = 0.6. What can you say about P(E|F) when

{a} E and F are mutually exclusive?

(b} Ec F?

c) Fc E?

Bill and George go target shooting together. Both shoot at a target at the same time.

Suppose Bill hits the target with probability 0.7, whereas George, independently,

hits the target with probability 0.4.

{(a) Given that exactly one shot hit the target, what is the probability that it was
George’s shot?

(b) Given that the target is hit, what is the probability that George hit it?

What is the conditional probability that the first die is six given that the sum of the
dice is seven?

Suppose all # men at a party throw their hats in the center of the room. Each man
then randomly selects a hat. Show that the probability that none of the # men selects
his own hart is
1 1 1 (—1)"
TR TR R

Note that as # — oo this converges to ¢~ 1. [s this surprising?

In a class there are four freshman boys, six freshman girls, and six sophomore boys.
How many sophomore girls must be present if sex and class are to be independent
when a student is selected at random?

Mr. Jones has devised a gambling system for winning at roulette. When he bets, he
bets on red, and places a bet only when the ten previous spins of the roulette have
landed on a black number. He reasons that his chance of winning is quite large
since the probability of eleven consecutive spins resulting in black is quite small.
What do you think of this system?

A fair coin is continually flipped. What is the probability that the first four flips are

(a) H,H,H, H?

(b) T, H,H,H?

(c) What is the probability that the pattern T, H, H, H occurs before the pattern
H, H, H, H?

Consider two boxes, one containing one black and one white marble, the other,

two black and one white marble. A box is selected at random and a marble is

drawn at random from the selected box. What is the probability that the marble is
black?

In Exercise 36, what is the probability that the first box was the one selected given
that the marble is white?

Urn 1 contains two white balls and one black ball, while urn 2 contains one white
ball and five black balls. One ball is drawn at random from urn 1 and placed in urn
2. A ball is then drawn from urn 2. It happens to be white. What is the probability
that the transferred ball was white?

Stores A, B, and C have 50, 75, and 100 employees, and, respectively, 50, 60, and
70 percent of these are women. Resignations are equally likely among all employees,
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regardless of sex. One employee resigns and this is a woman. What is the probability
that she works in store C?

ja) A gambler has in his pocket a fair coin and a two-headed coin. He selects
one of the coins at random, and when he flips it, it shows heads. What is the
probability that it is the fair coin?

b) Suppose that he flips the same coin a second time and again it shows heads.
Now what is the probability that it is the fair coin?

jc) Suppose that he flips the same coin a third time and it shows tails. Now whart
is the probability that it is the fair coin?

In a certain species of rats, black dominates over brown. Suppose thar a black rat

with two black parents has a brown sibling.

{a) What is the probability that this rat is a pure black rar (as opposed to being a
hvbrid with one black and one brown gene)?

(b} Suppose that when the black rar is mated with a brown rat, all five of their
offspring are black. Now, what is the probability that the rat is a pure black
rat?

There are three coins in a box. One is a two-headed coin, another is a fair coin,
and the third is a biased coin that comes up heads 75 percent of the time. When
one of the three coins is selected at random and flipped, it shows heads. What is
the probability that it was the two-headed coin?

Suppose we have ten coins which are such that if the ith one is flipped then heads will
appear with probability /10, = 1,2,...,10. When one of the coins is randomly
selected and flipped, it shows heads. What is the conditional probability that it was
the fifth coin?

Urn 1 has five white and seven black balls. Urn 2 has three white and twelve black
balls. We flip a fair coin. If the outcome is heads, then a ball from urn 1 is selected,
while if the outcome is tails, then a ball from urn 2 is selected. Suppose that a white
ball is selected. What is the probability that the coin landed tails?

An urn contains & black balls and r red balls. One of the balls is drawn at random,
but when it is put back in the urn ¢ additional balls of the same color are put in with
it. Now suppose that we draw another ball. Show that the probability that the first
ball drawn was black given that the second ball drawn was red is b/(b + 1 + ¢).

Three prisoners are informed by their jailer that one of them has been chosen at
random to be executed, and the other two are to be freed. Prisoner A asks the jailer
to tell him privately which of his fellow prisoners will be set free, claiming that
there would be no harm in divulging this information, since he already knows that
at least one will go free. The jailer refuses to answer this question, pointing out
that if A knew which of his fellows were to be set free, then his own probability of
being executed would rise from % to {;, since he would then be one of two prisoners.
What do you think of the jailer’s reasoning?

For a fixed event B, show that the collection P{A|B), defined for all events A, satisfies
the three conditions for a probability. Conclude from this that

P(A|B) = P(A|BC)P(C|B) + P(A|BC)P(C*|B)

Then directly verify the preceding equation.



*48.

Sixty percent of the families in a certain community own their own car, thirty

percent own their own home, and twenty percent own both their own car and their
own home. If a family is randomly chosen, what is the probability that this family

owns a car or a house bur not both?

Chapter 1

. §={(R,R),(R,G),(R,B),(G,R),(G,C),(C,B),
(B.R),(B,G), (B, B)}

The probability of each point in 5is 1/9.
. 5={(R,G),(R,B),(G,R),(G,B),(B,R),(B,G)}

. S={le1.e2,....en), n = 2} where ¢ £ (heads, tails}.
In addition, e, =¢, | = heads and fori=1,...,n —
2ife; =heads, then g; | = tails.

P{4 tosses} = P{(t,t,1,h)} + P{(h,t,h, 1)}
171* 1

=2H =3

. (@) F(EUG) = FEG*

(b) EFG*

() EUFUG

(d) EFUEGUEG

(e) EFG

() (EUFUG) = EFG*

(g) (EF)(EG)(FG)

(h) (EFGY

. E If he wins, he only wins $1, while if he loses, he

4
loses $3.

. If E(F U G) occurs, then E occurs and either F or G
occur; therefore, either EF or EG occurs and so

E(FUG) c EFUEG

Similarly, if EF U EG occurs, then either EF or EG
occurs. Thus, E occurs and either F or G occurs; and
so E(F U G) occurs. Hence,

EFUEG c E(FUG)

which together with the reverse inequality proves
the result.

7.

10.

11.

12.

If (E U F)° occurs, then E U F does not occur, and so
E does not occur (and so E* does); F does not occur

(and so F° does) and thus E° and F° both occur.

Hence,
(EUF)" C E°FF

If E°F° occurs, then E° occurs (and so E does not),
and F occurs (and so F does not). Hence, neither E
or F occurs and thus (E U F)° does. Thus,

E°FF « (EUF)
and the result follows.
1= P(EUF) = P(E) + P(F) — P(EF)

F = EUFE", implying since E and FE are disjoint
that P(F) = P(E) + P(FE)".

Either by induction or use
l;_r.lEJ- = EyUESE, UESESEs U -+~ UES ---ES_,En

and as each of the terms on the right side are
mutually exclusive:

P(UE;) =P(Ey) + P(EiEg) + P{EEEEEg,} + -
i
+ P(Ei e E;—1Eu)
<P(Ey) +P(E2) +---+ P(Ex) (why?)

=l o7
P .o ) 36
{sumisi} = 17B_i
., i=8,..,12
% 1

Either use hint or condition on initial outcome as:
P{E before F}
= P{E before F | initial outcome is E}P(E}
+ P{E before F | initial outcome is F}P(F)
+ P{E before F | initial outcome neither E
or F}[1 — P(E) — P(F)]



13.

14.

16.

= 1-P(E) + 0- P(F) + P{E before F}
= [1— P(E) - P(F)]

Therefore, P{E before F} = — L)

Condition an initial toss

P{win} = Ep{win | throw i}P{throw i}

i=2
Now,
P{win| throw i} = P{i before 7}
0 i=212
S
N 1 i=71
% i=8,..10
where above is obtained by using Problems 11
and 12.
P{win} = 49.

o0
P{Awins} = E P{A wins on (2n + 1)st toss}

— %( P)Z?’EP
~%0
—P Y (1P

=Fi=a-p¢
P
2P —p?
1
T 2-P
P{Bwins} =1—P{A wins}

_1-pP
—2-p

P(EUF) = P(E U EEY)
=DP(E) + P(FEY)
since E and FE® are disjoint. Also,
P(F) = P(FE U FEY)
= P(EE) + P(FE°) by disjointness
Hence,

P(EUF) = P(E) + P(F) — P(EF)

P(E) + P(F)

17.

18.

19.

20.

Prob{end} =1 — Prob{continue}

=1-P({H,H,H}U{T,T,T})

=1— [Prob(H, H, H) + Prob(T, T, T)].

. 111
Fair coin: Prob{end} =1-— {E . 3 . 3 + E
_ 3
T4
. . 111 3
Blasedcom:P{end}z]—[1-1.14_1.
9
~16

Let B = event both are girls; E = event oldest is

girl; L = event at least one is a girl.

_PED_M® _y4_1
@ PEB =% =pE =127 2
(b) P(L)=1-P(nogirls)=1- % = %

-

_PBL _PB) _ 14 _1
P(BIL) = P(L)y P(L) 3/4 3

E = event at least 1 six P(E)

__ numberof waystogetE 11
" number of sample pts 36

D = event two faces are different P([))
=1- Prc-b(two faces the same)

=] - — =

= 2PEID) = 7

P(D)  5/6

6 P(ED) _ 10/36 _
3

1

Let E = event same number on exactly two of the
dice; 5 = event all three numbers are the same;
D =event all three numbers are different. These
three events are mutually exclusive and define the

whole sample space. Thus, 1 = P(

D) + P(S) +

P(E),P(S)=86/216=1/36; for D have six possible

values for first die, five for second, and four for

third.

. Number of ways to get D =6-
P(D)=120/216 = 20/36
SP(Ey=1-P(D)—P(S)
20 1 5

=l-% %=1

5.4 =120.



21. Let C = event person is color blind.

22,

23,

24

P(Male|C)
_ P(C|Male) P(Male)
- P(C|Male P(Male) + P(C|Female) P(Female)
_ 05x .5
T 05x . 54.0025x 5
2500 20
T 2625 21

Let trial 1 consist of the first two points; trial 2 the
next two points, and so on. The probability that
each player wins one point in a trial is 2p(1 — p).
Now a total of 2n points are played if the first (s — 1)
trials all result in each player winning one of the
points in that trial and the n'" trial results in one of
the players winning both points. By independence,
we obtain

P{2n points are needed }

=2p-p)y" PP +(1-p?), n=1

The probability that A wins on trial nis
(2p(1—p))* 'p* and so

P{Awins}=p* ¥ (2p(1—p))"!

n=1

7

“T-2p0-p)

P(E\)P(E;|E\)P(E3|E1Eg) - - - P(Ey|Ey -+ Ey—1)

_pe, PEE) PEEE) | P(Es - En)
VP(E)) P(E\Ey)  P(Ey---En1)
=P(Ey---En)

Let a signify a vote for A and b one for B.

(a) Py = P{a,a,b} =1/3

(b) P33 = P{a,a} = (3/4)(2/3) = 1/2

(c) Pap=Pla,a,a} + Pl{a,a.b,a}
=(3/5)(2/H[1/3 + (2/3)(1/2)] =1/5

(d) Pyy = P{a,a} = (4/5)(3/4) = 3/5

(e) Pyy="P{a,aa}+ P{a,ab,a}
=(4/6)(3/5)[2/4 + (2/H(2/3)] =1/3

25.

26.

27.

(f) Py3=P{always ahead|r,a}(4/7)(3/6)
=(2/7)[1 - P{a,a,a,b,b,bja,a}
—P{a,a,b,bla,a} — P{a,a,b,a,b,blaa}]
=(2/7)1 —(2/5)3/4)(2/3)1/2)
—(3/5)02/4)— (3/5)(2/4)(2/3)(1/2)]
=1/7
(g) Psy = Pla,a} =(5/6)(4/5) =2/3
(h) Ps,=P{a,a,a} + P{a,a,b,a}
=(5/7)4/6)[(3/5) + (2/5)3/H]=3/7

By the same reasoning we have

(i) Ps3=1/4

(G) Ps4=1/9

(k) In all the cases above, Py = i
! n+n

(a) P{pair}=P{second card is same
denomination as first}
=3/51
(b) P{pair|different suits}
__ P{pair, different suits}
" P{different suits}
= P{pair}/P{different suits }

4y /48 52\ 39.28.37
PE) = (1) (12)/(13) ~ 51-50-49
3\ (36 39\ 26-25
PE,|EY) = (1) (12)/(13) =38.37
2\ (24 26
P(E5|E1Es) = (1) (12) / (13) =13/25

P(E4|E\ExEq) =1

39.26-13

PEEEED) = 51755749

P(E)=1
P(E;|Eq) = 39/51, since 12 cards are in the ace of
spades pile and 39 are not.

P(E;|E4E;) = 26/50, since 24 cards are in the piles
of the two aces and 26 are in the other two piles.

P(E,|E{E5E5) = 13/49

So
P{each pile has an ace} = (39/51)(26/50)(13/49)
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29.

30.

31.

32.

Yes. P(A|B) > P(A) is equivalent to P(AB) =
P(A)P(B), which is equivalent to P(B|A) = P(B).

(a) P(E[F) =0

(b) P(E[F) = P(EF)/P(F) = P(E)/P(F) =
P(E)= 6

(c) P(E|F)=P(EF)/P(F)=P(F)/P(F)=1

(a) P{George|exactly 1 hit}
P{George, not Bill}
- Pexactly 1}
P{G, not B}
~ P{G, not B} + P{B, not G)}
_ (4)(.3)
(4)(3) + (7)(.6)
=2/9
(b) P{Clhit}
= P{G, hit}/P{hit}
=P{G}/P{hit} = 4/[1— (.3)(.6)]
=20/41

Let § = event sum of dice is 7; F = event first
die is 6.

1 1 _ P(F|S)
P(S) = 2P(FS) = 3-P(F|S) = T
_1/36 _1
T 16 &

Let E; = event person { selects own hat.
P (no one selects own hat)

=1-P(EyUEU---UEy)

=1- [EP(E:‘I) — Y P(Ei\Eip) + - -

iy iy <ip

+ (=1)"*'P(E,E2En)

=1- ZP(EH) — z P(Ei Eiz)
i ipiz
- E P(EiyEisEi3) + -+ -
i <ip<iz

+ (-1)"P(E1E2Ex)

Let k{1, 2, ...,n}. P(Ei; El; Eit) = number of
ways k specific men can select own hats +
total number of ways hats can be arranged
=(n — k)!/n!. Number of terms in summation
Zﬁqz{_{& = number of ways to choose k vari-

ables out of n variables = [ﬂ =n!/kln — k)L

33.

35.

37.

Thus,
E P(Ei\Eiz - - - Eiy)

iy

-3

1<l
_nfn=k! _ 1
Tkl et TR

.. P(no one selects own hat)

(n—Kk)!
n!

1 1 1 1

Sloqtg-mto ey
1 1 1
=y oyt ey

Let 5= event student is sophomore; F = event
student is freshman; B= event student is boy;
G=event student is girl. Let x= number of
sophomore girls; total number of students =
16 + x.

10 10

P(F)= —P(B)= —P(FB)= ———

(F) 16+I{} 16+x() 16 +x
= P(FB)= P(F)P(B) =

le+x (FB) (F)P(B) 16+ x

10

6rx =7

. Not a good system. The successive spins are

independent and so
P{11%" is red|1st 10 black} = P{11'" is red}

18
:pkgﬂ
(a) 1/16

(b) 1/16

(c) 15/16, since the only way in which the
pattern H, H, H, H can appear before the pat-
tern T, H, H, H is if the first four flips all land
heads.

. Let B = event marble is black; B; = event that box

i 1s chosen. Now
B=EBB1UBE,P(B) = P(BB,) + P(BBE;)
= P(E|B,)P(B,) + P(B|B,)P(E;)

11 17

_11,21_7
22732712

Let W = event marble is white.



P(W|B1)P(By)

PBIWY= 5TBP(Ey) + POVIBP ()
11 1
__ 22 _4_3
11,11 55
2 2 2 12

38. Let T = event transfer is white; Ty = event trans-
fer 1s black; W = event white ball is drawn from

urn 2.
_ P(W|Tw)P(Tw)
POWIW) = BT )P T) + POV T5)P(T)
2 2 4
__ 73 _xau_*
22,1155
7 3 7 3 21

39. Let W = event woman resigns; A, B, C are events
the person resigning works in store A, B, C, respec-
tively.

P(C|W)
_ P(WIC)P(C)
~ P(W|C)P(C) + P(W|B)P(B) + P(W|A)P(A)

100

_ 70 555
- 100 75 50
.70}(@“‘.6{]){%"‘.50@

70 ;140 1

T 225/ 225 2

40. (a) F= event fair coin flipped; U= event two-
headed coin flipped.
P(H|F)P(F)

P(H|F)P(F) + P{(H|L)P(LI)

11

22
11 1
2

P(F|H) =

1.2
+ 2

P(HH|F)P(F)
P(HH|E)P(F) + P(HH|U)P(U)
11
2

(b) P(FIHH)=

(c) P(F|HHT)
B P(HHT|F)P(F)
= P(HHT|F)P(F) + PEATP()
P(HHT|F)P(F)

~ P(HHT|F)P(F) +0

since the fair coin is the only one that can show
tails.

41. Note first that since the rat has black parents and
a brown sibling, we know that both its parents are
hybrids with one black and one brown gene (for
if either were a pure black then all their offspring
would be black). Hence, both of their offspring’s
genes are equally likely to be either black or brown.

(a) P(2 black genes | at least one black gene)

. P(2 black genes)
"~ P(at least one black gene)

1/4
33" 1/3
(b) Using the result from part (a) yields the follo-
wing:
P(2 black genes | 5 black offspring)

_ P(2black genes)
" P(5 black offspring)

_ 1/3
TO1(1/3) + (1/2°2/3)

=16/17

where P(5 black offspring) was computed by con-
ditioning on whether the rat had 2 black genes.

42. Let B= event biased coin was flipped; F and U

(same as above).

P(U|H)
B P(H|LD)P(L)
~ P(H[U)P(U) + P(H|B)P(B) + P(H|F)P(F)
1 1
| ;§ T 1~ % -3
9
'3+33%33 B

43. Leti= event coin was selected; P(H|i) = L

10
5 1
P(H|5)P(5 0 10
P(|H) = IU( PPG) _ mm] 10]
P(H[i)P(i) ==
E | E 10 10

o1
=T

10
i
i=1



44,

46.

Let W = event white ball selected.
P(W|T)P(T)
P(W|TY(T) + P(W|H)P(H)

11

52
5
12

P(T|W) =

2

37

o=
2

| =
] =
—

. Let B; = event i ball is black; R; = event it ball

1s red.
P(R3|B)P(By)
PR = 5, B)P(B) + P(Ro|R1)P(Ry)
r b
_ b+r+c b+r
r b r+c r
b+r+c b+r b+r+c b+r
rb
=rfr+(r+|:]r
b
Tb4r+c

Let X(=B or =C) denote the jailer’s answer to
prisoner A. Now for instance,

P{A to be executed|X = B}
_ P{Atobeexecuted, X = B}
- P{X =B}

_ P{Ato be executed} P {X = B|A to be executed]}

P{X =B}
_ (1/3)P {X = B|A to be executed }
- 1/2 ’

Now it is reasonable to suppose that if A is to be
executed, then the jailer is equally likely to answer
either B or C. That is,

1

P{X = B| A tobe executed} = 5

47.

and so,

1
P{A tobe executed|X = B} = 3
Similarly,

1
P{Atobeexecuted|X =C} = 3

and thus the jailer’s reasoning is invalid. (It is true
that if the jailer were to answer B, then A knows
that the condemned is either himself or C, but itis
twice as likely to be C.)

1. 0<PAB)=1

P(SB) @ =1

P(B) ~ P(B)

3. For disjoint events A and D

P{(AUD)B)
P(B)

__ P(ABUDB)

o P(B)

_ P(AB) 4+ P(DE)

- P(B)

=P(A|B) + P(D|B)

2. P(S|B)=

P(AUD|B)=

Direct verification is as follows:

P(A|BC)P(C|B) + P(A|BC")P(CE|B)

_ P(ABC)P(BC)  P(ABC) P(BCY)
~ P(BC) P(B) " P(BCY) P(B)
_ P(ABC)  P(ABCY)

~ P(B) P(B)

_ P(AB)

~ P(B)

= P(AB)
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Exercises

1.

[

*4,

An urn contains five red, three orange, and two blue balls. Two balls are randomly
selected. What is the sample space of this experiment? Let X represent the number
of orange balls selected. Whar are the possible values of X? Calculate P{X = 0}.

Let X represent the difference between the number of heads and the number of tails
obtained when a coin is tossed » times. Whart are the possible values of X?

In Exercise 2, if the coin is assumed fair, then, for n = 2, what are the probabilities
associated with the values that X can take on?

Suppose a die is rolled twice. What are the possible values that the following random
variables can take on?

{a) The maximum value to appear in the two rolls.

{b) The minimum value to appear in the two rolls.

ic) The sum of the two rolls.

{d)  The value of the first roll minus the value of the second roll.

If the die in Exercise 4 is assumed fair, calculate the probabilities associated with
the random variables in (i)—{iv).

Suppose five fair coins are tossed. Let E be the event that all coins land heads. Define
the random variable I

I — 1, if E occurs
E=10, if E° occurs

For what outcomes in the original sample space does Iz equal 1? Whatis P{Ip = 1}?

Suppose a coin having probability 0.7 of coming up heads is tossed three times.
Let X denote the number of heads that appear in the three tosses. Determine the
probability mass function of X.



8.

9.

10.
*11.

12.

13.

14.

15.

*16.

Suppose the distribution function of X is given by

0, b =0
Fihy=131, 0=b=<1
1, l=bh<=mo

What is the probability mass function of X?
If the distribution function of F is given by

0, b =0
1, o0<b=1
) = 1=b<2
F(b) = {
D=4 2<pes
e 3=b <35
1, bh=3.5

calculate the probability mass function of X.
Suppose three fair dice are rolled. What is the probability at most one six appears?

A ball is drawn from an urn containing three white and three black balls. After the
ball is drawn, it is then replaced and another ball is drawn. This goes on indefinitely.
What is the probability that of the first four balls drawn, exactly two are white?

(On a multiple-choice exam with three possible answers for each of the five questions,
what is the probability that a student would get four or more correct answers just
by guessing?

An individual claims to have extrasensory perception (ESP). As a test, a fair coin is
flipped ten times, and he is asked to predict in advance the outcome. Qur individual
gets seven out of ten correct. What is the probability he would have done at least
this well if he had no ESP? (Explain why the relevant probability is P{X = 7} and
not PIX =71.)

Suppose X has a binomial distribution with parameters 6 and {F Show that X = 3
is the most likely outcome.

Let X be binomially distributed with parameters # and p. Show that as & goes from

0 to n, P(X = k) increases monotonically, then decreases monotonically reaching

its larpest value

(a) in the case that (n + 1)p is an integer, when & equals either (2 + 1)p — 1 or
(n+ L)p,

(b) in the case that (# + 1)p is not an integer, when & satisfies (n + 1)p—1 < k =
in+ Lip.

Hint: Consider P{X = k}/P{X = k — 1} and see for what values of k it is greater

or less than 1.

An airline knows that 5 percent of the people making reservations on a certain
flight will not show up. Consequently, their policy is to sell 52 tickets for a flight
that can hold only 50 passengers. What is the probability that there will be a seat
available for every passenger who shows up?



17.

18.
19,

20,

21.

23

24,

Suppose that an experiment can result in one of r possible outcomes, the ith outcome
having probability p;, # = 1,...,r, 3.0 p;i = 1. If n of these experiments are
performed, and if the outcome of any one of the n does not affect the outcome of
the other # — 1 experiments, then show that the probability that the first outcome
appears x1 times, the second x3 times, and the rth x, times is

L ¥
_— 1452 — Xr re = e
P - ' : whenxi +x2+--+x,=n
This is known as the multinomial distribution.
Show that when » = 2 the multinomial reduces to the binomial.

In Exercise 17, let X; denote the number of times the ith outcome appears, § =
1,....r. What is the probability mass function of Xq + X2 + ... + Xg?

A television store owner figures that 50 percent of the customers entering his store
will purchase an ordinary television set, 20 percent will purchase a color television
set, and 30 percent will just be browsing. If five customers enter his store on a
certain day, what is the probability that two customers purchase color sets, one
customer purchases an ordinary set, and two customers purchase nothing?

In Exercise 20, what is the probability that our store owner sells three or more
televisions on thar day?

If a fair coin is successivelv flipped, find the probability thar a head first appears on
the fifth trial.

A coin having probability p of coming up heads is successively flipped until the rth
head appears. Argue that X, the number of flips required, will be n, # = r, with
probability

PIX=n}= (’::ll)p'tl —p"",  n=r

This is known as the negative binomial distribution.
Hint: How many successes must there be in the first # — 1 trials?
The probability mass function of X is given by

pik) = (

Give a possible interpretation of the random variable X.
Hint: See Exercise 23.

r+k—1

pa-eh k=0

In Exercises 25 and 26, suppose that two teams are playing a series of games,
each of which is independently won by team A with probability p and by team B
with probability 1 — p. The winner of the series is the first team to win / games.

25,

26,

If i = 4, find the probability that a total of 7 games are playved. Also show thar this
probability is maximized when p = 1/2.

Find the expected number of games that are played when

(a) i=12;

(b) i=3.

In both cases, show that this number is maximized when p = 1/2.



*27. A fair coin is independently flipped » times, k times by A and » — k times by B.

28.

29,

30,

31

32,

33

34

Show that the probability that A and B flip the same number of heads is equal to
the probability that there are a total of & heads.

Suppose that we want to generate a random variable X that is equally likely to
be either 0 or 1, and that all we have at our disposal is a biased coin that, when
flipped, lands on heads with some (unknown) probability p. Consider the following
procedure:

1. Flip the coin, and let 0, either heads or tails, be the result.
2. FHlip the coin again, and let Oz be the result.

3. 1t 0q and 07 are the same, return to step 1.

4. 1f 05 is heads, set X = 0, otherwise set X = 1.

ja) Show that the random variable X generated by this procedure is equally likely
to be either 0 or 1.

b) Could we use a simpler procedure that continues to flip the coin until the last
two flips are different, and then sets X = 0 if the final flip is a head, and sets
X =1 ifitisa tail?

Consider # independent flips of a coin having probability p of landing heads. Say

a changeover occurs whenever an outcome differs from the one preceding it. For

instance, if the results of the flipsare H H T H T H H T, then there are a total of

five changeovers. If p = 172, what is the probability there are k£ changeovers?

Let X be a Poisson random variable with parameter i. Show that P{X = i} increases
monotonically and then decreases monotonically as i increases, reaching its maxi-
mum when i is the larpest integer not exceeding .

Hint: Consider P{X = i}/P{X =i—1}.

Compare the Poisson approximation with the correct binomial probability for the
following cases:

{a) PIX =2}whenn=28, p=0.1.

(b) P{X =9} when n = 10, p = 0.95.

(c) P{X =0} when n =10, p =0.1.

id) PIX =4)whenn=9, p =0.2.

If you buy a lottery ticket in 50 lotteries, in each of which your chance of winning
a prize is 111“5, what is the (approximate) probability that you will win a prize (a)
at least once, (b) exactly once, (c) at least twice?

Let X be a random variable with probability density

o a1 —xd), —1l=x=1
f) = [(}, otherwise

{a) Whar is the value of ¢
(b} Whart is the cumulative distribution function of X3
Let the probability density of X be given by

c(dx — 2xh), Dwx =2
0, otherwise

fx) ={



35,

36,

37.

‘38,

39,

40,

41.

{a) What is the value of ¢?
(b) P{3<X<3|=2

The density of X is given by
_[10sx2, for x = 10
f(xj_[D* forx = 10

What is the distribution of X? Find P{X = 20}.
A point is uniformly distributed within the disk of radius 1. That is, its density is

f,m=C, 0D=x*+y =<1

Find the probability that its distance from the origin is less than x, 0 = x = 1.

Let X{, X5,...,X, be independent random variables, each having a uniform distri-
bution over (0,1). Let M = maximum (X1, Xz, ..., X,). Show that the distribution
function of M, Fp(-), is given by

Fapix) = x", 0=x=1

What is the probability density function of M?
If the density function of X equals

ﬂx]:[ce—l‘, D<x<oo

0, x-=0

find ¢. Whar is P{X = 2}?
The random variable X has the following probability mass function:

pih=1,  p2y=%,  poa=1

Calculate E[X].

Suppose that two teams are playing a series of games, each of which is independently
won by team A with probability  and by team B with probability 1—p. The winner
of the series is the first team to win four games. Find the expected number of games
that are played, and evaluate this quantity when p = 1/2.

Consider the case of arbitrary p in Exercise 29. Compute the expected number of
changeovers.

Suppose that each coupon obtained is, independent of what has been previously
obtained, equally likely to be any of m different types. Find the expected number
of coupons one needs to obtain in order to have at least one of each type.

Hint: Let X be the number needed. It is useful to represent X by

X=>'X

where each X; is a geometric random variable.



43,

44.

43,

46,

47,

An urn contains # + m balls, of which » are red and m are black. They are with-
drawn from the urn, one at a time and without replacement. Let X be the number
of red balls removed before the first black ball is chosen. We are interested in deter-
mining E[X]. To obtain this quantity, number the red balls from 1 to n. Now define
the random variables X;, i =1,...,n, by

Y 1, if red ball i is taken before any black ball is chosen
0, otherwise

ja) Express X in terms of the X;.

(b)  Find E[X].

In Exercise 43, let Y denote the number of red balls chosen after the first but before

the second black ball has been chosen.

ja) Express ¥ as the sum of # random variables, each of which is equal to either
Oor 1.

(b) Find E[Y].

{c) Compare E[Y] to E[X] obtained in Exercise 43.

{d) Can you explain the result obtained in part (c)?

A total of r keys are to be put, one at a time, in k& boxes, with each key indepen-

dently being put in box i with probability p;, Zf‘:j p; = 1. Each time a key is purt

in a nonempty box, we say that a collision occurs. Find the expected number of

collisions.

If X is a nonnegative integer valued random variable, show that

(a) E[X] = me >n) = me > 1}
n=0

n=1

Hint: Define the sequence of random variables I,, n = 1, by

L1 ifm=X
=10, ifn=X

Now express X in terms of the I,,.

(b) If X and Y are both nonnepative integer valued random variables, show
that

EIXY]=) Y P(X=nY=m)

n=1m=1

Consider three trials, each of which is either a success or not. Let X denote the
number of successes. Suppose that E[X] = 1.8.

(a) What is the largest possible value of P{X = 3}?

(b) What is the smallest possible value of P{X = 3}?

In both cases, construct a probability scenario that results in P{X = 3} having the
desired value.



*48.

49,
s0.

51.

53
54,

55.

56.

If X is a nonnegative random variable, and g is a differential function with g(0) = 0,
then

E[g{X}]:f P(X = Dg'(t)dt
0

Prove the preceding when X is a continuous random variable.
Prove that E[X?] = (E[X])*. When do we have equality?

Let ¢ be a constant. Show that
(a) Var(cX) = cVar(X):
(b} WVar{c + X) = Var(X).

A coin, having probability ¢ of landing heads, is flipped until a head appears for
the rth time. Let N denote the number of flips required. Calculate E[N].

Hint: There is an easy way of doing this. It involves writing N as the sum of r
geometric random variables.

{a) Calculare E[X] for the maximum random variable of Exercise 37.
(b} Calculate E[X] for X as in Exercise 33.
{c) Calculate E[X] for X as in Exercise 34.

If X is uniform over (0, 1), calculate E[X™] and Var(X™").
Let X and ¥ each rake on either the value 1 or —1. Let

pl, H=PX=1,Y =1},
p(l, —1)=P[X =1, Y = —1},
p(—1, ) =P{X = -1, Y = 1},
p(—1, —-1)=P[X = -1, Y = —1)

Suppose that E[X] = E[Y] = 0. Show that

(a) p(lp 1) ZP(_I: —1);

'[h] P“} _1}' =P{—1> ]]

Let p = 2p(1, 1). Find

(c) Var(X);

(d) Var(Y);

{e} Cov(X,Y).

Suppose that the joint probability mass function of X and Y is

PIX=iY=j)= (i) e, 0=i<j

{a) Find the probability mass function of Y.
{b) Find the probability mass function of X.
(c) Find the probability mass function of ¥ — X.

There are #n types of coupons. Each newly obtained coupon is, independently, tvpe
i with probability p;, i = 1,...,#n. Find the expected number and the variance of
the number of distinct tvpes obtained in a collection of k& conpons.



57.

58.

59.

&l

6l.

621,

63,
*6d.

63,
66,

67.

Suppose that X and Y are independent binomial random variables with parameters
(n,p) and (m, p). Argue probabilistically (no computations necessary) that X + Y
is binomial with parameters (1 + m, p).

An urn contains 2n balls, of which r are red. The balls are randomly removed in
successive pairs. Let X denote the number of pairs in which both balls are red.
ja) Find E[X].
(b} Find Var(X).
Let Xy, X3, X3, and X4 be independent continuous random variables with a com-
mon distribution function F and let
p=PlX1 = X3 = X3 = XN}
ja) Argue that the value of p is the same for all continuous distribution functions F.
{b) Find p by integrating the joint density function over the appropriate region.
{c) Find p by using the fact that all 4! possible orderings of X1, ..., X4 are equally
likely.
Calculate the moment generating function of the uniform distribution on (0, 1).
Obtain E[X] and Var[X] by differentiating.

Let X and W be the working and subsequent repair times of a certain machine. Let
Y = X + W and suppose that the joint probability density of X and Y is
fxyix,¥)= e ™ Dex < Y =00

ja) Find the density of X.
{b) Find the density of Y.
{c) Find the joint density of X and W.
id) Find the density of W.

In deciding upon the appropriate premium to charge, insurance companies some-
times use the exponential principle, defined as follows. With X as the random
amount that it will have to pay in claims, the premium charged by the insurance
Company is

p=l In(E[e°X])
a
where a is some specified positive constant. Find P when X is an exponential random
variable with parameter A, and @ = @i, where 0 = o = 1.

Calculate the moment generating function of a geometric random variable.

Show that the sum of independent identically distributed exponential random vari-
ables has a gamma distribution.

Consider Example 2.48. Find Cov(Xj;, X;) in terms of the ay;.

Use Chebyshev's inequality to prove the weak law of large numbers. Namely, if
X1, X3z,... are independent and identically distributed with mean g and variance
o* then, for any £ = 0,

|

Suppose that X is a random variable with mean 10 and variance 15. What can we
say about P{5 = X = 15}?

X1+ X2+4+---+ Xy
n

—

::-E]—HJ as M — 0



68,

69,

*70.

71.

*72,

73.

74,

Let X1, X2,...,Xp be independent Poisson random variables with mean 1.

{a) Use the Markov inequality to get a bound on P{X; + --- + Xyp = 15}

(b} Use the central limit theorem to approximate P{Xy + .-+ + X0 = 15).

If X is normally distributed with mean 1 and variance 4, use the tables to find
P2 = X < 3}.

Show that

"ok 1
a1
dm e =3
k=0

Hint: Let X, be Poisson with mean n. Use the central limit theorem to show that
P{X,<n}— L.

Let X denote the number of white balls selected when k balls are chosen at random
from an urn containing # white and m black balls.

(a) Compute P{X =i}.
(b) Letfori=1,2,...,kj=1,2,...,n,

1, if the ith ball selected is white
0,  otherwise

[1, if white ball j is selected

0,  otherwise

Compute E[X] in two ways by expressing X first as a function of the X;s and then
of the Y;s.

Show that VariX) = 1 when X is the number of men who select their own hats in
Example 2.31.

For the multinomial distribution (Exercise 17), let N; denote the number of times
outcome § occurs. Find

(a) E[N;l;

(b} Var(N;);

(c) CoviN;, Nj);

(d) Compute the expected number of outcomes that do not occur.

Let X1, Xz,... be a sequence of independent identically distributed continuous
random variables. We say thata record occurs at time 7 if X, = max(X1,..., Xp_1).
That is, X, is a record if it is larger than each of Xi,..., X,_1. Show

{a) P{a record occurs at time n} = 1/n;

(b) E[number of records by time n] = 37 1/§;

(c) Var(number of records by time ) = 371" (i — 1)/i%;

{d) Let N = min{s: n = 1 and a record occurs at time n}. Show E[N] = oc.

Hint: For (ii) and (iii) represent the number of records as the sum of indicator (that
is, Bernoulli) random variables.
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76.

77,

78,

79,

80.

Letay = az = --- = ay denote a set of # numbers, and consider any permutation
of these numbers. We say that there is an inversion of 4; and a; in the permuta-
tion if i = j and a; precedes a;. For instance the permutation 4, 2, 1, 5, 3 has §
inversions—i(4, 2}, (4, 1), (4, 3), (2, 1}, (5, 3). Consider now a random permutation
of ay, az,...,ay—in the sense that each of the »! permutations is equally likely to
be chosen—and let N denote the number of inversions in this permutation. Also, let

N; = number of k: & < i, a; precedes 4 in the permutation

and note that N = 37 ; N..
ja) Show that Ny,..., Ny are independent random variables.
(b} Whart is the distribution of N;?
c) Compute E[N] and Var{N).
Let X and Y be independent random variables with means p, and py and variances
o2 and cr}%. Show that

Var(XY) = gﬁcrf: - niaﬁ + nlﬂﬁ

x

Let X and Y be independent normal random variables, each having parameters
and o2. Show that X + Y is independent of X — Y.
Hint: Find their joint moment generating function.

Let ¢(t1,...,ty) denote the joint moment generating function of Xq,..., X,.

{a) Explain how the moment generating function of X;, ¢x,(#), can be obtained
from ¢(t1,...,tn).

(b) Show that Xy,..., X, are independent if and only if

Bl tn) = @y (E1) - - i, (En)
With K(t) = log(E [e’x ], show that
E'(0y = E[X], K"(0) =Var(X)})
Let X denote the number of the events Aq,...,A,, that occur. Express E[X],

iy P{AH st Afﬁ by

k= 1,...,?1.
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1 I
9. p0) = 5’ P'{”:ﬁf P(21=g: 17. Followssincethereaneﬁpemutaﬁonsofn
p(3) = = p(35) = — ok‘;]e-:ts of which x; are alike, x; are alike, ..., x, are
10 10 alike.



18.

19.

20.

21.

22,

23

24

26.

Follows immediately.
P{Xyj+ -+ Xy =my}

= {nm] P+ )" e + -+ p "

s3] ] (2] =

o [8] - o

1

32

In order for X to equal n, the first n — 1 flips must

have r — 1 heads, and then the ntt flip must land
heads. By independence the desired probability is
thus

n—1 —1 —
|:r_1:|pf (I_P)H J’Ip

It is the number of tails before heads appears for
the 1 time.

. Atotal of 7 games will be played if the first 6 result

in 3 wins and 3 losses. Thus,

6
P{7 games} = (3) ra-p?
Differentiation yields

P71 =20 (320 -p7 ~ p3a -7
=60p*(1—p)* [1 — 2p]

Thus, the derivative is zero when p = 1/2. Taking
the second derivative shows that the maximum is
attained at this value.

Let X denote the number of games played.
@ P{X=2)=p"+(1-p)}

P{X =3} =2p(1—p)

EIX]=2{p* + (1 —p}} +6p(1 —p)

=2+2p(1-p)
Since p(1 — p} is maximized when p =1/2, we
see that E[X] is maximized at that value of p.

®) P{X=3}=p"+1-p)

P{X=4}

= P{X =4, Thas 2 wins in first 3 games}

+ P{X =4, I has 2 wins in first 3games}

=3p"(1—pp + 3p(L - pY'(1 - p)

P{X =5}
= P {each player has 2 wins in the first
4 games}

= 6p*(1 —p)*
EXI=3[p"+ (1—p| + 12p(1—p)
P2+ (- p?] + 3020 - p?

Differentiating and setting equal to 0 shows
that the maximum is attained when p =1/2.

27. P {same number of heads} = ¥ P{A = i,B = i}
-y (f) (1/2)f (" I_.k) (/2 *
=) (7)o
() (7)o
- (;:) (1/2)"
Another argument is as follows:

P{# heads of A = # heads of B}
= P{# tails of A = # heads of B}

since coin is fair

= P"{k — # heads of A = # heads of B}
= P"{k = total # heads}

28. (a) Consider the first time that the two coins give
different results. Then

P{X =0} =P {(t,h)|(t,h) or (h, 1)}

_p-p _1
2p(1-p) 2

(b} No, with this procedure
P{X=0}="P{firstflipisataill} =1-p

29. Each flip after the first will, independently, result
in a changeover with probability 1/2. Therefore,



32

33.

35.

P {k changeovers} = (” ; 1) (1/2)" 1

P{X =i} e Ml

= = )i

T PX=i-1] e N 1/i-1)

Hence, P{X = i} is increasing for A = i and
decreasing for A < i.

(a) 394 (b).303 (c).091
c/_ll (l—xz)dle

=

3 3
F)=7 [ A=
3 3

I P A
—4[y 3+3], lay<=1

. c/z(dx—zf)dle
0

38. c=12

31

2. EX]=7

40. Let X denote the number of games played.

P{X=4=p"+(1-p)’
P{X =5}=P{X =5, Iwins 3 of first 4}
+ P{X =5, I wins 3 of first 4}
=4°(1L—pip + 401 —p)°p(1 —p)
P{X=6}=P{X =6, Iwins 3 of first 5}
+ P{X =6, T wins 3 of first 5}
=10p°(1 —p’p + 10p°(1 —py’(1 - p)
P {X =7} =P{first 6 games are split}

=20p°(1—py’
E[X]:ifP{X: i)
=4

Whenp=1/2, E[X]=93/16=5.8125

o2 —2%3/3) =1 41. Let X; equal 1 if a changeover results from the "
flip and let it be 0 otherwise. Then
8c/3=1
n
3 number of changeovers = X;
=3 i—2
1 3 3 3;"2 AS,
Pis<X<sp=¢ dx —2%)d
{2": 2} 8L (41— 2% )ax E[X]=P{X; =1} = P{flipi— 1 flipi}
_u =2p(1—p)
16
we see that
=10 1
P{X >20}= —dx = 3 .
(X =20 _[20 X2 * 2 E[number of changeovers] = 2 E[Xi]
=2
area of disk of radius x
= =2(n—1)p(l —p)
. <1
PAD < x} area of disk of radius 1
mx2 > 42. Suppose the coupon collector has i different types.
== Let X; denote the number of additional coupons
collected until the collector has i + 1 types. It
- PAM < x} =P {max(X,, ..., X;) < x} is easy to see that the X; are independent geomet-
_ ric random variables with respective parameters
=P{Xi=x.... Xy = 3} (n—i)/n, i=0,1,...,1 — 1. Therefore,
n
— PIX: < x n—1 n—1 n—1 i
E = ) fo]=22[1‘fx]=2ﬂf(ﬂ—!)
- i=0 i=0 i=0
— x” "
_ d — | =n E 1’{}
fulx) = EP (M <x}=nx a



"
83 () X=YX
i=1

(b) E[X]=P{X;=1}
= P{red ball i is chosen before all n
black balls}
=1/(n + 1) since each of these n + 1
balls is equally likely to be the
one chosen earliest
Therefore,
n

E[X]= Y E[X;]=n/(n+1)

i=1

(a) LetY;equallifred balliis chosen after the
first but before the second black ball,

i=1,...,n Then
n

Y=YV,
i=1

(b) E[Y;]=P{Y; =1}
= P{red ball i is the second chosen from
asetofn + 1balls}
=1/(n+ 1) since each of then + 1is
equally likely to be the second one
chosen.

Therefore,

ElY]=n/(n+1)

(c) Answer is the same as in Problem 41.

(d) We can let the outcome of this experiment be
the vector (Ry, Rz, ..., Ry) where E; is the num-
ber of red balls chosen after the (i — 1)* but
before the i black ball. Since all orderings of
the n 4+ m balls are equally likely it follows that
all different orderings of Ry, ..., Ry will have
the same probability distribution.

For instance,
P{Ry=a,R;=b}=P{R;=a,R, =b}

From this it follows that all the R; have the
same distribution and thus the same mean.

. Let N; denote the number of keys in box i,

i = 1,....,k. Then, with X equal to the number
k

of collisions we have that X = E (N, —1)" =
i=1

k
¥ (Nj —1 + I {N; = 0}) where I {N; = 0} is equal

i=1
to 1if N; = 0 and is equal to 0 otherwise. Hence,

k
EX]=3 (pi-1+1-p))=r—k
i=1

i
+ Y (d—p)
=

]

Another way to solve this problemis to let ¥ denote

the number of boxes having at least one key, and

then use the identity X = r — Y, which is true since

only the first key put in each box does not resultin
k

a collision. Writing ¥ = % I{N; > 0} and taking
i=1
expectations yields

k
EX]=r—E[Y]=r—- 3 [1-(1-p)]

i=1

k
=r—k+ Z(l—p,—)r

i=1

0
. Using that X = ¥ I, we obtain

n=1
o0 o0
E[X]= ¥ Ell.]= ¥, P{X > n]
n=1 n=1
Making the change of variables m = n — 1 gives

Emp:%szm+lk=§Pmbm}

m=0 m=0

L_[Lifn<X
"0, ifn>X

1, it m<Y
Im 0, f m=Y

Then

o0 00 o0 00
XY = zrr: zIm: z zfnfm
n=1 m=1 H=1m=1
Taking expectations now yields the result

EIXY1=Y Y ElluJml

=1 m=1



47. Let X be 1 1f trial i 1s a success and 0 otherwise.

49, EF[X?] -

51.

52.

(a) The largest value is .6. If X; = X; = X3, then
1.8 = E[X] = 3E[X,] = 3P{¥X =1}
and so
PIX=3}=P{X;=1}=6
That this is the largest value is seen by Markov’'s
inequality, which yields
PIX =3} <E[X]/3=6

(b) The smallest value is 0. To construct a probabil-

ity scenario for which P{X =3} =0let U bea
uniform random variable on (0, 1), and define

ifll <.6

1
X = 0 otherwise
X 1 ifll=4
270 otherwise
1 ifeither <3 or UZ=.7
o

0 otherwise
It is easy to see that

PX;=X,=X;=1} =0

(E[X])* = Var(X) = E(X — E[X])?=0.
Equality when Var(X) = 0, that is, when X is

constant.

Var(cX) = E[(cX — E[cX])*]
=E[*(X — E(X))*]
=c2Var(X)

Var(c + X) = E[(c + X — E[c + X])’]

= E[(X — E[X])*]
= Var(X)

r
N=Y X;j where X; is the number of flips between
i=1
the (i — 1)* and i" head. Hence, X; is geometric
with mean 1/p. Thus,

r
r
EIN]= Y E[X;]= "1
i1 P

55.

1 1

n+1" 2n+1

1 2
Coln+1]
(a) Using the fact that E[X + Y] = 0 we see that

0=2p(1,1) — 2p(—1,-1), which gives the
result.

(b} This follows since
0=EX-Y]=2p(1,-1)—2p(—1,1)

(c) Var(X) =E[X*]=1
(d) Var(Y)=E[¥]=1
(e) Since

1=p(1,1) + p(—1,1) + p(1,-1) + p(-1,1)
=2p(1,1) + 2p(1, 1)
we see that if p = 2p(1, 1) then
1-p=2p(1,-1)
Now,
Cov(X, Y) = E[XY]
=p(1.1) +p(-1,-1)
—p(L-1)—p(-11)
=p-(1-p)=2p-1
(a) P(Y =j) = i G)e‘”}d;}!

i=0

_-2" M z ()1’1}‘1

:e_u(z_f#

o0 1 =
) PX=i)=Y (J:)E‘Z")Jﬁ!
j=J
2 s 4}
_.' }Z {;—1
i [+ 4]
= l,e—”f" ¥ Ak
i fory
_oa X
!'[

(@ PX=i,Y-X=K=PX=iY=k+1i)

(1)

Ak
—AN A
e E

2 A+
&+ 1)



showing that X and Y — X are independent
Poisson random variables with mean A. Hence,

P(Y - X=k=e L

56. Let Xj equal 1 if there is a type i coupon in the

57.

58.

collection, and let it be 0 otherwise. The number of

distinct typesis X = i Xi.
i=1
EX1=Y EX]1=YP{X;=1} =Y (1-p)f

i=1 i=1 i=1

To compute Cov(Xj, X;) when i # j, note that X;X;
is either equal to 1 or 0 if either X; or Xj is equal to
0, and that it will equal 0 if there is either no type i

or type j coupon in the collection. Therefore,
P{X;X; =0} =P{X; = 0} + P{X; =0}
—P{X;=X; =0}
=(1-pf+1-p)
(1 —pi—p)f
Consequently, for i # j
Cov(X;, Xj) = P{X;X; = 1} — E[X;]E[X;]
=1-[1—p) + 1 —p)
—(1—pi—p - (A —py 1 —pp)f
Because Var(X;) = (1 — p)*[1 — (1 — p)f]
we obtain
Var(X)= i Var(X;) + 23 Y Cov(X;, X;)
1? i<j
=Xa- Pl — (1 —pif]

+2¥¥n-10-p)f

Joi<j
+ (A-p) — (A —pi—p)
— (1 —pFa—pf

It is the number of successes in n 4+ m independent

p-trials.

Let X; equal 1if both balls of the i * withdrawn pair

are red, and let it equal 0 otherwise. Because

rir—1
E[X;{]=P{Xi=1} = m

59.

we have

E[X]= Y E[Xi]
i=1
_rr=1)
T (4n-2)
because

rir—1)(r—2)r-3)

EIXiXjl = 2n(2n —1)(2n — 2)2n — 3)

For Var(X) use

Var(X) =Y Var(X;) + 2} Cov(X;, X;)
i i<j
=n Var(Xy) + ni{n — 1) Cov(Xy, X3)
where

Var(Xy) = E[X,](1 — E[X,])

Flir —10r —2)(r — 3)
2n(2n —1)(2n — 2)(2n - 3)

— (X311

Cov(X1, X3) =

(a) Use the fact that F(X;) is a uniform (0, 1) ran-
dom variable to obtain

p=P{F(Xy) < F(Xp) > E(Xa) < F(Xy)}
ZP{U1 < U2 = U3 < U,;}

where the U;,i = 1,2,3,4, are independent
uniform (0, 1) random variables.

1 p1 px2 pl
®p=[ [ [ [ dudrair
0 Jx JO X3
1 1 a2
=f f f (1—33)!113{112(1]:1
0 Jx JO

_ j; ' ﬂ : (x2 — 32/ 2)dxads

-/ (173 = 232 + 2} oy
i)

=1/3-1/6+1/24 =5/24

(c) There are 5 (of the 24 possible) orderings such
that X < X > X5 < Xj. They are as follows:

NH>Xe> X3 X
Xn=>Xa=X1=X5
X2>X|>X4)X3
Xa>Xo>X3> X4
XXX



60.

61.

62.

1 f
E[e”‘]:f ety = & 1
0
d x, ftef—ef4 1
aE[eJ l=———
@y [P+ et —ef) —2t(te! —ef 4 1)]
drzE[‘?I 1= e
et —2(tet —ef 4 1)

t3

To evaluate at f = 0, we must apply I'Hospital’s
rule.

This yields
tet Lot gt e 1
E[X]=lim—"% "% _jimZ ==
[X]= lim —— =02 2
5 2tet 4 t2et — 2tet — 2et 4 2¢t
E[X?]=lim = £ 1€ 2% +
t=0 3t
—lim& =1
T =03 3

@ fx= [ " e My
= e Ax

L)
® A= [ e Mas
0
= Azyg_)‘y
(c) Because the Jacobian of the transformation

x=x,w=y—xis 1, we have

frew(x,w) = foy(x, X + w) = N A0
— g AT NpAW

(d) It follows from the preceding that X and
W are independent exponential random vari-
ables with rate A.

E[e™] = f e N My = s L

— ¥

Therefore,
P= L].n 1
T aA (1-a)

The inequality In{1 — x) < —x shows that
P>1/A

63.

64,

65.

66.

67.

68.

69.

70.

@)=Y e"(1—p)"'p

n=1

=pe' 3 (1—pey"™!
n=1
o__p
1-(1-p)
(See Section 2.3 of Chapter 5.)

n
Coo(X;, X)) = Cool; + ¥ axZe,py + 3 a3 Z)
k=1 i=1

=

Il
1=

Cov(ag Ly, ayy)

...

= |
-
E
Il
-

[
1
E

1yt Cov(Zy, Zt)

.,
=
-
E
Il
-

Y agag
j

k=1
where the last equality follows since

ifk=t

1
Cov(Zg, Zy) = 0 ifkt

P{‘X1+---+Xn—u,u
n

:-e}

=P{Xj+---+Xy—np|>ne}
< Var{X; +--- 4 Xu} /n? €2
=no? /n? &2

—0Dasn — oo

P5<X <15} =

[y Tl

2
(a) P{X1++X10>15}£§
5
P{Xy+---+Xp=>15l=1-0 |—
(b) P{X, 10 } L’I_O]
1
O(1) — @ 3 = .1498
Let X; be Poisson with mean 1. Then
] k
P{z}{ﬁ_:n}ze‘“
1 k

n
n

< k!
But for n large ¥ x; — n has approximately a nor-

=

1
mal distribution with mean 0, and so the result
follows.



71. (a) P{X:z‘}:{?] [kn—ﬁf]/{n_;m] Hence,

1 171? 1
Co(X, X)=—ou || =———
i=0,1,..,min(k,n) (X, Xj) N(N-1) [N] NN -1)
k
(b) XZEXI' and N
i=1 N-1 1
Vnrr(X):—+2[ ]
N 2 [ NEN -1
EIX = 3 EX 1 = N, x0T
i=1 n4m N N
th =1

since the i ball is equally likely to be
either of the n + m balls, and so

73. As N; 1s a binomial random variable with para-
E[X]=P{X; =1} = ' g

n4m meters (11, P;), we have (a) E[N;]=nPj (b) Var(X;) =
n nP; = (1—P;); (c) for { #j, the covariance of N; and
X= E Y; N; can be computed as
i=1
)
E[X]= ) EIYi] Cov(N;, Nj) = Cov | ¥ X, ¥, Yk]
i=1 k k
H
=3 P{ i'" white ball is selected } where X;(Y})is 1 or 0, depending upon whether or
f?l ; . not outcome k is type i( j). Hence,
=f=21 n+m n+m Cov(N;, Nj) = %%Cﬂf}(xk: Ye)
72. For the matching problem, letting Now fork # ¢, Cov(X, Y¢) = 0 by independence of
trials and so
X=X+ -+ Xy
Cov(N;, N;) =¥ Cov(Xy, Yy)
where k
¥ 1 if i*" man selects his own hat = Z (E[X Yi] — E[XLE[Y (D)
"7 10 otherwise k .
=— Y E[X,]E[Y}] (since XYy = 0)
we obtain k
X —_yrm
Var(X) =Y Var(X;) +23% Y Cov(X;, X;) k
i=1 i< =—nP;P;

Since P{X; = 1} = 1/N, we see (d) Letting

1 N_1 1, ifnotypei’'s occur
ﬁ} =N Yi= 0, otherwise

Also we have that the J;‘lunlb@r of outcomes that never

Var(X;) = % {1 —

Cou(X;, X;) = EIX,Xj] — E[X,IEIX;] oceur is equal to 3, ¥; and thus,

Now, r r
1 ifthei" and j”’ men both select E [; Yf} = ; E1Y;]
X,-XJ,- = their own hats r
0 otherwise = 2‘ P{outcomes i does not occur}
and thus _ i (1— P,
E[X;X]=P{X;, =1, X; =1} 1
=P{X; =1}P{X; =1|X; =1} 74. (a) As the random wariables are independent,
1 1 identically distributed, and continuous, it fol-

TNN-1 lows that, with probability 1, they will all have



75.

(c)

(d

et

(a)

(<)

different values. Hence the largestof Xy, ..., Xj
is equally likely to be either Xy or X5 ... or Xj.
Hence, as there 1s a record at time # when X
is the largest value, it follows that

Plarecord occursatn} = %

|1, ifarecord occurs atj
Letl; = {0, otherwise
Then

" 1 n 1
E[zf}':| =ZE[I}-]=Z—,
1 1 1/

It is easy to see that the random variables
Iy, 15, ..., Iy are independent. For instance, for
i<k

P{I,,- =1/I,=1} = P{IJ,— =1}

since knowing that X; is the largest of
) P Xj, ..., X clearly tells us nothing about
whether or not X is the largest of Xy, ..., Xj.
Hence,

Varifj = i Var(l;) = i [1] [}i}
1 1

Slilli

P{N = n}

= P{Xj is the largest of X, ..., X;;} = %

Hence,

EN = 3 P{N > n} =

=1

P18
=
[
¢

=
|
-

Knowing the values of Ny, ,,,,Nf- is equivalent
to knowing the relative ordering of the ele-
ments ay, ..., a;. For instance, if Ny =0, N> =1,
N3 = 1 then in the random permutation a;
is before a3, which is before ;. The indepen-
dence result follows for clearly the number
of a1,....a; that follow #;;1 does not proba-
bilistically depend on the relative ordering of
A1 eee, ).
1 .
PIN; =k} = e k=01,..,i—-1
which follows since of the elements ay, ..., 451
the element a; 4 is equally likely to be first or
second or ... or (i + 1)%.
i—1 :

Ny =2y k=11

15 2

1! i—D2i-1
k=0

76.

77.

78.

79.

and so
i—DRi-1) (-1
Vm(N,—)z( )g )_(4)
P
T2
E[XY] = pixpy

E[(XY)] = (i3 + o3)(y + o)

Var(XY) = E[(XY)’] - (E[XY])

Ifg1(x.y) =x +¥, &200y)=x—y, then

dg1 dg
ox

= | 8g2 9% =2
Hence, if U=X 4+ Y, V=X -7, then

1 u4+v u—7o
Suv(u,v)= Efx, Y {T’ T]

2 1 ffu+e T°
52 |2 7 H#

Sl

_e—p?jot [uju u? ]

(a) é(F) = #(0,0...0,1,0... 0) with the 1 in the i"
place.

(b) If independent, then E [cszri] = 7 [eti¥i]
i

On the other hand, if the above is sahsfied, then
the joint moment generating function is that of the
sum of 1 independent random variables the i of
which has the same distribution as x;. As the joint
moment generating function uniquely determines
the joint distribution, the result follows.

1o E[XetX]

K'(t) = E[e]
X 24X 2 X
K,,“J:E[e’ JE[x%e%] — E2[Xe™]

E2 [EIX]



80.

Hence,
K'(0) = E[X]
K"y = E[XZ] — Ez[X] = Var(X)

Let I; be the indicator variable for the event that A;

occurs. Then

Taking expectations yields

()5

Hence,
E[X] =5, E[@] =5
giving that

Var(X) = E[X?] - §3 =25, + §, — 2
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Exercises

1.

*2,

6.

If X and Y are both discrete, show that ¥ pyy(xly) = 1 for all y such that
py(y) = 0.
Let X and X; be independent geometric random variables having the same param-
eter p. Guess the value of

PIX1=ilX1 + X2 =mn)

Hint: Suppose a coin having probability p of coming up heads is continually
flipped. If the second head occurs on flip number n, what is the conditional proba-
bility that the first head was on flip number i, i =1,...,n — 1}

Verify your guess analytically.
The joint probability mass function of X and Y, p(x, v), is given by

p, =3, pa, =1, pG,n=4,

P, =1 p2,2)=0, p3,2) =4,

pi1,3) =0, p2,3=1 p3,3=1%
Compute E[X|Y =i] fori=1,2,3.

In Exercise 3, are the random variables X and Y independent?

An urn contains three white, six red, and five black balls. Six of these balls are
randomly selected from the urn. Let X and Y denote respectively the number of
white and black balls selected. Compute the conditional probability mass function
of X given that ¥ = 3. Also compute E[X|Y = 1].

Repeat Exercise 5 but under the assumption that when a ball is selected its color is
noted, and it is then replaced in the urn before the next selection is made.

Suppose p(x,y,z), the joint probability mass function of the random variables X,
Y, and Z, is given by

p,1, =4, p2,1,1) =1
p(1,1,2y =4, p2,1,2)= &,
pL2L D) =f, p(2,2,1) =0,
pi1,2,2)=0, p2,2,2)=1
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What is E[X|Y = 2]? What is E[X|Y =2,Z =1]?

An unbiased die is successively rolled. Let X and Y denote, respectively,
the number of rolls necessary to obtain a six and a five. Find (a) E[X],
(b) E[X|Y = 1], (c) E[X]Y = 5].

Show in the discrete case that if X and Y are independent, then
E[X|Y =yl = E[X] forally

Suppose X and Y are independent continuous random variables. Show that
E[X|Y =y] = E[X] forally

The joint density of X and Y is

y, Daeoyenoo, —y=Zx<y

2 .2
ftx,}l] — %E_}I

Show that E[X|Y =y] = 0.
The joint density of X and Y is given by
e XYy
flx,)=—, D=x<00, D=y<=n0

Show E[Jﬂ? = }'] =
Let X be exponential with mean 1/4; that is,

fxxy=ae™, D=x <=0

Find E[X|X = 1].
Let X be uniform over (0, 1). Find E[X|X =< {;].
The joint density of X and Y is given by

¥
f{x,y}:%, Desx<y, D=y=<=oo

Compute E[X?|Y = vy].
The random variables X and Y are said to have a bivariate normal distribution if
their joint density function is given by

1
2aoyoyy 1 — p* P l 2(1— %)

« |:(x_#x)2 _ EPEx_I-Lx}"':}'_I-L}']' + (j"_#j.')l:| ’
Ty Ty Oy

for —o0 = x = 0o, —00 = ¥y = 0o, where oy, oy, px, fty,and p are constants such
that -1 <= p < 1, ox > 0,0y > 0, —00 < 1y < 00, —00 < fy < DO,

f':x?}'j =
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{a) Show that X is normally distributed with mean p, and variance aﬁﬁ and Y is

normally distributed with mean ., and variance arf.

ib) Show that the conditional density of X given that ¥ = y is normal with mean
iy + (pox/oy)(y — py) and variance s2(1 — p%).
The quantity p is called the correlation between X and Y. It can be shown that
~EIX — o MY — )]
o Oy Oy
Covi(X, Y)

G'_'[G':p

o

Let Y be a gamma random variable with parameters (s, «). That is, its density is

fr) =Ce™y 1, y>0

where C is a constant that does not depend on y. Suppose also that the conditional
distribution of X given that ¥ = y is Poisson with mean y. That is,

PIX=iY=yl=e ¥/, iz0

Show that the conditional distribution of ¥ given that X = i is the gamma distri-
bution with parameters (s + i,a + 1).

Let Xy.....X, be independent random wvariables having a common distribution
funcrion that is specified up to an unknown parameter 8. Let T = T(X) be a function
of the data X = (Xy....,X,). If the conditional distribution of Xy,..., X, given
T(X) does not depend on & then T(X) is said to be a sufficient statistic for 8. In the
following cases, show that T(X) = Y7 { X; is a sufficient statistic for #.

{a) The X; are normal with mean & and variance 1.

(b) The density of X; is f(x) = 8¢, x = 0.

(c) The mass function of X; is p(x) = (1 — )%, x =0,1,0 =8 = 1.

{d) The X; are Poisson random variables with mean #.

Prove that if X and Y are jointly continuous, then

EIX] = f EIX|Y = ylfy () dy

o0

An individual whose level of exposure to a certain pathogen is x will contract the
disease caused by this pathogen with probability P(x). If the exposure level of a
randomly chosen member of the population has probability density function £,
determine the conditional probability density of the exposure level of that member
given that he or she

{a) has the disease.

ib) does not have the disease.

(c) Show that when P(x) increases in x, then the ratio of the density of part (a) to

thart of part (b) also increases in x.

Consider Example 3.13, which refers to a miner trapped in a mine. Let N denote
the total number of doors selected before the miner reaches safety. Also, let T;
denote the travel time corresponding to the ith choice, i = 1. Apain let X denote
the time when the miner reaches safety.
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{a) Give an identity that relates X to N and the T;.

(b} Wharis E[N]?

c) What is E[Ty]?

(d) Whatis E[Y N, T;IN = n]?

(e} Using the preceding, what is E[X]?

Suppose that independent trials, each of which is equally likelv to have any of m
possible outcomes, are performed until the same outcome occurs & consecutive
times. If N denotes the number of trials, show that

mE — 1

E[N] = —1

Some people believe that the successive digits in the expansion of = = 3.14159 . ..
are “uniformly™ distributed. That is, they believe that these digits have all the
appearance of being independent choices from a distribution thart is equally likely
to be any of the digits from 0 through 9. Possible evidence against this hvpothesis
is the fact that starting with the 24,658 601st digit there is a run of nine successive
7s. Is this information consistent with the hypothesis of a uniform distribution?

To answer this, we note from the preceding that if the uniform hypothesis were
correct, then the expected number of digits until a run of nine of the same value
OCCUTS is

(10° = 1)/9 = 111,111,111

Thus, the actual value of approximately 25 million is roughly 22 percent of the
theoretical mean. However, it can be shown that under the uniformity assumption
the standard deviation of N will be approximately equal to the mean. As a result, the
observed value is approximately 0.78 standard deviations less than its theoretical
mean and is thus guite consistent with the uniformity assumption.

A coin having probability p of coming up heads is successively flipped until two of
the most recent three flips are heads. Let N denote the number of flips. (Note that
if the first two flips are heads, then N = 2.) Find E[N].

A coin, having probability p of landing heads, is continually flipped until at least

one head and one tail have been flipped.

{a) Find the expected number of flips needed.

{b) Find the expected number of flips that land on heads.

{c) Find the expected number of flips that land on tails.

(d) Repeat part (a) in the case where flipping is continued until a total of at least
two heads and one tail have been flipped.

Independent trials, resulting in one of the outcomes 1, 2, 3 with respective proba-

bilities p1, p2, P31, Z,-3=1 Py = 1, are performed.

{a) Let N denote the number of trials needed unril the initial outcome has occurred
exactly 3 times. For instance, if the trial resultsare 3,2,1,2,3,2, 3then N = 7.
Find E[N].

{b) Find the expected number of trials needed until both outcome 1 and outcome 2
have occurred.

You have two opponents with whom you alternate play. Whenever you play A,
you win with probability p4; whenever vou play B, vou win with probability pp,
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where pp = p4. If your objective is to minimize the expected number of games you
need to play to win two in a row, should vou start with A or with B?

Hint: Let E[N;] denote the mean number of games needed if you initially play .
Derive an expression for E[N,] that involves E[Ng]; write down the equivalent
expression for E[Ng] and then subtract.

A coin that comes up heads with probability p is continually flipped until the pattern
T, T, H appears. (That is, vou stop flipping when the most recent flip lands heads,
and the two immediatelv preceding it lands rails.) Let X denote the number of flips
made, and find E[X].

Polya’s urn model supposes that an urn initially contains r red and & blue balls. At

each stage a ball is randomly selected from the urn and is then returned along with

m other balls of the same color. Let X be the number of red balls drawn in the

first k selections.

{a) Find E[X,].

(b) Find E[Xz].

{c) Find E[X3].

{d} Conjecture the value of E[X,], and then verify your conjecture by a condition-
ing argument.

(e} Give an intuitive proof for your conjecture.

Hint: Number the initial r red and & blue balls, so the urn contains one type i red

ball, for each i = 1,...,r; as well as one type j blue ball, for each j = 1,..., 5.

Now suppose that whenever a red ball is chosen it is returned along with mr others

of the same type, and similarly whenever a blue ball is chosen it is returned along

with m others of the same type. Now, use a symmetry argument to determine the

probability that any given selection is red.

Twao players take turns shooting at a target, with each shot by player ¢ hitting the

target with probability p;, i = 1, 2. Shooting ends when two consecutive shots hit

the target. Let u; denote the mean number of shots taken when player i shoots first,

i=1,2.

{a) Find pq and ;.

ib) Let h; denote the mean number of times that the target is hit when player i
shoots first, i = 1, 2. Find hq and h2.

Let X;, i = 0 be independent and identically distributed random wvariables with
probability mass function

p(H=PX;=j, i=1,...,m, ZPU}'=1
i=1

Find E[N], where N = min{n = 0: X,; = Xg}.

Each element in a sequence of binary data is either 1 with probability p or 0 with
probability 1 — p. A maximal subsequence of consecutive values having identical
outcomes is called a run. For instance, if the outcome sequence is 1,1,0,1,1,1,0,
the first run is of length 2, the second is of length 1, and the third is of length 3.
{a) Find the expected length of the first run.

(b) Find the expected length of the second run.

Independent trials, each resulting in success with probability p, are performed.
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{a) Find the expected number of trials needed for there to have been both at least
n successes or at least s failures.

Hint: Is it useful to know the result of the first # + mr trials?

{b) Find the expected number of trials needed for there to have been either at least
n successes or at least s failures.

Hint: Make use of the result from part (a).

If R; denotes the random amount that is earned in period 7, then ¥7°, g~ 1R;,
where 0 = g < 1 is a specified constant, is called the total discounted reward with
discount factor . Let T be a geometric random variable with parameter 1 — g
that is independent of the R;. Show that the expected total discounted reward
is equal to the expected total (undiscounted) reward earned by time T. That is,
show that

[zﬁ}[z}

i=1 i=1

A set of n dice is thrown. All those that land on six are pur aside, and the others are
again thrown. This is repeated until all the dice have landed on six. Let N denote
the number of throws needed. (For instance, suppose that # = 3 and that on the
initial throw exactly two of the dice land on six. Then the other die will be thrown,
and if it lands on six, then N = 2.) Let m,, = E[N].

{a) Derive a recursive formula for m,, and use it to calculate m;, i = 2, 3,4 and to

show that m; = 13.024,
{b) Let X; denote the number of dice rolled on the ith throw. Find E[Z:il X

Consider # multinomial trials, where each trial independently results in outcome §

with probability p;, ZLI p; = 1. With X; equal to the number of trials that result
in outcome §, find E[X1|X2 = 0].

Let pg = P{X = 0} and suppose that 0 = pg = 1. Let x = E[X]and o = Var(X).
(a) Find E[X|X # 0].

(b} Find Var(X|X #£ 0).

A manuscript is sent to a typing firm consisting of typists A, B, and C. If it is typed
by A, then the number of errors made is a Poisson random variable with mean 2.6;
it typed by B, then the number of errors is a Poisson random variable with mean 3;
and if typed by C, then it is a Poisson random variable with mean 3.4. Let X denote
the number of errors in the typed manuscript. Assume that each typist is equally
likely to do the work.

{a) Find E[X].

{b) Find Var(X).

Let U be a uniform (0, 1) random variable. Suppose that # trials are to be performed
and that conditional on U = u these trials will be independent with a common
success probability #. Compute the mean and variance of the number of successes
that occur in these trials.

A deck of n cards, numbered 1 through n, is randomly shuffled so that all #! possible
permutations are equally likely. The cards are then turned over one at a time until
card number 1 appears. These upturned cards constitute the first cycle. We now
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determine (by looking at the upturned cards) the lowest numbered card that has

not vet appeared, and we continue to turn the cards face up until that card appears.

This new set of cards represents the second cycle. We again determine the lowest

numbered of the remaining cards and turn the cards until it appears, and so on until

all cards have been turned over. Let m,, denote the mean number of cycles.

{a) Derive a recursive formula for s, in terms of sy, b =1,...,n—1.

(b) Starting with mgy = 0, use the recursion to find my, w5, m4, and ma.

(c) Conjecture a general formula for m,.

id) Prove your formula by induction on #. That is, show it is valid for n = 1, then
assume it is true for any of the values 1,...,# — 1 and show thar this implies
it is true for ».

{e) Let X;equal 1 if one of the cycles ends with card #, and let it equal 0 otherwise,
i=1,...,n. Express the number of cycles in terms of these Xj.

it} Use the representation in part (e) to determine #1,,.

{g) Are the random variables X,. .., X,; independent? Explain.

{h) Find the variance of the number of cycles.

A prisoner is trapped in a cell containing three doors. The first door leads to a

tunnel that returns him to his cell after two days of travel. The second leads to a

tunnel that returns him to his cell after three davs of travel. The third door leads

immediately to freedom.

{a) Assuming that the prisoner will always select doors 1, 2, and 3 with prob-
abilities 0.5, 0.3, 0.2, what is the expected number of davs until he reaches
freedom?

{b) Assuming that the prisoner is always equally likely to choose among those
doors that he has not used, what is the expected number of days until he
reaches freedom? (In this version, for instance, if the prisoner initially tries
door 1, then when he returns to the cell, he will now select only from doors 2
and 3.)

{c) For parts (a) and (b) find the variance of the number of days until the prisoner
reaches freedom.

A rar is trapped in a maze. Initiallv it has to choose one of two directions. If it
goes to the right, then it will wander around in the maze for three minutes and will
then return to its initial position. If it goes to the left, then with probability % it
will depart the maze after two minutes of traveling, and with probability % it will
return to its initial position after five minutes of traveling. Assuming thar the rat is
at all times equally likely to go to the left or the right, what is the expected number
of minurtes that it will be trapped in the maze?

If X;,i=1,...,nare independent normal random variables, with X; having mean

st; and variance 1, then the random variable 7 ; X2 is said to be a noncentral

chi-squared random variable.

{a) if X is a normal random variable having mean g and variance 1 show, for
\t| = 12, that the moment generating function of X is

5 2
(1—20"V2eTx

{b) Derive the moment generating function of the noncentral chi-squared random
variable 377 ; X,.l, and show that its distribution depends on the sequence of
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means g, .. ., ity only through the sum of their squares. As a result, we say
that 37 | X '1 is a noncentral chi-squared random variable with parameters n
and 6 = Y7y pf.

(c) If all w; = 0, then 3%, Xf is called a chi-squared random variable with
n degrees of freedom. Determine, by differentiating its moment generating
function, its expected value and variance.

(d) Let K be a Poisson random variable with mean /2, and suppose that condi-
tional on K = k, the random variable W has a chi-squared distribution with
n + 2k degrees of freedom. Show, by computing its moment generating func-
tion, that W is a noncentral chi-squared random variable with parameters
and &.

(e} Find the expected value and variance of a noncentral chi-squared random
variable with parameters # and 4.

The density function of a chi-squared random variable having n degrees of freedom

can be shown to be

1 ,—xs2 21

fay = T2
F(n/2)

, x=10
where I'it) is the gamma function defined by
F[f}l:f e x' ldx, t=0
0

Integration by parts can be employed to show that I'(¢) = (¢ —1)I'(¢—1), when ¢ = 1.
If Z and y2 are independent random variables with Z having a standard normal
distribution and y having a chi-square distribution with n degrees of freedom, then
the random variable T defined by

T:Z

{2
yxﬂfﬂ

is said to have a t-distribution with n degrees of freedom. Compute its mean and
variance when n > 2.

The number of customers entering a store on a given day is Poisson distributed with
mean A = 10. The amount of money spent by a customer is uniformly distributed
over (0, 100). Find the mean and variance of the amount of money that the store
takes in on a given day.

An individual traveling on the real line is trying to reach the origin. However,
the larger the desired step, the greater is the variance in the result of that step.
Specifically, whenever the person is at location x, he next moves to a location
having mean 0 and variance fxZ. Let X,; denote the position of the individual after
having taken » steps. Supposing that Xy = xq, find

(a) E[Xal;

{b) WVar(X,).

{a) Show thart

CoviX, Y) = Cov(X,E[Y | X])
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{b) Suppose, that, for constants @ and b,
E[Y|X]=a+ bX

Show that
b = Cov(X, Y)/Var(X)

If E[Y|X] = 1, show that
Var(X Y) = Var(X)

Suppose that we want to predict the value of a random variable X by using one
of the predictors Y1,...,Y,, each of which satisfies E[Y;|X] = X. Show thar the
predictor ¥; that minimizes E[(Y; — X)?] is the one whose variance is smallest.

Hint: Compute Var(Y;) by using the conditional variance formula.

A and B play a series of games with A winning each game with probability p. The
overall winner is the first player to have won two more games than the other.

{a) Find the probability that A is the overall winner.

{b) Find the expected number of games played.

There are three coins in a barrel. These coins, when flipped, will come up heads

with respective probabilities 0.3, 0.5, 0.7. A coin is randomly selected from among

these three and is then flipped ten times. Let N be the number of heads obtained

on the ten flips.

{a) Find P{N = 0}.

(b) Find P{N = n),n=0,1,...,10.

ic) Does N have a binomial distribution?

{d) Ifyouwin $1 each time a head appears and you lose $1 each time a tail appears,
is this a fair game? Explain.

If X is geometric with parameter p, find the probability that X is even.

Suppose that X and Y are independent random variables with probability density
functions fx and fy. Determine a one-dimensional integral expression for P{X +
Y < x}.

Suppose X is a Poisson random variable with mean 4. The parameter A is itself a
random variable whose distribution is exponential with mean 1. Show that P{X =
np = (3"

A coin is randomly selected from a group of ten coins, the nth coin having a prob-
ability /10 of coming up heads. The coin is then repeatedly flipped until a head
appears. Let N denote the number of flips necessary. What is the probability dis-
tribution of N? Is N a geometric random variable? When would N be a geometric
random variable; that is, what would have to be done differently?

You are invited to a party. Suppose the times at which invitees are independent
uniform (0,1) random variables. Suppose that, aside from vourself, the number of
other people who are invited is a Poisson random variable with mean 10.

{a) Find the expected number of people who arrive before you.

(b) Find the probability that you are the nth person to arrive.
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Data indicate that the number of traffic accidents in Berkeley on a rainy day is a
Poisson random variable with mean 9, whereas on a dry day it is a Poisson random
variable with mean 3. Let X denote the number of traffic accidents tomorrow. If it
will rain tomorrow with probability 0.6, find

{a) E[X]:
(b) P{X =0};
(c) Var{X).

The number of storms in the upcoming rainy season is Poisson distributed but with
a parameter value that is uniformly distributed over (0, 5). That is, A is uniformly
distributed over (0, 5), and given that A = A, the number of storms is Poisson with
mean . Find the probability there are at least three storms this season.

A collection of # coins is flipped. The outcomes are independent, and the ith coin
comes up heads with probability o;,i = 1, ..., Suppose that for some value of
fol<j<no= % Find the probability that the total number of heads to appear
on the # coins is an even number.

Suppose each new coupon collected is, independent of the past, a tvpe i coupon

with probability ;. A total of # coupons is to be collected. Let A; be the event that

there is at least one type i in this set. For i # j, compute P(A;A;) by

(a) conditioning on Nj, the number of type { coupons in the set of # coupons;

{b) conditioning on F;, the first time a type i coupon is collected:

(c) using the identity P(A; U A;) = P(A;) + P(A;) — P(A;A;).

Two players alternate flipping a coin that comes up heads with probability p. The

first one to obtain a head is declared the winner. We are interested in the probability

that the first player to flip is the winner. Before determining this probability, which

we will call £(p), answer the following questions.

{a) Do you think that f(p) is a monotone function of p? If so, is it increasing or
decreasing?

(b) What do you think is the value of lim,, ., f(p)?

{c) What do you think is the value of limy_.q f(p)?

(d) Find f(p).

Suppose in Exercise 29 that the shooting ends when the target has been hit twice.

Let m; denote the mean number of shots needed for the first hit when player i shoots

first, i = 1,2. Also, let P;, i = 1,2, denote the probability that the first hit is by

player 1, when player i shoots first.

{a) Find #q and m.

{b) Find Py and P5.

For the remainder of the problem, assume that player 1 shoots first.

{c) Find the probability that the final hit was by 1.

(d) Find the probability that both hits were by 1.

(e} Find the probability that both hits were by 2.

{f) Find the mean number of shots taken.

A, B, and C are evenly matched tennis players. Initially A and B play a set, and
the winner then plays C. This continues, with the winner always playing the
waiting player, until one of the players has won two sets in a row. That player
is then declared the overall winner. Find the probability that A is the overall
winner.
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Suppose there are n types of coupons, and that the type of each new coupon obtained

is independent of past selections and is equally likely to be any of the n types.

Suppose one continues collecting until a complete set of at least one of each type is

obtained.

{a) Find the probability that there is exactly one type { coupon in the final
collection.

Hint: Condition on T, the number of types that are collected before the first type
i appears.

(b} Find the expected number of types that appear exactly once in the final
collection.

A and B roll a pair of dice in turn, with A rolling first. A’s objective is to obtain a
sum of 6, and B’s is to obtain a sum of 7. The game ends when either plaver reaches
his or her objective, and that player is declared the winner.

{a) Find the probability that A is the winner.

(b) Find the expected number of rolls of the dice.

(c) Find the variance of the number of rolls of the dice.

The number of red balls in an urn that contains # balls is a random variable that is
equally likely to be any of the values 0,1, ..., n. That is,

Pli red,n — i non-red} = =0,...,n

n+1’

The # balls are then randomly removed one ar a time. Let Y denote the number of

red balls in the first & selections, £ =1,...,n.

(a) Find P{Y,=j}L,j=0,...,n.

(b} Find P{Y,_1 =jl.j=0,...,n.

(c) What do you think is the value of P{Y, =j},j=0,...,n?

(d} Verify your answer to part (c) by a backwards induction argument. That is,
check that your answer is correct when & = »n, and then show that whenever
it is true for k itis also rue for £k — 1,k =1,...,n.

The opponents of soccer team A are of two types: either they are a class 1 or a
class 2 team. The number of goals team A scores against a class i opponent is a
Poisson random variable with mean 2;, where &y = 2, 4, = 3. This weekend the
team has two games against teams they are not very familiar with. Assuming that
the first team they play is a class 1 team with probability 0.6 and the second is,
independently of the class of the first team, a class 1 team with probability 0.3,
determine

{a) the expected number of goals team A will score this weekend.

(b} the probability that team A will score a total of five goals.

A coin having probability p of coming up heads is continually flipped. Let Pj(n)
denote the probability that a run of j successive heads occurs within the first n
tlips.

{a) Argue that

Pi(n) = Pi(n — 1) + p'(1 — p)[1 — Py(n — j — 1)]

{b) By conditioning on the first non-head to appear, derive another equation
relating P;(n) to the quantities P;(n — k), k=1,...,j.
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In a knockout tennis tournament of 27 contestants, the players are paired and
play a match. The losers depart, the remaining 2"~ players are paired, and they
play a match. This continues for # rounds, after which a single player remains
unbeaten and is declared the winner. Suppose that the contestants are numbered 1
through 27, and that whenever two players contest a match, the lower numbered
one wins with probability p. Also suppose that the pairings of the remaining players
are always done at random so that all possible pairings for that round are equally
likely.

{a) What is the probability that player 1 wins the tournament?

{b) 'What is the probability that player 2 wins the tournament?

Hint: Imagine that the random pairings are done in advance of the tournament.
That is, the first-round pairings are randomly determined; the 2" first-round pairs
are then themselves randomly paired, with the winners of each pair to play in round
2; these 2" groupings (of four players each) are then randomly paired, with the
winners of each grouping to play in round 3, and so on. Say thart players i and j are
scheduled to meet in round £ if, provided they both win their first £ — 1 matches,
they will meet in round £. Now condition on the round in which players 1 and 2
are scheduled to meet.

In the match problem, say that (i, /), < j, is a pair if i chooses j's hat and j chooses

i’s hat.

(a}) Find the expected number of pairs.

{b) Let Oy, denote the probability that there are no pairs, and derive a recursive
formula for O, in terms of Q;, < n.

Hint: Use the cycle concept.

{c) Use the recursion of part (b) to find Qs.

Let N denote the number of cycles that result in the match problem.

{a) Let M, = E[N], and derive an equation for My, in terms of My,..., M,_1.

(b} Let C; denote the size of the cycle that contains person j. Argue that

N=3 1/G
=1

and use the preceding to determine E[N].
(c) Find the probability that persons 1,2, ...,k are all in the same cycle.
(d) Find the probability that 1,2, ...,k is a cycle.
Use Equation (3.14) to obtain Equation (3.10).
Hint: First multiply both sides of Equation (3.14) by n, then write a new equation
by replacing n with # — 1, and then subtract the former from the latter.
In Example 3.28 show that the conditional distribution of N given that 7y =y is

the same as the conditional distribution of M given that Uy = 1 — y. Also, show
that

EINJU =yl =EM|Uj =1—y]=1+¢

Suppose that we continually roll a die until the sum of all throws exceeds 100. What
is the most likely value of this total when you stop?



Figure 3.7

74,

75,

7h.

77

78.
79.

There are five components. The components act independently, with component i
working with probability p;, i = 1,2, 3,4, 5. These components form a system as
shown in Figure 3.7.

The system is said to work if a signal originating at the left end of the diagram can
reach the right end, where it can pass through a component only if that component
is working. (For instance, if components 1 and 4 both work, then the system also
works.) What is the probability that the system works?

This problem will present another proof of the ballot problem of Example 3.27.
{a) Argue that

Puym =1— P{A and B are tied at some point}
(b) Explain why

P{A receives first vote and they are eventually tied}

= P{B receives first vote and they are eventually tied}

Hint: Any outcome in which they are eventually tied with A receiving the first vote
corresponds to an outcome in which they are eventually tied with B receiving the
first vote. Explain this correspondence.

(c) Argue that P{eventually tied} = 2m/(n + m), and conclude that Py, = (n —
) (4 m).

Consider a gambler who on each bet either wins 1 with probability 18/38 or loses

1 with probability 20/38. (These are the probabilities if the bet is that a roulette

wheel will land on a specified color.) The gambler will quit either when he or she

is winning a total of 5 or after 100 plays. What is the probability he or she plays

exactly 15 times?

Show thar

(a) EIXY|Y =y] = yE[X|Y = ¥]

(b) El(X, VY =yl=Elg,nY =yl

(cl E[XY]=E|YE[X|Y]]

In the ballot problem (Example 3.27), compute P{A is never behind}.

An urn contains # white and m black balls that are removed one at a time. If
n = m, show that the probability that there are always more white than black balls
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in the urn (until, of course, the urn is empty) equals (# — #1) /(n + m). Explain why
this probability is equal to the probability that the set of withdrawn balls always
contains more white than black balls. (This latter probability is (n — m)/(n + m)
by the ballot problem.)

A coin that comes up heads with probability p is flipped » consecutive times. What
is the probability that starting with the first flip there are always more heads than
tails that have appeared?

Let X;,i = 1, be independent uniform (0, 1) random variables, and define N by
N = min{m: X, = X,,_1}

where Xy = x. Let f(x) = E[N].

{a) Derive an integral equation for f(x) by conditioning on X;.
(b} Differentiate both sides of the equation derived in part (a).
{c) Solve the resulting equation obtained in part (b}.

{(d} For a second approach to determining f(x) argue that

(1—x)&1

HN;MZ_E?ﬂr

(e} Use part (d) to obtain f(x).

Let Xy, X5, ... be independent continuous random variables with a common dis-
tribution function F and density f = F', and for £ = 1 let

Np = min{n = k: X,, = kth largest of Xq,.._, X}

(a) Show that P{N, =n} = ﬁﬁ?” = k.
{b) Arpue that

. e fit+ k=2 ;
Fxn, () = f)(Fp*! ;ﬂ ( ; ){F{x}}
(c) Prove the following identity:

o0

41-*=Z(‘+’i_2){1—a;2 D=a=1,kz2
i=0

Hint: Use induction. First prove it when k£ = 2, and then assume it for £. To prove
it for k£ + 1, use the fact that

i+ k-1 i e fit k=2 .
E:( ) )u—a}=§:( ; )u—m

i=1
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where the preceding used the combinatorial identity

(m) (m : ]) (m : 1)

.= . +1 .

i i i—1

Now, use the induction hypothesis to evaluate the first term on the right side of the

preceding equartion.
{d} Conclude that X, has distribution F.

An urn contains # balls, with ball i having weight w;,i = 1,....n. The balls are
withdrawn from the urn one at a time according to the following scheme: When
§ is the set of balls that remains, ball i,i € §, is the next ball withdrawn with
probability s/} ;_gw;. Find the expected number of balls that are withdrawn
before ball i,i = 1,...,n.

In the list example of Section 3.6.1 suppose that the initial ordering at time ¢ = 0 is
determined completely at random; that is, initiallv all #! permutations are equally
likelv. Following the front-of-the-line rule, compute the expected position of the
element requested at time ¢.

Hint: To compute Ple; precedes e; at time ¢} condition on whether or not either ¢;
or ¢; has ever been requested prior to ¢.

In the list problem, when the F; are known, show that the best ordering (best in the
sense of minimizing the expected position of the element requested) is to place the
elements in decreasing order of their probabilities. That is, if Py = P; = --- = P,
show that 1,2,...,# is the best ordering.

Consider the random graph of Section 3.6.2 when n = 5. Compute the probability
distribution of the number of components and verify vour solution by using it to
compute E[C] and then comparing your solution with

; —_ 1
E[C]:ZG)%

k=1

{a) From the results of Section 3.6.3 we can conclude that there are {"‘;"E;j}

nonnegative integer valued solutions of the equation x1 + --- + xp = 1.
Prove this directly.
(b) How many positive integer valued solutions of x1 + -- - + x,, = 1 are there?

Hint: Letv;, =x;,— 1.

(c) For the Bose-Einstein distribution, compute the probability that exactly & of
the X; are equal to 0.

In Section 3.6.3, we saw that if U is a random variable that is uniform on
(0, 1) and if, conditional on U = p, X is binomial with parameters # and p, then

PiX =i} = i=0,1,...,n

n+1’

For another way of showing this result, let U, Xy, X1, ..., X, be independent uni-
form (0, 1) random variables. Define X by

N=#:X;=U
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That is, if the # + 1 variables are ordered from smallest to largest, then U would
be in position X + 1.

(a) Whatis P{X =i}?

{b) Explain how this proves the result of Section 3.6.3.

Let Iy,..., I, be independent random variables, each of which is equally likely to
be either 0 or 1. A well-known nonparametric statistical test (called the signed rank
test) is concerned with determining Pp(k) defined by

Putk) =P 1) jl; < .l.'al
i—1

Justify the following formula:
P,(k) = 1P,_y(k) + 1P, 1(k—m)

The number of accidents in each period is a Poisson random variable with mean 5.
With X, n = 1, equal to the number of accidents in period », find E[N] when

(a) N=minin: X2 =2,X,-1=1X,; =0);

(b)) N=min(n: X, 1 =2,X,, - =1X, 1 =0,X,=2)

Find the expected number of flips of a coin, which comes up heads with probabil-
ity pr, that are necessary to obtain the pattern h,t,h, h,t, h,t,h.

The number of coins that Josh spots when walking to work is a Poisson random

variable with mean &. Each coin is equally likely to be a penny, a nickel, a dime, or

a quarter. Josh ignores the pennies but picks up the other coins.

{a) Find the expected amount of money that Josh picks up on his way to work.

{b) Find the variance of the amount of money that Josh picks up on his way to
work.

{c) Find the probability that Josh picks up exactly 25 cents on his way to work.

Consider a sequence of independent trials, each of which is equally likely to result in

any of the outcomes 0, 1, .. ., m. Say that a round begins with the first trial, and that

a new round begins each time outcome 0 occurs. Let N denote the number of trials

that it takes until all of the outcomes 1, ... ,m — 1 have occurred in the same round.

Also, let T; denote the number of trials that it takes until j distinct outcomes have

occurred, and let I; denote the jth distinct outcome to occur. (Therefore, outcome

I; first occurs at trial T;.)

{a) Argue that the random vectors (I1,...,Iy) and (T4,. .., T,,) are independent.

(b) Define X by letting X = j if outcome 0 is the jth distinct outcome to occur.
(Thus, Iy = 0.) Derive an equation for E[N]in terms of E[T;],j = 1,...,m — 1
by conditioning on X.

{c) Determine E[T;],j=1,...,m— 1.

Hint: See Exercise 42 of Chapter 2.

(d) Find E[N].

Let N be a hypergeometric random variable having the distribution of the number
of white balls in a random sample of size » from a set of 1w white and & blue balls.
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Thar is,

()2
{m+b}

r

P{M:ﬂ!}:

where we use the convention that {’:‘] = 0 if either j = 0 or j = m. Now, consider

a compound random variable Sy = Efij X;, where the X; are positive integer

valued random variables with «; = P{X; = j}.

{a) With M as defined as in Section 3.7, find the distribution of M — 1.

(b) Suppressing its dependence on b, let Py, (k) = P{5y = k}, and derive a recur-
sion equation for Py, (k).

(¢} Use the recursion of (b) to find P, (2).

For the left skip free random walk of Section 3.6.6 let g = Pi§, < 0 for all n) be
the probability that the walk is never positive. Find g when E[X;] < 0.

Consider a large population of families, and suppose that the number of children in
the different families are independent Poisson random variables with mean A. Show
that the number of siblings of a randomly chosen child is also Poisson distributed
with mean J.

Use the conditional variance formula to find the variance of a geometric random
variable.
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L szlyu‘l,‘-"] =
X

2.P5Y Py ;
Pyiy Py

2. Intuitively it would seem that the first head would

4.

5

be equally likely to occur on either of trials 1,...,
1 — 1. That is, it is intuitive that

P{Xi=ilXy + Xo=n}=1/(n-1),
i=1,...n—-1

Formally,

X, =Xy + Xo=n}
o p{Xl =f,X.1 + Xz = n}
- PIX) + X, =n}
Xy =i X =n—i}
T OPIX L X;=n}
B P(l _p)f—lp(l _p}rr—i—l
T on—1 _

("7 pa-pr

=1/(n—1)

In the above, the next to last equality uses the inde-
pendence of X; and X; to evaluate the numerator
and the fact that X; + X; has a negative binomial
distribution to evaluate the denominator.

E[X|]Y=1]=2
5
E[X|Y =2]= 3
12
E[X|Y =3]= =
MNo.

(a) P{X = i|¥Y = 3} = P{i white balls selected
when choosing 3 balls from 3 white and 6 red }

, 1=0,1,2,3
9 i
3

(b) By same reasoning as in (a), if ¥ = 1, then
X has the same distribution as the number of
white balls chosen when 5 balls are chosen
from 3 white and 6 red. Hence,

) am D

E[X|]Y =1]=5=-==
(XY =1]=55 =

6. pxy(13)=P{X =1,Y =3}/P{Y =3}

=P{1 white, 3 black, 2 red }
/P{3 black}

-~z ][5 (5]

6 [571°797°
i (18] |73)

_3

9
Pxy(013)= %
P23 =2
Py BR) =
amr:u:%

. Given Y =2, the conditional distribution of X

and Z is

1
PUX,Z) = (L)Y =2} =
P{1,2)Y =2} =0

4
P{R2))Y =2} =
SD:

1 8 9
EX|Y=2]=—-+—-=~
[X] I=c+z=53

EX|Y=2Z=1]=1
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14.

(a) E[X]=E[X|firstrollis 6]%
5
E[X|first roll is not 6]3

1 5
=zt 1+ E[X]Jg
implying that E[X] =
) EIX|Y=11=14+E[X]=7

@ E[iw {z_:t?]+ SIEE Er 5]
HIEERENR

~ ] IEl+

| =

. E[X|Y =y]= pr{x =zx|Y =y}

= ZJ(P{X ==x} by independence
= E[X]

(Same as in Problem 8.)
¥ 2
E[X|]Y =y] = cf x(y? — x¥)dx = 0
-y
1 _I."rlf

—exp 1
Frpy(xly) = 1 = —exp *
exp_l’fgexp yge Y

exp ¥

Hence, given Y = y, X is exponential with mean y.

The conditional density of X given that X = 1is

flx)  Aexp M

= whenx = 1
P{X =1} exp_J‘

Fxpx=10) =

-
E[X|X > 1] = exp"f xhexp Mdr=1+1/A
1

by integration by parts.
B oot
hix <@ =pix <y *<
1
7=

1/2 1

Hence, [X|X-€_ ] 2xdx = -
0

15.

17.

18.

1

Fxpy =y (xly) = =
‘f(y} fylexp_y dx
o Y
=—, D<x<
m Y

E[X*Y =y] =

Y 2
1f.::zﬁ‘xzy—
Yo 3

With K = 1/P{X =i}, we have that

=KP{X =ilY =y}fr(y)
=K Vyle Wy !

Frix (ylf)

— K] e —(1 +a]yya+r' -1

where K; does not depend on y. But as the pre-
ceding is the density function of a gamma random
variable with parameters (s + i,1 + «) the result
follows.

In the following = Zn

iq Xis and C does not
depend on #. For (a) use that T is normal with
mean 14 and variance #; in (b) use that T is gamma
with parameters (1, 8); in (c) use that T is bino-
mial with parameters (1, #); in (d) use that T is Pois-
son with mean né.

(a) flxy,..xn|T=t)

:f(xl,_.,,xm

fr(t)

_ flr, .. Xn)

T RG

exp{— Y (x; — 6)%/2}
exp{—(t —n#)2/2n}

= Cexp{(t —no)*/2n =¥ (x; — 6)*/2}

T =1

=Cexp{#/2n— 6t + nt* /2% x7/2
+ 6t —n#?/2}
=Cexp{(Y x,)*/2n - ¥ x7/2}
_ f(xh,“,_
(b) flxr,...xy|T=18)= [Z0)
3 9?‘! {]Exf
e e in—1)!
el

Parts (c) and (d) are similar.

:{n_



19. f ELX|Y = y]fy(u)dy

20. (a) f(x|disease)=

21.

= [ [ stapimaspry
— f f 1?:($}dxfr(y}dy

= [ [fecpayas

= f Xfy (x)dx
= E[X]

P{disease|x} f(x)
~ [ P{disease|x} f(x)dx
__P)fx)

T P(x)f(x)dx

(b) f(x|no disease) = - — LI ®)

(0)

(a)
(b)

(0)

(d)

(e)

J 11— P(x)]f(x)dx
flx|disease) Pix)
flx|no disease) ~ ~1—P(x)
where C does not depend on x.

N
X=%T;

i=1
Clearly N is geomefric with parameter 1/3;
thus, E[N] = 3.

Since Ty is the travel time corresponding to
the choice leading to freedom it follows that
Ty=2andso E[Ty] =2

Given that N =n, the travel times T;i=1,...,
1 — 1 are each equally likely to be either 3 or
5(since we know thata doorleadingback to the
nine is selected), whereas Ty, is equal to 2 (since
that choice led to safety). Hence,

E [i TjN = n] =Er§ T;|N = n]

+ E[Ty|N =n]
=4(n—1) +2

Since part (d) is equivalent to the equation

=4N -2

N
E {Z TN
i=1

we see from parts (a) and (b) that
E[X]=4E[N]-2
=10

22,

23,

Letting N; denote the time until the same outcome
occurs { consecutive times we obtain, upon condi-
tioning N;_q, that

E[N;] = E[E[N;|N;-1]]
Now,
EIN;INi 1]
1 with probability 1/n

=N;1+
E[N;]with probability(n — 1) /n

The above follows because after a run of i — 1 either
arun of i is attained if the next trial is the same type
as those in the run or else if the next trial is different
then it is exactly as if we were starting all over at
that point.

From the above equation we obtain
E[N;] =E[N; 1]+ 1/n+ E[NJ(n—-1)/n
Solving for E[N;] gives
E[N;i] =1+ nE[N; 4]
Solving recursively now yields
E[N;1=1+ n{l + nE[N,_,]}
=1+n+ n?E[N; ]

=1+4n+--- 4 nt1E[N,]
=14+n+4---4+n!
Let X denote the first time a head appears. Let us

obtain an equation for E[N|X] by conditioning on
the next two flips after X. This gives

E[N|X]=E[N|X,h,h]p* + E[N|X,h, tIpq

+ E[N|X,t,hlpq + E[N|X, t, t]§*
where j =1 — p. Now
E[N|X,hh]|=X 4+ LE[N|X,ht]=X +1
E[N|X,t,hl =X + 2, E[N|X,t,t] =X + 2 4+ E[N]
Substituting back gives
EIN|X]=(X + 1)(p* + p) + (X + 2)pq

+ (X + 2+ E[ND¢*

Taking expectations, and using the fact that X is
geometric with mean 1/p, we obtain

EINI=1+p+q+2pq+q/p+27 + ¢ EIN]



Solving for E[N] yields

2+ 24+ ¢

24. Inall parts, let X denote the random variable whose
expectation is desired, and start by conditioning on
the result of the first flip. Also, h stands for heads
and { for tails.

(a) E[X]=E[X]h]p + E[X|t](0 —p)

(o) e o

=1+p/A-p+1-p)p
(b) E[X]=(1+ E[number of heads before
first tail])p + 1(1 —p)
=1+p(1/Q-p-1)
=l1+p/A-p—p
(c) Interchanging pand 1 — pin (b) gives result:
1+(1-p/p-Q0-p
(d) E[X]=(1+ answer from (a))p
+ (1+2/p)1—p)
=Q2+p/A-p)+ QA -p)/pp
+ (1+2/p)1-p)

25. (a) LetF be the initial outcome.

3 3 2
EN]= S EINF=ilpi=Y (1 + F)pr-:l +6=7
i=1 I

i=1

{b) LetNj; be the number of trials until both out-
come 1 and outcome 2 have occurred. Then
E[N12] = E[N12|F = 1]p1 + E[Ni2|F = 2]p2

+ E[Ny2|[F =3]p3

1 1
( Pz)p' ( Pl)p“

+ (1 + E[Nyz])pa

|41 p2
=1+ 2 + 2 4 pEIN
R P3E[Ny 2]
Hence,
no, m
+2 4+ 2
E[Ny;] = 2 N
P11+

26. LetN, and Ny denote the number of games needed
given that you start with A and given that you start

27.

with B. Conditioning on the outcome of the first
game gives

E[Nal = E[Nawlpa + E[NA[I(1 —pa)

Conditioning on the outcome of the next game
gives

E [N lw] = E[Na[wwlpg + EINa[wl](1 - pp)
=25 + 2 + EINAD(L - ps)
=2+ (1-pp)E[NA]
As E[N4|l]=1 + E[Ng] we obtain
E[Nal=(2 + (1 - pg)EINAsDPa
+ (1 + E[Np])1 —pa)
=1+pa+pa(l —ps)E[N4]
+ (1 —pa)E[N&]
Similarly,
EINs]=1+ps + ps(1 — pa)E[Ns]
+ (1-pp)EINA]
Subtracting gives
E[Na] — E[Ng]
=Pa—Ps + (Pa—1)(1 - pp)E[N4]
+ (1 ps)(1— pA)EING]
or
[1+ (1—pa)d —pp)I(E[NA]l - E[Ng]) = pa — P
Hence,ifpg = pqthen E[N 4] — E[N5] < 0, showing
that playing A first is better.
Condition on the outcome of the first flip to obtain
E[X]=E[X|Hlp + EIX[TI(1 —p)
=(1 + E[X]p + EIX|TI(1 - p)
Conditioning on the next flip gives
E[X|T] = E[X|TH]p + E[X|TTI(1 - p)
=@+ EXDp + 2+ 1/p)1—p)

where the final equality follows since given that
the first two flips are tails the number of additional
flips is just the number of flips needed to obtain a
head. Putting the preceding together vields

E[X]=(1+ E[X]}p + (2 + E[X])p(1 —p)
+ @ +1/p)(1—p)?

or

1
E[X] =

p(1—py?



28. LetY;equallif selection i is red, and let it equal 0

otherwise. Then

k
E[X¢]= 3 E[Yi]
i=1

ENl=g
r
EXi=

E[Y] = E[E[Y2|X4]]

o r+mX
T olr+b+m

r I m r
“r4+b+m  r+b+mr+b

—— T (1+- L
Tr+b+m r+b

o
Tr+b 20,
r
E[¥;]=2——
[X2]=27— .
To prove by induction that E[Y;] = I‘-I-;b' assume
that for all{ < k, E[Y;] = s
Then
E[Y] = E[E[Y| X1l
e e 0,
T r+b+k=1m
r+mE[Y, Y]
= TIhRG_Dm
T+ m(k — 1) 2.

Tr4+b+(k—1)m
_r
Tr+b

The intuitive argument follows because each selec-
tion is equally likely to be any of the r + b types.

29. Letg; =1—p;, i =1.2. Also, let h stand for hit and

m for miss.

(@) p1=EINilpr + E[Nmlgy
=p1(E[N|h, hlp; + E[N|h, m]q2)
+ (1 + p2)
=2ppa + 2+ pdmge + (1 + p2dfa
The preceding equation simplifies to
pi(l—mge) =14+ p1 + p2m
Similarly, we have that
po(l=paqi) =1+ P2 + pao
Solving these equations gives the solution.
I =E[H|h]py + E[H|m]q
= pu(E[H|h, hlpz + E[H|h, m]g2) + hag
=2mp2 + (1 + hy) prgo + oy
Similarly, we have that
ha =2pipy + (1 + ho)paiqy + Miga

and we solve these equations to find Iy
and h.

L

1
Y —=plj)=m

EINI= Y EINX, =jlp() = ¥ —
[N] E [N[Xo = jlp(j) 250

Let L; denote the length of run i. Conditioning on
X, the initial value gives

E[Ly]=E[L4]X = 1]p + E[L1|X = 0](1 —p)

(1-p)

and

E[Ly] = E[Lo|X = 1]p + E[L,|X = 0](1 —p)

1 N 1 a )
Pp 1-p u
=2
Let T be the number of trials needed for both at
least 1 successes and m failures. Condition on N,
the number of successes in the first 1 + m trials, to
obtain
-+ m

E[T] = i E[T|N=1’]( : )p"u —prmt
i=0

Now use

E[T|N=i]=n+m+%, i<n



ETN=il=n+m+=%, i>n
-7

Let S be the number of trials needed for n

successes, and let F be the number needed for m

failures. Then T = max(5, F). Taking expectations

of the identity

min(5, F) + max(5,F)=5+TF

yields the result

L M _Em

Elmin(S, F)] = = + 1 -

=

33. Letl(A)equallif the event A occurs and letit equal
0 otherwise,

Eﬁ R!] = E[% IT = :')RI}

8

=ZE[I(T>1 Ri]

i=1

= Z E[I(T = DIE[R;]

i=1

3

M8

P{T = i}E[R

=Y " 'E[R]
i=1

o -
=E E_B"lR,-]

i=1

34. Let X denote the number of dice that land on six
on the first roll.
n

(@) my=3 E[N[X =] (”) (1/6)/(5/6)""
_D

_Z:1+mn f)( ) (1/6)(5/6)"

—1

n .

=1+ mu(5/6)" + Z M i ( ; ) (1/6)
i=1

(G/6)" "
implying that
+Z mn—i (77) (1/6)'(5/6)"

1- (5:’6)"

Starting with my = 0 we see that

My =

my = 1-5/6 =6
_L+m@1/6)6/6) _ g0
1 (5/6) ’

and so on.

35.

37,

(b) Since each die rolled will land on six with
probability 1/6, the total number of dice rolled
will equal the number of times one must roll
a die until six appears n times. Therefore,

E Li x,—} =én

npy = E[X4]
=E[X1|X; = 0](1 —pyp)"
+ E[X;1]Xp > 0][1— (1 — pyp)"]

=n

) _ n
. Pz(] p2)

+ E[Xq|X; = 01— (1 - p)"]
yielding the result

npi(1—(1—p2)"™

EXiXe > 01 = ==

E[X] = E[X|X # 0](1 — po) + E[X|X = Olpo

yielding

EIX|X#0] = E[X]
—Fo

Similarly,

E[X?] = E[X?X # 0)(1 - pp) + E[X*|X = OJpo

yielding
EIX|X # 0] = E'X“l
Hence,
E[X?  EIX]
Var(X|X #0 =T o " A—m
(X|X #0)= 0~ TP
— Ju"_ + 0'2 _ #2
1-pp  (A-po)?
(a) E[X]=(26+3+34)/3=3
(b) E[X*]=[26+26%+3+9+34+347]/3

=12.1067, and Var(X) = 3.1067

. Let X be the number of successes in the n trials.

MNow, given that U = 1, X is binomial with para-
meters (1, ). As a result,

E[X|U] = nU

E[X2|U]=n?U? + nl(1 — U)=nl + (n* — n)U?



39.

Hence,

E[X]=nE[U]
=E[X?] = E[nll + (n* — n)U?]
=n/2 + (n> —m)[(1/2)* +1/12]
=n/6+n%/3

Hence,

Var(X) = n/6 + n*/12

Let N denote the number of cycles, and let X be the
position of card 1.

1 n 1 n
(@ Mu=-Y ENX===Y (1+m_y)
i3 3

1 n—1
j=1

(by my=1

my=1 +% =3/2

my=14 %{1 +3/2)=1+1/2+1/3
=11/6

1
my=1+ 1{1 +3/24+11/6) =25/12
(€) my=14+1/241/34+---+1/n
(d) Using recursion and the induction hypothesis
gives

n—1

My=1+—=3S (14---+1/j)
g

J
=1+%(u—1+(n—2}ﬁ+(n—3);’3
+41/n—1)

=1+ %[u +n/24+---+nfin—1)
—(n-1]

=1+1/24---+1/n

n

(&) N=3X;

i=1

) =i E[X,] = i Pliislastof1,...,i}

i=1

[N

IVE

1/

i=1

40.

41.

(g) Yes, knowing for instance that { + 1 is the last
of all the cards 1,...,i + 1 to be seen tells us
nothing about whether i is the lastof 1,..., 1.

(h) Var(N)= Y Var(X;) =¥ (1/i)(1 —1/i)
i=1 i=1

Let X denote the number of the door chosen, and
let N be the total number of days spent in jail.

(a) Conditioning on X, we get
3
E[N] =Y E{N|X =i}P{X =1}

The prciagss restarts each time the prisoner
returns to his cell. Therefore,
E(NIX=1)=2+E(N)

EN|IX=2)=3+ E(N)

E(NIX=3)=0

and

E(N)= (502 + E(N)Y) + (.3)(3 + E(N))

+ (.2)(0)
or

E(N) =9.5days
(b) Let N; denote the number of additional days

the prisoner spends after having initially cho-
sen cell i.

1 1 1
EIN]= 32+ EIN1D) + 33 + E[N2]) + 3(0)

5 1
=5 + 7(EIN;] + E[Nz])
3 3
Now,

1 1
EIN, 1= 503) + 5(0) =

1 1
EIN21= 5(2) + 5(0) =1

and so,
5 5

1
EIN]=3 +35=

b2 w2

r2| W

Let N denote the number of minutes in the maze.
If L is the event the rat chooses its left, and R the
event it chooses its right, we have by conditioning
on the first direction chosen:

1 1
E(N) = 5E(N|L) + 3E(NIR)

11 2 1
=3 [5(2) +36+ E(N))} + 53 + E(N)] _

21

5
=ZENy+ ==
6(J+6

=21



43, E[Th3]=

= ——=ElZ|x;]= ,—E[ =0

ﬁ " 3”'..
BT 2] = < E[Z2 2] = = E[Z)] = —
[ |er] 2 [Z7|xx] 2 [Z7] 2

Hence, E[T] =0, and

Var(T) = E[T?] = E[%}

44, From Examples 4d and 4e, mean =500, variance =

"

. —— L}
=”fx} L LZ(U—E)? dx
p X T(n/2)

N e/ 2(x/2)" T 1 dx
=amp ), 2° ™
_nl(n/2-1)

= 2rm/2)

3 n

=2m2-1)

_n

Tn-2

E[NVar(X) + EX(X)Var(N)

_ 10(100)?

+ (50)%(10)

12

=33,323

45. Now
E[Xu|X, 11=0, Var(Xu|X, 1) =3X2_,

(a)

(b)

46. (a)

(b)

From the above we see that

E[X,]=0

From (a) we have that Var(xy) = E[X3]. Now

E[X2]=E{E[X}|X,_1]}
=E[BX3_,]
=BE[X2_,]
=F2E[X2_,]

=p3"X3

This follows from the identity Cov(U, V) =

E[UV]— E[U]E[V] upon noting that
E[XY]=E[E[XY|X]] = E[XE[Y|X]].
E[Y] = E[E[Y|X]]

From part (a) we obtain
Cov(X, Y)=Cov(a + bX, X)

=b Var(X)

47. E[X*Y*|X]= X?E[Y?|X]

= XHE[Y|X])? = X2

The inequality following since for any random
variable U, E[U?] = (E[LI])? and this remains true
when conditioning on some other random variable
X. Taking expectations of the above shows that

E[(XY)*] = E[X?]
As
E[XY] = E[E[XY|X]] = E[XE[Y|X]] = E[X]
the result follows.
Var(Y;) = E[Var(Y;|X)] + Var(E[Y;|X])
= E[Var(Y;|X)] + Var(X)
= E[E[(Y; — E[Y:|X])?|X]] + Var(X)
= E[E[(Y; — X)?|X]] + Var(X)
=E[(Y; — X)?] + Var(X)

. Let A be the event that A is the overall winner, and

let X be the number of games played. Let ¥ equal
the number of wins for A in the first two games.

P(A)=P(A|Y = 0)P(Y = 0)

+ PA|Y = 1)P(Y =1)

+ P(A|Y =2)P(Y =2)

=0+ P(A2p(1—p) +p°
Thus,

_ P
P =131 )

E[X]= E[X|Y = 0]P(Y = 0)
+ E[X|]Y =1]P(Y = 1)
+ E[X|Y =2]P(Y = 2)
=2(1—p)® + (2 + E[X]2p(1 — p) + 27
=2+ E[X]2p(1 —p)
Thus,

2
E[X]=

1-2p(1—p)

50. P{N:n}:%[{lu]( ):I(;:IU n

10
+

=

i| H(‘S)lﬂ—n

|
L

i|( ?}?’l{ 3)10 I'T:|



51.

52,

53.

54.

N is not binomial.
1 1 1
E[N] —3{§} +5[§] +?{§} =5
Let o be the probability that X is even. Condition-
ing on the first trial gives

o =P(even|X = 1)p + Pleven|X = 1)(1 —p)
=(1-a)l-p)

Thus,
_1-p
= m
More computationally
s &) p O .
a=Y P(X=2)= 17 Y (a-p™
n=1 —Paia
__p _(-pP _1-p
l-p1-(1-p? 2-p

P{X +Y < x} =fp{x + Y < x|X = s} fx(s)ds
=fp{x +Y < x|X = s} f(s)ds
=fp{y < x—5|X = s} fx(s)ds
=fp{y < x— s} fx(s)ds
_ f Fy{x s} fi(s)ds

P{X =n} =[mp{x =n|AJe A
1]

:fﬁhc_rﬁ"ﬂ l n+1
0 nt |2

The result follows since

-
f e At =T+ 1) =n!
]

10 k—1
10 —n nl
PIN=1£}= Z{ 10 ] 1010

n=1

56.

57.

N is not geometric. It would be if the coin was
reselected after each flip.

Let Y=1 if it rains tomorrow, and let Y =0
otherwise.

E[X]=E[X|Y = 1]P{Y =1}
+ E[X|Y = 0]P{Y =0}
=9(.6) + 3(4) = 6.6
P{X=0}=P{X =0]Y =1}P{Y =1}
+ P{X=0|]Y =0}P{Y =0}
=.6e"% + 473
E[X?]=E[X?|Y = 1]P{Y = 1}
+ E[X?|Y = 0]P{Y = 0}
= (81 4 9)(.6) + (9 + 3)(4) = 58.8

Therefore,
Var(X) =588 — (6.6]2 =15.24
Let X be the number of storms.

P{X=3}=1-P{X =2}

5
=1_f P{X =:_:2|A=x}%dx
U o

5 . 1
=1 —[ e +xe ™+ e_xrﬁ]gfix
0

. Conditioning on whether the total number of flips,

excluding thej”' one, is odd or even shows that the

desired probability is 1/2.

@ PUAY= X PAAIN =) ()t - pt

=Y P(AjINi = k) (D P —p)"*

k=1
n—1 n—k
- %) @)
= 1—(1-—
k=1 |: ( 1 —Pi :| k
X f{] _Pa')"_k
n—1 i . n—1
=3 (jpra-pr-3
k=1 k=1

(55) ()

x Pjrr{] - P!J"_k



(b)

(c)

60. (a)

(b)
(c)

(d

—

n—1 n

=1-(1—p)' —pi - gl (,()
< pE(L—pi—p)"*

=1-0-p)" —pi —[A1—pp)"
—(—pi—p)" —pi]

=1+ (A—pi—p)' —(1—p)'
—(1—p)"

where the preceding used that conditional on

N; =k, each of the other 1 —k trials indepen-
dently results in outcome j with probability
Pj
1-p;’
n

P(AA) = Y P(AA[|Fr = k)ypi1 — pi) !
k=1
+ P(A,—AJ,-|F,— = n)(1 —pf)“

n

=Y P(Aj|F; = k) pi(1 —py)* !
k=1

n P k—1 .
= 1—-({1—-— (1—p)"
k% ( 1 _PI) P ]
xpill—po)!
P(A;Aj) = P(A;) + P(A)) — P(A; U Aj)
=1-(-—p)" +1-(1—p)"
—[1 - —pi—pp"]
=1+ (0-pi—p)' = (1—p)
—(1 _P,l')"
Intuitive that f(p) is increasing in p, since the

larger p is the greater is the advantage of going
first.

1

1/2 since the advantage of going first becomes
nil.

Condition on the outcome of the first flip:
f(p)=P{lwins|h}p + P{I wins|t}(1 — p)
=p+[1-f(pld—-p)

Therefore,

1
f(P)=m

61, (a) my=E[X|h]lp, + E[H|[m]gy =p1 + (1 + m3)

g1 =14 maq;.

Similarly, m2 = 1 4+ m142. Solving these equa-
tions gives

14+ 1+
ml_l—‘i‘lfh’ mz_l—fhf:‘z

() Py=p1+qmP;

Py =qP
implying that
1 P12
pp=—F_ p,=_Piz_
! 1—qig2 2 1—qg2

{c) Let f; denote the probability that the final hit
was by 1 when i shoots first. Conditioning on
the outcome of the first shot gives

h=pP2+afs and fr=pP1+42h
Solving these equations gives

fi= PP + qip2Py
1—qig2

(d) and (e) Let B; denote the event that both hits
were by i. Condition on the outcome of the first
two shots to obtain

P(By)=p1q2P1 + mg2P(B1) — P(By)

_ 2Py
I—rﬁth

Also,

P(Bz)=qp2(1 — Py) + q192P(Bz) — P(B3)

_ (1 —Py)
— 12

(f) E[NT=2p1p2 + 14212 + my)
+ qipa(2 4+ my) 4+ q1g2(2 + E[N])
implying that

2+ mp1gz + miqipa
1-qa2

E[N] =

62. Let W and L stand for the events that player A wins
a game and loses a game, respectively. Let P(A)
be the probability that A wins, and let P(C) be the
probability that C wins, and note that this is equal



63.

to the conditional probability that a player about
to compete against the person who won the last
round is the overall winner.

P(A) = (1/)P(A|W) + (1/2)P(A|L)
= (1/2)[1/2 + (1/2)P(A|WL)]
+ (1/2)(1/2)P(C)
=1/4 + (1/4)(1/2)P(C)
+ (1/4)P(C) = 1/4 + (3/8)P(C)

Also,

P(C) = (1/2)P(A|W) = 1/4 + (1/8)P(C)
and so

P(C)=2/7, P(A)=5/14,
P(B)y=P(A)=5/14

Let 5; be the event there is only one type i in the
final set.

n—1
P{S; =1} =} P{Si=1|T =j}P{T =}

j=0

=—ZP{S =1IT=j}
jU

Zi

1"
n
The final equality follows because given that there
are still n — j — 1 uncollected types when the first
type i is obtained, the probability starting at that
point that it will be the last of the set of n — j types
consisting of type i along with the n —j — 1 vet
uncollected types to be obtained is, by symmetry,
1/(n —j). Hence,

{z 5; } = nE[s
P
(a) P(A)=5/36 + (31/36)(5/6)P(A)
— P(A) = 30/61
(b) E[X]=5/36 4 (31/36)[1 + 1/6 + (5/6)

(1 + E[X])] — E[X] = 402/61

{c) LetY equal 1if A wins on her first attempt, let
it equal 2 if B wins on his first attempt, and let
it equal 3 otherwise. Then

["1*
| =

[
-

Var(X|Y =1)=0,
Var(X|Y =3) =

Var(X|Y =2) =0,
Var(X)

Hence,

E[Var(X|Y)] = (155/216)Var(X)

Also,

E[X|Y=1]=1, EX|Y=2]=2
E[X|Y =3] =2+ E[X] =524/61
and so

Var(E[X|Y]) = 1%(5/36) + 2%(31/216)
+ (524/61)%(155/216)
— (402/61)% =~ 10.2345

Hence, from the conditional variance formula we
see that

Var(X) = z(155/216)Var(X) + 10.2345
— Var(X) == 36.24

65. (a) P{Yn=j}=1/(n+1),
(b) Forj=0,

P{Yn 1_}} z

i=0,...n
L =1

——P{Y,1 =j|Yu =i}

n+1

= (Yo =]1Ya =)
+ P{Yya =jlYy=j+1})
1 . .
= m(P(last is nonred| j red)

+ Plastis red|j + 1 red)

1 n—j  j+1Yy
_n+1( n T n )—1,-'11

(c) P{Ypy=j}=1/ik+1), j=0,...k
(d) Forj=0,.. k-1
k
P{Yi 1 =j}=3 P{Yr 1 =] =i}
i=0
p{nzi}
H](P{Yk 1=/Yk =]}

+ PYia =jlYe=j+1})

1 (k—j j+1
= (L + T =k
k+]( K T k) '

where the second equality follows from the
induction hypothesis.

66. (a) E[G + G3] = E[G1] + E[G]
=(6)2 + (43 + (32 + (V)3 =51



67.

68.

69.

70.

(b) Conditioning on the types and using that the
sum of independent Poissons is Poisson gives
the solution

P{5} = (.18)e *4° /5! 4 (.54)e°5°/5!
+ (:28)e %67 /5!

A run of j successive heads can occur in the fol-
lowing mutually exclusive ways: (i) either there is
a run of j in the first n — 1 flips, or (ii) there is no
j-run in the first n — j — 1 flips, flip n —j is a tail,
and the next j flips are all heads. Consequently, (a)
follows. Condition on the time of the first tail:

i .
Pim) = ¥ Piln—kpt N (1-p)+p), j<n
k=1

(a) p"

(b) After the pairings have been made there are
¢! players that I could meet in round k.
Hence, the probability that players 1 and 2 are
scheduled to meet in round K is 2“:_1}{2“ —1).
Therefore, conditioning on the event K that
player I reaches round k gives

P{Wy} = P{W,|R}p"""
+ P{W2|R}1—p Y
=p" ' A—pp ! +pM -

(a) Letl{i,j) equal 1ifi and j are a pair and 0 oth-
erwise. Then

"
E{ZI{:‘,;‘)] - (J%ﬁ —1/2
ij

Let X be the size of the cycle containing person
1. Then
n 1
Qn =Y P{nopairs|X =i}l/n= o Y Qu—i
i=1 i£2
(a) Condition on X, the size of the cycle containing
person 1, to obtain

n 1 ]n—l
Sn n 5

(b) Any cycle containing, say, r people is counted
only once in the sum since each of the r people
contributes 1,/ to the sum. The identity gives

E[C] = nE[1/C] =n Z (1/i)1/n) = Z 1/i
i=1 i=1

72,

73.

74,

(c) Let p be the desired probability.
Condition on X

(u—k)

1 \i—k

p_ﬁzﬂ; n—1
i—1

@ =0
Forn =2
P{N = n|U, =y}
=PlyzU 22Uz =--- = U,}
=P{U;<y,i=2,..n}
P{l; = Uy = -+ geqlly|
U <y,i=2,..n}
=y m-1)

[n ]
EIN|Uy =y]= ¥ P{N >t = y}

n=0

= ]
=2+ ¥y m-1)=1+¢
n=2

Also,
PIM=nlh=1-y}=P{M(y) >n—1}
=y -1

Condition on the value of the sum prior to going
over 100. In all cases the most likely value is 101.
(For instance, if this sum is 98 then the final sum
is equally likely to be either 101, 102, 103, or 104. It
the sum prior to going over is 95 then the final sum
is 101 with certainty.)

Condition on whether or not component 3 works.
Now

P{system works|3 works}
= P{either 1 or 2 works}P{either 4 or 5 works}

=(py + P2 —P1P2)(Py + Ps — Paps)

Also,

P{system works|3 is failed }
= P{1 and 4 both work, or 2 and 5 both work}
= P1P4 — P2Ps — P1P4P2Ps

Therefore, we see that



75.

76.

P{system works }
=pa(py + P2 — P1P2)(Py + Ps — Paps)
+ (1= p3)(p,pa + Paps — P1PaPaps)

(a) Since A receives more votes than B (sincea > a)
it follows that if A is not always leading then
they will be tied at some point.

(b) Consider any outcome in which A receives
the first vote and they are eventually tied,
say a,a,b,a,b,a,b,b.... We can correspond this
sequence to one that takes the part of the
sequence untl they are tied in the reverse
order. That is, we correspond the above to the
sequence b, b,a,b,a,b,a,a... where the remain-
der of the sequence is exactly as in the original.
Note that this latter sequence is one in which
B is initially ahead and then they are tied. As
it is easy to see that this correspondence is one
to one, part (b) follows.

(c) Now,

P{B receives first vote and they are
eventually tied }

= P{B receives first vote}= n/(n + m)
Therefore, by part (b) we see that
Pleventually tied }= 2n/(n + m)

and the result follows from part (a).

By the formula given in the text after the ballot
problem we have that the desired probability is

% ( 1;’ ) (18/38)1°(20/38)°

We will prove it when X and Y are discrete.
(a) This part follows from (b) by taking
g(x! ¥y)=xy.
(b) EXY)|Y =7]=3 3 g(x.v)
y X

P{X=x,Y=y|Y =T7)
Now,

PIX=xY =yl =7}

0, ify#y
- {P{X:x, Y=7}, ify=7
So,
EgX.V|Y=T7]= %S(I@P{Xﬂlhﬂ
=Elg(x. MY =7
(e) EIXY]=E[E[XY|Y]]

=E[YE[X|[Y]] by (a)

78.

79.

80.

81.

Let Qy m denote the probability that A is never
behind, and Py m the probability that A is always
ahead. Computing Py by conditioning on the first
vote received yields

n

Pn,m = n+ mQﬁ'—l,m
H—Mm
Butas Py m = , we have
0 _n+mn—m _n—m
e
and so the desired probability is
n+1—m
Q?’i, m — ﬂ——H_

This also can be solved by conditioning on who
obtains the last vote. This results in the recursion

n m
OQum=——0 1 m+ ——0um—1

n+m n+m
which can be solved to yield
n+1l—m
Onm= i 1l

Let us suppose we take a picture of the urn before
each removal of a ball. If at the end of the exper-
iment we look at these pictures in reverse order
(i.e., look at the last taken picture first), we will
see a set of balls increasing at each picture. The
set of balls seen in this fashion always will have
more white balls than black balls if and only if in
the original experiment there were always more
white than black balls left in the urn. Therefore,
these two events must have same probability, i.e.,
n —m/n 4+ m by the ballot problem.

Condition on the total number of heads and then
use the result of the ballot problem. Let p denote the
desired probability, and letj be the smallest integer
that is at least n/2.

no Y 2i—n
r=3 (f ) Pa—pt—

H

i=f

1
{ﬂﬂﬂ=EWhi£EWWI=M®
1 ify<x

ﬂwml=m={l+ﬂw

ify =x

Hence,

1
fmﬂ+fmm



82.

83.

(b) f'(x) = ~f(x)

{c) f(x) = ce *.Since f(1) = 1, we obtain that ¢ =
e,and sof(x) =e! .

(d) PIN = n} =Pl{x < Xy < X3 < --- < Xy} =
(1 — x)" /n! since in order for the above event to
occur all of the n random variables mustexceed
x (and the probability of this is (1 — x)"), and
then among all of the n! equally likely order-
ings of this variables the one in which they are
increasing must occur.

() EIN] = 3 P{N > n)

n=0

=Y (1-x)"/nl=¢""
m

(a) LetA;denote the event that X; is the Kth largest
of Xy,..., X It is easy to see that these are
independent events and P(A;) = 1/i.

P{Ng =n} = PALAL -~ AL Ay)

k-1 k n—21

Tk k+1 n-an
k-1

:u{n—l)

(b) Since knowledge of the set of wvalues
{Xq, ..., Xy} gives us no information about the
order of these random variables it follows that
given N = n, the conditional distribution
of Xy, is the same as the distribution of the
't largest of n random variables having
distribution F. Hence,

=]

k—1 !
fin® =X s e

n=k

x (FQ))" *Foy—1f(x)

Now make the change of variable i = n— k. (c)
Follow the hint. (d) It follows from (b) and (c) that

fx,»\,-k(x) = f(x).
Let Ij equal 1 if ball j is drawn before ball i and

let it equal 0 otherwise. Then the random variable

of interest is 3 I;. Now, by considering the first
j#i

time that either i or j is withdrawn we see that

P{jbefore i} = w;/(w; + w;). Hence,

w.
— !
E {Zf}] =2 w; + W,

# J#

. We have

E[Position of element requested at time ]
H

= z E[Position at time ¢ | ¢; selected]P;
i=i

n
= Z E[Position of ¢; at time t]FP;

i=1

1,
with I; =

0, otherwise

if ¢; precedes ¢; at time {

We have
Position ofgj attime f =1 + E I
j#i
and so,
E[Position of ¢; at time {]
=1+ Z E(l;)
J#
=1+ ZP{EJ' precedes ¢; at time ¢}
j#i

Given that a request has been made for either
€; or ¢j, the probability that the most recent one was
for¢j is Pj/(P; + P;). Therefore,
P{e; precedes ¢; at time f|¢; or ¢; was requested }

P; + P;
On the other hand,

Ple; precedes ¢; at time t | neither was ever
requested }

P{Neither ¢; or ¢; was ever requested by time f }

=(1-P;— PJ.-)’_'
we have
E[Position of ¢; at time {]

=1 la—p—py

+ Z 2( i i)
J#
P 1
+ I (1-(1-P;—P) Y

and

E[Position of element requested at t]
= E P;E[Position of ¢; at time £]



85. Consider the following ordering:

1,62, 000,811, i'l,f,t?{_l,],...,q‘.’n where Pf = P,I'

We will show that we can do better by inter-
changing the order of { and j, ie. by taking
1,62, .., €—1,],1,€[ 12, ..., €. For the first ordering,
the expected position of the element requested is

E!.,,Ii :Pf] + ZPEZ +--

(=P,
+ I+ U+ VP + (1 +2)Peyy + -

Therefore,

Eij—Eji=UP; — P;) + (I + 1)(P; — Py)

=Pj—P,' =10

and so the second ordering is better. This shows
that every ordering for which the probabilities are
not in decreasing order is not optimal in the sense
that we can do better. Since there are only a finite
number of possible orderings, the ordering for
whichpy = p; = p3 = -+ = py is optimum.

87. (a)

(b)

This can be proved by induction on m. It is
obvious when m=1 and then by fixing the
value of x; and using the induction hypothe-

" )
sis, we see that there are E [” N :ﬂ—l—_r;{ _2}

i=0
H—i4+m—2
m—-2
number of ways of choosing m — 1 items from
a set of size 1 + m — 1 under the constraint
that the lowest numbered item selected is
number i + 1 (that is, none of 1,...,i are
selected where | + 1 is), we see that

i {n—f+m—2} _ {n+m—1}

Fard m—2 m—1

It also can be proven by noting that each solu-
tion corresponds in a one-to-one fashion with
a permutation of n ones and (m — 1) zeros.
The correspondence being that x; equals the
number of ones to the left of the first zero, x>
the number of ones between the first and sec-
ond zeros, and so on. As there are (n + m —

!/nl(m — 1)! such permutations, the result
follows.

such solutions. As [ } equals the

The number of positive solutions of xy + --- +
I = N is equal to the number of nonnegative
solutions of 1y + --- 4+ ¥y = 1 —m, and thus

there are [" -1 } such solutions.
m—1

88.

89.

90.

91.

(a)

(b)

If we fix a set of k of the x; and require them
to be the only zeros, then there are by (b)
n—1

(with m replaced by m — k) lm Ck— IJ such

i n—1
solutions. Hence, there are Kl lmek—1

outcomes such that exactly k of the X; are
equal to zero, and so the desired probability

m n—1 n+m—1
Ble] [m—k-1 / m—1
Since the random variables LI, X4, ..., X,; are all
independent and identically distributed it fol-

lows that U is equally likely to be the i"" small-
est foreachi + 1,...,1n + 1. Therefore,

P{X =i} =P{U is the (i + 1) smallest}
=1/(n+1)

Given U, each X; is less than U with probabil-
ity U, and so X is binomial with parameters
n,U. That is, given that LI <p, X is bino-
mial with parameters n,p. Since U is uni-
form on (0,1) this is exactly the scenario in
Section 6.3.

Condition on the value of I;. This gives

n
Po(K) =p{ ¥ il < K|l = 1} 1/2
j=1

i
+ P{zﬂj <K|I, = o} 1/2
j=1

H—1
=P{2j1j+11£!(}1j2

=1

n—1
- P{ Yl < K} 1/2

j=1

=[Pp_1(k — 1) + Pu—1(K)]/2

@ !
A 5 5e 5. e 0
1 1
() e952/21.5¢=5 . g5 . g=552 21 + e552 /21
1 1

PA_pr  pp) 7



92. Let X denote the amount of money Josh picks up
when he spots a coin. Then

E[X]=(5+10 + 25)/4 =10,
E[X2] = (25 + 100 + 625)/4 = 750/4

Therefore, the amount he picks up on his way to
work is a compound Poisson random variable with
mean 10-6 = 60 and variance 6-750/4 = 1125.
Because the number of pickup coins that Josh spots
is Poisson with mean 6(3 /4) = 4.5, we can also view
the amount picked up as a compound Poisson ran-

N
dom variable 5 = z X; where N is Poisson with

i=1
mean 4.5, and (with 5 cents as the unit of mea-
surement) the X; are equally likely to be 1, 2, 3.
Either use the recursion developed in the text or
condition on the number of pickups to determine
P(5 = 5). Using the latter approach, with P(N =
i) = e *3(4.5)/il, gives

P(§ =5)=(1/3)P(N = 1) + 3(1/3)3P(N = 3)
+ 41/3)*P(N =4) + 5(1/3)°P(N =5)

94. Using that E[N] = rw/(w + b) yields
P{M —1=n)

_(m+1P{N=n+1}
- E[N]

o 2)(, Yo

(m + b)
i
r

Using that

w4 b

UH_U(nj-]l) B (w—])
OO

w n
v
T (w4 b1
r—1
shows that
(nr—l)( b )
1 r—n—1
PIM—1=n}= ST
r—1
i k
Py (k) = m{; faiPyp—1,r—1(k — i)

Whenk=1

(00)
riv r—1
P, (D) = g (w+ b—l)

r—1

95, With a = P(5; < O for all # = 0), we have
—EX]=a=p_f

96. With P; = ¢ *\/j!, we have that N, the number
of children in the family of a randomly chosen
family is

N L S Sy .
P{N:)):Tze NTj=-1, j=0
Hence,

PIN—1=ky=e *X/k!, k=0
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Exercises

1.

Three white and three black balls are distributed in two urns in such a way that
each contains three balls. We say that the system is in state i, = 0, 1, 2, 3, if the first
urn contains { white balls. At each step, we draw one ball from each urn and place
the ball drawn from the first urn into the second, and conversely with the ball from
the second urn. Let X, denote the state of the system after the nth step. Explain
why {X,,,n =0,1,2,...} is a Markov chain and calculate its transition probability
matrix.

Suppose that whether or not it rains today depends on previous weather conditions
through the last three days. Show how this system mayv be analyzed by using a
Markov chain. How many states are needed?

In Exercise 2, suppose that if it has rained for the past three days, then it will rain
today with probability 0.8; if it did not rain for any of the past three days, then it
will rain today with probability 0.2; and in any other case the weather today will,
with probability 0.6, be the same as the weather vesterday. Determine P for this
Markov chain.



*4,

10.

11.

Consider a process {X,,n = 0,1,...}, which takes on the values 0, 1, or 2. Suppose

PiXyi1 =1 Xa =i, Xp1 =iy_1,..., X0 = ip)

Pr]':" when » is even

pl

i ?

when n is odd

where Z'iu P!j = ZLGP:'.} =1,i=0,1,2.Is { X, n = 0} a Markov chain? If not,
then show how, by enlarging the state space, we may transform it into a Markov
chain.

A Markov chain { X, n = 0} with states 0, 1, 2, has the transition probability matrix

HE
o 1)

I
If P{Xo = 0} = P{Xo = 1} = 1, find E[X3].

Let the transition probability matrix of a two-state Markov chain be given, as in
Example 4.2, by

p 1-p
P=
W '

(=R Lo P
[ g | B o

Show by mathematical induction thar

1ilap—nm 1_lap—1m

1
P — I
1 1 H 1 1 i
7—3(2p—1) 7+32p-1)

In Example 4.4 suppose that it has rained neither vesterday nor the day before
vesterday. What is the probability that it will rain tomorrow?

Suppose that coin 1 has probability 0.7 of coming up heads, and coin 2 has prob-
ability 0.6 of coming up heads. If the coin flipped today comes up heads, then we
select coin 1 to flip tomorrow, and if it comes up tails, then we select coin 2 to flip
tomorrow. If the coin initially flipped is equally likely to be coin 1 or coin 2, then
what is the probability that the coin flipped on the third day after the initial flip
is coin 1? Suppose that the coin flipped on Monday comes up heads. What is the
probability that the coin flipped on Friday of the same week also comes up heads?

If in Example 4.10 we had defined X,, to equal 1 if the nth selection were red and
to equal 0 if it were blue, would X, n = 1 be a Markov chain?

In Example 4.3, Gary is currently in a cheerful mood. What is the probability that
he is not in a glum mood on any of the following three days?

In Example 4.3, Gary was in a glum mood four days ago. Given that he hasn’t felt
cheerful in a week, what is the probability he is feeling glum today?
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13.

14.

15.
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17.

For a Markov chain {X,,n = 0} with transition probabilities P;;, consider the
conditional probability that X,, = m given that the chain started at time 0 in state
i and has not yet entered state r by time n, where r is a specified state not equal
to either i or m. We are interested in whether this conditional probability is equal
to the # stage transition probability of a Markov chain whose state space does not
include state r and whose transition probabilities are

Qi,j = ﬁ? b ?é r
ir

Either prove the equality
PIXy=m|Xo =i, X} # r k= 1,....,n} = ;'Lw

Or CONSTruct a CDI.II'ItEI'EXElI'IlplE.

Let P be the transition probability matrix of a Markov chain. Argue that if for some
positive integer r, P has all positive entries, then so does P", for all integers n = r.

Specify the classes of the following Markov chains, and determine whether they are
transient or recurrent:

g 0o 0 0 1
0 12 Iﬂ 0o 0 0 1
1 1

Pi=1z 0 3|, Pr=1y o ol
1 1 2z 7
I I Dﬂ 0o 0 1 0
; 0 3 0 0 12 0 0 o
q T q z T

Pr=|1 o 1 0o of, =0 0 1 0 0O
o o o 1 1 o o 1+ 2 o0
0o 0o o0 3 3 1 0 0 0 0

Prove thart if the number of states in a Markov chain is M, and if state j can be
reached from state 4, then it can be reached in M steps or less.

Show that if state ¢ is recurrent and state i does not communicate with state j,
then P = 0. This implies that once a process enters a recurrent class of states it
can never leave that class. For this reason, a recurrent class is often referred to as a
closed class.

For the random walk of Example 4.18 use the strong law of large numbers to give
another proof that the Markov chain is transient when p £ %

Hint: Note that the state at time » can be written as } " ; Y; where the Y;s are
independent and P{Y; = 1} = p =1 — P{Y; = —1}. Argue that if p = %, then, by
the strong law of large numbers, 3 7Y; — o0 as # — o0 and hence the initial state
0 can be visited only finitely often, and hence must be transient. A similar argument
holds when p = %
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19,
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24,

Coin 1 comes up heads with probability 0.6 and coin 2 with probability 0.5. A coin

is continually flipped until it comes up tails, at which time that coin is put aside and

we start flipping the other one.

{a) What proportion of flips use coin 17

{b) If we start the process with coin 1 what is the probability that coin 2 is used
on the hfth flip?

For Example 4.4, calculate the proportion of davs that it rains.

A transition probability matrix P is said to be doubly stochastic if the sum over
each column equals one; that is,

Z Py=1, forallj

If such a chain is irreducible and aperiodic and consists of M + 1 states 0,1,..., M,
show that the limiting probabilities are given by

ji=0,1,....M

M+1

A DNA nucleotide has any of four values. A standard model for a mutational
change of the nucleotide at a specific location is a Markov chain model that
supposes that in going from period to period the nucleotide does not change with
probability 1 — 3, and if it does change then it is equally likely to change to any

of the other three values, for some 0 = o = %

{a) Show that P‘flz;}+f}(1—4a}“.
(b} 'What is the long-run proportion of time the chain is in each state?
Let Y, be the sum of # independent rolls of a fair die. Find

lim P{Y, is a multiple of 13}
H—D0

Hint: Define an appropriate Markov chain and apply the results of Exercise 20.

In a good weather vear the number of storms is Poisson distributed with mean 15 in

a bad vear it is Poisson distributed with mean 3. Suppose that any vear’s weather

conditions depends on past vears only through the previous vear’s condition. Sup-

pose that a good year is equally likely to be followed by either a good or a bad year,

and that a bad vear is twice as likely to be followed by a bad vear as by a good

vear. Suppose that last year—call it vear 0—was a good vear.

{a) Find the expected total number of storms in the next two years (that is, in
years 1 and 2).

{b) Find the probability there are no storms in year 3.

(c) Find the long-run average number of storms per year.

Consider three urns, one colored red, one white, and one blue. The red urn contains
1 red and 4 blue balls; the white urn contains 3 white balls, 2 red balls, and 2 blue
balls; the blue urn contains 4 white balls, 3 red balls, and 2 blue balls. At the initial
stage, a ball is randomly selected from the red urn and then returned to that urn.
At every subsequent stage, a ball is randomly selected from the urn whose color is
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26,

*27.

28,

29,

30.

31.

the same as that of the ball previously selected and is then returned to that urn. In
the long run, what proportion of the selected balls are red? What proportion are
white? What proportion are blue?

Each morning an individual leaves his house and goes for a run. He is equally likely
to leave either from his front or back door. Upon leaving the house, he chooses a
pair of running shoes (or goes running barefoot if there are no shoes at the door
from which he departed). On his return he is equally likely to enter, and leave his
running shoes, either by the front or back door. If he owns a total of £ pairs of
running shoes, what proportion of the time does he run barefooted?

Consider the following approach to shuffling a deck of » cards. Starting with any
initial ordering of the cards, one of the numbers 1,2, ..., n is randomly chosen in
such a manner that each one is equally likely to be selected. If number i is chosen,
then we take the card that is in position i and put it on top of the deck—that is,
we put that card in position 1. We then repeatedly perform the same operation.
Show that, in the limit, the deck is perfectly shuffled in the sense that the resultant
ordering is equally likely to be any of the n! possible orderings.

Each individual in a population of size N is, in each period, either active or inactive.
If an individual is active in a period then, independent of all else, that individual
will be active in the next period with probability . Similarly, it an individual is
inactive in a period then, independent of all else, that individual will be inactive in
the next period with probability g. Let X, denote the number of individuals that
are active in period n.

{a) Argue that X,,,n = 0 is a Markov chain.

(b) Find E[X,|Xp = il.

() Derive an expression for its transition probabilities.

(d) Find the long-run proportion of time that exactly j people are active.

Hint for (d): Consider first the case where N = 1.

Every time that the team wins a game, it wins its next game with probability (0.8;
every time it loses a game, it wins its next game with probability 0.3. If the team
wins a game, then it has dinner together with probability 0.7, whereas if the team
loses then it has dinner together with probability 0.2. Whar proportion of games
result in a team dinner?

An organization has N employees where N is a large number. Each emplovee has
one of three possible job classifications and changes classifications (independently)
according to a Markov chain with transition probabilities

0.7 02 01
0.2 D& 02
01 04 035

What percentage of employees are in each classification?

Three out of every four trucks on the road are followed by a car, while only one
out of every five cars is followed by a truck. Whart fraction of vehicles on the road
are trucks?

A certain town never has two sunny days in a row. Each dav is classified as being
either sunny, cloudy (but dry), or rainy. If it is sunny one day, then it is equally
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33.

34,

35,
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likely to be either cloudy or rainy the next day. If it is rainy or cloudy one dav, then
there is one chance in two that it will be the same the next day, and if it chanpes
then it is equally likelv to be either of the other two possibilities. In the long run,
what proportion of days are sunny? What proportion are cloudy?

Each of two switches is either on or off during a day. On day #n, each switch will
independently be on with probability

[1 + number of on switches during day n — 1]/4

For instance, if both switches are on during day # — 1, then each will independently
be on during day » with probability 3 /4. Whar fraction of days are both switches
on? What fraction are both off?

A professor continually gives exams to her students. She can give three possi-
ble types of exams, and her class is graded as either having done well or badly.
Let p; denote the probability that the class does well on a type i exam, and sup-
pose that g = 0.3, p2 = 0.6, and p1 = 0.9. If the class does well on an exam,
then the next exam is equally likely to be any of the three types. If the class does
badly, then the next exam is always tvpe 1. What proportion of exams are type
ii=1,2,3

A flea moves around the vertices of a triangle in the following manner: Whenever
it is at vertex { it moves to its clockwise neighbor vertex with probability p; and to
the counterclockwise neighbor with probability g; =1 — ps, i = 1,2, 3.

{a) Find the proportion of time thar the flea is at each of the vertices.

{b) How often does the flea make a counterclockwise move that is then followed

by five consecutive clockwise moves?

Consider a Markov chain with states 0, 1, 2, 3, 4. Suppose Pj 4 = 1; and suppose
that when the chain is in state i,i = 0, the next state is equally likely to be any of
the states 0, 1,...,7 — 1. Find the limiting probabilities of this Markov chain.

The state of a process changes daily according to a two-state Markov chain. If the
process is in state § during one day, then it is in state j the following day with prob-
ability P;;, where

Pop=04, Ppi=0.6, P1p=02, P11=08

Every day a message is sent. If the state of the Markov chain that day is i then

the message sent is “good”™ with probability p; and is “bad™ with probability

fEJ‘:l_pl'-ui:D«]

{a) If the process is in state 0 on Monday, what is the probability that a good
message is sent on Tuesday?

{b) If the process is in state 0 on Monday, what is the probability that a good
message is sent on Friday?

(¢} Inthe long run, what proportion of messages are good?

(d) Let Y, equal 1 if a good message is sent on day » and let it equal 2 otherwise.
Is {Yy,n = 1} a Markov chain? If so, give its transition probability matrix. If
not, briefly explain why not.
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Show thar the stationary probabilities for the Markov chain having transition prob-
abilities P;; are also the stationary probabilities for the Markov chain whose tran-
sition probabilities 0, ; are given by

14

for any specified positive integer k.

Recall that state i is said to be positive recurrent if m;; < oo, where m;; is the
expected number of transitions until the Markov chain, starting in state 7, makes
a transition back into that state. Because m;, the long-run proportion of time the
Markov chain, starting in state i, spends in state i, satisfies

1
??‘I."‘:

my =

it follows that state 7 is positive recurrent if and only if 7; = 0. Suppose that state
is positive recurrent and that state { communicates with state j. Show that state j is
also positive recurrent by arguing that there is an integer » such that

L]
w2 Jr‘:P,-J- =0

Recall that a recurrent state that is not positive recurrent is called null recurrent.
Use the result of Exercise 38 to prove that null recurrence is a class property. That
is, if state i is null recurrent and state i communicates with state j, show that state
i is also null recurrent.

It follows from the argument made in Exercise 38 that state 7 is null recurrent if it

is recurrent and m; = 0. Consider the one-dimensional symmetric random walk of

Example 4.18.

ja) Argue that =; = =y for all i.

ib) Argue that all states are null recurrent.

Let 7r; denote the long-run proportion of time a given irreducible Markov chain is

in state i.

ja) Explain why m; is also the proportion of transitions that are into state i as well
as being the proportion of transitions that are from state §.

(b) ;P represents the proportion of transitions that satisfy what property?

(c) ¥ ;mPy represent the proportion of transitions that satisfy what property?

{d) Using the preceding explain why

mi = Z ;i Py

Let A be a set of states, and let A° be the remaining states.
{a) What is the interpretation of

2 ) mPy?

icA jedAs
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(b) What is the interpretation of

D) miPy

ieArf jeA
{c) Explain the identity

2D mPy=) ) mly

fed jeAs iedAs jed

Each day, one of n possible elements is requested, the ith one with probability

P i = 1,3 71P; = 1. These elements are at all times arranged in an ordered list that

is revised as follows: The element selected is moved to the front of the list with the

relative positions of all the other elements remaining unchanged. Define the state
at any time to be the list ordering at that time and note that there are n! possible
states.

{a) Argue that the preceding is a Markov chain.

(b) For any state i1,. .., iy (which is a permutation of 1,2,.. . n), let w(iy, .. . iy)
denote the limiting probability. In order for the state to be iy, ... iy, it is
necessary for the last request to be for iy, the last non-i; request for i;, the last
non-ip or {2 request for i3, and so on. Hence, it appears intuitive that

Py P; F;

1 n-1

— P 1—-P;—P;; 1-P;—---—P;,

JT(II:-“p:.H}=PI'|_1

Verify when n = 3 that the preceding are indeed the limiting probabilities.

Suppose that a population consists of a fixed number, say, m, of genes in any
generation. Each gene is one of two possible genetic types. If exactly ¢ (of the m)
genes of any generation are of type 1, then the next generation will have j tvpe 1
{and m — j type 2) genes with probability

()G () =0t

Let X, denote the number of type 1 genes in the nth generation, and assume

that X g =i

{a) Find E[X,].

{b) Whar is the probability that eventually all the genes will be type 1?

Consider an irreducible finite Markov chain with states 0,1,...,N.

{a) Srarting in state §, what is the probability the process will ever visit state j?
Explain!

{b) Letx; = P{visit state N before state O|start in i}. Compute a set of linear equa-
tions that the x; satisfy, i =0,1,...,N.

(c) If3 jPy=ifori=1,...,N —1,show that x; = i/N is a solution to the
equations in part (b).
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An individual possesses r umbrellas that he employs in going from his home to office,
and vice versa. If he is at home (the office) at the beginning (end) of a day and it is
raining, then he will take an umbrella with him to the office (home), provided there
is one to be taken. If it is not raining, then he never takes an umbrella. Assume that,
independent of the past, it rains at the beginning {end) of a day with probability p.
ja) Define a Markov chain with r + 1 states, which will help us to determine the
proportion of time that our man gets wet. (Note: He gets wet if it is raining,
and all umbrellas are at his other location.)
ib) Show that the limiting probabilities are given by

rjq, if i =0
7w = whereg=1—-p

, ifi=1,....r

r+4q

(c) What fraction of time does our man get wet?
(d} When r = 3, what value of p maximizes the fraction of time he gets wet

Let {X,.n = 0} denote an ergodic Markov chain with limiting probabilities ;.
Define the process {Yy,n = 1} by Yy = (Xp_1, Xy). That is, Y, keeps track of the
last two states of the original chain. Is { Yy, n = 1} a Markov chain? If so, determine
its transition probabilities and find

"l_i[[_lc P{Yn = (i,D)

Consider a Markov chain in steady state. Say that a k length run of zeroes ends at
time m if

Xmk 170, Xpp= xm—k+l =...=Xm-1=0,Xm #0

Show that the probability of this event is ;rrg{Pm]k—'{l — Pu,gjz, where mg is the
limiting probability of state 0.

Let PV and P2 denote transition probability matrices for ergodic Markov chains

having the same state space. Let 7! and =% denote the stationary (limiting) proba-

bility vectors for the two chains. Consider a process defined as follows:

la) Xy = 1. A coin is then flipped and if it comes up heads, then the remain-
ing states X1q,... are obtained from the transition probability matrix PV
and if tails from the matrix P2, Is {X,,n = 0} a Markov chain? If p =
P{coin comes up heads), what is lim,_. oo P(X, = )?

ib} Xy = 1. At each stage the coin is flipped and if it comes up heads, then the
next state is chosen according to P'Y) and if tails comes up, then it is chosen
according to P'®). In this case do the successive states constitute a Markov
chain? If so, determine the transition probabilities. Show by a counterexample
that the limiting probabilities are not the same as in part (a).

In Exercise 8, if today’s flip lands heads, what is the expected number of additional
flips needed until the pattern ¢, ¢, b, ¢, b, t, t occurs?
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In Example 4.3, Gary is in a cheerful mood today. Find the expected number of
days until he has been glum for three consecutive days.

A taxi driver provides service in two zones of a city. Fares picked up in zone A will
have destinations in zone A with probability 0.6 or in zone B with probability 0.4.
Fares picked up in zone B will have destinations in zone A with probability 0.3 or
in zone B with probability 0.7. The driver’s expected profit for a trip entirely in
zone A is 6; for a trip entirely in zone B is 8; and for a trip that involves both zones
is 12. Find the taxi driver’s average profit per trip.

Find the average premium received per policyholder of the insurance company of
Example 4.27 if & = 1/4 for one-third of its clients, and A = 1/2 for two-thirds of
its clients.

Consider the Ehrenfest urn model in which M molecules are distributed between
two urns, and at each time point one of the molecules is chosen at random
and is then removed from its urn and placed in the other one. Let X, denote
the number of molecules in urn 1 after the sth switch and let w, = E[X,].
Show that

(a) ppp=1+01-2/Mp,.

{b) Use (a) to prove that

Consider a population of individuals each of whom possesses two genes that can be
either type A or type 4. Suppose that in outward appearance type A is dominant and
type a is recessive. (That is, an individual will have only the outward characteristics
of the recessive gene if its pair is @a.) Suppose that the population has stabilized,
and the percentages of individuals having respective gene pairs AA, aa, and Aa are
t, g, and r. Call an individual dominant or recessive depending on the outward
characreristics it exhibits. Let 811 denote the probability that an offspring of two
dominant parents will be recessive; and let §;; denote the probability that the
offspring of one dominant and one recessive parent will be recessive. Compute 514
and $q1g to show thar §11 = S%D. (The quantities 815 and 549 are known in the
genetics literature as Snyder's ratios.)

Suppose that on each play of the game a gambler either wins 1 with probability p
or loses 1 with probability 1 — p. The gambler continues betting until she or he is
either up n or down m. What is the probability that the gambler quits a winner?

A particle moves among n + 1 vertices that are situated on a circle in the following
manner. At each step it moves one step either in the clockwise direction with prob-
ability p or the counterclockwise direction with probability g = 1 — p. Starting at
a specified state, call it state 0, let T be the time of the first return to state 0. Find
the probability that all states have been visited by time T.

Hint: Condition on the initial transition and then use results from the gambler’s
ruin problem.
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In the gambler’s ruin problem of Section 4.5.1, suppose the gambler’s fortune is
presently i, and suppose that we know that the gambler’s fortune will eventually
reach N (before it goes to 0). Given this information, show that the probability he
wins the next gamble is

pll —(q/py 'l
a0 PFE

i1 |
2i ° ifp=3

Hint: The probability we want is

P(Xne1 =i+ 11Xy =14, lim Xp =N}

_ PXust = i + 1Llimpy X = N[ X =1)
- Pl Xps = N1 Xp = 1

For the gambler’s ruin model of Section 4.5.1, let M; denote the mean number of
games that must be played until the gambler either goes broke or reaches a fortune
of N, given that he starts with i,i = 0,1,..., N. Show that M; satisfies

MI}=MN =G; M.-=1+PM,-+] +‘1'M|'—1« = 1*"-:N_1

Solve the equations given in Exercise 59 to obtain

M; =i(N -1, lfp:

_ i N 1-@p
= — T 1
g—p g-pl-(q/p)

=

[ B

p#

Suppose in the gambler's ruin problem that the probability of winning a bet depends

on the gambler’s present fortune. Specifically, suppose that a; is the probability that

the gambler wins a bet when his or her fortune is . Given that the gambler’s initial

fortune is i, let P(i) denote the probability that the gambler’s fortune reaches N

before 0.

{a) Derive a formula that relates Pi) to P{i — 1) and Pii + 1).

(b) Using the same approach as in the gambler’s ruin problem, solve the equation
of part (a) for P(i).

{c) Suppose that i balls are initially in urn 1 and N — # are in urn 2, and suppose
that at each stage one of the N balls is randomly chosen, taken from whichever
urn it is in, and placed in the other urn. Find the probability that the first urn
becomes empty before the second.

Consider the particle from Exercise 57. What is the expected number of steps the
particle takes to return to the starting position? What is the probability that all
other positions are visited before the particle returns to its starting state?
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For the Markov chain with states 1, 2, 3, 4 whose transition probability matrix P
is as specified below find 3 and s;3 fori=1,2,3.

04 0.2 0.1 03
P_ 01 0.5 02 02
T 03 04 02 01

1

Consider a branching process having o < 1. Show that if Xy = 1, then the expected
number of individuals that ever exist in this population is given by 1/(1 — u). What
if Xy = n?

In a branching process having Xg = 1 and u = 1, prove that mp is the smallest
positive number satistving Equation (4.20).

Lo 0 o

Hint: Let 7 be any solution of = = 3= #/'P;. Show by mathematical induction
that = = P{X, = 0} for all n, and let # — oc. In using the induction argue that

o0

P(Xy =0} =Y (P{Xp1=01'P;
j=i

For a branching process, calculate =g when
(a) Po=g,P2=17.

(b) Po=1P=1P=1

(c) Po=gP1=13P3=1.

At all times, an urn contains N balls—some white balls and some black balls. At

each stage, a coin having probability p,0 < p <= 1, of landing heads is flipped. If

heads appears, then a ball is chosen at random from the urn and is replaced by

a white ball; if tails appears, then a ball is chosen from the urn and is replaced

by a black ball. Ler X,; denote the number of white balls in the urn after the

nth stage.

{a) Is{X,.n = 0} a Markov chain? If so, explain why.

(b} Whart are its classes? What are their periods? Are they transient or recurrent?

(¢) Compute the transition probabilities Pj.

(d) Let N = 2. Find the proportion of time in each state.

(e} Based on your answer in part (d) and vour intuition, guess the answer for the
limiting probability in the general case.

{f) Prove your guess in part (e) either by showing that Equartion (4.7) is satisfied
or by using the results of Example 4.35.

(g) If p =1, what is the expected time until there are only white balls in the urn
if initially there are 7 white and N — i black?

{a) Show that the limiting probabilities of the reversed Markov chain are the same
as for the forward chain by showing that they satisfy the equations

Ty = ZJT:'Qi;'
i

{b) Give an intuitive explanation for the result of part (a).
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M balls are initially distributed among #m urns. At each stage one of the balls is
selected at random, taken from whichever urn it is in, and then placed, at random,
in one of the other M — 1 urns. Consider the Markov chain whose state at any time
is the vector (n1, .. ., Hy) Where #; denotes the number of balls in urn i. Guess art the
limiting probabilities for this Markov chain and then verify your guess and show
at the same time that the Markov chain is time reversible.

A total of m white and m black balls are distributed among two urns, with each urn

containing m balls. At each stage, a ball is randomly selected from each urn and

the two selected balls are interchanged. Let X, denote the number of black balls in

urn 1 after the nth interchange.

(a) Give the transition probabilities of the Markov chain X,,,n = 0.

(b} Without any computations, what do vou think are the limiting probabilities
of this chain?

{c) Find the limiting probabilities and show that the stationary chain is time
reversible.

It follows from Theorem 4.2 that for a time reversible Markov chain
P,-Ji P;'k Pk'- = Pikpkjpj'l'« for all .!-,j;.. k

It turns out that if the state space is finite and Py = 0 for all 4, j, then the preceding
is also a sufficient condition for time reversibility. (That is, in this case, we need
only check Equation (4.26) for paths from i to i that have only two intermediate
states.) Prove this.

Hint: Fix i and show that the equations
miPip = mpPy;

are satisfied by m; = cPy/Pj;, where ¢ is chosen so that 3, 7; = 1.

For a time reversible Markov chain, argue that the rate at which transitions from i
to j to k occur must equal the rate at which transitions from & to j to i occur.

Show thar the Markov chain of Exercise 31 is time reversible.

A group of n processors is arranged in an ordered list. When a job arrives, the first
processor in line attempts it; if it is unsuccessful, then the next in line tries it; if it too
is unsuccessful, then the next in line tries it, and so on. When the job is successfully
processed or after all processors have been unsuccessful, the job leaves the system.
At this point we are allowed to reorder the processors, and a new job appears.
Suppose that we use the one-closer reordering rule, which moves the processor that
was successful one closer to the front of the line by interchanging its position with
the one in front of it. If all processors were unsuccessful (or if the processor in the
first position was successful), then the ordering remains the same. Suppose that each
time processor { attempts a job then, independently of anything else, it is successful
with probability p;.

{a) Define an appropriate Markov chain to analyze this model.

(b} Show that this Markov chain is time reversible.

{c) Find the long-run probabilities.
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A Markov chain is said to be a tree process it
(i} Pj = 0 whenever P;; = 0,
(ii) for every pair of states i and f, i £ j, there is a unique sequence of distinct
states § = in, i1, ..., ig—1,8y = j such that
P

Tkt 1

=0, k=0,1,....n—1

In other words, a Markov chain is a tree process if for every pair of distinct states
i and j there is a unique way for the process to go from i to j without reentering
a state {and this path is the reverse of the unique path from j to 7). Argue that an
ergodic tree process is time reversible.

On a chessboard compute the expected number of plays it takes a knight, starting
in one of the four corners of the chessboard, to return to its initial position if we
assume that at each play it is equally likely to choose any of its legal moves. (No
other pieces are on the board.)

Hint: Make use of Example 4.36.

In a Markov decision problem, another criterion often used, different than the
expected average return per unit time, is that of the expected discounted return. In
this criterion we choose a number «,0 < @ < 1, and try to choose a policy so as to
maximize E[} 7 e’ R(X;, a;)] (that is, rewards at time » are discounted at rate o).
Suppose that the initial state is chosen according to the probabilities b;. That is,

P{Xﬂ:fl:bj, i=1,....n

For a given policy B let y;, denote the expected discounted time that the process
is in state j and action a is chosen. Thar is,

[s =]
Yia=Eg|)_ ﬂ'"fix,=m=a1}
=

where for any event A the indicator variable 14 is defined by

{ 1, if A occurs
Iy = )
0,  otherwise

{a) Show that

oo
> Ya=E [Z ':'”lxa=ﬂ:|
a

m=0

or, in other words, 3}, ¥jz is the expected discounted time in state j under 8.
(b} Show that

1
Z;:‘}?a: —

i

Zj’;‘a =bi+a Z Z}',-EP.}'[S}




Hint: For the second equation, use the identity

f:xru 1=fl = Z E ;lxa-lﬂn-uji{xn+ 1=l

I a

Take expectations of the preceding to obtain
E [Ixn+l=.?.]] = Z ZE[;lxn-Jﬂn-ﬂ]]Pﬁ{'ﬂ]

(c) Let {vjs} be a set of numbers satisfying

1

; 2m=T—g
E}'ja = E“;‘ + o Z eriapij (i)
a i a

(4.38)

Argue that y;, can be interpreted as the expected discounted time that the
process is in state j and action a is chosen when the initial state is chosen

according to the probabilities b; and the policy g, given by

Yia

Bila) = > Va

is emploved.

Hint: Derive a set of equations for the expected discounted times when policy g

is used and show that they are equivalent to Equation (4.38).

(d}  Argue that an optimal policy with respect to the expected discounted return

criterion can be obtained by first solving the linear program

maximize Z Z YiaR(j, a),
§ooa

suchthat ) ") 'y, = 1%,
P4

o

Zj’}-a = E?j' + o Z Z}'MP“(H}..
a i a

Yia = G: all f: da;

and then defining the policy g* by

*

Yia
>aVia

where the ¥}, are the solutions of the linear program.

78. For the Markov chain of Exercise 5, suppose that p(s|j) is the probability thart signal

5 is emitted when the underlying Markov chain state is j, j = 0,1, 2.



1. Pn=1 Pp=

{a) What proportion of emissions are signal s?
{b) What proportion of those times in which signal s is emirtted is 0 the underlying

state?

79. In Example 4.43, whart is the probability that the first 4 items produced are all

acceptable?

Chapter 4

Py = Pyp=1

-
-

Py =

F=1 R =T Y =N Y

-

=
=
| |
O Dl o]

u
(]
|

Py

2,3.

(RRR) (RRD) (RDR) (RDD) (DRR) (DRD) (DDR) (DDD)
(RRR)| &8 2 0 0 0 0 00
(RRD) 4 6

(RDR) s 4

(RO 4 6
P={pDRR)|| & 4

(DRI 4 6

{DDR) 6 4

(DDD) 2 B

where D = dry and R = rain. For instance, (DDR)
means that it is raining today, was dry yesterday,
and was dry the day before yesterday.

. Let the state space be § = {0,1,2,0,1,2}, where
state i(7) signifies that the present value is i, and
the present day is even (odd).

. Cubing the transition probability matrix, we obtain
P

13/36 11/54 47/108

4/9 4/27 11/27

5/12  2/9 13/36

Thus,
E[X3] =P(X3 =1) + 2P(X3 = 2)
1 1 1
=3P31 + 113131 + 3P0

1 1 1
+2 EP"BQ“‘EP%2+§P322

. Itis immediate for n = 1, so assume for n. Now use

induction.

P3y + P§ =P Pyg + PPy + PasPsy
=(.2)(.5) + (.B)0) + (.2)(0) + (.8)(.2)
=.26

. The answer is

. Let the state on any day be the number of the coin

that is flipped on that day.
7.3
b= [,6 _4}

and so,

P [,557 333}

Hence,
1
5 [1??1 + P,%]] = 6665

If we let the state be 0 when the most recent flip
lands heads and let it equal 1 when it lands tails,
then the sequence of states is a Markov chain with
transition probability matrix

73]

The desired probability is Pgru = .6667

. Itis not a Markov chain because information about

previous color selections would affect probabili-
ties about the current makeup of the urn, which
would affect the probability that the next selection
is red.

. The answer is 1 — P%rz for the Markov chain with

transition probability matrix
[.5 ! .1‘|
343

o071

"
P35

1-P3,
transition probability matrix

100
343
2.3 .5

for the Markov chain with
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The result is not true. For instance, suppose that
PD,l = P[J';g = 1.,."2,131’0 = 1,P2,3 = 1. Given X[j =0
and that state 3 has not been entered by time 2, the
equality implies that X is equally likely to be 1 or
2, which is not true because, given the information,
Xj is equal to 1 with certainty.

P = ZP;;—’PE, =0
k

(i) {0,1,2} recurrent.

(ii) {0,1,2,3} recurrent.

(iif) {0,2} recurrent, {1} transient, {3, 4} recurrent.
(iv) {0,1} recurrent, {2} recurrent, {3} transient,

{4} transient.
Consider any path of states iy = i, 1,1, ...,1, = |
such that P;;, , > 0. Call this a path from i to j.

If j can be reached from i, then there must be a
path from 7 to j. Let iy, ..., i, be such a path. If all
of the values iy, ..., 7, are not distinct, then there
is a subpath from i to j having fewer elements (for
instance, if,1,2,4,1,3,jisa path, thensoisi, 1,3, ).
Hence, if a path exists, there must be one with all
distinct states.

It Py were (strictly) positive, then P:j would be 0
for all n (otherwise, i and j would communicate).
But then the process, starting in i, has a positive
probability of at least Pj; of never returning to i.
This contradicts the recurrence of i. Hence Py =0.

L
Zi Yj/n — E[Y] by the strong law of large num-
=

ers. Now E[Y] = 2p — 1. Hence, if p > 1/2, then
E[Y] = 0, and so the average of the Y;s converges

in this case to a positive number, which implies
"

that E Y; — oo as # — no. Hence, state 0 can be
1

visited only a finite number of times and so must
be transient. Similarly, if p < 1/2, then E[Y] < 0,
and so lim i Y; = —oo, and the argument is
similar. :

If the state at time 1 is the n'" coin to be flipped then

a sequence of consecutive states constitutes a two-
state Markov chain with transition probabilities

Pii=6=1-Pyy Pr1=5="3>
(a) The stationary probabilities satisfy
m =.6m + 5wy
m+m=1

19.

20.

21.

Solving yields that m = 5/9, m» = 4/9. So the pro-
portion of flips that use coin 1 is 5/9.

(b) P, = 44440

The limiting probabilities are obtained from
rg=.7ry + .5

=4+ .2r

ry =.3rg + .51

rm+r+r+mn=1

and the solution is

r—1 r—3 r—3 r—g
0=3 NM=35 =3 B=3
The desired result is thus

1r’+1v—2

0 1—5

L
If Y Py =1forallj, thenr;=1/(M +1)

i=0
satisfies
m m
rp= 2Py Xn=1
i=0 i}

Hence, by uniqueness these are the limiting prob-
abilities.

The transition probabilities are

_[1-3a, ifj=i
Pij= {a, ifj+#i
By symmetry,

1 S
Ph= (P, j#i
So, let us prove by induction that

+ 2(1 4oy, ifj=i

no_
Pij=

N

_ 3(1 _sa), i Ai

As the preceding is true for n = 1, assume it for n.
To complete the induction proof, we need to show
that

1 3
-+ —4a)", ifj=i
Pu+l _ 4 4
o111
730 — 4oy, ifj i



23,

MNow,

p;jﬁ =PI'Pii+ Y PPy

i
_ G " %(1 —4(1]")(1 —3a)
+3 G ~la- 4an") o
- % + ;{1 _40)"(1—3a —a)
_ % + 2{1 _gay
By symmetry, for j # i
P =5 (1 P) =5 - ga o

and the induction is complete.

By letting n — oc in the preceding, or by using that
the transition probability matrix is doubly stochas-
tic, or by just using a symmetry argument, we
obtain that m; = 1/4.

. Let X,; denote the value of Y;; modulo 13. That is,

X, is the remainder when Y, is divided by 13. Now

Xy 1s a Markov chain with states 0,1,...,12. It 1s

easy to verify that ) Pj = 1 for all j. For instance,
;

for j=3:
E_P;j=P2,3+P1,3+P0,3+P12,3+P11,3+P10,3
' 1 1 1. 1 1 1

“stetetetets!

1
Hence, from Problem 20, r; = e

(a) Letting 0 stand for a good year and 1 for a bad
year, the successive states follow a Markov chain
with transition probability matrix P:

1/2 172
1/3 2/3
Squaring this matrix gives P
5/12 7/12
7/18 11/18
Hence, if 5; is the number of storms in year { then
E[51] = E[51|1X; = 0]Pgo + E[51]X1 = 1]P;y
=1/2+3/2=2
E[S2] = E[5,|X; = 0]P%, + E[5:| X2 = 1]P,
=5/12 +21/12 =26/12
Hence, E[S5; + 5;] = 25/6.

24.

25.

(b) Multiplying the first row of P by the first column
of P~ gives

P =5/24 +7/36 =29/72

Hence, conditioning on the state at time 3 yields

29
P(S3=0) = P(S3=0X3 =0) 55 + P(5: =0[X; =1)

o E —_ §3_1 + Eg_s
72 72 72

(c) The stationary probabilities are the solution of

g = ™ 1 + 1
= 02 "13
m+m=1
giving
?TU=2I.-"5, m =3J'IS

Hence, the long-run average number of storms is
2/54+3(3/5) =11/5.

Let the state be the color of the last ball selected,
call it 0 if that color was red, 1 if white, and
2 if blue. The transition probability matrix of this
Markov chain is

1/5 0 4/5
P:[Zf? 3/7 2;?}
3/9 49 2/9]

Solve for the stationary probabilities to obtain the
solution.

Letting X, denote the number of pairs of shoes
at the door the runner departs from at the begin-
ning of day n, then {X;} is a Markov chain with
transition probabilities

P =1/4 O0<i<k
Piiq =1/4 0<i<k
Pivi=1/4 0<i<k

Pipin =1/4 0<i<k

The first equation refers to the sifuation where the
runner returns to the same door she left from and
then chooses that door the next day; the second to
the situation where the runner returns to the oppo-
site door from which she left from and then chooses
the original door the next day; and so on. (When
some of the four cases above refer to the same tran-
sition probability, they should be added together.
For instance, if { = 4, k = 8, then the preceding
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27.

28.

29.

states that P; ; = 1/4 = P; ;_;. Thus, in this case,
Py 4=1/2)Also,

Poo=1/2
Py r=1/2
Prr=1/4
Pro=1/4
Pe1=1/4
By 1=1/4

It is now easy to check that this Markov chain is
doubly stochastic—that is, the column sums of the
transition probability matrix are all 1—and so the
long-run proportions are equal. Hence, the propor-
tion of time the runner runs barefooted is 1/(k + 1).

Let the state be the ordering, so there are n! states.
The transition probabilities are

1

Py, o i B, ) T

It is now easy to check that this Markov chain is
doubly stochastic and so, in the limit, all n! possible
states are equally likely.

The limiting probabilities are obtained from

T = lr-l
9
4 4

r = ro+§r|+§r2

Ty = in +Eh + I3

2 =3 92

rD+r|+r2+r3=1

and the solution is J"[;=J"3=i P =T =i.
207 =20

Letting 7 be the proportion of games the team
wins then

T = Tl 8) + (1 — m)(3)

Hence, mp =23/5, yielding that the proportion of
games that result in a team dinner is 3/5(.7) +
2/5(.2) = 1/2. That is, fitty percent of the time the
team has dinner.

Each employee moves according to a Markov chain
whose limiting probabilities are the solution of

II, =711+ 211+ 111,
IL =211 +sIL++4Il,

IL+1L+11 =1

31.

32.

Solving  yields H1 =6/17,[, =7/17, 1‘[3 =

4/17. Hence, if N is large, it follows from the law
of large numbers that approximately 6, 7, and 4 of
each 17 employees are in categories 1, 2, and 3.

Letting X, be Oif the n'" vehicleisa carand le ttingit
be 1 if the vehicle is a truck gives rise to a two-state
Markov chain with transition probabilities

Poo = 4/5,
Pypy=3/4,

Py =1/5
Py =1/4

The long-run proportions are the solutions of

!‘g=irg+§!'l
5 4
r1=1r0+1r1
5 4
fo + r[=1

Solving these gives the result

15 4
9 "1

That is, 4 out of every 19 cars is a truck.

n =

Let the state on day nbe Oif sunny, 1if cloudy, and 2
if rainy. This gives a three-state Markov chain with

transition probability matrix
| o 1 2
0 0 1/2 1/2
P=1 1/4 1/2 1/4
2 1/4 1/4 1/2

The equations for the long-run proportions are

1 1
rD=—r|+1r;_

4

1 1 1
!‘1=§!'U+Er[+ar2
PP AR
2_20 1 1 22

nm+rn+r=1

By symmetry it is easy to see that ry = r,. This
makes it easy to solve and we obtain the result

12 2
5 17

"= 5 275

With the state being the number of off switches this
is a three-state Markov chain. The equations for the
long-run proportions are



33.

1 1 9
I‘[)ZETG-I-EYl—FErQ

3 1 3
r1=§ru+ir1+§r2

th+hn+n=1
This gives the solution
rg=2/7,

rn=3/7, r,=2/7

Consider the Markov chain whose state at ime 1 is
the type of exam number n. The transition proba-
bilities of this Markov chain are obtained by condi-

tioning on the performance of the class. This gives
the following;:

Py = .3(1/3) + .7(1) = 8
Ppp=Py3=3(1/3) =1
Py = .6(1/3) + 4(1) = 6
Py = Pp3 = 6(1/3) = .2
P31 =.9(1/3) 4+ 1(1) = 4
Py = P33 = 9(1/3) = .3

Let r; denote the proportion of exams that are type
i,i = 1,2, 3. The r; are the solutions of the following
set of linear equations:

n=8n+6rn+4r
r2=.1r1+.2r2+.3r3
r1+r2+r3=]

Since Pp=DP; for all states i, it follows that
ry = 13. Solving the equations gives the solution

l'1=5;r7, r2=r3=];'7

. (a) m, i =1,2,3, which are the unique solutions

of the following equations:

T = {272 + Pams
T =T + §ams
m + w2 + T3 = ]

(b} The proportion of time that there is a counter-
clockwise move from i that is followed
by 5 clockwise moves is mdiPi—1PiPi
PijaPisa, and so the answer to (b) is

> TP 1PiPiPisaPia In the pre-
ceding, po = p3, P4 = P1.P5 = P2, P6 = P3.

35.

36.

37.

38.

39.

40.

41.

The equations are

1 1 1
thh=r+zr+=-r+—-rg

2 3 4
l’—lf’ —l—EJ‘ +1r
1—22 33 44
!’—1!’ +1r
2—33 44
T: —l!’

3—4 4
ry=rp

l’g+r1+ r2+ r3+ r4=1
The selution is

Ffp=r = 12;‘3?,
ry = 3/37

rn=6/37, =437,

(a) poPo,o + pPo1 = 4po + .67

(b) poPi o + P, = 2512p, + .7488p,
(€) pomo +p1m =po/4+ 3p1 /4

(d) Nota Markov chain.

Must show that
mj =X T}
i

The preceding follows because the right-hand side
is equal to the probability that the Markov chain
with transition probabilities P; ; will be in state |
at time k when its initial state is chosen according
to its stationary probabilities, which is equal to its
stationary probability of being in state j.

Because j is accessible from i, there is an 11 such that
P!; > 0. Because m;P]; is the long-run proportion
of time the chain is currently in state j and had been
in state { exactly n time periods ago, the inequality
follows.

Because recurrence is a class property it follows
that state j, which communicates with the recur-
rent state i, is recurrent. But if j were positive recur-
rent, then by the previous exercise { would be as
well. Because i is not, we can conclude that j is null
recurrent.

(a) Follows by symmetry.

(b) If m;; = a > 0 then, for any 1, the proportion
of time the chain is in any of the states 1,...,n
is na. But this is impossible when n = 1/a.

(a) The number of transitions into state i by time
i, the number of transitions originating from
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state i by time 1, and the number of time peri-
ods the chain is in state i by time n all differ
by at most 1. Thus, their long-run proportions
must be equal.

(b) 1Py is the long-run proportion of transitions
that go from state i to state J.

(<) z,r’ riPj is the long-run proportion of transi-
tions that are into state j.

(d) Sincer;is also the long-run proportion of tran-
sitions that are into state j, it follows that

I'f' = Z r,-P,—J,-
i

(a) This is the long-run proportion of transitions
that go from a state in A to one in A"

(b) This is the long-run proportion of transitions
that go from a state in A to one in A.

{c) Between any two transitions from A to A” there
must be one from A° to A. Similarly between
any two transitions from A° to A there must
be one from A to A®. Therefore, the long-run
proportion of transitions that are from A to A*
must be equal to the long-run proportion of
transitions that are from A® to A.

Consider a typical state—say, 1 2 3. We must show

H‘IB = HIZS P|23,123 + sz P2I3, 123

+ ]_[231 Pai,123

Now Pyz3 123 = Pyi3,123 = P23, 123 = Py and thus,

1_[I23 =P [HIZS + H213 + HZSJ

We must show that

_ PP _ Py

P;3P;
Hm T 1-py s 1_P2’H231 =

1-7,

satisfies the above, which is equivalent to

PyPs
1-—Pq

PyPy
1-—P;

+

P1P2=P1{

P
= PP P
-7, 2Py + Pa)

=P1P2 Sil'I.CE.Pl +P3 =]—P2

By symmetry all of the other stationary equations
also follow.

44,

45.

Given Xy, Xy—1 is binomial with parameters m and
p = Xu/m. Hence, E[Xy,1|Xn] = m(Xy/m) = Xy,
and so E[X, ] = E[Xy]. So E[Xy] = i for all n.
To solve (b) note that as all states but 0 and m are
transient, it follows that X, will converge to either
0 or m. Hence, for n large

E[Xy]=mPlhits m} + 0 P{hits 0}
= mP{hits m}

But E[X,,] = i and thus P{hits m} = i/m.

{a) 1, since all states communicate and thus all are
recurrent since state space is finite.
{(b) Condition on the first state visited from {.
N-1
X;j = z p!"lile'+p!N, f=1,...,N—1
j=1
Xg= D, Xy = 1

d.

{c) Must show
N-1 ;

i
N 21 %Pr’f + Py
j=

<
EN

and follows by hypothesis.

. (a) Let the state be the number of umbrellas he has

athis present location. The transition probabil-

ities are

Por=1LFir—i=1-p.Pir-in1=p
i=1,...,r

(b) We must show that 7; = Z mj Py is satisfied by

]
the given solution. These equations reduce to

Tr =g + mMP
m=m—i(l-p)+mjup, j=1L...,r-1
mo=mr(l—p)
and it is easily verified that they are satisfied.
© pmo= 1
(@) di[ml—m] 2(4—p)(1—2pJJ2rP{1—PJ
plLa-p (4-p)
_pP-8p+4
Co@-pr
p2—8p+4=0:.p=8_2‘/4_8=.5_
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{Yu,n = 1} is a Markov chain with states (i, j).
_ [0, ifj#k
Pff,ﬁ,(k,f} = {ijr lfj =k
where Py is the transition probability for {X }.
Tim_P{Y, = (i)} = im P{X, =1, X,.1 = ]}
= lirrfn [P{X, = i}Py]
= 1P

Letting P be the desired probability, we obtain
upon conditioning on X, _;_4 that

P=3%PXy s 170, Xy =Xy jp1=-=Xn

i20
=0, Xy # 0|X,, 4y =10)m
= Pip(Pop) (1 — Poo)mi
iZ0
= (Pop) (1 = Pgp) ¥ miPig
i#£0

= (Pn,n)k_lﬂ — Pyp) (z miPig — ?TDPD,G)

1

=(Pn,u)k_l(1 — Py p)(mo — moPop)

{a) No.
lim P{X, = i} = pr'(i) + (1 — p)r(i)

(b) Yes.

_opD 2)
Py= pPI.j +(1 —p)Pfji
Using the Markov chain of Exercise 9, uj, ; =1/.3,
fig p = 1/.6. Also, the stationary probabilities of this
3 yp
chain are m;, = 2/3, m = 1/3. Therefore,
1
/3 A)E)(3)(6)3)(4)

E[A(t, 1)] =5787

giving
E[N(tththtt)| Xy = h] = E[N(t. )| Xp = h]
+ E(A(t, 1)]

Also,
1
E[N(t,#)|Xo = h] = E[N(£)|Xo = h] + a3
1 _ios
12

Therefore, E[N(tththtt)| Xo = h] = 589.5

52,

55.

Let the state be the successive zonal pickup loca-
tions. Then Py 4=.6, P 4=.3. The long-run
proportions of pickups that are from each zone are

TaA = ,GTTA + .3‘1’.’3 = .67.'A + 3(1 - ‘JTA)

Therefore, m4 = 3/7, 7 = 4/7. Let X denote the
profit in a trip. Conditioning on the location of the
pickup gives

3 4
E[X]= ZE[X|A] + S E[X|B]

= ;[ﬁ(é) L A1) + ;[.3(12) L .7(8)]
=62/7

With m;(1/4) equal to the proportion of time
a policyholder whose yearly number of acci-
dents is Poisson distributed with mean 1/4 is in
Bonus-Malus state i, we have that the average pre-
mium is
%(326.3?5) + %[200?.‘1(1.!4) + 250m(1/4)

+ 40073(1/4) + 600m4(1/4)]

E[Xp11] = E[E[Xp11 |Xul]

Now given Xy,

Xy +1, with probability M— X
er+1 = X
Xny —1, with probability =
I M
Hence,
M-X, X
E[X, 1| Xu]l=Xn + M . HH
2X,,
=Xp+1- M
2
and so E[X,, ;] = |1- i E[X,]+ 1.

It is now easy to verify by induction that the
formula presented in (b) is correct.

511 = P{offspring is aa | both parents dominant}

_ P{aa, both dominant}

" P{both dominant}

1

2

_ F 1 _ rZ
(197

4(1-q7°



56.

57.

58.

59.

61.

S = P{aa, 1 dominant and 1 recessive parent}
= P{1 dominant and 1 recessive parent}

__ P{aa, 1 parent aA and 1 parent aa}

29(1—q)

1

-2
2q(1 —q)

_ F
2(1-q)

2gr

This is just the probability that a gambler starting

with m reaches her goal of n + m before going

: 1—(a/n)"

broke, and is thus equal to —
1-@/p)

whereg=1-—p.

Let A be the event that all states have been visited
by time T. Then, conditioning on the direction of
the first step gives

P(A) = P(A|clockwise)p
+ P(A|counterclockwise)q

_ . l—gq/p 1—p/q
PTGy TT=ar

The conditional probabilities in the preceding
follow by noting that they are equal to the proba-
bility in the gambler’s ruin problem that a gambler
that starts with 1 will reach n before going broke
when the gambler’s win probabilities are p and .

Using the hint, we see that the desired proba-
bility is
PiXp =i+ 11X, =i}
PllimXm =N|Xy=1Xp+1=i+1}
P{lim X,y = N|X, =1}

PP+l
=r 5

and the result follows from Equation (4.74).
Condition on the outcome of the initial play.

With Py =0, Py =1
Pi=aPi+(1—opPi—q, i=1..,N-1
These latter equations can be rewritten as

Pit1 — Pi = 3i(P; — Pi—1)

62,

where 5 = (1 — a;)/o;. These equations can now
be solved exactly as in the original gambler’s ruin
problem. They give the solution

i—1
B 1+ ZH C;

Pim=——— i=1..N-1

1+ E;=1 G
where

I
G=11I#

i=1
(c) Py—;, wherea; = (N —i)/N
(a) Since r; = 1/5 is equal to the inverse of the

expected number of transitions to return to
state i, it follows that the expected number of
steps to return to the original position is 5.

(b) Condition on the first transition. Suppose it
is to the right. In this case the probability is
just the probability that a gambler who always
bets 1 and wins each bet with probability p
will, when starting with 1, reach  before going
broke. By the gambler’s ruin problem this
probability is equal to

1-gq/p
1—(@/p)
Similarly, if the first move is to the left then
the problem is again the same gambler’s ruin
problem butwith pand g reversed. The desired
probability is thus

P—q _ _4q9-F

1-@/py 1-(p/q’

(@) E|Y XiXo=1|=3 E[X|Xo=1]
k=0 k=0
- 1
k=0 1-p
- n
(b) E X Xo=n| =
k=0 —H
. = 0=P{Xp =0}. Assume that

r = P{Xy—1 =0}
PiX,=0= ? PX, =01X, =1}P;
=X [P{X, = 1P,
‘—i 2. 1'P;
j

=r
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@ ro=1

(b) r0=f
(©) m:(v’i—l) 2

(a) Yes, the next state depends only on the present
and not on the past.

(b} One class, period is 1, recurrent.

N—i
© Piisa=P——,

i=01..N-1

Pii1=1(1 —P)%, i=12,...N

(N—1)
T

i
Py =P +(1-p)
(d) See (e).

i=01,..N

(e) 1;= |:i\r:| pl{] - P)N_!: i=01,...N

(f) Direct substitution or use Example 7a.
N-1
(g) Time = z T;, where T; is the number of
J=i
flips to go from j to j + 1 heads. T; is geo-
metric with E[T;]=N;‘j, Thus, E[time] =
N—-1
> N/

',I-=I'
(@) Y riQi=3nrPi=r) Pi=r
i i i

(b} Whether perusing the sequence of states in
the forward direction of time or in the reverse
direction the proportion of time the state is i
will be the same.

M! 1M
MY pees Mpy! {E}

We must now show that

r(ny,... ny) =

m+1 1
g, m—Lo,n +1,..0) fM -
i 1
=r(nl,...,u!—,...,u}-,...)ﬂm
n+1 n;

which follows.

or = .
(n; — l}f{nj + 1) gl

m — i) 2

(a) Pf,r'+l=( mg) » Piia=—3
2im—1i
Pf,f=7(m2 )

71.
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(b) Since, in the limit, the set of m balls in urn 1 is
equally likely to be any subset of m balls, it is
intuitively clear that

(Dm0

GG

(c) We must verify that, with the 7; given in (b),

miPi iy1 = i Pis

That is, we must verify that

(m—i}(T) =:z‘+1)(f:’_'1)

which is immediate.

P.
If r; =c—, then

i
PP,

ij+ ik

r}'P.fk = _.JI
ji
JRT KT

rkP,;;J;:f. o

and are thus equal by hypothesis.

Rate at which transitions from i to j to k occur =
r;-P;J.-PJ.-k, whereas the rate in the reverse order is
reP;iPji. So, we must show

re'Pr'jpjk = Tkpkjpp'

Now, 1;PsPj. = 1iPjiPy by reversibility
= 1P Py
= PP by reversibility

It is straightforward to check that ;P = riPj. For
instance, consider states 0 and 1. Then

ropm = (1/5)(1/2) =1/10
whereas

fipo = (2/5)(1/4) = 1/10

(a) The state would be the present ordering of the
n processors. Thus, there are n! states.

(b) Consider states x=(x1, ..., Xi—1, X, Xit1, ..., Xn)
and x' = (¥p,..., X1, X0, X .0, Xy). With gy
equal to 1 — p; the time reversible equations
are

i—1 i—1
0Py | [ 3 =10, Px [ [ 90
k=1 k=1
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or

@) = (B /P,y ) (8077, -1 (+!)

Suppose now that we successively utilize the above
identity until we reach the state (1,2, ...,n). Note
that each time j is moved to the left we multiply
by qj,-lfpj and each time it moves to the right we
multiply by {q}-;'pj)_l. Since x;, which is initially in
position f, is to have anet move of j — x; positions to
theleft (soitwill end up in positionj — (j —x;) = x;)
it follows from the above that

j—x

) =CI] (aw/py) i
I

The value of C, which is equal tor(1,2,..., 1), canbe
obtained by summing over all states x and equating
to 1. Since the solution given by the above value
of r(x) satisfies the time reversibility equations it
follows that the chain is time reversible and these
are the limiting probabilities.

. The number of transitions from { to j in any interval

mustequal (to within 1) the number from j to i since
each time the process goes from i to jin order to get
back to i, it must enter from j.

We can view this problem as a graph with 64
nodes where there is an arc between 2 nodes if
a knight can go from one node to another in a
single move. The weights on each are equal to 1. Itis
easy to check that 3 '} wj; = 336, and for a corner
]
node i,waJ;:E. Hence, from Example 7b, for
I

one of the 4 corner nodes i, H =2/336, and thus

i
the mean time to return, which equals 1/r;, is

336/2 = 168.

@ o= S| Selxe )]
a a n
= E.'S ZE" ZI{XH =J,an =“]’:|
n a
= Eﬁ [Za"j’{x" =J.}:|
n
(b) > ¥ va=Egs {Eﬂ" Zf{xm}]
j a n ‘|'

1

1—a

:ES[ZQH‘} -

E. Yia
a

-:}{:
L=

-
=0 +Es) 3 @ ixe )

H=l

O
=b+Eg| ¥ =a"" Y Iy, i —a)
ia

L=

I{Xn+] =J"]:|

o0
= b,l + Z HJH—I EE-J [I{Xn —i,an =.ﬁ‘}} P!‘r(ﬁ)

=i i

i@ m

= b; + a . yiPyi(a)

i@

(c) Letd;, denote the expected discounted time
the process is in j, and @ is chosen when policy
A is employed. Then by the same argument as
in (b):

> g
a

=bi+a} ¥ a"Eg[l{Xn=1i, a, =a}] Py(a)
ia

b+ X T lpy | LEPy@)
i@ M ' zym

=b+a) de,y&ﬂ;{a)

iq @ Eym
a

and we see from Equation (9.1) that the above
is satisfied upon substitution of d;; = y;. As
. 1
it is easy to see that zm dig = i the result
follows since it can be shown that these linear
equations have a unique solution.

(d) Follows immediately from previous parts.
It is a well-know result in analysis (and
easily proven) that if limy—oc @y /n = a then
lim,, EF a;/n also equals a. The result fol-
lows from this since
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E[R(X,)]= ZRU}P{XH =}
i
= ZRU}’;‘

Let T, j = 0, be the stationary probabilities of the
underlying chain.

@ 3, mpel)

mip(s|f)

b flgy — — 40+ W7
(b} p(jls) Z}-r;P{st)
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5  The Exponential Distribution and the Poisson Process
5.1 Introduction
5.2 The Exponential Distribution
5.2.1 Definition
5.2.2  Properties of the Exponential Distribution
5.2.3  Further Properties of the Exponential Distribution
5.2.4 Convolutions of Exponential Random Variables
5.3 The Poisson Process
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Exercises

1.

[

The time T required to repair a machine is an exponentially distributed random
variable with mean {; {hours).

{a) What is the probability that a repair time exceeds {; hour?

{b) What is the probability that a repair takes at least 12} hours given that its
duration exceeds 12 hours?

Suppose that vou arrive at a single-teller bank to find five other customers in the
bank, one being served and the other four waiting in line. You join the end of the
line. If the service times are all exponential with rate u, what is the expected amount
of time you will spend in the bank?

Let X be an exponential random variable. Without any computations, tell which
one of the following is correct. Explain your answer.

(a) EIX?|X = 1]1=El(X + 1)?]

(b) E[X?|X = 11=EIX?] + 1

(c) EIXZ|X = 1]=(1+ EIX])?

Consider a post office with two clerks. Three people, A, B, and C, enter simultane-
ously. A and B go directly to the clerks, and C waits until either A or B leaves before
he begins service. What is the probability that A is still in the post office after the
other two have left when

(a} the service time for each clerk is exactly (nonrandom) ten minutes?

{b) the service times are § with probability %., i=1,2, 3

(c) the service times are exponential with mean 1/pu?

The lifetime of a radio is exponentially distributed with a mean of ten years. If Jones

buys a ten-year-old radio, what is the probability that it will be working after an
additional ten years?
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14.

In Example 5.3 if server i serves at an exponential rate J;, i = 1, 2, show that

5 2 2
P{Smith is not last} = (L) + ( 2 )
A+ Az A+ A2

If Xy and X are independent nonnegative continuous random variables, show that

ri(t)

PiXy < X mnx. xX=tl=—————
X4 2| min(Xy, X7) =t} O+ 120

where 7;(f) is the failure rate function of X;.

Let X;.i = 1,...,n be independent continuous random variables, with X; having
failure rate function 7;(¢). Let T be independent of this sequence, and suppose that
314 PIT =i} = 1. Show that the failure rate function r(t) of X is given by

rit) = Zr,-{z]P{T —i|X =t}

i=1

Machine 1 is currently working. Machine 2 will be put in use at a time ¢ from
now. If the lifetime of machine # is exponential with rate i;, i = 1,2, what is the
probability that machine 1 is the first machine to fail?

Let X and Y be independent exponential random variables with respective rates A
and g. Let M = min(X, Y). Find

{a) E[MX|M = X],

(b) E[MXI|M = Y],

ic) CoviX, M.

Let X, Yq,..., Y, be independent exponential random variables; X having rate A,
and Y; having rate ji. Let A; be the event that the jth smallest of these # + 1 random
variables is one of the Y;. Find p = P{X = max; Y;}, by using the identity

p =PlAL---Ap) = PLANPIAZIA) - - PlAR A - - Apt)

Verify your answer when n = 2 by conditioning on X to obtain p.

If X;, i = 1,2,3, are independent exponential random variables with rates ;,
i=1,2,3, find

(a) P{X; < X3 < X3},

(b} P{Xy < Xz|max(X1, Xz, X3) = X3},

() ElmaxX;| X1 = X2 = X3,

(d)  E[max X;].

Find, in Example 5.10, the expected time until the #th person on line leaves the line
{either by entering service or departing without service).

Let X be an exponential random variable with rate A.
{a) Use the definition of conditional expectation to determine E[X|X < c].
(b) Now determine E[X|X = ¢] by using the following identity:

E[X] = EIX|X = c]P{X = c} + E[X|X = ¢]P{X = ¢)
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One hundred items are simultaneously put on a life test. Suppose the lifetimes of
the individual items are independent exponential random variables with mean 200
hours. The test will end when there have been a total of § failures. If T is the time
at which the test ends, find E[T] and Var(T).

There are three jobs that need to be processed, with the processing time of job i

being exponential with rate u;. There are two processors available, so processing

on two of the jobs can immediately start, with processing on the final job to start
when one of the initial ones is finished.

{a) Let T; denote the time at which the processing of job i is completed. If the
objective is to minimize E[T; + T, + T3], which jobs should be initially
processed if py < p2 = p3?

{b) Let M, called the makespan, be the time until all three jobs have been processed.
With § equal to the time that there is only a single processor working, show

that

3
2EIM] = EIS1 + Y 1/u

i=1

For the rest of this problem, suppose that 1 = p3 = u, p3 = i Also, let
P(u) be the probability that the last job to finish is either job 1 or job 2, and
let P(3) = 1 — Piu) be the probability thar the last job to finish is job 3.
(c) Express E[S] in terms of P(x) and P(a).
Let P; j(u) be the value of P(u) when i and j are the jobs that are initially
started.
(d) Show that Py () < P13(u).
(e} If u = A show that E[M] is minimized when job 3 is one of the jobs that is
initially started.
(f) If g = & show that E[M] is minimized when processing is initially started on
jobs 1 and 2.
A set of n cities is to be connected via communication links. The cost to construct a
link between cities f and j is Cy;, i # j. Enough links should be constructed so that
for each pair of cities there is a path of links that connects them. As a result, only
n — 1 links need be constructed. A minimal cost algorithm for solving this problem
{known as the minimal spanning tree problem) first constructs the cheapest of all the
(3) links. Then, at each additional stage it chooses the cheapest link that connects
a city without any links to one with links. That is, if the first link is between cities
1 and 2, then the second link will either be between 1 and one of the links 3,...,n
or between 2 and one of the links 3, ..., n. Suppose that all of the (7) costs C;; are
independent exponential random variables with mean 1. Find the expected cost of
the preceding algorithm if
(a) m=3,
(b} n=4.
Let Xy and X2 be independent exponential random variables, each having
rate u. Let

X1y = minimum(X1,Xz2) and X2; = maximum(Xy, X3z)
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Find

(a) E[Xl,

(b) Var[Xy],

(¢} ElXzl,

(d) Var[Xgz].

Repear Exercise 18, but this time suppose that the X; are independent exponentials

with respective rates pu;, i = 1,2.

Consider a two-server system in which a customer is served first by server 1, then

by server 2, and then departs. The service times at server i are exponential random

variables with rates p;, i = 1,2. When you arrive, you find server 1 free and two

customers at server 2—customer A in service and customer B waiting in line.

{a) Find P4, the probability that A is still in service when you move over to server 2.

(b) Find Pg, the probability that B is still in the system when you move over to
server 2.

(c) Find E[T], where T is the time that you spend in the system.

Hint: Write
T=851+85+Ws+Wp

where §; is your service time at server £, W4 is the amount of time you wait in quene
while A is being served, and Wy is the amount of time vou wait in quene while B
is being served.

In a certain system, a customer must first be served by server 1 and then by server 2.
The service times at server { are exponential with rate w;, i = 1, 2. An arrival finding
server 1 busy waits in line for that server. Upon completion of service at server 1,
a customer either enters service with server 2 if that server is free or else remains
with server 1 (blocking any other customer from entering service) until server 2 is
free. Customers depart the svstem after being served by server 2. Suppose that when
you arrive there is one customer in the system and that customer is being served by
server 1. What is the expected total time vou spend in the system?

Suppose in Exercise 21 you arrive to find two others in the system, one being served
by server 1 and one by server 2. What is the expected time you spend in the system?
Recall that if server 1 finishes before server 2, then server 1's customer will remain
with him (thus blocking your entrance) until server 2 becomes free.

A flashlight needs two batteries to be operational. Consider such a flashlight along
with a set of » functional batteries—barttery 1, battery 2, ..., battery n. Initially,
battery 1 and 2 are installed. Whenever a battery fails, it is immediately replaced by
the lowest numbered functional battery that has not vet been put in use. Suppose
that the lifetimes of the different batteries are independent exponential random
variables each having rate p. At a random time, call it T, a battery will fail and
our stockpile will be empty. At that moment exactly one of the batteries—which
we call battery X—will not yet have failed.

{al Wharis P{X = n)?

(b) Whatis P{X = 1}?

{c) Whatis P|X =i)?
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(d) Find E[T].
{e) Whart is the distribution of T?

There are two servers available to process 1 jobs. Initially, each server begins work
on a job. Whenever a server completes work on a job, that job leaves the system and
the server begins processing a new job (provided there are still jobs waiting to be
processed). Let T denote the time until all jobs have been processed. If the time that
it takes server i to process a job is exponentially distributed with rate p;, 1 = 1,2,
find E[T] and Var(T).

Customers can be served by any of three servers, where the service times of server i

are exponentially distributed with rate p;, i = 1,2, 3. Whenever a server becomes

free, the customer who has been waiting the longest begins service with that server.

{a) [If youarrive to find all three servers busy and no one waiting, find the expected
time until vou depart the system.

(b) If vou arrive to find all three servers busy and one person waiting, find the
expected time until you depart the system.

Each entering customer must be served first by server 1, then by server 2, and finally

by server 3. The amount of time it takes to be served by server i is an exponential

random variable with rate p;, i = 1,2, 3. Suppose you enter the system when it

contains a single customer who is being served by server 3.

{a) Find the probability that server 3 will still be busy when you move over to
server 2.

{b) Find the probability that server 3 will still be busy when you move over to
server 3.

(c) Find the expected amount of time that you spend in the system. (Whenever
you encounter a busy server, you must wait for the service in progress to end
before you can enter service.)

(d) Suppose that you enter the system when it contains a single customer who is
being served by server 2. Find the expected amount of time that vou spend in
the system.

Show, in Example 5.7, that the distributions of the total cost are the same for the
two algorithms.

Consider #n components with independent lifetimes, which are such that component
i functions for an exponential time with rate A;. Suppose that all components are
initially in use and remain so until they fail.

{a) Find the probability that component 1 is the second component to fail.

{b) Find the expected time of the second failure.

Hint: Do not make use of part (a).

Let X and Y be independent exponential random variables with respective rates i
and g, where & = p. Let ¢ = 0.
{a) Show that the conditional density function of X, given that X + Y = ¢, is

(A — p)e” ki
fx|X+Y(I|fJ = 1 — g G—mic_* D=x=c

(b) Use part {a) to find E[X|X + Y =¢].
ic) Find E[Y|X + Y =«¢].
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The lifetimes of A’s dog and cat are independent exponential random variables with
respective rates Ay and .. One of them has just died. Find the expected additional
lifetime of the other pet.

A doctor has scheduled two appointments, one at 1 pM. and the other at 1:30 pa.
The amounts of time that appointments last are independent exponential random
variables with mean 30 minutes. Assuming that both patients are on time, find
the expected amount of time that the 1:30 appointment spends at the doctor’s
office.

Let X be a uniform random variable on (0, 1), and consider a counting process
where events occur at times X + i, fori =0,1,2, ...

{a) Does this counting process have independent increments?

(b) Does this counting process have stationary increments?

Let X and Y be independent exponential random variables with respective rates 4

and .

{a) Argue that, conditional on X = Y, the random variables min(X, Yy and X — Y
are independent.

(b) Use part (a) to conclude that for any positive constant ¢

E[min{X, ¥} X = Y + ¢c] = E[min(X, ¥}|X = Y]

= Elmin(X, Y)] = T
(c) Give a verbal explanation of why min(X, ¥) and X — Y are (unconditionally)
independent.

Two individuals, A and B, both require kidney transplants. If she does not receive
a new kidney, then A will die after an exponential time with rate p 4, and B after
an exponential time with rate pp. Wew kidneys arrive in accordance with a Poisson
process having rate A. It has been decided that the first kidney will go to A (orto B
if B is alive and A is not at that time) and the next one to B (if still living).

{a) Whart is the probability that A obtains a new kidney?

{b) Whart is the probability that B obtains a new kidney?

Show that Definition 5.1 of a Poisson process implies Definition 5.3.

Let §(¢) denote the price of a security at time ¢. A popular model for the process
{8(#),t = 0} supposes that the price remains unchanged until a “shock™ occurs, at
which time the price is multiplied by a random factor. If we let N(¢) denote the
number of shocks by time ¢, and let X; denote the ith multiplicative factor, then
this model supposes that

Nit)
S(t) = S0y l_[ X;

i=1

where ﬂjll[? X; is equal to 1 when N(t) = 0. Suppose that the X; are independent
exponential random variables with rate yu; that {N(#),¢ = 0} is a Poisson process
with rate i; that {N(¢), ¢ = 0} is independent of the X;; and that §(0) = s.

{a) Find E[5(1)].

(b) Find E[52(5)].
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A machine works for an exponentially distributed time with rate p and then fails. A
repair crew checks the machine at times distributed according to a Poisson process
with rate 4; if the machine is found to have failed then it is immediately replaced.
Find the expected time between replacements of machines.

Let {M,(t), ¢t = 0},i = 1, 2, 3 be independent Poisson processes with respective rates
ki, i =1,2, and set

Ni(t) = My(t) + Ma(t), Na(t) = Ma(t) + M(t)

The stochastic process {(Ny(£), Na(£)), ¢ = 0} is called a bivariate Poisson process.
(a) Find P{Ny(t) = n, Na(t) = m}.

(b} Find Cov(N1(t), Na(t)).

A certain scientific theory supposes that mistakes in cell division occur according
to a Poisson process with rate 2.5 per vear, and that an individual dies when 194
such mistakes have occurred. Assuming this theory, find

{a) the mean lifetime of an individual,

(b} the variance of the lifetime of an individual.

Also approximate

(c) the probability that an individual dies before age 67.2,

(d) the probability that an individual reaches age 90,

(e} the probability that an individual reaches age 100.

Show that if {N;(¢),# = 0} are independent Poisson processes with rate A;,i = 1,2,
then {N(t#),# = 0} is a Poisson process with rate 2y + ; where N{t) = Ny(#) +
Nz(#).

In Exercise 40 whart is the probability that the first event of the combined process
is from the Ny process?

Let {N(t), t = 0} be a Poisson process with rate . Let §, denote the time of the
nth event. Find

(a) E[S5a4l,

(b} ElS4IN(1) =2],

(c) EIN(4) — N(2)|N(1) = 3].

Customers arrive at a two-server service station according to a Poisson process with
rate . Whenever a new customer arrives, any customer that is in the system imme-
diately departs. A new arrival enters service first with server 1 and then with server
2. If the service times at the servers are independent exponentials with respective
rates p1 and uz, what proportion of entering customers completes their service
with server 22

Cars pass a certain street location according to a Poisson process with rate A.
A woman who wants to cross the street at that location waits until she can see
that no cars will come by in the next T time units.

{a) Find the probability that her waiting time is 0.

{b) Find her expected waiting time.

Hint: Condition on the time of the first car.
Let {N(t), ¢ = 0} be a Poisson process with rate A that is independent of the non-
negative random variable T with mean p and variance 2. Find

{a) Cov(T, N(T)),
(b} War(N(T)).
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Let {N(t), t = 0} be a Poisson process with rate A that is independent of the sequence
X1, Xz, ... of independent and identically distributed random variables with mean
w and variance o=, Find

Nit)
Cov| N(#), Y X,

i=1

Consider a two-server parallel queuing system where customers arrive according to

a Poisson process with rate A, and where the service times are exponential with rate

. Moreover, suppose that arrivals finding both servers busy immediately depart

without receiving any service (such a customer is said to be lost), whereas those

finding at least one free server immediately enter service and then depart when

their service is completed.

{a) [If both servers are presently busy, find the expected time until the next customer
enters the system.

(b} Starting empty, find the expected time until both servers are busy.

(c) Find the expected time between two successive lost customers.

Consider an n-server parallel quening system where customers arrive according
to a Poisson process with rate A, where the service times are exponential random
variables with rate p, and where any arrival finding all servers busy immediately
departs without receiving any service. If an arrival finds all servers busy, find

{a) the expected number of busy servers found by the next arrival,

(b) the probability that the next arrival finds all servers free,

(c) the probability that the next arrival finds exactly ¢ of the servers free.

Events occur according to a Poisson process with rate . Each time an event occurs,

we must decide whether or not to stop, with our objective being to stop art the last

event to occur prior to some specified time T, where T = 1/4. Thar is, if an event

occurs at time ¢, 0 < ¢+ < T, and we decide to stop, then we win if there are no

additional events by time T, and we lose otherwise. If we do not stop when an event

occurs and no additional events occur by time T, then we lose. Also, if no events

occur by time T, then we lose. Consider the strategy that stops at the first event to

occur after some fixed time s, 0 <s < T.

{a) Using this strategy, what is the probability of winning?

{b) What value of s maximizes the probability of winning?

(¢} Show that one’s probability of winning when using the preceding strategy with
the value of s specified in part (b) is 1/e.

The number of hours between successive train arrivals ar the station is uniformly

distributed on (0, 1). Passengers arrive according to a Poisson process with rate 7

per hour. Suppose a train has just left the station. Let X denote the number of

people who get on the next train. Find

(a) EIX],

(b} VariX).

If an individual has never had a previous automobile accident, then the probability

he or she has an accident in the next & time units is gh 4+ o(h); on the other hand, if

he or she has ever had a previous accident, then the probability is ah + o(k). Find

the expected number of accidents an individual has by time ¢.
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Teams 1 and 2 are plaving a match. The teams score points according to independent
Poisson processes with respective rates A1 and A2. If the match ends when one of the
teams has scored &£ more points than the other, find the probability that team 1 wins.

Hint: Relate this to the gambler’s ruin problem.

The water level of a certain reservoir is depleted ar a constant rate of 1000 units
daily. The reservoir is refilled by randomly occurring rainfalls. Rainfalls occur
according to a Poisson process with rate 0.2 per day. The amount of water added
to the reservoir by a rainfall is 5000 units with probability 0.8 or 8000 units with
probability 0.2. The present water level is just slightly below 5000 units.

{a) What is the probability the reservoir will be empty after five days?

{b) What is the probability the reservoir will be empty sometime within the next

ten days?

A viral linear DNA molecule of length, sav, 1 is often known to contain a certain
“marked position,” with the exact location of this mark being unknown. One
approach to locating the marked position is to cut the molecule by agents that
break it at points chosen according to a Poisson process with rate A. It is then
possible to determine the fragment that contains the marked position. For instance,
letting #1 denote the location on the line of the marked position, then if Ly denotes
the last Poisson event time before s (or 0 if there are no Poisson events in [0, m1]),
and Ry denotes the first Poisson event time after s (or 1 if there are no Poisson
events in [m, 1]}, then it would be learned that the marked position lies between
Ly and R;. Find

{a) P{L; =0},
{(b) P{Lj <x},0<=x<m,
(c} P{Ry =1},

{d) PRy =x},m=x-=<1.

By repeating the preceding process on identical copies of the DNA molecule, we are
able to zero in on the location of the marked position. If the cutting procedure is
utilized on » identical copies of the molecule, yielding the data L;,R;,i=1,...,n,
then it follows that the marked position lies between L and R, where

L=maxl;, R =minRk;
[} (]

(e} Find E[R — L], and in doing so, show that E[R — L] ~ 32,_-

Consider a single server queuing system where customers arrive according to
a Poisson process with rate A, service times are exponential with rate p, and
customers are served in the order of their arrival. Suppose that a customer arrives
and finds # — 1 others in the system. Let X denote the number in the system at the
moment that customer departs. Find the probability mass function of X.

Hint: Relate this to a negative binomial random variable.

An event independently occurs on each day with probability p. Let Nn) denote
the total number of events that occur on the first # days, and let T, denote the day
on which the rth event occurs.

(a) Whar is the distribution of Nim)?

(b) Whar is the distribution of Ty?
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(¢} What is the distribution of T,?

(d) Given that N(n) = r, show that the set of r days on which events occurred
has the same distribution as a random selection (without replacement) of r of
the values 1,2,...,n.

Events occur according to a Poisson process with rate A = 2 per hour.

{a) What is the probability that no event occurs between 8 p.M. and 9 P62

{b) Srarting at noon, what is the expected time at which the fourth event occurs?

{c) What is the probability that two or more events occur between & P.M. and
8 pM.2

Consider the coupon collecting problem where there are s distinet types of
coupons, and each new coupon collected is type j with probability p;, 374 p; = 1.
Suppose you stop collecting when you have a complete set of at least one of each
type. Show that

P{i is the last type collected} = E[l_[{l — Ul;r'lrj]
i
where U is a uniform random variable on (0, 1).

There are two types of claims that are made to an insurance company. Let N;(#)
denote the number of type i claims made by time ¢, and suppose that {Ny(#),¢ = 0}
and {Nz(t),t = 0} are independent Poisson processes with rates A1 = 10 and
43 = 1. The amounts of successive type 1 claims are independent exponential
random variables with mean $1000 whereas the amounts from type 2 claims are
independent exponential random variables with mean $5000. A claim for $4000
has just been received; what is the probability it is a type 1 claim?

Customers arrive at a bank ar a Poisson rate . Suppose two customers arrived
during the first hour. What is the probability that

{a) both arrived during the first 20 minutes?

{b) ar least one arrived during the first 20 minutes?

A system has a random number of flaws that we will suppose is Poisson distributed
with mean c. Each of these flaws will, independently, cause the system to fail ar
a random time having distribution G. When a system failure occurs, suppose that
the flaw causing the failure is immediately located and fixed.
{a) What is the distribution of the number of failures by time ¢?
(b} What is the distribution of the number of flaws that remain in the svstem at
time #?
(c) Are the random variables in parts (a) and (b) dependent or independent?
Suppose that the number of typographical errors in a new text is Poisson distributed
with mean A. Two proofreaders independently read the text. Suppose that each
error is independently found by proofreader i with probability p;, i = 1,2. Let
X1 denote the number of errors that are found by proofreader 1 but not by
proofreader 2. Let X7 denote the number of errors that are found by proofreader
2 but not by proofreader 1. Let X1 denote the number of errors that are found by
both proofreaders. Finally, let X4 denote the number of errors found by neither
proofreader.



63,

f64d.

65,

66,

67.

68,

{a) Describe the joint probability distribution of X1, X2, Xz, X4.
(b} Show thar
E[X4] _ - and E[X;] _ 1 -
E[X3] p2 E[X3] g

Suppose now that A, pq, and p2 are all unknown.

(c) By using X; as an estimator of E[X;], i = 1,2, 3, present estimators of py, pa,
and .

(d) Give an estimator of X4, the number of errors not found by either proofreader.

Consider an infinite server gueuning svstem in which customers arrive in accordance
with a Poisson process with rate &, and where the service distribution is exponential
with rate g. Let X(¢) denote the number of customers in the system at time ¢. Find
(a) E[Xit+ 5)|X(s) =nl;

(b} Var[Xit + s)|X(s) = n].

Hint: Divide the customers in the system at time ¢ + s into two groups, one
consisting of “old™ customers and the other of “new™ customers.

{c) Consider an infinite server quening system in which customers arrive
according to a Poisson process with rate A, and where the service times are
all exponential random variables with rate . If there is currently a single
customer in the system, find the probability that the system becomes empty
when thar customer departs.

Suppose that people arrive at a bus stop in accordance with a Poisson process with
rate A. The bus departs at time ¢. Let X denote the total amount of waiting time
of all those who get on the bus at time ¢. We want to determine Var(X). Let N(¢)
denote the number of arrivals by time ¢.

{(a) Whatis E[X|N(#)]?

(b) Argue that Var[X|N(t)] = N(t)t2/12.

{c) What is Var(X)?

An average of 500 people pass the California bar exam each year. A California
lawyer practices law, on average, for 30 years. Assuming these numbers remain
steady, how many lawyers would you expect California to have in 20507

Policyholders of a certain insurance company have accidents at times distributed

according to a Poisson process with rate L. The amount of time from when the

accident occurs until a claim is made has distribution G.

{a) Find the probability there are exactly n incurred but as yet unreported claims
at time ¢.

{b) Suppose that each claim amount has distribution F, and that the claim amount
is independent of the time that it takes to report the claim. Find the expected
value of the sum of all incurred but as yet unreported claims ar time ¢.

Satellites are launched into space at times distributed according to a Poisson
process with rate i. Each satellite independently spends a random time (having
distribution G) in space before falling to the ground. Find the probability that
none of the satellites in the air ar time ¢ was launched before time s, where s < ¢.

Suppose that electrical shocks having random amplitudes occur at times dis-
tributed according to a Poisson process {N(t),¢ = 0} with rate &. Suppose that the



69,

70,

71.

72

amplitudes of the successive shocks are independent both of other amplitudes and
of the arrival times of shocks, and also that the amplitudes have distribution F
with mean u. Suppose also that the amplitude of a shock decreases with time at
an exponential rate o, meaning that an initial amplitude A will have value Ae—™¥
after an additional time x has elapsed. Let A(¢) denote the sum of all amplitudes
at time ¢. That is,

Nir
A =Y Aot
i=1

where A; and §; are the initial amplitude and the arrival time of shock i.

{a) Find E[A(#)] by conditioning on N(t).

(b} Without anv computations, explain why A(#) has the same distribution as
does D(t) of Example 5.21.

Let {N(t),# = 0} be a Poisson process with rate &. For s < ¢, find
{a) P(N({t) = N(s))

(b) P(N(s) = 0,Nit) = 3);

{c) E[N(t)|N(s) = 4];

(d) EIN(s)|N(t) = 4].

For the infinite server quene with Poisson arrivals and general service distribution
G, find the probability that

{a) the first customer to arrive is also the first to depart.

Let S(#) equal the sum of the remaining service times of all customers in the system
at time ¢.

{b) Argue that 5(¢) is a compound Poisson random variable.

{c) Find E[8{t)].

(d}  Find Var(Sit)).

Let §,; denote the time of the nth event of the Poisson process [N(t), ¢ = 0} having

rate . Show, for an arbitrary function g, that the random variable Zfi[{’ 2(5;)

has the same distribution as the compound Poisson random variable Zii{:} £(U;),
where Uy, Ua, ... is a sequence of independent and identically distributed uniform
(0, #) random variables that is independent of N, a Poisson random variable with

mean it. Consequently, conclude that
N5 t Nit) i
E Zg{S,-} = :a.f glx) dx Var(z g{S,-]) c }.f gll[x}dx
i=1 ! i=1 0

A cable car starts off with » riders. The times between successive stops of the car
are independent exponential random variables with rate A. At each stop one rider
gets off. This takes no time, and no additional riders get on. After a rider gets
off the car, he or she walks home. Independently of all else, the walk takes an
exponential time with rate .

{a) What is the distribution of the time at which the last rider departs the car?
(b} Suppose the last rider departs the car at time ¢. What is the probability that

all the other riders are home art that time?
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Shocks occur according to a Poisson process with rate A, and each shock indepen-

dently causes a certain system to fail with probability p. Let T denote the time at

which the system fails and let N denote the number of shocks thart it takes.

{a) Find the conditional distribution of T given that N = n.

(b) Calculate the conditional distribution of N, given that T = ¢, and notice that
it is distributed as 1 plus a Poisson random variable with mean A(1 — p)t.

ic) Explain how the result in part (b} could have been obtained without any
calculations.

The number of missing items in a certain location, call it X, is a Poisson random

variable with mean A. When searching the location, each item will independently

be found after an exponentially distributed time with rare u. A reward of R is

received for each item found, and a searching cost of C per unit of search time is

incurred. Suppose that you search for a fixed time ¢ and then stop.

{a}) Find your total expected return.

{b) Find the value of ¢ that maximizes the total expected return.

ic) The policy of searching for a fixed time is a static policy. Would a dynamic
policy, which allows the decision as to whether to stop at each time ¢, depend
on the number already found by # be beneficial?

Hint: How does the distribution of the number of items not vet found by time ¢
depend on the number already found by that time?

Suppose that the times between successive arrivals of customers at a single-server
station are independent random wariables having a common distribution F.
Suppose that when a customer arrives, he or she either immediately enters service
if the server is free or else joins the end of the waiting line if the server is busy
with another customer. When the server completes work on a customer, that
customer leaves the system and the next waiting customer, if there are any, enters
service. Let X, denote the number of customers in the system immediately before
the nth arrival, and let Y, denote the number of customers that remain in the
system when the nth customer departs. The successive service times of customers
are independent random variables (which are also independent of the interarrival
times) having a common distribution G.
{(a) If F is the exponential distribution with rate A, which, if any, of the processes
[Xu), { Yy} is a Markov chain?
(b) If G is the exponential distribution with rate p, which, if any, of the processes
[ X}, { Yy} is a Markov chain?
{c) Give the transition probabilities of any Markov chains in parts (a) and (b).

For the model of Example 5.27, find the mean and variance of the number of
customers served in a busy period.

Suppose that customers arrive to a system according to a Poisson process with
rate A. There are an infinite number of servers in this system so a customer
begins service upon arrival. The service times of the arrivals are independent
exponential random variables with rate wp, and are independent of the arrival
process. Customers depart the system when their service ends. Let N be the number
of arrivals before the first departure.

{a}) Find P(N = 1).

(b} Find P(N = 2).
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{c) Find P(N = ).
id) Find the probability that the first to arrive is the first to depart.
{e) Find the expected time of the first deparrure.

A store opens at 8 AM. From & until 10 oM. customers arrive at a Poisson rate of
four an hour. Berween 10 oM. and 12 pat they arrive at a Poisson rate of eight an
hour. From 12 p.a. to 2 pM. the arrival rate increases steadily from eight per hour at
12 pM. to ten per hour at 2 Py and from 2 to 5 pM. the arrival rate drops steadily
from ten per hour at 2 paL to four per hour at 5 par. Determine the probability
distribution of the number of customers that enter the store on a given day.

Consider a nonhomogeneous Poisson process whose intensity function i(z) is
bounded and continuous. Show that such a process is equivalent to a process of
counted events from a (homogeneous) Poisson process having rate A, where an
event at time ¢ is counted (independent of the past) with probability A(t)/4; and
where A is chosen so that 4(s) = A for all s.

Let Ty, Tz, ... denote the interarrival times of events of a nonhomogeneous Poisson
process having intensity function A{#).

{a) Are the T; independent?

ib) Are the T; identically distributed?

{c) Find the distribution of Ty.

{a) Let {N(t).t = 0} be a nonhomogeneous Poisson process with mean value
function m(t). Given Nit) = n, show that the unordered set of arrival times
has the same distribution as » independent and identically distributed random
variables having distribution function

mix) -
Fx)={m@n’® *5
1, x =t

(b}  Suppose that workmen incur accidents in accordance with a nonhomogeneous
Poisson process with mean value function si(¢). Suppose further that each
injured man is out of work for a random amount of time having distribution
F. Let X(t) be the number of workers who are out of work at time ¢. By using
part (a), find E[X(#)].

Let X{,X3,... be independent positive continuous random variables with a

common density function £, and suppose this sequence is independent of N, a

Poisson random variable with mean A. Define

N(t) =numberof i < N: X, <¢

Show that {N(#),t = 0} is a nonhomogeneous Poisson process with intensity
function A(t) = Af(¢).

Suppose that {Npit), ¢ = 0} is a Poisson process with rate & = 1. Let i(¢t) denote
a nonnegative function of ¢, and let

T
mit) = f Als)ds
0
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Define Ni(t) by
N(t) = No(mi(t))

Argue that {N(t),# = 0} is a nonhomogeneous Poisson process with intensity
function A(t), ¢ = 0.

Hint: Make use of the identity
mit + k) — m(t) =m'(Hh + olh)

Let X1, X3,... be independent and identically distributed nonnegative continuous
random variables having density function f(x). We say thart a record occurs at time
n if X, is larger than each of the previous values Xq,..., Xy_1. (A record auto-
matically occurs at time 1.) If a record occurs at time n, then X, is called a record
value. In other words, a record occurs whenever a new high is reached, and thart
new high is called the record value. Let N(¢) denote the number of record values
that are less than or equal to ¢. Characterize the process {N(¢#), ¢ = 0} when

{a) f isan arbitrary continuous density function.

(b} f(x) =re**.

Hint: Finish the following sentence: There will be a record whose value is between
t and ¢+ + dt if the first X; that is greater than ¢ lies between . ..

An insurance company pays out claims on its life insurance policies in accordance

with a Poisson process having rate 4 = 5 per week. If the amount of money paid

on each policy is exponentially distributed with mean $2000, what is the mean and

variance of the amount of money paid by the insurance company in a four-week

span?

In good years, storms occur according to a Poisson process with rate 3 per unit

time, while in other years they occur according to a Poisson process with rate 5

per unit time. Suppose next year will be a good vear with probability 0.3. Let N(#)

denote the number of storms during the first ¢ time units of next vear.

{a) Find P{N(t) = n}.

{b) Is {N(t)} a Poisson process?

(c) Dwoes {Nit)} have stationary increments? Why or why not?

{d) Daoes it have independent increments? Why or why not?

(e) If next vear starts off with three storms by time ¢ = 1, what is the conditional
probability it is a good year?

Determine
Cov[X (), X(t + 5]

when {X(t),¢ = 0} is a compound Poisson process.

Customers arrive at the automatic teller machine in accordance with a Poisson pro-
cess with rate 12 per hour. The amount of money withdrawn on each transaction
is a random variable with mean $30 and standard deviation $50. (A negative with-
drawal means that money was deposited.) The machine is in use for 15 hours daily.
Approximate the probability that the total daily withdrawal is less than $6000.



89,

90.
a1,

v,
93,

94,

Some components of a two-component system fail after receiving a shock. Shocks
of three types arrive independently and in accordance with Poisson processes.
Shocks of the first type arrive at a Poisson rate 4 and cause the first component
to fail. Those of the second type arrive at a Poisson rate 27 and cause the second
component to fail. The third type of shock arrives at a Poisson rate 3 and causes
both components to fail. Let X; and X; denote the survival times for the two
components. Show that the joint distribution of X and X; is given by

PiXq = 5, X1 = t} = exp{—Aq5 — Azt — Ay max(s, 1)}

This distribution is known as the bivariate exponential distribution.
In Exercise 89 show that Xy and X3 both have exponential distributions.

Let Xy, X3,..., X, be independent and identically distributed exponential random
variables. Show that the probability that the largest of them is greater than the
sum of the others is n/2"~1, That is, if

M= m;_]ij
i

then show

"
]
PlM:— Zx,-—ml = 3
i=1

Hint: Whatis P{X; = ¥ X;)?
Prove Equation (5.22).

Prove that
(a) max(Xy,X;7) =Xy + X3 —min(Xy, X3) and, in general,
M

(b) max(Xy,..., X =) X;—> > min(X;, X))

1 i=f
+ ZZ Emj"{xl'«xj,xk} 4 ae

i<j<k

+ (=" ' min(X;, X, ..., Xp)

(c) Show by defining appropriate random variables X;, i = 1,...,n, and by
taking expectations in part {b) how to obtain the well-known formula

P(UA.-) =D P(A) =3 D PAA) + -+ ()" 1 P(Ar - Ay)
1 i

i=f

(d}  Consider » independent Poisson processes—the ith having rate ;. Derive an
expression for the expected time until an event has occurred in all # processes.

A two-dimensional Poisson process is a process of randomly occurring events in

the plane such that

(i) for any region of area A the number of events in that region has a Poisson
distribution with mean A4, and

(ii) the number of events in nonoverlapping regions are independent.



95.

96,

97.

For such a process, consider an arbitrary point in the plane and let X denote its
distance from its nearest event (where distance is measured in the usual Euclidean
manner). Show that

o
(a) P{X =t} =g ",

(b) E[X]= _l,).

Let {N(t),t = 0} be a conditional Poisson process with a random rate L.

{a) Derive an expression for E[L|N(¢) = n].

{b) Find, for s = ¢, E[N(s)|N(#) = n].

{c) Find, for s = ¢, E[N{s)|N(¢) = n].

For the conditional Poisson process, let my = E[L], m; = E[L?]. In terms of m,
and 2, find Cov(N(s), N(#)) fors < ¢.

Consider a conditional Poisson process in which the rate L is, as in Example 5.29,
gamma distributed with parameters m and p. Find the conditional density function
of L given that N(¢) = n.




Chapter 5

(@) e ! (bye!

Let T be the time you spend in the system; let 5; be
the service time of person i in the queue: let R be
the remaining service time of the person in service;
let 5 be your service time. Then,

E[T]=E[R+ 51 + 524+ 53+ 5: + 5]
4
=E[R] + Y E[S] + E[S]=6/n

i=1

where we have used the lack of memory property
to conclude that R is also exponential with rate p.

The conditional distribution of X, given that
X =1, is the same as the unconditional distribution
of 1 4+ X. Hence, (a) is correct.

1 1
(a) 0 (b) f () E

e~ ! by lack of memory.
Condition on which server initially finishes first.

Now,

P{5Smith is last|server 1 finishes first}

= P{server 1 finishes before server 2}
by lack of memory

__M
T A+ A
Similarly,
P{Smith is last|server 2 finished first} = L
M+ A2

and thus

P(Smith s last] = |—2 | )
{Smith is last} = AW —l—{\l_’_(\z

7. P{X; < Xp| min(X;, Xo)= t}

11.

_ P{Xy < X3, min(Xy, X;5) = ¢t}
T P{min(Xy,X2) =t}
_ P{X'l:f,xg}f}
CP{Xi=tX2 >t} +P{Xa=tX; >t}
_ ABE()
At + f2(OF (1)
Dividing though by Fi(f)F2(t) vields the result.

(For a more rigorous argument, replace "=
by “ £ (t, f 4+ €)” throughout, and then let ¢ — 0.)

Let X; have density f; and tail distribution F;.

2 PIT =ijfi(t)
r(t)= =1
> P{T = j}Fi(®)

=1

3 P{T = ijr(OFi()
i=1

PAT = j}Fj()
=1

T
The result now follows from
P{T =i|X >t} :M
> P{T = j}Fi(t)
j=1

Condition on whether machine 1 is still working at
time {, to obtain the answer,
A

1Mty p=hi A1

M+ A2

(a) Using Equation (5.5), the lack of memory prop-
erty of the exponential, as well as the fact that
the minimum of independent exponentials is
exponential with a rate equal to the sum of
their individual rates, it follows that

n
P = 3




and, forj = 1,

A Ay = f D
P4l Al_l)_)x+(n—j+l},u
Hence,

(n—j+
P= HA+(n [
(b) Whenn=2,

P{maxY; = X}
(s o]

= f P{max Y; < X|X = x}Ae™Mdx
DC&O

= f P{max Y; < x}he Mdx
DC}O

= f (1 — e #)2heMdx
o

m . .
=f (1— 20 H% 4 g~ )2 pp—Argy
]

_q_ 2 A
N A4+p  2p+ A
2,u2

T+ +20)
12. (a) P{X; < X; < X3}
= P{X; = min(Xy, X3, X5)}
P{X; < X3]X%,

_ M
M+t A

= ijlI:Xl,Xg_, X3}}
P{X'_J_ < X3|X[

= min{XhXZJXEJ}
N A
_A1+)ﬂ2+)ﬂ3)ﬂ2+x\3

where the final equality follows by the lack of

memory property.
(b) P{X, < X3|X; = max(X;, X, X)}

P{X?_ < X.} < X|}

TP < X3 < X1} + P{Xa < X2 < X1}
Ay As
Myl +AaMm+ A

A Az Az

MAEA+A A+ A
. 1/(M + A3)
- 1A + A3 +1/(A + A

1 1 1

A1—|—)\2+A3 +)lp_+)\3+)t_3

()

M+ +rh M+ A

13.

A A 1
@ 2 A +)~I+)\ )1-+J)a [A Ao+ A
ik M 2 T A3 A kLA + Az + A3
+;+i}
A A A

where the sum is over all 6 permutations of 1, 2, 3.

Let Ty denote the time until the n®" person in line
departs the line. Also, let D be the time until the first
departure from the line, and let X be the additional
time after D until Ty. Then,

E[Tx]=E[D] + E[X]

1 (mn—1)0 +pn
E[T
n8+,u+ no 4 [

n— 1]

where E[X] was computed by conditioning on
whether the first departure was the person in line.
Hence,

E[Ty] = Ay + ByE[T;—1]
where

1 =D+
ne+p’ T ol +u

Arr =

Solving gives the solution
n—1 n
E[Tu]l=An + z Ap—i H B;
i=1 j=n—i+1
n—1
=Ap + z 1/(nf + p)
. n =
T+
Another way to solve the preceding is to let I; equal
1 if customer n is still in line at the time of the (j —
1) departure from the line, and let X_,- denote the
time between the (j — 1)* and }-r.& departure from
line. (Of course, these departures only refer to the
first n people in line.) Then

n
Tn = ¥ LiX;
j=1
The independence of [; and X; gives

E[Tx] = Y E[LIE[X]]
j=1

But,

(M—j+1)0+p
Mm—j+2)0+p

n—108+pu
ne + p

_n—j+ D4+

i+ ji

Ellj]1=




14.

16.

and

1
EX]l=—r—7r
1] m—j+10+pu
which gives the result.
(a) The conditional density of X gives that
X<cris
B ) I Vs
ﬂﬂX{C}_P{x{c} =T O=x<c
Hence,

C
E[X|X < c] = fne—hdx;ﬂ —e M)
0

Integration by parts yields

[ c
[
fx)w‘“dx: —xe | 4 fe‘h'dx
0 ° 2
=—ce M+ (1—e /A
Hence,

EX|X < c]=1/A—ce */(1—¢ )

(b) 1/A=E[X|X < c](1 —e )+ (c + 1/A)e ¢
This simplifies to the same answer as given in
part (a).

Let T; denote the ime between the (i — 1]”I and
the i failure. Then the T; are independent with T}
being exponential with rate (101 — i) /200. Thus,

> 200
E[T]= Y E[Ti]l= % ——
E E; 101 —i
_ 5 L 5 (200)2
Var(T) = E Var(Ty) = E 7{1[}1 7

(a) Supposeiandjareinitially begun, with k wait-
ing for one of them to be completed. Then

EIT] +EIT] + ElTil = 5 + -+ o +

_w3 1 1
—Ef=1 i + [T

Hence, the preceding is minimized when pi; +
j1j is as large as possible, showing thatitis opti-
mal to begin processing on jobs 2 and 3. Conse-
quently, to minimize the expected sum of the
completion times the jobs having largest rates
should be initiated first.

17.

(b) Letting X; be the processing time of job i, this
follows from the identity

3

2M-9)+5=3YX%;

i=1
which follows because if we interpret X; as the
work of job i then the total amount of work
is E?=1 X, whereas work is processed at rate
2 per unit time when both servers are busy and
atrate 1 per unit time when only a single pro-
cessor is working.

1 1
(c) E[S]= EP(#) + 5P

A A 7 A
d) P =
(@) Pia() #+A{p+x\+,u+)uju+)\
= Py3(p)
(e} Ifp = Athen E[S]is minimized when P{u)isas

large as possible. Hence, because minimizing
E[S] is equivalent to minimizing E[M], it fol-
lows that E[M] is minimized when jobs 1 and
3 are initially processed.

(f) Inthis case E[M]is minimized when jobs 1 and
2 are initially processed. In all cases E[M] is
minimized when the jobs having smallest rates
are initiated first.

Let C; denote the cost of the i link to be
constructed, i=1,...,n—1. Note that the first

link can be any of the possible links.

n

:)
Civen the first one, the second link must connect
one of the 2 cities joined by the first link with one of
the 1 — 2 cities without any links. Thus, given the
first constructed link, the next link constructed will
be one of 2(1n — 2) possible links. Similarly, given the
first two links that are constructed, the next one to
be constructed will be one of 3(n — 3) possible links,
and so on. Since the cost of the first link to be built

is the minimum of exponentials with rate 1,

n
2
it follows that

E[Cy] =1/(;)

By the lack of memory property of the exponential
it follows that the amounts by which the costs of
the other links exceed C; are independent exponen-
tials with rate 1. Therefore, C; is equal to C; plus
the minimum of 2(n — 2) independent exponentials
with rate 1, and so

1
E[C2] = E[Gi] + )



19.

20. (a) Pa=

21.

Similar reasoning then gives
E[C3] = E[C e
[Ca] = E] 2]-'-3(”_3J

and so on.

(c) Letting A = X — X1y we have
ElX]

= E[X] + E[A]

1 1 1 2
_ J1m 1 m
M1+ p2 gz op) A+ p2 j1 1+ pez
The formula for E[A] being obtained by condi-
tioning on which X;is largest.
LetTequal 1if X < X; and letit be 2 otherwise.
Since the conditional distribution of A (either
exponential with rate g1y or p7) is determined
by I, which is independent of Xy, it follows
that A is independent of Xj;.

(d

—

Therefore,
Var(X ) = Var(X ) + Var(A)

With p = ptq /(11 + p12) we obtain, upon condi-
tioning on [,

E[A]=p/p2 + (1 —p)/pa,
E[A?] =2p/u5 + 201 - p)/p7
Therefore,

Var(A) = 2p/p3 + 201 —p)/pi

— + (1 —-p)/m )
Thus, (/12 + (1 —p)/p1)

Var(X )
= 1/(u1 + p2)* + 20p/ 2 + (1 —p)/pe?]
—(p/p2 + (1 =p)/m)?

1
1 =+ 2

p2 \*
b) Pp=1— | ————
®) Fs (#14-#2)
(c) E[T]=1/p1+1/p2+ Pafpz + Pp/pz

E[time] = E[time waiting at 1] 4+ 1/
+ E[time waiting at 2] + 1/u2

Now,
E[time waiting at 1] =1/p1,
. " f
E[time waiting at 2] = {1/ >
[ gat2]=( .#-Jerm

The last equation follows by conditioning on
whether or not the customer waits for server 2.
Therefore,

E[time] =2/py + (1/p2)[1 + 11 /(p1 + p2)]

22. E[time] = E[time waiting for server 1] + 1/

23.

24,

+ E[time waiting for server 2] + 1/,

Now, the time spent waiting for server 1 is the
remaining service time of the customer with server
1 plus any additional time due to that customer
blocking your entrance. If server 1 finishes before
server 2 this additional time will equal the addi-
tional service time of the customer with server 2.
Therefore,

E[time waiting for server 1]
=1/py + E[Additional]
=1/py + (1 palpr /(1 + p2)]

Since when you enter service with server 1 the cus-
tomer preceding you will be entering service with
server 2, it follows that you will have to wait for
server 2 if you finish service first. Therefore, condi-
tioning on whether or not you finish first

E[time waiting for server 2]
= (1/p2)lpa /(1 + pr2)]
Thus,
Eftime] = 2/py + (2/p2)lp1 /(11 + p2)] + 1/p12

(a) 1/2.
(b) (1/2)"': whenever battery 1 is in use and a

failure occurs the probability is 1/2 that it is
not battery 1 that has failed.

{C) (1!.'2)??—!-4-1;
(d} Tisthesum ofn— 1independent exponentials
with rate 2u (since each time a failure occurs

the time until the next failure is exponential
with rate 2).

i1

(e) Gamma with parameters n — 1 and 2p.

Let T; denote the time between the (i — 1)”’ and the

i job completion. Then the T; are independent,
with T;,i=1,...,n — 1 being exponential with rate
i + 2. With probability — 1
1
. . . - Fi%]
tial with rate p», and with probability ———
P o 1+ iz

. Ty is exponen-
itis

exponential with rate . Therefore,

n—1
E[T]= Y E[Ti] + E[T4]

i=1
1 w1 a1
=(n-1
( )#

+ J— R
1+ jtz g pa o iy o iy




26.

27.

28.

n—1
Y Var(T;) + Var(Ty)
i=1

=(n-1)

Var(T) =
1 Var(Tw)

(11 + pz)

MNow use

Var(T,) = E[TEE] - (E[TH]]z

__m 2 w2 2
ﬂ|+#z,u% #l-l-#z,u%

( Fi1 1 N L2 1)2
J1 A+ po fa o p - p2 f

. Parts (a) and (b) follow upon integration. For part

(c), condition on which of X or Y is larger and use
the lack of memory property to conclude that the
amount by which it is larger is exponential rate A.
For instance, for x < 0,

fr—y(x)dx
=PX<YIPl-x=<Y-X< —x+dx|¥Y > X}
T
= _eMd
3 Y
For (d) and (e), condition on I.

1 E ; 1
(a) +Z Hij
Bl pz 4+ ps o op1 e 4 ps g
B 4
fi1 + Mz + 3
1 5
b) ———  + @)= ——
®) 1+ pz 4 pa @ p1 4+ po + 3
H1
(a) ——
1+ s
1 2
wp —HL K
1+ pa p2 + pa
py 1
(<) —
zr #1+#3#2+#3#3
1 1 1
(d) 2_+ H - H2 &
Tz [y pp A3 p3
12 I o1

+ J—
11+ po 1+ R pp 3 H3
For both parts, condition on which item fails first.
A M

n
> N &
f:

(a)

] )
(b) ”1 + )" 21).
>y Z Aj

1 i

29. (@) frpx + vixjo = x4y o

= le?i’yfx,r—xﬁ

=fx(X) frlc —x)

= Cze‘)‘-’f‘”(‘-"ﬂ, D<x=<c

—Cae @M poyxeoc

where none of the C; depend on x. Hence, we
can conclude that the conditional distribution
is that of an exponential random variable con-
ditioned to be less than c.

1—e A 151 4 (A — p)e)
M1— —U\ jﬂc']

(b) EX|X+Y=c]=

() c=E[X+Y|X+Y=c]=E[X|X+Y=]

+E[Y|[X+Y =]
implying that
E[¥|X +Y =]

1—e A M1 4 (A= p)e)
A1 — e~

30. Condition on which animal died to obtain

31.

E[additional life]
= E[additional life | dog died]
" T)\d + E[additional life | catdied];\c )—:/\ﬂ'
1 Ad N 1 Ac
Ar Ade+ A A A+ Mg

Condition on whether the 1 PM appointmentis still
with the doctor at 1:30, and use the fact that if she or
he is then the remaining time spent is exponential
with mean 30. This gives
E[time spent in office]

=30(1 — e 3/3) 4 (30 4 30)e 30/30

=30+ 30e !

32, (a) no; (b) yes



33.

37.

39.

(a) By the lack of memory property, no matter
when Y fails the remaining life of X is expo-
nential with rate A.

(b) E[min(X,Y)|X > Y +¢]
=Emin(X,V)|X>Y,X—Y >
= E[min(X,Y) X > Y]

where the final equality follows from (a).

(a)

A+ pa
)\+,LLA A

b .
®) Ad+pa+psg A+ pp

1 1

JTR
Let k = min(n, m), and condition on M-(i).

P{Ny(t) = n,N(t) = m}

k
=3 P{Ny(t) = n,Ny(t) = m|M(t) = j}
= _
xg—lzf ()‘IZ:)‘I
_ ic—hlr(f\lﬂn_’r —dat (isﬁJ"r_jf-J\ze{f\zt}’-
j=0 ("_j)'r (m_i)'r j'r

(a) 196/2.5=78.4

(b) 196/(2.5)" = 31.36

We use the central limit theorem to justify approx-
imating the life distribution by a normal distri-
bution with mean 78.4 and standard deviation

v'31.36 = 5.6. In the following, Z is a standard nor-
mal random variable.

5.6
=P{Z < -2} = .0227

(©) P{L < 6?.2}mP{Z < M}

(d) P{L>90}~P {z > w}

56
=P{Z > 207} = 0192

56
=P{Z > 3.857} = .00006

(e) P{L > 1uu}mp{z > M}

The easiest way is to use Definition 5.1. It is easy
to see that {N(t),t > 0} will also possess station-
ary and independent increments. Since the sum of

41.

42,

43.

45.

two independent Poisson random variables is also
Poisson, it follows that N(t) is a Poisson random
variable with mean (A; + Az)t.

A+ A2)

(a) E[Ss]=4/A
(b) E[SiIN(1) =2]
=1 + E[time for 2 more events] =1 + 2/A
(c) E[N(4)—N(2)|N(1)=3]=E[N4)—N(2)]
=2\

The first equality used the independent increments
property.

Let 5; denote the service time at serveri,i = 1,2 and
let X denote the time until the next arrival. Then,
with p denoting the proportion of customers that
are served by both servers, we have

p=P{X >S5, +5,}
=P{X > §1}PX > 51 + $5|X > 61}

__ M H2
i+ A oz 4+ A
(a) e

(b) LetW denote the waiting time and let X denote
the time until the first car. Then

s 4]
E[W]:f E[W|X = x]he ™ ix
1]
T
=[ E[W|X = x]he dx
i}
(= u]
+[ E[W|X = x]he *dx
T

T
=f (x + E[WAeMdx + Te =7
i}

Hence,

T
E[W]=T+ e”[ xAe Mdx
0

E[N(T)]=E[E[N(T)|T]] = E[AT] = AE[T]
E[TN(T)] = E[E[TN(T)|T]] = E[TAT] = AE[T?]
E[N*(T)] =E [E[Nz(THT]] = E[AT + (A\T)*]

= AE[T] + AE[TH]
Hence,

Cov(T,N(T)) = AE[T?] — E[T]AE[T] = Ac”



46.

47.

and

Var(N(T)) = AE[T] + A2E[T?]
= Au + A%o?

— (AE[T])?

Nif) N(t)
E[ 2 Xil=E [E[ Z Xi |N(f)]}
i=1

i=1
= E[uN(f)] = pht

Nit)

EIN( Y Xi]=E
i=1

NiB)
EIN(f) 3, Xi|N(D)]
i=1

= E[uN%(1)] = p(At + A3
Therefore,
Nt
Cou(N(t), ¥, X;) = p(M + A22) — A(uAf) = pAt
i=1

(@) 1/(2u) +1/A

(b) Let T; denote the time until both servers are
busy when you start with i busy servers i =
0,1. Then,

E[To] = 1/A + E[Ty]

Now, starting with 1 server busy, let T be the
time until the first event (arrival or departure);
let X = 1if the first event is an arrival and let it
be 0if it is a departure; let ¥ be the additional
time after the first event until both servers are

busy.
E[T1]=E[T] + E[Y]
1 A
o THYIX =1
m
+ E[Y|X =0]——
[Y] ]A+#
3 ig + E[ 0]
Thus,
1
E[Ty] - ﬁ-FE[Tu] p
or
2A +
E[To] = 21
A
Also,
AL
EITy] = =5+

49.

{c) Let L; denote the time until a customer is lost
when you start with i busy servers. Then,
reasoning as in part (b) gives that

E[La] = —— + E[L,]——

Py Atp
=51 T EMI+ELDy i
ﬂl + 17+ Ellal

Thus,

. Given T, the time until the next arrival, N, the num-

ber of busy servers found by the next arrival, is a
binomial random variable with parameters n and
p=eHT,

(a) E[N]:fE[mT:t])m—’"dr
=‘/-rre_”f)\e_)”dt= A
A+

For (b) and (c), vou can either condition on T, or
use the approach of part (a) of Exercise 11 to obtain

—oy =it e
P{N_D}_H).Hn j+1u

P{N =n —i}

B S, S L
A+{n—!')p}_=l)u+(n—}'+1}y,

(a) P{N(T)— N(s) =1} = NT —s)e M7~

(b) Differentiating the expression in part (a) and
then setting it equal to 0 gives

e~ MT=) — \(T — 5)e=AT—)
implying that the maximizing value is
s=T—-1/A

{c) Fors=T-1/A wehavethat \(T —5)=1and
thus,

P{N(T)-N(s) =1} =e¢"!

. Let T denote the time until the next train arrives;

and so T is uniform on (0, 1). Note that, conditional
on T, X is Poisson with mean 7T.

(a) E[X]= E[E[X|T]] = E[7T] ="7/2



51.

52.

53.

(b) E[X|T]=7T, Var(X|T)="7T. By the conditional
variance formula
Var(X) = 7E[T] + 49Var[T] =7/2 + 49/12 =
a1/12.

Condition on X, the time of the first accident, to
obtain

E[N(t] = fﬂ - E[N()|X = s]3e ®ds
szhhm—ﬂmrﬁm
0

This is the gambler’s ruin probability that, start-
ing with k, the gambler's fortune reaches 2k
before 0 when her probability of winning each
bet is p= Ay /(A + Az). The desired probability is
1-(Oa/M)f
1= (/2™

(a) e !
) e ' +e 8!

. (a) P{Ly=0}=¢ "

(b) P{Ll < I} = g_f\{m—.ﬂ
(c) P{RI = ]} ze—)\(l—m)
(d) P{RI - _w‘/} — E—ﬁ(r—m'p

) Hm=£3qnpqm
=m+/lP{be}dx

1
=m+f g Mr—mgy
m

1 — g~ nA(1—m)
=+ —-—-——
ni

Now, using that

P{L o= I} =1— P{[_ < I} =1 _E—nh(ru—ﬂ’

D<cx<m
gives
E{L} = f’”{] Y ﬂ
’ nA
Hence,
E[R—L]= 1 —E‘;":ﬂ—ml N 1 _glmm

=~ — when nis large

55. As long as customers are present to be served,
every event (arrival or departure) will, inde-
pendently of other events, be a departure with
probability p= p/(A 4+ p). Thus P{X=m} is the
probability that there have been a total of m tails at
the momentthat the n head occurs, when indepen-
dent flips of a coin having probability p of coming
up heads are made: that is, it is the probability that
the n'" head occurs on trial number 11 + m. Hence,

- 1 n M
pix=my=("t" 1) prap)

56. (a) Itisabinomial (n,p) random variable.

(b) Itis geometric with parameter p.

(c) Itis a negative binomial with parametersr, p.
(d) LetQ < iy <i5,--- < i < n. Then,

P{events atiy,...,[;|N(n) =r}

P{events atiy, ..., i, N(n) =r}
- P{N(n) =r}
pr{] _ p)n—r

(f)Pﬂ1—m”*

=

58. LetL; = P{i is the last type collected }.
Li=P{X; = ,lil‘-llaxn X}

o0 . .
=[0 pe PR T (1 — e Pi"ydx

j#i
1
=[ H (1—yhi/Pydy  (y = e P¥)
O i
=F [H (1—Uri/p 3]
i

59. Theunconditional probability that the claim is type
11s 10/11. Therefore,

P(4000(1)P(1)

P(4000[1)P(1) + P(4000[2)P(2)
e *10/11

e 10/11 + 2¢7B1/11

P(1]4000) =




61.

62.

63.

(a) Poisson with mean cG(t).
(b) Poisson with mean c[1 — G(f)].
(c) Independent.

Each of a Poisson number of events is classified as
either being of type 1 (if found by proofreader 1
but not by 2) or type 2 (if found by 2 but not by 1)
or type 3 (if found by both) or type 4 (if found by
neither).

(a) The X; are independent Poisson random
variables with means

E[X1]= Ap(1 —p2).,

E[X]= A1 —p1)p2,

E[Xs]= Appa.

E[X4]= A1 —p1)(1 —p2).
(b) Follows from the above.

(c) Using that (1 — p)/m = E[X]/E[X5] =
Xo/Xs we can approximate p; by X3/(Xz2 +
X3). Thus py is estimated by the fraction of
the errors found by proofreader 2 that are
also found by proofreader 1. Similarly, we can
estimate py by X3 /(X1 + Xa).

The total number of errors found, X; + Xz +
X3, has mean

E[Xi + X2 + X5] = A0 - (1—p)(1—p2)]

=A [1 . XXy }
(X2 + XG)(Xy + X3)

Hence, we can estimate A by

XXy
3+ ) (1 )
For instance, suppose that proofreader 1 finds
10 errors, and proofreader 2 finds 7 errors,
including 4 found by proofreader 1. Then X =
6,X2 = 3,X3 = 4. The estimate of p is 4/7,
and that of p; is 4/10. The estimate of A is
13/(1—-18/70) = 17.5.

(d) Since A is the expected total number of errors,
we can use the estimator of A to estimate
this total. Since 13 errors were discovered we
would estimate X4 to equal 4.5.

Let X and Y be respectively the number of cus-
tomers in the system at time f + s that were present
at time s, and the number in the system at f + s
that were not in the system at time s. Since there

are an infinite number of servers, it follows that
X and Y are independent (even if given the num-
ber is the system at time s). Since the service dis-
tribution is exponential with rate y, it follows that
giventhat X(s) = n, X will be binomial with param-
eters # and p = ¢ *'. Also ¥, which is indepen-
dentof X(s), will have the same distribution as X(1).
t

Therefore, Y is Poisson with mean A /-E_”-"’dy'

1}
= Ml—e*)/p

(a) E[X(t+35)[X(s) =n]
= E[X|X(s) =n] + E[Y|X(s) =n].
=ne M 4 M1 —e H)/u
(b) Var(X(t + s)|X(s) =n)
= Var(X + Y|X(s) = n)
= Var(X|X(s) = n) + Var(Y)

=ne M1 —e My L A1l —e ") /u

The above equation uses the formulas for the
variances of a binomial and a Poisson random
variable.

(c) Consider an infinite server queuing system in
which customers arrive according to a Poisson
process with rate A, and where the service
times are all exponential random variables
with rate p. If there is currently a single cus-
tomer in the system, find the probability that
the system becomes empty when that cus-
tomer departs.

Condition on R, the remaining service time:

P{empty}
= 4]
=/ P{empty|R = t}ue Hdt
0

0 t
=fu exp{—)\/‘; c‘”-‘"dy} pe Mt

b A
= f exp{—{l —.‘.’_m)} e Mg
0 I

1
= f oA gy
0

= %(1 —e My

where the preceding used that P{empty|
R =1t} is equal to the probability that an
M /M /oo queue is empty at time £,



(a)

(b)

(c)

Since, given N(t), each arrival is uniformly dis-
tributed on (0, t) it follows that

E[X|N()] = N(t) fuf (t—s)ds/t = N(t) t/2

Let U, Uy, ... be independent uniform (0, f)
random variables.
Then

Var(X|N(t) = n)= Var [i(t — Uj)

i=1

= nVar(U;) = nt*/12
By (a), (b), and the conditional wvariance
formula,

Var(X) = Var(N()t/2) + E[N()t*/12]
= AH2/4 4+ AHZ/12 = AB3/3

n
= E[Ale ™E [2 e‘-"”i}

i=1

— nE[Ale™E [e""”]

t
= ME[A]E‘C”f EQI%dI
0 .

—ixt
— nE[A]L n‘;
Therefore,
E[A(t)] = E| N(OEIA] _6_1 = AEJALL —e ™
ot ot

Going backwards from ¢ to 0, events occur accord-
ing to a Poisson process and an event occurring a
time s (from the starting time t) has value Ae~™

. If we count a satellite if it is launched before time

. This is an application of the infinite server Pois- attached toit.
son queue model. An arrival corresponds to a new
lawyer passing the bar exam, the service time is
the time the lawyer practices law. The number in
the system at time  is, for large ¢, approximately a
Poisson random variable with mean Ap where A is
the arrival rate and g the mean service time. This

latter statement follows from

[ n-comy=p

where ;i is the mean of the distribution G. Thus, we
would expect 500 - 30 = 15, 000 lawyers.

69. (a) 1—e A9

(b) E—)lsc—ﬁl(f—ﬂ[)t{ﬁ _ 5)13’,'{3'
(©) 44 A\t—5)

(d) 4s/t
70. (a) Let A be the event that the first to arrive is the
first to depart, let 5 be the first service time,
and let X(f) denote the number of departures
by time t.
. The number of unreported claims is distributed as P(A) = fP(A|S = Hg(t)dt
the number of customers in the system for the infi-
nite server Poisson queue.

=fp{xu.) = 0)g(t)dt

= /E_A f& Ciymg(f)dt

Given N(t), the number of arrivals by ¢, the
arrival times are iid uniform (0, {). Thus, given
N(t), the contribution of each arrival to the total
remaining service times are independent with
the same distribution, which does not depend
on N(t).

and (d) If, conditional on N(#), X is the
contribution of an arrival, then

(a) e~ "(a(t))" /n!, where a(t) = A f t Gly)dy
U]

(b) a(t)r, where pir is the mean of the distribution ()
F.

5 but remains in operation at time ¢, then the num-
ber of items counted is Poisson with mean m(f) =

f G(t — y)dy. The answer is e~ ",
' ©

ELA®ING =n] :
: X =; |
=E[Ale™E {Z ¢S |N(t) = n} - Jo

i=1 1 ff oo
B =1 [ [ s+ tPewaas
"0 S5

(s + v — tgly)dyds

t—s

=E[A]B‘Q‘E{ 9“”‘*3}
=1

1=

E[S(t)] = ME[X] Var(S(t)) = ME[X?]



71. Let LIy, ... be independent uniform (0, {) random
variables that are independent of N(t), and let Uj; ;)

be the i'" smallest of the first n of them.

NIt
P{ &(5:) = 1’}
i=1

N(#)
=xr { > 8(S) <x|N()= J’l} P{N(t)=n}

i=1

=27 { ig(S;) < x|N(f) = "} P{N(t) =n}
n i—1

Il
_-

= ZP{_ §(U ) < I} P{N(t) = n}

(Theorem 5.2)

= P{Zg:uf) < x} P{N(t) =n}

i=1

(thun-,m) =) E(Uf))
i1 i

=P { ¥ g(Ui) < x|N(f) = n} P{N(t) =n}
n i=1
N

ZP{ 2 () -cx|N:t)=n} P{N(t)=n}

i=1
N
= P{ Y ey < x}
i=1

72. (a) Call the random wvariable 5,. Since it is the
sum of 11 independent exponentials with rate

A, ithas a graze distribution with parameters n
and A.

(b) Use the result that given 5; =t the set of times
at which the first n — 1 riders departed are
independent uniform (0, {) random variables.
Therefore, each of these riders will stll be
walking at time { with probability

i 1 _ E—j.!f
= | e Hli—Sgs g =
p= e

Hence, the probability that none of the riders
are walking at time ¢ is (1 —p)" L.

73. (a)

It is the gamma distribution with parameters
nand A

(b)

(<)

74. (a)

(b)

(c)

75. (a)

Forn =1,
P{N = n|T =t}
_ P{T =N =njp(1 —p)""
- 7
Apt! _
— e —pr

_ A —pn!
=C n— 1)

_ e (A — pn'!
%ﬂ — Il

where the last equality follows since the
probabilities must sum to 1.

The Poisson events are broken into two classes,
those that cause failure and those that do not.
By Proposition 5.2, this results in two indepen-
dent Poisson processes with respective rates
Ap and A(1 — p). By independence it follows
that given that the first event of the first pro-
cess occurred at ime f the number of events of
the second process by this time is Poisson with
mean A1 — p)t.

Since each item will, independently, be found
with probability 1 — ¢ #! it follows that the
number found will be Poisson distribution
with mean A1 — ¢ *!). Hence, the total
expected return is RA(1 —e #!) — Ct.

Calculus now yields that the maximizing value
of tis given by

1 R
t= s ()

provided that KAp = C; if the inequality is
reversed then t = 0 is best.

Since the number of items not found by any
time t is independent of the number found
(since each of the Poisson number of items will
independently either be counted with proba-
bility 1 — ¢ #! or uncounted with probability
¢~ M) there is no added gain in letting the deci-
sion on whether to stop at time f depend on
the number already found.

1Y, } is a Markov chain with transition proba-
bilities given by

Poy=a;, Pijj=a, j=0

where

_—lf )ﬁt 1
ﬂ;:ffjig)jdG(t)



(b) {Xu} is a Markov chain with transition proba- 79. Consider a Poisson process with rate A in which an

bilities event at time ¢t is counted with probability A(t)/A
o0 independently of the past. Clearly such a process
Piipi—j=8,j=01,..,0P = Yy B will have independent increments. In addition,
k=i+1

where P{2 or more counted events in(t,t + )}

—put ¢ i
.5?:/-3}#5“:(?}

= P{2 or more events in(t, f 4+ h)}

= o(h)
and
76. LetY denc.:te the number .Of customers sened in P{1 counted eventin (,f + )}
a busy period. Note that given 5, the service time
of the initial customer in the busy period, it fol- = P{1 counted | 1 event}P(1 event)
lows by the argument presented in the text that
the conditional distribution of ¥ — 1 is that of the + P{1counted | = 2 events}{P{= 2}
N(5)
compound Poisson random variable E Y;, where iLh As) ds
o i=1 _f —_ (Ah + o(h)) + ofh)
the Y; have the same distribution as does Y. Hence, f A
E[Y[S] = 1+ ASE[Y] =203+ o)
Var(Y|S) = ASE[Y?
ar(Y|S) [Y-] = A(t)h + o(h)
Therefore,
1 80. (a) No.
EYl= —==
1— AE[S] (b) No.
Also, by the conditional wvariance formula (c) P{T; >t} =P{N(t)=0} = ¢~ ywhere
Var(Y) = AE[S]E[Y?] + (AE[Y])*Var(S) ’
— AE[S|Var(Y) + AE[S|(E[Y]? m(t) =f0 Als)ds

+ (AE[Y])*Var(S
AEYD ©) 81. (a) Let5; denote the time of the ith event, { = 1.

implying that Lett; + By < djoq, ty +hy < L
AE[SI(E[Y])? + (AE[Y])2Var(S) Pl <5 <hi+ My, 1=1,... nIN() = n}

Var(Y) = 1 AE[S] P{leventin (t;,t; + h;), i=1,...,n,
__no events elsewhere in (0, 1)
77. (a) f\-Ht P{N(t)=n}
A T (e )t
(b) m o Hf-’ CEEE Im(t + hi) — mi(t)]
(c) A j,u ,i -1 B E—[rufn—zf mit; ) —mi)]
A + i A+ ju i =

e "D m(H)" /n!
(d) Cond itioning on N yields the solution; namely

§ % PN = j) n H[m(fx + hy) — m(t;)]

- ("
Dividing both sides by Iy - - - b, and using the

ti+h
fact that m(t; + hy) — m(t) = f \s) ds =

(e) E P(N =) Z

A+I,u

ti
78. Poisson with mean 63. Alfi)h + o(h) yields upon letting the i; — 0



fS] 51“1:---: t?’!lN(r) = ”)

H
= nt [ [Irc)/mo)]
i=1
and the right-hand side is seen to be the joint
density function of the order statistics from a
set of n independent random wvariables from
the distribution with density function f(x) =
mix)/m(t),x < t.

(b) Let N(t) denote the number of injuries by time
t. Now given N(t) = n, it follows from part (b)
that the n injury instances are independent and
identically distributed. The probability (den-
sity) that an arbitrary one of those injuries was
at 5 is A(s)/m(t), and so the probability that
the injured party will still be out of work at

time f is
i
p=£ P{outofwork at f[injured at s}%dg
! A(s)
= [1-F(—s)]——d
Jn-Fe-an=Sac

Hence, as each of the N(t) injured parties have
the same probability p of being out of work at
t, we see that

E[X(OIN(H] = N(t)p

and thus,

E[X(D)] = pEIN(D)]
=pm(t)

- [%[1 — E(t — s)]A(s) ds
1]

82. Interpret N as a number of events, and correspond

X; to the i" event. Let I,1I3, ..., It be k nonover-
laping intervals. Say that an event from N is
a type j event if its corresponding X lies in [},
j =12, ..., k Say that an event from N is a type
k + 1eventotherwise. It then follows that the num-
bers of type j,j =1, ..., k, events—call these num-
bers N([;),j = 1, ..., k—are independent Poisson
random variables with respective means

EIN(I;)] = \P{X; € [;} = Aj;f(s)as
j

The independence of the N(I;) establishes that
the process {N(t}} has independent increments.
Because N(t + h) — N(t)is Poisson distributed with

mean

83.

h
E[N(t + h) — N(H] =X N f(s)ds
t

= \nf(t) + olh)
it follows that
P{N(t + h) — N(t) = 0} = g~ ArfE+eli)
=1—Ahf(t) + o(h)
P{N(t +h)—N(f) =1}
= (ARF(E) + o())e~ AHf +ol)
= (ARf(t) + o(h)
As the preceding also implies that
PYN(t + h) —N(t) = 2} = o(h)

the verification is complete.

Since mi(t) is increasing it follows that nonover-
lapping time intervals of the {N(f)} process will
correspond to nonoverlapping intervals of the
{Na(t)} process. As a result, the independent
increment property will also hold for the {N{#)}
process. For the remainder we will use the
identity

m(t + h) = mit) + AMHh + o(h)
P{N(t + h)— N(t) = 2}
= P{Ny[m(t + h)] — No[m(#)] > 2}
= P{Ny[m(t) + A(t)h + o(h)] — No[m(t)] > 2}
= o[A(t)h + o(h)] = olh)
P{N(t + h)—N(t) = 1}
= P{Ny[m(t) + Al + o(h)] — Ny[mit)] =1}

= P{1 event of Poisson process in interval
of length A(t)h + o(h)]}

= A(Hh + o(h)

. There is a record whose value is between t and t +

dt if the first X larger than { lies between tand t + dt.
From this we see that, independent of all record
values less thatf, there will be onebetween tand f +
dt with probability A(t)dt where A(t) is the failure
rate function given by

Aty =f(0)/[1 — ()]

Since the counting process of record values has,
by the above, independent increments we can con-
clude (since there cannot be multiple record val-
ues because the X; are continuous) that it is a



85.

87.

89.

nonhomogeneous Poisson process with intensity
function A(t). When f is the exponential density,
Af)=A and so the counting process of record
values becomes an ordinary Poisson process with
rate A.

$ 40,000 and $1.6 = 10°.

(@) PIN(H)=n} = 3e 30" /n! + Te > (51" /n!

(b) No!

(c) Yes! The probability of n events in any interval
of length { will, by conditioning on the type of
year, be as given in (a).

(d) No! Knowing how many storms occur in an
interval changes the probability that it is a
good year and this affects the probability dis-
tribution of the number of storms in other
intervals.

(e) P{good|N(1) =3}
P{N(1) = 3|good} P{good}

= P[N(I) = 3|good } P{good} + P{N(1)
= 3/bad } P{bad}

_ (e733%/3n3
C (e733%/30.3 + (1e7°5°/31).7

Cov[X(t), X(t + 9)]

= Cov[X(t), X(f) + X(t + 5) — X(#)]

= Cov[X(t), X(})] + Cov[X(f), X(t + 5) — X(t)]
= Cov[X(t), X()] by independent increments
= Var[X(t)] = ME[Y?]

Let X(15) denote the daily withdrawal. [ts mean
and variance are as follows:

E[X(15)]=12-15-30 = 5400
Var[X(15)]=12-15-[30- 30 + 50 -50] = 612, 000
Hence,

P{X(15) < 6000}

X(15) — 5400 600
=p <
+/612,000 +/612,000
= P{Z < 767} where Z is a standard normal
= .78 from Table 7.1 of Chapter 2.

Let T; denote the arrival time of the first type |
shock,i=1,2,3.

90.

91.

92.

93.

P{¥X1>5X2 >t}
=P{T) > 5Ty >5Ty = t,T; =t}
=P{Ty > 5T7 > t, T3 = max(s,f)}
— =5 gt g~ Hymats 1
P{X) =5} =P{X| =5 X; =0}
B

_ e rtdgk

To begin, note that

n
P X] = ZXJ
2
=P{X, > X }P{X, — X5 > X5|X) > X3}
=P{X,—-Xo — X3 = X)Xy = X0+ X5}
=P{X, X=Xy = XX = X
+ oo+ X1}
— (llfrz)?i—l
Hence,
i " n
P M}ZXI—M =ZP XI}EX’-
i=1 i—1 jhi
— n/.rzn—l
My(t)=3T;
;
here ], = 1, if bugicontributes 2 errors by ¢
whereli = 0, otherwise
and so

EMy(t)] =Y PN =2} =Y e‘*ff().,.t)?fz

(a) max(Xy, X3) + min(Xy, X5) = Xy + X;.
(b) This can be done by induction:
max{(X,,...,Xy)
= max(X;, max(X,,..., X))
= X+ max(X,, ..., X,)
—min(X;, max(X,,..., X))
= X+ max(X,, ..., X)
— max(min(X,, X;),...,min (X,, X,;)).

Mow use the induction hypothesis.



A second method is as follows:

Suppose X; < X; < -+ < Xy. Then the coeffi-
cient of X; on the right side is

e[ e

={]_1)JI—E-
[0, i#n
11, i=n

and so both sides equal Xj. By symmetry the
result follows for all other possible orderings
of the X's.

(c) Taking expectations of (b) where X is the time
of the first event of the i’ process yields

AT -E X+

i<

+ YT A F AN

i <j <k

+ (—1)”+l |:i /‘\j:|
1

-1

94. (i) P{X >t}

= P{no events in a circle of area n'.z}

2
— gt

(ii) E[X]=fc P{X > t}dt

o 2
— f E—AI’I dt
o

o0 2
=V/;_Af e Pdx byx =tV
rx Jo
1
2vA

where the last equality follows since
00 2

1{@-/. e "2 = 1/2 since it represents the
]

probability that a standard normal random
variable is greater than its mean.

f xg(x)e ™ (xt)"dx
f g(x)e M (xt)"dx

95. E[LIN(t)=n] =

Conditioning on L yields

E[N(s)|N(t) = n]
= E[E[N(s)|N(t) = n, L]|N{¢) = n]
=E[n + L(s — B|N(t) = n]
=n + (s— HE[L|N(t) = n]

For (c), use that for any value of L, given that there
have been i events by time f, the set of 1 event times
are distributed as the set of n independent uniform
(0, f) random variables. Thus, for s < t

EIN(S)IN(f) = n] =ns/t

96. E[N(s)N(t)|L]= E[E[N(s)N(#)|L, N(s)]|L]
= E[N(S)E[N(f)|L, N(s)]|L]

E[N(S)[N(s) + L(t — s)]|L]

EIN?(s)|L] + L(f — S)EIN(s)[L]

Ls + (Ls)* + (t —s)sL?
Thus,

Cov(N(s), N(t)) = smy + stmy — stm?}
97. With C = 1/P(N(f) = n), we have

ARt Aym—1
JupoNim) =Ce M(n'.') re PA(Lfn)_l):

— Ke—PHDA yndm—1

where K does not depend on A. But we recognize
the preceding as the gamma density with param-
eters n + m,p + t, which is thus the conditional
density.
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Exercises

1.

*4,

*7.

A population of organisms consists of both male and female members. In a small
colony any particular male is likely to mate with any particular female in any time
interval of length h, with probability 24 + o(k). Each mating immediately produces
one offspring, equally likely to be male or female. Let N1(¢) and Nz(¢) denote the
number of males and females in the population at ¢. Derive the parameters of the
continuous-time Markov chain {N1(#), N2(#)}, i.e., the v;, Py of Section 6.2.

Suppose that a one-celled organism can be in one of two states—either A or B. An
individual in state A will change to state B at an exponential rate e; an individual in
state B divides into two new individuals of type A at an exponential rate g. Define
an appropriate continuous-time Markov chain for a population of such organisms
and determine the appropriate parameters for this model.

Consider two machines that are maintained by a single repairman. Machine i func-
tions for an exponential time with rate w; before breaking down, i = 1,2. The
repair times (for either machine) are exponential with rate u. Can we analyze this
as a birth and death process? If so, what are the parameters? If not, how can we
analvze it?

Potential customers arrive at a single-server station in accordance with a Poisson
process with rate A. However, if the arrival finds # customers already in the station,
then he will enter the system with probability a,. Assuming an exponential service
rate p, set this up as a birth and death process and determine the birth and death
rates.

There are N individuals in a population, some of whom have a certain infection
that spreads as follows. Contacts between two members of this population occur
in accordance with a Poisson process having rate A. When a contact occurs, it is
equally likely to involve any of the {2‘} pairs of individuals in the population. If a
contact involves an infected and a noninfected individual, then with probability p
the noninfected individual becomes infected. Once infected, an individual remains

infected throughout. Let X(#) denote the number of infected members of the pop-
ulation at time ¢.

(a) Is {X(f),t = 0} a continuous-time Markov chain?

(b) Specify its type.
{c) Starting with a single infected individual, what is the expected time until all
members are infected?

Consider a birth and death process with birth rates 2; = (i + 1)4,7 = 0, and death
rates p; = ip, i = 0.

(a) Determine the expected time to go from state 0 to state 4.

(b} Determine the expected time to go from state 2 to state 5.

{c) Determine the variances in parts (a) and (b).

Individuals join a club in accordance with a Poisson process with rate 4. Each new

member must pass through £ consecutive stages to become a full member of the club.
The time it takes to pass through each stage is exponentially distributed with rate
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12.

gt. Let Ni(¢) denote the number of club members at time ¢ who have passed through

exactly i stages, i = 1,...,k — 1. Also, let N(¢£) = (N1(t), Na(t), ..., Np_1it)).

{a) Is {Ni#),# = 0} a continuous-time Markov chain?

(b) If so, give the infinitesimal transition rates. That is, for any state n =
(1n1,...,M_1) give the possible next states along with their infinitesimal rates.

Consider two machines, both of which have an exponential lifetime with mean 1/4.
There is a single repairman that can service machines at an exponential rate . Set
up the Kolmogorov backward equations; you need not solve them.

The birth and death process with parameters A, = 0 and i, = p, 1 = 0is called a
pure death process. Find Pjt).

Consider two machines. Machine i operates for an exponential time with rate ;
and then fails; its repair time is exponential with rate g ,i = 1,2. The machines act
independently of each other. Define a four-state continuous-time Markov chain that
jointly describes the condition of the two machines. Use the assumed independence
to compute the transition probabilities for this chain and then verify that these
transition probabilities satisfy the forward and backward equations.

Consider a Yule process starting with a single individual—rthar is, suppose X(0) = 1.
Let T; denote the time it takes the process to go from a population of size i to one
of size i + 1.

{a) Argue that T;,i = 1,...,j, are independent exponentials with respective rates
ix.

(b} Let Xj,...,X; denote independent exponential random variables each hav-
ing rate A, and interpret X; as the lifetime of component i. Argue that
max(Xy,...,X;) can be expressed as

max(Xy,...,X;) =& + &+ -+ g
where £1,£2,...,& are independent exponentials with respective rates ji,

(j—DA,... A

Hint: Interpret &; as the time between the i — 1 and the ith failure.
(c) Using (a) and (b) argue that

PITy -+ T <t =(1—e ™y

(d) Use (¢} to obtain
Pi(t) = (1 —e My~ 1 — (1 — ™) = ¢ (1 — g7y~ 1
and hence, given X(0) = 1, X{#) has a geometric distribution with parameter

P= e M,
{e)] Now conclude that

Py(t) = (; ! ) LS e U
i—1

Each individual in a biological population is assumed to give birth at an exponential
rate A, and to die at an exponential rate u. In addition, there is an exponential rate
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15.

*16.

17.

18.

of increase ¢ due to immigration. However, immigration is not allowed when the

population size is N or larger.

{a) Set this up as a birth and death model.

(b) IfN =3,1=8=23,pu =2, determine the proportion of time that immigration
is restricted.

A small barbershop, operated by a single barber, has room for at most two cus-
tomers. Potential customers arrive at a Poisson rate of three per hour, and the
successive service times are independent exponential random variables with mean
;lf hour.

(a] Whart is the average number of customers in the shop?

{b) Whar is the proportion of potential customers that enter the shop?

(c) If the barber could work twice as fast, how much more business would he do?

Potential customers arrive at a full-service, one-pump gas station at a Poisson rate of
20 cars per hour. However, customers will only enter the station for gas if there are
no more than two cars (including the one currently being attended to) at the pump.
Suppose the amount of time required to service a car is exponentially distributred
with a mean of five minutes.

{a) Whar fraction of the attendant’s time will be spent servicing cars?

(b} What fraction of potential customers are lost?

A service center consists of two servers, each working at an exponential rate of

two services per hour. If customers arrive at a Poisson rate of three per hour, then,

assuming a system capacity of at most three customers,

{a] whar fraction of potential customers enter the system?

(b) what would the value of part (a) be if there was only a single server, and his
rate was twice as fast (that is, p = 4)?

The following problem arises in molecular biology. The surface of a bacterinm
consists of several sites at which foreign molecules—some acceptable and some
not—become arttached. We consider a particular site and assume that molecules
arrive at the site according to a Poisson process with parameter L. Among these
molecules a proportion « is acceptable. Unacceptable molecules stav at the site for
a length of time rthat is exponentially distributed with parameter pq, whereas an
acceptable molecule remains at the site for an exponential time with rate ;. An
arriving molecule will become attached only if the site is free of other molecules.
What percentage of time is the site occupied with an acceptable (unacceptable)
molecule?

Each time a machine is repaired it remains up for an exponentially distributed time
with rate A. It then fails, and its failure is either of two types. If it is a type 1 failure,
then the time to repair the machine is exponential with rate poq; if it is a type 2 failure,
then the repair time is exponential with rate p2. Each failure is, independently of
the time it took the machine to fail, a type 1 failure with probability p and a type 2
failure with probability 1 — p. What proportion of time is the machine down due to
a type 1 failure? What proportion of time is it down due to a type 2 failure? What
proportion of time is it up?

After being repaired, a machine functions for an exponential time with rate 4 and
then fails. Upon failure, a repair process begins. The repair process proceeds sequen-
tially through & distinct phases. First a phase 1 repair must be performed, then a
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22,

23.
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phase 2, and so on. The times to complete these phases are independent, with phase
i taking an exponential time with rate p;, i=1,..., k.

{a) What proportion of time is the machine undergoing a phase i repair?

(b} What proportion of time is the machine working?

A single repairperson looks after both machines 1 and 2. Each time it is repaired,
machine i stays up for an exponential time with rate A;, i = 1, 2. When machine
i fails, it requires an exponentially distributed amount of work with rate p; to
complete its repair. The repairperson will always service machine 1 when it is down.
For instance, if machine 1 fails while 2 is being repaired, then the repairperson will
immediately stop work on machine 2 and start on 1. Whart proportion of time is
machine 2 down?

There are two machines, one of which is used as a spare. A working machine will
function for an exponential time with rate & and will then fail. Upon failure, it is
immediately replaced by the other machine if that one is in working order, and it
goes to the repair facility. The repair facility consists of a single person who takes
an exponential time with rate u to repair a failed machine. At the repair facility, the
newly failed machine enters service if the repairperson is free. If the repairperson
is busy, it waits until the other machine is fixed; at that time, the newly repaired
machine is put in service and repair begins on the other one. Starting with both
machines in working condition, find

{a) the expected value and

(b) the variance of the time until both are in the repair facility.

(c) Inthe long run, what proportion of time is there a working machine?

Suppose that when both machines are down in Exercise 20 a second repairperson is
called in to work on the newly failed one. Suppose all repair times remain exponen-
tial with rate . Now find the proportion of time at least one machine is working,
and compare your answer with the one obtained in Exercise 20.

Customers arrive at a single-server queue in accordance with a Poisson process
having rate A. However, an arrival that finds # customers already in the system will
only join the system with probability 1/(n + 1). That is, with probability n/in + 1)
such an arrival will not join the system. Show that the limiting distribution of the
number of customers in the system is Poisson with mean A/ .

A job shop consists of three machines and two repairmen. The amount of time a
machine works before breaking down is exponentially distributed with mean 10.
If the amount of time it takes a single repairman to fix a machine is exponentially
distributed with mean 8, then

{a) what is the average number of machines not in use?

(b} what proportion of time are both repairmen busy?

Consider a taxi station where taxis and customers arrive in accordance with Poisson
processes with respective rates of one and two per minute. A taxi will wait no matter
how many other taxis are present. However, an arriving customer that does not
find a taxi waiting leaves. Find

{a) the average number of taxis waiting, and

(b) the proportion of arriving customers that get taxis.

Customers arrive at a service station, manned by a single server who serves at an
exponential rate jq, at a Poisson rate i. After completion of service the customer
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then joins a second system where the server serves at an exponential rate u3. Such
a system is called a tandem or sequential queueing system. Assuming that 4 < p;,
i =1, 2, determine the limiting probabilities.

Hint: Try a solution of the form P, ,, = Co”g™, and determine C, o, g.

Consider an ergodic M/M/s queue in steady state (that is, after a long time) and
argue that the number presently in the system is independent of the sequence of past
departure times. That is, for instance, knowing that there have been departures 2,
3, 5, and 10 time units ago does not affect the distribution of the number presently
in the system.

In the M/M/s quene if you allow the service rate to depend on the number in the
system (but in such a way so that it is ergodic), what can you say about the outpur
process? What can you say when the service rate x remains unchanged but A = su?

If {X(¢)} and { Y (#)} are independent continuous-time Markov chains, both of which
are time reversible, show that the process {X(¢), Y(t)} is also a time reversible
Markov chain.

Consider a set of # machines and a single repair facility to service these machines.

Suppose that when machine 4, i = 1,...,n, fails it requires an exponentially dis-

tributed amount of work with rate u; to repair it. The repair facility divides its

efforts equally among all failed machines in the sense that whenever there are &

tailed machines each one receives work at a rate of 1/& per unit time. If there are

a total of r working machines, including machine i, then i fails at an instantaneous

rate A;/r.

{(a) Define an appropriate state space so as to be able to analvze the preceding
system as a continuous-time Markov chain.

(b) Give the instantaneous transition rates (that is, give the g;).

(c) Write the time reversibility equations.

{d) Find the limiting probabilities and show that the process is time reversible.

Consider a graph with nodes 1,2,...,n and the (5) arcs (4,7, i #/, i,j,=1,...,n.
{See Section 3.6.2 for appropriate definitions.) Suppose that a particle moves along
this graph as follows: Events occur along the arcs (4,/) according to independent
Poisson processes with rates A An event along arc (i, /) causes that arc to become
excited. If the particle is at node i at the moment that (i,j) becomes excited, it
instantaneously moves to node j, ,j = 1,...,n. Let P; denote the proportion of
time that the particle is at node j. Show that

1
P ——
' on

Hint: Use time reversibility.

A total of N customers move about among r servers in the following manner. When
a customer is served by server i, he then goes over to server j, j # i, with probability
1/(r— 1). If the server he goes to is free, then the customer enters service; otherwise
he joins the gueue. The service times are all independent, with the service times
at server i being exponential with rate u, i = 1,...,r. Let the state at any time
be the vector (ny,...,n,), where n; is the number of customers presently at server
i,i=1,.. ..,F',Z'-ﬂ,- =N.
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{a) Argue thatif X(t) is the state at time ¢, then {X(¢), ¢ = 0} is a continuous-time
Markov chain.

(b} Give the infinitesimal rates of this chain.

(c) Show that this chain is time reversible, and find the limiting probabilities.

Customers arrive at a two-server station in accordance with a Poisson process hav-
ing rate A. Upon arriving, they join a single queue. Whenever a server completes
a service, the person first in line enters service. The service times of server i are
exponential with rate u;, i = 1,2, where w1 + w2 = . An arrival finding both
servers free is equally likely to go to either one. Define an appropriate continuous-
time Markov chain for this model, show it is time reversible, and find the limiting
probabilities.

Consider two M;/M/1 queunes with respective parameters A, i;, § = 1, 2. Suppose
they share a common waiting room that can hold ar most three customers. That is,
whenever an arrival finds her server busy and three customers in the waiting room,
she goes away. Find the limiting probability that there will be n queue 1 customers
and m queue 2 customers in the system.

Hint: Use the results of Exercise 28 together with the concept of truncation.

Four workers share an office that contains four telephones. Atany time, each worker
is either “working™ or “on the phone.” Each “working™ period of worker i lasts
for an exponentially distributed time with rate A;, and each “on the phone™ period
lasts for an exponentially distributed time with rate p;, i = 1, 2, 3, 4.
{a) What proportion of time are all workers “working™?
Let X;(t) equal 1 if worker 7 is working at time ¢, and let it be 0 otherwise.
Let Xit) = (Xq(8). Xa(t), Xz, Xalt)).
(b) Argue that {X(#), ¢+ = 0} is a continuous-time Markov chain and give its
infinitesimal rates.
{c) Is{X(t)} time reversible? Why or why not?
Suppose now that one of the phones has broken down. Suppose that a worker who
is about to use a phone but finds them all being used begins a new “working”
period.
(d) What proportion of time are all workers “working™?
Consider a time reversible continuous-time Markov chain having infinitesimal tran-
sition rates g; and limiting probabilities {P;}. Let A denote a set of states for this
chain, and consider a new continuous-time Markov chain with transition rates rpe

given by

* Cfijs jijAﬁf'?-"A
T = i otherwise

I3

where ¢ is an arbitrary positive number. Show that this chain remains time
reversible, and find its limiting probabilities.

Consider a system of # components such that the working times of component
i, i =1,...,n, are exponentially distributed with rate 4;. When a component fails,
however, the repair rate of component i depends on how many other components
are down. Specifically, suppose that the instantaneous repair rate of component
i, i = 1,...,n, when there are a total of £ failed components, is of ;.
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{a}) Explain how we can analyze the preceding as a continuous-time Markov chain.
Define the states and give the parameters of the chain.

{b) Show that, in steady state, the chain is time reversible and compute the limiting
probabilities.

For the continuous-time Markov chain of Exercise 3 present a uniformized version.

In Example .20, we computed mit) = E[O(#)], the expected occupation time in
state 00 by time ¢ for the two-state continuous-time Markov chain starting in state
0. Another way of obtaining this quantity is by deriving a differential equation
for it.

{a) Show that

mit + h) = mit) + Poo(thh + olh)
{b) Show thar

I A |
+ gt

m'(t) =
A+p A4p

ic) Solve for mit).

Let O(¢) be the occupation time for state 0 in the two-state continuous-time Markov
chain. Find E[O)| X {0 = 1].

Consider the two-state continuous-time Markov chain. Starting in state 0, find
Cov[X(s), X(t)].

Let Y denote an exponential random variable with rate i that is independent of the
continuous-time Markov chain {Xit)} and let

Py = PIX(Y) = jIX(0) = i}

{a) Show that

= 1 = l
P'}. - M{ + -‘."- ? qjkpk}. + !Ii + }La”

where 8; is 1 when i =j and 0 when i # j.
(b} Show that the solution of the preceding set of equations is given by

P=(I—R/u!

where P is the matrix of elements 1_‘,];, 1 is the identity matrix, and R the matrix
specified in Section 6.8.

(c) Suppose now that Yy, ..., Y, are independent exponentials with rate A that
are independent of {X(¢)}. Show that

PIX(Y) + -+ + Yu) = jIX(0) = i}

is equal to the element in row #, column j of the matrix P".
(d) Explain the relationship of the preceding to Approximation 2 of Section 6.8.



*42. (a) Show that Approximation 1 of Section é.8 is equivalent to uniformizing the
continuous-time Markov chain with a value v such that ¢+ = » and then

approximating Py(¢) by P

{b) Explain why the preceding should make a good approximation.

Hint: What is the standard deviation of a Poisson random variable with mean »?

Chapter 6

1. Let us assume that the state is (1, m). Male i mates

at a rate A with female j, and therefore it mates ata
rate Am. Since there are # males, matings occur at
a rate Anm. Therefore,

Vg, m) = Al

Since any mating is equally likely to result in a
female as in a male, we have

1
an, ni); (n4+1,m) = P{n, ), mL1) = E

. Let N4(t) be the number of organisms in state A
and let N(f) be the number of organisms in state B.
Then clearly {N 4(t); Ng(t)} is a continuous Markowv
chain with

Uin,m} = ol + Bm

P — Ay
{r.m}; {n—Lm+1} = G Bm

P _ Bm
{n.m}; {n+Z;m—1} = qn T lﬁm'

. This is not a birth and death process since we need
more information than just the number working.
We also must know which machine is working. We
can analyze it by letting the states be

b : both machines are working

1:1is working, 2 is down

2:21is working, 1 is down

0y: both are down, 1 is being serviced

02: both are down, 2 is being serviced

Up = pi1 + jbo, Uy = jby + f1, To = pio + j4,

Uy = Ugy, =
— E?. — _ — _L
Por=mim=1-P2 Pu=gipm
=1-"Pup,

Pyp= ﬁ=1—j’101, Poj,1=Po,2 =1

. Let N(t) denote the number of customers in the

station at time f. Then {N(f)} is a birth and death
process with

An = Ao, Hn = L

. (@) Yes.

(b) Itisa pure birth process.

(c) If there are i infected individuals then
since a contact will involve an infected and
an uninfected individual with probability
i(n—1i)/(5), it follows that the birth rates are
Ai=Ai(n —1)/(3), i=1,...,n. Hence,

nn—1) i 1/[itn—i)]

i=1

E[time all infected] =

. Starting with E[T] = ;\l = %,employ the identity
0

L
EITi]=5 + 3 E(Ti1]
to successively compute E[T;] fori=1, 2, 3, 4.

(a) E[To] +---+ E[T3]
(b) E[Ta] + E[T3] + E[T4]

. (a) Yes!

(b) For n=(ny, ..., 0y Nipq, .., Mp—q) let
Sin)y=(my, ..., mi—1, Nz + 1, . 1g_q),
i=1,..,k-2
Sy =(my, .o, 0y, Mg, g — 1),

So(m)=(m + 1, ..., Wy, My oons i)
Then
f-;'u;sl(”):"r'#J Il:lr‘“:k_]

qn, So(n) = A

. The number of failed machines is a birth and death

process with
Ag=2A  pp=pa=p
A=A pn=0n#12
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Am=0n=1
Now substitute into the backward equations.

Since the death rate is constant, it follows that as
long as the system is nonempty, the number of
deaths in any interval of length t will be a Poisson
random variable with mean pt. Hence,

Pyty=e Mty I —j)t, 0<j<i

PLo® =S e H(ut): k!
k=i

0, if machine jis working at time ¢
Let [i(f) =

1, otherwise

Also, let the state be (I1(t), [1(1)).

This is clearly a continuous-time Markov chain
with

T, = M + Az Ap.o: 0,1 = A2 Ao,o: o) = M
T, 1) = M+ 2 Ao, ;0,00 = #2 Mo, 1y (1,1 = M
U0 = B+ A2 Aoy 0,00 = H1 A on 1,1 = A2

T, 1y = f1 4+ p2 A 0,1 = £ M1 1,00 = Az

By the independence assumption, we have

(a) Py p, o(t) = Py p(0)Qq, n(f)

where P; ((f) = probability that the first machine be
in state k at time ¢ given that it was at state { at time

0.

Q; ¢(t) is defined similarly for the second
machine. By Example 4(c) we have

Pog(t) = [Aqe W10 4 /(0 + pay)
Pag(t) = [p1 — pae” By + py)
And by the same argument,

Pia() = [pae” P20 £ 0]/ (00 + )
Pou(f) = [\ — Mg A /00 + )

Of course, the similar expressions for the sec-
ond machine are obtained by replacing (A1, p1)
by (Az, pi2). We get Py i, p(f) by formula (a). For
instance,

Pro,mo,m() = Peo,oy(£) 0, 0y ()
,\19_{11—#1“ +
(A + 1)

'\29_(12—#2\" + po
(Ao + p2)

x

Let us check the forward and backward equations
for the state {(0, 0); (0, 0)}.

Backward equation

We should have

P, 00,0 = (1 + 2 [122Poo16.0/0)
+T)-t|-L)EP i1, ono, 0y(t) — Pro, oy, ()
or

Ply oo, 0)(E) = A2Pg0, 10,00 () + M P, ox0,m0(2)
— (A1 4+ A2) P, oy, oy (£)

Let us compute the right-hand side (r.h.5.) of this

expression:
rhs.

[Ale—fhﬂiﬂf +#1] [#2 _#Ze—(liﬁﬁz'!f]
(A1 + pa)(Az + p2)

=)|2

[#1 —#1?_("1_””1 [J\z-f’_'p‘z_“ﬂE +#2}
(M + )0 + 1)

— (M +X2)

[}.,e‘”‘l—“ﬂ* +m} [Azt,—uz—uﬂz +#2]
(A + pa)(Ag + p2)

_ Ay Plc—fhﬂiﬂf +#1]
(M + Az + pa)

= I:Ju_2 — #Ee_ﬁii‘l'hﬂf — ,\Ze_(hﬂ_ﬂﬂt _ #2}

M [,\Zc—(hﬂﬂﬂf + #2}
(A + p)(Az + p12)

x [m el M—cmmw}

+

—(Ar+u it

= [~ rge—Oasa] [f\w it .L_u]

— (A2 +pht

+ [—AeGrtant [—Lﬁﬁ“\c I - j]
2+ 2

= Qpo(BPoo(t) + Poo(t)Quo(t) = [Poo(t)Qoo()I’

= [P, oy0,00(5)]”

So, for this state, the backward equation is
satisfied.



Forward equation

According to the forward equation, we should now
have

Plo, oo, 0y = 2P, oo, (D) + 11Po, 0ya, 0)(1)
— (M + M)Po, oo, ()

Let us compute the right-hand side:

r.h.s.

[)HE—UIHM'H +#1] [)‘2 _ )‘ze—ﬂzﬂiz‘!!]
=2 (A1 + p)(Az + p2)

. [)‘, - Alg—rmm] [Azf—uﬁm N #2]
# n + M2 T 12

[Alc—iﬂﬁlﬂf + m] [z\gi‘;’_“‘?”‘?” + #2]

—(h +29) (M + )0 + p2)

[)‘1E—Eii]+h[h 4 Jul]
(A1 + p1)

[#212 _ Aze_"—h_"‘m — X [Azc—mﬂlﬂf + #2]]

* Az + piz2

)'LQE_ (Hp+Ag) + #2]

T T

I:lu"l |i"‘l o )‘13—(3\]—#]11 o )‘1 [Alc—fﬂ]+3lﬂ! _'_#I}}
" (A1 + 1)

= Poo(t) [_,\zg—mz—mzw] + Quo(h) [_)HB—(MHI]H]

= Poo(H)Qfg(H) + Qoo(HP'00(t) = [Pro,00,0(t)]

In the same way, we can verify Kolmogorov's equa-
tions for all the other states.

11. (b) Follows from the hint upon using the lack of
memory property and the fact that ¢;, the min-
imum of j — (f — 1) independent exponentials
withrate A, is exponential withrate (j — i + 1)A.

(c) From (a) and (b)
P{Ty +---+Tj <t} =P{llél.?gfxf < t}

=(1—e )]

(d) With all probabilities conditional on X(0) =1

Py(ty=P{X(t) =]}
=P{X(5) zj} - P{X(t) =j+ 1}
=P{T; 4 4+ T; <t}
—P{T1+ -+ Tj1 < £}

(e) The sum of independent geometrics, each
having parameter p = e M is negative bino-
mial with parameters i, p. The result follows
since starting with an initial population of { is
equivalent to having i independent Yule pro-
cesses, each starting with a single individual.

12. (a) If the stateis the number of individuals at time
t, we get a birth and death process with

a=nix+4a, n<N
Ay =, n=N
Hn =1y

(b) Let P; be the long-run probability that the
system is in state i. Since this is also the pro-
portion of time the system is in state i, we are

o
looking for ¥ P;.

i=3

We have APy = py 1 Pray.
This vields

8
Py=—-P

n

A+ A+ 0)

2 N 1 2 0
_2h 48

A+ 02N+ 8
0y, H040040),
e o)
Fork > 4, we get

P

E—1)A
Pk=( k#J Pey
which implies
po_ E-DE-2)—@3) HH
T Rk-1) @

k-3
n=2

it

kln

o0 N TE 2 q k
therefore 3 Py =3 NEAHE
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' k
but ! {A} =log {%]
ik Le 12
I
w0 A
:lo lf—f:]
SL—A] Iz
> 3
So Yp=3E P;,[log{i]
P [ ] —A

-
n]? n
Pr=3|L] |lo
Sr=af4] e -]
B(A + B)2A + 8)
6p° !

(= 4]
Now ¥ P; = 1 implies
0

Bh+ 0 1
PD:{1+— w+—3()\+3]{2«\+9]
I3 2 253
n A 1
{bg[ )il ”
And finally,

ipk N “23\3] {log [#

3{)~+9){2)\+3] { z

"S:
Nt N
|
==
|
|—|
|—|
"

LOA+ 02N +0) 14.

x[los{;m[zﬂ]

With the number of customers in the shop as the
state, we get a birth and death process with
M=M=3 m=mw=4

Therefore

3 3 31"
Py==Py, Pr=-, Pi=|-| P
1=7t0 157 1 [] 0

2

And since ¥ P; =1, we get
o

-1

3 [3)2 16
=143+ (3] =1
0 {+4+{4” 37

(a) The average number of customers in the

shop is

3 31®
Py +2P= |:Z+2|:Z:|

-1
301+3+32 30
16 17 |1 T a7

Py

(b} The proportion of customers that enter the
shop is
M1 —Py) 9 16 28
—_ 2 =]1-Pr=1—-—. ===
) S TRV v

(c) Now pu =8, and so

-1
3 [3]* 64
"ﬂ=[1+§+[§H =57

So the proportion of customers who now enter
the shop is

88

31% 264 9
I‘Pz—l‘[g} vl m Ty

The rate of added customers is therefore

88 28 88 28
A [@} 2 [ 37] 3 [97 3?} — 045
The business he does would improve by 0.45
customers per hour.

Letting the number of cars in the station be the state,
we have a birth and death process with

A[J:)l|=)l2=20, /\;=D,f:>2

=2 =12
Hence,

5 5 5]2
Py =3P, Pr=3P = [g} Py
P: SP > 3P
a=zP2=|3z| o

3
and as z P; =1, we have
0

P PO 3 O 1 24
o= t+z+I3| T3 =
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1e.

(a) The fraction of the attendant’s time spent ser-
vicing cars is equal to the fraction of time
there are cars in the system and is therefore

1— Py = 245,272,

(b) The fraction of potential customers that are lost
is equal to the fraction of customers that arrive
when there are three cars in the station and is

therefore
5 3
Py = [5} Py =125/272

With the number of customers in the system as the
state, we get a birth and death process with

No=A =M=3 =0,
=2, pp=p3=4

i=4

Therefore, the balance equations reduce to

3 3 9 3 27
P =§pnf p2=1PI=§PDr P3=1P2=ﬁ

And therefore,

3 9 271! a2
Pu=[1+—+—+—:| =1

Py

2 8 32

(a) The fraction of potential customers that enter
the system is

A1—Ps) A I
— Sl h=lomem =g

(b) With a server working twice as fast we would
get

3 3 3]* :
p1=1P0p2=1PI = |:E:| pUP3= |:1:| Pﬂ.

N -1
3 31 71371° 64

So that now

27 64 148
1-Py=1-L =122
3 64 175~ 175

Let the state be

0: an acceptable molecule is attached
1: no molecule attached

2: an unacceptable molecule is attached.

Then this is a birth and death process with balance
equations

17.

18.

i
Py, =LP
12 Y Q

_ }\(]—CE]PI:(]—CEJ,U,_QPD
H1 o iy

7

Since i Py =1, we get
0

Py

) -1
Py = |:1+£ _|_1__Q£
Aa iy

_ Aaipty
Aapy + prypo + A1 — a)un

Py is the percentage of time the site is occupied by
an acceptable molecule.

The percentage of time the site is occupied by an
unacceptable molecule is

M — ajps

_loam,
B O g + p1 + ML — o)

a M

el

Say the state is 0 if the machine is up, say it is i
whenitis down due to a typei failure, i = 1, 2. The
balance equations for the limiting probabilities are
as follows.

APy =Py + poPs

1Py =ApPy

p2Pz =M1 —p)Py

Py +P +P=1

These equations are easily solved to give the results
Po=(1+Ap/p + M1 —p)/u2) "

Py=MpPo/p,  Pr=AM1-p)Py/p2

There are k + 1 states; state 0 means the machine
is working, state i means that it is in repair phase

i, i=1,...,k. The balance equations for the limiting
probabilities are

APy = Py
Py = APy
wilPi=pi Py, i=2,..,k
Pot -+ P=1

To solve, note that

il = piaPicy = pioPia = --- = APy

Hence,

Pi = (A pi)Po
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20.

and, upon summing,

k
1=py [1 + E(Am}

i=1

Therefore,

k -1
Py = |:1 + Z(J\;/P'—i):l . Pi=(Api)Po,

i=1

i=1..k

The answer to part (a) is I'; and to part (b) is Py.

There are 4 states. Let state 0 mean that no
machines are down, state 1 that machine 1 is down
and 2 is up, state 2 that machine 1 is up and 2 is
down, and 3 that both machines are down. The bal-
ance equations are as follows:

(M + M2)Po=p1P1 + paPa

(1 + A2)Pr = MPy 4+ inP3

(M + p2)P2 = Aol

1P =Py + 1y Pa

Py + Py +P4+0P:=1

These equations are easily solved and the
proportion of time machine 2 is down is ', + Ps.

Letting the state be the number of down
machines, this is a birth and death process with
parameters
A=A, =01

Hi = Hy i=12

By the results of Example 3g, we have

E[time to go from 0 to 2] = 2/ + /A

Using the formula at the end of Section 3, we have
Var(time to go from 0 to 2)

= Var(Ty) + Var(Ty)

1 1 i o 2,2
=4+ ——+ 4 (2/A ATy
Xt ors Tt @A s
Using Equation (5.3) for the limiting probabilities
of a birth and death process, we have

1+ Mn

Ppt Py = 1B
0 = T e+ OURP

21.

23.

How we have a birth and death process with
parameters

N=A i=1,2
pi=ip, i=12
Therefore,

14+ A/
Po+ Py = + AK

T4 A+ (A p)?/2

and so the probability that at least one machine is
up is higher in this case.

. The number in the system is a birth and death pro-

cess with parameters

Ap=Al(n+1),
pp=p, n=1

n=0

From Equation (5.3),
o 4]

1/Py=14 ¥ (\/p)"/nt =M
=1

and

Py = Po(A/p)"mt = e ME(A/p)" /n!, n>0

Let the state denote the number of machines that
are down. This yields a birth and death process
with

3 2 1 .
AUZﬁ,A]ZE,)Q:E,Af:U, !23
-2, 2
m=g - Mm=g =g
The balance equations reduce to
3/10 12
Pl =WPU = FPD
2/10 4 48
Py=—=—"P ==-P==P
S YT - -
1/10 4 192
B=as=1"= 5"
3
Hence, using » P; = 1 yields
0
b1, 12,48 102t 250
=TETETE Tz
(a) Average number notin use
2136 1068
=P 4+2P +3P3=—F = ——
e R 57 R T3]
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(b) Proportion of time both repairmen are busy

672 336

=Py 4+ Py=
2+ =% T 7

We will let the state be the number of taxis wait-
ing. Then, we get a birth and death process with
Ay = lpy = 2. Thisis a M/M/1, and therefore,

(a) Average number of taxis waiting = %
# —
1
21
(b) The proportion of arriving customers that get
taxis is the proportion of arriving customers
that find at least one taxi waiting. The rate of
arrival of such customers is 2(1 — Py). The pro-
portion of such arrivals is therefore
2(1-Pg) A

=1 %—1—P—;}=—=—

=1

If Ni(t) is the number of customers in the ith
system (i =1,2), then let us take {Ni(t),N,(f)}
as the state. The balance equation are with
nx=1m=1.

(a)

(b) Py ol + 1) = APr—1,0 + 2Py 1

(©) Py, mlA + p2) = p1P1, m—1 + 12Po_ pep

(d) PumlA+ py + p2) = APy g, m + p1Pyy1, m—1
+ #ZPn, m+1

APy, 0 = poPy 1

We will try a solution of the form Co"§" = P, .
From (a), we get

A
AC=pCH=f=—

H2
From (b),
+ o = lu} + e |
)‘ #_1 C n )‘C n—1 #-C ”_3
or

{)‘-I—pl)a:)\—l-yza;j‘:)\—l—pzag=A+)\a

A
and pla=Ai=a=—

H1
To get C, we observe that 3 Py =1
", m

but

EPH m=Cla"3 "= {11a1 {%]

e[ 2]) 2

26.

27.

28.

Therefore a solution of the form Ca"3" must be
given by

=[] ] -] ]

It is easy to verify that this also satisfies (c) and
(d) and is therefore the solution of the balance
equations.

Since the arrival process is Poisson, it follows that
the sequence of future arrivals is independent of
the number presently in the system. Hence, by
time reversibility the number presently in the sys-
tem must also be independent of the sequence of
past departures (since looking backwards in time
departures are seen as arrivals).

It is a Poisson process by time reversibility. If
A = b, the departure process will (in the limit) be
a Poisson process with rate dp since the servers will
always be busy and thus the time between depar-
tures will be independent random variables each
with rate 4.

Let Pij, Vi denote the parameters of the X{f} and
Pd, Vl'r of the Y{{) process; and let the limiting prob-
abilities be Pf,Py respectively. By independence
we have that for the Markov chain

{X(1), Y(f)} its parameters are
Vi,o=Vi+V}

X

Py o0 = P
vivvy!
V'J
Py, o, ti, 00 = T s Vypgk
and

Tim P{(X(6), Y(1)) =, )} =P P
Hence, we need show that

PIP{V} P}

A
(That is, rate from (i, £) to (j, £) equals the rate from
(j, £) to (i, £)). But this follows from the fact that the
rate from i to j in X(f) equals the rate from j to i;
that is,

PIVIP; = PIVIPY

The analysis is similar in locking at pairs (i, £) and

(i, k).
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(a) Let the state be 5, the set of failed machines.
(b) Forie 5,j 5,

Js,5—i= #a‘f|5|ﬂ]‘s, S+j = Aj

where 5 — i is the set 5 with i deleted and 5 + j
is similarly 5 with j added. In addition, |5]|
denotes the number of elements in 5.

(c) Psqs,s—i =Ps_ifls—i s

(d) The equation in (c) is equivalent to
Pspi/|5|=Ps_ A
or
Ps = Ps_i|S|Ai/pi
Iterating this recursion gives
Ps = Po(|SP! ] T (/)

ics
where 0 is the empty set. Summing over all 5
gives
1=Po Y (S]] (A/mo)
5 ics
and so
(ST Ai/ma)
Ps = =]
p(ENY | (o)
5 ie5

As this solution satisfies the time reversibility
equations, it follows that, in the steady state,
the chain is time reversible with these limiting
probabilities.

30. Since Ay is the rate it enters j when in state i, all we

3L

need do to prove both time reversibility and that
Py is as given is to verify that

n

AP = APy z Pi=1
1

Since Ajj = Ay, we see that P; = 1/n satisfies the
above.

{a) This follows because of the fact that all of the
service times are exponentially distributed and
thus memoryless.

(b) Let u={n1,...,nf,...,u}-, e M),
;>0 and let #'= (n,...m—1,..,
nj—1,...,n17). Theng, = pif(r —1).

where

¢) The process is time reversible if we can find
P
probabilities P(n) that satisfy the equations

P(myps; f(r — 1) = P(n)ps /(r - 1)

where 11 and n' are as given in part (b). The
above equations are equivalent to

uiP(m) =i /P(r)

Since n; = n'; + 1and n'; = n; + 1 (where n;
refers to the k" component of the vector ), the
above equation suggests the solution

r
P(my=C [ /ue)"k
k=1

where C is chosen to make the probabili-
ties sum to 1. As P(n) satisfies all the time
reversibility equations it follows that the chain
is time reversible and the P(n) given above are
the limiting probabilities.

32. The states are 0, 1, I, n,n = 2. State 0 means the

system is empty, state 1 (1') means that there is
one in the system and that one is with server 1 (2);
state 11,1 = 2, means that there are 1 customers in
the system. The time reversibility equations are as
follows:

(A2)Pg= 1Py
(A2)Pp = p2 Py

APy = P2

APy =y Py

APy =pulPyq,n=2

where i = p11 + pi2. Solving the last set of equations
(with 1 > 2) in terms of P, gives

Py = (A/p)Pn
= (/‘\f{#)zpu—l == (/‘\)'{#)"_IPZ
That is,
Pyio=(Ap)'"P;, nz0
The third and fourth equations above yield
Py = (u2/ )P
Py =(p1 /A)P2
The second equation yields
Py = (2u2/NPyr = 21412/ NPy

Thus all the other probabilities are determined in
terms of Py. However, we must now verify that the
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top equation holds for this solution. This is shown
as follows:

Py = (2u1 /WPy = (2u1p12/\)Ps

Thus all the time reversible equations hold when
the probabilities are given (in terms of P7) as shown
above. The value of P; is now obtained by requiring
all the probabilities to sum to 1. The fact that this
sum will be finite follows from the assumption that
Afp < 1.

Suppose first that the waiting room is of
infinite size. Let X;(t) denote the number of cus-
tomers at server i,i = 1, 2. Then since each of
the M/M /1 processes {X;(t)} is time-reversible,
it follows by Problem 28 that the vector process
{(X,(8), X5(8)), ¢ = 0} is a time-reversible Markov
chain. Now the process of interest is just the trun-
cation of this vector process to the set of states A
where

A={0,m)y:m=<4}t0{(n 0):n <4}
U{(n, m):nm = 0,n+m =5}

Hence, the probability that there are 1 with server 1
and n with server 2 is

Py, = k(A /)" (1 — A/ ) (Ao p2)™ (1 — Ao/ pia),

= C(A/p)" (A2 )™,
The constant C is determined from
S Pun=1

where the sum is over all (r1, m) in A.

(nmyc A

The process {X;(t)} is a two state continuous-time
Markov chain and its limiting probability is

lim P =1} = /(s + A), =14

(a) By independence,
proportion of time all working

4
= H#I,!"(F’-i + A
i=1
(b) Itis a continuous-time Markov chain since the
processes {X;(t)} are independent with each
being a continuous-time Markov chain.

{c) Yes, by Problem 28 since each of the processes
{Xi(t)} is ime reversible.

(d) The model that supposes that one of the
phones is down is just a truncation of the pro-
cess {X(t)} to the set of states A, where A

includes all 16 states except (0, 0, 0, 0). Hence,
for the truncated model

P{all working/truncated }
= P{all working} /(1 — P(0,0,0,0)

4
T/t + 20
i1

1

=T/ + )

i=1

35. We must find probabilities P! such that

Pl = Pjai

or

cPlgj=Pjai, ificAj¢A
Pigj=cPjg;i, ifigAjeA
Pigij = Py, otherwise

Now, Pi; = Pjij; and so if we let

kP
= kD

ificA

"
P ifid A

then we have a solution to the above equations. By
choosing k to make the sum of the P} equal to 1, we
have the desired result. That is,

k=(gpf;c_zpj)'l

icA igA

36. In Problem 3, with the state being the number of
machines down, we have

UD=2APD'1=1
5‘1=)i+#P1,0={ +#P1,2=m
va=ply =1

We will choose v=2A=2u, then the uniformized
version is given by

W =2(A+p) fori=0,1,2

2) A
P" =1 —_— =
w 200+ p) (A +p)
2A A
P" = 11 =
200+ ) (A+p)
no_ Atp W B

0T F ) (+p) 20+ p)
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38.

n 1 Adp 1

20 +p) 2
A+ A A
BTN+ A+ ) T 200+ )
no_ M
1ATIOE )

Pl—1_ H =2/\+!-5
= 200+ 1) 2N+ )

The state of any time is the set of down
components at that time. For 5 < {L2,...,n},
igS,jes

q(5,5+i)= X\
q(5,5 — ) = pyal®!

where S +i=5U{i},S—j=5n{j}", |5 = number
of elements in 5.

The time reversible equations are
P(S)u;alsl = P(S — i),
The above is satisfied when, for 5 = {i,, i, ..., i}
Ai My - A

i i - g ROV
where P(¢) is determined so that
Y P(S)=1

where the sum is over all the 2" subsets of

(1,2,...,n}.

ies

P(5) = P(¢)

Say that the process is “on” when in state 0.

(a) E[0(f + M)]=E[0(t) + on timein (f,{+ h)]

=n(t) + E[on time in (f,t + 1]
Now

Elon time in (f, f + )| X(t) =0] = h + o(h)
Elon time in (t, f + h)|X(t) = 1] = o(h)
So, by the above
nit + h) = n(t) + Pyo(HH)h + o(h)
(b) From (a) we see that

D=1 _ Pyt + o)

Let h = 0 to obtain
n'(t) = Poo(t)

A
P A

_ A+
Ad+p A4p

Integrating gives

mt A
Ap (A+p)

Since m(0) = 0 it follows that C=A/(A + ).

nt) = e+t 4 C

39. E[0(t)|x(0) = 1] = ¢ — E[time in 1|X(0) = 1]

41.

=t [1- f_.—umr]

(A 4+ p)

The final equality is obtained from Example 7b (or
Problem 38) by interchanging A and fi.

- Cov[X(s), X(1)] = E[X(s)X(t)] — E[X(s)]EX(1)]

MNow,

1 ifXEs=XtH=1
XE)X() = {0 ;rhe(ivise "
Therefore, fors < t
E[X(s)X(1)]
= P{X(s) = X(#) = 1| X(0) = 0}
= Puo(s)Poo(t — 5) by the Markovian property

({\TZ[F‘ + )tg_”‘—lﬂb][lu_ + )ug—f)l—j.t“f ol]

Also,
E[X(s)IE[X(£)]

[ + M—(l+ﬂ15][# + M—(lﬁﬂf]

— 1
(A+p)
Hence,

Cov[){{s) X()]

({\+ } [+ e (h+msl)‘e—(h—j.:h[€fh—j.:h 1]

(a) Letting T; denote the time until a transition out
of { occurs, we have

Pi=P{X(Y)=j} =P{X(V)=]|T; <Y}

0 PIX(N) =Y S T
B St

— P, U ]

=2 PuPygix+ oy

The first term on the right follows upon con-
ditioning on the state visited from i (which is k
with probability Py) and then using the lack of
memory property of the exponential to assert
that given a transition into k occurs before time
Y then the state at Y is probabilistically the



=

(0)

same as if the process had started in state k and thus the state at time Y1 + Y3 is just the
and we were interested in the state after an 2-stage transition probabilities of I’;. The gen-
exponential time with rate A. As g3 = /Py, eral case can be established by induction.

the result follows. (d) The above results in exactly the same approx-

From (a) imation as Approximation 2 in Section 6.8.
(A4 )P = qaPy; + Ady; 42. (a) The matrix P* can be written as
k * _
or P"=I1+R/v
A5 =Y ryPy — APy and so P;;—" can be obtained by taking the i, j
i T e g element of (I + Rfi}}n, which gives the result
or, in matrix terminology, when v = n/t.
_M=RP_ AP (b) Uniformization shows that Py(f)=E [P;N ]
=(R— ADP where N is independent of the Markov chain
with transition probabilities P;;- and is Poisson
implying that distributed with mean vt. Since a Poisson ran-
P=_MR-A)'= —(R/A— n! dom variable with mean vt has standard dewi-
. ation (Ut)lf!z, it follows that for large values of
=({I—-R/X) ot it should be near vt. (For instance, a Poisson
Consider, for instance, random variable with mean 10° has standard
PIX(Y, + Ya) = jIX(0) = i} deviation 10° and thus will, with high proba-
bility, be within 3000 of 10°.) Hence, since for
_ . _ . fixediand j, P;}-”’ should not vary much for val-
o %P{X{Yl +Y2) =jiX(Y)) =k X(0) =1) ues of m about vt when vt is large, it follows
P{X(Y,) = k|X(0) = i} that, for large vt

*=N | *I J—
=Y P{X(Y, + Y2) = jIX(Y,) =k} Py E [P,-}- ] ~ P}, wheren =t
k

=¥ P{X(Y,) = j|X(0) = k} Py
k

=Y PyPi
k
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Exercises

1.

*3.

Is it true that

{a) N(t) < nif and only if §,; = ¢?

(b) N(t) < nif and only if §,; = ¢?

(c) N(t)=mnifand onlyif S, < ¢?

Suppose that the interarrival distribution for a renewal process is Poisson distributed
with mean u. That is, suppose

E
P{X,,:k}:.—a—#‘;—l, E=0,1,...

{a) Find the distribution of §,,.
(b} Calculate PIN(t) = n).

If the mean-value function of the renewal process {N(¢), t = 0} is given by mi(¢) =
t/2, ¢t = 0, what is P{N(5) =0}?



4.

*6.

*8.

Let {N1(t), t = 0}and {M2(t), ¢ = 0} be independent renewal processes. Let N(f) =
N1(f) + Naig).

{a) Are the interarrival times of [N(¢), ¢ = 0} independent?

(b)  Are they identically distributed?

(c) Is {N(t), # = 0} a renewal process?

Let Uy, U,,... be independent uniform (0, 1) random variables, and define N by
N=minfr:U+U;+---+ U, =1}

What is E[N]?

Consider a renewal process {N(¢), + = 0} having a gamma (r, 2) interarrival distri-
bution. That is, the interarrival density is

he M (1

flax) = o ¥ 0

{a) Show that
PIN() > n) = i "_Zﬁ

(b) Show that

i=r

where [i/r] is the largest integer less than or equal to i/r.

Hint: Use the relationship between the gamma (r, 4) distribution and the sum of r
independent exponentials with rate A to define Nit) in terms of a Poisson process
with rate i.

Mr. Smith works on a temporary basis. The mean length of each job he gets is three
months. If the amount of time he spends between jobs is exponentially distributed
with mean 2, then at what rate does Mr. Smith pet new jobs?

A machine in use is replaced by a new machine either when it fails or when it reaches
the age of T years. If the lifetimes of successive machines are independent with a
common distribution F having density f, show that

{a) the long-run rate at which machines are replaced equals

T -1
U. xf(x)dx + T(1 — F(T}}]
0

(b) the long-run rate at which machines in use fail equals

E(T)
T xfx)dx + TI1 — F(T)]




10.

11.

13.

A worker sequentially works on jobs. Each time a job is completed, a new one is
begun. Each job, independently, takes a random amount of time having distribution
F to complete. However, independently of this, shocks occur according to a Poisson
process with rate 4. Whenever a shock occurs, the worker discontinues working
on the present job and starts a new one. In the long run, at what rate are jobs
completed?

Consider a renewal process with mean interarrival time p. Suppose that each event
of this process is independently “counted™ with probability p. Let N¢(#) denote the
number of counted events by time ¢, ¢ = 0.

{a) Is Ngit), t = 0 a renewal process?

(b} Whar is lim;_, .o N¢(#)/t?

A renewal process for which the time until the initial renewal has a different dis-
tribution than the remaining interarrival times is called a defayed (or a general)
renewal process. Prove that Proposition 7.1 remains valid for a delayed renewal
process. (In general, it can be shown that all of the limit theorems for a renewal
process remain valid for a delayed renewal process provided that the time until the
first renewal has a finite mean.)

Events occur according to a Poisson process with rate A. Any event that occurs
within a time d of the event that immediately preceded it is called a d-event. For
instance, if d = 1 and events occur at times 2,2.8,4,6,6.6, . .., then the events at
times 2.8 and 6.6 would be d-events.

{al At what rate do d-events occur?

(b} Whar proportion of all events are d-events?

Let Xy, X5,... be a sequence of independent random variables. The nonnegative
integer valued random variable N is said to be a stopping time for the sequence if
the event {N = n} is independent of X1, Xu42,.... The idea being that the X
are observed one at a time—Afirst X, then X5, and so on—and N represents the
number observed when we stop. Hence, the event {N = n} corresponds to stopping
after having observed Xi,..., X and thus must be independent of the values of
random variables vet to come, namely, X, 1, Xpe2, .. ..

{a) Let X{,X3,... be independent with

PIX;=1}=p=1-P[X;=0), iz1
Define

Np =minjn: X1 +---+ X;; = 5}

3, ifX1=0
Nz =
’ lsﬁ if X1 =1

3, ifXs=0
N =
? lzﬁ i X =1

Which of the N; are stopping times for the sequence X1, ...? An important
result, known as Wald's eguation states that if Xy, X», . .. are independent and
identically distributed and have a finite mean E(X), and if N is a stopping time



14.

for this sequence having a finite mean, then
N
E[Z x,} = EIN]E[X]
i=1

To prove Wald's equation, let us define the indicator variables I;,i = 1 by
L [L fi<N
i=lo, ifi=N
(b} Show that

N oo
X =Y X
i=1 f=|

From part (b) we see that

E[ix,} [ Sxa]

i=1 i=1

=Y EIX]

i=1

where the last equality assumes that the expectation can be brought inside the
summation (as indeed can be rigorously proven in this case).
(c) Argue that X; and I; are independent.

Hint: I; equals 0 or 1 depending on whether or not we have yet stopped after
observing which random variables?

(d} From part (c) we have

oo

N
E[Z x,} =3 EIXIEIL]
i=1

i=1
Complete the proof of Wald's equation.
(e} What does Wald’s equation tell us about the stopping times in part {a)?

Wald's equation can be used as the basis of a proof of the elementary renewal
theorem. Let X1, Xa, ... denote the interarrival times of a renewal process and let
N(t) be the number of renewals by time ¢.

{a) Show that whereas N(#) is not a stopping time, N(t) + 1 is.

Hint: Mote that
Nity=n & X1+---+Xp<t and X1 +---+Xpy1 =t
b} Argue that

Nif+1
B[ ¥ x| =utm + 1



(c) Suppose that the X; are bounded random variables. That is, suppose there is
a constant M such that P{X; <= M} = 1. Arpue that

Nit+1
t = Z XNi=t+ M

i=1

{d) Use the previous parts to prove the elementary renewal theorem when the
interarrival times are bounded.

15. Consider a miner trapped in a room that contains three doors. Door 1 leads him to
treedom after two days of travel; door 2 returns him to his room after a four-day
journey; and door 3 returns him to his room after a six-day journey. Suppose at
all times he is equally likely to choose any of the three doors, and let T denote the
time it takes the miner to become free.

{a) Define a sequence of independent and identically distributed random variables
X1.Xz ... and a stopping time N such that

T=) X

i=1

Note: You may have to imagine that the miner continues to randomly choose
doors even after he reaches safety.

{b) Use Wald’s equation to find E[T].
(¢) Compute E [Efil X;IN = n] and note that it is not equal to E[3"7 ; X;].
{(d) Use part (c) for a second derivation of E[T].

16. A deck of 52 playing cards is shuffled and the cards are then turned face up one at
a time. Let X; equal 1 if the ith card turned over is an ace, and let it be 0 otherwise,
i=1,...,52. Also, let N denote the number of cards that need be turned over until
all four aces appear. Thar is, the final ace appears on the Nth card to be turned
over. Is the equation

N
B[ 3] = ENiEx
i=1

valid? If not, why is Wald’s equation not applicable?

17. In Example 7.6, suppose that potential customers arrive in accordance with a
renewal process having interarrival distribution F. Would the number of events
by time ¢ constitute a (possibly delayed) renewal process if an event corresponds to
a customer
(a) entering the bank?

{b) leaving the bank?
What if F were exponential?

*18. Compute the renewal function when the interarrival distribution F is such that

1 — Fit) = pe ™" + (1 — ple—H2
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20.

21.

*22,

23,

24,

25,

For the renewal process whose interarrival times are uniformly distributed over
(0, 1), determine the expected time from ¢ = 1 until the next renewal.

For a renewal reward process consider

_Ri+Rx+---+Ry
T X1+ Xa4+ Xy

n

where W, represents the average reward earned during the first n cycles. Show that
W, — E[R]/E[X]as n — .

Consider a single-server bank for which customers arrive in accordance with a Pois-
son process with rate A. If a customer will enter the bank only if the server is free
when he arrives, and if the service time of a customer has the distribution G, then
what proportion of time is the server busy?

The lifetime of a car has a distribution H and probability density &. Ms. Jones buys
a new car as soon as her old car either breaks down or reaches the age of T years. A
new car costs Cq dollars and an additional cost of C; dollars is incurred whenever a
car breaks down. Assuming that a T-vear-old car in working order has an expected
resale value R(T), what is Ms. Jones’ long-run average cost?

Consider the gambler’s ruin problem where on each bet the gambler either wins 1
with probability p or loses 1 with probability 1 — p. The gambler will continue to
play until his winnings are either N — i or —i. (That is, starting with i the gambler
will quit when his fortune reaches either N or 0.) Let T denote the number of
bets made before the gambler stops. Use Wald’s equation, along with the known
probability that the gambler’s final winnings are N — i, to find E[T].

Hint: Let X; be the gambler’s winnings on bet j,j = 1. What are the possible values
of YT, X;? What is E[Z}Lj x,]?

Wald's equation can also be proved by using renewal reward processes. Let N be a
stopping time for the sequence of independent and identically distributed random
variables X;, i = 1.

(a) Let Ny = N. Argue that the sequence of random variables Xn, 11, Xn,+2,. ..
is independent of X1,..., Xy and has the same distribution as the original
sequence X;, @ = 1.

Now treat Xn,+1, XN, 42, ... 252 new sequence, and define a stopping time
N3z for this sequence that is defined exactly as Ny is on the original sequence.
(For instance, if Ny = min{m: X,, = 0}, then N2 = min{n: Xy, 1n = 0}.)
Similarly, define a stopping time N3 on the sequence Xpy, a0 15 Xny Nyt 20 - - -
that is identically defined on this sequence as Ny is on the original sequence,
and so on.

ib) Isthe reward process in which X is the reward earned during period i a renewal
reward process? If so, what is the length of the successive cycles?

{c) Derive an expression for the average reward per unit time.

jd) Use the strong law of large numbers to derive a second expression for the
average reward per unit time.

(e} Conclude Wald’s equation.

Suppose in Example 7.13 that the arrival process is a Poisson process and suppose
that the policy emploved is to dispatch the train every ¢ time units.
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27.

28.
29,

{a) Determine the average cost per unit time.

(b} Show that the minimal average cost per unit time for such a policy is approx-
imately ¢/2 plus the average cost per unit time for the best policy of the type
considered in that example.

Consider a train station to which customers arrive in accordance with a Poisson
process having rate . A train is summoned whenever there are N customers waiting
in the station, but it takes K units of time for the train to arrive at the station. When
it arrives, it picks up all waiting customers. Assuming thart the train station incurs
a cost at a rate of #¢ per unit time whenever there are # customers present, find the
long-run average cost.

A machine consists of two independent components, the ith of which functions for
an exponential time with rate 4;. The machine functions as long as at least one of
these components function. (Thart is, it fails when both components have failed.)
When a machine fails, a new machine having both its components working is put
into use. A cost K is incurred whenever a machine failure occurs; operating costs
at rate ¢; per unit time are incurred whenever the machine in use has i working
components, § = 1, 2. Find the long-run average cost per unit time.

In Example 7.15, what proportion of the defective items produced is discovered?

Consider a single-server queueing system in which customers arrive in accordance
with a renewal process. Each customer brings in a random amount of work, chosen
independently according to the distribution G. The server serves one customer at a
time. However, the server processes work at rate § per unit time whenever there are i
customers in the system. For instance, if a customer with workload § enters service
when there are three other customers waiting in line, then if no one else arrives
that customer will spend 2 units of time in service. If another customer arrives after
1 unit of time, then our customer will spend a total of 1.8 units of time in service
provided no one else arrives.

Let W; denote the amount of time customer i spends in the system. Also, define
E[W] by

E[W]= lim Wy 4+ Wy/n

and so E[ W] is the average amount of time a customer spends in the system.
Let N denote the number of customers that arrive in a busy period.
{a) Argue that

E[W]=E[W1 + --- + WNI/E[N]

Let L; denote the amount of work customer i brings into the system; and so
the L;, i = 1, are independent random variables having distribution G.

(b} Argue that at any time ¢, the sum of the times spent in the system by all arrivals
prior to ¢ is equal to the total amount of work processed by time ¢.

Hint: Consider the rate at which the server processes work.
(c) Arpue that

N N
YW =>L
i=1 i=1
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32.
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(d} Use Wald's equation (see Exercise 13) to conclude that
ElWl=n

where u is the mean of the distribution G. That is, the average time that
customers spend in the system is equal to the average work they bring to the
system.

For a renewal process, let A(¢) be the age at time ¢. Prove that if u = oo, then with
probability 1

@—}D as it — 00

If A(t) and Y(¢) are, respectively, the age and the excess at time ¢ of a renewal
process having an interarrival distribution F, calculate

PiYit) = x|A(t) = s}

Determine the long-run proportion of time that X411 < €.
In Example 7.14, find the long-run proportion of time that the server is busy.

An M/G /oo queneing system is cleaned at the fixed times T, 2T, 3T,.... All cus-
tomers in service when a cleaning begins are forced to leave early and a cost Cj is
incurred for each customer. Suppose that a cleaning takes time T /4, and that all
customers who arrive while the system is being cleaned are lost, and a cost Cs is
incurred for each one.

{a) Find the long-run average cost per unit time.

(b} Find the long-run proportion of time the system is being cleaned.

Satellites are launched according to a Poisson process with rate A. Each satellite
will, independently, orbit the earth for a random time having distribution F. Let
X(t) denote the number of satellites orbiting at time ¢.

{a) Determine P{X(t) = k).

Hint: Relate this to the M;/G /oo queue.

(b) If at least one satellite is orbiting, then messages can be transmitted and we
say that the system is functional. If the first satellite is orbited art time ¢+ = 0,
determine the expected time that the system remains functional.

Hint: Make use of part (a) when k& = 0.

Each of #n skiers continually, and independently, climbs up and then skis down a

particular slope. The time it takes skier # to climb up has distribution F;, and it is

independent of her time to ski down, which has distribution H;,, i = 1,..., n. Let

N(t) denote the total number of times members of this group have skied down the

slope by time ¢. Also, let U(#) denote the number of skiers climbing up the hill at

time t.

{a) Whatis lim,_, ., Nit)/t?

(b} Find lim,_. .. E[U(#)].

(c) If all F; are exponential with rate A and all G; are exponential with rate g,
what is P{U(t) = &}?
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There are three machines, all of which are needed for a system to work. Machine

i functions for an exponential time with rate A; before it fails, i = 1,2,3. When

a machine fails, the system is shut down and repair begins on the failed machine.

The time to fiix machine 1 is exponential with rate 5; the time to fix machine 2 is

uniform on (0, 4); and the time to fix machine 3 is a gamma random variable with

parameters # = 3 and A = 2. Once a failed machine is repaired, it is as good as new

and all machines are restarted.

{a) What proportion of time is the system working?

{b) What proportion of time is machine 1 being repaired?

{c) What proportion of time is machine 2 in a state of suspended animation (that
is, neither working nor being repaired)?

A truck driver regularly drives round trips from A to B and then back to A. Each

time he drives from A to B, he drives at a fixed speed that (in miles per hour) is

uniformly distributed between 40 and 60; each time he drives from B to A, he drives

at a fixed speed that is equally likely to be either 40 or 60.

{a) In the long run, what proportion of his driving time is spent going to B?

{b) Inthe long run, for what proportion of his driving time is he driving at a speed
of 40 miles per hour?

A system consists of two independent machines that each function for an exponen-
tial time with rate A. There is a single repairperson. If the repairperson is idle when
a machine fails, then repair immediately begins on that machine; if the repairperson
is busy when a machine fails, then that machine must wait until the other machine
has been repaired. All repair times are independent with distribution function G
and, once repaired, a machine is as good as new. Whart proportion of time is the
repairperson idle?

Three marksmen take turns shooting at a target. Marksman 1 shoots until he misses,
then marksman 2 begins shooting until he misses, then marksman 3 until he misses,
and then back to marksman 1, and so on. Each time marksman i fires he hits the
target, independently of the past, with probability F;, i = 1,2, 3. Determine the
proportion of time, in the long run, that each marksman shoots.

Each time a certain machine breaks down it is replaced by a new one of the same
type. In the long run, what percentage of time is the machine in use less than one
year old if the life distribution of a machine is

{a) uniformly distributed over (0, 2)?

{b) exponentially distributed with mean 13

For an interarrival distribution F having mean ., we defined the equilibrium dis-
tribution of F, denoted F., by

1 X
Fx) — ~ f [1 — Fiy)ldy
wJo

{a) Show that if F is an exponential distribution, then F = F,.
(b} If for some constant ¢,
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show that F, is the uniform distribution on (0, ¢). That is, if interarrival times
are identically equal to ¢, then the equilibrium distribution is the uniform
distribution on the interval (0, ¢).

ic) The city of Berkeley, California, allows for two hours parking at all non-
metered locations within one mile of the University of California. Parking
officials regularly tour around, passing the same point every two hours. When
an official encounters a car he or she marks it with chalk. If the same car is
there on the official’s return two hours later, then a parking ticket is written.
If you park your car in Berkeley and return after three hours, what is the
probability you will have received a ticket?

Consider a renewal process having interarrival distribution F such that
E(x) = %—e‘x + {;f‘”l, x =0

That is, interarrivals are equally likely to be exponential with mean 1 or exponential

with mean 2.

{a) Without any calculations, guess the equilibrium distribution F,.

(b} Verify your guess in part (a).

An airport shuttle bus picks up all passengers waiting at a bus stop and drops them

off at the airport terminal; it then returns to the stop and repeats the process. The

times between returns to the stop are independent random variables with distribu-

tion F, mean u, and variance o, Passengers arrive at the bus stop in accordance

with a Poisson process with rate A. Suppose the bus has just left the stop, and let X

denote the number of passengers it picks up when it returns.

{a) Find E[X].

(b} Find Var(X).

{c) Atwhat rate does the shuttle bus arrive at the terminal without any passengers?
Suppose that each passenger that has to wait at the bus stop more than ¢ time

units writes an angry letter to the shuttle bus manager.

(d) What proportion of passengers write angry letters?

(e} How does your answer in part (d) relate to F.(x)?

Consider a system that can be in either state 1 or 2 or 3. Each time the system
enters state { it remains there for a random amount of time having mean g; and
then makes a transition into state j with probability P;;. Suppose

Pia=1, Pyy=Py=4% Py=1

{a) What proportion of transitions takes the system into state 17
ib) If py =1, uy = 2, pu3 = 3, then what proportion of time does the system
spend in each state?

Consider a semi-Markov process in which the amount of time that the process
spends in each state before making a transition into a different state is exponentially
distributed. What kind of process is this?

In a semi-Markov process, let #; denote the conditional expected time that the

process spends in state ¢ given that the next state is j.

{a) Present an equation relating p; to the .

(b) Show that the proportion of time the process is in ¢ and will next enter j is
Equﬂ.] 0o P,‘P.}'f‘;'lirji‘;.
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Hint: Say that a cycle begins each time state i is entered. Imagine thar you receive
a reward at a rate of 1 per unit time whenever the process is in i and heading for j.
What is the average reward per unit time?

A raxi alternates between three different locations. Whenever it reaches location i, it
stops and spends a random time having mean ¢; before obtaining another passenger,
i = 1,2,3. A passenger entering the cab ar location § will want to go to location j
with probability Pj. The time to travel from i to j is a random variable with mean
M. SUPPOSE that t = 1, ty = 2.,, t; = 4, P]z = ], P23 = ], P3| = -% =1- P32..
mz = 10, ma3 = 20, m3y = 15, m3z = 25. Define an appropriate semi-Markov
process and determine

{a) the proportion of time the taxi is waiting at location i, and

(b) the proportion of time the taxi is on the road from i to j, i, = 1,2, 3.

Consider a renewal process having the gamma (s, 2) interarrival distribution, and
let Y(t) denote the time from ¢ until the next renewal. Use the theory of semi-Markov
processes to show that

. 1o
lim PLY() < x}=— 3 Gia(®)

i=1

where G;; (x) is the gamma (i, ) distribution function.
To prove Equation (7.24), define the following notation:

X: = time spent in state i on the jth visit to this state;
N;(m) = number of visits to state i in the first m transitions
In terms of this notation, write expressions for

(a) the amount of time during the first s transitions that the process is in state i;
{b) the proportion of time during the first m transitions that the process is in

state i.
Argue that, with probability 1,

My (rrr) X,r
(c) ; N,-{;ﬂ}_}“'. as m — oo
(d) Niim)fm — m; as M — 0o,

(e} Combine parts (a), (b), (c), and (d) to prove Equation (7.24).

In 1984 the country of Morocco in an attempt to determine the average amount
of time that tourists spend in that country on a visit tried two different sampling
procedures. In one, they questioned randomly chosen tourists as they were leaving
the country; in the other, they questioned randomly chosen guests at hotels. (Each
tourist stayed at a hotel.) The average visiting time of the 3000 tourists chosen from
hotels was 17.8, whereas the average visiting time of the 12,321 tourists questioned
at departure was 9.0. Can you explain this discrepancy? Does it necessarily imply
a mistake?

Let X;,i = 1,2, ..., be the interarrival times of the renewal process {N(¢)}, and let
Y, independent of the X;, be exponential with rate .
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{a) Use the lack of memory property of the exponential to argue that
PIX1+- -+ Xy <Y} =(PIX <Y}
(b} Use part (a) to show that

E[e—*X]

EINOY)] = 1=y

where X has the interarrival distribution.

Write a program to approximate #mi(¢) for the interarrival distribution F % G, where
F is exponential with mean 1 and & is exponential with mean 3.

Let X;, i = 1, be independent random variables with p; = P{X =j},j = 1. If
p; = /10, j =1,2,3,4, find the expected time and the variance of the number of
variables that need be observed until the pattern 1, 2, 3, 1, 2 occurs.

A coin that comes up heads with probability 0.6 is continually flipped. Find the
expected number of flips until either the sequence thht or the sequence ¢t occurs,
and find the probability that #¢ occurs first.

Random digits, each of which is equally likely to be any of the digits 0 through 9,
are observed in sequence.

{a) Find the expected time until a run of 10 distinct values occurs.

{b) Find the expected time until a run of 5 distinct values occurs.

Let k(x) = P{Z,-T:I X; = x) where Xy, Xs.... are independent random variables
having distribution function F, and T is independent of the X; and has prob-
ability mass function P{T = n} = ¢"(1 — p), n = 0. Show that h(x) satisfies
Equation (7.53).

Hint: Start by conditioning on whether T=00r T = 0.



Chapter 7

1. (a) Yes,

(b) no,

(¢) no.

2. (a) Sy is Poisson with mean nj.

(b)

P{N(t) =n}
=P{N({t) zn} —P{N(t) = n + 1}
=P{Sy <t} —P{Spp1 <t}

11
=3 e ™t /k
k=0

[1]
_ 2 e—{n-l—ﬂj.l: [(H + 1J#]n‘:/||'k[
k=0

where [t] is the largest integer not exceeding f.

By the one-to-one correspondence of m(f) and F, it
follows that {N(t), f = 0} is a Poisson process with
rate 1,/2. Hence,

P{NGB)=0)=¢>/?

(a)

(b)

(c)

No! Suppose, for instance, that the interarrival
times of the first renewal process are identi-
cally equal to 1. Let the second be a Poisson
process. If the first interarrival time of the pro-
cess {N(f),f = 0} is equal to 3/4, then we can
be certain that the next one is less than or equal

to1/4.

No! Use the same processes as in (a) for a coun-
ter example. For instance, the first interarrival
will equal 1 with probabilitye™ A, where A 1s the
rate of the Poisson process. The probability will
be different for the next interarrival.

No, because of (a) or (b).

The random variable N is equal to N(I) + 1 where
{N(t)} is the renewal process whose interarrival
distribution is uniform on (0, 1). By the results of
Example 2¢,

E[N]=a(l)+1=c¢

6. (a) Consider a Poisson process having rate A
and say that an event of the renewal process
occurs whenever one of the events numbered
t, 2r, 3r, ... of the Poisson process occur. Then

P{N(t) = n}
= P{nr or more Poisson events by }
= i e~ MR /il
(b) E[N(#)]
= i P{N(H) = n} = § % e MO /it
=1

n=1i=nr

oo [i/r] _ o0 _
=3 T e Moyt =3 [i/rle Mt
i=r mn=1 i=r

7. Once every five months.

8. (a) The number of replaced machines by time
constitutes a renewal process. The time bet-
ween replacements equals

T, if lifetime of new machineis = T
x, if lifetime of new machineis x,x < T.

Hence,
E[time between replacements]

T
- f ¥ (0)dx + T[1 — F(T)]
(1]

and the result follows by Proposition 3.1.

(b) The number of machines that have failed in use
by time f constitutes a renewal process. The
mean time between in-use failures, E[F], can
be calculated by conditioning on the lifetime
of the initial machine as
E[F] = E[E[F|lifetime of initial machine]]
Now
E[F |lifetime of machine is x]

fx<T

r.!
B {T + E[F], ifx=T



Hence,

T
E[F] = j; xf(x)dx + (T + E[F])[1 — F(T)]
or
T
f xf(x)dx + T[1 — F(T)]
0
K(T)

and the result follows from Proposition 3.1.

E[F] =

9. Ajobcompletion constitutes areneval. Let T denote

the time between renewals. To compute E[T] start
by conditioning on W, the time it takes to finish the
next job:

E[T] = E[E[T|W]]

MNow, to determine E[T|W = w] condition on 5, the
time of the next shock. This gives

o0
E[T|W = w] :fgmw —w,5 = x]he M
(1]

MNow, if the time to finish is less than the time of the
shock then the job is completed at the finish time;
otherwise everything starts over when the shock
occurs. This gives

_ o JX+E[T], if x=w
Elle_w'S_x]_{Tﬂ, i r>w
Hence,

E[T|W = w]

w = u]
= f (x + E[TDAe Mdx +w f de~ My
o w

= E[T][1—e ] +1/A — wc—h‘»‘_%g—lﬁ-‘_wg—lw
Thus,
E[T|W] = (E[T] + 1/A)(1 —e~*™)
Taking expectations gives
E[T] = (E[T] + 1/X)(1— E[e*"])
and so

1 Ee ]
EIT] = AE[e=W]

In the above, W is a random variable having distri-
bution F and so
o

E[E—)IW] =/-E—lff:f(w)dw

1]

10.

11.

12.

13.

14.

Yes, p/p

N(t) 1  number of renewals in (X;, f)
t ot t

Since X < oo, Proposition 3.1 implies that

number of renewals in (X,,) 1
; — —ast—oo.

Let X be the time between successive d-events.
Conditioning on T, the time until the next event
following a d-event, gives

d o]
E[X]:f xde Mdx +f (x + E[X]Ae Max
0 d

=1/A + E[X]e M

1
Therefore, E[X] = m
e
(a) X Al —e™™)
(b) 1—e M

(a) N, and N3 are stopping times. N3 is not.
(b) Follows immediately from the definition of [;.

(c) The value of [; is completely determined
from Xi,....Xi—1 (e.g., Ii = 0 or 1 depend-
ing upon whether or not we have stopped
after observing Xy, ..., X;_1). Hence, [; is inde-
pendent of X;.

(d) Y EL]=Y P{N =i} =E[N]
i=1 i=1

(e) E[X1+---+ Xn,] = EIN1]E[X]
ButX; + .-+ 4+ Xy, =5,E[X] = pand so
EIN{1=5/p
E[Xy + -+ + Xy, | = EIN;JE[X]
E[X]=p,EIN;,1=5p+3(1-p)=3+12p
E[X)+ -+ Xn, | =3+ 2p)p

(a) It follows from the hint that N(t) is not a stop-
ping time since N(t) = n depends on Xy41.
Now N(t) + 1 =n(=)Nit)=n—-1
() X+ + X =t
Xi+--4+ Xy =t

and so N(f)+1=n depends only on
X1, oo Xy Thus N(f) + 1 is a stopping
time.



15.

16.

(b)

(c)

(e)

(a)

(b)

(©)

(d)

Follows wupon application of Wald's
equation—using N(f) + 1 as the stopping
time.
N(f+1
Z X; is the time of the first renewal

i=1
after t. The inequality follows directly from this

interpretation since there must be at least one
renewal in the interval between t and ¢ + m.
N(f+1
t< Y Xi<t+M
i=1
Taking expectations and using (b) yields
t<pmif)+ 1) <t+M
or
f—p<pm(t)<t+M-—p

or
l_lqm(r)c:LrM_,u
not t # ut
m(t) 1
-

Let f = o0 to see that

X; =amountof time he has to travel after his ith
choice (we will assume that he keeps on mak-
ing choices even after becoming free). N is the
number of choices he makes until becoming
free.

N

E[T]= E{Z X,} = E[N]E[X]
1

N is a geometric random wvariable with
P=1/3s0

E[N] = 3,E[X] = %(2+4+5;=4

Hence, E[T] = 12.
N

1
E|YXilN=n =(n—])z{4+6)+2=5n—
1

3, since given N = n,X,..., X, are equally
likely to be either 4 or 6, X, = 2, E (fo x,—) =
4n.
From (c),

N
E|YX|=EBN-3]=15-3=12
1

N

No, since Z X; =4and E[X;] = 1/13, which would

1=i
imply that E[N] = 52, which is clearly incorrect.
Wald's equation is not applicable since the X; are
not independent.

17. (i) Yes. (ii) No—Yes, if F exponential.

18.

19.

20.

21.

We can imagine that a renewal corresponds to a
machine failure, and each time a new machine is
put in use its life distribution will be exponential
with rate py with probability p, and exponential
with rate ji; otherwise. Hence, if our state is the
index of the exponential life distribution of the
machine presently in use, then this is a 2-state
continuous-time Markov chain with intensity rates

q1,2 = pi(l —p). Gy 4 = p2p

Hence,
Py(t)
{1l —p)
S i\ St B — (1 — .
(L —p) 4P exp {— [p1(1 —p) +pap] t}

pap
+ - -
p1(1—p) +pap

with similar expressions for the other transition
probabilities (P12(t) = 1 — Pyy(t), and Pag(f) is the
same with pop and (1 — p) switching places).
Conditioning on the initial machine now gives

E[Y (5]

= PE[Y()|X(0) = 1] + (1 — p)E[Y ()| X(0) = 2]
Py(t) Pyt Pyt Pos(t
=p[ () | Prof )} +(1—p)[ a() | Paof )}
H1 H2 1 H2

Finally, we can obtain m(t) from

pulm(f) + 1] =t + E[Y(£)]

where

w=plu+1-p)fu

is the mean interarrival time.

Since, from Example 2¢,m(t) = ¢' — 1,0 < t < 1,

we obtain upon using the identity f 4+ E[Y({)] =
pe[mit) + 1] that E[Y(1)] =¢/2 - 1.

W, = (Rl+"‘+Rn) E
"T(Xi+---+Xy)/n EX
by the strong law of large numbers.

Hg

ST where y1; 1s the mean of G.
H /

. Costofacycle=Cy + Gl —R(T){(1-1).

1, ifX<T
I= where X = life of car.

0, FX>T



23.

24,

Hence,
E[cost of a cycle]

=C) + GH(T)-R(T)[1-H(T)]
Also,

E[time of cycle = [ Eltime| X = x]hix)dx

i3
=fxmmu+ru—HﬂH
(1]

Thus the average cost per unit time is given by
G + GH(T) — R(D[1 — H(T)]

t
f xhix)dx + T[1 — H(T)]
0

Using that E[X] = 2p — 1, we obtain from Wald's
equation when p # 1/2 that

T
E[Tli2pr-1)=E LZ X‘,-:|
j=1

_ -Gy [, 1-(a/py
'4N_”1—WWW_IP_1—WWW
o I—(q/py
N1y !
yielding the result:
N Ty
EIT] w1 PF12

When p = 1/2, we can easily show by a condition-
ing argument that E[T] = i(N — i)

Let Ny =N denote the stopping time. Because
Xj, i=1, are independent and identically dis-
tributed, it follows by the definition of a stopping
time that the event {N;=mn} is independent of
the values X, .;, i 1. But this implies that the
sequence of random variables Xy, 11, Xp 0, 15
independent of Xi,..., Xy and has the same dis-
tribution as the original sequence X;, i > 1. Thus if
we let N3 be a stopping time on Xy, 11, X2, ..
that is defined exactly as is Ny is on the original
sequence, then Xy, .1, X 12, ..., Xppon, 1s inde-
pendent of and has the same distribution as does
X1, ..., Xy, . Similarly, we can define a stopping time
N3 on the sequence Xp, 4n;+1, Xnp4np22. ... thatis
identically defined on this sequence as is Ny on
the original sequence, and so on. If we now con-
sider a reward process for which X; is the reward
earned during period i, then this reward process is

25.

26.

27.

28.

a renewal reward process whose cycle lengths are
Ny, N3, .... By the renewal reward theorem,

E[Xi 4+ ---+ Xnl
EN]

But the average reward per unit time is

average reward per unit time =

M
limy, . Z Xi/n, which, by the strong law of large
i=1
numbers, is equal to E[X]. Thus,

E[X; + ...Xy]

EXT= "

Say that a new cycle begins each time a train is
dispatched. Then, with C being the cost of a cycle,
we obtain, upon conditioning on N(#), the number
of arrivals during a cycle, that

E[C]=E[E|C|N(t)]] = E[K + N(t)ct/2]
=k + Act?/2

Hence,

average cost per unit time = @ = % + Act/2

Calculus shows that the preceding is minimized

whent = /2K /(Ac), with the average cost equal to

v2MKe.

On the other hand, the average cost for the N
policy of Example 7.12is c(N — 1) /2 + AK/N. Treat-
ing N as a continuous variable yields that its

minimum occurs at N = +/2AK /¢, with a resulting
minimal average cost of v2AKc — ¢ /2.

[c4+2c4 -+ (N—Dc]/A4+ KNc + AK%/2
N/A+K

_ (N —=1)N/2x4 KNc 4+ AK%¢/2
- N/A+K

Say that a new cycle begins when a machine fails;
let C be the cost per cycle; let T be the time of a
cycle.

3 Mo A2 0

E[C] = K a a

=Kt St sne T o ey
1 N1 N 1
E[T] = - -
e WIS WL WIS U W WIS Vo

T the long-run average cost per unit time is
E[C]/E[T].

For N large, out of the first N items produced
there will be roughly Ny defective items. Also, there
will be roughly NP; inspected items, and as each



29,

30.

3L

32,

inspected item will still be, independently, defec-
tive with probability g, it follows that there will be
roughly NPy defective items discovered. Hence,
the proportion of defective items that are discov-
ered is, in the limit,

_p o pf

NPW/NG =1 = G T+ 1/a

(a) Imagine that you are paid a reward equal to
Wi on day i. Since everything starts over when
a busy period ends, it follows that the reward
process constitutes a renewal reward process
with cycle time equal to N and with the reward
during a cycle equal to Wy + -+ + Wy
Thus E[W], the average reward per unit time,
is E[W; 4+ --- 4+ Wyl]/E[N].

(b) The sum of the times in the system of all
customers and the total amount of work that
has been processed both start equal to 0 and
both increase at the same rate. Hence, they are
always equal.

{c) This follows from (b) by looking at the value
of the two totals at the end of the first busy
period.

(d) It is easy to see that N is a stopping time
for the L;,i=1, and so, by Wald’s Equation,

N
E|Y L;| = E[LIE[N]. Thus, from (a) and (c),
i=1

we obtain that E[W] = E[L].

A _ 1S
t t
Snitn
=1_ -
B Swnitny N(F)
- N(t) ¢

The result follows since Sy, /N(f)—p (by the
strong law of large numbers) and N(t)/{ —1 /.
P{E(t) = x|A(f) = s}

=P{0renewalsin (f, f + x]|A(t) =5}

= P{interarrival > x + s|A(t) = s}

= P{interarrival > x + s|interarrival > s}

_1-Flx+3s)
T 1-F(5)

Say that the system is off at { if the excess at t is less
than c. Hence, the system is off the last ¢ time units
of a renewal interval. Hence,

33.

proportion of time excess is less than ¢
= E[off time in a renewal cycle]/[X]

= E[min(X, c)]/E[X]

= foc{] — Flx))dx/E[X]

Let B be the amount of time the server is busy in
a cycle; let X be the remaining service time of the
person in service at the beginning of a cycle.

E[B]=E[B|X < t](1— ¢~ ™) + E[B|X >t}

1
— _ p—At — At
=E[X|X < t](1—e J—I—(J‘.+)‘+#)e

=E[X] - E[X|X = tle M + (t + L) At

A4 p
1 1
=1_ t+—)e—’”+(t+ )e"“
F ( " Adp
1 A
= _ 1___—)1?
#{ e }

More intuitively, writing X =B + (X — B), and not-
ing that X — B is the additional amount of service
time remaining when the cycle ends, gives

E[B]= E[X] — E[X — B]

= 1 — lP{X = B)
[T
1 1 5, A
= = — = —
pop A+np
The long-run proportion of time that the server is
b . E[B]
US}"' 15 m.

A cycle begins immediately after a cleaning starts.
Let C be the cost of a cycle.

3T/4
E[C] = AC,T/4 + Cy A [ G(y)dy
i}

where the preceding uses that the number of cus-

tomers in an M /G /oo system at time £ is Poisson
¢

distributed with mean A f G(y)dy. The long-run
0

average cost is E[C]/T. The long-run proportion of

time that the system is being cleaned is - = 1/4.

35. (a) We can view this as an M/G /oo system where

a satellite launching corresponds to an arrival
and F is the service distribution. Hence,

P{X(H) =k} = e~ MA@ /k!



(b)

36. (a)

(b)

(e)

where A(f) = Af{] _ F(s))ds.
0

By viewing the system as an alternating
renewal process thatis on when there is atleast
one satellite orbiting, we obtain

1/A
1/A+ E[T]

where T, the on time in a cycle, is the quantity
of interest. From part (a)

lim P{X(f) = 0} =

mP{X(f) =0} =M
[e 4]
where p = (1 — F(s))ds is the mean time

(1]
that a satellite orbits. Hence,

w1
1/A+ E[T]
and so
1—e M

If we let N;(t) denote the number of times
person i has skied down by time £, then {N,(f)}
is a (delayed) renewal process. As N(t) =
Z Nj(t), we have
. N(t) . Ni(t) 1
Iim— =% lim—— =

t ; t ; 1y + 6

where yu; and #; are respectively the mean of
the distributions F; and G;.

For each skier, whether they are climbing up or
skiing down constitutes an alternating renewal
process, and so the limiting probability that
skier i is climbing up is p; = /(g + 6;). From
this we obtain

imP{U(H) =k} =% {Hp;- H(l—pf)}
s

iEs  iES*

where the above sum is over all of the [:] sub-
sets 5 of size k.

In this case the location of skier i, whether
going up or down, is a 2-state continuous-time
Markov chain. Letting state 0 correspond to
going up, then since each skier acts indepen-

dently according to the same probability, we
have

P{U® =k} = [} ] Pao® 11 ~ P

where Poo(#) = (e~ L 1) /(A + p).

37. (a) This is an alternating renewal process, with

38.

(b)

(c)

the mean off time obtained by conditioning on
which machine fails to cause the off period.

3
Eloff] = 3 E[off|i fails]P{i fails}

i=1

A A2
—(1/5 2
AL vy v w05 vy vy w
Aa
+ (32—
@ ))q + A+ A3

As the on time in a cycle is exponential with
rate equal to Ay + Ay + A3, we obtain that
p, the proportion of time that the system is
working is

. 1/(A + Az + A3)

B E[C]
where

E[C] = E[eycle time]
=1|;'r{)t1 + Az + Az) + Eloff]

Think of the system as a renewal reward pro-
cess by supposing that we earn 1 per unit time
that machine 1 is being repaired. Then, ry, the
proportion of time that machine 1 is being
repaired is

A

M+ A+ A
E[C]

(1/5)
=

By assuming that we earn 1 per unit time when
machine 2 is in a state of suspended anima-
tion, shows that, with s; being the propor-
tion of time that 2 is in a state of suspended
animation,

M Az
/ /
6 = (lf 5])\1 + )\;_ + )\3 +{3f 2})&1 + )lp_+ Ag
2= E[C]

Let T, s denote the time it takes to go from ¢ to f,

and let d be the distance between A to B. Then, with

5 being the driver’s speed

1 6l
Ty 5= 55 [ ETa,als = sl

1 d
=20/, 5%

d
= Elog{S;Q)



39.

40.

Also,
E[Tg al=E[Tg 4|5 =40](1/2) + E[Tg, 4|5

=60](1/2) = %(dfé[] + d/60)
=d/48

1
— log(3/2
20 og(3/2)

1
0 log(3/2) + 1/48

(b) By assuming that a reward is earned at a rate
of 1 per unit time whenever he is driving at a
speed of 40 miles per hour, we see that p, the
proportion of time this is the case, is

1
(1/2)d /40 %0

j—

@) E[T4 3l _
E[T4, gl + E[Tg, 4]

P E[Tasl+ ElTpal

Let Bbe the length of a busy period. With 5 equal to
the service time of the machine whose failure initi-
ated the busy period, and T equal to the remaining
life of the other machine at that moment, we obtain

E[B] = f E[B|S =s]g(s)ds

Now,

E[B|S =s]=E[B|S=s, T <s](1—e)

+E[B|S=5,T >sle ™

=(s + E[B(1 — e~ ™) +se~**
=5+ E[B](1 —e )

Substituting back gives

E[B] = E[S] + E[BIE[1 —e ]

or

Ele ]

Hence,
R V.5
Hidlel = 3 T BBl
1,’(1 - P

Proportion of time 1 shoots = 3

1/(1-P;)
=1

by

T
alternating renewal process (or by semi-Markov

process) since 1/(1 — F;) is the mean time marks-
man j shoots. Similarly, proportion of time i shoots

. 1a-P)
Y ya-ry

41.

42,

43.

fl (1— F(x)dx
i

0
1 —
fD 22xdx=%inpart(iJ
Tl o.

f e™ dx=1—¢ Yin part (i)
]

X
(a) Fu()=— f e ¥itdy =1 e W/H
I
o

X
(b) Fq(x) :%fdy =x/c, D<x<c
0

(¢) You will receive a ticket if, starting when
you park, an official appears within 1 hour.
From Example 5.1c the time until the offi-
cial appears has the distribution F,, which, by
part (a), is the uniform distribution on (0, 2).
Thus, the probability is equal to 1/2.

Since half the interarrival times will be exponential
withmean 1 and half will be exponential with mean
2, itwould seem thatbecause the exponentals with
mean 2 will last, on average, twice as long, that

2 _ 1 _
PP(X):gc I-"r2+§f.’ X

With p=(1)1/2 + (2)1/2=3/2 equal to the mean
interarrival time

Fe(x) = f - %d};

and the earlier formula is seen to be valid.

Let T be the time it takes the shuttle to return. Now,
given T, X is Poisson with mean AT. Thus,
E[X|T]= AT, Var(X|T)=AT

Consequently,

(a) E[X]= E[E[X|T]] = AE[T]
(b) Var(X)=E[Var(X|T)] + Var(E[X|T])
= AE[T] + A2Var(T)

(c) Assume that a reward of 1 is earned each time
the shuttle returns empty. Then, from renewal



45.

reward theory, r, the rate at which the shuttle
returns empty, is
__ Plempty}

© E[T]

_ | Plempty|T = t}f(t)dt

N E[T]

_ JeMwar
- ET

B Ele~ JxT]
©E[T
(d) Assume that a reward of 1 is earned each time
that a customer writes an angry letter. Then,
with N; equal to the number of angry letters

written in a cycle, it follows that ry, the rate at
which angry letters are written, is

ta = EIN,1/EIT]
— [ BT = niscar/Erm

_ f At — Of ()t /E[T]
— AE[(T — o)*]/E[T]

Since passengers arrive at rate A, this implies
that the proportion of passengers that write
angry lettersis r, /A

(e) Because passengers arrive at a constant rate,
the proportion of them that have to wait more
than ¢ will equal the proportion of time that the
age of the renewal process (whose event times
are the return times of the shuttle) is greater
than ¢. Itis thus equal to Fe(c).

The limiting probabilities for the Markov chain are
given as the solution of

1
T1=r2§+r3

Fa =T

r4+r+rn=1

or

& T

2
P'lzl"}:g, I3 =

| k2

(a) n=¢

(b) P;= —™_ and so,
zf Fipts
2 4 3

P =—rp =—,P = —-.
=g 279 739

46. Continuous-time Markowv chain.

47. (a) By conditioning on the next state, we obtain

the following;:
ptj = E[time in ]
= E[time in {|[next state is j]P;
=2 tyPy
i

(b) Use the hint. Then,
E[reward per cycle]
= E[reward per cycle|next state is j|[Pj;
= tiPy
Also,

E[time of cycle] = E[time between visits to i]

Now, ifwe had supposed areward of 1 per unit
time whenever the process was in state i and
0 otherwise then using the same cycle times as

above we have that

P Elreward is cycle] i
i= =

E[time of cycle] ~— E[time of cycle]
Hence,

E[time of cycle] = pu;/F;

and so

average reward per unit time = #;P;P;/p;

The above establishes the result since the aver-
age reward per unit time is equal to the pro-
portion of time the process is in { and will next
enter j.

48. Let the state be the present location if the taxi is

waiting or let it be the most recent location if itis on
the road. The limiting probabilities of the embed-

ded Markov chain satisfy
r —21'

1=73"3

rp=r +1r

2=N+ 30

n+rn+rn=1



49,

50.

Solving vields

(SR
4: 2= 3_8

The mean time spent in state i before entering
another state is

m=1+10=11,

2 1 67
=44 (2154 [2[25==,

r =
py=2+20=22,

and so the limiting probabilities are

_ 66 , 198 201
T

h TR

The time the state is i is broken into 2 parts—the
time {; waiting at {, and the time traveling. Hence,
the proportion of time the taxi is waiting at state i
is Pit; /(t;/ 7). The proportion of time it is traveling
from i to jis Py /(t; + py)-

Think of each interarrival time as consisting of n
independent phases—each of which is exponen-
tially distributed with rate A—and consider the
semi-Markov process whose state at any time is
the phase of the present interarrival time. Hence,
this semi-Markov process goes from state 1 to 2 to
3...tontol, and so on. Also the time spent in each
state has the same distribution. Thus, clearly the
limiting probabilities of this semi-Markov chain are
P; =1/n,i=1,...,n To compute lim P{Y{(t) < x},
we condition on the phase at time t and note that if
itisn—i + 1, which will be the case with probability
1/n, then the time until a renewal occurs will be the
sum of i exponential phases, which will thus have
a gamma distribution with parameters i and A.

Nim)
@ X X
=
Ni(m)
> X
=1
Nilnt)

XXX
j=1

(b)

(c) Follows from the strong law of large numbers

since the Xf- are independent and identically
distributed and have mean p;.

(d) This is most easily proven by first consider-
ing the model under the assumption that each
transition takes one unit of time. Then Ny(m)/m
is the rate at which visits to i occur, which, as

such visits canbe thought of as being renewals,
converges to

(E[number of transitions between visits])

by Proposition 3.1. But, by Markov-chain the-
ory, this must equal x;. As the quantity in (d) is
clearly unaffected by the actual times between
transition, the result follows.

Equation (6.2) now follows by dividing numer-
ator and denominator of (b) by m; by writing

Xf _ X‘rr N;(m)
m - Ni(m) (m)

and by using (c) and (d).

51. Itis an example of the inspection paradox. Because
every tourist spends the same time in departing
the country, those questioned at departure consti-
tute a random sample of all visiting tourists. On
the other hand, if the questioning is of randomly
chosen hotel guests then, because longer staying
guests are more likely to be selected, it follows that
the average time of the ones selected will be larger
than the average of all tourists. The data that the
average of those selected from hotels was approx-
imately twice as large as from those selected at
departure are consistent with the possibility that
the time spent in the country by a tourist is expo-
nential with a mean approximately equal to 9.

52, (a) P{X,+ -+ X, <Y}
=P{X,+---+ X, <Y[X, <Y}P{X, <Y}
=P{X; 4+ -+ X1 <Y} P{X < Y}
where the above follows because given that
Y = X, the amount by which it is greater is,
by the lack of memory property, also exponen-

tial with rate A. Repeating this argument yields
the result.

(b) EIN(Y)]= Y P{N(Y) > n}
n=1

[
rAz

P+ -4+ X =Y}

=
I
N

P
n__
PX <Y =+

[
r1z

=
|
-

where

P=P{X<Y}= fp{x < Y|X =x} f(x)dx

= f e Mf(x)dx =E[e ]



54.

55.

Let T denote the number of variables that need
be observed until the pattern first appears. Also,
let T™ denote the number that need be observed
once the pattern appears until it next appears. Let

P =Ppipsps
p ' =E[T*]
=E[T] - E[Th, ]
=E[T]—(pmp2) !
Hence, E[T] = 8383.333. Now, since E[I(5)I(8)] =
(.1)*(2)*(.2), we obtain from Equation (7.45) that
Var(T>) = (1/p)* —9/p + 2(1/p)*(1)°(:2)*(3)*
=6.961943 x 107
Also,
Var(Ty, 2) = (.02) 2 —3(.02) ! = 2350
and so

Var(T) = Var(Ty 2) + Var(T™) =~ 6.96 x 107

E[T(1)] = (24) * + (4) ' = 19.8611,
E[T(2)] = 24.375, E[T2] = 21.875,
E[T5, 1] = 17.3611. The solution of the equations
19.861 = E[M] + 17.361P(2)
24375 = E[M] + 21.875P(1)
1=P(1) + P(2)
gives the results

P(2) ~ 4425, E[M] ~ 12.18

10

(a) %Zlof“ﬂ“f

(b} Define a renewal process by saying that a
renewal occurs the first time that a run of
5 consecutive distinct values occur. Also, let a
reward of 1 be earned whenever the previous
5 datavaluesaredistinct. Then, letting R denote
thereward earned between renewal epochs, we
have that

4
E[R]=1+ z E [reward earned a time { after
i=1
a renewal]

4 .
541 10

-2 CT)/()

=14+6/104+7/15+7/15 + 6/10

=47/15
If R;1s the reward earned at time { then fori = 5

E[R:]=10-9-8-7-6/(10)"" = 189/625
Hence,

E[T] = (47/15)(625/189) ~ 10.362

T T
57. P{Y X; >x} =P{Y X; > x|T = 0}(1— p)
i=1 i=1

T
+ P{Y Xi=xT=0}p

i=1

T
=P{} X; >x|T > 0}p
i

oo T T
=p/ P{ZX;}HT}D,Xlzy}@dy
0 i=1 Ju'

x T
zﬁf P{Y X; > x|T > 0,X; = y}F(y)dy
P

i=1
p o
+ - F(y)d
#l (y)dy
p x _ p ;x_
=— hix —y)F(yd — Fiy)d
#fu 1(x — y) Lv)y+#£ (y)dy

o+ 2 [ hx—wr [y
n:)+#f0 (x— EWdy #fn (w)dy

where the final equality used that

no=p="= fo F(y)dy
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Exercises

1.

For the M/M/1 queue, compute
(a) the expected number of arrivals during a service period and
{b) the probability that no customers arrive during a service period.

Hint: “Condition.”
Machines in a factory break down at an exponential rate of six per hour. There is a
single repairman who fixes machines at an exponential rate of eight per hour. The

cost incurred in lost production when machines are out of service is $10 per hour
per machine. What is the average cost rate incurred due to failed machines?

The manager of a market can hire either Mary or Alice. Mary, who gives service
at an exponential rate of 20 customers per hour, can be hired at a rate of $3 per
hour. Alice, who gives service at an exponential rate of 30 customers per hour, can
be hired ar a rate of $C per hour. The manager estimates that, on the average, each
customer’s time is worth $1 per hour and should be accounted for in the model.
Assume customers arrive at a Poisson rate of 10 per hour

{(a) Whart is the average cost per hour if Mary is hired? If Alice is hired?

{b) Find C if the average cost per hour is the same for Mary and Alice.

Suppose that a customer of the M/M/1 system spends the amount of time x = 0

waiting in queue before entering service.

{a) Show that, conditional on the preceding, the number of other customers that
were in the system when the customer arrived is distributed as 1 + P, where
P is a Poisson random variable with mean 5.

{b) Let W, denote the amount of time that an M/M/1 customer spends in queue.

As a by-product of your analysis in part (a), show that

PW* l—i‘—! 1fx=[}
_{Hx = - 2 -
tWo } 1—%+ ﬁ{l—e‘{“‘”"} ifx=0

It follows from Exercise 4 that if, in the M/M/1 model, W*Q is the amount of time
that a customer spends waiting in queue, then
wWE — 0, with probability 1 — & /u
¢ JExp(u—24),  with probability i/
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where Exp(p — 1) is an exponential random variable with rate g — . Using this,

find Var( WE,) .

Suppose we want to find the covariance between the times spent in the system by

the first two customers in an M/M/1 queueing system. To obtain this covariance,

let S; be the service time of customer i, i = 1,2, and let Y be the time between the

two arrivals.

{a) Argue that (51 — Y)* + 57 is the amount of time that customer 2 spends in
the system, where x™ = max(x, 0).

(b) Find Cov(§1,(5; — )" + 52).

Hint: Compute both E[(§ — Y)"] and E[S{(§; — ¥) ] by conditioning on whether
51 =Y.

Show that W is smaller in an M/M/1 model having arrivals at rate 4 and service
at rate 2p than it is in a two-server M/ M /2 model with arrivals at rate & and with
each server at rate u. Can you give an intuitive explanation for this result? Would
it also be true for Wp?

A facility produces items according to a Poisson process with rate A. However, it
has shelf space for only & items and so it shuts down production whenever k items
are present. Customers arrive at the facility according to a Poisson process with
rate . Each customer wants one item and will immediately depart either with the
item or empty handed if there is no item available.

{a) Find the proportion of customers that go away empty handed.

(b) Find the average time that an item is on the shelf.

(c) Find the average number of items on the shelf.

A group of # customers moves around among two servers. Upon completion of
service, the served customer then joins the queue (or enters service if the server is
free) at the other server. All service times are exponential with rate p. Find the
proportion of time that there are j customers at server 1,7 =0,...,m.

A group of m customers frequents a single-server station in the following manner.
When a customer arrives, he or she either enters service if the server is free or joins
the queue otherwise. Upon completing service the customer departs the system, but
then returns after an exponential time with rate 8. All service times are exponentially
distributed with rate p.

{a) Find the average rate at which customers enter the station.

(b) Find the average time that a customer spends in the station per visit.

Consider a single-server queue with Poisson arrivals and exponential service times

having the following variation: Whenever a service is completed a departure occurs

only with probability «. With probability 1 — « the customer, instead of leaving,

joins the end of the queue. Note that a customer may be serviced more than once.

{a) Setup the balance equations and solve for the steady-state probabilities, stating
conditions for it to exist.

(b) Find the expected waiting time of a customer from the time he arrives until he
enters service for the first time.

(c) What is the probability that a customer enters service exactly » times, n =
1,2,..3

(d) Whart is the expected amount of time that a customer spends in service (which
does not include the time he spends waiting in line)?
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Hint: Use part (c).
(e} Whar is the distribution of the total length of time a customer spends being
served?

Hint: Is it memoryless?

A supermarket has two exponential checkout counters, each operating at rate p.

Arrivals are Poisson at rate A. The counters operate in the following way:

(i) One gueue feeds both counters.

{ii) One counter is operated by a permanent checker and the other by a stock
clerk who instantaneously begins checking whenever there are two or more
customers in the svstem. The clerk returns to stocking whenever he completes
a service, and there are fewer than two customers in the system.

{a) Find Py, proportion of time there are n in the system.

{b) At what rate does the number in the system go from 0 to 1? From 2 to 1?

(c) What proportion of time is the stock clerk checking?

Hint: Be a little careful when there is one in the system.

Two customers move about among three servers. Upon completion of service at
server i, the customer leaves thar server and enters service at whichever of the other
two servers is free. (Therefore, there are always two busy servers.) If the service
times at server { are exponential with rate p;, i = 1,2, 3, what proportion of time
is server i idle?

Consider a queueing system having two servers and no gqueue. There are two types
of customers. Type 1 customers arrive according to a Poisson process having rate i1,
and will enter the system if either server is free. The service time of a type 1 customer
is exponential with rate uq. Type 2 customers arrive according to a Poisson process
having rate A3. A type 2 customer requires the simultaneous use of both servers;
hence, a type 2 arrival will only enter the system if both servers are free. The time
that it takes (the two servers) to serve a type 2 customer is exponential with rate pa.
Once a service is completed on a customer, that customer departs the system.

(a) Define states to analyze the preceding model.

{b) Give the balance equations.

In terms of the solution of the balance equations, find

(c) the average amount of time an entering customer spends in the svstem;

{d) the fraction of served customers that are type 1.

Consider a sequential-service system consisting of two servers, A and B. Arriving

customers will enter this system only if server A is free. If a customer does enter,

then he is immediately served by server A. When his service by A is completed, he

then goes to B if B is free, or if B is busy, he leaves the system. Upon completion of

service at server B, the customer departs. Assume that the (Poisson) arrival rate is

two customers an hour, and that A and B serve at respective (exponential) rates of

four and two customers an hour.

{(a) What proportion of customers enter the system?

{b) Whar proportion of entering customers receive service from B?

{c) What is the average number of customers in the system?

{d) Whart is the average amount of time that an entering customer spends in the
system?
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Customers arrive at a two-server system according to a Poisson process having rate
4 = 5. An arrival finding server 1 free will begin service with that server. An arrival
finding server 1 busy and server 2 free will enter service with server 2. An arrival
finding both servers busy goes away. Once a customer is served by either server,
he departs the system. The service times at server i are exponential with rates p;,
where 1 =4, p2 =2.

{a) What is the average time an entering customer spends in the system?

(b) What proportion of time is server 2 busy?

Customers arrive at a two-server station in accordance with a Poisson process with

a rate of two per hour. Arrivals finding server 1 free begin service with that server.

Arrivals finding server 1 busy and server 2 free begin service with server 2. Arrivals

finding both servers busy are lost. When a customer is served by server 1, she then

either enters service with server 2 if 2 is free or departs the system if 2 is busy. A

customer completing service at server 2 departs the system. The service times at

server 1 and server 2 are exponential random variables with respective rates of four

and six per hour.

{a) What fraction of customers do not enter the system?

(b) What is the average amount of time that an entering customer spends in the
system?

(c) What fraction of entering customers receives service from server 17

Arrivals to a three-server system are according to a Poisson process with rate A.

Arrivals finding server 1 free enter service with 1. Arrivals finding 1 busy bur 2 free

enter service with 2. Arrivals finding both 1 and 2 busy do not join the system. After

completion of service at either 1 or 2 the customer will then either go to server 3 if

3 is free or depart the system if 3 is busy. After service at 3 customers depart the

system. The service times at 7 are exponential with rate p;, i = 1,2, 3.

{a) Define states to analyze the above system.

ib) Give the balance equations.

(¢} Interms of the solution of the balance equations, what is the average time that
an entering customer spends in the system?

id) Find the probability that a customer who arrives when the system is empty is
served by server 3.

The economy alternates between good and bad periods. During good times cus-

tomers arrive at a certain single-server queueing svstem in accordance with a Pois-

son process with rate 4, and during bad times they arrive in accordance with a

Poisson process with rate 3. A good time period lasts for an exponentially dis-

tributed time with rate «rq, and a bad time period lasts for an exponential time with

rate @z. An arriving customer will only enter the queueing system if the server is

free; an arrival finding the server busy goes away. All service times are exponential

with rate .

{a) Define states so as to be able to analyze this system.

b) Give a set of linear equations whose solution will yield the long-run proportion
of time the system is in each state.

In terms of the solutions of the equations in part (b),

jc)  what proportion of time is the system empty?

id) what is the average rate at which customers enter the system?
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There are two types of customers. Type 1 and 2 customers arrive in accordance with
independent Poisson processes with respective rate A1 and A3. There are two servers.
A type 1 arrival will enter service with server 1 if that server is free; if server 1 is
busy and server 2 is free, then the type 1 arrival will enter service with server
2. If both servers are busy, then the type 1 arrival will go away. A type 2 cus-
tomer can only be served by server 2; if server 2 is free when a type 2 customer
arrives, then the customer enters service with that server. If server 2 is busy when a
type 2 arrives, then that customer goes awayv. Once a customer is served by either
server, he departs the system. Service times at server § are exponential with rate pu;,
i=1,2.

Suppose we want to find the average number of customers in the system.
{a) Define states.
{b) Give the balance equations. Do not attempt to solve them.
In terms of the long-run probabilities, what is
{c) the average number of customers in the system?
(d) the average time a customer spends in the system?

Suppose in Exercise 20 we want to find out the proportion of time there is a type 1
customer with server 2. In terms of the long-run probabilities given in Exercise 20,
what is

{a) the rate at which a type 1 customer enters service with server 23

{b) the rate at which a type 2 customer enters service with server 23

(c) the fraction of server 2's customers that are type 17

{d) the proportion of time that a tvpe 1 customer is with server 22

Customers arrive at a single-server station in accordance with a Poisson process
with rate A. All arrivals that find the server free immediately enter service. All service
times are exponentially distributed with rate . An arrival that finds the server busy
will leave the system and roam around “in orbit™ for an exponential time with rate
& at which time it will then return. If the server is busy when an orbiting customer
returns, then that customer returns to orbit for another exponential time with rate #
before returning again. An arrival that finds the server busy and N other customers
in orbit will depart and not return. That is, N is the maximum number of customers
in orbit.

{a) Define states.

{b) Give the balance equations.

In terms of the solution of the balance equations, find

{c) the proportion of all customers that are eventually served;

{(d) the average time that a served customer spends waiting in orbit.

Consider the M/M/1 system in which customers arrive at rate 4 and the server

serves at rate p. However, suppose that in any interval of length & in which the

server is busy there is a probability ah + o(h) that the server will experience a

breakdown, which causes the system to shut down. All customers that are in the

system depart, and no additional arrivals are allowed to enter until the breakdown

is fixed. The time to fix a breakdown is exponentially distributed with rate g.

{a) Define appropriate states.

{b) Give the balance equations.

In terms of the long-run probabilities,

{c) what is the average amount of time that an entering customer spends in the
system?
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(d) what proportion of entering customers complete their service?
(e) what proportion of customers arrive during a breakdown?

Reconsider Exercise 23, bur this time suppose that a customer that is in the system
when a breakdown occurs remains there while the server is being fixed. In addition,
suppose that new arrivals during a breakdown period are allowed to enter the
system. What is the average time a customer spends in the system?

Poisson (i) arrivals join a queue in front of two parallel servers A and B, having

exponential service rates uy and up (see Figure 8.4). When the system is empty,

arrivals go into server A with probability & and into B with probability 1 — a.

Ortherwise, the head of the queue takes the first free server.

{a) Define states and set up the balance equations. Do not solve.

(b} In terms of the probabilities in part (a), what is the average number in the
system? Average number of servers idle?

(c}) Interms of the probabilities in part (a), whatis the probability that an arbitrary
arrival will get serviced in A?

In a queue with unlimited waiting space, arrivals are Poisson (parameter X) and

service times are exponentially distributed (parameter u). However, the server waits

until K people are present before beginning service on the first customer; thereafter,

he services one at a time until all K units, and all subsequent arrivals, are serviced.

The server is then “idle”™ until K new arrivals have occurred.

{a) Define an appropriate state space, draw the transition diagram, and set up the
balance equations.

(b} In terms of the limiting probabilities, whart is the average time a customer
spends in quene?

(c) What conditions on A and g are necessary?

Consider a single-server exponential system in which ordinary customers arrive at
a rate A and have service rate u. In addition, there is a special customer who has
a service rate poq. Whenever this special customer arrives, she goes directly into
service (if anvone else is in service, then this person is bumped back into queue).
When the special customer is not being serviced, she spends an exponential amount
of time (with mean 1/8) out of the system.

{a) What is the average arrival rate of the special customer?

(b} Define an appropriate state space and set up balance equations.

(c) Find the probability that an ordinary customer is bumped » times.

Let D denote the time between successive departures in a stationary M/M/1 queue
with 4 <= p. Show, by conditioning on whether or not a departure has left the
system empty, that D is exponential with rate .

Hint: By conditioning on whether or not the departure has left the system empty
we see that

_ | Exponential(u), with probability 4/
| Exponential(x) #+ Exponential(n),  with probability 1 — A /u
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where Exponential(X) * Exponential() represents the sum of two independent
exponential random variables having rates p and . Now use moment-generating
functions to show that D has the required distribution.

Note that the preceding does not prove that the departure process is Poisson. To
prove this we need show not only that the interdeparture times are all exponential
with rate &, but also that they are independent.

Potential customers arrive to a single-server hair salon according to a Poisson pro-

cess with rate 4. A potential customer who finds the server free enters the system; a

potential customer who finds the server busy goes away. Each potential customer

is type i with probability p;, where p1 + p2 + p3 = 1. Type 1 customers have

their hair washed by the server; type 2 customers have their hair cut by the server;

and type 3 customers have their hair first washed and then cut by the server. The

time thar it takes the server to wash hair is exponentially distributed with rate pq,

and the time that it takes the server to cut hair is exponentially distributed with

rate pa.

{a) Explain how this system can be analyzed with four stares.

(b} Give the equations whose solution vields the proportion of time the system is
in each state.

In terms of the solution of the equations of (b), find

{c) the proportion of time the server is cutting hair;

(d) the average arrival rate of entering customers.

For the tandem queue model verify that

Pugm = (A i)™ (1 — &/ )0/ )™ (1 — &/ )

satisfies the balance equartion (8.15).

Consider a network of three stations with a single server at each station. Customers
arrive atstations 1, 2, 3 in accordance with Poisson processes having respective rates
5,10, and 15. The service times at the three stations are exponential with respective
rates 10, 50, and 100. A customer completing service at station 1 is equally likely to
(i) go to station 2, (ii) go to station 3, or (iii) leave the system. A customer departing
service at station 2 always goes to station 3. A departure from service at station 3
is equally likely to either go to station 2 or leave the system.

{a) Whart is the average number of customers in the system (consisting of all three

stations|?
(b} Whar is the average time a customer spends in the system?

Consider a closed queueing network consisting of two customers moving among
two servers, and suppose that after each service completion the customer is equally
likely to go to either server—that is, P ; = P34 =-}. Let p; denote the exponential
service rate at server i,i =1, 2.

{a) Determine the average number of customers at each server.

{b) Determine the service completion rate for each server.

Explain how a Markov chain Monte Carlo simulation using the Gibbs sampler can
be utilized to estimate
{a} the distribution of the amount of time spent at server j on a visit.

Hint: Use the arrival theorem.
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{b) the proportion of time a customer is with server j (i.e., either in server j’s queue
or In service with f).

For open queueing networks

{a) state and prove the equivalent of the arrival theorem;

(b) derive an expression for the average amount of time a customer spends waiting
in queues.

Customers arrive ar a single-server station in accordance with a Poisson process
having rate . Each customer has a value. The successive values of customers are
independent and come from a uniform distribution on (0, 1). The service time of a
customer having value x is a random variable with mean 3 + 4x and variance 5.
{a) Whart is the average time a customer spends in the system?

(b) Whart is the average time a customer having value x spends in the system?

Compare the M/G/1 system for first-come, first-served queue discipline with one
of last-come, first-served (for instance, in which units for service are raken from
the top of a stack). Would you think that the queue size, waiting time, and busy-
period distribution differ? What about their means? What if the queue discipline
was always to choose at random among those waiting? Intuitively, which discipline
would result in the smallest variance in the waiting time distribution?

In an M/G/1 queue,

{a) what proportion of departures leave behind 0 work?

(b) what is the average work in the system as seen by a departure?

For the M/G/1 queue, let X,; denote the number in the system left behind by the
nth departure.
{a) If

X}‘l_l—i‘Y”.. ifxn__:'}]

A1 = [Y,h if X, =0

what does Y, represent?
ib) Rewrite the preceding as

Xps1 =Xu—14+ Y, + 8y (8.64)
where
1, ifX,=0
6" - .
0, ifXy=1

Take expectations and let # — oo in Equation (8.64) to obtain
Elfs] = 1 — LE[S]

(c) Square both sides of Equation (8.64), take expectations, and then let n — 20
to obtain
AZE[§] )
ElXx] = m + +E[5]

id) Argue that E[X ], the average number as seen by a departure, is equal to L.
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Consider an M/G/1 system in which the first customer in a busy period has the
service distribution &1 and all others have distribution G3. Let C denote the number
of customers in a busy period, and let § denote the service time of a customer chosen
at random.
Argue that
{a) ap=Pp=1-—ArE[S].
(b) E[S] = agEl[5{] + (1 — ag)E[5:] where §; has distribution G,.
(c) Use (a) and (b) to show that E[B], the expected length of a busy period, is
given by

E[541
El[Bl= ———
B] 1 — AE[S52]

{d) Find E[C].

Consider a M/G/1 system with AE[S] < 1.

{a) Suppose that service is about to begin ar a moment when there are # customers
in the system.

(i) Argue that the additional time until there are only # — 1 customers in the
system has the same distribution as a busy period.
jiiy What is the expected additional time until the system is empty?

{b) Suppose that the work in the system at some moment is A. We are interested
in the expected additional time until the system is empty—call it E[T]. Let N
denote the number of arrivals during the first A units of time.

(i} Compute E[T|N].
(il} Compute E[T].

Carloads of customers arrive at a single-server station in accordance with a Poisson

process with rate 4 per hour. The service times are exponentially distributed with

rate 20 per hour. If each carload contains either 1, 2, or 3 customers with respective
probabilities ;}., {F, and ;!;, compute the average customer delay in queue.

In the two-class priority queueing model of Section 8.6.2, what is Wg ? Show that
W is less than it would be under FIFO if E[S1] < E[52] and greater than under
FIFO if E[51] = E[52].

In a two-class priority queueing model suppose that a cost of C; per unit time is
incurred for each type i customer that waits in queue, i = 1, 2. Show that tvpe 1
customers should be given priority over type 2 (as opposed to the reverse) if

E[51] - E[5;]
G C2
Consider the priority queueing model of Section 8.6.2 but now suppose that if a type
2 customer is being served when a type 1 arrives then the type 2 customer is bumped
out of service. This is called the preemptive case. Suppose that when a bumped tyvpe
2 customer goes back in service his service begins at the point where it left off when
he was bumped.
{a) Argue that the work in the system at any time is the same as in the non-

preemptive case.

C. 1
(b} Derive W’Q.
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Hint: How do tvpe 2 customers affect tvpe 1s?
(c) Why is it not true that

2 _ . 2
'VQ _}._E[52]WQ

(d) Argue that the work seen by a type 2 arrival is the same as in the nonpreemptive
case, and so

Wé, = Wé(nnnprffmptive} + Elextra rime]

where the extra time is due to the fact that he may be bumped.
(e} Let N denote the number of times a type 2 customer is bumped. Why is

NE[S54]

Elextra ti N=— —
[ex ime| N T 31EIS1]

Hint: When a type 2 is bumped, relate the time until he gets back in service
to a “busy period.”

it} Let S; denote the service time of a type 2. What is E[N|5;]?

{g) Combine the preceding to obtain

r E[51]E[S;]

Wé, = Wé[nnnprffmptjve} + T4 EIS1]

Calculate explicitly (not in terms of limiting probabilities) the average time a cus-
tomer spends in the system in Exercise 24.

In the G/M/1 model if G is exponential with rate X show that g = A /u.
Verify Erlang’s loss formula, Equation (8.60), when k£ = 1.
Verify the formula given for the F; of the My M/k.

In the Erlang loss system suppose the Poisson arrival rate is & = 2, and suppose
there are three servers, each of whom has a service distribution that is uniformly
distributed over (0, 2). What proportion of potential customers is lost?

In the M/M/k system,
{a) what is the probability that a customer will have to wairt in queue?
(b} determine L and W.

Verify the formula for the distribution of W,E;, given for the G/M/k model.

Consider a system where the interarrival times have an arbitrary distribution F, and
there is a single server whose service distribution is ;. Let D,, denote the amount
of time the nth customer spends waiting in queue. Interpret 8,, T, so that

D _ DH+SH_T".| if.D"+S"_Tn__:?-D
mt1 =0, if Dy + Sy — Ty < 0

Consider a model in which the interarrival times have an arbitrary distribution F,
and there are & servers each having service distribution G. What condition on F
and G do vou think would be necessary for there to exist limiting probabilities?
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(a) E[number of arrivals]

= E[E{number of arrivals|service
period is 5}]

= E[AS]
=M
(b) P{0arrivals}
= E[P{0 arrivals|service period is 5}]
= E[P{N(S) = 0}]
— E[e 5]

.
= f e M pe Hds
]
N

At p

This problem can be modeled by an M/M/1
queue in which A =6, u=8. The average cost rate
will be

510 per hour per machine x average number of
broken machines.

The average number of broken machines is just L,
which can be computed from Equation (3.2):

L=X(u—A)

Hence, the average cost rate = $30/hour.

Let Cpy= Mary's average cost/hour and Cy=
Alice’s average cost/hour.

Then, C3;=5%3 + $1x (Average number of cus-
tomers in queue when Mary works),

and Ca=%C+5%1 = (Average number of cus-
tomers in queue when Alice works).

The arrival stream has parameter A = 10, and there
are two service parameters—one for Mary and one
for Alice:

Hpg = 20, g = 30.

Set Ly = average number of customers in
queue when Mary works and
L, = average number of customers in
queue when Alice works.

. . 10
Then using Equation (3.2), Ly = @10 1
L w1
AT 0-10) 2
So  Cyy =%3 + 51 /customer x Ly; customers
=%3 + 51
= %4 /hour
Also, Cy =%C + §1/customer x L, customers
1
=4 1% =
$C + 51 = 7

=$C+%/hour

(b} We can restate the problem this way: If C4 =
Cpy, solve for C.

1
4=C+ 3= C = $3.50/hour
ie., $3.50/hour is the most the employer
should be willing to pay Alice to work. At a
higher wage his average cost is lower with
Mary working,.

Let N be the number of other customers that were

in the system when the customer arrived, and let
C= llffwé‘(x). Then

fw|wa.,(”|13 = wa|5|_i\.r(3-’|”)P{N =n}

n—1
= Cpeh¥ ((T_) Ty /" = /1

_ {/\.\’}n_l
_K(n—l)!




6.

where

e UL — Afp)

_ 1
f wﬁ‘(x )
Using

Z " e

1= EfN|W' (11|1' (” 1}[

n=1

shows that

e Ax n—1
ﬂv|wé{n|.‘r) =N ((n _J o n=0

Thus, N — 1 is Poisson with mean Ax.
The preceding also yields that for x = 0
fng () =€ e HF /)1 — A p)

= Ay Vp—le—Mx

=l —Ae
Hence, forx = 0

P{W}, < x} =P{W, =0} + [Drfwé{y)dy

_ AL A e —Ax
=l-g+al-e¢ )

LetI equal 0if W,5 = Dand letitequal 1 otherwise.
Then,
W5|I=0]=0
=(@u-X1"
Var(Wg|[I=0)=0

E[W5|I=1]

Var(Wa[I=1) = (u - A2
Hence,

E[Var(Wa|I1= (u— )27/
Var(E[W|T) = (1 — X)"2A/ (1 — A pr)
Consequently, by the conditional variance formula,

A A

plp— N e —A)

Var(Wg) =

E[(5; - Y) 1=El(5
A
(A +p)

—Y)"|5; = Y]T

Also,
EIS1(51 — V)"
=E[S51(51 — Y)*|S: > Ylli_p
= 12 ElS — Y)(E V) *[$1 > V]
+ E[Y(S1 - Y)*[$1 > Y])
= 33 (EIS] + E[YIS: > YIE[(S: - V)*|S: > Y]
A % 2, 1 )

_A+,u /\+,U.PL
Hence,
- __A 2 11
Cov(S, (51 =V +S2)=x 37 (o + x3 )
A
B+ )
= +
A+ p) o+ p)?

To compute W for the M /M /2, setup balance equa-
tions as

Ao = (each server has rate pt)

(A + p)p1 = Apo + 2up;
(A4 2p)pn = Apu—1 + 2upPusr, nz=2

These have solutions P, = p" ;’2”_1;30 where
p=A/n.

(= <]
The boundary condition 2 Py =1 implies
n=0
_1—-p/2 (2-p)
"T1502 2+p)
Now we have P,, so we can compute L, and hence

Wiom L =AW :

=2 E n [g]n

n=>0
_2(2 p) (ﬂ£2;)2
2

49
+pid—p
I
o+ A)Zp — A)
From L = AW we have

4

W=Womp2 = Grrn@—»



The M /M /1 queue with service rate 21 has
Wmi/m/1 = L
/ 1"'r - 2” Y

from Equation (3.3). We assume that in the
M/M/1 queue, 2u > A so that the queue is stable. 9.

= 1, which

But then 4 > 2Zp + A, or
implies Wm/m/2 = Wm /m/1.

n
20+ A

The intuitive explanation is that if one finds the
queue empty in the M/M/2 case, it would do no
good to have two servers. One would be better off
with one faster server.

Now let W}, = Wo(M/M/1)
W3 =Wo(M/M/2)
Then,

W, =Wm/m/1-1/2u 10.

W5 =Wm/m/2—1/p

So,
A

1 _
W5 = TS (3.3)
and

A2

Wi=————

O p2u— M2+ X)
Then,
Wiswlels A

o] QT I T+ N
A< 2p
Since we assume A < 2p for stability in the 11.

M/M/1, Wé < Wf!'é whenever this comparison is
possible, i.e., whenever A < 2u.

This model is mathematically equivalent to the
M /M /1 queue with finite capacity k. The produced
items constitute the arrivals to the queue, and the
arriving customers constitute the services. That is,
if we take the state of the system to be the number
of items presently available then we just have the
model of Section 8.3.2.

(a) The proportion of customers that go away
empty-handed is equal to Pj, the proportion
of time there are no items on the shelves. From
Section 8.3.2,

- 1=Me
0 1 —{A.f,u,)k""

(by W= ﬁ where L is given by Equation
— Lk

(8.12).
(c) The average number of items in stock is L.

Take the state to be the number of customers at
server 1. The balance equations are

uPy = pP
2uP; = pPyy + Py,
wlPy = pPy 4

n
1=Y P
j=0

1<j<n

It is easy to check that the solution to these equa-
lr'iong is that all the Pjs are equal, so P; = 1/(n + 1),
i=0,..n

The state is the number of customers in the system,
and the balance equations are

mBPg =JU..P1
((m— e + JLt)P‘f =(m—-j+ ]}Spf_l
+ Py, O0<j<m
pPyy =0Py
m
1= E Pj
=0

(a)
(b)

Ao = 2}1 o (m — )BP;
L/a= 37" jPi/ Xy (m— j)OP;

(a) APy =auly

(A +ap)Py = APy +apPyy, nz1l

These are exactly the same equations as in the
M /M /1 with ap replacing pi. Hence,

n

e[ o

oupt oupl

and we need the condition A < oy

(b) IfT is the waiting time until the customer first

enters service, then conditioning on the num-
ber present when he arrives yields

E[T]= Z E[T|n present]Py

n

—-p,
m

Tl =pA =



12.

13.

Since L = Z nlP,;, and the Py are the same as
in the M/M /1 with A and op, we have that
L= A/(ap—A) and so
A
= e
(c) P{enters service exactly n times}
— (1 _ t.‘t]"_lf]:
(d) This is expected number of services »x mean
services time = 1/ap
(e) The distribution is easily seen to be memory-
less. Hence, it is exponential with rate o,

(a) Apo = pp1
(A+ p)pr = Apo + 2pp;
A+ 2p)pn =Apy1 + 2uPpn n=2

These are the same balance equations as for the
M/M/2 queue and have solution

[2u—A X
Po= ey K Pn = f,_—wﬁu
(b} The system goes from 0 to 1 at rate Apy =

/\.(21”-' - A) _The SYStE‘m goes from 2 to 1 at rate

2u+ A
22—
M= wau+ N

(c) Inmtroduce a new state ¢l to indicate that the
stock clerk is checking by himself. The balance
equation for P is

(A + pIpa = pp2

The reason for p; is that it is only if the checker
completes service first in p; that the system
moves to state ¢l. Then

R S T
R TR [Ty

Finally, the proportion of time the stock clerk
is checking is

Pei

[0a] 2
+2p =p!+L
S LTS

Let the state be the idle server. The balance equa-
tions are
Rate Leave = Rate Enter,

—_ £
(2 + )Py = -5 P + iz P2

_ p2
(1 + )Py = 2 Pr + i P

p+pa +pz=1

14.

15.

These are to be solved and the quantity P; repre-
sents the proportion of time that server i is idle.

There are 4 states, defined as follows: 0 means the
system is empty, { that there are i type 1 customers
in the system, i = 1,2, and 1; that there is one type
2 customer in the system.

(b) (M + APy =Py + poPy,
(M 4+ p1)Pr=MPo + 2ua P2

24Py = P4

2Py, =Ml

P0+P|+P2+P12=1

) W=£= Py 4+ 2P; + Py,
A (M APy + MPy

(d) Let F; be the fraction of served customers that
are type 1. Then F,

__ rate at which type 1 customers join the system
rate at which customers join the system
__ MPo+ P
Ar{Po + Pr) + A2Po

There are four states=0,1,4,15,2. Balance equa-
tions are

2Py =2P,,
4P, =2P, + 2P,
4P, =4Py, + 4P,

6P; =2Py,
3
Poo Py, + Py +p2=]=>P|}=§
2 3 1
Py=gPuy=gh=gj
2
(a) P0+p13:§

(b) By conditioning upon whether the state was 0
or 1z when he entered we get that the desired
probability is given by
1 12 4

2726 6
7
(CJ PlA+P|B+2P2=a

(d) Again, condition on the state when he enters
to obtain

11 1), 11 2171 _ 7
214 72] 7214 762] 12



16.

17.

This could also have been obtained from (a)
and (c) by the formula W =%.

7
; -9 _7
Thatis, W 22 TR
3

Let the states be (0,0),(1,0),(0,1), and (1, 1), where
state (i,j) means that there are i customers with
server 1 and j with server 2. The balance equations
are as follows.

APoy = 11 Prg + poPoy
(A + p1)Pyg = APgg + p2Pn
(A + p2)Por = Py
(1 + p2)P1y = APy + APy

Poo+Pon +Puwo+Pn=1

Substituting the wvalues A=5,p=4,p,=2 and
solving yields the solution

Pgo = 128/513, Py = 110,513,
Py =175/513

Py = 100/513,

(a) W=L/d = [I(Py1 + Pio) + 2P 1/[M1 —
Pyy)] = 56/119

Anotherway is to condition on the state as seen
by the arrival. Letting T denote the time spent,
this gives

W = E[T|00]128,/338 + E[T|01]100/338
+ E[T|10]110/338
= (1/4)(228/338) + (1/2)(110,/338)
=56/119
(b) Por + Py =275/513

The state space can be taken to consist of states
(0,0),(0,1),(1,0,(1,1), where the ith component of
the state refers to the number of customers at server
i, =1,2. The balance equations are

2Py, 0 =6Pg ¢
8Py 1 =4P1 o + 4P
6P, 0=2Po, 0+ 6P1,1
10Py 1 =2Py 1 + 2P ¢
1=Pyo+Po1+PLo+P1

Solving these equations gives Py o = 1/2,
Po,1=1/6,P1,0=1/4,1,1 =1/12.

18.

19. (a)

(@) Pyq1=1/12

_ L _P0’1+PL0+2P1‘1 _ 7
O W=y =""2a-Pn 2
Poo+Pyy 8

© 1-p, 11

{a) Let the state be (i, ], k) if there are i customers
with server 1, j customers with server 2, and k
customers with server 3.

(b) APpoo=paPona
(A + p1)Pro0=APpopo + p3Pron
(A + p2)Poyo=palPoy
(A + p3)Poo1 = p1Proo + m2Poap
(1 + p2)Prao=AProo + APo1o + pali
(A 4+ py + pa)Pro1 = APy + 2Py
(A4 po + pa)Pory =p1Prapa
(1 + p2 + p3)Pri1 =APo1 + AP1og
Z Pijp=1
ijk
L
{C) W= A_u
_ Proo+Poyo+Pooa+2(Prig+Pioy +Pori)+3Pn
Al = Prao—Puag)
(d) Let Qy ;4 be the probability that the person at
server 1 will be eventually served by server
3 when there are j currently at server 2 and

k at server 3. The desired probability is Oy yp.
Conditioning on the next event yields

A
Qo= pprm Qg
Q10=

H2
Q101
M1+ p2

Qg+

1
+
A
1
fq + o

A
Quor= A gy 43

H2
Q= Groa+
ot +pz 0 g2+ s

Now solve for Qy 5.

Say that the state is (1, 1) whenever itis a good
period and there are # in the system, and say
that it is (1, 2) whenever it is a bad period and
there are n in the system, n =0, 1.

(b) (M 4+ 09)Py 1 =pPy 1+ aPy 2
(A2 + 2)Py 2 =Py 2 + Py 4
(p + )Py 1 =MPyy 4+ 2Py 2

(@ 4+ )Py 2=APy 2+ 0Py



20.

21.

Po1+Po2+P11+P,2=1
(c) Po,1+ Py
(d) MPo 1+ APy 2

{a) The states are 0, (1, 0),(0, 1) and (1, 1), where
0 means that the system is empty, (1, 0) that
there is one customer with server 1 and none
with server 2, and so on.

(b) (A1 + A2)Po = p1Pro + 2P
(M + A2 + p1)Pro = M Py + 2Py
(M + p2)Por = APy + P
(11 + p2)P1y = MPor + (A + A2)Pp
Py + Py + Py + Py =1

(c) L="Py +Pp+2Py
(d) W=L/As=L/[M(1—Pp)+ APy + Pyg)]

(a) MPio

(b) Az(Py + Pro)

(€) MPip/[MPrg + A2(Py + Pyp)]

{d) This is equal to the fraction of server 2's cus-
tomers that are type 1 multiplied by the pro-
portion of time server 2 is busy. (This is true
since the amount of time server 2 spends with
a customer does not depend on which type of
customer it is.) By (c) the answer is thus

(Pgy + Pr)APro/[MPro + APy + Pro)l

. The state is the pair (i,j),i =0,1,0 < j < n where {

signifies the number of customers in service and |
the number in orbit. The balance equations are

(A +jO)Poj=pPy; j=0,..,.N
(A4 p)Pyj=APg; + (j + 1)BPg 14,

j=0,...N-1
1Py = APy N
() 1-Py n
(d) The average number of customers in the sys-

tem is
L= (i+/P;;
[

Hence, the average time that an entering cus-
tomer spends in the system is W=L/A\1 —
Py ), and the average time that an entering
customer spends in orbitis W —1/p.

23,

24.

(a) The states are n,n = 0, and b. State n means

there are n in the system and state b means
that a breakdown is in progress.

(b) 8Py =a(1—Py)
APy = pPy + AP

A+ p+a)Py=APy_y +pPpyy, 021
oo
() W=L/A= 3 nPqa/[M1—P)]
n=1

(d) Since rate at which services are completed =
(1 — Py — Py} it follows that the proportion of
customers that complete service is
u(1— Py —Pp)/Ag

= (1 — Py — Pp)/[M1 — Py)]
An equivalent answer is obtained by condi-
tioning on the state as seen by an arrival. This
gives the solution

o0
Y Pulp/(u + @)™

n=0

where the above uses that the probability that
n + 1 services of present customers occur
before a breakdown is [/ (1 + @)]™.

() Py

The states are now n,1n = 0, and H’,H = 1 where
the state is n when there are n in the system and
no breakdown, and it is n* when there are n in the
system and abreakdownisin progress. The balance
equations are
APy =Py

A+ p4+a)Py=AP, 1 4+ pPyiq + GPy,

(3 + NPy =aly

(,13 + )\)Pnr =alPy + )\P{n_“:,

nx=1
n=2

[ u] o
S P+ S P=1

=0 n=1

In terms of the solution to the above,

e

L= Z nP, + Pyr)
n=1

and so

W=L/A,=L/A



25.

26.

27.

(a) APp = paPa + pePe
(A + pa)Py =aAPy + ppPs
(A + pp)Pg = (1 —a)APy + paP
(A + patpp)Py = APr—1 + (a + pp)Py g

n>2 where Py=P4+ Pg.

[s ]
(b) L=Py+Pg+ Y nP,

n=2
Average number of idle servers =2P; +
Pa + Ppg.

-
A

c) Pp+Pg+—— ¥ P

() Po . #A'FHB,E’QH

States are 0,1,1", ..,k — 1k = 1), k,k + 1,...
with the following interpretation

0 = system is empty
1 = in system and server is working

1’ =1 in system and server is idle,
n=12,..., k-1
(a) APy =pPy, (A + p)P1 = pP;
AP, = APy _pyn=1,. k-1
(A 4+ )P = APy + pPro + AP

(A+ WPy =APy_y +puP, 1>k

k—1

k—1 o0
k—1-n n "
Po+ 3 {—+—}P!+ > Pu—
(1] & i m H n#

n—1

() A<p

(a) The special customer’s arrival rate is act ¢
because we must take into account his ser-
vice time. In fact, the mean time between his
arrivals will be 1/8 + 1/1;. Hence, the arrival
rateis (1/6 +1/u7) L.

(b) Clearly we need to keep track of whether the
special customer is in service. For nn = 1, set

Py =Pr{n customers in system regular cus-
tomer in service},

PS =Pr{n customers in system, special cus-
tomer in service }, and

Py =Pr{0 customers in system }.
(A + )Py = pPy + py P]
(A + 8 + p)P, = APy_1 + pPui1 + uP5,,
(A +p)P; = 6P,y + APS_,,
n=1[P; =Po]

(c) Since service is memoryless, once a customer
resumes service it is as if his service has
started anew. Once he begins a particular ser-
vice, he will complete it if and only if the next
arrival of the special customer is after his ser-
vice. The probability of this is Pr {Service <
Arrival of special customer } = p/(p + #), since
service and special arrivals are independent
exponential random variables. So,

Pr{bumped exactly n times}

=(1—p/(p + 0"/ (p + 6)
= (0/(n + ON"(p/(n + )
In essence, the number of times a customer is

bumped in service is a geometric random vari-
able with parameter p/(;t + &).

28. If a customer leaves the system busy, the time until

the next departure is the time of a service. If a cus-
tomer leaves the system empty, the time until the
next departure is the time until an arrival plus the
time of a service.

Using moment-generating functions we get
E{e"P} = SE{£5D|5y5tem left busy}

+ {1 _ i] E{e®P|system left empty}
i

-l -3l

where X has the distribution of interarrival imes,
Y has the distribution of service times, and X and
Y are independent.

Then
E{e"*+1) = E{e*Xef))

= E[Gd"X]E[Edn] by independence

_ A H
T A—d]|u—6



29.

3L

32.

So,
e 1] + 1-

ISR
By the uniqueness of generating functions, it fol-

lows that D has an exponential distribution with
parameter A,

J[x%5] [

Tl

(a) Letstate 0 mean that the server is free; let state
1 mean thata type 1 customer is having a wash;
let state 2 mean that the server is cutting hair;
and let state 3 mean that a type 3 is getting a
wash.

(b) AP = py Py + piaPs
mPy = Ap Py
p2P2 = ApaPy + 11 Py
1 P3 = ApaPy
Po+Py 4Py +P=1

(e) P>
(d) APo
Direct substitution now verifies the equation.

The total arrival rates satisfy

A =
1. 1
= _5R —
\o=10+ 35+ 35X
,\3=15+%5+)\L

Solving yields that
Hence,

3 A.f' %

M =5, A2=40, A3 =170/3.

B L 41
T n4rn+rs 195

Letting the state be the number of customers at
server 1, the balance equations are

(p2/2)Pg = (11 /2) P,
(11/2 + p2/2)Py = (12/2)Py + (1/2)P3
(11/2)P2 = (p2/2)P1

Pao+P1+P2=1

33.

35.

Solving vields that

Py=(1+py/p2 + pa/m) ", Po=py/pmPy,

Py =pa/in Py

Hence, letting L; be the average number of cus-
tomers at server i, then

L]_:pl+2p2, L2=2—L|

The service completion rate for server 1 is
11 — Pg), and for server 2 itis ua1 — P2).

(a) Use the Gibbs sampler to simulate a Markov
chain whose stationary distribution is that of
the queuing network system with m — 1 cus-
tomers. Use this simulated chain to estimate
P; 1, the steady state probability that there
are i customers at server j for this system.
Since, by the arrival theorem, the distribu-
tion function of the time spent at server j in
the m customer system is Z:J:DI Pi, m—1Giplx),
where Gg(x) is the probability that a gamma
(k. pt) random variable is less than or equal to
x, this enables us to estimate the distribution
function.

(b) This quantity is equal to the average number
of customers at server j divided by m.

A
2 it =%
Wo = Lofha = —=1—1
E.j T
Let 5 and U denote, respectively, the service time

and wvalue of a customer. Then U is uniform on

(0, 1) and

E[S|U]=3+4U, Var(5|U)=5

Hence,

E[S] = E{E[S|U]} =3 + 4E[U] =5

Vaar(5) = E[Var(5|LI)] 4+ Var(E[S|U])
=5+ 16Var(l) =19/3

Therefore,

E[$] =19/3 + 25 =94/3

94)/3

(a) W=Wg+E[S]|=1— +5
94)/3

(b) Wo+E[S|U=x]= —L" 4+3+4x

1—4dA



36. The distributions of the queue size and busy
period are the same for all three disciplines; that of
the waiting time is different. However, the means
are identical. This can be seen by using W=L/A,
since L is the same for all. The smallest vari-
ance in the waiting time occurs under first-come,
first-served and the largest under last-come, first-
served.

37. (a)

(b)

38. (a)

(b)

(c)

The proportion of departures leaving behind
0 work

= proportion of departures leaving an
empty system
= proportion of arrivals finding an empty
system
= proportion of time the system is empty
(by Poisson arrivals)
=P
The average amount of work as seen by a
departure is equal to the average number it
sees multiplied by the mean service time (since
no customers seen by a departure have yet
started service). Hence,
Average work as seen by a departure
= average number it sees x E[S]
= average number an arrival sees x E[5]
= LE[5] by Poisson arrivals

= MW + E[S]E[S]

2 2

Yy = number of arrivals during the (n 4+ 1)st
service.

Taking expectations we get
EXyy1 =EXy—1+EYy + Edy

Letting 1 — oo, EX,;;y and EX,, cancel, and
EY ., = EY,. Therefore,

Efo =1 EY,

To compute EY, condition on the length of
service S; E[Y|5 =1t] = At by Poisson arrivals.
But E[AS] is just AES. Hence,

Edoe =1— AES

Squaring Equation (8.1) we get

(")X%H =XZ2 4+ 14Y34+2(X,Y, —X,) —2Y,
+ 0nl(2Yy + 2K, - 1)

(d)

39. (a)

(b)

(c)

But taking expectations, there are a few facts
to notice:

E§,5;, =0 since §,5,=0

Yy and X, are independent random variables
because Y, = number of arrivals during the
(n + 1) service. Hence,

EX,Y, = EX,EY,

For the same reason, Yy and 6, are independent
random variables, so E&, Y, = E&,EY,,.

EYZ = AES + A’ES? by the same conditioning
argument of part (b).

Finally also note §2 = dy.

Taking expectations of (*) gives

EX; ., =EX; + 1+ AE(S) + A’E(S?)
+ 2EXa(AE(S) — 1)
— 2AE(S) + 2AE(S)Eéy — Edy

Letting n — oo cancels EX; and EXiH, and
Eéy — Edse = 1 — AE(5). This leaves

0=A2E(§%) + 2EX o (AE(S) — 1) + 2AE(S5)
[1— AE(S)]

which gives the result upon solving for EX ...

If customer n spends time Wy in system,
then by Poisson arrivals E[X,|Wy]=AW,.
Hence, EX,; = AEW,, and letting n — oc yields
EXoo =AW =L. It also follows since the aver-
age number as seen by a departure is always
equal to the average number as seen by an
arrival, which in this case equals L by Poisson
arrivals.

iy = Py due to Poisson arrivals. Assuming that
each customer pays 1 per unit time while in
service the cost identity (2.1) states that
Average number in service = AE[S]

or

1— Py = AE[S]

Since ;) is the proportion of arrivals that have
service distribution Gy and 1 — @, the propor-
tion having service distribution G,, the result
follows.

We have
E[]

0= E[I] + E[B]



40.

41.

42.

and E[I]=1/Aand thus,

e L

E[S]

Now from (a) and (b) we have
E[S]= (1 — AE[SDE[S,] + AE[SIE[S:]

or

_ E[5(]
BT = T3 T+ ES

Substitution into E[B] = E[5]/(1 — AE[S]) now
yields the result.

(a) (i) A little thought reveals that time to go
from # to n — 1is independent of 1.

(i) nE[B] = —— = EE)\[E[IS]
®) (i) E[TIN]=A + NE[B]
(i) E[T]=A + E[N]E[B]
ME[S] A

=A+ T3Es] T TS

E[N]=2,E[N?] = 9/2,E[5*] = 2E*[S] = 1/200

15
/444 - 2/400
wo202°% _4a
1-8/20 480
a1 1 _ 17

2=30 2~ %0

For notational ease, set o« = A /(A + A7) = pro-
portion of customers that are type L.

P = ME(S), p2E(Sy)

Since the priority rule does not affect the amount of
work in system compared to FIFO and WFQ!FD =V,
we can use Equation (6.5) for WSFO, Now Wy =
Q-Wé +(1- Q)Wé by averaging over both classes
of customers. It is easy to check that Wy then
becomes

[MES} + XES3] la(1— p1 — po) + (1 - )]
21— —p2)(1—p1)

which we wish to compare to

Wo =

2 2
we _ [)\11251 +A2E52] A—p)
T-p—p2) T=—p)

Then Wg < WSFC,@- al—p1 — ) < —;
Sam = (1—-a)n
= ﬁ AE(5;)

= ﬁ -\ ES;
= E(5;) = E(5))

43. Problem 42 shows that if y1y > p;, then serving 1's

first minimizes average wait. But the same argu-
ment works if cype = copz, Le.,

EGS) _ EGS))
5] H1

. (a) Aslong as the server is busy, work decreases

by 1 per unit time and jumps by the service
of an arrival even though the arrival may go
directly into service. Since the bumped cus-
tomer’s remaining service does not change
by being bumped, the total work in system
remains the same as for nonpreemptive, which
is the same as FIFO.

(b) As far as type I customers are concerned, the
type Il customers do not exist. A type I cus-
tomer’s delay only depends on other type 1
customers in system when he arrives. There-
fore, le = V! = amount of type I work in sys-
tem.

By part (a), this is the same V' as for the
nonpreemptive case (6.6). Therefore,

W}, = ME(S))W) + @
or
i = ME [S3]

2(1 — ME(Sy)]

Note that this is the same as for an M/G/1
queue that has only type I customers.

(c) This does not account for the fact that some
type Il work in queue may result from cus-
tomers that have been bumped from service,
and so their average work would not be E[5].

(d) If a type II arrival finds a bumped type II in
queue, then a type I is in service. But in the
nonpreemptive case, the only difference is that
the type Il bumped customer is served ahead
of the type I, both of whom still go before the
arrival. So the total amount of work found fac-
ing the arrival is the same in both cases. Hence,



Vé (nonpreemptive) + E (extra time)

total work found extra ime due
by type I1 to being bumped

(e) As soon as a type II is bumped, he will not
return to service until all type I's arriving dur-
ing the first type I's service have departed, all
further type I's who arrived during the addi-
tional type [ services have departed, and so on.
Thatis, each time a type Il customer is bumped,
he waits back in queue for one type I busy
period. Because the type I customers do not
see the type IIs at all, their busy period is just
an M/G, /1 busy period with mean

E(Sy)
1-ME(51)
So given that a customer is bumped N times,
we have
. _ NE(5)
E{Extfﬂ I:lmE|N} = TE{S.I}

(f) Since arrivals are Poisson, E[N|5:] = A 55,
and so EN = M ES,.

() From (e)and (6,

ME(S,)E(S,)

1-ME(S)

with (e) gives the result.

E{extra time) = Combining this

. By regarding any breakdowns that occur during a

service as being part of that service, we see that
this is an M/G/1 model. We need to calculate the
first two moments of a service time. Now the time
of a service is the time T until something happens
(either a service completion or a breakdown) plus
any additional time A. Thus,

E[S]=E[T + A]
=E[T] + E[A]

To compute E[A] we condition upon whether the
happening is a service or a breakdown. This gives

o
E[A]=E[A s
[A] [ |59n1ce]p,+a

+ E[A|breakdown]
L+

= E[A|breakdown]——
b+

o
=(1/3+ E[S])m

Since, E[T]=1/(ax + i) we obtain

E[S] = L +1/8+ E[S])—
or
E[S]1=1/p + a/(ufB)
We also need E[S%], which is obtained as follows.
E[S*]=E(T + A)’]
= E[T?] + 2E[AT] + E[A?]
= E[T?] + 2E[A]E[T] + E[A7]

The independence of A and T follows because
the time of the first happening is independent of
whether the happening was a service or a break-
down. Now,

E[A%] = E[A?|breakdown]__ o

—I— [
2 E[(down time + 5%)?]
,u + o
% fE[down?] + 2E[down]E[S] + E[S?]
P!. Ta { own oW }

It 2 21 o
=—— =+ |-+ —| +E$?
#4_&{32 g Lt #.5] [ ]}

Hence,

[nd

2
m+mf”bw+m
)

p4o \p o pB

o 2 271
+ + |-+ —| +E[¢
#+a{32 a Lf- #3} [ ]}

Now solve for F[§?]. The desired answer is

AE[S?]
2(1 — AE[S])
In the above, 5% is the additional service needed
after the breakdown is over. 5% has the same dis-
tribution as 5. The above also uses the fact that
the expected square of an exponential is twice the
square of its mean.

E[5%]=

Wgo =

Another way of calculating the moments of 5 is to
use the representation
N
= X (Ti+B) + T
i=1
where N is the number of breakdowns while a cus-
tomer is in service, T} is the time starting when ser-

th

vice commences for the i time until a happening
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occurs, and B; is the length of the i™" breakdown.

We now use the fact that, given N, all of the ran-
dom variables in the representation are indepen-
dent exponentials with the T; having rate p + a
and the B; having rate 3. This yields

E[SIN]=(N + 1)/(¢ + o) + N/
Var(SIN) = (N + 1)/ (1 + )2 + N/

Therefore, since 1 + N is geometric with mean
(it + a)/p (and variance a0 + ,u].a’,u,z) we obtain

E[S]=1/p + o/(pf3)
and, using the conditional variance formula,
Var(8) =[1/(p + a) + 1/8Fala + p)/p*

+ 1/[p(p + a)] + a/pB?)
3 1s to be the solution of Equation (7.3):
(s 2]
3= f e H=DgG(r)
0
FGH=1—¢e MA<p) and A=2An

0 0

-
=f e Mgt
0

Fi

The equation checks out.

For k =1, Equation (8.1) gives

_ 1 _ _ AMES)
b=t =+ D130
E(5)
-

One can think of the process as an alteracting
renetwal process. Since arrivals are Poisson, the time
until the next arrival is still exponential with
parameter A.

end of end of
service arrival service
i F g I g
——— A § = states
A 5

The basic result of alternating renewal processes is
that the limiting probabilities are given by

48.

49.

E(S)
EA) + E5)

P{being in “state A"} = %

P{being in “state 5"} = d

These are exactly the Erlang probabilities given
above since E[A]=1/A Note this uses Poisson
arrivals in an essential way, viz., to know the distri-
bution of time until the next arrival after a service
is still exponential with parameter A.

The easiest way to check that the P; are correct is
simply to check that they satisfy the balance equa-
tions:

Apg = ppy
(A + pipr = Apo + 2up2
(A + 2p)py = Ay + 3ups

(A+ip)pi=Api—1 + ((+ Dppipy, 0<i<k
(A 4+ kp)pn =Apy—1 + kP, 0=k
or

1
1=~
=y
AZ
—P
p2 2#2 0
i
i ’\T‘PD, 0<i<k
!
)‘k—?’i
Pran = WPG; n=l

In this form it is easy to check that the p; of
Equation (8.2) solves the balance equations.

(AE[S)’
Pi=—3L _ A=2,F[S]=1

(i) P{arrival finds all servers busy}

A
| kg —A

= ol
k-1 | k
1 'u'— i k—#
k'% 1 +u Ki—»




(ii) W=Wp+1/u where Wp is as given by
Equation (7.3), L= AW.

51. Note that when all servers are busy, the depar-

tures are exponential with rate ky. Now see
Problem 26.

52.

53.

Sy 15 the service time of the nt customer. Ty 1s the
time between the arrival of the n and (n+ 1
customer.

1/pr < k/pg, where pr and jug are the respective
means of F and G.
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Exercises

1. Prove that, for any structure function ¢,

@(X) = x;ep (15, %) + (1 — x;:)p(05, X)
where

(1;,X) = (X1, .5 X;_1, ].'—xf+h' < o3 Xn),
{th} = {Ilﬁ' : 'ﬁxi—']ﬁnyxj+'|)‘ .

2. Show that
ja) if $(0,0,...,00 =0and ¢(1,1,...,1) =1, then

minx; = @$(X) < maxx;

(b)  @(max(x,y)) = max(g(x),¢(y))
(c) ¢(min(x,y)) < min(g(x),$(y))
3. For any structure function, we define the dual structure ¢ by

P =1—¢(1—x)

{a) Show that the dual of a parallel (series) system is a series (parallel) system.

(b} Show that the dual of a dual structure is the original structure.

{c) What is the dual of a k-out-of-n structure?

(d) Show that a minimal path (cut) set of the dual system is a minimal cut (path)
set of the original structure.

*4, Write the structure function corresponding to the following:
(a)

Figure 9.16

(b)

[ s 7]

Figure 9.17



(c)

Figure 9.18

5. Find the minimal path and minimal curt sets for:
(a)

Figure 9.19

(b)

Figure 9.20

*6. The minimal path sets are {1, 2, 4}, {1, 3, 5}, and {5, 6}. Give the minimal cur sets.

7. The minimal cut sets are {1, 2, 3}, {2, 3, 4}, and {3, 5§}. What are the minimal path
sets?

8. Give the minimal path sets and the minimal cut sets for the structure given by
Figure 9.21.

9. Component i is said to be relevant to the system if for some state vector x,
‘?{1:': X) = 1: (p{D,-..I} =0

Otherwise, it is said to be irrelevant.



e

Figure 9.21

10.

{a) Explain in words what it means for a component to be irrelevant.

(b} Let Ay,...,A; be the minimal path sets of a system, and let § denote the set
of components. Show that § = | J;_; A; if and only if all components are
relevant.

{c) LetCjy,...,Cg denote the minimal cut sets. Show that § = ULj C; if and only
if all components are relevant.

Let t; denote the time of failure of the ith component; let 7;(¢) denote the time to
failure of the system ¢ as a function of the vector t = (t{, ..., ty). Show that

max min#; = ta(t) = min max#
1<iss ied, 1=isk i=l

where Cq, ..., C, are the minimal cut sets, and Aq,. .., A; the minimal path sets.

11. Give the reliability function of the structure of Exercise 8.
*12. Give the minimal path sets and the reliability function for the structure in
Figure 9.2,
1 4
2
Figure 9.22
13. Let r(p) be the reliability function. Show that

?’{p} = Pir{]r':p} + 'El - Pf]f{D,'-.P]



14,

15,

16.

*17.

18,

19,

20,

Compute the reliability function of the bridge system (see Figure 9.11) by condi-
tioning upon whether or not component 3 is working.

Compute upper and lower bounds of the reliability function (using Method 2) for
the 5};stem5 given in Exercise 4, and compare them with the exact values when
pi=73.

Compute the upper and lower bounds of rip) using both methods for the

{a) two-out-of-three system and

(b) two-out-of-four system.

{c) Compare these bounds with the exact reliability when

(i) pi=0.5
(i) p; =0.8
(iii) p; =02

Let N be a nonnegative, integer-valued random variable. Show that

(E[NT)?

PIN = 0} =
{N = U} EIN2]

and explain how this inequality can be used to derive additional bounds on a reli-
ability function.

Hint:

E[N?] = EIN? | N = O]P{N = 0} (Why?)
>(EIN|N=0)PIN=0}  (Why?)

Now multiply both sides by P{N = 0}.

Consider a structure in which the minimal path sets are {1, 2, 3} and {3, 4, 5].

{a) What are the minimal cut sets?

{b) If the component lifetimes are independent uniform (0, 1) random variables,
determine the probability that the system life will be less than —}

Let X1, X3,. .., X, denote independent and identically distributed random variables
and define the order statistics X1;,..., X by

Xy = ith smallest of Xq,..., Xy

Show that if the distribution of X; is IFR, then so is the distribution of X.
Hint: Relate this to one of the examples of this chapter.
Let F be a continuous distribution function. For some positive «, define the distri-

bution function G by

G(t) = (F(1)*

Find the relationship between A it) and Ap(#), the respective failure rate functions
of & and F.



21. Consider the following four structures:

(1) (i1)
1
1 2 3
Figure 9.23 Figure 9.24
(111} (iv)
]
1 3
2 3
Figure 9.25 Figure 9.26

Let Fy, Fz, and F; be the corresponding component failure distributions; each
of which is assumed to be IFR (increasing failure rate). Let F be the system failure
distribution. All components are independent.

{a) For which structures is F necessarily IFR if Fj = F; = F3? Give reasons.
(b) For which structures is F necessarily IFR if F2 = F3? Give reasons.
{¢) For which structures is F necessarily IFR if Fj £ F; £ F;? Give reasons.

#22. Let X denote the lifetime of an item. Suppose the item has reached the age of ¢. Let
X; denote its remaining life and define

Fiia) = P{X; = a)

In words, F;(a) is the probability that a t-year-old item survives an additional time a.

Show that B

(a) Fi(a) = F(t + a)/F(t) where F is the distribution function of X.

(b) Another definition of IFR is to say that F is IFR if F,(a) decreases in ¢,
tor all 4. Show that this definition is equivalent to the one given in the text
when F has a density.

23. Show that if each (independent) component of a series system has an IFR distribu-
tion, then the system lifetime is itself IFR by
ja) showing that

Ap(t) =) A(t)
i



24,

*15.

26.

27.

28.

29,

*30.

31.

where A p(#) is the failure rate function of the system; and 2;(#) the failure rate
function of the lifetime of component i.
{b) wusing the definition of IFR given in Exercise 22.

Show that if F is IFR, then it is also IFRA, and show by counterexample that the
reverse is not true.

We say that ¢ is a p-percentile of the distribution F if F(¢) = p. Show that if ¢ is a
p-percentile of the IFRA distribution F, then

Fx)<e ™™, xz¢
Fix)ze ™, x<¢

where

_ —log1—p)
£
Prove Lemma 9.3.

Hint: Let x = v + 4. Note that f(t) = ¢ is a concave function when 0 <
e« < 1, and use the fact that for a concave function f(¢t + h) — f(t) is decreas-
ing in #.

Let r(p) = rip, p. .. .. ). Show that if r(pg) = po, then

&

rip)zp forp =py
rip)<p forp<po

Hint: Use Proposition 9.2,

Find the mean lifetime of a series system of two components when the component
lifetimes are respectively uniform on (0, 1) and uniform on (0,2). Repeat for a
parallel system.

Show that the mean lifetime of a parallel system of two components is

1 18] [ 15]
1+ g (g +ppdpe o (g + padpg

when the first component is exponentially distributed with mean 1/4q and the
second is exponential with mean 1/u3.

Compute the expected system lifetime of a three-out-of-four system when the first
two component lifetimes are uniform on (0, 1) and the second two are uniform on
{0,2).

Show that the variance of the lifetime of a k-out-of-n system of components, each
of whose lifetimes is exponential with mean &, is given by

1

1 4
# Z:

In Section 9.6.1 show that the expected number of X; that exceed ¢* is equal to 1.

(=]



33. Let X; be an exponential random variable with mean 8 + 24, fori = 1,2, 3. Use the
results of Section 9.6.1 to obtain an upper bound on E[max X;], and then compare
this with the exact result when the X; are independent.

34. For the model of Section 9.7, compute for a k-out-of-» structure (i) the average up
time, (ii) the average down time, and (iii} the system failure rate.

35, Prove the combinatorial identity

()= ()= (1) 2 () ven

{a) by induction on §
(b} by a backwards induction argument on i—that is, prove it first for i = », then
assume it for § = k and show that this implies that it is true for i = k£ — 1.

36. Verify Equation (9.36).

(b) Itis clearly true when i = n, so assume it for i. which, using the induction hypothesis,
We must show that reduces to

[a]=[m] -1

11—1] [n } [u—]} n
S I IR I Ll NIRRT
L—z i—1 i—1 [”] which is true.



Chapter 9

1.

4,

Ifx; =0, o(x) = (0, x).
Itxi=1, ¢(x) = &(1s, ).

(a) If min; x;=1, then x=(1,1,...,1) and so
#x) =1
If max; x;=0, then x=(0,0,...,0) and so
#(x)=0.

(b) max(x, ) = x = d(max(x,y)) > &(x)
max(x, i) = i = ¢(max(x, ¥)) = ¢(y)
S glmax(x, ¥)) = max(a(x), ¢(y)).

{c) Similar to (b).

(a) If ¢isseries, then ¢(x) = min;x; and so ¢P(x) =
1 — min; (1 — x;) = max x;, and vice versa.

(b) PPx)=1-¢"(1-x)
=1-[1-a(1-(1-2x))]
— ()

(c) Ann—k+1ofn.

(d) Say {1,2,...,r}is a minimal path set. Then
#(1,1,...,1,0,0,...0) = 1, and so
r
#70,0,..,0,1,1,.., 1 =1—a(1,1,...,
\—..V_-‘

r
1,0,0,...,0) =0, implying that {1,2,...,r} is a
cut set. We can easily show it to be minimal.
For instance,

#(0,0,...,0,1,1,...,1)
1

r
=1-¢(1,1,..,1,0,0,...,0)=1,
r—1

since (1,1, ...,1,0,0,...,0) = 0 since
\_V_J
r—1
{1,2,...,r — 1} is not a path set.
(a) @(x) = x1 max(Xx2, X3, Xa)Xs
(b) @l(x) = x1y max(x2Xg, X3X5)%g

(c) @(x) = max(xy, X213)x4

5.

6.

10.

11.

(a) Minimal path sets are

11,8}, {1,7,9}, {1,3,4,7.8}, {1,3,4,9},
11,3,5,6,9}, {1,3,5,6,7,8}, {2,5,6,9},
12,5,6,7,8}, {2,4,9}, {2,4.7,8},
{2,3,7,9}, {2,3,8}.

Minimal cut sets are

11,2}, {2,3,7,8}, {1,3,4,5}, {1,3,4,6},
11,3,7,9}, {4,5,7,8}, {4,6,7,8}, {8,9}.

A minimal cut set has to contain at least one
component of each minimal path set. There are
& minimal cut sets:

(1,5}, {1,6}, {2,5}, {2,3,6}, {3,4,6}, {4,5}.
{1,4,5}, {3}, {2,5}.

The minimal path sets are {1,3,5}, {1,3,6},
{2,4,5}, {2,4,6}. The minimal cut sets are
{1,2}, {3,4}, {5,6}, {1,4}, {2,3}.

(a) A component is irrelevant if its functioning or
not functioning can never make a difference as
to whether or not the system functions.

(b) Use the representation (2.1.1).

(c) Use the representation (2.1.2).

The system fails the first time at least one com-
ponent of each minimal path set is down—thus
the left side of the identity. The right side follows
by noting that the system fails the first time all of

the components of at least one minimal cut set are
failed.

r(p) = P{either x 33 = 1 or xpx, = 1}
P{either of 5 or 6 work}

=(P1P3 + P2Ps — P1PaPaPs)
(s + Pe — PspPs)



12.

13.

14.

17.

The minimal path sets are
{1.4}, {1,5}, {2.4}, {2,5}. {3.4}, {3.5}.
Withg; =1 — P}, the structure function is
r(p) = P{either of 1, 2, or 3 works }
P{either of 4 or 5 works}

=(1—mG2q3)(1 — g445)

Taking expectations of the identity
P(X) = Xio(1i, X) + (1 — Xi)o( 0y, X)

noting the independence of X; and @(1;, X) and of
&(0;, X).

r(p) = psP{max(Xy, X2) = 1 = max(X,, Xs)}

+ (1 — pa)P{max(X; Xy, X;X5) = 1}
=psp1 + P2 — P1P2)Ps + Ps — Paps)

+ (1 = p3)(p1pa + P2ps — P1papaps)

3
o el -[E -4
The exact wvalue is r(1/2)=7/32, which
agrees with the minimal cut lower bound since
the minimal cut sets {1}, {5}, {2,3,4} do not
overlap.

E[N?]= E[NZN > 0]P{N > 0}
> (E[N|N > 0])*P{N > 0}
since E[X?] = (E[X])%.
Thus,
E[N2]P{N > 0} > (E[N|N = 0]P{N > 0}
= (EIN)?

Let N denote the number of minimal path sets
having all of its components functioning. Then

r(p) = P{N = 0}.

Similarly, if we define N as the number of minimal
cut sets having all of its components failed, then
1—r(p)=P{N =0}

In both cases we can compute expressions for E[N]
and E[N?] by writing N as the sum of indicator (i.e.,
Bernoulli) random variables. Then we can use the
inequality to derive bounds on r(p).

18.

19.

20.

21.

(@) {3}, {1.4}, {1.5}, {2.4}, {2,5}.

(b) P{system life = %} =r [% % %]
Now r(p) = prpaps + PapaPs — P1P2Papaps
and so
P{system life < %}=1— % - % +a3

25
32

Xy is the system life of an n —i 4 1 of n system
each having the life distribution F. Hence, the result
follows from Example 5e.

The densities are related as follows.

g(h) = alF(OI" £ (1)

Therefore,

Ac(t) =alF)F 1)/ IEE)F
—a f(t)/F(t)
=a Ap(t)

(a) (1), (1), (iv) — (iv) because it is two-of-three.

(b) (1) because it is series, (ii) because it can be
thought of as being a series arrangement of 1
and the parallel system of 2 and 3, which as
Fz = FS is [FR.

(c) (1) because it is series.

. (a) Fl@)=P{X>t+a|X >t}

_P{X>=t+a} _ Et+a
T OP{X =t} T Fi

(b) Suppose A(t) is increasing. Recall that

F(t)y=e" fc: Ashds

Hence,
ﬂ%l = ™ AMS wwhich decreases in t
since A(t) is increasing. To go the other way,
suppose F(t + a)/F(t) decreases in t. Now for
asmall

P(t + a)/F() = e

Hence, e~ must decrease in t and thus A(f)
increases.



23.

24.

(@) )= I1F0)

i=1

g A0 ) 0
g =t i#
)‘F{"') F(t) "
11E®
i=1
))
- =
=TFm
= XD
=1
(b) Fi(a)=TP{additional life of t-year-old = a}
[1Et+a

where F; is the life distribution for component
i. The point being that as the system is series,
it follows that knowing that it is alive at time {
is equivalent to knowing that all components
are alive at £,

It is easy to show that A(f) increasing implies that
fc[ A(s) ds/t also increases. For instance, if we differ-
entiate, we get £A(f) — fé A(s) ds/t?, which is non-
negative since [ A(s) ds < [/ AM(E) dt = tA(t). A
counterexample is

A(E)

. Forx = ¢,

1—p=1-F()=1-Fx(¢/x)) > [1 - Fx)]*/*
since [FRA.

Hence,

1-F) < (1-pyle=e™

Forx < ¢,

1—F(x) =1 F(¢(x/&) = [1 - FEI

26.

27.

28.

since [FRA.
Hence,

1—F(x) > (L—py/¢ =e™™

Either use the hint in the text or the following,
which does not assume a knowledge of concave
functions.

To show: h(y) = A%x™ 4+ (1 — A%)y"
—(Ax+(1-2y* =0,
0<y<x
where 0 < A<1, 0<a<1

Note: h(0) = 0, assume y = 0, and let g(y) = h(y)/y"
Ax]® Ax “
== 1-A"— | = +1-A
=[] w1y

Letz =x/y. Nowg(y) = 0vV0 <y <x & fiz) =
0vz=1

where f(z) = (Az)* +1—

Now f(1) = 0 and we prove the result by showing
thatfr (z) = 0 whenever z = 1. This follows since

AT Az 41— N

F(2) = aA(A2)* ' —aA(Az 4+ 1— 1)1

f@z0=202""2Mz+1-x1)""
s < dz+1-0"
sdz<d41-A

=A<l

If p = py, then p = pp™ for some a € (0, 1). Hence,

r(p) =r(po™) = [r(po)l® = po™ =p
If p < py, then py = p™ for some a € (0, 1). Hence,

p® =po=r(po) = r(p®) = [r(p)]*

@) Et —{]—ﬂ[ 1, 0<t<l1

E[lifetime] = f{]—t)(Z—! %
E 1-#2/2, 0<t<1
®) “_{1_”2, 1<t<2
E[lifetime] = f{.?—t Jat+ = f(Z—t dt
12



29.

30.

31

32

Let X denote the time until the first failure and let
Y denote the time between the first and second fail-
ure. Hence, the desired result is

1

EX +EY =
1 + 2

+EY

Now,

E[Y]=E[Y |i1; component fails first] ﬁ

+ E[Y|p2 component fails ﬁrst]m%_zﬂ

A _m 1 4
Mz Fpz 7O p o

F(p) =pp2aps + pipaps + P1paps + Papspa
=31 Papals

r(1—F(t))
21— HH1—£/2) + 2(1 — (1 — t/2)

={-31-pH1-t/2)?, 0<t<1
0, 1<t<2

1
E[lifetime] = f [2{1 _H2(1—t/2)
0
21— (1 —t/2)?
31— 41— t,fzﬂ dt
31
50

Use the remark following Equation (6.3).

LetI; equal 1if X; > ¢™ and let it be 0

otherwise. Then,

E{il} = i E[l;]= ip{x,- = ¢}
i=1

i=1 i=1

32. Theexactvalue can be obtained by conditioning on

the ordering of the random variables. Let M denote
the maximum, then with A;;x being the even that
X; < Xj < X, we have that

E[M] = Y E[IM|A; ; (1P(A; j )

where the preceding sum is over all 6 possible per-
mutations of 1,2, 3. This can now be evaluated by
using

— ’\-i J\Jl.
T AT NN A

P(A; j )

1 1 1
EMA =y T+ v

35. (a) It follows when i=1 since 0=(1-1)"

=1-1[1] + [¥] -+ +[}]. So assume it true for
i and consider i 4+ 1. We must show that

[n;]} = [:‘11} - [fiz] +i[:i]

which, using the induction hypothesis, is
equivalent to

n—1] [n] n—1
i |l i—1
which is easily seen to be true.

(b) Itisclearly true when i = n, so assume it for i.
We must show that

n—1 n n—1 n
[1’—2} = [:‘_1] - [1’—1} o[
which, using the induction hypothesis,
reduces to

] =[m] -1z

which is true.



Brownian Motion and
Stationary Processes

10 Brownian Motion and Stationary Processes
10.1 Brownian Motion
10.2 Hitting Times, Maximum Variable, and the Gambler’s
Ruin Problem
10.3 Varatons on Brownian Motion
10.3.1 Brownian Motion with Drift
10.3.2 Geometric Brownian Motion
10.4  Pricing Stock Options
10.4.1 An Example in Options Pricing
10.4.2 The Arbitrage Theorem
10.4.3 The Black-Scholes Option Pricing Formula
10.5 White Noise
10.6 Gaussian Processes
10.7 Stationary and Weakly Stationary Processes
10.8 Harmonic Analysis of Weakly Stationary Processes

Exercises

In the following exercises {B(t), t = 0} is a standard Brownian motion process
and T, denotes the time it takes this process to hit a.

*1. What is the distribution of B(s) + Bit), s < ¢#

2. Compute the conditional distribution of B(s) given that B(t1) = A and B(tz) = B,
where 0 = 1 = 5 <= t2.

*3. Compute E[B(t1)B(t2)Bitz)] for ¢y < t2 = t3.
4, Show thar

P{T, < oo} =1,
ElT.]=00, a#0

*5. Whatis P{T) < T_q < Ta}?

6. Suppose you own one share of a stock whose price changes according to a standard
Brownian motion process. Suppose that vou purchased the stock at a price b + ¢,



*10.

11.

13.
14,

15.

¢ = 0, and the present price is f. You have decided to sell the stock either when
it reaches the price & + ¢ or when an additional time # goes by (whichever occurs
first). What is the probability that vou do not recover your purchase price?

Compute an expression for

PI max Bis) = x
H

L5518

Consider the random walk that in each Af time unit either goes ulp or down the

amount +/A¢ with respective probabilities p and 1 — p, where p = 3(1 + u/A#.

(a) Argue that as At — 0 the resulting limiting process is a Brownian motion
process with drift rate p.

{b) Using part (a) and the results of the gambler’s ruin problem (Section 4.5.1),
compute the probability that a Brownian motion process with drift rate p goes
up A before going down B, A = 0, B = 0.

Let {X(#), ¢t = 0} be a Brownian motion process with drift coefficient x and variance
parameter o=. What is the joint density function of X (s) and X(#), s < #?

Let {X(t), t = 0} be a Brownian motion process with drift coefficient o and variance
parameter o=. What is the conditional distribution of X(¢) given that X(s) = ¢
when

(a) s <#?

(b} t <s?

Consider a process whose value changes every h time units; its new value being its
old value multiplied either by the factor VT with probability p = 1(1 + B Jh),
or by the factor e~7VI with probability 1 — p. As h goes to zero, show that this pro-
cess converges to geometric Brownian motion with drift coefficient u and variance
parameter o=.

A stock is presently selling at a price of $50 per share. After one time period, its
selling price will (in present value dollars) be either $150 or $25. An option to
purchase y units of the stock at time 1 can be purchased at cost cy.

{a) What should ¢ be in order for there to be no sure win?

(b) If ¢ =4, explain how vou could guarantee a sure win.

{c}) If ¢ = 10, explain how you could guarantee a sure win.

{(d) Use the arbitrage theorem to verify your answer to part (a).

Verify the statement made in the remark following Example 10.2.

The present price of a stock is 100. The price at time 1 will be either 50, 100, or

200. An option to purchase y shares of the stock at time 1 for the (present value)

price ky costs cy.

(a) If £ =120, show that an arbitrage opportunity occurs if and only if ¢ = 80/3.

{b) If £ = 80, show that there is not an arbitrage opportunity if and only if 20 <
¢ = 40,

The current price of a stock is 100. Suppose that the logarithm of the price of the
stock changes according to a Brownian motion process with drift coefficient p = 2
and variance parameter o = 1. Give the Black-Scholes cost of an option to buy
the stock at time 10 for a cost of



{a) 100 per unit.

(b) 120 per unit.

(c) 80 per unit.

Assume that the continuously compounded interest rate is 5 percent.

A stochastic process {Y(£), ¢ = 0} is said to be a Martingale process if, for s < ¢,

E[Y(£)[Y(u), 0 < u < 5] = Y(s)

16. I {Y(#), t = 0} is a Martingale, show that
E[Y(t)] = E[Y(]
17. Show that standard Brownian motion is a Martingale.
18. Show that {Y(t), ¢ = 0} is a Martingale when
Yit) =Bt —¢
What is E[Y(£)]?
Hint: First compute E[Y(¢)|Bin), 0 < u < s].
*19. Show that {Y(#),¢ = 0} is a Martingale when
Y(t) = exp{cB(t) — c*¢/2}
where ¢ is an arbitrary constant. What is E[Y(#)]?
An important property of a Martingale is that if you continually observe the process and

then stop at some time T, then, subject to some technical conditions (which will hold in
the problems to be considered),

E[Y(T)] = E[Y(0)]

The time T usually depends on the values of the process and is known as a stopping time
for the Martingale. This result, that the expected value of the stopped Martingale is equal
to its fixed time expectation, is known as the Martingale stopping theorem.

*20. Let
T = Mjn{f: B{ﬂ =2- 4.f]'

That is, T is the first time that standard Brownian motion hits the line 2 — 4¢. Use
the Martingale stopping theorem to find E[T].

21. Let {X(t), t = 0} be Brownian motion with drift coefficient u and variance param-
eter o=. That is,

X(t)=aB(t) + ut
Let i = 0, and for a positive constant x let

T = Min{t: Xif) = x}

_ Min[t: B(t) — x‘“”l
o



23,

*24,

25.

26.

*27.

28.
29,

That is, T is the first time the process {X{#), ¢+ = 0} hits x. Use the Martingale
stopping theorem to show that

E[T] = x/u

Let X(t) = oB(t) + ut, and for given positive constants A and B, let p denote the

probability that {X(¢), ¢ = 0} hits A before it hits —B.

{a) Define the stopping time T to be the first time the process hits either A or —B.
Use this stopping time and the Martingale defined in Exercise 19 to show thart

Elexp{ciX(T) — uT)fo — 2T 2} = 1
(b) Let¢ =—2u/o, and show that
Elexp{—2uX(T)/o}ll =1

(c) Use part (b) and the definition of T to find p.
Hint: What are the possible values of exp{—2uX(T)/o%}?

Let X(t) = oB(¢t) + ut, and define T to be the first time the process {X(t), t = 0}
hits either A or —B, where A and B are given positive numbers. Use the Martingale
stopping theorem and part (c) of Exercise 22 to find E[T].

Let {X(t), ¢ = 0} be Brownian motion with drift coefficient . and variance param-
eter o=. Suppose that o = 0. Let x = 0 and define the stopping time T (as in Exer-
cise 21) by

T = Min{#: X(#) = x}

Use the Martingale defined in Exercise 18, along with the result of Exercise 21, to
show thart

Var(T) = X'EFEI."',H.3

Compute the mean and variance of
(a) [y tdB()
(b) i e2dBit)

Let Y(#) =¢B(1/#),¢ = O and Y(0) =0.

{a) Whar is the distribution of Yi#)?

{b) Compare Cov(Y(s), Y(t)).

{c) Argue that {Y(¢), # = 0} is a standard Brownian motion process.

Let Y(t) = B(a*t)/a for a = 0. Argue that {Y(¢)} is a standard Brownian motion
process.

For s < ¢, argue that B(s) — ZB(¢) and B{¢) are independent.
Let {Z(t), t = 0} denote a Brownian bridge process. Show that if

Yty =0t + DZ/ e+ 1))

then {Y(¢), ¢ = 0} is a standard Brownian motion process.



30.

#31.

32,

33

34,

Let X(#) = Nit + 1) — Ni#) where {N(#), ¢ = 0} is a Poisson process with rate A.
Compute

Cov[ X6, Xit + 5]

Let {N(#),¢ = 0} denote a Poisson process with rate A and define Yi¢#) to be the
time from ¢ until the next Poisson event.

{a) Argue that {Y(#), £ = 0} is a stationary process.

ib) Compute Cov[Y(#), Yt + s).

Let {X(t), —00 < t < oo} be a weakly stationary process having covariance function
Rx(s) = Cov[X (), Xit + 5]

{al Show thart

VariXi(t + 5) — X{(t)) = 2Rxi(0) — 2Rx(t)
(b) If Y(t) = Xit + 1) — X(t) show that {Y(¢), —00 < ¢ = o0} is also weakly
stationary having a covariance function Ry(s) = Cov[Y(t), Y(¢ + s5)] that
satisfies

Ry(s) = 2Rx(s) — Ry(s — 1) —Rx(s + 1)

Let Y; and Y; be independent unit normal random variables and for some constant
1w set

Xi{t) =Yy coswt 4+ Yasinwt, —00 = f = 00

{a) Show that {X(z)} is a weakly stationary process.
(b)  Argue that {X(t)} is a stationary process.

Let {X(#), —o¢ = ¢ = oo} be weakly stationary with covariance function R(s) =
Cov(X(2), X(t + 5)) am:l_]_et R{w) denote the power spectral density of the process.
(i} Show that R{w) = R(—w). It can be shown that

RS = e f Raw)e™ dw
In J_
{ii) Use the preceding to show that

fx Riw) dw = 27E[X2(1)]

oo



Chapter 10

1. X(s) + X(t) = 2X(s) + X(t) — X(5).

Now 2X(5) is normal with mean 0 and variance 45
and X(t) — X(5) is normal with mean 0 and variance
t — s As X(5) and X(f) — X(5) are independent, it
follows that X(s) + X({) is normal with mean 0 and
variance 45 + t —s=235 4+ 1.

. The conditional distribution X(s) — A given that
X(t1)=A and X(t;) =B is the same as the condi-
tional distribution of X(s — t1) given that X{(0)=0
and X(t; — f;) =B — A, which by Equation (10.4)
is normal with mean f —h

by — by
—{S —h) (> — 5). Hence the desired conditional dis-

t2—H
(s—t1)(B—A)
th—h

(B — A) and variance

tribution is normal with mean A +

(s —t1)(tz —8)
HL—f

and variance
- E[X(})X(t2)X(t3)]

= E[E[X(t))X(82)X(ta) | X(ty), X(t2)]]

= E[X(t)X(0)E[X(t3) | X(ty), X(t2)]]

= E[X(t)X(1)X(t2)]

= E[E[X(t)E[X*(t2) | X(t)]]

= E[X(t)E[X?(t2) | X(t)]] (*)

= E[X(t){(t2 — t1) + X3(t1)}]

= E[X*(t1)] + (t2 — t1)E[X(t1)]

=0
where the equality (+) follows since given X(i),
X(t;) is normal with mean X(t;) and wvariance
ty — t;. Also, E[X3(#)] = 0 since X(t) is normal with
mean (.

4. (@) P{T, < oo} = lim P(T, <t}

s %]
=v% fﬂ e ¥4y by (10.6)

=2P{N(0,1) >0} =1

Part (b) can be proven by using

0
ElT,]= fo P{T, = t}dt
in conjunction with Equation (10.7).
5. P{Ty = T—1 < T2} = P{hit 1 before — 1 before 2}
= P{hit 1 before —1}
» P{hit —1 before 2 | hit 1 before —1}
1

= EP{down 2 before up 1}
_11_ 1
T 2376

The next to last equality follows by looking at the
Brownian motion when it first hits 1.

6. The probability of recovering your purchase price
is the probability that a Brownian motion goes up
¢ by time {. Hence the desired probability is

1— P{max X(s) > ¢} =1— —2 f” eV 2y
0<s<t - V2t /T

7. LetM = {max; <s<y, X(5) = x}. Condition on X(t,)
to obtain

PM) = f ' P(MIX(t) = ) ﬂl,r_h

MNow, use that

PM|X(h)=y)=1, y=x

E‘Fzﬁ“dy

and, fory < x
P(MIX(t) = y) = P{,_max X()>x-y}
=2P{X(tr—t1) > x—y}

8. (a) Let X(t) denote the position at time f. Then
[t/ At]

X =vAar ¥ X
i=1



(b)

where

+1,
X; =
-1,

As

if i step is up

if i step is down

E[X;]=p-11-p)
=2p-1
= /At

and
Var(X)) = E [X}] — (EX;)?

=1—p2At

. i
since X; =1

we obtain
E[X(t)] = VAt [ﬁ] uvAt

— utas At — 0

Var(X(1) = At [é] (1— A

— tas Af — 0.

By the gambler’s ruin problem the probability
of going up A before going down B is

1—(q/p)®
1—(q/pyA+B

when each step is either up 1 or down 1
with probabilities p and g=1—p. (This is
the probability that a gambler starting with
B will reach his goal of A + B before going

broke.) Now, when p = %{1 + pm},q =

1 - p=%{1 — uVAH) and so g/p =
1— /At
1+ pVAE
of goingup A/ VAt before going down B/ VAL

(we divide by At since each step is now of
this size) is

Hence, in this case the probability

B/vA
[1ou VAT
1+p VAL
(*) (ALB//AD

1_ 1—p VAt
14+ VAt

Now
i/
l—p VA 1//Ad ) [1—;;,}:]1*”*
i =lim
A0 (14 AL h—0 |14 ph
[1_E n
= lim n
H— 00 B
[1+ 5]
byn=1/h
gH
=_  —g
=i =

where the last equality follows from
X "
lim [1 + _} s
H— o0 H
Hence the limiting value of (+) as Af —+ 01is
1—pg 2B
1_ ¢ 2HA+E)

11. Let X(t) denote the value of the process at time
t = nh. Let X; = 1 if the i" change results in the
state value becoming larger, and let X; = 0 other-

wise. Then, with u = egﬁ, d=g oV

X(H= X(G)MZ}':J Xign—Xiy X

= X(O)a" (E)EFL] "

Therefore,

X(t c
log (%) =nlog(d) + ng Xilog(u/d)
t/h

t
= —Ecr\.-"ﬁ—l— 2a0vh ZX,—
i=1

By the central limit theorem, the preceding
becomes a normal random variable as i — 0. More-
over, because the X; are independent, it is easy to

see that the process has independent increments.
Also,

“|ox (x0).

= —10»/F+25JJ_:51{1 + Eumy
h h2 o
= put
and
X\ _, ot
Var [log (m” =4 hﬁp(l -p

ot

where the preceding used thatp — 1/2 as h — 0.



12. If we purchase x units of the stock and y of the

option then the value of our holdings at time 1 is

150x + 25y
value =
25x if price is 25

if price is 150

So if
150x + 25y = 25x, or y = —5x

then the value of our holdings is 25x no matter what
the price is at time 1. Since the cost of purchasing
¥ units of the stock and —5x units of options is
50x — 5xc it follows that our profit from such a
purchase is

25x — b0x + 5xc = x(5c — 25)

(a) If c =5 then there is no sure win.

(b) Selling |x| units of the stock and buying —5|x|
units of options will realize a profit of 5/x| no
matter what the price of the stock is at time 1.
(Thatis, buy x units of the stock and —5x units
of the options for x < 0.)

(c) Buying x units of the stock and —5x units of
options will realize a positive profit of 25x
when x = (0.

(d) Any probability vector (p,1 — p) on (150,25),
the possible prices at time 1, under which buy-
ing the stock is a fair bet satisfies the following:

50 = p(150) + (1 — p)(25)

or

p=1/5

Thatis, (1/5,4/5)is the only probability vector
that makes buying the stock a fair bet. Thus,
in order for there to be no arbitrage possibility,
the price of an option must be a fair bet under
this probability vector. This means that the
cost ¢ must satisfy

c=25(1/5=5

13. If the outcome is { then our total winnings are

0i(1+0)"' =¥ (1+0)7"

i#i
Xij0; — Xi=
i E,.f 1—%{1+0k)—'

(I+o)(1+0) ' =¥ (1 +0)!
i

1_2(1+0k)_1
k
=1

14.

15.

Purchasing the stock will be a fair bet under
probabilities (py, pa, 1—py — p2) on (50, 100, 200),
the set of possible prices at time 1, if

100 = 50p; + 100p; + 200(1 — py —pa)

or equivalently, if
3 +2p2 =2

(a) The option bet is also fair if the probabilities
also satisfy

c=80(1—p; —p)

Solving this and the equation 3py + 2p; = 2
for py and p; gives the solution
p1 = c/40, p, = (80 — 3c)/80

I—p1—p2=¢/80

Hence, no arbitrage is possible as long as these
p; all lie between 0 and 1. However, this will
be the case if and only if

80 = 3c

(b) In this case, the option bet is also fair if
c=20pz + 12001 —py — p2)
Solving in conjunction with the equation
3py + 2p; = 2 gives the solution
Py = (c—20)/30, p» = (40 —c)/20

1—p1—p2=(c—20)/60
These will all be between 0 and 1 if and only if
20 < ¢ < 40.

The parameters of this problem are

ag=.05 wo=1 x=100, t=10.

(a) If K =100 then from Equation (4.4)
b=[5—5—log(100/100)]//10
=—45/10 = —1.423
and
¢ = 1006(+/10 — 1.423) — 100~ 5(—1.423)
= 1006(1.739) — 10051 — ¢(1.423)]
=912

The other parts follow similarly.



16.

17.

18.

Taking expectations of the defining equation of a
Martingale yields

E[Y(s)] = E[E[Y(8)/Y(u), 0 < u < s]] = E[Y(1)]

Thatis, E[Y(f)]is constant and sois equal to E[Y{0)].

E[B(t)|B(u), 0 < u < 5]
= E[B(s) + B(t) — B(s)|B(u), 0 < u < 5]
= E[B(s)[B(u), 0 < u < 5]
+ E[B(t) — B(s)|B(u),0 < u < 5]
= B(s) + E[B(t) — B(s)] by independent
increments

= B(s)

E[B*(1)|B(u), 0 < u < s] = E[B*(1)|B(s)]

where the above follows by using independent
increments as was done in Problem 17. Since the
conditional distribution of B(t) given B(s) is normal
with mean B(s) and variance f — s it follows that

E[B%(t)|B(s)] = B*(s) + t —s
Hence,
E[B%(t) — t|B(u), 0 < u < 5] = B¥(s) —s

Therefore, the conditional expected value of
BZ(I) —t, given all the values of B(u), 0 < u < s,
depends only on the value of B*(s). From this it
intuitively follows that the conditional expectation
given the squares of the values up to time s is also

B*(s) —s. A formal argument is obtained by condi-
tioning on the values B(u), 0 < u < sand using the
above. This gives

E[B*(¢) — t|B*(u), 0 < u < 5]
= E [E[B2(t) — t|B(u), 0 < u < 5]|B*(u),
0<u<s]
= E[B%(s) —s|B*(u), 0 < u < 5]
= B%(s) —s

which proves that {B*(t) — t, t > 0} is a Martingale.
By letting t = 0, we see that

E[F%(t)—t] = E[BX(0)] =0

19.

20.

21.

Since knowing the value of Y(t) is equivalent to
knowing B(f) we have

E[Y(H|Y(u), 0<u < s]
= e~ H/2E[eBO|B(u), 0 < u < 5]

= E—czr,’ZE[EcB(r‘l [B(s)]

Now, given B(s), the conditional distribution of
Bit) is normal with mean B(s) and variance  — 5.
Using the formula for the moment generating func-
tion of a normal random variable we see that

.‘.’_t_j”le[L’EBm |B(s)]
— gt/ 2geBl Ht—s)c 2

—e C'Zsf'zgcs(s\

=Y(s)
Thus, {Y(t)} is a Martingale.
E[YOlI=EY(0)] =1

By the Martingale stopping theorem
E[B(T)] = E[B(0)] =0

However, B(T) = 2 — 4T and so
2—4F[T]=0

or, E[T]=1/2

By the Martingale stopping theorem
E[B(T)] = E[B(0)] =0

But, B(T) = (x — pT) /o and so

E[(x — uT) /o] =0

or

E[T] = x/u

. (a) It follows from the results of Problem 19 and

the Martingale stopping theorem that
E[exp{cB(T) —c*T/2}]
= E[exp{cB(D)}] =1

Since B(T) = [X(T) — puT] /o part (a) follows.
(b} This follows from part (a) since

~2u[X(T) — pT)/a? — (2u/0)°T/2

= 2uX(T)/a?
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(c) Since T is the first time the process hits A or

—B it follows that
. A, with probability p
XM= {—B, with probability 1 —p

Hence, we see that
_ ) . 2 2
1= E[E 2uX(TY/ o ] =pe nAfo + (1 _ p)EZj.tB;"J

and so

1 _ g2uB/fa’

P= g—2nA/ar _ o2uB/a?

By the Martingale stopping theorem we have
E[B(T)] = E[B(0)] = 0
Since B(T) = [X(T) — pT]/r this gives the equality
EIX(Ty—puT]=0
or
E[X(T)] = pE[T]
Now
E[X(T)] =pA — (1 p)B
where, from part (c) of Problem 22,
1 _ p2uB/a?
P = aialet _ g/t
Hence,

A(L— @B/ _ e~ 2Ale )
#{8—211:‘1.;‘0'1 _ Elj.rB;'a'z)

E[T] =

It follows from the Martingale stopping theorem
and the result of Problem 18 that

E[BHT)—T]=0

where T is the stopping time given in this problem
and B(t) = [X(f) — pt]/o. Therefore,

E[(X(T)— puT)* /o2 —T] =0
However, X(T) = x and so the above gives that
E[(x —pT)’] = o°E[T]

But, from Problem 21, E[T] = x/p and so the above
is equivalent to

Var(uT) = o”x/p
or

Var(T) = o’x/u°

25. The means equal 0.

1 l., 1
Vi X | = Fdt =
o[ o] =

1 1 1

2 _ 40 _
Var[futd}((:)}_fu:m_S

26. (a) Normal with mean and variance given by

E[Y(H)] = tE[X(1/8)] =0

w

Var(Y(H) = P Var[X(1/0)] = 2/t =t
(b) Cov(Y(s), Y(t)) = Cov(sX(1/s), tX(1/1))
=st Cov(X(1/5), X(1/1))

1

= st?, when s <

=5, whens<t
(c) Clearly {Y(t)} is Gaussian. As it has the same

mean and covariance function as the Brown-
ian motion process (which is also Gaussian) it
follows that it is also Brownian motion.
1
27. E[X(a*t)/a] = EE[X{azt}] =0
Fors < t,

Cov(Y(s), Y(t) = ﬂl?_ Cov(X(a%s), X(a2t)

2
=Sa5=s
res

As {Y(1)} is clearly Gaussian, the result follows.
28. Cov(B(s) — ;B(t], Bit)) = Cov(B(s), B(t))

—;CDIJ(B(t}, B(#)

:5_5!-:[]
t

29. {Y(t)} is Gaussian with
ElY(Ol = (t + DECZ[t/(t + D)) =0
and fors <
Cov(Y(s), Y(t))

=(s+1;(t+1)-::m;[z[s+%], z{ ! ”

5 t
s4+1 [1_r+1] (*)

=+t 1)

=5
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3L

where (%) follows since Cow{Z(s), Z()) = s{1 —t).
Hence, {Y(f)} is Brownian motion since it is also
Gaussian and has the same mean and covariance
function (which uniquely determines the distribu-
tion of a Gaussian process).

Fors <1
Cov[X(t), X(t + )]
= Cov[N(t + 1) — N(t),N(t + 5 + 1) — N(t + 5)]
= Cov(N(t + 1),N(t + 5 + 1) — N(t + 5))
—Cov(N(t),N(t + 5 + 1) - N(t + 5))

= Cov(N(t + 1),N(t +5 + 1) = N(t +5)) (%)

where the equality (*) follows since N(f) is inde-
pendent of N(t + 5 + 1) — N(t + s). Now, fors < §,

Cov(N(s). N(t)) = Cov(N(s), N(s) + N(t) — N(s))
= Cov(N(s), N(s))
=As
Hence, from () we obtain that, whens < 1,
Cov(X(1), X(t + 5)) =Cov(N(t + 1), N(t +5 + 1))
—Cov(N(t + 1), N(t +5))
=AMt +1)— Mt +53)
=M1-3)
Whens = LN(t + 1) —N(t) and N(t + 5 + 1) —

N(t + s) are, by the independent increments prop-
erty, independent and so their covariance is (0.

(a) Starting at any time t the continuation of the
Poisson process remains a Poisson process
with rate A.

(b) E[Y(BY(t +s5)]

= [T Evve +9 Y6 = ey
U]

s 4]
= [ EIYE +9) | YO = y)e My
1]
.
+ f Yy —s)re Wy
5

# 1 — A o —Ay
=f y=-Ae J’dy+f wy —s)he” dy
1] A g
where the above used that

E[Y()Y(t +9)|Y() =y

~ {yE(Y(t+s)) =¥

—_

ify <s

it

¥y —s), ify=s

Hence,
Cov(Y(£), Y(t + 8))

= fo ve Wy + [s Yy —s)re My — %
32. (a) Var(X(t+s)— X(t)
= Cov(X(t + 5) — X(, X(t +5) — X(B)
= R(0) — R(s) — R(s) + R(0)
= 2R(0) - 2R(s)
(b) Cov(Y(D), Y(t + )
= Cov(X(t + 1) — X(t), X(t +5 +1)
_X(t+5)
= Ru(5) — Refs — 1) — Ry(5 + 1) + Ry(s)

=2Ry(s) —Re(s—1) —Re(s + 1), s=>1

33, Cou(X(H), X(t +35))
= Con(Y1 coswt + Yo sinwi,
Yicosw(t +5) + Yasinw(t + 5))
= coswtcosw(t + 5) + sinwisinw(t + s)
= cos(w(t + s) — wt)

= COs s
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Exercises

*1. Suppose it is relatively easy to simulate from the distributions Fy, i = 1,2,. ., n. If
n is small, how can we simulate from

Eid
Fx)=)» PFx), P;20, Y P=12

i=1 i

Give a method for simulating from

P
%ﬁ 0=y =1
3
— le<x <00

[t

Give a method for simulating a negative binomial random variable.
*3. Give a method for simulating a hypergeometric random variable.



4. Suppose we want to simulate a point located at random in a circle of radius r
centered at the origin. Thart is, we want to simulate X, ¥ having joint density

1
f':x,}'}=F, x‘1+}'1’££r2

(a) Let R = X2+ Y2, #=rtan ! Y/X denote the polar coordinates. Compute
the joint density of R, 8 and use this to give a simulation method. Another
method for simulating X, Y is as follows:

Step 1: Generate independent random numbers Uy, Uz and set 7=
2rlUy— r, Z3 = 2rlUa —r. Then Zy, Z3 is uniform in the square whose
sides are of length 2r and which encloses, the circle of radius r (see
Figure 11.5).

Step 2: 1f (Z1, Z3) lies in the circle of radius r—that is, ifZ‘I- + 72 < ¥l —set
(X,Y) = (Z1,Z3). Otherwise return to step 1. -

(b)  Prove that this method works, and compurte the distribution of the number of
random numbers it requires.

5. Suppose it is relatively easy to simulate from F; for each i = 1,. .., n. How can we

simulate from
(a) Fx) =[]y Falx)?
(b) F(x) =1-T]"1(1 — Fi(x))?
(c) Give two methods for simulating from the distribution F(x) =x", 0 <= x < 1.

*6. In Example 11.4 we simulated the absolute value of a standard normal by using the
Von WNeumann rejection procedure on exponential random variables with rare 1.
This raises the question of whether we could obtain a more efficient algorithm
by using a different exponential density—that is, we could use the density g(x) =
se~**_ Show that the mean number of iterations needed in the rejection scheme is
minimized when A = 1.

7. Give an algorithm for simulating a random variable having density function

flx)y=30x* —2x* +x%), D=x=<1

Figure 11.6
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13

14.

Consider the technique of simulating a gamma (#n, 4) random variable by using the

rejection method with g being an exponential density with rate A /n.

{a) Show that the average number of iterations of the algorithm needed to generate
a gamma is n"e! =" j(n — 1)L,

{b) Use Stirling’s approximation to show that for large # the answer to part (a) is
approximately equal to e[(n — 1)/(2m)11/2.

{c) Show that the procedure is equivalent to the following:
Step 1: Generate Yy and Y, independent exponentials with rate 1.
Step 2: 1t Yy < in— 1)[Yz — log(Y32) — 1], return to step 1.
Step 3 Set X = nYa/a.

(d) Explain how to obtain an independent exponential along with a gamma from
the preceding algorithm.

Set up the alias method for simulating from a binomial random variable with param-
eters n =6, = 0.4,

Explain how we can number the Q' in the alias method so that & is one of the
two points that Q) gives weight.

Hint: Rather than giving the initial Q the name QV, what else could we call it?
Complete the details of Example 11.10.
Let Xq,..., X, be independent with

1
P{XJ‘:.”:E: f=1,...,m, -i:l:--'?k

If D is the number of distinct values among X4, ..., X show that

o= (5)]

2 2
=k — k— when k— is small
2 "

The Discrete Rejection Method: Suppose we want to simulate X having probability
mass function P{X = i} = P;i = 1.....n and suppose we can easilv simulate
from the probability mass function Q;, 3 ;0 = 1, Q; = 0. Let C be such that
P; <CQOni = 1,....n Show thart the following algorithm generates the desired
random variable:

Step 1: Generate Y having mass function @ and U an independent random
number.

Step 2: If U < Py/CQy, set X = Y. Otherwise return to step 1.

The Discrete Hazard Rate Method: Let X denote a nonnegative integer valued

random variable. The function Lin) = P{X = n | X = n}, n = 0, is called the

discrete hazard rate function.

(a) Show that P{X = n} = i(m) [T"1 (1 — A(0)).

{b) Show that we can simulate X by generating random numbers Uy, Uz, . . . stop-
ping at

X =min{n: U, < Lin)}
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16,

17.

{c) Apply this method to simulating a geometric random variable. Explain, intu-
itively, why it works.

(d) Suppose that A(n) < p < 1 for all n. Consider the following algorithm for sim-
ulating X and explain why it works: Simulate X;, U;, i = 1 where X; is geo-
metric with mean 1/p and U; is a random number. Set §p = X1 + --- + X,
and let

X = min{S;: Uy < L(8)/p)

Suppose you have just simulated a normal random variable X with mean p and
variance o2, Give an easy way to generate a second normal variable with the same
mean and variance that is negatively correlated with X.

Suppose # balls having weights w7y, 13, . . ., 1, are in an urn. These balls are sequen-
tially removed in the following manner: At each selection, a given ball in the urn is
chosen with a probability equal to its weight divided by the sum of the weights of
the other balls that are still in the urn. Let Iy, 15, ..., I, denote the order in which
the balls are removed—thus Iy, ..., I, is a random permutation with weights.

{a) Give a method for simulating Iy, ..., 1.

(b} Let X; be independent exponentials with rates w;, i = 1,...,n. Explain how
X; can be utilized to simulate Iy,._.,1,,.

Owrder Statistics: Let Xq,..., Xy be i.i.d. from a continuous distribution F, and let

X denote the ith smallestof X4,. .., Xy, i = 1,..., . Suppose we want to simulate

Xy = X2y = --- = X(m- One approach is to simulate n values from F, and then

order these values. However, this ordering, or sorting, can be time consuming when

nis large.

la) Suppose that A(¢), the hazard rate function of F, is bounded. Show how the
hazard rate method can be applied to generate the n variables in such a manner
that no sorting is necessary.

Suppose now that F~! is easily computed.

(b) Argue that X q,..., Xy can be penerated by simulating Uy, = U, <--- <
U wy—the ordered values of n independent random numbers—and then setting
Xi = F—'{U[,-].}. Explain why this means that X;; can be generated from
F~1(g;) where g is beta with parameters i,n + i + 1.

(c) Argue that Uyy,..., Uy, can be generated, without any need for sorting, by
simulating i.i.d. exponentials Yy,..., Y, and then setting

Y4+ Y,
Yi+- -+ Yot

U{,‘J.z f=1,...1ﬂ

Hint: Given the time of the (1 + 1)st event of a Poisson process, what can be said

about the set of times of the first n events?

(d} Show that if Uy, =y then Ujyy, ..., Up—1) has the same joint distribution as
the order statistics of a set of n — 1 uniform (0, y) random variables.

(e} Use part (d) to show that Uiqy,..., Uy can be generated as follows:
Step 1: Generate random numbers Uy, ..., Uy.
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20,

21.

Step 20 Set

I ¥
U{n_] = U_II"I", U[n—l_] — U{n}{UZ}I;fH—IJ’

Uj_1y = U[,'](Un—;'+1}'1m_h, i=2,...,n—1

Let X1,..., X, be independent exponential random variables each having rate 1.
Set

Wi =X1/n,
Xi

W, — W M
i '_1+H—1'+1,

i= 2., PP
Explain why W1, ..., W, has the same joint distribution as the order statistics of a
sample of # exponentials each having rate 1.

Suppose we want to simulate a large number # of independent exponentials with
rate 1—call them X, X,,. .., X,. If we were to employ the inverse transform tech-
nique we would reguire one logarithmic computation for each exponential gener-
ated. One way to avoid this is to first simulate 5., a gamma random variable with
parameters (1, 1) (say, by the method of Section 11.3.3). Now interpret S, as the
time of the nth event of a Poisson process with rate 1 and use the result that given
Sy the set of the first # — 1 event times is distributed as the set of n — 1 indepen-
dent uniform (0, §,) random variables. Based on this, explain why the following
algorithm simulates » independent exponentials:

Step 1:  Generate §,, a gamma random variable with parameters (», 1).

Step 2: Generate # — 1 random numbers Uy, Uz, ..., U,_4.

Step 3: Order the U, i=1,...,n—1toobtain Uy, < Uy < --- < Up_1;-
Sl‘ﬂp 4: Let U[u-] =10, U{"]. = 1, and set X; = .S'HI:U{,'J — U[_.'_l].}l,f = ],. .

When the ordering (step 3) is performed according to the algorithm described in
Section 11.5, the preceding is an efficient method for simulating # exponentials
when all # are simultaneously required. If memory space is limited, however, and
the exponentials can be employed sequentially, discarding each exponential from
memory once it has been used, then the preceding may not be appropriate.

Consider the following procedure for randomly choosing a subset of size £ from
the numbers 1,2,....n: Fix p and generate the first » time units of a renewal
process whose interarrival distribution is geometric with mean 1/p—thart is,
Plinterarrival time =k} =p(1 — p)*~1,k=1,2, ... Suppose events occur at times
| =iy = - < by = 0 If m = k, stop; iy,...,im is the desired set. If m = £,
then randomly choose (by some method) a subset of size & from iy, . . ., iy, and then
stop. If m < k, take ij,... iy as part of the subset of size £ and then select (by
some method) a random subset of size & —m from the set {1,2, ..., 0} —{i,...,im}.
Explain why this algorithm works. As E[N(n)] = np a reasonable choice of p is to
take p = k/n. (This approach is due to Dieter.)

Consider the following algorithm for generating a random permutation of the
elements 1,2,....n. In this algorithm, P(i) can be interpreted as the element in
position f.
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24,
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Step 1: Setk =1.

Stepr 2: SetP(l) = 1.

Step 3: If £ = n, stop. Otherwise, let k =k + 1.
Step 4:  Generate a random number U, and let

P(k) = P([kU] + 1),
P([kU] + 1) = k.
Go to step 3.

{a) Explain in words what the algorithm is doing.
(b) Show that at iteration k—that is, when the value of P(k) is initially set—that
P(1),P(2),...,P(k) is a random permutation of 1,2,.. ., k.

Hint: Use induction and argue that
Pplitsiz,. .. ,fj_],,k,fj,. cosdp_14i0}

= Pk_lfil,fz,.....fj-_]..f, i.l‘!"‘?ik—l}

e -

= % by the induction hypothesis

The preceding algorithm can be used even if # is not initially known.

Verity that if we use the hazard rate approach to simulate the event times of a non-
homogeneous Poisson process whose intensity function A(¢) is such thar i(¢) < A,
then we end up with the approach given in method 1 of Section 11.5.

For a nonhomogeneous Poisson process with intensity function A(¢), ¢ = 0, where

Jo mM@ydt = oo, let Xy,Xs,... denote the sequence of times at which events

occur.

{a) Show that fl}x' Lty dt is exponential with rate 1.

(b} Show that j},‘é’l A(t)dt,i = 1, are independent exponentials with rate 1, where
Xo=0.

In words, independent of the past, the additional amount of hazard that must be

experienced until an event occurs is exponential with rate 1.

Give an efficient method for simulating a nonhomogeneous Poisson process with
intensity function

A(f}:b+L, t=0
t+a

Let (X, Y) be uniformly distributed in a circle of radius r about the origin. That is,
their joint density is given by

1
f':x?}'}zmr Déxz‘l'}'zgrl

Let R = X2 + Y2 and @ = arctan Y /X denote their polar coordinates. Show that
R and # are independent with # being uniform on (0,27) and P{R < a} = a?/+2,
Dca=r.
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27.

Let R denote a region in the two-dimensional plane. Show that for a two-
dimensional Poisson process, given that there are n points located in R, the
points are independently and uniformly distribured in R—that is, their density is
Fix,v) = ¢, (x,v) € R where ¢ is the inverse of the area of R.

Let Xq,...,X, be independent random variables with E[X;] = &, Var(X;) = of
i =1,...,n,and consider estimates of ¢ of the form [, 2, X; where 31" ;4; = 1.
Show that Var (3" ; 4;X;) is minimized when

l,:(]fﬁf}/(z-lfﬁf)ﬁ f:l.,.....fl.
i=1

Possible Hint: If vou cannot do this for general #, try it first when n = 2.

The following two problems are concerned with the estimation of f,} g(x)dx = E[g(l]
where U is uniform (0, 1).

28.

29,

The Hit—Miss Method: Suppose g is bounded in [0, 1]—for instance, suppose
0 =< g(x)<b for x [0, 1]. Let Uy, Uz be independent random numbers and set
X = Uy, Y = bUz—so the point (X, Y) is uniformly distributed in a recrangle of
length 1 and height b. Now set

L Y < g0
— |0, otherwise

That is, accept (X, Y) if it falls in the shaded area of Figure 11.7.

{a) Show that E[6I] = f[; glx)dx.

(b} Show that Var(bl) = Var(g(U)), and so hit-miss has larger variance than
simply computing g of a random number.

Stratified Sampling: Let Uy, ..., U, be independent random numbers and set

U= (U; +i—1)/n,i=1,....,n Hence, Uy, i =1, is uniform on ((i — 1)/n,i/m).

| g(U;)/n is called the stratified sampling estimator of _j'ﬂl glx)dx.
(a) Show that E[Y"7, g(U;)/n] = [, g(x)dx.
(b) Show that Var[Y"" , g(U;)/n] < Var[Y 1, g(Us)/nl.

0.6 1, b

gl

0,0 41.0

Figure 11.7
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Hint: Let U be uniform (0, 1) and define N by N =i if (i — 1)/n = U = i/n,
i=1,...,n Now use the conditional variance formula to obtain

Var(g(U)) = E[Varig{U)|N)] + Var(E[g(U}|N])
= E[Var(g(U)IN)]
B i Var(g(U)[N =i) i Var[g(U;)]
= = —

H
i=1 i=1

If { is the density function of a normal random variable with mean y and variance
o2, show that the tilted densj'gy f: is the density of a normal random variable with
mean g + o2t and variance o-.

Consider a queueing system in which each service time, independent of the past,
has mean . Let W, and D, denote, respectively, the amounts of time customer #
spends in the system and in queue. Hence, D,, = W, — S, where §,, is the service
time of customer #. Therefore,

E[Dy] = E[Wy] — p

If we use simulation to estimate E[D,], should we

{a) use the simulated data to determine D,,, which is then used as an estimate of
ElDy]; or

ib) use the simulated data to determine W, and then use this quantity minus x as
an estimate of E[D,]?

Repeat for when we want to estimate E[ W,].

Show thar if X and Y have the same distribution then
Var((iX + Y)/2) < Var(X)

Hence, conclude that the use of antithetic variables can never increase variance
ithough it need not be as efficient as generating an independent set of random
numbers).

If 0 < X < a, show that

(a) EIX?] < aFE[X],

(b) Var(X) < E[X](a — E[X]),
c) Var(X) < at/4.

Suppose in Example 11.19 that no new customers are allowed in the system after
time t5. Give an efficient simulation estimator of the expected additional time after
#y until the system becomes empty.

Suppose we are able to simulate independent random variables X and Y. If we
simulate 2k independent random variables Xy,. .., X, and Yy, ..., Y., where the
X; have the same distribution as does X, and the Y; have the same distribution as
does ¥, how would vou use them to estimate P(X <= Y)?

If Uy, U, U; are independent uniform (0,1) random variables, find
Py Ui = 0.1).
Hint: Relate the desired probability to one abour a Poisson process.
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i—1 i

1. (a) Letubearandomnumber. Ifz Pi<u= Z P;
=1 =1

then simulate from F;.

i—1

(In the above Z. P;=0wheni= 1.)
Jl=

(b) Note that

1 2
F(x) = gFL(X} + §F2(X)
where

L)=1-¢%, D<x<mx

x, D<x<1
Fyx) =
, l<x

Hence, using (a), let U, Uz, U3 be random
numbers and set

—log U, .
= <1/
= T if L <1/3

L, if L =1/3

The above uses the fact that M

5 is expo-
nential with rate 2.

2. Simulate the appropriate number of geometrics

and sum them.

. Ifarandom sample of size 1 is chosen from a set of
N + M items of which N are acceptable then X, the
number of acceptable items in the sample, is such
that

rcen=[3] (4] /14

To simulate X note that if
; 1,  if thej" section is acceptable
I 0, otherwise

then

j—1
N — E Ii
1
N+M-—(j-1)
can simulate Iy, ..., I; by generating random num-
bers Uy, ..., Uy and then setting

P{IJ.-=1|I1,...,IJ-_1} = . Hence, we

j—1
N— ZL—
1
N+M-—(j-1)
0, otherwise

=31 ify <

i
X = E I;  has the desired distribution.
j=1

Another way is to let

{l, the j* acceptable item is in the sample
Xj=

0, otherwise

and then simulate X3, ..., Xjy by generating random
numbers U, ..., Uy and then setting

j—1
N-Y 1
X = : — i=1
Ol R LR vy v oy e

0, otherwise

N
X= E X  then has the desired distribution.
j=1

The former method is preferable when n < N and
the latter when N < n.

OR___x  OR__ ¥
ox Va2 4+t V2 + 2
a8 1 [— -y
: 21,2 2 2
ax 1+[g] X x4y

x




8.

Hence, the Jacobian of the transformation is

X ¥
= \fx~+y2 \.‘x~+y2 _ 1
-y z VY

The joint density of R, # is thus

Fro(s:0)=5fxy {M’ tan_ly,fx]

5
Tz
=L-§2, 0@ <2r, O=<s<r
2 r
Hence, R and # are independent with
2s
s)=—=, D<s<r
fR(} !'2
fgl{ﬁ}:%_, 0<6<27

As Tp(s) = % and so F, '(U) = Vr2U = rV1, it
follows that we can generate R, ¢ by letting LI} and

LI; be random numbers and then setting R = r+/LI4
and # = 2rli,.

(b) Itis clear that the accepted point is uniformly
distributed in the desired circle. Since

P{ZE+Z2 - rz} _ Areaofcircle i'T_r2 _T

1 2= " Area of square T4t 4

it follows that the number of iterations needed

(or equivalently that one-half the number of

random numbers needed) is geometric with

mean 7 /4.

Use the rejection method with g(x) = 1. Differen-
tiating f(x)/g(x) and equating to 0 gives the two
roots 1/2 and 1. As f(.5) = 30/16 = f(1) = 0, we
see that ¢ = 30/16, and so the algorithm is

Step 1: Generate random numbers LI and L.

Step 2: If Uy, < 16(U7 — 2U3 + U}), setX = Uj.
Otherwise return to step 1.

—Ax n—1
(a) With f(x) = Ae 0"

(n—1)!
—Ax/n
and g(x) = Ae m
AT L= Ax(l—1/m
Fl/gto) = "

(n—1)!

Differentiating this ratio and equating to 0
vields the equation

n—1x""2=x"""N1-1/n)
or x=mn/A Therefore,
H,—(n—1)

¢ = max[f(x)/g(x)] = -1

G

By Stirling’s approximation
(m—1) = (n— ])n—l,fze—{u—ﬂ(z,l,l_)lﬁ

and so

J'I”L’_r"_“.,u"(ﬂ _ 1)

=] {27;}—1;’2 [n—gl—]" (n— ]}1;2

_ [(n—1)/27]"/2
= b

)
= e[(n —1)/2x]2

since (1 —1/n)" = el

(c) Since

—Ax(1-1/n H— En_l
f@)fegx) = et

the procedure is

Step 1: Generate Y, an exponential with rate
A/n and a random number L],

Step 2: If U < f(Y)/cg(Y), set X = Y. Other-
wise return to step 1.

The inequality in step 2 is equivalent, upon
taking logs, to
logl<n—-1-AY(1-1/n)
+ (n—1)log(AY)—(n—1)logn
or
—loglU =(m—-1AY/n+1—n
—(n—1)log(XY/n)

Now, ¥1 = —log U is exponential with rate 1,
and Y, = AY/n is also exponential with rate 1.
Hence, the algorithm can be written as given
in part (c).

(d) Upon acceptance, the amount by which Y
exceeds (1 — 1{Y, — log(Y;) — 1} is exponen-
tial with rate 1.

10. Whenever { is the chosen wvalue that satisfies

Lemma 11.1 name the resultant Q as ka



1, ifX; =jforsomei
Ii=
0, otherwise

then
n
D= E I
=1
and so

E[D] = 2—1”5[1 i{ {

[ ”‘1]

[ Lk Kk 1)}

n?
13. P{X =i} =P{Y = i|U < Py/CQy}

_P{Y =i U< Py/CQy}
- K

_ OQiP{U < Py /COy|Y =1}
K

_ QiP/CQ;
K

_P

~CK

where K = P{U < Py /CQy}. Since the above is a
probability mass function it follows that KC = 1.

14. (a) By induction we show that
(IP{X =k} = (1= A1) (1 — A(K))

The above is obvious for k = 1 and so assume
it true. Now

P{X=k+1}
= P{X >k +1|X > k}P{X >k}
=(1-AMk+ 1)P{X =k}

which proves (*). Now

P{X =n}
=P{X=nX>=n-1P{X>n-1}
=AMmP{X =n-1}

and the result follows from (¥).

(b)

(c)

P{X =n)
=P{U, = M1), Uz = AM2), ..., Uy—y
> A — 1), Uy < M)}
=(1=AI)1 - M2))- -
(1 — A(n —1)A(m)
Since A(n) = pit sets
X =min{n: U < p}

Thatis, if each trial is a success with probability
p then it stops at the first success.

(d) Given that X > n, then

P{X=nX=>=n}= P% = Aln)

15. Use2p=X.

16. (b) Letl; denote the index of the f"* smallest Xj;.

(a)

(b)

Generate the Xi; sequentially using that given
X1y, ..., X(j—1y the conditional distribution of
Xijy will have failure rate function A;(t) given
by

0, t< Xy
AI(!‘) = ’ Xfm =0.

(m—i+ DA), t>Xi_n

This follows since as F is an increasing function
the density of Um is

fial®) = it FOF
< (EOIF)

! i— n—i
== ;’_*E”_Ut 11—y,

D<t<1
which shows that L is beta.

Interpret Y; as the im interarrival time of a Pois-
son process. Now given Yy + -+ + Y, =
t, the time of the (n + 1)* event, it fol-
lows that the first n event times are distri-
buted as the ordered values of n uniform (0, t)
random variables. Hence,

Yi+--4Y;
Yi+ -+ Yoy
will have the same distribution as Uy, ...,
L.

i=1,...n



18.

20.

21.

27.

(d) fug, ... g W1 s Yn—1]Yn)

— fligr - tin)
Uy \Yn
_ _n!
ny" !

(n—1)

=T 0SS <Y<y

where the above used that
Fuy ) = P{max U; <y} = y"
and so

Fuip () = ny" ™

(e) Follows from (d) and the fact that if
F(y) = y" then F (L) = U'/".

Consider a set of # machines each of which inde-
pendently functions for an exponential time with
rate 1. Then Wy, the time of the first failure, is expo-
nential with rate n. Also given W;_, the time of the
it failure, the additional time until the next failure
is exponential with rate n — (i — 1).

Since the interarrival distribution is geometric, it
follows that independent of when renewals prior
to k occurred there will be arenewal atk with proba-
bility p. Hence, by symmetry, all subsets of k points
are equally likely to be chosen.

Py {ir, oo ip—q,m+ 1}

k1
= Pu{iy, .o, j}———
sz m{fy Iklf}er]k
gy
1 1 1
=(m—(k—1))[m] m+1[m+1
k k
. See Problem 4.
First suppose n = 2.
Var(AX; + (1 — A)X;) = Mo? + (1 — Aol

The derivative of the above is2.3’xc.riz —2(1— )«)cr% and
equating to 0 yields
a3 1/05

)\: =
J% + O’% 13’6% + lfcr%

Now suppose the result is true for n — 1. Then

n
Var {z A,—X,—] = Var
i=1

n—1

Y AXi| + Var(uXy)
i=1

=(1—= X, ? Var

n—1 A\
s
=

+ AL Var Xy,

Now by the inductive hypothesis for fixed A, the
above is minimized when

Aj 1/a? .
* i —_ 1 _
“1_).1"_.-4—1 , I=1,...,n-1
_Z 1/o}
J’=l
Hence, we now need choose A; so as to minimize
A=Ay + X on
2 1o}
Jj=1

Calculus yields that this occurs when

1 1/a?
Ay = Jon

n—1 =n N
1+o; Y 1o} > 1/a;
j=1 j=1

Substitution into (*) now gives the result.

28. (a) E[l]=P{Y < g(X)}

1
=f PlY < g(X)|X = x}dx
0
since X = L

_ [Me)
= fo de

since Y is uniform (0, b).

(b) Var(bl) = b*Var(l)

= BX(E[I] — E*[I]) since[ is Bernoulli

=b£g(x}dx— Mg(x}dxr

On the other hand
Var g(LI) = E[g*(LD)] — E*[g(LD)]

=[ﬂlg2(x)dx - {/ﬂlg{x)dxr
= Al be(x)dx — [ﬁl ;g;(:r)::l’x}2



29.

31.

32.

33

sinceg(x) < b
= Var(bI)

Use Hint.

In the following, the quantities C; do not depend
on x.

filx)= Clcfre—f.‘f—mzl'@ﬂ)
— Crexp(—(2 — 2 + 202))/(20))

=Caexp{—(x—(p+ tcrz))zj(ilo')}

Since E[W,|Dy]l=D, + pu, it follows that to
estimate E[W,] we should use D, + pu. Since
E[D;|Wy] # Wy — pi, the reverse is not true and
so we should use the simulated data to determine
D,; and then use this as an estimate of E[D,].

var[(X + Y)/2]

= %[Var(}{) + Var(Y) + 2Cov(X, Y)]

_ Var(X) + Cov(X, Y)
- 2

Now it is always true that
Cov(V, W) <1

+ Var(V)Var(W)

and so when X and Y have the same distribution

Cov(X, Y) < Var(X)

(a) E[X?] < E[aX] = aE[X]
(b) Var(X) = E[X?]— E*[X] < aE[X] — E?[X]

(c) From (b) we have that

Var(X) < a° (@)

a

E[X] 2 _ 2
(1 - T) =a olf;lﬁl?]pﬂ —pl=na"/4

34, Use the estimator R + XgE[S]. Let A be the
amount of time the person in service at time
tp has already spent in service. If E[R|A] is
easily computed, an even better estimator is
E[R|A] + XpE[S].

k
35. Use the esimator z N,—,’kz where N; = number

i=1
ofj=1..k:X <Y,

i=1

3 3
3. P (]‘[ u; > .1) =pr (E log(Ll;) > —105(10))
i=1

=P (i —log(Ll;) = log(lﬂ))

i=1

=P(N(log(10)) = 3)

where N(t) is the number of events by time  of a
Poisson process with rate 1. Hence,

3 2
P (H U > .1) =1- % Y (log(10))'/i!
i=0

i=1



