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Example 1

SINE & COSINE INTEGRALS

Evaluate [ cos3x dx

— Simply substituting u = cos x isn’t helpful,
since then du = -sin x dx.

— In order to integrate powers of cosine, we
would need an extra sin x factor.

— Similarly, a power of sine would require
an extra cos x factor.



Example 1

SINE & COSINE INTEGRALS

Thus, here we can separate one cosine factor and
convert the remaining cos?x factor to

an expression involving sine using the identity
sin?x + cos?x = 1:

cos3x = cos?x - cosx = (1 - sin’x) cosx



Example 1

SINE & COSINE INTEGRALS

We can then evaluate the integral by substituting
U =sin Xx.

So, du = cos x dx and

jcos?’xdx:jcoszx-cosxdx
:j(l—sinzx)cosxdx
:j(l—uz)du:u—%u3+c

=sinx—1sin’ x+C



Combinations of sin, cos

e General form jginm X - COS" X dx

* |f either n or mis odd, use techniques as
before

— Split the odd power into an even power and
power of one

— Use Pythagorean identity

— Specify u and du, substitute

— Usually reduces to a polynomial
— Integrate, un-substitute



Example 2

SINE & COSINE INTEGRALS

Find [ sin°x cos?x dx

— We could convert cos?x to 1 — sin?x.

— However, we would be |left with an expression
in terms of sin x with no extra cos x factor.



Example 2

SINE & COSINE INTEGRALS

Sin® X cos® X = (sin® X)* cos” xsin x
= (1—cos’ X)* cos” xsin X



Example 2

Substituting u = cos x, we have du = sin x dx.
So,

jsin5 X COS” X dX = J'(sin2 X)* oS’ Xsin X dx

= [ (1—cos® x)? cos® xsin xdx = [ (1-u?)*u?(~du)

3 5 7

=—1cos’ x+2cos’ x—21cos’ x+C

3 5 I
:—j(u2—2u4+u6)du :—Ku——zu—+u—j+c



EXAMPLE 4;
Find /CDSBI sin’rdr.

fCﬂSEI sin’z cosz dx =

/(1 — SiﬂgI)SiﬂgI cos rdx

— /(£i?13$ — si-r:;E':.z:)cc;aS Tdx.

let u = sinx = du =coszdzx.

4 G
f(u3 — UE)du — HI — % — isinilr— ésinﬁr—l—ﬂ



EXAMPLE 5:
Find ]CGS_%I sin®zdz.

/cos_“l;r sin’z (sinz)dz =
/cos_“lm (1 — caszﬁ)siﬂmd:c =
where u = cosx, du = — sinxdx.
fcas_4$(1 — caszﬁ)sinmd;r =
— /u_%(l —u?)(—sinx)dx =
—/(“_4 - “_B)d“ — /'H-_4 (1 —u?)( — sinz)dr =

- [(:ﬁ*- u2)du

- + .
cosxT 3cos3z




EXAMPLE 6:
Find /cu54$ dr.

9 1 +cos2zx

Use cos®x =
i:)
, 2
/c&s4$d$=f(1+cqﬁszz) dr =

/1 1 2co0s 2z 1+ cos?2x
4

] 1 |, cos 2x N c0s2or Jr —
4 2 4 o

z sin2x 1/1 L cos dx
2

dax =

dr =

4+4+4

i stn 2z + 1:3:" + lSE"TL Ap =
4 4 8 32 N

3z sin 2T sin dx

C.
8+4+32+




EXAMPLE 7:

Find /86{3453 tanVz dx
We will let u = tan z, du = sec’z dx. and use the
Identity
1 +tan?s = sec?r .

Peel off a factor of sec?z .

]55{343; tanz dzr = /Seczx tani®r sec’z dr =

(1 + tangr)tanw:c secirdr =

/(mnmx + tanlga:)secg::: dr =

/(um + ulg)du =

tan!lz n tanBz

11 13

+C'.



EXAMPLE 8:

Find f&ecg rtan’z dz.

Techniqgue: Peel off a sec & tan x.
Then let

u—=secr, du = secxtanxdzx,
and use the identity 1 + tan’z = sec’z.

/SEEam tan r dr =

[38&213 tan’r (secx tan z)dx

u — secx. du = secxtanxdx

. . 5
tan‘r = sec’z — 1 =u* —1



/SECZ z sec v tan’z tan o dr =
fsecz z(sec’z — 1) secztan z dx

= [(5812% — sec? :I?)(SE{? rtanzx )dr =

jf(ui—aﬁ)du

(where w = sec z, du = sec r tan x dzx)

'H3 o SECEI -S‘ECSQ'J

2y
=— _— = . LC,
5 3 5 3




EXAMPLE 9:

Find /secﬁx tan’z dz.

Now we have a choice.

We can keep one sec’z ., use the identity

sec’r =1+ tan’z, and substitute v = tan .

/SECEI secirtan®zr dr =

/(1 + tanz:t')ztan5;r secir dr =

6 Dy 10

5 1 0,7 g)d:“_ u
/(u—l—u—l—u U 6+8+10

tanfz tanSx tan'Ox

C'.
6+4+10+




EXAMPLE 10:

Find /secﬁx tan’z dzr a 2nd way.

We can peel off a sec = tan z and make the
substitution u = secz, du = secx tan r dx.

fsecﬁz tan’z dx =
/SEC5I ta-nJ‘:;:- (sec rtan x da:) =

/secax(seczx — 1)2(566‘ rtanzrdzx) =

/u5(u.2 — 1)2du = _/u5(u.4 _ oyt l)du =
/(ug _oul 4 u.5)du —

SECIUIE SE:CS.‘IZ SEEBI

— C.
10 4_'_6_'_




EXAMPLE 11:

Find /GSCJ"J: cot®r dz .

Let u = cot , du = — esc’z dz,

1 4+ cotlx = esczx.

fcmtﬁﬂs csclz esclz dr =




EXAMPLE 12:

Find fﬁﬂ?l-EI dr .

=

2

Use tan?z = seclz — 1.

/?f{IﬂBI dr = /(SECESE —1)dz —

/SECEIdI—/ldI —

tanr —xz +C'.



EXAMPLE 13:

find /mn43 dr.

/tanﬂ: dr = ]fﬂﬂzi tan’r dr =

(use tan’z = sec’z — 1)

/(SECEI — 1)1:::1?’121: dr =

/Seczxmngﬂz dr — /tanzi: dr =

taﬂ3I

3

—(tanx — ) =

f{IHBLI?

—tanxz L+ xLC.




