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i_ Introduction-a

s The study of the hydrogen atom is important
in quantum mechanics because it is the only
atom where the Scrhoedinger equation can be
exactly solved in the limit where all the
interactions, except the electrostatic, between
the proton and the electron can be ignored.



i Introduction-b

s The Scrhoedinger equation takes the form:

—h—sz/J + V() = Ey (1.1)
2m

Vy+(e-U(r)ly =0 (12)

8=2:;E U(r)=2mV(r) V(r)=— 1 e



Introduction-c

= Since the interaction Hamiltonian depends only on 7, the proper
coordinate system for the study of this problem is the system of
spherical coordinates, where:

2 2
V2=la—r+ 12 .1 J siné J + .12 J - (1.3)
r- |sinf o6 00 sin“6 d¢

= Since the mass of the proton is much larger than the electron’s,
the proton has been considered as a heavy motionless particle.

«(1, 6, 0)




Solution of Shroedinger equation-a

In solving the Schroedinger equation for the
hydrogen atom we must take into account two
important conservation principles:

The conservation of energy

The conservation of angular momentum since the
Coulomb force between proton and electron is a
central force.

The Schroedinger equation is solved with the method
of separating variables



| Solution of Shroedinger equation-b

s The wavefunctions for the hydrogen
electron are given by:

wnzm(ra 0, ¢) = M\YZW!(H’ ¢) (1.4)

~
angular part

= As you may see they consist of a radial
and an angular part

radial part



i The angular part-a

s The angular part of the wavefunction is given by
the so-called spherical harmonics:

Ylm(H, (/5)= 8\/(2[+1) (l_ m):IJZm(COSH)eim"’ (1.5)

47 (l+ m)
. ;(—l)m, mz=0
1 m<0

B (COSH) associated Legendre function



i The angular part-b

» The associated Legendre functions
polynomials are generated from the
Legendre polynomials from the following
relations:

)

, m|
P (x)=(1-x)" (di) B(x)




The angular part-c
i some associated Legendre polynomials

1
P =1 P} = —(3cos"6 -1
0 Y= )
P' =sin6 P = 1581n6(1 ~ cos’ 8)
P’ = cosf P} =15sin” 0 cosb
3
P? = 3sin’6 p! =§sin8(5c0520—1)

1
P, =3sinfcosf P, = Esin9(5c0830 - BCOSH)
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i_ The angular part-d

s The spherical harmonics are normalized and
orthogonal to each other:

27 7

JI1 0 ‘/’)-* [Yf (6. ¢)] sinfdfdp=6,0 . (1.6)

s The spherical harmonics are eigenfunctions of the
square angular momentum operator and of the
angular momentum operator along the z-direction

PY" =nl(Il+1)Y", LY"=hmY" (1.7)

[ [
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The angular part-e

3cos’0 -1
( )

1/2

sin 6 cos@e*"*

the first few spherical harmonics

1 1/2
Y:Z _ (_) Sin2 98¢2i¢

(L) 5cos3 0 — SCOSH)
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( ) smH 5c0s” 60 — 1)
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3 3 +31
Bz —| sin’Qe*="
3 +(64n)
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i_ The angular part-e

s The integer number [ is known as azimuthal
quantum number and gets the values

[=0,1,2,..., 0

s The integer number m is known as magnetic
quantum number and gets the values
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| The radial part-a

s The radial part of the solution 1s given by:
)

—r/na / 2]"\ +
Rnl(l")=N€ o n—ao [Lil_ll_l(Zr/nao)] (18)
2 \ (”‘l‘l)! 4rve ° 1o
N_\/Lnao) 2fsn] T e

Bohr radius

Liljll—l(zr / ”ao) associated Laguerre polynomial
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i The radial part-b

s The associated Laguerre polynomials are
generated from the Laguerre polynomials
from the following relations:

o d\
£ ()= (1) (5]

L,(x)

ddN L
el\d_x) (8 )C)
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The radial part-c

ome associated Laguerre polynomials

L =1

0
L =-x+1

L =x"-4x+2
Il =1

0=

L =-2x+4

[2=2
[} =-6x+18
[} =12x* - 96x + 144
L =6
[} = —24% +96

L, =3x*-18x+18 L, = 60x* - 600x + 1200

2=
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The radial part-c

Discussion

-

= It can be shown that the radial part of the
electrons wavefunction defines a function

u=rR (r)

(1.9)

which satisfies the so-called radial equation

h* du

- 2m dr’

+

V +

(1)

2m  r?

4

effective potential

u=Eu (1.10)
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The radial part-c
i Discussion

= The functions u satisfy the following boundary
conditions:
u(0)=0, wu(©)=0, while O<r<o

s Thus the radial equation describes an one-
dimensional motion where at 0 we have a “wall”
and at infinity the wavefunction becomes zero.

= The radial equation contains the term #%(i+1)/(2m*)
which is the so called centrifugal term.
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The first radial functions of the hydrogen atom

R0 —=R20——R21

R30 — — R31
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i The total wavefunctions

s The total wavefunctions for the hydrogen
atom are given by:

%zm=\// 2\ (n-1- 1) ( )[LZIl(zr/na)] "(6.9)

knaOJ 2n[(n+l)' (1 11)

f f f Y :,mwn.l.m.rz sinOdrdOd¢ = 5nn,5ﬂ,5mm' (1 12)

00O
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The energy spectrum of the

& hydrogen atom-a

s The energies of the electron states are given by the
following formula:

5 2
1 E
m [ e* ) ~=—1, n=1,2,3, .. (113)

2n° k4m90 ) n* n

s Where E1 is the ground state energy given by
m [ e* )
21 | 4z, )

s The number 7 is called the principal quantum
number.

2
} =-13.6 eV
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The energy spectrum of the

i hydrogen atom-b

One of the most impressive characteristic of the
hydrogen atom energy spectrum is its degeneracy.

By degeneracy we mean that there can be more than
one states with the same energy. This is obvious since
the energy does not depend on the numbers [ and m.

The principal quantum number 1 imposes the
following restriction on the values of the azimuthal
quantum number:

[=0,1,2,..,n-1
We can prove that the number of different states that
have the same energy is given by

2
d =n
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