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Taylor and Maclaurin Series

Suppose a function [ is represented by a power series in x — ¢, such that

i

fx)= ) afx —c)

n=10

=ag + a;(x — ) + ax(x — ¢)* +az(x — ¢ +aylx — ) + -

By differentiating

f1x) = iﬂantx — o)
= a, + 2a5(x — ¢) + 3as(x — ¢)* + day(x —¢)’ + -+

= &

f'x)= ¥ n(n — Day(x — )" ?

n=2
=2a, + (3-2)as(x — ¢) + (4-3as(x —c)* + -+~

o0

f7(x) = 3 n(n = D(n = Qa,(x —c)""*

n=3

— (3-2)as + (4-3-2ay(x —c) + -



£ = ¥ nayx — op!
= ay + 2a,(x — ¢) + 3a3(x — ¢)* + day(x —¢)* + .-

= &

f7x) = Y nin = Day(x — oy~

n=2

=2a; + (3-2)a3(x — ¢) + (4-3)as(x — )" + -+

o

f7x) = Y, nn = 1)(n = Day(x — oy~

n=3

=(3-2)ay; +(4-3-2)as(x —c¢) + -+

and, for every positive integer K,

oo

fU(x) = Z nin—1)---(n — k + Da,(x — ¢)" %

n=k



Substituting c for x in each of these series representations, we obtain :

fle)=ae, flc)=ay, ['(c)=2a, f"(c)= (3 2)as

and, for every positive integer n,

)

f‘[ﬂ]{c} = }"!?.‘:]J,“I or {I" H'




We have proved the following result.

Theorem (11.38) If fis a function and

an

f(x)= Y afx —c)

n=10

for all x in an open interval containing ¢, then

100 = f@+ f@x ~ ) + P - oy 4 -
S"e)

+
n!

(x — ) +

The series that appears in the conclusion of Theorem (11.38) 1s called the
Taylor series for f(x) at ¢. The special case ¢ = 0, stated in the following
corollary, is extremely important.



Corollary (11.39)

If fis a function and f(x) = Z a,x" for all x in an open interval (—r, r),
then

16 = 1) + O + L2 5 o g O

xn—|—+-+

The series in this corollary is called the Maclaurin series for f(x). Each
example in the preceding section involves a Maclaurin series.



EXAMPLE 1

Find the Maclaurin series for sin x

Corollary (11.39) If fis a function and f(x) = Z a,x" for all x in an open interval (—r, r),
then

; .
f(x) = f(0) + f'(O)x +%x3+...+mxn

—|—'I'l+
n!

The series in this corollary is called the Maclaurin series for f(x). Each
example in the preceding section involves a Maclaurin series.



Solution  Let us arrange our work as follows:

f(x) = sin x (=0
f(x) =cos x 10y =1
1"(x) = —sin x (=0
f"{x) = —cos x "0y = -1

Successive derivatives follow this same pattern. Substitution in Corollary
(11.39) yields the Maclaurin series

x ¥ X 2+l
SNX=X— — 4+ — — — 4+ «-» — 17" R T
T T G Py T
Corollary (11.39) If fisa function and f(x) = ¥ a,x" for all x in an open interval (—r, r),
then
’ -
1) = 1) + 1o + L 4 Ly

n!

The series in this corollary is called the Maclaurin series for f(x). Each
example in the preceding section involves a Maclaurin series.



Example 2:

Find a Maclaurin series which represents e*

Corollary (11.39) If f1s a function and f(x) = Z a,x" for all x in an open interval (—r, r),
then

[ , £™(0)
Ot

f(x) = f(0) + f(0)x + LI

The series in this corollary is called the Maclaurin series for f(x). Each
example in the preceding section involves a Maclaurin series.



Solution  If f(x) = e, then f™(x) = ¢* for every positive integer n. Hence
f™(0) = 1 and substitution in Corollary (11.39) gives us

2 3 H

x _ X X
e'—1+x+2!+3!+ o

Corollary (11.39) If f1safunction and f(x) = Z a,x" for all x in an open interval (—r, r),
then
1) /"0

Ot

f(x) = f(0) + f(0)x + i

The series in this corollary is called the Maclaurin series for f(x). Each
example in the preceding section involves a Maclaurin series.



Example 3:

Find the Taylor series for sin x in powers of x — /6.



We have proved the following result.

Theorem (11.38) If fis a function and

an

f(x) =} ax — ¢

n=10

for all x in an open interval containing ¢, then

100 = f@+ f@x ~ ) + P - oy 4 -
(n)

The series that appears in the conclusion of Theorem (11.38) 1s called the
Taylor series for f(x) at ¢. The special case ¢ = 0, stated in the following
corollary, is extremely important.



Solution 3:

f(x) = sin x
f'(x) = cos x s (g) _ —‘é—g,
f(x) = —sin x
f"(x) = —cos x i 1
/ (a) )
for all x in an open interval contaiming ¢, then e 3
flx) = fle) + flex =)+ _,r';:'._-}h — ) e f (E) = --wj-,

LT,
+'ir—:"}i.r—r}"+---
n.

and this pattern of four numbers repeats itself indefinitely. Substitution in
Theorem (11.38) gives us

sinx=£+£(x-£)— : (x_f)z \/5( ME)3+...

2 2 6/ 202 6/ 2331 6



EXAMPLE 5

Find the Taylor series generated by f(x) = 1/x at @ = 2. Where, if anywhere, does the
series converge to 1/x?



Solution

We need to find f(2), f'(2), f"(2)...

fx) = x7",

f{n}(I} _ (_]}H”II—{H-F]),

Taking derivatives we get

1

f2)=2"=3,
@) =5
f”{;_",) B 1
== 3
2 1
31 74

f02)  (—1y

HI o 21‘1+] '




The Taylor series 1s

f{z}‘|‘_}”(2}(1—2}—|—f2—(lz) _1'—2]2_|_..._|_—2(I_2]n 4o

n!
1 (k=2 (-2 (x — 2)"
=7 3@ ‘vt Tt /et
This is a geometric series with first term 1/2 and ratio r = —(x — 2)/2. It converges ab-

solutely for |[x — 2| << 2 and its sum is

1/2 ! I

1+ (x—2)2 2+(x-2) X

In this example the Taylor series generated by f(x) = 1/x at @ = 2 converges to 1/x for
x — 2] <20r0 <x < 4. ]

We have proved the following result.

Theorem (11.38) If 1 is a function and

Jx) = nian{x -

S — a / ( 1 - r ) for all x in an open interval containing ¢, then
e 1 F@ =@+ F@e -0+ L — gt 4

2!
f(n)(c)
* n!

x—c)y+--

The series that appears in the conclusion of Theorem (11.38) is called the
Taylor series for f(x) at ¢. The special case ¢ = 0, stated in the following
corollary, is extremely important.



