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Second Fundamental Form

Example (Orthogonal Sections):

Let I be a plane containing the surface normal N. Let v be the
curve that we obtain in the intersection of the surface with the
plane T1.
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Second Fundamental Form

Example (Orthogonal Sections):

Let I be a plane containing the surface normal N. Let v be the
curve that we obtain in the intersection of the surface with the
plane T1.Then the curve 7y is contained in the plane I1, hence the
plane [T is the osculating plane of . The plane I1 is spanned by
the unit tangent T and the surface normal N, while the tangent
plane of the surface is orthogonal to the surface normal N, hence
the tangent plane of the surface and the osculating plane of the
curve v are orthogonal, i.e. the angle ¢ = (B, N) = +7/2.
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Second Fundamental Form

Example (Orthogonal Sections):

Let I be a plane containing the surface normal N. Let v be the
curve that we obtain in the intersection of the surface with the
plane T1.Then the curve 7y is contained in the plane I1, hence the
plane [T is the osculating plane of . The plane I1 is spanned by
the unit tangent T and the surface normal N, while the tangent
plane of the surface is orthogonal to the surface normal N, hence
the tangent plane of the surface and the osculating plane of the
curve vy are orthogonal, i.e. the angle ¢ = 2 (B, N) = +7/2.Thus
the orthogonal section 7 is a geodesic, kg = 0, and the normal
curvature is K, = £k (where & is the curvature of the curve « as a
plane curve).
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Let X : U —» R3 be a regular injective surface patch.
Let N: U — R3 be a unit normal on the surface X. Let
~v(t) = X(u(t),v(t)) be a curve on the surface X.
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Let X : U —» R3 be a regular injective surface patch.
Let N: U — R3 be a unit normal on the surface X. Let
~v(t) = X(u(t),v(t)) be a curve on the surface X.

Recall:
Remember how we computed 7' = v'- X, + v'- X, and

|’y'|2 =~ e =(u -X,+Vv - X)) e (u - X, +V'- X))
= ()2 (Xye Xy) +2u' v - (Xue X)) + (V)2 (X, 0 X,)
and therefore defined the coefficients of the first fundamental form

as
E=X,0Xs, F=X,0X,, G=X, 0X,.
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The first fundamental form tell us information about the distances,
angles and areas on the surface. We are going to define the second
fundamental form which tell us information about the curvature of
the surface.
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The first fundamental form tell us information about the distances,
angles and areas on the surface. We are going to define the second
fundamental form which tell us information about the curvature of

the surface.

s _oX _oX - 9090 -9 9
Notatalor[;. Xy = o ’aXVa_ ) Xou = 3 auX' Xuy = 50 avX'
X = W%X' Xy = a__X'

Note that X,, = &2 X = 22X = X,
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How to compute the normal curvature?
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How to compute the normal curvature?
We know that
T eN
Kp = %
[ IT]- N
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How to compute the normal curvature?

We know that

~ T o N
|- T [N

Rn

We take T = ~" and N=N. Using the chain rule we compute
T =+"=u'X,+Vv'X,. Using the chain rule again we compute
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How to compute the normal curvature?

We know that L
T o N
|- I T1- 1]

Rn

We take T = ~" and N=N. Using the chain rule we compute
T =+"=u'X,+Vv'X,. Using the chain rule again we compute

T’ = Y= X+ V' X))
=u" X, +u' (W' (X)) + V(X)) + V' X+ V(W (X)) + V(X))
=" X, + V' X, + U Xyy + 'V Xy + VU Xy + VIV X

=u" X, + V" Xy + ()2 Xy + 20"V Xuy + (V)2 X

Dr. Nasser Bin Turki Second Fundamental Form Math 473 Introduction to Differentia



How to compute the normal curvature?
We know that
T eN
[ IT]- N
We take T = ~" and N=N. Using the chain rule we compute
T =+"=u'X,+Vv'X,. Using the chain rule again we compute

Rn

T’ = Y= X+ V' X))
=u" X, +u' (W' (X)) + V(X)) + V' X+ V(W (X)) + V(X))
=" X, + V' X, + U Xyy + 'V Xy + VU Xy + VIV X

=u" X, + V" Xy + ()2 Xy + 20"V Xuy + (V)2 X

and

T e N =(u" X, +v'X, + (u')2qu +2u'v' X, + (v')2XW) o N
=" (X o N)+v"- (X, e N)
+ (U2 (X o N) + 20"V - (X o N) + (V)2 - (X o N).
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Using the fact that the normal N is perpendicular to the tangent
plane (or using the fact that N is a multiple of X, x X, ), we see
that X, e N =X, ¢ N =0, hence
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Using the fact that the normal N is perpendicular to the tangent
plane (or using the fact that N is a multiple of X, x X, ), we see
that X, e N =X, ¢ N =0, hence

T e N=(u)? (Xyuo N)+2u'v' - (Xuy o N) + (V)2 (X, o N).
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second fundamental form

Definition (1):
The coefficients of the second fundamental form of the
surface patch X : U - R3 are

e=XyoN, =Xy eN=X,eN, g=X,eN.

The second fundamental form of X is

e f
(e 1)
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Example (1):

(u,v,5). Compute the

Let X : R? » R3 be given by X(u,v)

second fundamental form of the surface X.
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Example (2):

Let X : R? - R3 be given by X(u,v) = (acosu, asinu, bv), where
a, b are constants. Compute the coefficients of the second
fundamental form of the surface X.
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Proposition (1):
Let v(t) = X(u(t),v(t)) be a curve on the surface X. Then the
normal curvature of v is

;o [e Y (U
C(WPees2vfr(Rog V)'( )()

"{”_(u’)2'E+2u’V’-F+(V’)2-G_ , , E F u,~
w0 (E o))

\.\
0
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Proposition (1):
Let v(t) = X(u(t),v(t)) be a curve on the surface X. Then the
normal curvature of v is

;o [e Y (U
C(WPees2vfr(Rog V)'( )()

"{”_(u’)2'E+2u’V’-F+(V’)2-G_ , , E F u,~
w0 (E o))

\.\
0

Proof:
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Proposition (2):

Let X : U — R3 be a regular surface. If the second fundamental
form of the surface X vanishes i.e. II =0, then the surface X is
part of a plane.
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Proposition (2):

Let X : U — R3 be a regular surface. If the second fundamental
form of the surface X vanishes i.e. II =0, then the surface X is
part of a plane.

Proof:
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Thanks for listening.
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