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Section 1: Antiderivatives

Find the derivative of the given function.
(1) F(x) =x>+x2+1
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Section 1: Antiderivatives

Find the derivative of the given function.
(1) F(x) =x>+x2+1

Derivation
_—

F/(x) =3x2 + 2x F(x) F/(X)
(2) F(x) =sin x + x

F/(x) = cos x +1
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Find the derivative of the given function.
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Find the derivative of the given function.
(1) F(x) =x>+x2+1

F/(x) = 352 + 2x F(x) 2eiation, pv()
(2) F(x) =sin x + x F(x) Integration F(x)

F/(x) = cos x +1

Definition

A function F is called an antiderivative function of a function f on an interval | if

’
F (x) = f(x) for every x € I.
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F/(x) = cos x +1

Definition

A function F is called an antiderivative function of a function f on an interval | if

’
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Section 1: Antiderivatives

Find the derivative of the given function.
(1) F(x) =x>+x2+1

F/(x) = 352 + 2x F(x) 2eiation, pv()
(2) F(x) =sin x + x F(x) Integration F(x)

F/(x) = cos x +1

Definition

A function F is called an antiderivative function of a function f on an interval | if

’
F (x) = f(x) for every x € I.

Example:

o Consider the functions F(x) = x3 4+ 4x? — x and f(x) = 3x% 4+ 8x — 1.
Since F,(x) = 3x% 4 8x — 1 = f(x), then the function F(x) is an antiderivative of f(x).

2

e Consider the functions G(x) = tan x + x2 and g(x) = sec? x + 2x.

’
Since G (x) = sec® x + 2x = g(x), then the function G(x) is an antiderivative of g(x).
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Section 2: Indefinite Integrals

Definition

Let f be a continuous function on an interval |. The indefinite integral of f is the general antiderivative of f on I:

/f(x) dx = F(x) + c.

The function f is called the integrand, the symbol / is the integral sign, x is called the variable of the integration and c is the

constant of the integration.
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Section 2: Indefinite Integrals

Definition

Let f be a continuous function on an interval |. The indefinite integral of f is the general antiderivative of f on I:

/f(x) dx = F(x) + c.

The function f is called the integrand, the symbol / is the integral sign, x is called the variable of the integration and c is the

constant of the integration.

Since F/(x) = 3x% 4+ 8x — 1 = f(x), then the function F(x) is an antiderivative of f(x).

/(3x2+8x—1) dx = x3 + 4% — x+c.
——

F(x)
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Section 2: Indefinite Integrals

Definition

Let f be a continuous function on an interval |. The indefinite integral of f is the general antiderivative of f on I:

/f(x) dx = F(x) + ¢

The function f is called the integrand, the symbol / is the integral sign, x is called the variable of the integration and c is the

constant of the integration.

Since F/(x) = 3x% 4+ 8x — 1 = f(x), then the function F(x) is an antiderivative of f(x).

/(3x2+8x—1) dx = x3 + 4% — x+c.
——

F(x)

M Properties of Indefinite Integrals

Assume f and g have antiderivatives on an interval |, then

0 /f dx = f(x). e /(f(x)ig(x)) dx:/f(x) dxi/g(x) dx.
e /—(F (x)) dx = F(x) + c. o /kf(x) dx = k/ f(x) dx, where k is a constant.
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Section 2: Indefinite Integrals

Integration as an Inverse Process of Differentiation
M Rule 1: Power of x.

d n+1 +1

n
X X

n+1

):x":>/x"dx: +c for n# —1.

g n+1
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M Rule 1: Power of x.
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X

n+1

):x":>/x"dx: +c for n# —1.

g n+1

Special case: For n = 0, we have /1 dx=x+c .

Fromthis,/de:2x+c and/3dx:3x+c etc.
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Integration as an Inverse Process of Differentiation
M Rule 1: Power of x.

d n+1

X +1

n
X

n+1

)=x" = /x"dx:

g n+1

+c for n# —1.

Special case: For n = 0, we have /1 dx=x+c .

From this, /2dx:2x+c and/3dx:3x+c etc.
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Note that Rule 1 cannot be
applied for n = —1.

For this value, the formula
gives
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M Rule 1: Power of x.

d n+1

X +1

n
X

n+1

):x":>/x"dx: +c for n# —1.

g n+1

Special case: For n = 0, we have /1 dx=x+c .

From this, /2dx:2x+c and /3dx:3x+c etc.

—C e >—

Note that Rule 1 cannot be
applied for n = —1.

For this value, the formula
gives

Evaluate the integral.

e/xdx

e/x3dx
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Special case: For n = 0, we have /1 dx=x+c .

From this, /2dx:2x+c and /3dx:3x+c etc.
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Note that Rule 1 cannot be
applied for n = —1.

For this value, the formula
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Evaluate the integral.
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Section 2: Indefinite Integrals

Integration as an Inverse Process of Differentiation
M Rule 1: Power of x.

—C e >—

Note that Rule 1 cannot be

applied for n = —1.

d n+1

X +1

n
X

n+1

+c for n#£ —1. For this value, the formula
gives

)=x" = /x"dx:

g n+1

Special case: For n = 0, we have /1 dx=x+c .

From this, /2dx:2x+c and /3dx:3x+c etc.

Evaluate the integral.

e/xdx e/x3dx

Solution:

2 4
o/xdx:%-#c e/x3d><:x7+c
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Section 2: Indefinite Integrals

Evaluate the integral.

o/4xdx e/xizdx
e/7x3dx o/%dx
X
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Section 2: Indefinite Integrals

Evaluate the integral.

o/4xdx e/xizdx
e/7x3dx o/%dx
X

Solution:

2
o/4xdx:4/xdx:4%+c:2x2+c /kf(x)dx:k/f(x)dx
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Section 2: Indefinite Integrals

Evaluate the integral.

o/4xdx e/xizdx
e/7x3dx o/%dx
X

Solution:

2
o/4xdx:4/xdx:4%+c:2x2+c /kf(x)dx:k/f(x)dx

4 .
e/7x3dx:7%+c /kf(x)dx:k/f(x)dx
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Section 2: Indefinite Integrals

Evaluate the integral.

o /4xdx
e /7x3dx

Solution:

2
X 2
o/4xdx:4/xdx:4?+c:2x +c
3 x*
e/7x dx:77+c

—1

1 2 X 1
e/—dx:/x dx= ——+c=——-+c
J x2 " -1 X
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/kf(x) dx = k'/ f(x) dx
/kf(x) dx = k/‘ f(x) dx

Remember: x~" =

e
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Section 2: Indefinite Integrals

Evaluate the integral.

o /4xdx
e /7x3dx

Solution:

2
X 2
o/4xdx:4/xdx:4?+c:2x +c
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/kf(x) dx
/kf(x) dx

Remember:

Remember:

= k'/ f(x) dx
= k/‘ f(x) dx

—n
X =

e

1
(1) v/x =x2 and m\/x"zxﬁ

@ 3+5 =

axdtcxb
bxd
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Section 2: Indefinite Integrals

Evaluate the integral.
o /(x + 1) dx
Q /(4x3 +2x2 +1) dx
1
2
0 /-5 e

Dr. M. Alghamdi MATH 104 October 5, 2022 7 /41



Section 2: Indefinite Integrals

Evaluate the integral.
o /(x + 1) dx
Q /(4x3 +2x2 +1) dx
1
2
0 /-5 e

Solution:

0/(x+1)dx:/xdx+/1dx:§+x+c / (x) £+ g(x dxf/fx)dx:l:/ (x) dx.
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Section 2: Indefinite Integrals

Evaluate the integral.
o /(x + 1) dx
Q /(4x3 +2x2 +1) dx
1
2
0 /-5 e

Solution:
o /(x+1)dx:/xdx+/1dx:§+x+c /(f(x)j:g(x)) dx:/f(x) dx:l:/g(x)dx.

axt 2 2
e /(4x3+2x2+1)dx: /4)(3 dx+/2)<2 d)<+/ldx:T+§X3+X+c:x4+§x3+x+c.
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Evaluate the integral.
o /(x + 1) dx
Q /(4x3 +2x2 +1) dx
1
2
0 /-5 e

Solution:

o /(x+1)dx:/xdx+/1dx:§+x+c /(f(x)j:g(x)) dx:/f(x)dx:l:/g(x)dx.

axt 2 2
e /(4x3+2x2+1)dx: /4)(3 dx+/2)<2 d)<+/ldx:T+§X3+X+c:x4+§x3+x+c.
3 -2 3

1 1
e/(xz——3)dx:/dex—/x73dx:X?+XT+C:X?+—+C
X

2x2
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Section 2: Indefinite Integrals

M Rule 2: Trigonometric Functions.

(] d%(sin x):cosxé/cos dx =sin x + ¢

] dlx(cosx)zfsin X¢/7sin x dx =cos x+c OR /sin x dx = —cos x+ ¢

@ I(tan x):seczx:s/seczxdx:tan x+c

(] %(cot )<):7cs<:)<¢/7csc2 x dx =cot x+c OR /csc2 xdx = —cot x+ ¢

4 %(secx):secxtan x:»/secxtan x dx = sec x + ¢

(] d%(csc x):fcscxcotxi/fcscx cot x dx = csc x+c OR /cscx cot x dx = —csc x+c¢
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Section 2: Indefinite Integrals

f
sinx @ cosx
ff dx

f
tanx @Seczx

ffdx

Dr. M. Alghamdi

cosx —sinx

)

fsinx dx = —cosx +c¢

2

cotx cscox

(>

ffdx

fcsczx dx = —cotx +c

MATH 104

F

7Y

secx secx tan x

e

f

cscx v7 cscx cotx
ffdx

fcscxcotx dx = —cscx + ¢
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Section 2: Indefinite Integrals

i f 7
- @ o o @Sinx SECRe secx tan x
fdx fdx v
f f ffdx
fsinx dx = —cosx +c¢
f
= : Y
tanx @seczx — m E502% Rey v7 cscx cotx
ff dx ffdx ffdx

ICSCZX dx = —cotx +c¢ fcscxcotx dix’='—cscxit ¢

Evaluate the integral /(cosx + secx tanx) dx
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Section 2: Indefinite Integrals

I f 7
sinx m cosx cosx mfsinx m
v v secx vsecx tan x
ff dx ffdx
ffdx
fsinx dx = —cosx +c¢
1
, e
i fr m
m , m cscx — cscx cotx
tanx vsec X cotx cscZx v
f fdx f fdx f fdx
ICSCZX dx = —cotx + ¢ fcscxcotx dx = —cscx + ¢

Evaluate the integral /(cosx + secx tanx) dx

Solution:
/(cosx +secx tanx) dx = /cosx dx + /secx tan x dx = sinx + secx + ¢
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Section 2: Indefinite Integrals

Evaluate the integral.

1 .
o /(coszx 7smx) dx
e /secx(secx+tanx) dx
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Section 2: Indefinite Integrals

Evaluate the integral.

1 .
o /(coszx 7smx) dx
e /secx(secx+tanx) dx

Solution:

1
o /( —sinx) dx:/seczxdx—/sinxdxztanx+cosx+c.
cos? x

— _1 2. 1
secx = Cosx = sec” x = P
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Section 2: Indefinite Integrals

Evaluate the integral.

1 .
o /(coszx 7smx) dx
e /secx(secx+tanx) dx

Solution:
1 i 2 .
o ( —smx) dx = sec” x dx — sinx dx = tanx +cosx + c .
cos? x
— _1 2, _ 1
SECX = ook T SeCTX = —5—

e /secx (sec x + tan x) dx:/seczx dx+/secx tanx dx = tanx +secx + c .
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Section 2: Indefinite Integrals

M Rule 3: Natural Logarithmic and Exponential Functions.

If u = g(x) is a differentiable function, then

/
’ u
[+ d%(ln \u\):%:/?dlen\u\-#c

o %(e”):e”.u’: /e” v dx=e"+¢
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If u = g(x) is a differentiable function, then

/
’ u
[+ d%(ln \u\):%:/?dlen\u\-#c

o dix(e”):e”.u’: /eu v dx=e"+¢

Evaluate the integral.

2
0/, u 0 [ue
e/ 2X+3 dx o/cosxeSi"x dx
X

+6x+5
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Section 2: Indefinite Integrals

M Rule 3: Natural Logarithmic and Exponential Functions.

If u = g(x) is a differentiable function, then

/
’ u
[+ d%(ln \u\):%:/?dlen\u\-#c

o dix(e”):e”.u’: /eu v dx=e"+¢

Evaluate the integral.

2
0/, u 0 [ue
e/ 2X+3 dx o/cosxeSi"x dx
X

+6x+5

Solution:

9/2

2
7dx:ln\2x77|+c
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If u = g(x) is a differentiable function, then
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Section 2: Indefinite Integrals
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If u = g(x) is a differentiable function, then
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M Rule 3: Natural Logarithmic and Exponential Functions.

If u = g(x) is a differentiable function, then

/
’ u
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Section 2: Indefinite Integrals

M Rule 3: Natural Logarithmic and Exponential Functions.

If u = g(x) is a differentiable function, then

/
’ u
[+ d%(ln \u\):%:/?d)(:h\u\-%—c

o i(e”):e”.u’:> /eu v dx=e"+¢

Evaluate the integral.

2
o /2x—7dX
x+3
9/ ieis

dx
+6x+5

3
e /3)(2 & dx
o /cosx &M% dx

Solution:
L
2x —
x+3 1 2x + 3)
Q/wso )

x2+6x+5 x246x+5

3
/3)( e dx=¢€" +c¢

sin x
e /cosx e dx
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Section 2: Indefinite Integrals

M Rule 3: Natural Logarithmic and Exponential Functions.

If u = g(x) is a differentiable function, then

/
’ u
[+ d%(ln \u\):%:/?d)(:h\u\-%—c

o i(e”):e”.u’:> /eu v dx=e"+¢

Evaluate the integral.

2
o /2x—7dX
x+3
9/ ieis
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+6x+5
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o /cosx &M% dx

Solution:
L
2x —
x+3 1 2x + 3)
Q/wso )

x2+6x+5 x246x+5

3
/3)( e dx=¢€" +c¢

sin x sin x
e /cosxe dx = e +c
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Section 2: Indefinite Integrals

M Rule 4: Inverse Trigonometric Functions.

1 X
o [ —sin 1 (2
/mdx sin (a)+c
1
o/mdx:—tan ( )+c

° / ! d
B
Joxy/x2 — a2
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Section 2: Indefinite Integrals

M Rule 4: Inverse Trigonometric Functions.

1 X
o [ —sin 1 (2
/mdx sin (a)+c
1
o/mdx:—tan ( )+c

° / ! d
B
Joxy/x2 — a2

Evaluate the integral.

1
—
0/\/4—x2 ~

1
e/9+x2 o
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Section 2: Indefinite Integrals

M Rule 4: Inverse Trigonometric Functions.

1 X
o [ —sin 1 (2
/mdx sin (a)+c
1
o/mdx:—tan ( )+c

° / ! d
B
Joxy/x2 — a2

Evaluate the integral.

1
—— dx
o/ —
@/ 5¢
9 + x2 o
Solution:

1
—_—
0/ —«
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Section 2: Indefinite Integrals

M Rule 4: Inverse Trigonometric Functions.

° [ =

°/

° / ! d
B
Joxy/x2 — a2

1

a2 4 x2

dx = sin~* (i) +c
a

dx:—tan ( )+c

Evaluate the integral.

1
—— dx
0/\/4—x2
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Section 2: Indefinite Integrals

Evaluate the integral.
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Section 2: Indefinite Integrals

n+1

X
M Rule 1: Power of x: /x" dx =

+c for n# —1.
n+1

M Rule 2: Trigonometric Functions.
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Section 2: Indefinite Integrals

Evaluate the integral.

o/(x2+5x+3) dx
9/(x2+3)2dx
e/.x(3x72) dx

o /cosx(2+secx) dx
e /x(eX2 + x%) dx
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Section 3: Definite Integrals

Indefinite Integrals Definite Integrals

/ F(x) dx = F(x) + ¢ / " Fx) o = [F(x)]j = F(b) — F(a)
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Indefinite Integrals Definite Integrals

/ F(x) dx = F(x) + ¢ / " Fx) o = [F(x)]j = F(b) — F(a)

M Properties of Definite Integrals

Theorem

Assume f and g have antiderivatives on an interval [a, b], then
b b b
o / (F(x) £ £(x)) dx = / ) e 2 / 69) de
a a a
b b
e / kf(x) dx = k/ f(x) dx, where k is a constant.
a a
a
(3] / f(x) dx =0
a
b a
0 / f(x) dx:—/ f(x) dx
a b
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Section efinite Integrals
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Section 3: Definite Integrals
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Section 3: Definite Integrals

Evaluate the integral

0/2 Lo 9/1 < g z s
OX+1X Oxe IX e/c; COS X dx
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Section 3: Definite Integrals

Evaluate the integral
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Section 3: Definite Integrals

Evaluate the integral

2 1
0/0 1dx

X+

o
e/zcosxdx
0

Solution:
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Evaluate the integral
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1 2 1 1 2 1 291 1 1 e—1
e/xe>< dx:—/2xex dx:—[ex] :—[elfeo]:—(efl):
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Dr. M. Alghamdi MATH 104

/u/ e’ dx=¢e"+¢

October 5, 2022




Section 3: Definite Integrals

Evaluate the integral
0/ dx e/xe dx e/ cos x dx
0o x+1 0 0

Solution:
2 1 2
o/ de = [Inlx+1]]" =241 = In|0+1] = In(3) = In(1) = In(3)
0 x+1 0
Note: In(1) =0
1 2 1 1 2 1 291 1 1 e—1
e/xe>< dx:—/2xex dx:—[ex] :—[elfeo]:—(efl):
0 2 Jo 2 0 2 2 2

Note: =1 and e~ 2.71828

ks
e/zcosxdx
0
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Section 3: Definite Integrals

Evaluate the integral

0/2 Lo 9/1 < g z s
OX+1X Oxe IX e/c; COS X dx

Solution:

2 1
(%) / de = [In |><+1|]2 =241 —In|0+1] = In(3) — In(1) = In(3)
0 x+1 0

Note: In(1) =0

12 1ot 2 Tren lrg o7 1 e—1
e/oxe>< dx:5/02xex dx:;[ex]oza[e 7e]:5(e71): 3

Note: =1 and e~ 2.71828

ki T
e /02 cos x dx = [sin x}f
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Section 3: Definite Integrals

Evaluate the integral

0/2 Lo 9/1 < g z s
OX+1X Oxe IX e/c; COS X dx

Solution:

2 1
(%) / de = [In |><+1|]2 =241 —In|0+1] = In(3) — In(1) = In(3)
0 x+1 0

Note: In(1) =0

1 2 1 1 2 1 271 1 1 e—1
e/xe>< dx:—/2xex dx:—[ex} :—[elfeo]:—(efl)— /u’eudx:equc
0 2 Jo 2 0o 2 2 ;

Note: =1 and e~ 2.71828

™ T -
e/zcosde:[sin x}z =sin (=) —sin (0) =1
0 o 2
Note: sin(%) =1 and sin(0) =0
Degrees
0 30 45 60 90 120 180 210 225 240 270 300 315 330 360
B Z T 3 5 T 1T
Radians 0 5 T ?f E T\; - = Tﬂf R T
: 1 1 3 3 —V3 —+v3 -1 —1
sin 0 S 3 5 T Y5 >l 5 7 0
cos 0 A —1 S £ &Lz

2 2 2
Dr. M. Alghamdi MATH 104 October 5, 2022 18 / 41



Integration By Substitution

Remember Rule 1: .

Xn+1 X
n ) 3
/x dx = +c for n# —1 Examp/e./x dx = — +c¢
n+1 . 4
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Integration By Substitution

X
/x"dx:
n

Can we use Rule 1 to evaluate /2x (xz + 1)3 dx 7

Remember Rule 1:
n+1 4

X
1+c for n# —1 Examp/e:/x3dx:7+c
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Integration By Substitution

X
/x"dx:
p n

Can we use Rule 1 to evaluate / 2x (xz + 1)3 dx 7

Remember Rule 1:
n+1 4

X
1+C for n# —1 Exarnp/e:/x3dx:?+c

Let g be a differentiable function on an interval | where the derivative is continuous. Let f be continuous on an interval J that

contains the range of the function g. If/ f(x) dx = F(x) + c, then

/f(g(x)) g,(x) dx = F(g(x))+¢c, Vxel.
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Integration By Substitution

Remember Rule 1:
n+1 4

n X 3 x
/x dx = +c for n# —1 Example : /x dx = — + ¢
P n+1 P 4

Can we use Rule 1 to evaluate / 2x (xz + 1)3 dx 7

Theorem

Let g be a differentiable function on an interval | where the derivative is continuous. Let f be continuous on an interval J that

contains the range of the function g. If/ f(x) dx = F(x) + c, then

/f(g(x)) g,(x) dx = F(g(x))+¢c, Vxel.

Example

| A

Evaluate the integral / 2x (x2 aF 1)3 dx.
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Integration By Substitution

Remember Rule 1:

n+1 4
n X ) 3 X
/x dx = +c for n# —1 Example : /x dx = — +c¢
P n+1 P 4

Can we use Rule 1 to evaluate / 2x (xz + 1)3 dx 7

Theorem

Let g be a differentiable function on an interval | where the derivative is continuous. Let f be continuous on an interval J that
contains the range of the function g. If/ f(x) dx = F(x) + c, then

/f(g(x)) g,(x) dx = F(g(x))+¢c, Vxel.

Example

| A

Evaluate the integral / 2x (x2 aF 1)3 dx.

Solution: Let f(x) = x> and g(x) = x? + 1, then (f 0 g)(x) = f(g(x)) = (x*> + 1)3.
2 !
gx)=x"+1=g (x) =2x
From the theorem, we have

2 4
x“+1
/ 2x (x2+1)3 dx:¥+c.
~ 4

g'() flg(x)
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Integration By Substitution

We can end with the same solution by using the five steps of the substitution method given below.

W Steps of the integration by substitution:
Step 1: Choose a new variable u.
Step 2: Determine the value of du.

Step 3: Make the substitution i.e., eliminate all occurrences of x in the integral by making the entire integral in terms of u
Step 4: Evaluate the new integral.

Step 5: Return the evaluation to the initial variable x.

Exercise: Evaluate the integral /u3 du
. p

u
/u3du:—+c
p 4

Evaluate the integral / 2x (x2 + 1)3 dx.

Solution: Let
2 du
u=x"4+1= du=2xdx = — = dx
2x
. By substituting that into the original integral, we have
du ut X2 +1)*
/2><u3 :/u3du:—+c— g +c
v 2x 4 4
Returning the evaluation to x
Alghamdi MATH 104

October 5, 2022 20 / 41




Integration By Substitution

Exercise: Evaluate the integral /\/;( dx
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Integration By Substitution

Exercise: Evaluate the integral /\/;( dx

Evaluate the integral / x? V2x3 — 5 dx
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Integration By Substitution

Exercise: Evaluate the integral /\/;( dx

Evaluate the integral / x? V2x3 — 5 dx

1
Solution: /x2 V2x3 — 5 dx = -/><2(2><3 —5)2 dx
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Integration By Substitution

Exercise: Evaluate the integral

/\/;(dx

Evaluate the integral / x? V2x3 — 5 dx

1
Solution: /x2 V2x3 — 5 dx = -/><2(2><3 5)2 dx

Let f(x) = x% and g(x) = 2x3 — 5, then (f 0 g)(x) = f(g(x)) = (23 — 5)%

’
g(x) = 23 -5 =g (x)= 6x°

From the theorem [ f(g(x))g/ (x) dx = F(g(x)) + ¢, we have

1 1
/ 6x% (2x° — 5)2 dx =
6./ ~~

N———

12 4 3
BEZ A AR
g0 fe(x)

Dr. M. Alghamdi

MATH 104

(2x® —5)

Nlw

October 5, 2022
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Integration By Substitution

Evaluate the integral /x2 V2x3 — 5 dx
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Integration By Substitution

Evaluate the integral /x2 V2x3 — 5 dx

Solution: N
/xz\/2x3 75dx:/x2(2x3 —5)2 dx
Let
3 2 du
u=2x"—5= du=6x"dx => — =dx
6x2
By substitution, we have
3 3 3 3
> 1 du 1,1 1u2 12 3 u? (2x®> —5)2
/x u?2 —*—/u2 du=-—+c=--u2 +c=—+c=
6x2 6 63/2 6 9

Returning the evaluation to x

Dr. M. Alghamdi

MATH 104
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Integration By Substitution

Exercise: Evaluate the integral /sec2 X dx

/sec2 x dx = tan x+ ¢
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Integration By Substitution

Exercise: Evaluate the integral /s.ec2 X dx

/sec2 x dx = tan x+ ¢

sel
Evaluate the integral/ — dx
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Integration By Substitution

Exercise: Evaluate the integral /s.ec2 X dx

/sec2 x dx = tan x+ ¢

2
sec” /X
Evaluate the integral 7\[ dx
VX
Solution: Let f(x) = sec? x and g(x) = v/X, then (f o g)(x) = f(g(x)) = sec® /x.
(0=vi=g ==
xX)=vVx=g (x) =
€ € 2¢/x
From the theorem [ f(g(x))g/ (x) dx = F(g(x)) + ¢, we have
2
sec x
Z/J dx = 2tan /x + c.
2y/x
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Integration By Substitution

Exercise: Evaluate the integral /sec2 X dx

/sec2 x dx = tan x+ ¢

2
sec” /X
Evaluate the integral 7\[ dx
VX
Solution: Let f(x) = sec? x and g(x) = v/X, then (f o g)(x) = f(g(x)) = sec® /x.
(= vi=g (=
xX)=vVx=g (x) =
€ € 2¢/x
From the theorem [ f(g(x))g/ (x) dx = F(g(x)) + ¢, we have
2
sec x
Z/J dx = 2tan /x + c.
2y/x

sec? /X
Evaluate the Integral/ VX dx.

7

Solution: Let u = /x = du = 3

f dx = 24/x du = dx. By substitution, we obtain

sec? u 5
2\/;du:2/sec udu=2tan u+c=2tan /x+c

NG

Dr. M. Alghamdi MATH 104 October 5, 2022




Integration By Substitution

Evaluate the integral

0/\/2x—5dx
e /cos(3x+4) dx
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Integration By Substitution

Evaluate the integral

0/\/2x—5dx
e /cos(3x+4) dx

Solution:

o /mdx:/(2x75)% dx
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Integration By Substitution

Evaluate the integral

0/\/2x—5dx
e /cos(3x+4) dx

Solution:

o /mdx:/(2x75)% dx

let u =2x — 5= du=2dx = dx = % By substitution, we have

Q.

u

[ 5

N
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Integration By Substitution

Evaluate the integral

0/\/2x—5dx
e /cos(3x+4) dx

Solution:

o /mdx:/(2x75)% dx

let u =2x — 5= du=2dx = dx = % By substitution, we have

1 du 1 1
/uZ—zf/UZdu
2 2
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Integration By Substitution

Evaluate the integral

0/\/2x—5dx
e /cos(3x+4) dx

Solution:

o /mdx:/(2x75)% dx

let u =2x — 5= du=2dx = dx = % By substitution, we have

1 du 1 1 1
/uZ—:—/uzduzfiJrc
2 2 2 3/2

Dr. M. Alghamdi MATH 104 October 5, 2022 24 / 41



Integration By Substitution

Evaluate the integral

0/\/2x—5dx
e /cos(3x+4) dx

Solution:

o /mdx:/(2x75)% dx

let u =2x — 5= du=2dx = dx = % By substitution, we have

1 du 1
/uz -

3

1 1 u2
— 7/u2du:7
2 2 2
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Integration By Substitution

Evaluate the integral

0/\/2x—5dx
e /cos(3x+4) dx

Solution:

o /mdx:/(2x75)% dx

let u =2x — 5= du=2dx = dx = % By substitution, we have

1 du 1
/uz -

3

1 1 u2
— 7/u2du:7
2 2 2
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Integration By Substitution

Evaluate the integral

0/\/2x—5dx
e /cos(3x+4) dx

Solution:

o /mdx:/(2x75)% dx

let u =2x — 5= du=2dx = dx = % By substitution, we have

3 3
2 u2 (2x — 5)2
— 4=~ — 4c= +c
2 3/2 2 3 3
OR
1 1(2x—5)3 (2x—5)3
. . 1 g 1 X — X —
/\/2x75dx*/(2x75)2 dx:§/2(2x75)2 dX:E 3 c 3 +c
2
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Integration By Substitution

Evaluate the integral

0/\/2x—5dx
e /cos(3x+4) dx

Solution:

o /mdx:/(2x75)% dx

let u =2x — 5= du=2dx = dx = % By substitution, we have

3 3
2 u2 (2x — 5)2
4= 4= +c
2 3/2 2 3 3
OR
1 1(2x—5)3 (2x—5)3
. . 1 . 1 _ —
/\/2x75dx*/(2x75)7dx:§/2(2x75)§dx:5 X3 c X3 +c
2
e /cos(3x+4)dx
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Integration By Substitution

Evaluate the integral

0/\/2x—5dx
e /cos(3x+4) dx

Solution:

o /mdx:/(2x75)% dx

let u =2x — 5= du=2dx = dx = % By substitution, we have

3 3
2 u2 (2x — 5)2
4= 4= +c
2 3/2 2 3 3
OR
1 1(2x—5)3 (2x—5)3
. . 1 . 1 _ —
/\/2x75dx*/(2x75)7dx:§/2(2x75)§dx:5 X3 c X3 +c
2
e /cos(3x+4)dx—f /3 cos (3x + 4) dx
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Integration By Substitution

Evaluate the integral

0/\/2x—5dx
e /cos(3x+4) dx

Solution:

o /mdx:/(2x75)% dx

let u =2x — 5= du=2dx = dx = % By substitution, we have

3 3
2 u2 (2x — 5)2
— 4=~ — 4c= +c
2 3/2 2 3 3
OR
1 1(2x—5)3 (2x—5)3
. . 1 g 1 X — X —
/\/2x75dx*/(2x75)2 dx:§/2(2x75)2 dX:E 3 +c= 3 +c
2
1
e /cos(3x+4)dx:§ /3 cos (3x + 4) dx =

3 sin (3x +4) + ¢
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Integration By Substitution

Evaluate the integral

Q [543 & o /M
e /sec2 (4x) dx 0 / cosx

14 sin2 x
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Integration By Substitution

Evaluate the integral

Q [543 & o /M
e /sec2 (4x) dx 0 / cosx

1 +5|n2x

Solution:

o 5/x(x2+3)7d
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Integration By Substitution

Evaluate the integral

Q [543 & o /M
e /sec2 (4x) dx 0 / cosx

1 +5|n2x

Solution:

5
o 5/x(x2+3)7 o=~ /2)(()(2 +3)7 dx
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Integration By Substitution

Evaluate the integral

(1) /5x(x2+3)7 dx o /(lnx)z N
e /sec2 (4x) dx 0 /ﬂ dx

1+ sin2 x
Solution:
5 5 (x? +3)8 X% +3)8
o 5/x(x2+3)7 dx:5/2x(x2+3)7dx:5%+c:5%+c
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Integration By Substitution

Evaluate the integral

(1) /5x(x2+3)7 dx o /(lnx)z N
e /sec2 (4x) dx 0 /ﬂ dx

1+ sin2 x
Solution:
5 5 (x? +3)8 X% +3)8
o 5/x(x2+3)7 dx:5/2x(x2+3)7dx:5%+c:5%+c

1 2
e Z/4sec (4x) dx
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Integration By Substitution

Evaluate the integral

(1) /5x(x2+3)7 dx o /(lnx)z N
e /sec2 (4x) dx 0 /ﬂ dx

1+ sin2 x
Solution:
5 5 (x? +3)8 X% +3)8
o 5/x(x2+3)7 dx:5/2x(x2+3)7dx:5%+c:5%+c

1 ) 1
e A /4sec (4x) dx = A tan(4x) + ¢

Dr. M. Alghamdi MATH 104 October 5, 2022 25 /41



Integration By Substitution

Evaluate the integral

(1) /5x(x2+3)7 dx o /(lnx)z N
e /sec2 (4x) dx 0 /ﬂ dx

1+ sin2 x
Solution:
5 5 (x? +3)8 X% +3)8
o 5/x(x2+3)7 dx:5/2x(x2+3)7dx:5%+c:5%+c

1 ) 1
e A /4sec (4x) dx = A tan(4x) + ¢

1

e ./(Inx)Z — dx

X

Dr. M. Alghamdi MATH 104 October 5, 2022 25 /41



Integration By Substitution

Evaluate the integral

(1) /5x(x2+3)7 dx o /(Inx)z N
e /sec2 (4x) dx 0 /ﬂ dx

1+ sin2 x
Solution:
5 5 (x? +3)8 X% +3)8
o 5/x(x2+3)7 dx:5/2x(x2+3)7dx:5%+c:5%+c

1 ) 1
e A /4sec (4x) dx = A tan(4x) + ¢

(Inx)3

21
e./(lnx) ;dxf 3
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Integration By Substitution

Evaluate the integral

2
o /5x(x2+3)7 dx o /(Inx) o
x
2 cos x
e /sec (4x) dx 0 /m dx

Solution:
_5 5 (x? +3)8 (x2 4 3)8
Qs / (x* +3) /2)<(x +3) de=-"— " fc=5"—"" ¢
2 8 16
2
— [ 4sec” (4x dx:—tan4x +c
@ | [ 4sect (40) o= § vanlax)
1 Inx)3
e /(Inx)zfdx:( )
3
o / cos x
1+ sin2 x
Let u = sinx = du = cos x dx = ch“X = dx
By substitution:
/ cos x du
1+ u? cosx
MATH 104 October 5, 2022 25 /41
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Integration By Substitution

Evaluate the integral

2
o /5x(x2+3)7 dx o /(Inx) o
x
2 cos x
e /sec (4x) dx 0 /m dx

Solution:
_5 5 (x? +3)8 (x2 4 3)8
Qs / (x* +3) /2)<(x +3) de=-"— " fc=5"—"" ¢
2 8 16
2
— [ 4sec” (4x dx:—tan4x +c
Q ; [5c 4) 0x =  tan(a)

(Inx)3

21
e /(Inx) —dx = 3

cos x
o/1+sln2><

Let u = sinx = du = cosx dx = 9L = dx

By substitution:
cos x du 1
/ = / — du
1+ u? cosx 14 u?
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Integration By Substitution

Evaluate the integral

2
o /5x(x2+3)7 dx o /(Inx) o
x
2 cos x
e /sec (4x) dx 0 /m dx

Solution:
_5 5 (x? +3)8 (x2 4 3)8
Qs / (x* +3) /2)<(x +3) de=-"— " fc=5"—"" ¢
2 8 16
2
— [ 4sec” (4x dx:—tan4x +c
Q ; [5c 4) 0x =  tan(a)

(Inx)3

21
e /(Inx) —dx = 3

cos x
o/1+sln2><

Let u =sinx = du = cosx dx = L = dx

By substitution:
cos x du 1 1
/ = / du=tan " u+c
1+ u? cosx 14 u?
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Integration By Substitution

Evaluate the integral

2
o /5x(x2+3)7 dx o /(Inx) o
x
2 cos x
e /sec (4x) dx 0 /m dx

Solution:
_5 5 (x? +3)8 (x2 4 3)8
Qs / (x* +3) /2)<(x +3) de=-"— " fc=5"—"" ¢
2 8 16
2
— [ 4sec” (4x dx:—tan4x +c
Q ; [5c 4) 0x =  tan(a)

(Inx)3

21
e /(Inx) —dx = 3

cos x
o/1+sln2><

Let u = sinx = du = cos x dx = Tosx = dx
By substitution:

cos x du 1 1 1,
/ :/ du=tan " u+4c=tan “(sinx)+c
1+ u? cosx 1+ u?
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Integration by Parts

Exercise: Evaluate the integral.

2
(1) /x e dx Remember: /u/ e'dx=¢e"+¢
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Integration by Parts

Exercise: Evaluate the integral.
x2 /ou u
(1) [ xe dx Remember: u e dx=e +c

2 1 2
Solution:/xex dx:a /ZXeX dx X

e +4+c

1
2
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Integration by Parts

Exercise: Evaluate the integral.

2
(1) /x e dx Remember: /u/ e'dx=¢e"+¢

2 1 2
Solution:/xex dx = — /ZXeX dx =

e +4+c
2

1
2

2) /x e  dx We cannot use the previous method to calculate this integral.
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Integration by Parts

Exercise: Evaluate the integral.

2
(1) /x e dx Remember: /u/ e'dx=¢e"+¢
2 1 2
Solution: /x e dx = E /2 x & dx

2) /x e  dx We cannot use the previous method to calculate this integral.

1
— € +c
2

3) /x2 cos x> dx
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Integration by Parts

Exercise: Evaluate the integral.

2
(1) /x e dx Remember: /u/ e'dx=¢e"+¢

2 1 2
Solution:/xex dx = — /ZXeX dx =

e +4+c
2

1
2
2) /x e  dx We cannot use the previous method to calculate this integral.

3) /x2 cos x> dx

1 1
Solution: /x2 cos x3 dx = 5 /3)(2 cos x3 dx = g sin x3 +c
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Integration by Parts

Exercise: Evaluate the integral.
x2 /ou u
(1) [ xe dx Remember: u e dx=e +c

2 1 2 1
Solution:/xex dx:a /ZXeX dx:aex +c

2) /x e  dx We cannot use the previous method to calculate this integral.

3) /x2 cos x> dx

1 1
Solution: /x2 cos x3 dx = 5 /3)(2 cos x3 dx = g sin x3 +c

(4) /x cos x dx We cannot use the previous method to calculate this integral.
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Integration by Parts

Let u = f(x) and v = g(x), we know that
d

;(f(X)g(X)) = f(x)g’ (x) + ' (x)g(x)

Thus,

’ d ’
f(x)g’ (x) = ;(f(X)g(X)) — 1 (x)e(x) -

By integrating both sides, we have

/f(x)g/(x) dx = / dix(f(x)g(x)) dx — / f/(x)g(x) dx
=f

7/F/(x)g(x) dx.

Since u = f(x) = du = f’(x) dx and v = g(x) = dv = g’(x) dx. Therefore,

/udv:uvf/vdu.

If u = f(x) and v = g(x) such that f’ and g’ are continuous, then

/udv:uvf/vdu.

u=f(x) = u =f(x)dx

dv=g x)=>/dv7/ dxsvf/g,(x)dx
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ation by Parts

Evaluate the integral /x e~ dx.
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Integration by Parts

Evaluate the integral /x e~ dx.

Solution: The integrand x e* is a product of two functions x and e*: /x e~ dx
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Integration by Parts

Evaluate the integral /x e~ dx.

Solution: The integrand x e* is a product of two functions x and e*: /x e~ dx
Choose u = x, and dv = €* dx. Then,

u=x= du=dx,

dv:exdx:>v:/exclx:ex.
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Integration by Parts

Evaluate the integral /x e~ dx.

Solution: The integrand x e* is a product of two functions x and e*: /x e~ dx

Choose u = x, and dv = €* dx. Then,

u=x= du=dx,

dv:exdx:>v:/exclx:ex.

From the theorem

/udv:uv—/vdu
/xexdx:xex—/exdx

X X
=xe —e +c.
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Integration by Parts

Evaluate the integral /x e~ dx.

Solution: The integrand x e* is a product of two functions x and e*: /x e~ dx

Choose u = x, and dv = €* dx. Then, Note:

@ We choose u = x because it can be

u=x= du=dx, differentiated to a constant. Thus the new
product integral will not involve a product
dv=e"dx = v= /ex dx = eX. anymore.

@ Try to choose

From the theorem u=¢"and dv = x dx

You will obtain
/udv:uv—/vdu
X X X x? X
/xe dx = x € —/e dx I:—ex—/—exdx.
2 J 2
=xe —e+c.
X2
However, the integral / ?ex dx is more

difficult than the original one /xe)< dx.
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Integration by Parts

Evaluate the integral /x cos x dx.
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Integration by Parts

Evaluate the integral /x cos x dx.

Solution: In the same manner as in the preceding example, set u = x and dv = cos x dx. Hence,

u = x=du=dx,

dv = cos xdxiv:/cosxdx:sin X.
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Integration by Parts

Evaluate the integral /x cos x dx.

Solution: In the same manner as in the preceding example, set u = x and dv = cos x dx. Hence,

u = x=du=dx,

dv = cos xdxiv:/cosxdx:sin X.

From the theorem,

/udv:uv—/vdu
/x cos x dx = x sin x—/sin x dx

=X sin x4 cos x+c .
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Integration by Parts

Evaluate the integral /x cos x dx.

Solution: In the same manner as in the preceding example, set u = x and dv = cos x dx. Hence,
Note:

@ We choose u = x because it
can be differentiated to a
constant. Thus the new
product integral will not
involve a product anymore.

u = x=du=dx,

dv = cos xdxiv:/cosxdx:sin X.

From the theorem, @ Try to choose

/udv:uv—/vdu
u=cos x and dv = x dx

/x cos x dx = x sin x—/sin x dx

= x sin x+cos x+c . Do you have the same result?
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ation by Parts

Evaluate the integral / Inx dx.
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Integration by Parts

Evaluate the integral / Inx dx.

Solution: Choose u = Inx, and dv = dx. Then,

Remember:
If u = g(x) is differentiable,
1
u=Inx = duv= - dx, then

X

’

dv:dx=>v:/1dx:x. i(mu):i

dx u
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Integration by Parts

Evaluate the integral / Inx dx.

Solution: Choose u = In x, and dv = dx. Then

1
u=Inx = du= — dx,

X
dv:dx=>v:/1dx:x.

Apply the theorem

Dr. M. Alghamdi

/udv:uvffvdu
1
/Inxdx:xlnxf/x— dx
X
:xlnxf/ldx

=xlnx —x+c

MATH 104

Remember:
If u = g(x) is differentiable,
then
d (Inu) o’
—(Inu) =
dx u

October 5, 2022

30/ 41



Integration by Parts

Evaluate the integral / X3 Inx dx.
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Integration by Parts

Evaluate the integral / X3 Inx dx.

Solution: Choose u = Inx, and dv = X3 dx. Then,

1
u=Inx = du= —dx,
X
4

X
dv:xgdx:>v:/x3dx:74
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Integration by Parts

Evaluate the integral / X3 Inx dx.

Solution: Choose u = Inx, and dv = X3 dx. Then,

1
u=Inx = du= —dx,
X
4
X
dv:xgdx:>v:/x3dx:74

From the theorem,

/udv:uv—/vdu

3 x* 41
/x Inx dx = — Inx — — — dx
4 4 x
4
X 1
:—Inxff/x?’dx
4 4.
x4 x4
= —Inx— —+4+c.
4 16
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Integration by Parts

Evaluate the integral / X3 Inx dx.

Solution: Choose u = Inx, and dv = X3 dx. Then,

1
u=Inx = du= —dx, Rule:
X
3 3 x* To evaluat " Inx dx, let
dV:X dX:>V:/X dX:f< O evaluate X nx ax, le
2 p

From the theorem, u=Inx = du= ldx
X

n+1
/udv:uv—/vdu dv:x”dx:v:/x"dxzx
n+1

3 x* 41
/x Inx dx = — Inx — — — dx H

4 4 x ence,
x* 1 3

_i|nX,,/X dx Xt X1
4 4. n = -

/x Inx dx = Inx +c

4 4 n+1 (n+1)2

= —Inx— —+c.
4 16
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Integration by Parts

Evaluate the integral/sin x In(cos x) dx.
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Integration by Parts

Evaluate the integral/sin x In(cos x) dx.

Solution: Let u = In(cos x) for cos x > 0, and dv = sin x dx. Then,

—sin x
u = In(cos x) = du = dx,
Cos Xx
dv = sin xdx:>v:/sin X dx = —cos X.
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Integration by Parts

Evaluate the integral/sin x In(cos x) dx.

Solution: Let u = In(cos x) for cos x > 0, and dv = sin x dx. Then,

—sin x
u = In(cos x) = du = ———dx,
Cos Xx

dv = sin xdx:>v:/sin X dx = —cos X.

Hence,

/udv:uv—/vdu

" g s
/sin x In(cos x) dx = —cos x In(cos x) — / cos x

Ccos X

in x

dx

= —cos x In(cos x) — / sin x dx

= —cos x In(cos x) 4+ cos x+c .
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Integration by Parts

Evaluate the integral /x sec® x dx.
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Integration by Parts

Evaluate the integral /x sec® x dx.

Solution: Let u = x and dv = sec? x dx. Then,

u=x = du=dx,

dv = sec? xdx:>v:/sec2 X dx = tan x.
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Integration by Parts

Evaluate the integral /x sec® x dx.

Solution: Let u = x and dv = sec? x dx. Then,
u=x = du=dx,
2 2
dv = sec xdx:>v:/sec X dx = tan x.

Hence,

/udv:uv—/vdu
/x sec® x dx = x tan x—/tan x dx

sin x
=X tan x — x dx
cos x

—sin x
= x tan x+ x dx
cos x

=x tan x +In|cos x| +c .

Dr. M. Alghamdi

MATH 104 October 5, 2022 33 /41



Integrals of Rational Functions

Exercise: Evaluate the integral.

o/;dx

x2+1
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Integrals of Rational Functions

Exercise: Evaluate the integral.

o/;dx

x2+1

X 1 2 x
Solution: / dx = — / d:
x2+1 2 x2+1

Dr. M. Alghamdi

1.2
x:EIn(x +1)+c

MATH 104

October 5, 2022

34 /41



Integrals of Rational Functions

Exercise: Evaluate the integral.
X
0/ «

x2+1

X X 1 2 x 1 2
Solution: / dx = — / dx = —In(x"+1)+c
x2+1 2 x2+1 2

Q/de

x2 +2x — 8
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Integrals of Rational Functions

Exercise: Evaluate the integral.

o /xz + 1
X X 1 2 x 1 2
Solution: / 5 dx = — / dx = 5 In(x“+1)+c

x4+ 1 2 x2+1

x+1

e /x2+2x—8dX

x+1 1 2(x+1 1
Solution:/idx:§/¥ dx:EIn\x2+2x—8\+c

x24+2x —8 x24+2x —8

Dr. M. Alghamdi MATH 104

October
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Integrals of Rational Functions

Exercise: Evaluate the integral.

o /x2+1

X 1 2 x
Solution: / dx = — / dx
x2+1 2 x2+1

x+1

e /x2+2x—8dX

x+1
9/«
x2 —2x —8

Dr. M. Alghamdi

x+1 1 2(x+1
Solution:/idx:—/¥
x2+2x —8 2./ x24+2x—8

12
:§In(x +1)+c

MATH 104

12
dx:EIn\x +2x —8|+¢

October

5, 2022

34
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Integrals of Rational Functions

A rational function is a quotient of two polynomials of the form g(x) = -5 .
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Integrals of Rational Functions

A rational function is a quotient of two polynomials of the form g(x) = -5 .

Example: A Polynomial f(x) is a linear sum of powers of x, for example f(x) = 5x% + x? + x + 1 or g(x) = x(x> — 1).
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Integrals of Rational Functions

A rational function is a quotient of two polynomials of the form g(x) = f(x) .

Example: A Polynomial f(x) is a linear sum of powers of x, for example f(x) = 5x% + x? + x + 1 or g(x) = x(x> — 1).

| | Steps of integrals of rational functions:
M Step 1: Factor the denominator g(x) into irreducible polynomials where the factors are either linear or irreducible quadratic
polynomials.
Example 1:
x2 +3x+2
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Integrals of Rational Functions

A rational function is a quotient of two polynomials of the form g(x) = f(x) .

Example: A Polynomial f(x) is a linear sum of powers of x, for example f(x) = 5x% + x? + x + 1 or g(x) = x(x> — 1).
| | Steps of integrals of rational functions:
M Step 1: Factor the denominator g(x) into irreducible polynomials where the factors are either linear or irreducible quadratic

polynomials.

Example 1:
X2 +3x+2

x2+3x+2
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Integrals of Rational Functions

A rational function is a quotient of two polynomials of the form g(x) = f(x) .

Example: A Polynomial f(x) is a linear sum of powers of x, for example f(x) = 5x% + x? + x + 1 or g(x) = x(x> — 1).
| | Steps of integrals of rational functions:
M Step 1: Factor the denominator g(x) into irreducible polynomials where the factors are either linear or irreducible quadratic

polynomials.

Example 1:
X2 +3x+2

x2+3x+2

1+2=3 and 1 x2=2
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Integrals of Rational Functions

A rational function is a quotient of two polynomials of the form g(x) = f(x) .

Example: A Polynomial f(x) is a linear sum of powers of x, for example f(x) = 5x% + x? + x + 1 or g(x) = x(x> — 1).
| | Steps of integrals of rational functions:
M Step 1: Factor the denominator g(x) into irreducible polynomials where the factors are either linear or irreducible quadratic

polynomials.

Example 1: Example 2:

X2+3X+2 x2+x—12
x2+3x+2
1+2=3 and 1 x2=2

(x+1)(x+2)
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Integrals of Rational Functions

A rational function is a quotient of two polynomials of the form g(x) = f(x) .

Example: A Polynomial f(x) is a linear sum of powers of x, for example f(x) = 5x% + x? + x + 1 or g(x) = x(x> — 1).
| | Steps of integrals of rational functions:
M Step 1: Factor the denominator g(x) into irreducible polynomials where the factors are either linear or irreducible quadratic

polynomials.

Example 1: Example 2:

X2+3X+2 x2+x—12
x2+3x+2 x2+1x—12
1+2=3 and 1 x2=2

(x+1)(x+2)

Dr. M. Alghamdi MATH 104 October 5, 2022 35 /41



Integrals of Rational Functions

A rational function is a quotient of two polynomials of the form g(x) = -5 .

Example: A Polynomial f(x) is a linear sum of powers of x, for example f(x) = 5x% + x? + x + 1 or g(x) = x(x> — 1).

| | Steps of integrals of rational functions:

M Step 1: Factor the denominator g(x) into irreducible polynomials where the factors are either linear or irreducible quadratic
polynomials.

Example 1: Example 2:
X2+3X+2 x2+x—12
2 2
x“4+3x+2 x“+1x—12
1+2=3and 1 x2=2 —3+4=1 and -3 x4=-12

(x+1)(x+2)
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Integrals of Rational Functions

A rational function is a quotient of two polynomials of the form g(x) =

Example: A Polynomial f(x) is a linear sum of powers of x, for example f(x) = 5x% + x? + x + 1 or g(x) = x(x> — 1).

| | Steps of integrals of rational functions:
M Step 1: Factor the denominator g(x) into irreducible polynomials where the factors are either linear or irreducible quadratic

polynomials.
Example 1: Example 2:
X2+3X+2 x2+x—12
x2+3x+2 x2+1x—12
1+2=3and 1 x2=2 —3+4=1 and -3 x4=-12
(x +1)(x+2) (x —=3)(x+4)
Example 3:

x> +x2 — 12x
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Integrals of Rational Functions

A rational function is a quotient of two polynomials of the form g(x) =

Example: A Polynomial f(x) is a linear sum of powers of x, for example f(x) = 5x% + x? + x + 1 or g(x) = x(x> — 1).

| | Steps of integrals of rational functions:
M Step 1: Factor the denominator g(x) into irreducible polynomials where the factors are either linear or irreducible quadratic

polynomials.
Example 1: Example 2:
X2+3X+2 x2+x—12
2 2
x“4+3x+2 x“+1x—12
1+2=3and 1 x2=2 —3+4=1 and -3 x4=-12

(x+1)(x+2) (x —=3)(x+4)
Example 3:

x> + x? —12x

x(x2 +x —12) common factor
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Integrals of Rational Functions

A rational function is a quotient of two polynomials of the form g(x) =

Example: A Polynomial f(x) is a linear sum of powers of x, for example f(x) = 5x% + x? + x + 1 or g(x) = x(x> — 1).

| | Steps of integrals of rational functions:
M Step 1: Factor the denominator g(x) into irreducible polynomials where the factors are either linear or irreducible quadratic

polynomials.
Example 1: Example 2:
X2+3X+2 x2+x—12
2 2
x“4+3x+2 x“+1x—12
1+2=3and 1 x2=2 —3+4=1 and -3 x4=-12

(x+1)(x+2) (x —=3)(x+4)
Example 3:

x> + x? —12x

x(x2 +x —12) common factor

x(x2+1x— 12)
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Integrals of Rational Functions

A rational function is a quotient of two polynomials of the form g(x) =

Example: A Polynomial f(x) is a linear sum of powers of x, for example f(x) = 5x% + x? + x + 1 or g(x) = x(x> — 1).

| | Steps of integrals of rational functions:
M Step 1: Factor the denominator g(x) into irreducible polynomials where the factors are either linear or irreducible quadratic

polynomials.
Example 1: Example 2:
X2+3X+2 x2+x—12
2 2
x“4+3x+2 x“+1x—12
1+2=3and 1 x2=2 —3+4=1 and -3 x4=-12

(x+1)(x+2) (x —=3)(x+4)
Example 3:

x> + x? —12x

x(x2 +x —12) common factor

x(x2+1x— 12)

x(x — 3)(x + 4)
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Integrals of Rational Functions

A rational function is a quotient of two polynomials of the form g(x) = -5 .

Example: A Polynomial f(x) is a linear sum of powers of x, for example f(x) = 5x% + x? + x + 1 or g(x) = x(x> — 1).

| | Steps of integrals of rational functions:
M Step 1: Factor the denominator g(x) into irreducible polynomials where the factors are either linear or irreducible quadratic

polynomials.
Example 1: Example 2:
X2+3X+2 x2+x—12
2 2
x“4+3x+2 x“+1x—12
1+2=3and 1 x2=2 —3+4=1 and -3 x4=-12
(x+1)(x+2) (x —=3)(x+4)
Example 3:
3 2
X7+ x7 —12x Example 4:
x? — 16
2
x(x*+x —12) common factor Remember: a®> — b2 = (a — b)(a + b)

2 - —
x(x2+1x—12) = x" =16 = (x — 4)(x + 4)

x(x — 3)(x + 4)
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Integrals of Rational Functions

Example 5: ax? + bx 4 ¢

—b+ b2 —4.a.c
2a
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Integrals of Rational Functions

Example 5: ax? + bx 4 ¢

—b+ b2 —4.a.c

a=1 b=-2, c=-8 x = 2
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Integrals of Rational Functions

Example 5: ax? + bx 4 ¢

—b+ b2 —4.a.c

a=1 b=-2, c=-8 x = 2

2+ VEAT32 23 26
- 2 T2 T 2

= X
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Integrals of Rational Functions

Example 5: ax2+b><+c
x* —2x—8 fr————
—b+ b2 —4.a.c
a=1,b=—2 c=—8 XE
a
_ (=2 £ V(=22 -4(1)(-9)
2(1)
2414432 2+ /36 2+6
= x = = =
2 2 2
2+6 8 2—-6 —4
S x=——=-=4=(x—4)=00R x=—=—=-2=(x+2)=0
2 2 2 2

=x?—2x—8=(x—4)(x+2)=0
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Integrals of Rational Functions

Example 5: ax? + bx 4 ¢
x* —2x—8 fr————
—b+ b2 —4.a.c
a=1,b=-2 c=—8 R
a
_ (=2 £ V(=22 -4(1)(-9)
2(1)
2414432 2+ /36 2+6
= x = = = —
2 2 2
2+6 8 2—-6 —4
S x=——=-=4=(x—4)=00R x=—=—=-2=(x+2)=0
2 2 2 2
= x®—2x—8=(x—4)(x+2)=0
-Algebraic Expressions
Let a and b be real numbers. Then,
@ (a+b)? =22 +2ab+ b? @ (- p)° =2 —3a%p+3a? — b
Q (a-b?=a2—2ab+ 1 Q@ S +6°=(a+b)(a® —ab+b?)
© (a+b)(a—b)=a - b? @ @ - =(a—b)(a +ab+b?)
Q@ (2+0b)® =2 +3a°b +3ab + b° Q@ "-b" = (a—b)(a" 1 +a"2b+a" B2 fab" T2 b Y

Dr. M. Alghamdi MATH 104 October 5, 2022 36 / 41



Integrals of Rational Functions

M Step 2: Find the partial fractions. This step depends on the result of step 1 where the fraction g(x) = ;Ei; can be written
as a sum of partial fractions:

) = L% = P+ Pa) P00 Pt
h P(x) A €N or P(x) AEB R e <o
eac! X) = ——,n or X)) = —F/— | — 4ac
(ax + b)n’ (ax2 4 bx + )"

The constants A, and By are real numbers and computed later.

M Note that the denominators of the fractions Py (x) are the factors of the original denominator obtained in step 1.
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Integrals of Rational Functions

M Step 2: Find the partial fractions. This step depends on the result of step 1 where the fraction g(x) = () can be written

&(x)
as a sum of partial fractions:
f(x

q(x) E = P1(x) + Pa(x) + P3(x) + ... + Pp(x) ,
A Ax + B o,
each P(x) = ——— ,n€N or P(x)= ——— if b —4ac <0
(ax + b)" (ax2 4 bx + )"

The constants A, and By are real numbers and computed later.

M Note that the denominators of the fractions Py (x) are the factors of the original denominator obtained in step 1.

Example 1:
1 3

+ =
x+1 x—5
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Integrals of Rational Functions

M Step 2: Find the partial fractions. This step depends on the result of step 1 where the fraction g(x) = () can be written

&(x)
as a sum of partial fractions:
f(x

q(x) E = P1(x) + Pa(x) + P3(x) + ... + Pp(x) ,
A Ax + B o,
each P(x) = ——— ,n€N or P(x)= ——— if b —4ac <0
(ax + b)" (ax2 4 bx + )"

The constants A, and By are real numbers and computed later.

M Note that the denominators of the fractions Py (x) are the factors of the original denominator obtained in step 1.

Example 1:
1 3 1(x = 5) +3(x+1) 4x — 2

1 x—s (x+1)(x—5)  (x+1)(x—5)
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Integrals of Rational Functions

M Step 2: Find the partial fractions. This step depends on the result of step 1 where the fraction g(x) = ;Ei; can be written
as a sum of partial fractions:

) = L% = P+ Pa) P00 Pt
h P(x) A €N or P(x) AEB R e <o
eac! X) = ——,n or X)) = —F/— | — 4ac
(ax + b)n’ (ax2 4 bx + )"

The constants A, and By are real numbers and computed later.

M Note that the denominators of the fractions Py (x) are the factors of the original denominator obtained in step 1.

Example 1:
1 N 3 1(x = 5) +3(x+1) 4x — 2
x+1 x—5  (x+1)(x—5)  (x+1)(x—5)
Example 2:
1 . 3 . 4 1(x — 5)? . 3(x — B)(x + 1) 4(x+1)
x+1 x—5 (>(—5)2 N (x+1)(x—5)2 (x = 5)(x —5)(x+ 1) (x—5)2(x+1)
x? — 10 4 25 3(x? — 4x — 5) 4x + 4 4x% — 18x + 14

T (x4 1)(x — 5)2 * (x—B)(x —B)(x+1)  (x—52(x+1)  (x+1)(x—5)2
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Integrals of Rational Functions

M Step 2: Find the partial fractions. This step depends on the result of step 1 where the fraction g(x) = () can be written

g(x)
as a sum of partial fractions:

f(x)

q(x) = = P1(x) + Pa(x) + P3(x) + ... + Pn(x)
&(x)

A Ax + B o,

each P(x) = ——— ,n€N or P(x)= ——— if b —4ac <0
(ax + b)" (ax2 4 bx + )"

The constants A, and By are real numbers and computed later.

M Note that the denominators of the fractions Py (x) are the factors of the original denominator obtained in step 1.

Example 1:
1 N 3 1(x = 5) +3(x+1) 4x — 2
x+1 x—5  (x+1)(x—5)  (x+1)(x—5)
Example 2:
1 . 3 . 4 1(x — 5)? . 3(x — B)(x + 1) 4(x+1)
x+1 x—5 (>(—5)2 N (x+1)(x—5)2 (x = 5)(x —5)(x+ 1) (x—5)2(x+1)
x? — 10 4 25 3(x? — 4x — 5) 4x + 4 4x% — 18x + 14

T (x4 1)(x — 5)2 * (x—B)(x —B)(x+1)  (x—52(x+1)  (x+1)(x—5)2

M Step 3: Integrate the result of step 2:
/ q(x) dx = / Py(x) dx + / Pa(x) dx + / Py(x) dx + ... + / Pa(x) dx .
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Integrals of Rational Functions

) x+1
Evaluate the mtegra// R ——— dx.
X

—2x—8
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Integrals of Rational Functions

) x+1
Evaluate the mtegra// — dx.
x2 —2x —8

Solution: Step 1: Factor the denominator g(x) into irreducible polynomials: g(x) = x2 —2x—8
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Solution: Step 1: Factor the denominator g(x) into irreducible polynomials: g(x) = x? — 2x — 8 = (x + 2)(x — 4)
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Integrals of Rational Functions

) x+1
Evaluate the mtegra// — dx.
x2 —2x —8

Solution: Step 1: Factor the denominator g(x) into irreducible polynomials: g(x) = x? — 2x — 8 = (x + 2)(x — 4)
Step 2: Find the partial fractions

x+1 A B Ax — 4A + Bx + 2B
X2 —2x—8 x+2 x—4  (x+2)(x—4)
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Integrals of Rational Functions

) x+1
Evaluate the mtegra// — dx.
x2 —2x —8

Solution: Step 1: Factor the denominator g(x) into irreducible polynomials: g(x) = x? — 2x — 8 = (x + 2)(x — 4)
Step 2: Find the partial fractions

x+1 A B Ax — 4A + Bx + 2B
X2 —2x—8 x+2 x—4  (x+2)(x—4)

Find the constants A and B by equating the coefficients of like powers of x in the two sides of the equation:

x+1=(A+B)x —4A+2B

Coefficients of the numerators: Multiply equation 1 by 4, then add
coefficients of x: A+B=1—1 the result to equation 2
constants: —4A+2B=1—2
4A+4B =4
By doing some calculation, we obtain A = % and —4A+2B =1
B=2% Thes, X
x+1 1/6 5/6 6B =5

2 —2x—8 x+2 x—4
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Integrals of Rational Functions

) x+1
Evaluate the mtegra// — dx.
x2 —2x —8

Solution: Step 1: Factor the denominator g(x) into irreducible polynomials: g(x) = x? — 2x — 8 = (x + 2)(x — 4)
Step 2: Find the partial fractions

x+1 A B Ax — 4A + Bx + 2B
X2 —2x—8 x+2 x—4  (x+2)(x—4)

Find the constants A and B by equating the coefficients of like powers of x in the two sides of the equation:

x+1=(A+B)x —4A+2B

Coefficients of the numerators: Multiply equation 1 by 4, then add
coefficients of x: A+B=1—1 the result to equation 2
constants: —4A+2B=1—2
4A+4B =4
By doing some calculation, we obtain A = % and —4A+2B =1
B=2% Thes, X
x+1 1/6 5/6 6B =5

2 —2x—8 x+2 x—4

Step 3: Integrate the result of step 2.

x+1 1/6 5/6
/*dx:/ dx+/ dx
x2 —2x—8 x+2 x —4
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Integrals of Rational Functions

) x+1
Evaluate the mtegra// — dx.
x2 —2x —8

Solution: Step 1: Factor the denominator g(x) into irreducible polynomials: g(x) = x? — 2x — 8 = (x + 2)(x — 4)
Step 2: Find the partial fractions

x+1 A B Ax — 4A + Bx + 2B
X2 —2x—8 x+2 x—4  (x+2)(x—4)

Find the constants A and B by equating the coefficients of like powers of x in the two sides of the equation:

x+1=(A+B)x —4A+2B

Coefficients of the numerators: Multiply equation 1 by 4, then add
coefficients of x: A+B=1—1 the result to equation 2
constants: —4A+2B=1—2
4A+4B =4
By doing some calculation, we obtain A = % and —4A+2B =1
B=2% Thes, X
x+1 1/6 5/6 6B =5

2 —2x—8 x+2 x—4

Step 3: Integrate the result of step 2.

x+1 1/6 5/6 1 1 5 1
/*dx:/ dx+/ dx:7/ dx+7/
x2 —2x—8 x+2 x—4 6 x+2 6 x—4
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Integrals of Rational Functions

) x+1
Evaluate the mtegra// — dx.
x2 —2x —8

Solution: Step 1: Factor the denominator g(x) into irreducible polynomials: g(x) = x? — 2x — 8 = (x + 2)(x — 4)
Step 2: Find the partial fractions

x+1 A B Ax — 4A + Bx + 2B
X2 —2x—8 x+2 x—4  (x+2)(x—4)

Find the constants A and B by equating the coefficients of like powers of x in the two sides of the equation:

x+1=(A+B)x —4A+2B

Coefficients of the numerators: Multiply equation 1 by 4, then add
coefficients of x: A+B=1—1 the result to equation 2
constants: —4A+2B=1—2
4A+4B =4
By doing some calculation, we obtain A = % and —4A+2B =1
B=2% Thes, X
x+1 1/6 5/6 6B =5

2 —2x—8 x+2 x—4

Step 3: Integrate the result of step 2.

x+1 1/6 5/6 1 1 5 1 1 5
/*dx:/ dx+/ dx:7/ dx+7/ dx=—In|x+2|+=In| x—4| +c.
x2 —2x—8 x+2 x—4 6 .J x+2 6 x—4 6 6
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2x? — 25x — 33
————dx
(x +1)2(x — 5)

Evaluate the integral /
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Integrals of Rational Functions

2x2 — 25x — 33

Evaluate the integral / ————dx
(x +1)2(x — 5)

Solution: Step 1: can be skipped in this example.
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Integrals of Rational Functions

2x? — 25x — 33
————dx
(x +1)2(x — 5)

Evaluate the integral /

Solution: Step 1: can be skipped in this example.
Step 2:

22 —26x—33 A N B N c
(x+1)2(x —5) (x+1) (x+1)2 (x—5)
A(x + 1)(x — 5) B(x — 5) C(x+1)?

N (x +1)(x + 1)(x — 5) (x + 1)2(>< —5) (x —5)(x + 1)2
_A(X* —4x —5)+ B(x —5) + C(x* + 2x + 1)
B (x + 1)2(x — 5)
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Integrals of Rational Functions

2x2 — 25x — 33

Evaluate the integral / ————dx
(x +1)2(x — 5)

Solution: Step 1: can be skipped in this example.
Step 2:

22 —26x—33 A N B c
(x+12(x—5) (x+1) (x+1)2+(x75)
A(x + 1)(x — 5) B(x — 5) C(x+1)?

(x+1)(x+1)(x —5)  (x+1)2(x—5) (x—5)(x+1)2
A(x? — 4x — 5) + B(x — 5) + C(x® + 2x + 1)
(x +1)2(x — 5)

Coefficients of the numerators:

5X equation 2+ equation 3

.. 2
ff ts of x“: A+ C=2 1
coetticents of * - —25A 4+ 11C = —158 — 4
coefficients of x: —4A+B+2C=-25—>2 ) )

25X equation 1+ equation 4

tants: —5A—-5B+C=—

constants 5 5B + 33 -3 36C— —108 = C — —3
By solving the system of equations, we have A =5, B=1and C = —3.
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Integrals of Rational Functions

Step 3:

2x% — 25x — 33 -5
/7dx:/ dx + / +/
(x + 1)2(x — 5) x+1 (x+1)2 x—5
1
:5/ dx+/(x+1)7 dx—3/ dx
x+1 x—5

=5In|x+1| 7(x+1)_1 —3In|x—5]|+c /f(g(x)) g/(x) dx = F(g(x))+ ¢

1
=5In|x+1|—————3In|x—5]+c.

(x+1)
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Integrals of Rational Functions

x+1

Evaluate the integral | —————dx.
x(x2 + 1)

Solution: Step 1: can be skipped in this example.

Dr. M. Alghamdi MATH 104 October 5, 2022 41 / 41



Integrals of Rational Functions

x+1

Evaluate the integral | —————dx.
x(x2 + 1)

Solution: Step 1: can be skipped in this example.

Step 2:
x+1 A Bx+C  AC+A+BE+Cx
x(x2+1) T X x2 +1 B x(x2+1)
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Integrals of Rational Functions

x+1

Evaluate the integral | —————dx.
x(x2 + 1)

Solution: Step 1: can be skipped in this example.

Step 2:
x+1 A Bx+C AP+ A+ B+ Cx
x(x2+1) T X x2 +1 B x(x2+1) ’
Coefficients of the numerators:
We have
coefficients of X2 A+B=0—1
coefficients of x: C=1—2 A=1,B=—1 and C=1
constants: A=1—-3
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Integrals of Rational Functions

x+1

Evaluate the integral | —————dx.
x(x2 + 1)

Solution: Step 1: can be skipped in this example.
Step 2:

x+1 A Bx+C AP+ A+ B+ Cx

x(x2+1)7x x2 +1

Coefficients of the numerators:

coefficients of X2 A+B=0—1
coefficients of x: C=1—2
constants: A=1—-3

Step 3:

x+1 1
/7dx:/—dx+
x(x2 +1) x

1
:In|x\7—/
2

x d / 1 d
T x4+
x2+1 x2+1

x(x2 +1)

We have

A=1,B=—1 and C=1

—x+1

dx
x2+1

Ix

2x 1
7dx+/ dx
x2 +1 x2 +1

1.2 -1
:In|x\7gln(x +1)+tan” " x+c.
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