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Double INTEGRAL IN POLAR COORDINATES
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The rectangular coordinates (x, y) and polar coordinates (r, #) of a
point P are related as follows:

() x=rcosl, y=rsinl

!

(ii) tanﬂ:i, 2= x2 4 )2




Double INTEGRAL IN POLAR COORDINATES
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The rectangular coordinates (x, y) and polar coordinates (r, 8) of a
point P are related as follows:

(i) x=rcosll, y=rsinf

(ii) tanﬂ:i, 2= x2 4 )2




Evaluate ([, (3x + 4y*) dA. where E is the region in the upper half-plane
g Y PP P
bounded by the circles x~ + y — 1 and x* + y = 4,

SOLUTION The region K can be described as
R={(xy |y=0.1=x+)y =4}

It is the half-ring shown in Figure 1(b). and in polar coordinates itis given by 1 = r= 2.
0 = # = . Therefore. by Formula 2.
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3 LUERE Find the volume of the solid bounded by the plane z = 0 and the parabo-
loidz=1— x> — y~




SOLUTION If we put z = 0 in the equation of the paraboloid. we get x* + y* = 1. This
means that the plane intersects the paraboloid in the circle x> + y* = 1. so the solid
lies under the paraboloid and above the circular disk D given by x* + y* = 1 [see Fig-
ures 6 and 1(a)]. In polar coordinates Dis givenby 0 = r= 1.0 = # = 2. Since

1 — x> — y* =1 — r’, the volume is

v={[a-x-y)aa- j’j“fﬂlu — 2)rdrdé
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B3UITEY Use a double integral to find the area enclosed by one loop of the four-
leaved rose r = cos 26.
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FSTUTTITEY Use a double integral to find the area enclosed by one loop of the four-

leaved rose r = cos 26.
SOLUTION From the sketch of the curve in Figure 8, we see that a loop is given by the

region
D= {[r. ) | —mfA=0=7/4.0=r= CGSEE}

So the area 1s

v~ [ = [

— JT’JL [lrz]wrg 2 %J.FM cos’ 26 db

= 1,._1, (1 + cos 46) db —4[{3 + 451114{3 mm,—?



ST Find the volume of the solid that lies under the paraboloid z = x° + y~.
above the xy-plane. and inside the cylinder x> + y* = 2x.
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SOLUTION The solid lies above the disk /) whose boundary circle has equation
x° + y? = 2xor after completing the square.

(x— 17+ )y =1
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In polar coordinates we have x* + y* = r” and x = rcos f. so the boundary circle
becomes r~ = 2rcos f. or r = 2 cos f. Thus the disk D is given by

D= {(r. 0) | —m/2=0=u/2. 0=r= Emsﬂ}

and. by Formula 3. we have
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2[%9 + sin 20 + g sin 43]?2 = E(i) (E) _ 27 .



