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Cross Product

Definition

The cross product of two vectors a = 〈a1, a2, a3〉 and b = 〈b1, b2, b3〉 is
the vector

a× b = (‖a‖ . ‖b‖ sin(θ))n,

where n is the unit vector of a× b.
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Cross Product

We also can define the cross product as follows:

a× b =

∣∣∣∣∣∣
i j k
a1 a2 a3
b1 b2 b3

∣∣∣∣∣∣ .
Note(1):: a and b are parallel if a× b = 0;
Note(3): a and b is orthogonal if a.b = 0;
Note(2): a× b is orthognal to a and b so

(a× b).a = 0, and (a× b).b = 0

Note That:

j× k = i k× j = −i
k× i = j i× k = −j
i× j = k j× i = −k
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Cross Product

The area of parallelogram with edges a and b is:
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Cross Product

Distance d from a point P to a line QP ′ is

d = ‖QP‖ sin(θ) =
‖QP × QP ′‖
‖QP ′‖
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Cross Product

The volume of parallelpip is

v = (‖a× b‖).(‖c‖ cos(θ)) = = |(a× b).c |.

Example: Find the volume of a box having adjcent sides AB,AC and AD,
where A(2, 1,−1),B(3, 0, 2),C (4,−2, 1),D(5,−3, 0).

Solution: a =
−→
AB = 〈1,−1, 3〉, b =

−→
AC = 〈2,−3, 2〉 and

c =
−→
AD = 〈3,−4, 1〉 Now the volume is

v = |(a× b).c | =

∣∣∣∣∣∣
1 −1 3
2 −3 2
3 −4 1

∣∣∣∣∣∣ = 4.
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Equation of a Line

Let ` be a line through a point P(x1, y1, z1) and parallel to a vector
a = 〈a1, a2, a3〉 is:

Parametric Form:

x = x1 + a1t

y = y1 + a2t

z = z1 + a3t, t ∈ R.

Symmetric Form:

x − x1
a1

=
y − y1
a2

=
z − z1
a3

= t, t ∈ R.

Q(1): Find equation of a line passing point P(2, 3, 5) and parallel to
a = i + 2j + 3k .
Q(2): Find equation of line passing through P1(2, 3,−4) and
P2(−2,−3, 4).
Q(3): If ` has parametric equations x = 5− 3t, y = −2 + t, z = 1 + 9t,
find parametric equation for the line through P(−6, 4,−3) and parallel to
`.
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Orthogonal and Parallel Lines

Let a and b be direction vectors for lines `1 and `2.

`1 and `2 are orthogonal if a.b = 0;

`1 and `2 are parallel if:
1 a = kb, where k ∈ R; or
2 a× b = 0; or
3

a1
b1

=
a2
b2

=
a3
b3
.

Q(1): Determine whether the lines:

`1 : x = 4− 2t, y = 1 + 4t, z = 3 + 10t,

`2 : x = v , y = 6− 2v , z =
1

2
− 5v

are parallel.
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`1 and `2 are parallel if:
1 a = kb, where k ∈ R; or
2 a× b = 0;

or
3

a1
b1

=
a2
b2

=
a3
b3
.

Q(1): Determine whether the lines:

`1 : x = 4− 2t, y = 1 + 4t, z = 3 + 10t,

`2 : x = v , y = 6− 2v , z =
1

2
− 5v

are parallel.
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Orthogonal and Parallel Lines

Q(2): Determine whether the lines:

`1 : x = −6− t, y = 10 + 3t, z = 3 + 2t,

`2 : x = 3 + 2v , y = −5− 4v , z = −1 + 7v

are orthognal.

Q(3): Determine whether the lines:

`1 : x = 1− 6t, y = 3 + 2t, z = 1− 2t,

`2 : x = 2 + 2v , y = 6 + v , z = 2 + v

intersect, and if so, find the point of intersection.
Q(4): Find the angle between `1 and 2:

`1 : x = 4− 2t, y = 1 + 4t, z = 3 + 10t,

`2 : x = v , y = 6− 2v , z ==
1

2
− 5v

‘
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