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Integral Calculus



Indefinite and Definite Integrals
Indefinite I f (X)dx

Definite j sz f ( x)dx



Definite Integral as Area Under the Curve
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Exact Area as Definite Integral
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Definite Integral with Variable Upper
Limit
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The Definite Integral
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As the number of rectangles incréased, the approximation of the
area under the curve approaches a value.



The Definite Integral

Definition
b
The definite integral from a to b, If{x] dx is the number to which all Riemann
d

sums tend as the number of rectangles approaches infinity and as the width of
all rectangles tend to zero:
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[ Fxydbe= lim ¥ f(e; Jax

a A==y

where Ax; is the width of the th rectangle and ¢, is the x-coordinate of the point
where the ith rectangle touches f(x).

Note: The function f(x) must be continuous on the interval [a, b].



The Definite Integral
Parts of the Definite Integral

The function is the integrand.

Upper limit of integration
T b / x is the variable of integration.
Integral sign \[ f ( ) d /
a
e e : / When you find the value
Lower limit of integration - J :
' of the integral, you have

_—" evaluated the integral.

Integral of f from a to b
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Properties of the Definite Integral

Rules satisfied by definite integrals

A Definition
when f(a) exists

a b
Order of Integration: / f(x)dx = —/ f(x) dx A Definition
b a
a
Zero Width Interval: / f(x)dx =0
b b
Constant Mufnpt'e: / kf(x) dx = / f(:-:) dx Any constant k
b b b
Sum and Difference: /{f(x} + g(x)) dx = f f(x) dx = f g(x) dx

Additivity: | [ bf{x) dv + [& ) dx = | [ ) d



Using the Properties of the Definite Integral
3 7 3
Given: ff(x)dx =6 ff(x)dx =9 fg(x)dx = —4

1 3 1

3 3

f3f(x)dx = 3ff(x)dx = 3(6) =18

1 1

3 3 3

f(Zf(X) —4g(x))dx = 2 f f(x)dx — 4[ g(x)dx = 2(6) — 4(—4) = 28

1 1 1

7 3 7

[ oo = [ reodx+ [ o= 6+9 =15

1 1 3

flf(x)dx — —ff(X)dx = —6
3 1



Rules of the Definite Integral
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The Fundamental Theorem of Calculus

If f is continuous at every point in |a, b] and F is any
antiderivative of f on |a, b], then

b
f F()dx = F(b) — F(a).
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The Fundamental Theorem of Calculus

b
ff(x)dxz F(b) —F(a).

Examples
* 3 3 2 4 3 2 3 ( )2
X X 4 3(4) 3 3(3
24+3x—2dx= —+——2x|= — - =
!x S R ) O T RS (3+ 2 2(3))
37.33—16.5= 20.83
32 32 _ 32 32
1 i x /s -5 5 5
IT/dXZ fx /dez 1 = T/ = —E— —I = 2.5
1 X /5 1 —E 1 x /5 1



Differentiating a Definite Integral

If f is continuous on |a, b] and x is any point on [a, b], then

d X
Fi(x) = f FOdt = £ ()




The Fundamental Theorem of Calculus
Differentiating a Definite Integral

If f is continuous on |a, b] and x is any point on [a, b], then
X
F) = [ Fode =
a

%f t2dt = (x)%(1) = x?
1

4x

t2dt = (4x)%(4) = 64x?
dx

x 2

d
—f t2dt = (x%)?(2x) = 2x°
dx



Common Integrals.

f (x) F(x) = I f (x)dx Integral Number
af (x) aF (x) I-1
u(x) +v(x) Ju(dx+ [v(x)dx -2
a ax -3
(n#-1) X"t -4
n+1
© e -5
a
= In x
X I-6
sin ax L
—=—cosax
a I-7
—
—sin ax
COS ax a -8
sin” ax = X ———sin 2ax
2 4a 1-9




Continuation.
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