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Curvatures of Curves on Surfaces

We can measure curvature and torsion of a curve on a surface, but
they only give us information about the shape of the curve, not
about the shape of the surface or how the curve is placed in the
surface.
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Curvatures of Curves on Surfaces

We can measure curvature and torsion of a curve on a surface, but
they only give us information about the shape of the curve, not
about the shape of the surface or how the curve is placed in the
surface.

To get some useful quantities describing the position of the curve
on the surface, we will split 4" into a sum of two vectors, one
normal vector and one tangent vector.
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Let X : U — R3 be a regular injective surface patch. We choose a
unit normal N: U - R3 on X,
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Let X : U — R3 be a regular injective surface patch. We choose a
unit normal N: U - R3 on X,i.e. N(u,v) for any (u,v) e Uis a
normal vector to X at X(u,v) with [N(u,v)|=1 and N(u,v)
depends continuously on (u, v).
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Let X : U — R3 be a regular injective surface patch. We choose a
unit normal N: U - R3 on X,i.e. N(u,v) for any (u,v) e Uis a
normal vector to X at X(u,v) with [N(u,v)|=1 and N(u,v)
depends continuously on (u, v).

For example, we can choose

Xy(u,v) x X, (u,v)
Xy (u,v) x X, (u,v)|

N(u,v) =

Let v : / - R3 be a curve on the surface X, i.e.

v(t) = X(u(t), v(1)).
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Definition (1): Darboux basis

The Darboux basis of v consists of the unit tangent T, the
normal in the tangent plane U and the normal N to the
surface patch X along the curve ~ given by

T(6) = 28 ey = N(u(e), v(8)), UCE) = N(£) x T(2).

(D)
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Definition (1): Darboux basis

The Darboux basis of v consists of the unit tangent T, the
normal in the tangent plane U and the normal N to the
surface patch X along the curve ~ given by

T() = 2 Ny = NQu().v(8). U(E) = N(t) x T(2).
Iy ()]

Remark:
The Darboux basis is an orthonormal basis and therefore satisfies
the following equations

TeT=UeU=NeN=1,
TeU=UeT=UeN=NeU=NeT=TeN=0,
TxU=N, UxN=T, NxT=U,
UxT=-N, NxU=-T, TxN=-U.
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Definition (2): The geodesic curvature kg, the normal
curvature x, and the geodesic torsion x; of the curve v on X
are defined by the following Darboux equations:

T 0 kg Kn T
Ul=W]1-ke 0 =&e|-|U],
N’ -kn —k¢ O N

T'=p| kg - U+ ]| k- N,
U'=-I| kg T+]] ke N,
N =~ kp- T=]|- ke - U
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Definition (3):
We can express the geodesic curvature kg, the normal
curvature x, and the geodesic torsion x; as dot-products

T e U Tel
K = = — s
£y Y|
T e N TeN
Kn = / = T
o4 o4
UeN Ue N’
Rt = 7 = - ; .
b4 o4
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Definition (4):
Q The curve v is a geodesic curve (or a geodesic) if kg(t) =0
forall tel.
Q The curve v is an asymptotic curve if x,(t) =0 for all te /.

Q The curve v is a principal curve (or a line of curvature)
if ke(t) =0 forall tel.
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Remark:

Darboux equations imply that for a geodesic curve T’ is a multiple
of N, i.e. T only changes in the normal direction, not in tangent
directions. One could say that a geodesic curve "drives straight
ahead”. Indeed, geodesics are (locally) the shortest way on
the surface to get from one point to another.
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Example (1):

For the surface X : R? - R3 given

by X(u,v) = (u,v,V1-u?-v2),

(u,v) e U={(u,v) eR? u?+v2<1}. Let M =x(U) is the upper
half of the unit sphere. Find the geodesic curvature kg, normal
curvature k, and geodesic torsion k; of the

curve y(t) = (sint,0,cost) lies on M? Is v(t) geodesic curve?
Why? Is v(t) principal curve? Why?
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Example (2):
Consider the cylinder surface X : R? - R3 given
by X(u,v) = (cosu,sinu,v), . The curve

~v(t) = X(t,2t) = (cos t,sint,2t)

on the cylinder X is a helix. Find the geodesic curvature rg,
normal curvature k, and geodesic torsion k:? Is (t) geodesic
curve? Why?
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Exercise

Exercise (1):
For the surface X : R2 — R3 given by X(u,v) = (u, v, u® + v?) find
the normal curvature r, of the curve y(t) = X(t,t) at t = 1.
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Thanks for listening.

Dr. Nasser Bin



