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Line and Plane Surfaces

Equation of a Line

Equation of the line l through the point P < x1, y1, z1 > is parallel to
vector a =< a1, a2, a3 > is
Parametric Form
x = x1 + a1t
y = y1 + a2t
z = z1 + a3t, t ∈ R.
Symmetric Form
x−x1

a1
= y−y1

a2
= z−z1

a3
= t, t ∈ R.

Orthogonal and Parallel lines

Let a and b be direction vectors for lines l1 and l2,
(1) l1 and l2 are orthogonal if a.b = 0, and
(2) l1 and l2 are parallel if a = kb, where k is scalar or
a1
b1

= a2
b2

= a3
b3

= k.
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Examples
(1) Find parametric equation for the line l through P1(3, 1,−2) and
P2(−2, 7,−4) passing point P1(3, 1,−2) or P2(−2, 7,−4) and parallel to

vector
−−−→
P1P2

(2) Let lines l1 and l2 have respective parametrizations
l1: x = −2 + 3t, y = 5− 4t, z = 1 + 2t, where t ∈ R
l2: x = 1− v, y = 3− 2v, z = −4− 3v, where v ∈ R. Find point of
intersaction P .
(3) Determine whether the lines
l1: x = 4− 2t, y = 1 + 4t, z = 3 + 10t
l2: x = v, y = 6− 2v, z = 1/2− 5v are parallel.
(4) Determine whether the lines
l1: x = −6− t, y = 10 + 3t, z = 3 + 2t
l2: x = 3 + 2v, y = −5− 4v, z = −1 + 7v are orthogonal.

Dr. Bandar Al-Mohsin MATH107 Vectors and Matrices
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Equation of a plane

Let P1 < x1, y1, z1 > lies on the plane and a non-zero vector
a =< a1, a2, a3 > is normal to the plane. Let P < x, y, z > be any point

in the plane, then
−−→
P1P =< x− x1, y − y1, z − z1 >. Now

a.
−−→
P1P = 0

< a1, a2, a3 > . < x− x1, y − y1, z − z1 >= 0

a1(x− x1) + a2(y − y1) + a3(z − z1) = 0

is equation of the plane.
Linear equation of plane is ax + by + cz + d = 0, with the normal vector
n is < a, b, c >
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Notes

Note 1 Distance from a point P (x0, y0, z0) to the plane
ax + by + cz + d = 0 is

h =
|ax0 + by0 + cz0 + d|√

a2 + b2 + c2

Note 2 Shortest distance d between two lines l1 and l2 is

d =
1

‖
−−−→
P1Q1 ×

−−−→
P2Q2‖

|(
−−−→
P1Q1 ×

−−−→
P2Q2).

−−−→
P1P2|

Note 3 Planes P1 and P2 are orthogonal if n1.n2 = 0.
Note 4 Planes P1 and P2 are parallel if n1 = kn2.
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Cylinder

Let C be a curve in a plane, let l be a line that is not in a parallel plane.
The set of pionts on all lines that are parallel to l and intersect C is a
cylinder

Figure: (a) Right circular cylinder (the directrix is closed curve), (b) Cylinder
(the directrix is not closed curve)
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Example 2: Graph y = 2x− 3 in R2 and R3.
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Example 2: Graph y = 2x− 3 in R2 and R3.
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Quadric surface

The graph of a second-degree equation in x, y and z

Ax2 + By2 + Cz2 + Dxy + Exz + Fyx + Gx + Hy + Iz + j = 0

is a quadric surface.
There are three types of quadric surfaces:
1- ellipsoid
2- hyperboloids.
3- paraboloids.
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Ellipsoid

x2

a2
+

y2

b2
+

z2

c2
= 1
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Hyperboloid of one Sheet

x2

a2
+

y2

b2
− z2

c2
= 1
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Hyperboloid of Two Sheets

−x2

a2
− y2

b2
+

z2

c2
= 1
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Example 1 Let a surface be 36x2 + 16y2 + 9z2 = 144.
(1) Write the name of the surface.
(2) write the names and the equation of traces of the surface on the
coordinate palnes.
(3) Shetch the surface.
Example 2 Let a surface be 16x2 − 9y2 + 36z2 = 144.
(1) Write the name of the surface.
(2) write the names and the equation of traces of the surface on the
coordinate palnes.
(3) Shetch the surface.
Example 3 Let a surface be 3x2 − 4y2 − z2 = 12.
(1) Write the name of the surface.
(2) write the names and the equation of traces of the surface on the
coordinate palnes.
(3) Shetch the surface.
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Example 1
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Example 2
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Example 3
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Cone

x2

a2
+

y2

b2
− z2

c2
= 0
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Paraboloid

x2

a2
+

y2

b2
= cz
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Hyperbolic paraboloid

x2

a2
− y2

b2
= cz
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Example 4 Name of the surface x2

9 + y2

4 −
z2

4 = 0, describe the traces,
sketch the graph.
Example 5 Identify y = x2 + z2, sketch the graph.
Example 6 Identify y = x2 − z2, sketch the graph.
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