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(𝑥 − 2)𝑦′′  and cos(𝑥) are continues on ℛ 

𝑥

√3−𝑥
  are continues on 𝑥 < 3 

1

𝑥2−4
  are continues on ℛ − {−2.2} 

 

𝑎(𝑥) ≠ 0     .  𝑥 ≠ 2  

𝑥𝑜 = 0 ∈ (−2.2)  

The initial value problem has a unique solution on 𝐼 = (−2.2) 

 

  

-∞                   -2               0                 2           3           ∞ 

-∞                   -2               0                 2           3           ∞ 



 

1# Find 𝑦𝑐  

𝑦𝑐 →   𝑦′′ − 2𝑦′ − 3𝑦 = 0  

Let 𝑦 = 𝑒𝑚𝑥     ;        𝑦′ = 𝑚𝑒𝑚𝑥          ;    𝑦′′ = 𝑚2𝑒𝑚𝑥    

                              𝑚2𝑒𝑚𝑥 − 2𝑚𝑒𝑚𝑥 − 3𝑒𝑚𝑥 = 0 

Characteristic equation                𝑚2 − 2𝑚 − 3 = 0 

𝑚 = 3       →   𝑦1 = 𝑒3𝑥 

𝑚 = −1       →   𝑦2 = 𝑒−𝑥 

𝑦𝑐 = 𝑐1𝑒3𝑥 + 𝑐2𝑒−𝑥 

2# Find 𝑦𝑝 

𝑓(𝑥) = 𝑒2𝑥 + 5cos (2𝑥) 

𝑓(𝑥)1 = 5 cos(2𝑥)        →      𝑚 =  ±2𝑖       →     𝑦𝑝 = a cos(2𝑥) + 𝑏𝑠𝑖𝑛(2𝑥) 

𝑓(𝑥)2 = 𝑒2𝑥           →        𝑚 = 2        →       𝑦𝑝 = 𝑑𝑒2𝑥  

𝑦𝑝 =  𝑑𝑒2𝑥 + a cos(2𝑥) + 𝑏𝑠𝑖𝑛(2𝑥) 

𝑦′𝑝 = 2𝑑𝑒2𝑥 − 2𝑎 sin(2𝑥) + 2𝑏cos(2𝑥) 

Divided by  𝑒𝑚𝑥 



𝑦′′𝑝 = 4𝑑𝑒2𝑥 − 4𝑎 cos(2𝑥) − 4𝑏sin(2𝑥) 

𝑦′′ − 2𝑦′ − 3𝑦 = 𝑒2𝑥 + 5 cos(2𝑥) 

(4𝑑𝑒2𝑥 − 4𝑎 cos(2𝑥) − 4𝑏sin(2𝑥)) − 2(2𝑑𝑒2𝑥 − 2𝑎 sin(2𝑥) + 2𝑏cos(2𝑥)) 

−3(𝑑𝑒2𝑥 + a cos(2𝑥) + 𝑏𝑠𝑖𝑛(2𝑥)) = 𝑒2𝑥 + 5 cos(2𝑥) 

−3𝑑𝑒2𝑥 − 7𝑎 cos(2𝑥) − 4 b cos(2𝑥) − 7𝑏sin(2𝑥) + 4𝑎 sin(2𝑥) = 𝑒2𝑥 + 5 cos(2𝑥) 

−3𝑑𝑒2𝑥 + (−7𝑎 − 4𝑏) cos(2𝑥) + (−7𝑏 + 4𝑎) sin(2𝑥) = 𝑒2𝑥 + 5 cos(2𝑥) 

−3𝑑𝑒2𝑥 = 𝑒2𝑥 

−3𝑑 = 1        →       𝑑 = −
1

3
 

−7𝑎 − 4𝑏 = 5 

4𝑎 − 7𝑏 = 0 

                                                                 −7𝑎 − 4𝑏 = 5 

7𝑎 −
49

4
𝑏 = 0 

−
65

4
𝑏 = 5 

 

 

Multiply by 
7

4
 

Divided by  𝑒2𝑥 

 



𝑏 = −
4

13
 

𝑎 = −
7

13
 

 

𝑦 = 𝑦𝑐 + 𝑦𝑝 

𝑦 = −
1

3
𝑒2𝑥 −

7

13
 cos(2𝑥) −

4

13
𝑠𝑖𝑛(2𝑥) + 𝑐1𝑒3𝑥 + 𝑐2𝑒−𝑥 

 

 

 

 

 

 

 

 

 



 

𝑥𝑦′′ − 2(𝑥 + 1)𝑦′ + (𝑥 + 2)𝑦 = 0 

𝑦 = 𝑦1𝑢 = 𝑥3𝑒𝑥𝑢 

𝑦′ = 3𝑥2𝑒𝑥𝑢 + 𝑥3𝑒𝑥𝑢 + 𝑥3𝑒𝑥𝑢′ 

𝑦′′ = 6𝑥𝑒𝑥𝑢 + 3𝑥2𝑒𝑥𝑢 + 3𝑥2𝑒𝑥𝑢′ + 3𝑥2𝑒𝑥𝑢 + 𝑥3𝑒𝑥𝑢 + 𝑥3𝑒𝑥𝑢′ 

+3𝑥2𝑒𝑥𝑢′ + 𝑥3𝑒𝑥𝑢′ + 𝑥3𝑒𝑥𝑢′′ 

𝑦′′ = 6𝑥𝑒𝑥𝑢 + 6𝑥2𝑒𝑥𝑢 + 6𝑥2𝑒𝑥𝑢′ + 2𝑥3𝑒𝑥𝑢′ + 𝑥3𝑒𝑥𝑢 + 𝑥3𝑒𝑥𝑢′′ 

𝑥𝑦′′ − 2𝑦′𝑥 − 2𝑦′ + 𝑥𝑦 + 2𝑦 = 0 

6𝑥2𝑒𝑥𝑢 + 6𝑥3𝑒𝑥𝑢 + 6𝑥3𝑒𝑥𝑢′ + 2𝑥4𝑒𝑥𝑢′ + 𝑥4𝑒𝑥𝑢 + 𝑥4𝑒𝑥𝑢′′
− 6𝑥3𝑒𝑥𝑢 − 2𝑥4𝑒𝑥𝑢

− 2𝑥4𝑒𝑥𝑢′ − 6𝑥2𝑒𝑥𝑢 − 2𝑥3𝑒𝑥𝑢 − 2𝑥3𝑒𝑥𝑢′ + 𝑥4𝑒𝑥𝑢 + 2𝑥3𝑒𝑥𝑢 = 0 

𝑥4𝑒𝑥𝑢′′ + 4𝑥3𝑒𝑥𝑢′ = 0 

𝑥𝑢′′ + 4𝑢′ = 0 

Let 𝑤 = 𝑢′  . 𝑤′ = 𝑢′′ 

𝑥
𝑑𝑤

𝑑𝑥
+ 4𝑤 = 0 

𝑥
𝑑𝑤

𝑑𝑥
+ 4𝑤 =  0     →       𝑥𝑑𝑤 + 4𝑤𝑑𝑥 =  0     →   

𝑑𝑤

𝑤
+ 4

𝑑𝑥

𝑥
=  0 

Divided by  𝑥3𝑒𝑥 

 



∫
𝑑𝑤

𝑤
+ 4 ∫

𝑑𝑥

𝑥
= 0 

ln(𝑤) + 4 ln(𝑥) = c 

ln(𝑤𝑥4) = 𝑐 

𝑤𝑥4 = ±𝑐 

𝑤 = 𝑐1𝑥−4 

𝑤 = 𝑢′ = 𝑐1𝑥−4 

𝑢 = 𝑐1 ∫ 𝑥−4𝑑𝑥 

𝑢 = −
𝑐1

3
𝑥−3 + 𝑐2 

𝑦 = 𝑥3𝑒𝑥 (−
𝑐1

3
𝑥−3 + 𝑐2) 

𝑦 = −
𝑐1

3
𝑒𝑥 + 𝑐2𝑥3𝑒𝑥 

 

 

 

 

  



 

𝑓1(𝑥) = 𝑒2𝑥        .            𝑓2(𝑥) = 𝑒−2𝑥         .     𝑓3(𝑥) = cosh (2𝑥) 

𝑐1 𝑓1 + 𝑐2 𝑓2 + 𝑐3 𝑓3 = 0 

cosh(2𝑥) =
𝑒−2𝑥

2
+

𝑒2𝑥

2
 

cosh(2𝑥) −
𝑒−2𝑥

2
−

𝑒2𝑥

2
= 0 

.     𝑓3(𝑥) −
 1

2
𝑓2(𝑥) −

1

2
𝑓1(𝑥) = 0 

𝑐1 = −
1

2
        .        𝑐2 = −

1

2
         .         𝑐3 = 1 

All are not zeros  

𝑓1. 𝑓2. 𝑓3 are linearly dependent on ℛ 

 

 

  



 

𝑥2𝑦′′ − 3𝑥𝑦′ + 3𝑦 = 𝑥4𝑒𝑥 

Let 𝑦 = 𝑥𝑚              .         𝑦′ = 𝑚𝑥𝑚−1            .      𝑦′′ = 𝑚(𝑚 − 1)𝑥𝑚−2 

𝑎2𝑚(𝑚 − 1) + 𝑎1𝑚 + 𝑎0 = 0 

𝑎2𝑚2 − 𝑎2𝑚 + 𝑎1𝑚 + 𝑎0 = 0 

𝑎2𝑚2 + 𝑚(𝑎1 − 𝑎2) + 𝑎0 = 0 

                                            𝑦𝑐   →      𝑚2 − 4𝑚 + 3 = 0 

𝑚1 = 3          →          𝑦1 = 𝑥 

𝑚2 = 1          →          𝑦2 = 𝑥3 

𝑦𝑐 = 𝑐1𝑥 + 𝑐2𝑥3 

𝑦𝑝 = 𝑦1𝑢1 + 𝑦2𝑢2 

𝑓(𝑥) =
𝑔(𝑥)

𝑎𝑛
=

𝑥4𝑒𝑥

𝑥2
 

𝑓(𝑥) = 𝑥2𝑒𝑥 

𝑤 = |
𝑦1 𝑦2

𝑦′
1

𝑦′
2

|      →   𝑤 = |𝑥 𝑥3

1 3𝑥2| =  3𝑥3 − 𝑥3 

𝑤 = 2𝑥3 

Where  

𝑎2 = 1 

𝑎1 = −3 

𝑎0 = 3 

Roots 

𝑔(𝑥) = 𝑥4𝑒𝑥 

𝑎𝑛 = 𝑥2 

 



𝑤1 = |
0 𝑦2

𝑓(𝑥) 𝑦′
2

|   → 𝑤1 = | 0 𝑥3

𝑥2𝑒𝑥 3𝑥2| = − 𝑥5𝑒𝑥 

 𝑤2 = |
𝑦1 0

𝑦′
1

𝑓(𝑥)|   → 𝑤1 = |
𝑥 0
1 𝑥2𝑒𝑥| =  𝑥3𝑒𝑥 

   𝑤 = 2𝑥3       .     𝑤1 = − 𝑥5𝑒𝑥   ,  𝑤2 = 𝑥3𝑒𝑥       

𝑢1
′ =

𝑤1

𝑤
=

− 𝑥5𝑒𝑥

2𝑥3
= −

1

2
𝑥2𝑒𝑥 

𝑢2
′ =

𝑤2

𝑤
=

𝑥3𝑒𝑥

2𝑥3
=

1

2
𝑥𝑒𝑥 

𝑢1 = ∫
𝑤1

𝑤
𝑑𝑥 = −

1

2
∫ 𝑥2𝑒𝑥 𝑑𝑥 = −

1

2
(𝑥2𝑒𝑥 − 2𝑥𝑒𝑥 + 2𝑒𝑥) 

𝑢1 = (−
𝑥

2

2

+ 𝑥 − 1)𝑒𝑥 

𝑢2 = ∫
𝑤2

𝑤
𝑑𝑥 =

1

2
∫ 𝑒𝑥𝑑𝑥 =

1

2
𝑒𝑥 

𝑦𝑝 = (−
𝑥

2

2

+ 𝑥 − 1)𝑒𝑥 ∗ 𝑥 +
1

2
𝑒𝑥 ∗ 𝑥3 

𝑦𝑝 = (−
𝑥

2

3

+ 𝑥2 − 𝑥)𝑒𝑥 +
1

2
𝑒𝑥𝑥3 

𝑦𝑝 = 𝑥(𝑥 − 1)𝑒𝑥 

𝑦 = 𝑦𝑐 + 𝑦𝑝 

𝑦 = 𝑐1𝑥 + 𝑐2𝑥3 + 𝑥(𝑥 − 1)𝑒𝑥 



 

𝑥′ − 𝑥 + 𝑦 = 𝑡 

𝑦′ − 𝑥 − 3𝑦 = −3𝑡 

𝐷𝑥 − 𝑥 + 𝑦 = 𝑡 

𝐷𝑦 − 3𝑦 − 𝑥 = −3𝑡 

(𝐷 − 1)𝑥 + 𝑦 = 𝑡 

(𝐷 − 3)𝑦 − 𝑥 = −3𝑡 

−(𝐷 − 3)(𝐷 − 1)𝑥 − (𝐷 − 3)𝑦 = −(𝐷 − 3)𝑡 

(𝐷 − 3)𝑦 − 𝑥 = −3𝑡 

−(𝐷2 − 4𝐷 + 3)𝑥 − 𝑥 = −(𝐷𝑡 − 3𝑡) − 3𝑡 

𝑥′′ − 4𝑥′ + 4𝑥 = 1 

𝑥 = 𝑒𝑚𝑡   .        𝑥′ = 𝑚𝑒𝑚𝑡     .    𝑥′′ = 𝑚2𝑒𝑚𝑡 

𝑥𝑐    →         𝑚2 − 4𝑚 + 4 = 0 

𝑚1 = 2       →     𝑥1 = 𝑒2𝑡 

𝑚2 = 2       →     𝑥2 = 𝑡𝑒2𝑡 

−(𝐷 − 3)* 



𝑥𝑐 = 𝑐1𝑒2𝑡 + 𝑐2𝑡𝑒2𝑡 

𝑓(𝑡) = 1      →    𝑚 = 0       → 𝑥𝑝 = 𝐴 

𝑥′ = 0    𝑥′′ = 0  

𝑥′′ − 4𝑥′ + 4𝑥 = 1 

4𝐴 = 1 

𝐴 =
1

4
 

𝑥𝑝 =
1

4
 

𝑥 = 𝑐1𝑒2𝑡 + 𝑐2𝑡𝑒2𝑡 +
1

4
 

𝑥′ = 2𝑐1𝑒2𝑡 + 2𝑐2𝑡𝑒2𝑡 + 𝑐2𝑒2𝑡 

𝑦 = 𝑥 − 𝑥′ + 𝑡 

𝑦 = 𝑐1𝑒2𝑡 + 𝑐2𝑡𝑒2𝑡 +
1

4
− (2𝑐1𝑒2𝑡 + 2𝑐2𝑡𝑒2𝑡 + 𝑐2𝑒2𝑡) + 𝑡 

𝑦 = −(𝑐1 + 𝑐2)𝑒2𝑡 − 𝑐2𝑡𝑒2𝑡 + 𝑡 +
1

4
 

 

 


