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Chapter 3: Logarithmic and Exponential Functions

Main Contents

@ Natural logarithmic function.

@ Natural exponential function.

© General exponential and logarithmic function.

@ Main properties of exponential and logarithmic functions.

@ Differentiation and integration of exponential and logarithmic functions.

MATH 106 January 29, 2019 2/23



The Natural Logarithmic Function

In chapter 1, we found that [ x" dx = X:ll + c¢. If r = —1, does the previous rule hold?
The answer is no because the denominator will become zero. The task now is to find a

general antiderivative of the function %; meaning that we are looking for a function F(x)

such that F'(x) = L.

X
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The Natural Logarithmic Function

In chapter 1, we found that [ x" dx = Xr%l + c¢. If r = —1, does the previous rule hold?
The answer is no because the denominator will become zero. The task now is to find a

general antiderivative of the function %; meaning that we are looking for a function F(x)

such that F'(x) = L.

X

Consider the function f(t) = 1. It is continuous on the interval (0, +oc) and this implies
that the function is integrable on the interval [1,x]. Figure 3 shows the graph of the

function f(t) = % from t =1 to t = x where x > 0. The area of the region under the

graph can be expressed as
f(x) :/ 1 dx
1 t

R f(e) = 1/¢
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The natural logarithmic function is defined as follows:

In:(0,00) =R,

Inx:/ 1dt“
; t

for every x > 0.
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Definition

The natural logarithmic function is defined as follows:

In:(0,00) =R,
Inx:/ 1dt“
; t

Properties of the Natural Logarithmic Function
1) From the Definition .1, the domain of the function Inx is (0, c0).
2) The range of the function Inx is R as follows:

for every x > 0.

Inx>0 :x>1
y= Inx=0 :x=1
Inx<0 :0<x<1
To see this, let x = 1, then Inx = fll + dt =0. Now, since [} dt = — Xl 1 dt, then
for 0 < x < 1, the integral is the negative of the area of the region under f(t) = 1 from
t = x to x = 1. This means that In x is negative for 0 < x < 1 and positive for x > 1.
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3) The function Inx is differentiable and continuous on the domain. From the
fundamental theorem of calculus, we have

d d [*1 1
- I = - - - — .
X(nx) X/1 tdt X,Vx>0

Therefore, the function In x is increasing on the interval (0, co).

4) The second derivative %(In x) = =3 <0 for all x € (0,00). Therefore, the function
In x is concave downward on the interval (0, c0).

5) Rules of the natural logarithmic function:

Ifa,b> 0 and r € Q, then
@ hab=1Ina+Inb.
Q@ Ini=Ina—Inb.

©Q ha"=rlna.

6) lim Inx =00 and lim Inx = —o0.
X—00 x—0F
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To see this, the figure on the right

shows the region of f(t) = % from
t=1tot=x. Thearea A =

(1)(3) = . From Definition .1,
2
1
In2=/ ;dt>%= area of A.
1

Since Inx is increasing function,
then

Inx>|n2m:m|n2>ng€N

f(t) = 1/t

1
1/2 N

where if m is sufficiently large, x > 1 ) .
2™, This implies lim Inx > 7,
) X—> 00
then lim Inx = oo.
X—>00

Now, let u =1 as x — 0", u — co. Since x = 2 = Inx =In1 = —Inu. This implies
lim Inx = lim (=Inu)=— lim Inu= —o0.
x—0t X—00 X— 00
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From the previous properties, we have the graph of the function y = In x.

y

y=1In

iy
N
w
N

21

The graph of the function y = In x.
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We have found that

Hence,

Therefore,

Find the derivative of the function.
Q f(x)=In(x+1) Qf
@ g(x) = In(x*+2x — 1) Q¢
© h(x) =T 1 @ h
Q y(x)=Vinx Qv
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Solution:

o f(X) ><+1
Q g'(x)= X?jzjzl.
' % _x_
e h( ) m2\/@7 x2+1'
Q V()= 5755 = svms
Q '(x)= _C;"XX = —tan x.
eg() |nx+ 2"\‘/X;+gzlnzx7\;x2
o h/( )—COS (Inx)( )_ cos)((lnx).
e y(X) x+|nx(1+ )_X(%h%lx)
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. . . . _ 71
Find the derivative of the function y = ¢/577.

Solution:

We can solve this example using the derivative rules. However, for simplicity, we use the
natural logarithmic function.

By Taking the logarithm function of each side, we have

V1= o)
~+1"5 In|x —1| —In|x +1]).

In|yl|=In
By differentiating both sides with respect to x, we have
/ /
Lzl( 11 ) (Liny = 2
y 5\x—1 x+1 dx y

By multiplying both sides by y, we obtain
=G
Y75\t x+1/

N ,_1( 1 _ 1 )5x—1
Y T5\x-1 x+1/Vx+1
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Recall, £in|u|= ”—u' where u = g(x) is a differentiable function

sides, we have
/
/%dx:/dixlﬂu\ dx

=lIn|u]+c.

This can be stated as follows:

. By integrating both

/
/u—dx: In|u|+c
u

If u= x, we have the following special case

/ldx = In|x|+c
%
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Evaluate the integral.

6x° +1
o /4x3+2x+1

e

® /=
5 X Inx

4

° [ i

Q/tan x dx
Q/COtxdx
0/secxdx
Q/cscxdx

Solution:

1)/ 2x

x2+1

dx =In(x*+1)+¢
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Evaluate the integral.

e/tanxdx
9/4X3612_t<1_~_1dx Q/COtxdx
e/;xlnx e/secxdx
eflaﬁ Q/cscxdx

Solution:

1)/ 2x

2_|_1

dx =In(x*+1)+c.

2
)/ 6x* +1 dx:%/Mdx:%ln\4x3+2x—|—1\+c.

4x3 +2x+1 4x3 +2x+1
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Evaluate the integral.

Q/tan x dx
9/4X3612_t<1_~_1dx Q/COtxdx
e/;xlnx e/secxdx
eflaﬁ Q/cscxdx

Solution2
1)/ 21 dx =In(x*+1)+c.

2
)/ 6x* +1 dx:1/de:§ln\4x3+2x+1\+c.

4x3 +2x +1 2] 4x3 4 2x+1
1
3) Let u=Inx, then du = L dx. By substitution, we obtain /; du=In|u|.
By returning the evaluation to the initial variable x, we have / de = In(In x).
Hence,
¢ dx e
= |In(lnx)| =In(Ine) —In(In2) =In(1) = In(ln2) = — In{In 2).
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4) For / ﬁ let u =1+ +/x, then du = ﬁ dx. By substitution, we have

Z/Edu:2|n|u|.
u

By returning the evaluation to the initial variable x, we have
dx
————— =In| 1+ +/x|. Hence,
NN AR AL
4
dx 4
== =2[In [ 14+ Vx| | =2(In3 - In2).
| g 2 va ] = )
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4) For / ﬁ, let u =1+ /X, then du = ﬁ dx. By substitution, we have
Z/Edu:2|n|u|.
By rgturning the evaluation to the initial variable x, we have

dx =In |1+ /x|. Hence,

Vx (1++/x)
4 dX 4
/1 m:2[|n\1+\/>?|]1=2(|n3—|nz).

5) We know that tan x = "X Therefore,

cos x°

sin x —sin x
/tanxdx:/ dx:f/ dx
cos x cos x

=—In|cos x| +c=In|sec x| +c.

(sec x = 1)
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6)/cot XdX:/(;(_):ide:m‘Sin x|4+c=—In|csc x| +c
in x

(csc x = ﬁ)
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6)/cot def/COSXdX:In\sin x|+c=—In]|csc x| +c
X

(csc x = 4 X)

7)

/sec XdX:/sec x (sec x 4+ tan x) dx
(sec x +tan x)

sec? x + sec xtanx
= dx
sec x + tan x

=In|sec x+tan x| +c .
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6)/cot def/COSXdX:In\sin x|+c=—In]|csc x| +c
X

(csc x = 4 X)
7)
sec sec ta
/secxdx:/ x Xt nX)dx
(sec x +tan x)
/sec2 X + sec xtanx
= dx
sec x + tan x
=In|sec x+tan x| +c .
8)

csc x (csc x —cot x
/cscde:/ ( )dx

(csc x — cot x)

csc? x —csc x cot x
= dx
csc x — cot x

=In|csc x —cot x| +c.
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The Natural Exponential Function

Definition

The natural exponential
function is defined as follows:

exp: R — (0,00) ,

y=expx&iny =x

figureThe graph of the function y = e*.
Properties of the Natural Exponential Function

1) From the definition, the domain of the function exp x is R.
2) The range of the function exp x is (0, c0) as follows:

expx>1 x>0
y= expx=1 :x=0
expx<1l :x<0
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3) Usually, the symbol exp x is written as €, so exp (1) = e ~ 2.71828. From
Definition .2, we have Ine=1and Ine"=rlne=rV reQ.
4) The function €* is continuous and differentiable on the domain. From Definition .2,
we have

y=¢€e"=Iny=x

By differentiating both sides, we have

d y' ,
—Ihy==—=1=y =y.
dx y
Hence,
iex =e"Vx eR.
dx

Therefore, the function €* is increasing on the domain R.

o 2 . .
5) The second derivative 45 e* = e* > 0 for all x € R. Hence, the function €* is
concave upward on the domain R.

6) lim e =00 and lim e*=0.
X—00 X——00

7) Since € and Inx are inverse functions, then
Ine* =x, VxR,

In x

e"" =x, Vx € (0,00).
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8) Rules of the natural exponential function:

Ifa,b> 0 and r € Q, then

@ '’ =et

9 %_ a—b
e (ea)r:ear

Solve for x.
Q hx=2 Q (x—1)e "r=2
@ In(lnx)=0 Q xe?"* =38
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8) Rules of the natural exponential function:

Ifa,b> 0 and r € Q, then

0 eaeb _ ea+b

9 %_ a—b
e (ea)r:ear

Solve for x.
Q hx=2 Q (x—1)e "r=2
@ In(lnx)=0 Q xe?"* =38
Solution:

inx=2=e""=e?= x= ¢

(take exp of both sides)
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8) Rules of the natural exponential function:

Ifa,b> 0 and r € Q, then

0 eaeb _ ea+b

Solve for x.
Q hx=2 Q (x—1)e "r=2
@ In(lnx)=0 Q xe?"* =38
Solution:

inx=2=e""=e?= x= ¢

(take exp of both sides)
2) In(Inx) =0 = ") = e = Inx =1 = " =

el = x=e.
(take exp twice)
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3) (x — 1)efl"§ =2= (x—l)e'“(x_l)_1 =2 = (x —1)e"* = 2. This implies
x(x=1)=2=x"-x-2=0=(x+1)(x—2)=0=x=—1orx=2.

We have to ignore x = —1 since the domain of the natural logarithmic function is
(0,00).
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3) (x — 1)efl"§ =2= (x—l)e'“(x_l)_1 =2 = (x —1)e"* = 2. This implies
x(x=1)=2=x"-x-2=0=(x+1)(x—2)=0=x=—1orx=2.

We have to ignore x = —1 since the domain of the natural logarithmic function is
(0,0). 2
4) xe®’" =8 = xe" =8=x=8=x=2.

Simplify the expressions.
Q In(e¥¥) © (x+1)In(e?)
9 e% In x (4} e(Vx+2Inx)
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3) (x — 1)efl"§ =2= (x—l)e'“(x_l)_1 =2 = (x —1)e"* = 2. This implies
x(x=1)=2=x"-x-2=0=(x+1)(x—2)=0=x=—1orx=2.

We have to ignore x = —1 since the domain of the natural logarithmic function is
(0,0). 2
4) xe®’" =8 = xe" =8=x=8=x=2.

Simplify the expressions.

Q In(e¥) O (x+1)In(e?)

g e%lnx 0 e(\/;+2|"x)
Solution:

Q n(e¥V) =/x.
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3) (x — 1)efl"§ =2= (x—l)e'“(x_l)_1 =2 = (x —1)e"* = 2. This implies
x(x=1)=2=x"-x-2=0=(x+1)(x—2)=0=x=—1orx=2.

We have to ignore x = —1 since the domain of the natural logarithmic function is
(0,0). 2
4) xe®’" =8 = xe" =8=x=8=x=2.

Simplify the expressions.

@ In(e%) @ (x+1)In(e" )

9 e%lnx (4} e(Vx+2Inx)
Solution:

Q n(e¥V) =/x.

g e%lnx:elné/;:\’é/;'
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3) (x — 1)efl"§ =2= (x—l)e'“(x_l)_1 =2 = (x —1)e"* = 2. This implies
x(x=1)=2=x"-x-2=0=(x+1)(x—2)=0=x=—1orx=2.

We have to ignore x = —1 since the domain of the natural logarithmic function is
(0,0). 2
4) xe®’" =8 = xe" =8=x=8=x=2.

Simplify the expressions.

Q In(e¥) O (x+1)In(e?)
g e%lnx 0 e(\/;+2|"x)
Solution:
Q In(eV) = V&,
g e3|nX: In\:‘/;:\’b/)?'
Q (x+)In(e ) =Kx+1)(x-1)=x*-1.
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3) (x — 1)efl"§ =2= (x—l)e'“(x_l)_1 =2 = (x —1)e"* = 2. This implies
x(x=1)=2=x"-x-2=0=(x+1)(x—2)=0=x=—1orx=2.

We have to ignore x = —1 since the domain of the natural logarithmic function is
(0,0). 2
4) xe®’" =8 = xe" =8=x=8=x=2.

Simplify the expressions.

@ In(e%) @ (x+1)In(e" )

9 e%lnx (4} e(Vx+2Inx)
Solution:

Q n(e¥V) =/x.

g e%lnx:elné/;:\’é/;'

Q (x+)In(e ) =Kx+1)(x-1)=x*-1.

2
— eﬁelnx :X2e\/§_

e e(\/;+2 In x)

MATH 106 January 29, 2019 18 / 23



Definition (The general exponential function) :
It has the form a* where a > 0 and a # 1.

Note : a¥ = e¥'"2

Derivative of the general exponential function :

) a3 =3a"Ina.
dx

y 929 — S () Ina

dx
Integration :
) fa Ina

) faf(x)f/(x) _ a
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Definition (The general logarithmic function) : The general
logarithmic function of base a where a > 0 and a # 1 is denoted by log_ x
and it is the inverse function of the general exponential function a* .
Notes :

log,x =y & a =x.

— Inx
log, x = ing -
Notations :
log x = logqg X .

Inx = log, x .

Derivative of the general logarithmic function :

d
= log, x| = %ﬁ

d% log,, |[f(x)[ = f(x) In

[}
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Find the value of x if logy x =3 7.
logyx =3 x=23=8.

Find the value of a if log,125 =37
log,125 =3 125 = a3 < a= V/125=5 .

Find the value of x if 2log x| = log2 + log |3x — 4| 7 .
2log |x| = log2 + log |3x — 4| = log x? = log [2(3x — 4)|
=x2=238x-4)=x>=6x—-8=x>-6x+8=0
(x—4)(x—2)=0=x=4orx =2

Find y' if 2x =4Y ?

2 1
Differentiate both sides : 2 =4y’ In4 = y' = ind |2X|2n4 = XInd
Another way : 2x =4 = In|2x| =In4 = yInd = y = nl\:
n
1 2 1
Hence y' =~ = ——
encey In42x  xIn4
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Find f/(x) if f(x) = 7V% 2.
f'(x) = 7\3/’?%x%2 In7.

Find f/(x) if f(x) = 73 ?
f'(x) =7¥@3) Inm =37*InT .

Find y' if y = (sinx)™ ?
y = (sinx)* = Iny =In(sinx)* = xIn|sin x|
/

: . . _ cos x )
Differentiate both sides : 2~ = In |'sin x| + x—— = In|sin x| + x cot x
sin x

y' = y[In|sin x| + x cot x] = (sin x)* [In | sin x| + x cot x]

Find y/ if y = (14 x> 2

y=(1+ X2)2X+1 =Iny=In(1+ x2)2X+1 = (2x + 1) In(1 + x?)
Differentiate both sides : y7/ =2In(1 +x3) + (2x + 1) 133(2
y =y [2In(1 +x2) + 2x(2x+1)]

1+x2
(1+ x2)2x+1 [2 In(1 + x?) +

2x(2x + 1)
1+ x2
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3
) fx26"3 = 3|:,1166’(3(3x2)ln6 = 36|W +c.

_ 1 25In2 _ In(241)
) f2x+1 = M2+ — m2  TC-

3— cot x

) f 3;:20:( |n133_ cotx g2 x|n3 = s +c
D f2x|nx(1+|n‘x|)_ |n122X|nX(1+|n’X’)|n2— 2|><n|r12x .
) f4X54X In4 |n554 4%In4 In5 = |n4 n5 +c

) f3x 1+ sin3%) = (3% + 3¥sin 3¥) = 3% + 3%sin 3%
= 55 [3In3+ L [sin(3)3¥In3 = 35 — <=3 4 ¢
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