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Chapter 2: MATRICES AND DETERMINANTS
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rminants of Matrices

Definition

Let A = [ajj] be a square matrix of order n. Then, the determinant of A can be defined as follows:

Al = G = a o tA=[a
1A = ctealled) = }‘:1(71)"*'/3,-1-/4,-1- (i=1,...,n) : otherwise,

where Aj; is det(A) after removing the row i and clomun j.
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Section 4: Determinants of Matrices

Definition

Let A = [ajj] be a square matrix of order n. Then, the determinant of A can be defined as follows:

a o tA=[a
}‘:1(71)"*'/3,-1-/4,-1- (i=1,...,n) : otherwise,

|A| = det(A) = {

where Aj; is det(A) after removing the row i and clomun j.

(1) The determinant of 2 X 2 Matrices
Let A be a square matrix of order 2:

A= [811 312]

a1 ax
Then
a1 A
det(A) = = ajjaxpy — ap1aip -
A =10 o 11322 — a21212
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Section 4: Determinants of Matrices

Definition

Let A = [ajj] be a square matrix of order n. Then, the determinant of A can be defined as follows:

a o tA=[a
}‘:1(71)"*'13,-1-/4,-]- (i=1,...,n) : otherwise,

|A| = det(A) = {

where Aj; is det(A) after removing the row i and clomun j.

(1) The determinant of 2 X 2 Matrices
Let A be a square matrix of order 2:

A= [811 312]

a1 ax
Then
a1 A
det(A) = = ajjaxpy — ap1aip -
A =10 o 11322 — a21212

Find the determinant of the matrix.

Q- 3 @s-[; 3]
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Section 4: Determinants of Matrices

Definition

Let A = [ajj] be a square matrix of order n. Then, the determinant of A can be defined as follows:

a o tA=[a
}‘:1(71)"*'13,-1-/4,-]- (i=1,...,n) : otherwise,

|A| = det(A) = {

where Aj; is det(A) after removing the row i and clomun j.

(1) The determinant of 2 X 2 Matrices
Let A be a square matrix of order 2:

A= [811 312]

a1 ax
Then
a1 A
det(A) = = ajjaxpy — ap1aip -
A =10 o 11322 — a21212

Find the determinant of the matrix.

Q- 3 @s-[; 3]

Solution:

edet(A):‘é ";":1><7—3><5:7—15:—8.
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Section 4: Determinants of Matrices

Definition

Let A = [ajj] be a square matrix of order n. Then, the determinant of A can be defined as follows:

Al = G = a o tA=[a
1A = ctealled) = }‘:1(71)"*'13,-1-/4,-]- (i=1,...,n) : otherwise,

where Aj; is det(A) after removing the row i and clomun j.

(1) The determinant of 2 X 2 Matrices
Let A be a square matrix of order 2:

A= [811 312]

a1 ax
Then
a1 A
det(A) = = ajjaxpy — ap1aip -
A =10 o 11322 — a21212

Find the determinant of the matrix.

Q- 3 @s-[; 3]

Solution:

edet(A):‘é ";":1><7—3><5:7—15:—8.

@ «B) =2 H=axo-—(-nx2=36+2=38
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Section 4: Determinants of Matrices

(2) The determinant of 3 X 3 Matrices
Let A be a square matrix of order 3:

A= |a1 an ax3
a3 ax a3

To calculate the determinant, choose the first row of A and multiply each of its elements by the corresponding cofactor:

2 a3
2 as3

ax
det(A) = a —a +a 21
(A) = an 12 13055 o

a
a

a2 1 a3
as as3

az
asy

det(A) = ar1(ap2 a33 — ap3 a32) — a12(az1 333 — a23 a31) + a13(a21 az2 — a2 as1)
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Section 4: Determinants of Matrices

(2) The determinant of 3 X 3 Matrices
Let A be a square matrix of order 3:

A= |a1 an ax3
a3 ax a3

To calculate the determinant, choose the first row of A and multiply each of its elements by the corresponding cofactor:

2 a3
2 as3

axn
det(A) = a —a + a 21
(A) = an 12 13055 o

a
a

a
a

a2 21 a3
as as3

31

det(A) = ar1(ap2 a33 — ap3 a32) — a12(az1 333 — a23 a31) + a13(a21 az2 — a2 as1)

1 6 5
Find the determinant of the matrix. A = | 5 -1 4
=2 9 7
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Section 4: Determinants of Matrices

(2) The determinant of 3 X 3 Matrices
Let A be a square matrix of order 3:

A= |a1 an ax3
a3 ax a3

To calculate the determinant, choose the first row of A and multiply each of its elements by the corresponding cofactor:

21 az
31 as2

21

2 a3 23
31 as3

+a
2 a33 13

—a12

a
a

a
a

det(A) = ar1

a
as:

det(A) = ar1(ap2 a33 — ap3 a32) — a12(az1 333 — a23 a31) + a13(a21 az2 — a2 as1)

1 6 5
Find the determinant of the matrix. A = | 5 -1 4
=2 9 7
Solution:
1 6 3
det(A)=|5 —1 4=
—2 9 7
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Section 4: Determinants of Matrices

(2) The determinant of 3 X 3 Matrices
Let A be a square matrix of order 3:

A= |a1 an ax3
a3 ax a3

To calculate the determinant, choose the first row of A and multiply each of its elements by the corresponding cofactor:

21 az
31 as2

21

2 a3 23
31 as3

+a
2 a33 13

—a12

a
a

a
a

det(A) = ar1

a
as:

det(A) = ar1(ap2 a33 — ap3 a32) — a12(az1 333 — a23 a31) + a13(a21 az2 — a2 as1)

1 6 8]
Find the determinant of the matrix. A = | 5 -1 4
=2 9 7
Solution:
1 6 3
det(A) = | 5 -1 4/=1 '_91 §
—2 9 7
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Section 4: Determinants of Matrices

(2) The determinant of 3 X 3 Matrices
Let A be a square matrix of order 3:

A= |a1 an ax3
a3 ax a3

To calculate the determinant, choose the first row of A and multiply each of its elements by the corresponding cofactor:

21 az
31 as2

21

2 a3 23
31 as3

+a
2 a33 13

—a12

a
a

a
a

det(A) = ar1

a
as:

det(A) = ar1(ap2 a33 — ap3 a32) — a12(az1 333 — a23 a31) + a13(a21 az2 — a2 as1)

1 6 8]
Find the determinant of the matrix. A = | 5 -1 4
=2 9 7
Solution:
1 6 3
det(A) = | 5 -1 4/=1 '_91 g‘ —6 ‘_52 ‘7‘
—2 9 7
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Section 4: Determinants of Matrices

(2) The determinant of 3 X 3 Matrices
Let A be a square matrix of order 3:

a1 a2 a3
A= |a1 an ax3
a3 ax a3

To calculate the determinant, choose the first row of A and multiply each of its elements by the corresponding cofactor:

21 az
31 as2

21

2 a3 23
31 as3

+a
2 a33 13

—a12

a
a

a
a

det(A) = ar1

a
as:

det(A) = ar1(ap2 a33 — ap3 a32) — a12(az1 333 — a23 a31) + a13(a21 az2 — a2 as1)

1 6 5
Find the determinant of the matrix. A = | 5 -1 4
=2 9 7
Solution:
1 6 3
—1 4 5 4 5 -1
det(A)ffZ ;1 §71'9 7‘—6‘ ) 7‘+3'_2 9
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Section 4: Determinants of Matrices

(2) The determinant of 3 X 3 Matrices
Let A be a square matrix of order 3:

a1 a2 a3
A= |a1 an ax3
a3 ax a3

To calculate the determinant, choose the first row of A and multiply each of its elements by the corresponding cofactor:

21 az
31 as2

21

2 a3 23
31 as3

+a
2 a33 13

—a12

a
a

a
a

det(A) = ar1

a
as:

det(A) = ar1(ap2 a33 — ap3 a32) — a12(az1 333 — a23 a31) + a13(a21 az2 — a2 as1)

1 6 5
Find the determinant of the matrix. A = | 5 -1 4
=2 9 7
Solution:
1 6 3
—1 4 5 4 5 -1
det(A)ffZ ;1 §71'9 7‘—6‘_2 7‘+3'_2 9‘

det(A)=1(—1X7—4x%x09)
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Section 4: Determinants of Matrices

(2) The determinant of 3 X 3 Matrices
Let A be a square matrix of order 3:

a1 a2 a3
A= |a1 an ax3
a3 ax a3

To calculate the determinant, choose the first row of A and multiply each of its elements by the corresponding cofactor:

21 az
31 as2

21

2 a3 23
31 as3

+a
2 a33 13

—a12

a
a

a
a

det(A) = ar1

a
as:

det(A) = ar1(ap2 a33 — ap3 a32) — a12(az1 333 — a23 a31) + a13(a21 az2 — a2 as1)

1 6 5
Find the determinant of the matrix. A = | 5 -1 4
=2 9 7
Solution:
1 6 3
—1 4 5 4 5 -1
det(A)ffZ ;1 §71'9 7‘—6‘_2 7‘+3'_2 9‘

det(A) =1(—1X7—4%x9)—6(5X7—4x(—2)
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Section 4: Determinants of Matrices

(2) The determinant of 3 X 3 Matrices
Let A be a square matrix of order 3:

a1 a2 a3
A= |a1 an ax3
a3 ax a3

To calculate the determinant, choose the first row of A and multiply each of its elements by the corresponding cofactor:

21 az
31 as2

21

2 a3 23
31 as3

+a
2 a33 13

—a12

a
a

a
a

det(A) = ar1

a
as:

det(A) = ar1(ap2 a33 — ap3 a32) — a12(az1 333 — a23 a31) + a13(a21 az2 — a2 as1)

1 6 5
Find the determinant of the matrix. A = | 5 -1 4
=2 9 7
Solution:
1 6 3
—1 4 5 4 5 -1
det(A)ffZ ;1 §71'9 7‘—6‘_2 7‘+3'_2 9‘

det(A) =1(—1X7—4x9)—6(5X%Xx7—4x(—2)+305x%x9—(—-1)x(-2)
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Section 4: Determinants of Matrices

(2) The determinant of 3 X 3 Matrices
Let A be a square matrix of order 3:

a1 a2 a3
A= |a1 an ax3
a3 ax a3

To calculate the determinant, choose the first row of A and multiply each of its elements by the corresponding cofactor:

21 az
31 as2

21

2 a3 23
31 as3

+a
2 a33 13

—a12

a
a

a
a

det(A) = ar1

a
as:

det(A) = ar1(ap2 a33 — ap3 a32) — a12(az1 333 — a23 a31) + a13(a21 az2 — a2 as1)

1 6 5
Find the determinant of the matrix. A = [ 5 —1 4:|

Solution:
1 6

det(A)=|5 —1
-2 9

5 4

5 -1
9 7“6‘—2 7 ' ‘

)5 s

~ S w
Il
-

det(A) =1(—1X7—4x9)—6(5X%Xx7—4x(—2)+305x%x9—(—-1)x(-2)

det(A) = 1 (—43) — 6(43) + 3(43) = 43(—1 — 6 + 3) = 43(—4) = —172

Dr. M. Alghamdi MATH 104 August 31, 2022 4/8



Section 4: Determinants of Matrices

(3) The determinant of 4 X 4 Matrices
Let A be a square matrix of order 4:

a1 a2 a3 Ay
a1 a2 a3 ay

, then det(A) = ajjdet(A;) — ajpdet(Ay) + ajzdet(Az) — ajadet(A
a3 ap a3 am (A) = a11det(A1) — arpdet(Az) + ay3det(A3) — aradet(As)
41 a2 a43  as

where
ayp a3 au a1 a3 au
Ay = |a2 a3z axu | A= |au a3 anu
agy a3 ags agl a3 ass
a1 ap  au a1 axn a3
Az = (a3 axp a3 | Ay = (a3 axn a3
a1 ar  am ag1 A as3

Alghamdi MATH 104 August 31, 2022 5/8




Section 4: Determinants of Matrices

(3) The determinant of 4 X 4 Matrices
Let A be a square matrix of order 4:

a1 a2 a3 Ay
a1 a2 a3 ay

, then det(A) = aj1det(Ay1) — ajodet(As) + ajzdet(A3z) — ajadet(A
a3 e a3 aum (A) = arydet(Ar) — arpdet(Az) + ar3det(As) — aadet(As)
41 a2 a43  as

where
ayp a3 au a1 a3 au
Ay = |a2 a3z axu | A= |au a3 anu
a2 a3 ag agy a3 ass
a1 ap  au a1 axn a3
Az = (a3 axp a3 | Ay = (a3 axn a3
a1 ar  am ag1 A as3

1 0O 0 O
7 . 5 —1 2 4 3
Find the determinant of the matrix. A = 7 1 2 2
3 2 1 5
MATH 104 August 31, 2022 5/8
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Section 4: Determinants of Matrices

(3) The determinant of 4 X 4 Matrices
Let A be a square matrix of order 4:

ail a2 a13 a4

21 22 d23 4| ypen det(A) = ajjdet(A1) — ajpdet(Ap) + ajzdet(Az) — ajadet(Ag)

a3l a3 a3 a
a1 a2 43 g

where
ayp a3 au a1
Ap = |a a3  axu | A= |a3n

42 a43  ag 41
a1 axn  axy a1
Az = (a3 axn a3 | Ay = |amn
a1 A A a1

a3
a33
43
a
as2
a42

ax
a3
ass
a3
as3
a3

Find the determinant of the matrix. A =

N =N O

0 0
4 3
2 2
1 5

Solution: det(A

)=1
3
2
5

[EUNES

2
A= |1
2

det(A1) =2

Dr. M. Alghamdi

det(A1) — Odet(A) + Odet(A3) — Odet(As)

2x5—-2x1)—41x5—-2%X2)+3(1x1—-2x2)=3
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rminants of Matrices

Notes:
(1) If Ais a square matrix having a zero row (or a zero column), then det(A) = 0.

1 2 -2
Example: A= |0 0 0

3 4 7
The matrix A contains a zero row, so det(A) = 0.
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Section 4: Determinants of Matrices

Notes:
(1) If Ais a square matrix having a zero row (or a zero column), then det(A) = 0.

1 2 -2
Example: A= |0 0 0

3 4 7
The matrix A contains a zero row, so det(A) = 0.

(2) If Ais a square matrix having two equal rows (or two equal columns), then det(A) = 0.

1 2 1
Example: A= |6 5 6
3 4 3

The matrix A contains two equal columns, so det(A) = 0.
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Section 4: Determinants of Matrices

Notes:
(1) If Ais a square matrix having a zero row (or a zero column), then det(A) = 0.

1 2 -2
Example: A= |0 0 0
3 4 7

The matrix A contains a zero row, so det(A) = 0.

(2) If Ais a square matrix having two equal rows (or two equal columns), then det(A) = 0.

1 2 1
Example: A= |6 5 6
3 4 3

The matrix A contains two equal columns, so det(A) = 0.

(3) If Ais a square matrix having a row which is a multiple of another row (or a column which is a multiple of another column),
then det(A) = 0.

1 2 —2
Example: A= |4 7 5
3 6 —6

The third row in matrix A is a multiple of the first row by 3, so det(A) = 0.

Alghamdi MATH 104 August 31, 2022 6/8



rminants of Matrices

(4) If Ais a diagonal matrix or an upper triangular matrix or a lower triangular matrix, then det(A) is the product of the
elements of the main diagonal.

0 0 5
The matrix A is an upper triangular matrix, so det(A) = —15.

3 1 4
Example: A= |0 —1 2
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Section 4: Determinants of Matrices

(4) If Ais a diagonal matrix or an upper triangular matrix or a lower triangular matrix, then det(A) is the product of the
elements of the main diagonal.

0 0 5
The matrix A is an upper triangular matrix, so det(A) = —15.

3 1 4
Example: A= |0 —1 2

(5) The determinant of the null matrix is 0 and the determinant of the identity matrix is 1.
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Section 4: Determinants of Matrices

(4) If Ais a diagonal matrix or an upper triangular matrix or a lower triangular matrix, then det(A) is the product of the
elements of the main diagonal.

3 1 4
Example: A= |0 —1 2
0 0 5
The matrix A is an upper triangular matrix, so det(A) = —15.

(5) The determinant of the null matrix is 0 and the determinant of the identity matrix is 1.

(6) If B is obtained from A by multiplying a row (or column) by A, then det(B) = X det(A).

1 3 1
Example: A = |4 2 —1
0o -3 2
2 6 2
= |4 2 -1
0o -3 2

det(A) = 1(4 — 3) — 3(8 — 0) + 1(—12 — 0) = —35

The matrix B is obtained from A by multiplying the first row by 2, then det(B) = 2det(A) = —70.
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rminants of Matrices

(7) If B is obtained from A by interchanging two rows (or two columns), then det(B) = —det(A).
1 3 1
Example: A = |4 2 —1], det(A)=-35
0 -3 2
4 2 -1
B= |1 3 1
|:O -3 2
The matrix B is obtained from A by interchanging the first and second rows, then det(B) = —det(A) = 35.
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Section 4: Determinants of Matrices

(7) If B is obtained from A by interchanging two rows (or two columns), then det(B) = —det(A).
1 3 1
Example: A = |4 2 —1], det(A)=-35
0 -3 2
4 2 -1
B= |1 3 1
0o -3 2
The matrix B is obtained from A by interchanging the first and second rows, then det(B) = —det(A) = 35.

(8) If B is obtained from A by multiplying a row by a non-zero constant and adding the result to another row (or multiplying a
column by a non-zero constant and adding the result to another column), then det(B) = det(A).

Example:
multiplying the first row by 2 and
1 3 1 adding the result to the second row
A= |4 2 -1
0 -3 2
2Ry + Ry
ey
1 3 1
= |6 8 1
0o -3 2

The matrix B is obtained from A by multiplying the first row by 2 and adding the result to the second row. Therefore,
det(B) = det(A) = —35.
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