
Lecture 3: Spherical 
Harmonics	
  



Introduction-­‐‑a	


•  As  we  have  seen  the  general  differential  
equation:	


•  Can  be  solved  with  the  method  of  
separation  of  variables,  i.e.  by  considering  
a  solution  of  the  form:	
  

∇2 + k 2 −U (r){ }Ψ r( ) = 0,    k = const     (3.1)

Ψ r( ) = R r( )Y θ ,ϕ( )          (3.2)
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Introduction-­‐‑b	
  

•  The  differential  equation  (3.1)  splits  in  two  
simpler  equations	
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Note  that  the  angular  dependence  
is  common  to  all  problems  with  

spherical  symmetry.	




Solution  of  the  angular  equation  	
  

•  Try  to  consider  for  Eq.  3.3  a  solution  of  the  
separating  variable  form:	


•  Then  the  radial  equation  is  split  into  two  
equations:	
  

Y θ ,ϕ( ) =Θ θ( )Φ ϕ( )          (3.5)

d 2Φ

d 2φ
+µ 2Φ = 0     (3.7)
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The  associated  Legendre  equation  	
  

•  In  physical  problems  Eq.  3.7  has  single  valued  and  
periodical  solutions  only  if  m  =integer.  In  this  case  	


•  With  this  integer  value  of  µμ,  Eq.  (3.6)  takes  the  form:    	


Φm ∝exp imφ( )     (3.8)
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x = cosθ ,    u(x) =Θ θ( ),   λ=ℓ(ℓ+1)         (3.10)
The   choice   λ=l(l+1)   ensures   finite  
solutions   (i.e.   physically   accepted  
solutions)	




The  associated  Legendre  equation  	
  

	

•  This  is  the  so  called  associated  Legendre  equation  and  

has  as  its  solutions  the  associated  Legendre    functions.	

•  Thus  the  solutions  which  correspond  to  Eq.  (3.5)  will  be  

a  product  of  associated  Legendre  functions  times  the  
exponentials  of  the  form  e±imφ.  These  are  the  so  called  
spherical  harmonics.  	


•  The  name  comes  because  these  function  appear  when  we  
study  the  harmonic  oscillations  of  a  spherical  object  like  
a  spherical  membrane.	
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The spherical harmonics	



•  The spherical harmonics are defined as follows:!

Yl
m θ ,  φ( ) = ε

2l +1( )
4π

l − m( )!
l + m( )!

Pl
m cosθ( )eimφ         (3.5)

ε = −1( )
m

, m ≥ 0

1 m < 0
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Pl

m cosθ( ) the associated Legendre function !

The  factor  ε  is  called  Condon-­‐‑Shortley  
phase  and  is  used  to  introduce  an  

alternation  of  sign  among  the  positive  m  
spherical  harmonics.  	
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The spherical harmonics	



•  The spherical harmonics are normalized and orthogonal to 
each other:!

!
•  Any function f(θ, φ), defined on the surface of a sphere and 

is differentiable and continuous can be expanded in a series 
of spherical harmonics.	
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∞
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Aℓm = f θ ,  φ( )Yℓm∗ θ ,  φ( )
0

π
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0
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Εq.  (3.7)  is  known  
as  Laplace  series	




The spherical harmonics	
  
•  The spherical harmonics are eigenfunctions of 

the square angular momentum operator and of 
the angular momentum operator along the z-
direction!

l2Yl
m = !2l(l +1)Yl

m ,     lzYl
m = !mYl

m          (3.9)
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the first few spherical harmonics	
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Plots of the modulus squared of some 
spherical harmonics	
  



Plots of the modulus squared of some 
spherical harmonics	
  



Plots of the modulus squared of some 
spherical harmonics	
  



The  addition  theorem	
  

•  The  addition  theorem  
for  the  spherical  
harmonics  states  that:  	


Figure 1: The two vectors r⃗ and r⃗ ′ are denoted in this figure by x and x
′, respectively. The angle between

the two vectors is denoted by γ.

Note that if one sets ℓ = 1 in the addition theorem and employs P1(cos γ) = cos γ, then
the result coincides with eq. (21) (check this!). That is, the addition theorem generalizes
the geometric relation exhibited by eq. (21).

To prove the addition theorem, we first note that

−r2∇⃗2Pℓ(cos γ) = ℓ(ℓ+ 1)Pℓ(cos γ) . (22)

This result is justified by considering a coordinate system in which the z-axis is aligned
along r⃗ ′. In this coordinate system, γ is the polar angle of the vector r⃗. Noting that

Pℓ(cos γ) =

√

4π

2ℓ+ 1
Y 0
ℓ (γ, β) ,

where β is the corresponding azimuthal angle in the new coordinate system, it then follows
that eq. (22) is a consequence of eq. (15). However, ∇⃗2 is a scalar operator which is
invariant with respect to rigid rotations of the coordinate system. The length r is also
invariant with respect to rotations. Thus, eq. (22) must be true in the original coordinate
system as well!

By virtue of eq. (21), Pℓ(cos γ) can be viewed as a function of θ and φ (where θ′ and φ′

are held fixed). Thus, we can expand this function in a Laplace series,

Pℓ(cos γ) =
ℓ
∑

m=−ℓ

bm(θ
′,φ′)Y m

ℓ (θ,φ) , (23)

where the coefficients bm depend on the fixed parameters θ′ and φ′. Note that this Laplace
series is of the form given by eq. (19) as a result of eq. (22). We solve for the coefficients
bm in the usual way,

bm(θ
′,φ′) =

∫

Pℓ(cos γ)Y
m
ℓ (θ,φ)∗dΩ . (24)

Using eq. (21), we must evaluate

bm(θ
′,φ′) =

∫

Pℓ(cos θ cos θ
′ + sin θ sin θ′ cos(φ− φ′))Y m

ℓ (θ,φ)∗dΩ ,
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