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when the population has a heavy right tail. For example, when estimating
parameters for the normal distribution, the sample mean and variance are
sufficient.> However, when estimating parameters for a Pareto distribution,
it is important to know all the extreme observations in order to successfully
estimate a. Another drawback of these methods is that they require that all
the observations are from the same random variable. Otherwise, it is not clear
what to use for the population moments or percentiles. For example, if half
the observations have a deductible of 50 and half have a deductible of 100,
it is not clear to what the sample mean should be equated.* Finally, these
methods allow the analyst to make arbitrary decisions regarding the moments
or percentiles to use. )

There are a variety of estimators that use the individual data points. All
of them are implemented by setting an objective function and then determin-
ing the parameter values that optimize that function. For example, we could
estimate parameters by minimizing the maximum difference between the dis-
tribution function for the parametric model and the distribution function for
the Nelson—Aalen estimate. Of the many possibilities, the only one used here
is the maximum likelihood estimator. The general form of this estimator is
presented in this introduction. This is followed with useful special cases.

To define the maximum likelihood estimator, let the data set consist of n
events Ay, ..., A,, where A; is whatever was observed for the jth observation.

- For example, A; may consist of a single point or an interval. The latter arises

with grouped data or when there is censoring. For example, when there is
censoring at u and a censored observation is observed, the observed event
is the interval from u to infinity. Further assume that the event A; results
from observing the random variable X j- The random variables X1,..., X,
need not have the same probability distribution, but their distributions must
depend on the same parameter vector, 8. In addition, the random variables
are assumed to be independent.

Definition 12.6 The likelihood function is

L(B) = InIPI'(XJ [S A_’Ile)

j=1

and the mazimum likelihood estimate of 0 is the vector that mazimizes
the likelihood function.’

3This applies both in the formal statistical definition of sufficiency (not covered here) and
in the conventional sense. If the population has a normal distribution, the sample mean
and variance convey as much information as the original observations.

1One way to rectify that drawback is to first determine a data-dependent model such as
the Kaplan-Meier estimate. Then use percentiles or moments from that model.

3Some authors write the likelihood function as L(B|x), where the vector x represents the ob-
served data. Because observed data can take many forms, the dependence of the likelihood
function on the data is suppressed in the notation.
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There is no guarantee that the function has a maximum at eligiblg para-
meter values. It is possible that as various parameters become zero or infinite
the likelihood function will continue to increase. Care must be taken when
maximizing this function because there may be local maxima in ad.di‘.cion to
the global maximum. Often, it is not possible to analytically maximize .the
likelihood function (by setting partial derivatives equal to zero). Numerical
approaches, such as those outlined in Appendix F, will usually be needed. .

Because the observations are assumed to be independent, the product in
the definition represents the joint probability Pr(X; € Ai,...,Xn € Anl0),
that is, the likelihood function is the probability of obtaining the sample
results that were obtained, given a particular parameter value. The estimate
is then the parameter value that produces the model under which the ‘actual
observations are most likely to be observed. One of the major attractions of
this estimator is that it is almost always available. That is, if you can write an
expression for the desired probabilities, you can execute this method. If you
cannot write and evaluate an expression for probabilities using your model,
there is no point in postulating that model in the first place because you will
not be able to use it to solve your problem.

Example 12.7 Suppose the data in Data Set B were censored at 25'0. pe~
termine the mazimum likelihood estimate of 0 for an exponential distribution.

The first seven data points are uncensored. For them, the set A; contains
the single point equal to the observation z;. When’ calculating the h’_kelihood
function for a single point for a continuous model, it is necessary to interpret
Pr(X; = z;) = f(z;). That is, the density function should be used. Thus the
first seven terms of the product are

f(27)f(82) . f(243) —_ 6—16—-27/99‘16—82/9 - 9—16—243/9 — 9_76_909/0.

For the final 13 terms, the set A; is the intf)rval from 250 to infinity and
therefore Pr(X; € 4;) = Pr(X; > 250) = e~250/0 There are 13 such factors
making the likelihood function

L(@) — 9—76——909/9(6—250/0)13 — 9_78“4’159/9.
It is easier to maximize the logarithm of the likelihood function. Because it

occurs so often, we denote the loglikelihood function as [(8) = In L(6).
Then

() = —Tln6—4,15907",
() = —710714+4,15967% =0,
6 = 4—},;_519 = 594.14.

In this case, the calculus technique of setting the first derivative equal to zero
is easy to do. Also, evaluating the second derivative at this solution produces
a negative number, verifying that this solution is a maximum. D




340 PARAMETER ESTIMATION

12.2.2 Complete, individual data

When there is no truncation, and no censoring and the value of each observa-
tion is recorded, it is easy to write the loglikelihood function.
n n
L®) = [] fx,(=510), u8) = > In fx,(z;10).
j=1 j=1
The notation indicates that it is not necessary for each observation to come
from the same distribution.

Example 12.8 Using Data Set B determine the mazimum likelihood esti-
mates for an ezponential distribution, for a gamma distribution where « is

known to equal 2, and for a gamma distribution where both parameters are
unknown.

For the exponential distribution, the general solution is

n

00) = Y (-lnb-2;67") = —nlng —nzo?,

Jj=1

') = —-nf0™' +nz02 =0,
nf- = niI,
b = =z

For Data Set B, § = 7 = 1,424.4. The value of the loglikelihood function is
—165.23. For this situation the method-of-moments and maximum likelihood
estimates are identical.

For the gamma distribution with o = 2,
f(zlf) = “———ee =g 2e3/0
Inf(z|f) = Inz—2Inf—zo?

3

0) = > Inz;—2nInf—nzo?,

=1
') = —2n0"'+nzo"%=0,
b = 1z

For Data Set B, § = 1,424.4/2 = 712.2 and the value of the loglikelihood func-

tion is —179.98. Again, this estimate is the same as the method of moments
estimate.

For the gamma distribution with unknown parameters the equation is not
as simple.

: a—1 ,—z/6
f(.’L‘!Gf,e) = m_I‘(C—SF_’

Inf(zla,0) = (a—1)lnz—z6™! —InT(e) ~alnd.
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The partial derivative with respect to o requires the derivative of the gamma
function. The resulting equation cannot be solved analytically. Using numer-
ical methods, the estimates are & = 0.55616 and 8 = 2 561.1 and the value
of the loglikelihood function is —162.29. These do not match the method-of-
moments estimates. O

12.2.3 Complete, grouped data

When data are complete and grouped, the observations may be summarized
as follows. Begin with a set of numbers ¢y < ¢1 < --- < ¢, where cp is the
smallest possible observation (often zero) and ¢, is the largest possible obser-
vation (often infinity). From the sample, let n; be the number of observations
in the interval (c;_1,c¢;]. For such data, the likelihood function is

k
L(0) = H[F (c;10) — F(c;_110)]"™
and its logarithm is
&
U8) = nsIn[F(c;10) — Fcj-6)].

Example 12.9 From Data Set C, determine the mazimum likelihood esti-
mate for an exponential distribution.

The loglikelihood function is

1(0) = 99In[F(7,500) — F(0)] + 42In[F(17,500) — F(7,500)] + - - -
+31n[1 — £(300,000))]
= 99In(1 — e~ T800/8) | 49 n(e=T500/6 _ o=17.500/6) 4 ..
43 1n ¢—300,000/6

A numerical routine is needed to produce § = 29,721 and the value of the
loglikelihood function is —406.03. O

12.2.4 Truncated or censored data

When data are censored, there is no additional complication. As noted in
Example 12.7, right censoring simply creates an interval running from the
censoring point to infinity. In that example, data below the censoring point
were individual data, and so the likelihood function contains both density and
distribution function terms.

Truncated data present more of a challenge. There are two ways to pro-
ceed. One is to shift the data by subtracting the truncation point from each
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observation. The other is to accept the fact that there is no information
about values below the truncation point but then attempt to fit a model for
the original population.

Example 12.10 Assume the values in Data Set B had been truncated from
below at 200. Using both methods, estimate the value of & for a Pareto dis-
tribution with 8 = 800 known. Then use the model to estimate the cost per
payment with deductibles of 0, 200, and 400.

Using the shifting approach, the values become 43, 94, 140, 184, 257, 480,
655, 677, 774, 993, 1,140, 1,684, 2,358, and 15,543. The likelihood function is

800“)
L) = H L (800 + z;)a+1"
14
la) . = ) [na+aln800 — (a+ 1)In(z; + 800)]
j=1
141n o + 93.5846 — 103.969(cx + 1)
= l4lna —103.969 — 10.384a,
U'la) = 14a7'—10.384,
14
A= = 2.
& 10381 1.348

Because the data have been shifted, it is not possible to estimate the cost with
no deductible. With a deductible of 200, the expected cost is the expected
value of the estimated Pareto distribution, 800/0.3482 = 2,298. Raising the
deductible to 400 is equivalent to imposing a deductible of 200 on the modeled
distribution. From Theorem 5.13, the expected cost per payment is

800 800 3482
E(X) — E(X A200) _ 0.3482 (200 + 800) _ 1000 oy
1 — F(200) 800 1.3482 0.3482 77
(200 + 800)

For the unshifted approach we need to ask the key question required when
constructing the likelihood function. That is, what is the probability of ob-
serving each value knowing that values under 200 are omitted from the data
set? This becomes a conditional probability and therefore the likelihood func-

me_mm
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tion is (where the z; values are now the original values)

T flle) ﬁ (800%) / < 800 )"‘]
L) = i+ 1— F(200]a) ""jzl (800 + z;)e+1 / \ 800 + 200
B _a(1,000%)
N H L (800 + xj)tt’
14
(@) = l4lna+14aln1,000— (o +1)»  In(800+ z;),
Jj=1
= 14lna + 96.709c — (o + 1)105.810,
I'(a) = 1l4a~'-9.101,
& = 1.5383.

This model is for losses with no deductible, and therefore the expected cost
without a deductible is 800/0.5383 = 1,486. Imposing deductibles of 200 and
400 produces the following results:

E(X) — E(X A 200) 1,000

=1,858,
1 — F(200) 0.5383

E(X) — E(X A 400) 1200 ) 009
1 — F(400) 0.5383 0

It should now be clear that the contribution to the likelihood function can
be written for most any observation. The following two steps summarize the
process:

1. For the numerator, use f(z) if the exact value, z, of the observation is
known. If it is only known that the observation is between y and z, use

F(z) - F(y)-

2. For the denominator, let d be the truncation point (use zero if there is
no truncation). The denominator is then 1 — F(d).

Example 12.11 Determine Pareto and gamma models for the time to death
for Data Set D2.

Table 12.3 shows how the likelihood function is constructed for these values.
For deaths, the time is known and so the exact value of x is available. For
surrenders or those reaching time 5, the observation is censored and therefore
death is known to be some time in the interval from the surrender time, y, to
infinity. In the table, z = oo is not noted because all interval observations end
at infinity. The likelihood function must be maximized numerically. For ’.che
Pareto distribution there is no solution. The likelihood function keeps getting
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Table 12.3  Likelihood function for Example 12.11

Obs. =z,y d L Obs. T,y d L

1 y=01 0 1-F(0.1)]| 16 z=48 0 f(48)

2 y=05 0 1-F(05)]| 17 y=48 0 1-—F(48)
3 y=08 0 1-F(08)| 18 y=48 0 1-—F(48)
4 z=08 0 f(0.8) 1930 y=50 0 1-F(5.0)
5 y=18 0 1-F(18)| 31 y=50 03 =509

6 y=18 0 1-F(1.8)| 32 y=50 07 &3
T y=21 0 1-F(21)| 33 e=41 10 L

8 y=25 0 1-F(25)| 34 z=31 18 L&

9 y=28 0 1-F(28)| 35 y=39 21 =£G2)
10 z=29 0 f(29) 36 y=50 29 =F&I
11 z=29 0 f(29) 37 y=48 29 5o
12 y=39 0 1-F39)| 38 =40 32 L83
13 =40 0 f(4.0) 39 y=50 34 =£i3
14 y=40 0 1-F(40)| 40 y=50 39 {=E&3
15 y=41 0 1-F(41)

larger as o and 0 get larger.5 For the gamma distribution the maximum is at
& = 2.617 and 8 = 3.311. W]

Discrete data present no additional problems.

Example 12.12 For Data Set A, assume that the seven drivers with five
or more accidents all had ezactly five accidents. Determine the mazimum
likelihood estimate for a Poisson distribution and for a binomial distribution
with m = 8.

In general, for a discrete distribution with complete data, the likelihood
function is

o
L(8) = [ [ Ip(z;10)]™,
j=1
where z; is one of the observed values, p(z;|0) is the probability of observing
zj, and ng is the number of times z was observed in the sample. For the

8For a Pareto distribution, the limit as the parameters o and 8 become infinite with the ratio
being held constant is an exponential distribution. Thus, for this example, the exponential
distribution is a better model (as measured by the likelihood function) than any Pareto
model.
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Poisson distribution

oo e,.,\)\q; Ny o e—n;,,.)\)\l‘nz
L) = H(———m! ) =H———($!)M :

=0 z=0

oo 00
A = Z(“nm/\+$nxlnA—nwlnﬂ3!) = —m\«l—n:?:ln)\—anlnz!,
4 z=0 =0
y - ™
'y = -n+ 3 ,

N = z

For the binomial distribution

o = f1[()re-om] - T 5t

=0 =0
() = Z[nmlnm!+mnz1nq+(m~m)nzln(1—q)]
z=0
m
—Z[nzlna:!—{—nxln(m——x)!],
z==0
m — -
, _ in_z_(m~:v)nm:@~mn—nm=0
N z
= —.

For this problem, Z = [81,714(0) + 11,306(1) + 1,618(2) + 250(3) + 40(4) +
7(5)]/94,935 = 0.16313. Therefore, for the Poisson distribution A = 0.16313,
and for the binomial distribution § = 0.16313/8 = 0.02039. O

In Exercise 12.25 you are asked to estimate the Poisson parameter when
the actual values for those with five or more accidents are not known.

12.2.5 Exercises

12.20 Repeat Example 12.8 using the inverse exponential, inverse gamma
with a = 2, and inverse gamma distributions. Compare your estimates with
the method-of-moments estimates.

12.21 From Data Set C, determine the maximum likelihood estimates for
gamma, inverse exponential, and inverse gamma distributions.

12.22 Determine maximum likelihood estimates for Data Set B using the
inverse exponential, gamma, and inverse gamma distributions. Assume the
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Table 12.4 Data for Exercise 12.27

Age last observed Cause
1.7 Death
1.5 Censoring
2.6 Censoring
3.3 Death
3.5 Censoring

data have been censored at 250 and then compare your answers to those
obtained in Example 12.8 and Exercise 12.20.

12.23 Repeat Example 12.10 using a Pareto distribution with both parame-
ters unknown.

12.24 Repeat Example 12.11, this time finding the distribution of the time
to surrender.

12.25 Repeat Example 12.12, but this time assume that the actual values for
the seven drivers who have five or more accidents are unknown. Note that
t}lis is a case of censoring.

12.26 (*) Lives are observed in order to estimate gs5. Ten lives are first
observed at age 35.4 and 6 die prior to age 36 while the other 4 survive to age
36. An additional 20 lives are first observed at age 35 and 8 die prior to age
36 with the other 12 surviving to age 36. Determine the maximum likelihood
estimate of gs5 given that the time to death from age 35 has density function
f(t) =w, 0 <t <1, with f(¢) unspecified for ¢ > 1.

12.27 (*) The model has hazard rate function h(t) = A1, 0 <t < 2, and
h(t) = As, t > 2. Five items are observed from age zero, with the results in
Table 12.4. Determine the maximum likelihood estimates of A1 and As.

12.28 (*) Your goal is to estimate g,. The time to death for a person age
z has a constant density function. In a mortality study, 10 lives were first
observed at age z. Of them, 1 died and 1 was removed from observation alive
at age z + 0.5. Determine the maximum likelihood estimate of G-

12.29 (*) Ten lives are subject to the survival function

£\ /2
S(t):(l—};> , 0<t <k,

where ¢ is time since birth. There are 10 lives observed from birth. At time 10,
2 of the lives die and the other 8 are withdrawn from observation. Determine
the maximum likelihood estimate of k.
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12.30 (*) Five hundred losses are observed. Five of the losses are 1,100,
3,200, 3,300, 3,500, and 3,900. All that is known about the other 495 losses
is that they exceed 4,000. Determine the maximum likelihood estimate of the
mean of an exponential model.

12.31 (*) One hundred people are observed at age 35. Of them, 15 leave
the study at age 35.6, 10 die sometime between ages 35 and 35.6, and 3 die
sometime after age 35.6 but before age 36. The remaining 72 people survive
to age 36. Determine the product-limit estimate of gz5 and the maximum
likelihood estimate of gs5. For the latter, assume the time to death is uniform
between ages 35 and 36.

12.32 (*) The survival function is S(t) = 1 — t/w, 0 < t < w. Five claims
were studied in order to estimate the distribution of the time from reporting
to settlement. After five years, four of the claims were settled, the times
being 1, 3, 4, and 4. Actuary X then estimates w using maximum likelihood.
Actuary Y prefers to wait until all claims are settled. The fifth claim is settled
after six years, at which time actuary Y estimates w by maximum likelihood.
Determine the two estimates.

12.33 (*) Four automobile engines were first observed when they were three i
years old. They were then observed for r additional years. By that time three
of the engines had failed, with the failure ages being 4, 5, and 7. The fourth
engine was still working at age 3 + r. The survival. function has the uniform
distribution on the interval 0 to w. The maximum likelihood estimate of w is
13.67. Determine r.

12.34 (*) Ten claims were observed. The values of seven of them (in thou-
sands) were 3, 7, 8, 12, 12, 13, and 14. The remaining three claims were all
censored at 15. The proposed model has a hazard rate function given by

AL, 0<t<b,
h(t) = /\25 5 S t< 101
Az, t2>10.

Determine the maximum likelihood estimates of the three parameters.

12.35 (*) You are given the five observations 521, 658, 702, 819, and 1,217.
Your model is the single-parameter Pareto distribution with distribution func-
tion o

Flz)=1- <%> , £>500,a>0.

Determine the maximum likelihocod estimate of a.

12.36 (*) You have observed the following five claim severities: 11.0, 15.2,
18.0, 21.0, and 25.8. Determine the maximum likelihood estimate of y for the
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following model:

f(z)= \/-El-ﬁexp [—'2-15(:3—#)2] , o, 1> 0.

12.37 (*) A random sample of size 5 is taken from a Weibull distribution
with 7 = 2. Two of the sample observations are known to exceed 50 and the
three remaining observations are 20, 30, and 45. Determine the maximum
likelihood estimate of 6.

12.38 (*) Phil and Sylvia are competitors in the light bulb business. Sylvia
advertises that her light bulbs burn twice as long as Phil’s. You were able
to test 20 of Phil’s bulbs and 10 of Sylvia’s. You assumed that both of their
bulbs have an exponential distribution with time measured in hours. You have
separately estimated the parameters as 8p = 1,000 and g = 1,500 for Phil
and Sylvia respectively, using maximum likelihood. Using all 30 observations,
determine 9*, the maximum likelihood estimate of #p restricted by Sylvia’s
claim that 8g = 20p.

12.39 (*) A sample of 100 losses revealed that 62 were below 1,000 and
38 were above 1,000. An exponential distribution with mean  is considered.
Using only the given information, determine the maximum likelihood estimate
of . Now suppose you are also given that the 62 losses that were below 1,000
totalled 28,140 while the total for the 38 above 1,000 remains unknown. Using
this additional information, determine the maximum likelihood estimate of 6.

12.40 (*) The following values were calculated from a random sample of 10

losses:

0 272 =0.00033674, S0, z7t = 0.023999,
j=1"7 j=1"j

S0 27085 = 0.34445, 10 405 = 488.97

J=1j j=1"]
Yooy z; = 31,939, S0, @2 = 211,498,983.

Losses come from a Weibull distribution with 7 = 0.5 [so F(z) = 1—e~©/ 9%
Determine the maximum likelihood estimate of 8.

12.41 (*) For claims reported in 1997, the number settled in 1997 (year 0)
was unknown, the number settled in 1998 (year 1) was 3, and the number
settled in 1999 (year 2) was 1. The number settled after 1999 is unknown.
For claims reported in 1998 there were 5 settled in year 0, 2 settled in year 1,
and the number settled after year 1 is unknown. For claims reported in 1999
there were 4 settled in year 0 and the number settled after year 0 is unknown.
Let N be the year in which a randomly selected claim is settled and assume
that it has probability function Pr(N =n) =p, = (1 —-p)p", n=0,1,2,....
Determine the maximum likelihood estimate of p.
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12.42 (*) A sample of n independent observations z1,...,Z, came from a
distribution with a pdf of f(z) = 20z exp(—60z2%), = > 0. Determine the
maximum likelihood estimator (mle) of .

12.43 (*) Let z1,...,7, be a random sample from a population with cdf
F(z) = 2P, 0 < z < 1. Determine the mle of p.

12.44 A random sample of 10 claims obtained from a gamma distribution is
given below:

1,500 6,000 3,500 3,800 1,800 5,500 4,800 4,200 3,900 3,000

(a) (*) Suppose it is known that a = 12. Determine the maximum
likelihood estimate of 6.

(b) Determine the maximum likelihood estimates of « and 6.

12.45 A random sample of five claims from a lognormal distribution is given
below:

500 1,000 1,500 2,500 4,500

Estimate p and ¢ by maximum likelihood. Estimate the probability that
a loss will exceed 4,500.

12.46 (*) Let z4,...,2, be a random sample from a random variable with
pdf f(z) = 67 'e*/ 2 > 0. Determine the maximum likelihood estimator
of 6.

12.47 (*) The random variable X has pdf f(z) = 2z exp(—0.52%/5%), =,
B > 0. For this random variable, E(X) = (8/2)v2r and Var(X) = 24* —
738> /2. You are given the following five observations:

49 1.8 34 69 40
Determine the maximum likelihood estimate of 8.
12.48 (*) Let z1,...,z, be a random sample from a random variable with
cdf F(z) =1-2z7% z > 1, @ > 0. Determine the maximum likelihood

estimator Qf Q.

12.49 (*) The random variable X has pdf f(z) = aA*(A\+z)7*71, z,0,X >
0. It is known that A = 1,000. You are given the following five observations:

43 145 233 396 775

Determine the maximum likelihood estimate of a.
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Table 12.5 Data for Exercise 12.51

Loss No. of observations Loss No. of observations
0-25 5 350-500 17
25-50 37 500-750 13
50-75 28 750-1000 12
75-100 31 1,000-1,500 3
100-125 23 1,500-2,500 5
125-150 9 2,500-5,000 5
150-200 22 5,000-10,000 3
200-250 17 10,000-25,000 3
250-350 15 25,000~ 2

12.50 The following 20 observations were collected. It is desired to estimate
Pr(X > 200). When a parametric model is called for, use the single-parameter
Pareto distribution for which F(z) =1 — (100/z)%, = > 100, a > 0.

132 149 476 147 135 110 176 107 147 165
135 117 110 111 226 108 102 108 227 102

(a) Determine the empirical estimate of Pr(X > 200).

(b) Determine the method-of-moments estimate of the single-parameter
Pareto parameter « and use it to estimate Pr(X > 200).

(c) Determine the maximum likelihood estimate of the single-parameter
Pareto parameter a and use it to estimate Pr(X > 200).

12.51 The data in Table 12.5 presents the results of a sample of 250 losses.
Consider the inverse exponential distribution with cdf F(z) = e=%/%, z >
0, 6 > 0. Determine the maximum likelihood estimate of 6.

12.52 Consider the inverse Gaussian distribution with density given by

8 \"* o (z—p\°
fX(w):<27m3) eXPl:—EE( P ) , >0
(a) Show that
~(zi—p) a1l 1 Dz —p)?
.E_: x; > zj T tFEmm
=1
where T = (1/n) 3°7_; ;.

(b) For a sample (z1,- -+ ,Zn), show that the maximum likelihood es-
timates of p and 8 are

L=z
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and

12.53 Suppose that Xi,...,X, are independent and normally distributed
with mean E(X;) = p and Var(X;) = (fm;)~!, where m; > 0 is a known
constant. Prove that the maximum likelihood estimates of 1 and 8 are

p=X

and
-1

0=n ij(Xj ~ X)?

j=1

where X = (1/m) Y7_, m;X; and m =3 7, m;.

12.3 VARIANCE AND INTERVAL ESTIMATION

In general, it is not easy to determine the variance of complicated estima-
tors such as the maximum likelihood estimator. However, it is possible to
approximate the variance. The key is a theorem that can be found in most
mathematical statistics books. The particular version stated here and its
multi-parameter generalization is taken from [112] and stated without proof.
Recall that L(6) is the likelihood function and I(8) its logarithm. All of the
results assume that the population has a distribution that is a member of the
chosen parametric family.

Theorem 12.13 Assume that the pdf (pf in the discrete case) f(z;80) sat-
isfies the following for 6 in an interval containing the true value (replace

integrals by sums for discrete variables):

(i) In f(z;0) is three times differentiable with respect to 0.

(i) [ 5% f(z;0)dz = 0. This implies that the derivative may be taken out-

side the integral and so we are just differentiating the constant 1.7

(i) f e f (z;0)dz = 0. This is the same concept for the second derivative.

"The integrals in (4) and (#ii) are to be evaluated over the range of & values for which

F(z;0) > 0.
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2
(iv) —oo < [ f(z; 6’)-{%—5 In f(z;0)dz < 0. This establishes that the indicated

integral exists and that the location where the derivative is zero is a
magimum.

(v) There exists a function H(z) such that [ H(z)f(z;0)dz < oo with

63
3 In f(z; 9)] < H(z).

overpopulated with regard to extreme values.

This makes sure that the population is not

Then the following results hold:

(a) Asn — oo, the probability that the likelihood equation [L'(0) = 0] has a
solution goes to 1.

(b) As n — oo, the distribution of the mazimum likelihood estimator 9.,
converges to a normal distribution with mean 6 and variance such that
I(0) Var(#,) — 1, where

6‘)

I{6) —nE[ 5 In f(X; 6’] = —n/f(x 0)— lnf(a: A)dz

nE[(;mf(X9> } —n/f(:n@ ( In f(z; 9))

For any z, the last statement is to be interpreted as

b, —0
A ([Iw)]

I

< z) = ®(2)

and therefore [I(6)]~! is a useful approximation for Var(f,). The quantity
I(6) is called the information (sometimes more specifically, Fisher’s infor-
mation). It follows from this result that the maximum likelihood estimator
is asymptotically unbiased and consistent. The conditions in statements (7)-
(u) are often referred to as “mild regularity conditions.” A skeptic would
translate this statement as “conditions that are almost always true but are
often difficult to establish, so we’ll just assume they hold in our case.” Their
purpose is to ensure that the density function is fairly smooth with regard to
changes in the parameter and that there is nothing unusual about the density
itself.?

The results stated above assume that the sample consists of independent
and identically distributed random observations. A more general version of

8For an example of a situation where these conditions do not hold, see Exercise 12.55.

°
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the result uses the logarithm of the likelihood function:

[ 0] -=[ (1) .

The only requirement here is that the same parameter value apply to each
observation.

If there is more than one parameter, the only change is that the vector
of maximum likelihood estimates now has an asymptotic multivariate normal
distribution. The covariance matrix® of this distribution is obtained from the
inverse of the matrix with (r, s)th element,

1(6) =

1) = {aeajae (Q)J - {598;9 I f(X; 9)]
= E[agrl( Yoa: 1(9)} =nE [a?r (X;B)E(Z—slnf(X;B)}

The first expression on each line is always correct. The second expression
assumes that the likelihood is the product of n identical densities. This ma-
trix is often called the information matrix. The information matrix also
forms the Cramér-Rao lower bound. That is, under the usual conditions, no
unbiased estimator has a smaller variance than that given by the inverse of
the information. Therefore, at least asymptotically, no unbiased estimator is
more accurate than the maximum likelihood estimator.

Example 12.14 FEstimate the covariance matriz of the mazimum likelihood
estimator for the lognormal distribution. Then apply this result to Data Set
B.

The likelihood function and its logarithm are

n

L{p,0) = H

j=1
n {
The first partial derivatives are

ol “lnz; —p
oS O
Ou o0

1 Inz; — p)?
————— ex]p I:__.(.ﬂ‘i:’ ,
T;0V2% 20+

Ino - —111(2n) - (%——)2} .

Up,0) =

+§n: ]-nfL'J /~'J)~

Jj=1

9For any multivariate random variable the covariance matrix has the variances of the indi-
vidual random variables on the main diagonal and covariances in the off-diagonal positions.
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The second partial derivatives are

o n

ou? o2’

0% ““lnz; —p
dodp ?2; g3
82 n “ (Inz; — p)?
R DU

The expected values are (In X; has a normal distribution with mean p and
standard deviation o)

521 n
5(5m) = @
8l
E(c’?u@cr) =0
821 2n
E<602> T o

" Changing the signs and inverting produce an estimate of the covariance matrix

(it is an estimate because Theorem 12.13 only provides the covariance matrix
in the limit). It is

(.72

— 0

n 2
e

0 5

For the lognormal distribution, the maximum likelihood estimates are the
solutions to the two equations

Inz;—p n <= (Inzj —p)?
;T—Oand —‘;4“;—';{—:0

From the first equation i = (1/n) Z;;l Inz;, and from the second equation
6% = (1/n) Z?zl(ln z; — )%, For Data Set B the values are ji = 6.1379 and
6% = 1.9305 or & = 1.3894. With regard to the covariance matrix the true
values are needed. The best we can do is substitute the estimated values to
obtain

0.0965 0

Var(ii, &) = p)
Var(f, &) [ 0 00483 |- (12.1)
The multiple “hats” in the expression indicate that this is an estimate of the

variance of the estimators. 0
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The zeros off the diagonal indicate that the two parameter estimates are
asymptotically uncorrelated. For the particular case of the lognormal distri-
bution, that is also true for any sample size. One thing we could do with this
information is construct approximate 95% confidence intervals for the true
parameter values. These would be 1.96 standard deviations on either side of
the estimate:

po: 6.1379 +1.96(0.0965)'/2 = 6.1379 = 0.6089,
o :  1.3894 +1.96(0.0483)%/2 = 1.3894 = 0.4308.

To obtain the information matrix, it is necessary to take both derivatives
and expected values. This is not always easy to do. A way to avoid this
problem is to simply not take the expected value. Rather than working with
the number that results from the expectation, use the observed data points.
The result is called the observed information.

Example 12.15 Estimate the covariance in the previous ezample using the
observed information.

Substituting the observations into the second derivatives produces

821 _ n 20
A ,
. _22":111%— —p_ 1227576 — 20
Bo du pt o3 o3 ’
Pl on 32": (nz; — p)? _ 20 ,792.0801 — 2455152 + 20p2
o2 o2 P ot T g2 .ot ’

Inserting the parameter estimates produces the negatives of the entries of the
observed information,

8% ) 82
- = -10. e = (), =—— = ~20.7190.

I 10.3600, B0 05 52

Changing the signs and inverting produce the same values as in (12.1). This is
a feature of the lognormal distribution that need not hold for other models. (I

Sometimes it is not even possible to take the derivative. In that case an
approximate second derivative can be used. A reasonable approximation is

9’50 . 1

69i 693' - hihj

[F(8+ %hiei + %hjej) - f(@+ -;-hiei - %hjej)

~1(0  Shiei-+ Fhyes) + £(0 — hies ~ dhser),
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where e; is a vector with all zeros except for a 1 in the ith position and
h; = 8;/10%, where v is one-third the number of significant digits used in
calculations.

Example 12.16 Repeat the previous ezample using approzimate derivatives.

Assume that there are 15 significant digits being used. Then h; = 6.1379 /103
and hy = 1.3894/10°. Reasonably close values are 0.00006 and 0.00001. The
first approximation is

9% . l(6.13796,1.3894)—21(6.1379,1.3894)+l(6.13784,1.3894)
o2 (0.00006)>2
—157.71389308198 — 2(—157.71389304968) + (—157.71389305468)
B (0.00006)2
= —10.3604.

The other two approximations are

0%l 6%
— . 5 = —20.7208.
5085 0.0003, 552 0.7208
We see that here fhe approximation works very well. O

The information matrix provides a method for assessing the quality of the
maximum likelihood estimators of a distribution’s parameters. However, we
are often more interested in a quantity that is a function of the parameters.
For example, we might be interested in the lognormal mean as an estimate of
the population mean. That is, we want to use exp(js + 6°/2) as an estimate
of the population mean, where the maximum likelihood estimates of the pa-
rameters are used. It is very difficult to evaluate the mean and variance of
this random variable because it is a complex function of two variables that
already have complex distributions. The following theorem (from [108]) can
help. The method is often called the delta method.

Theorem 12.17 Let X, = (Xin, ..., Xin)? be a multivariate random vari-
able of dimension k based on a sample of size n. Assume that X is asymptot-
ically normal with mean 6 and covariance matriz /n, where neither 6 nor
% depend onn. Let g be a function of k variables that is totally differentiable.
Let G = g(Xin,-.., Xin). Then G, is asymptotically normal with mean
9(0) and variance (8g)T %(0g)/n, where Bg is the vector of first derivatives,
that is, Og = (8g/001,...,09/00x)T and it is to be evaluated at 6, the true
parameters of the original random variable.

The statement of the theorem is hard to decipher. The Xs are the estima-
tors and g is the function of the parameters that are being estimated. For a
model with one parameter, the theorem reduces to the following statement:
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Let & be an estimator of § that has an asymptotic normal distribution with
mean § and variance o2 /n. Then g(d) has an asymptotic normal distribution
with mean g(6) and asymptotic variance [g'()](c2/n)[¢’ (8)] = ¢'(6)*c*/n.

Example 12.18 Use the delta method to approzimate the variance of the
mazimum likelihood estimator of the probability that an observation from an
ezponential distribution exceeds 200. Apply this result to Data Set B.

From Example 12.8 we know that the maximum likelihood estimate of
the exponential parameter is the sample mean. We are asked to estimate
p = Pr(X > 200) = exp(—200/0). The maximum likelihood estimate is
P = exp(—200/8) = exp(—200/Z). Determining the mean and variance of
this quantity is not easy. But we do know that Var(X) = Var(X)/n = 6*/n.
Furthermore,

g(@) — 6_200/0, g’(9) — 2009_26_200/9,

and therefore the delta method gives

(2000 2e~200/6)292 40,0009 2¢~400/

Var(p) = - -
For Data Set B,
T = 14244,
200
p = - = (0.869
P exP( 1,424.4) 086900
P 24.4)—2 —_ 24.
Tae) = 40,000(1, 424.4) 2?)xp( 400/14244) _ oo

‘A 95% confidence interval for p is 0.869 & 1.96+/0.0007444 or 0.869 4 0.053. 0

Example 12.19 Construct a 95% confidence interval for the mean of a log-
normal population using Data Set B. Compare this to the more traditional
confidence interval based on the sample mean.

From Example 12.14 we have j = 6.1379 and & = 1.3894 and an estimated
covariance matrix of

> [0.0965 0
n |0 0.0483

The function is g(p, o) = exp(p + 02/2). The partial derivatives are

dg - 1.2
—-a# = exp (u+20)
Og __ 1,2
W = oexp (p+ 30°)
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and the estimates of these quantities are 1,215.75 and 1,689.16, respectively.
The delta method produces the following approximation:

. 0.0965 0 1,215.75 |
Var(g(f,6)] = [ 1,215.75 1,689.16 | [ 0 0.0483 ] [ 1 689.16 J
= 9280,444.

The confidence interval is 1,215.75 + 1.96,/280, 444 or 1,215.75 + 1,037.96.
The customary confidence interval for a population mean is Z & 1.96s/+/n
where is s? is the sample variance. For Data Set B the interval is 1,424.4 +
1.96(3,435.04)/v/20 or 1,424.4 +1,505.47. It is not surprising that this is a
wider interval because we know that (for a lognormal population) the maxi-
mum likelihood estimator is asymptotically UMVUE. O

12.3.1 Exercises

12.54 Determine 95% confidence intervals for the parameters of exponential
and gamma models for Data Set B. The likelihood function and maximum
likelihood estimates were determined in Example 12.8.

12.55 Let X have a uniform distribution on the interval from 0 to . Show
that the maximum likelihood estimator is § = max(X7, .. X5,). Use Exam-
ples 9.7 and 9.10 to show that this estimator is asymptotlcally unbiased and
to obtain its variance. Show that Theorem 12.13 yields a negative estimate
of the variance and that item (ii) in the conditions does not hold.

12.56 Use the delta method to construct a 95% confidence interval for the
mean of a gamma distribution using Data Set B. Preliminary calculations are
in Exercise 12.54.

12.57 (*) For a lognormal distribution with parameters w1 and o you are given
that the maximum likelihood estimates are i = 4.215 and 6 = 1.093. The
estimated covariance matrix of (i, 5) is

0.1185 0
0 0.0597

The mean of a lognormal distribution is given by exp(u+02/2). Estimate the
variance of the maximum likelihood estimator of the mean of this lognormal
distribution using the delta method.

12.58 (*) A distribution has two parameters, o and 8. A sample of size 10
produced the following loglikelihood function:

e, B) = —2.50% — 3af — 8% + 500 + 28 + k,

where k is a constant. Estimate the covariance matrix of the maximum like-
lihood estimator (&, 3).
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12.59 In Exercise 12.39 two maximum likelihood estimates were obtained for
the same model. The second estimate was based on more information than
the first one. It would be reasonable to expect that the second estimate is
more accurate. Confirm this by estimating the variance of each of the two
estimators. Do your calculations using the observed likelihood.

12.60 This is a continuation of Exercise 12.43. Let z1,...,Z, be a random
sample from a population with cdf F(z) =27, 0 <z < 1.

(a) Determine the asymptotic variance of the maximum likelihood es-
timator of p.

(b) Use your answer to obtain a general formula for a 95% confidence
interval for p.

(¢) Determine the maximum likelihood estimator of E(X) and obtain
its asymptotic variance and a formula for a 95% confidence interval.

12.61 This is a continuation of Exercise 12.46. Let z1,...,z, be a random
sample from a population with pdf f(z) = 6~ *e"*/¢, = > 0.

(a) Determine the asymptotic variance of the maximum likelihood es-
timator of 4.

(b) (*) Use your answer to obtain a general formula for a 95% confi-
dence interval for 6.

(c¢) Determine the maximum likelihood estimator of Var(X) and obtain
its asymptotic variance and a formula for a 95% confidence interval.

12.62 (*) A sample of size 40 has been taken from a population with pdf
f(z) = (2m6)~ /26””‘2/(29), —00 < z < 00, § > 0. The maximum likelihood
estimate of 0 is § = 2. Approximate the MSE of 6.

12.63 Four observations were made from a random variable having the den-
sity function f(z) = 2Aze™*%", z, A > 0. Exactly one of the four observations
was less than 2.

(a) (*) Determine the maximum likelihood estimator of A.

(b) Approximate the variance of the maximum likelihood estimator of

12.64 Estimate the covariance matrix of the maximum likelihood estimators
for the data in Exercise 12.44 with both « and 6 unknown. Do this by com-
puting approximate derivatives of the loglikelihood. Then construct a 95%
confidence interval for the mean.

12.65 Estimate the variance of the maximum likelihood estimator for Exer-
cise 12.49 and use it to construct a 95% confidence interval for E(X A 500).
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12.66 Consider a random sample of size n from a Weibull distribution. For
this exercise, write the Weibull survival function as /

—1 T
S(z) = exp {— [——-————F(l R ):c] } .
U
For this exercise, assume that 7 is known and that only p is to be estimated.
(a) Show that E(X) = u.
(b) Show that the maximum likelihood estimate of y is

1
p=T{1+7"1 | =
b (+T)n§m

(c) Show that using the observed information produces the variance
estimate

Var(p) = £

5-
where p is replaced by fi.

(d) Show that using the information (again replacing p with ji) pro-
duces the same variance estimate as in part (c).

(e) Show that j has a transformed gamma distribution with o = n,8 =
pn~Y7 and 7 = 7. Use this to obtain the exact variance of B
(as a function of p). Hint - The variable X™ has an exponential
distribution and so the variable Z;.l:l X7 has a gamma distribution
with first parameter equal to n and second parameter equal to the
mean of the exponential distribution.

12.4 BAYESIAN ESTIMATION

All of the previous discussion on estimation has assumed a frequentist ap-
proach. That is, the population distribution is fixed but unknown, and our
decisions are concerned not only with the sample we obtained from the pop-
ulation but also with the possibilities attached to other samples that might
have been obtained. The Bayesian approach assumes that only the data ac-
tually observed are relevant and it is the population that is variable. For
parameter estimation the following definitions describe the process and then
Bayes’ theorem provides the solution.

12.4.1 Definitions and Bayes’ theorem

Definition 12.20 The prior distribution is a probability distribution over
the space of possible parameter values. It is denoted w(6) and represents our

BAYESIAN ESTIMATION 361

opinion concerning the relative chances that various volues of 6 are the true
value of the parameter.

As before, the parameter § may be scalar or vector valued. Determination
of the prior distribution has always been one of the barriers to the wide-
spread acceptance of Bayesian methods. It is almost certainly the case that
your experience has provided some insights about possible parameter values
before the first data point has been observed. (If you have no such opin-
ions, perhaps the wisdom of the person who assigned this task to you should
be questioned.) The difficulty is translating this knowledge into a probabil-
ity distribution. An excellent discussion about prior distributions and the
foundations of Bayesian analysis can be found in Lindley [83], and for a dis-
cussion about issues surrounding the choice of Bayesian versus frequentist
methods, see Efron [32]. The book by Klugman [77] contains more detail on
the Bayesian approach along with several actuarial applications. More re-
cent articles applying Bayesian methods to actuarial problems include [25],
[101], [119], and [133]. A good source for a thorough mathematical treatment
of Bayesian methods is the text by Berger [13]. In recent years many ad-
vancements in Bayesian calculations have occurred. A good resource is [22].
Scollnik [118] has demonstrated how the computer program WINBUGS can
be used to provide Bayesian solutions to actuarial problems.

Due to the difficulty of finding a prior distribution that is convincing (you
will have to convince others that your prior opinions are valid) and the pos-
sibility that you may really have no prior opinion, the definition of prior
distribution can be loosened.

Definition 12.21 An improper prior distribution is one for which the
probabilities (or pdf) are nonnegative but their sum (or integral) is infinite.

" A great deal of research has gone into the determination of a so-called
noninformative or vague prior. Its purpose is to reflect minimal knowledge.
Universal agreement on the best way to construct a vague prior does not exist.
However, there is agreement that the appropriate noninformative prior for a
scale parameter is w(f) = 1/6,8 > 0. Note that this is an improper prior.

For a Bayesian analysis, the model is no different than before.

Definition 12.22 The model distribution is the probability distribution for
the data as collected given a particular value for the parameter. Its pdf is
denoted fx|o(x|0), where vector notation for x is used to remind us that all
the data appear here. Also note that this is identical to the likelihood function
and so that name may also be used at times.

If the vector of observations x = (21, ...,%n)T consists of independent and
identically distributed random variables, then

Ixje(x10) = fxje(z110) - - fxj0(zal0).
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We use concepts from multivariate statistics to obtain two more definitions.
In both cases, as well as in the following, integrals should be replaced by sums
if the distributions are discrete. .

Definition 12.23 The joint distribution has pdf

fx,0(x,0) = fxjo(x|0)n ().
Definition 12.24 The marginal distribution of x has pdf

fx(x) = f Fxjo (x16)(6) do.

Compare this definition to that of a mixture distribution given by (4.4) on
page 59. The final two quantities of interest are the following.

Definition 12.25 The posterior distribution is the conditional probability
distribution of the parameters given the observed data. It is denoted moix (0]%).

Definition 12.26 The predictive distribution is the conditional proba-
bility distribution of a new observation y given the data x. It is denoted
Frix(ylx).0

These last two items are the key output of a Bayesian analysis. The pos-
terior distribution tells us how our opinion about the parameter has changed
once we have observed the data. The predictive distribution tells us what
the next observation might look like given the information contained in the
data (as well as, implicitly, our prior opinion). Bayes’ theorem tells us how
to compute the posterior distribution.

Theorem 12.27 The posterior distribution can be computed as

Fxje(x|0)w(6)

Tox (0x) = (12.2)
fxje(x(0)w(0) db
while the predictive distribution can be computed as
Frx(ol) = [ Frio(ulo)rox(6lx) o, (12.3)

where fyio(y|0) is the pdf of the new observation, given the parameter value.

107 this section and in any subsequent Bayesian discussions, we reserve f(-) for distribu-
tions concerning observations (such as the model and predictive distributions) and =(-) for
distributions concerning parameters (such as the prior and posterior distributions). The
arguments will usually make it clear which particular distribution is being used. To make
matters explicit, we also employ subscripts to enable us to keep track of the random vari-
ables.
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The predictive distribution can be interpreted as a mixture distribution
where the mixing is with respect to the posterior distribution. The following
example illustrates the above definitions and results. The setting, though not
the data, is taken from Meyers [92].

Example 12.28 The following amounts were paid on a hospital liability pol-
icy:

125 132 141 107 133 319 126 104 145 223

The amount of a single payment has the single-parameter Pareto distribution
with § = 100 and o unknown. The prior distribution has the gamma distribu-
tion with @ = 2 and 0 = 1. Determine all of the relevant Bayesian quantities.

The prior density has a gamma distribution and is

w(e) =™, a> 0,

while the model is (evaluated at the data points)

10 10
Ixja(xle) = (a (100

0,—3.801121—49.852823
Hlo $q+1)

j=1j
The joint density of x and A is (again evaluated at the data points)

Fxoa(x, a) = alle—4801121a—49.852823
1 el i R

The posterior distribution of « is

a116_4'801121a_49'852823 alle——4.801121&

T ax(afx) = [ alle—4801121a—49.852823 oy = (117)(1/4.801121)12"

(12.4)

There is no need to evaluate the integral in the denominator. Because we
know that the result must be a probability distribution, the denominator is
just the appropriate normalizing constant. A look at the numerator reveals
that we have a gamma distribution with o = 12 and 0 = 1/4.801121.

The predictive distribution is

o0 al100® a116—4.801121a
/0 y= T (11)(1/4801121) @
1 ® 2 —(0. 1 o
= y(111)(1/4.801121)12 /0 ol (01N do
1 (121)
y(111)(1/4.801121) 2 (0.195951 + Ing) 13
12(4.801121)*2

y(0.195951 + In )13

While this density function may not look familiar, you are asked to show in
Exercise 12.67 that InY — In 100 has the Pareto distribution. [

Ffrix(ylx)

y > 100. (12.5)
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12.4.2 Inference and prediction

In one sense the analysis is complete. We begin with a distribution that
quantifies our knowledge about the parameter and/or the next observation
and we end with a revised distribution. But we have a suspicion that your
boss may not be satisfied if you produce a distribution in response to his or
her request. No doubt a specific number, perhaps with a margin for error, is
what is desired. The usual Bayesian solution is to pose a loss function.

Definition 12.29 A loss function lj(éj,&j) describes the penalty paid by

the investigator when 9j is the estimate and 0; is the true value of the jth
parameter.

It would also be possible to have a multidimensional loss function (8, 6)
which allowed the loss to depend simultaneously on the errors in the various
parameter estimates.

Definition 12.30 The Bayes estimate for a given loss function is the one
that minimizes the expected loss given the posterior distribution of the para-
meter in question.

The three most. commonly used loss functions are defined as follows.

Definition 12.31 For squared-error loss the loss function is (all subscripts
are dropped for convenience) 1(0,0) = (§ — 0)2. For absolute loss it is
1(8,0) = |8 — 6|. For zero—one loss it is 10,0) = 0 if 8 = 6 and is 1
otherwise.

The following theorem indicates the Bayes estimates for these three com-
mon loss functions.

Theorem 12.32 For squared-error loss the Bayes estimate is the mean of
the posterior distribution, for absolute loss it is a median, and for zero-one
loss it is a mode.

Note that there is no guarantee that the posterior mean exists or that the
posterior median or mode will be unique. When not otherwise specified, the
term Bayes estimate will refer to the posterior mean.

Example 12.33 (Example 12.28 continued) Determine the three Bayes esti-
mates of a.

The mean of the posterior gamma distribution is af = 12/4.801121 =
2.499416. The median of 2.430342 must be determined numerically while the
mode is (a — 1)§ = 11/4.801121 = 2.291132. Note that the o used here is
the parameter of the posterior gamma distribution, not the « for the single-
parameter Pareto distribution that we are trying to estimate. O
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For forecasting purposes, the expected value of the predictive distribution
is often of interest. It can be thought of as providing a point estimate of the
(n+1)th observation given the first n observations and the prior distribution.
It is

E(Y|x) = / yfyvix(ylx)dy
— [ [ Froto)morx(ox)dsay
= /W@lx(ﬂx)/nyl@(yfe)dde

/ E(Y |9) ey (0]x)d6. (12.6)

Equation (12.6) can be interpreted as a weighted average using the posterior
distribution as weights.

Example 12.34 (Example 12.28 continued) Determine the expected value of
the 11th observation, given the first 10.

For the single-parameter Pareto distribution, E(Y|a) = 100a/(a — 1) for
« > 1. Because the posterior distribution assigns positive probability to values
of a < 1, the expected value of the predictive distribution is not defined. [l

The Bayesian equivalent of a confidence interval is easy to construct. The
following definition will suffice.

Definition 12.35 The points a < b define a 100(1 — a)% credibility inter-
val for 0; provided that Pr(a < ©; <blx) >1—a.

The use of the term credibility has no relationship to its use in actuarial
analyses as developed in Chapter 16. The inequality is present for the case
where the posterior distribution of 8; is discrete. Then it may not be possible
for the probability to be exactly 1 — . This definition does not produce a
unique solution. The following theorem indicates one way to produce a unique
interval.

Theorem 12.36 If the posterior random variable 6;|x is continuous and uni-
modal, then the 100(1 — o)% credibility interval with smallest width b — a is
the unique solution to

1-—q,

fl

b
| o051 a6
mex(alx) = wex(bx).

This interval is a special case of a highest posterior density (HPD) credibility
set.
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0.6 + —~—HPD interval
05+ w—— Equal-probability interval
04T
S o34
0.2+
0.1+
0 +
0 1 2 3 4 5

Fig. 12.1 Two Bayesian credibility intervals.

The following example may clarify the theorem.

E}.{?ml.)le 12.37 (Example 12.28 continued) Determine the shortest 95% cred-
wbility interval for the parameter o. Also determine the interval that places
2.5% probability at each end.

The two equatibns from Theorem 12.36 are

Prla < A<bjx) = T(12;4.801121b) — [(12;4.801121a) = 0.95,
alle~4.801121a — blle-—4.801121b

and numerical methods can be used to find the solution a = 1.1832 and
b = 3.9384. The width of this interval is 2.7552.

Placing 2.5% probability at each end yields the two equations
I'(12;4.801121b) = 0.975, T'(12;4.801121a) = 0.025.

This solution requires either access to the inverse of the incomplete gamma
function or the use of root-finding techniques with the incomplete gamma
function itself. The solution is @ = 1.2915 and b = 4.0995. The width is
2.8080, wider than the first interval. Figure 12.1 shows the difference in the
two intervals. The solid vertical bars represent the HPD interval. The total
area to the left and right of these bars is 0.05. Any other 95% interval must
also have this probability. To create the interval with 0.025 probability on each
side, both bars must be moved to the right. To subtract the same probability
on the right end that is added on the left end, the right limit must be moved a
greater distance because the posterior density is lower over that interval than
it is on the left end. This must lead to a wider interval. a

"The following definition provides the equivalent result for any posterior
distribution.
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Definition 12.38 For any posterior distribution the 100(1—c)% HPD cred-
ibility set is the set of parameter values C such that

Pr(6;€C)>1—a (12.7)

and
C ={0; : me,;x(05]%) = c} for some c,

where ¢ is the largest value for which the inequality (12.7) holds.

This set may be the union of several intervals (which can happen with a
multimodal posterior distribution). This definition produces the set of mini-
mum total width that has the required posterior probability. Construction of
the set is done by starting with a high value of ¢ and then lowering it. As it
decreases, the set C gets larger, as does the probability. The process contin-
ues until the probability reaches 1 — a. It should be obvious to see how the
definition can be extended to the construction of a simultaneous credibility
set for a vector of parameters, 6.

Sometimes it is the case that, while computing posterior probabilities is
difficult, computing posterior moments may be easy. We can then use the
Bayesian central limit theorem. The following is a paraphrase from Berger
[13], p. 224.

Theorem 12.39 Ifn(0) and fxjo(x|6) are both twice differentiable in the el-
ements of 6 and other commonly satisfied assumptions hold, then the posterior
distribution of © given X = x is asymptotically normal.

The “commonly satisfied assumptions” are like those in Theorem 12.13. As
in that theorem, it is possible to do further approximations. In particular, the
asymptotic normal distribution also results if the posterior mode is substituted
for the posterior mean and/or if the posterior covariance matrix is estimated
by inverting the matrix of second partial derivatives of the negative logarithm
of the posterior density.

Example 12.40 (Example 12.28 continued) Construct a 95% credibility in-
terval for « using the Bayesian central limit theorem.

The posterior distribution has a mean of 2.499416 and a variance of af® =
0.520590. Using the normal approximation, the credibility interval is 2.499416-
1.96(0.520590)/2, which produces a = 1.0852 and b = 3.9136. This interval
(with regard to the normal approximation) is HPD due to the symmetry of
the normal distribution.

The approximation is centered at the posterior mode of 2.291132 (see Ex-
ample 12.33). The second derivative of the negative logarithm of the posterior
density [from (12.4)] is

d2 alle——4.801121a 11
———1n =
do? [(11!)(1/4.801121)12J

a?’
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The variance estimate is the reciprocal. Evaluated at the modal estimate of
a we get (2.291132)%/11 = 0.477208 for a credibility interval of 2.29113 +
1.96(0.477208)/2 which produces a = 0.9372 and b = 3.6451. t

The same concepts can apply to the predictive distribution. However,
the Bayesian central limit theorem does not help here because the predictive
sample has only one member. The only potential use for it is that for a large
original sample size we can replace the true posterior distribution in (12.3)
with a multivariate normal distribution.

Example 12.41 (Example 12.28 continued) Construct a 95% highest density
prediction interval for the next observation.

It is easy to see that the predictive density function (12.5) is strictly de-
creasing. Therefore the region with highest density runs from a = 100 to b.
The value of b is determined from

095 =

b 12(4.801121)2
/100 (0.195951 + In )8 *Y
In(6/100)  19(4.801121)12
- /0 (4.801121 + z)18 °*
B 4.801121 12
- [4.801121+1n(b/100)

and the solution is b = 390.1840. It is interesting to note that the mode of
the predictive distribution is 100 (because the pdf is strictly decreasing) while
the mean is infinite (with b = co and an additional y in the integrand, after
the transformation, the integrand is like e*z ™3, which goes to infinity as z
goes to infinity). ]

The following example revisits a calculation done in Section 4.6.3. There
the negative binomial distribution was derived as a gamma mixture of Poisson
variables. The following example shows how the same calculations arise in a
Bayesian context.

Example 12.42 The number of claims in one year on a given policy is known
to have a Poisson distribution. The parameter is not known, but the prior
distribution has a gamma distribution with parameters a and #. Suppose in
the past year the policy had x claims. Use Bayesian methods to estimate the
number of claims in the next year. Then repeat these calculations assuming
claim counts for the past n years, T1,...,Zn.
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The key distributions are (where z =0,1,..., \,a,0 > 0):
. )\&-16—A/9
Prior: w(A) = T
Nee™?
Model:  p(z|)) = ; |
AFFa—1—(1+1/6)A :
Joint: o(z,A) = 2T ()0
oo Xz:—i—a—le—(l-}-l/e)/\
rginal: = daA
Marginal: (z) /0 P00
Iz + )

T 2ll(@)8%(1 + 1/6)=+e

z4+a—1 1 « 17 “
-7 () (9)
AZHe=1g—(1+1/6)A T'(z +a)
FAING) /m!F(a)H“‘(l +1/6)z+e
ATremle=(1H1/0A(] 4 1 /)=t
- T'(z+ )

Posterior: w(Az) =

The marginal distribution is negative binomial with 7 = a- and § = 0. The
posterior distribution is gamma with shape parameter “o” equal to z+a and
scale parameter “9” equal to (1+1/6)~' = 6/(1 + 8). The Bayes estimate
of the Poisson parameter is the posterior mean, (z + a)8/(1 4 6). For the
predictive distribution, (12.3) gives

dr

00 \Up—A /\z+a—1e—(1+1/9))\(1 + l/g)z—i—o;

/0 y! I'(z 4+ a)

(1+1/6)%+> [ ApFeHa—l —=(2+1/0)A gy
yT(z+a) Jo

(1+1/0)* T (y+z + )

- 3 = 0, 1, ey
YT (@ + )2 + 1/9)v+ete’ Y

p(y|z)

and some rearranging shows this to be a negative binomial distribution with
r=x+aand f = 0/(1+6). The expected number of claims for the next
year is (z + @)8/(1 +0). Alternatively, from (12.6),

oo ywta=le=(1+1/0)X(] 4 1/§)s+e (z+a)d
_ dA =
E(Y|z) /0 A Iz + ) 146

For a sample of size n, the key change is that the model distribution is now

/\$1+"'+$n e— A

P(XP\) = Z1l- - Tp)
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Following this through, the posterior distribution is still gamma, now with
shape parameter z; + - - - + =5, + & = nT + « and scale parameter §/(1 + nf).
The predictive distribution is still negative binomial, now with r = nZ + «
and 3 = 0/(1 + n#f). |

When only moments are needed, the double-expectation formulas can be
very useful. Provided the moments exist, for any random variables X and Y,

E(Y) = E[EY|X)], (12.8)
_ Var(Y) = E[Var(Y|X)]+ Var[E(Y|X)]. (12.9)
For the predictive distribution,
E(Y|x) = Eex[E(Y]0,x)]
Ee|x[E(Y]0)]

and

Var(Y]x) = Eegx[Var(Y[0,x)] + Vare|x[E(Y]0,x)]
= Eox[Var(Y|0)] + Varex[E(Y]0)].
The simplification on the inner expected value and variance results from the

fact that, if © is known, the value of x provides no additional information
about the distribution of Y. This is simply a restatement of (12.6).

Example 12.43 Apply these formulas to obtain the predictive mean and vari-

ance for the previous ezample. Then anticipate the credibility formulas of
Chapter 16.

The predictive mean uses E(Y|A) = A. Then,

(nZ + a)f
1+nd
The predictive variance uses Var(Y|A) = )\, and then

Var(Y]x) = E(\x)+ Var(\x)

(nz+a)0 (nZ+ a)d?
14+ nf (1+n6)?

= (nZT+a) o (1 6 )

E(Y|x) = E(\x) =

Ty L

These agree with the mean and variance of the known negative binomial
distribution for y. However, these quantities were obtained from moments
of the model (Poisson) and posterior (gamma) distributions. The predictive
mean can be written as
nd _ 1
1+ nf" + 1+nd “

9,
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which is a weighted average of the mean of the data and the mean of the
prior distribution. Note that as the sample size increases more weight is
placed on the data and less on the prior opinion. The variance of the prior
distribution can be increased by letting 8 become large. As it should, this also
increases the weight placed on the data. The credibility formulas in Chapter
16 generally consist of weighted averages of an estimate from the data and a ‘
prior opinion. ] |

12.4.3 Conjugate prior distributions and the linear exponential family

A large parametric family that includes many of the distributions we have
encountered so far has a special use in Bayesian analysis. The definition is as
follows:

Definition 12.44 A random variable X (discrete or continuous) has a dis-
tribution which is from the linear exponential family if its pf may be pa-
rameterized in terms of a parameter 6 and expressed as

gy P(@)e™?
@0 =@

The function p(z) depends only on z (not on 8), and the function q(f) is a nor-
malizing constant. Also, the support of the random variable must not depend
on 0. The parameter 6 is called the natural parameter of the distribution.

(12.10)

Example 12.45 Show that the ezponential distribution is of the form (12.10).

The pdf is
-1
| f(:8) = e,
If we let 6 = 1/0, then the pdf is

le—Gz
f(z;0) = 5T
which is of the form (12.10) with p(z) = 1 and ¢() = 1/6. O

Example 12.46 Show that the Poisson distribution is a member of the linear
exponential family.
The pf is
Me X (1/zl)e~(-nN)=
flan) = =

If we let = —In ), then the pfis

(1/z)e=%=

[z 0) = P

?
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which is of the form (12.10) with p(z) = 1/z! and ¢(6) = e*™*. Note that in
this parameterization the Poisson mean is e™°. ]

Exgmple 12.47 Show that the normal distribution with mean p and known
variance v is a member of the linear ezponential family.

The pdf is
_ 1
S = (m) e [~ - ]
2 2 2
= @) YVexp |- 4 H £
20w 2v
2
2ry) "2 _r H
(2m) exp< 27)) exp(vm)
eXp <_2_/l7

If we let 8 = —p /v, the pdf is

f(z;0,v) =

which is of the form (12.10) with p(z) = (2rv) /2 exp[—z2/(2v)], and ¢(8) =
exp(6°v/2). 0

We now find the mean and variance of the distribution defined by (12.10).
First, note that

In f(z;6) = Inp(z) ~ 6z — In ¢(8).
Differentiate with respect to # to obtain

O ooy 7(6)
5/ (@i0) = |~ 20 o). (1211)
Integrate (or sum) over the range of z (known not to depend on ) to obtain

/:%f(m;&)d:c=—/a:f(m;@)da:—g%z/f(m;ﬁ)dm.

On the left-hand side, interchange the order of differentiation and integration
(or summation) to obtain
(9)
25 | 1o

(-% Uf(m;e)dm] - /mf(m 8)d

P e
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We know that [f(z;0)dz =1 and [zf(z;0) dz = E(X) and thus

0 q'(6)
0= -B(X) - rOR

In other words, the mean is

g0 _ _d

Ing(8). (12.12)
To obtain the variance, (12.11) may first be rewritten as

o F@:6) =~z — O} (i6).

Differentiate again with respect to 8 to obtain

Zi@) = WOiw0 - - w0
= WO + - WO 0).

Again, integrate over the range of x to obtain

S i@, 0ds =) [ f@i6)do+ [lo— O f(w:0)d

8%
= / f(z:6) da

In other words

/ & — (O F (: 6) de = —'(6) +

Because u(f) is the mean, the left-hand side is the variance (by definition),

and then because the second term on the right-hand side is zero, we obtain

2

Var(X) = v(f) = —¢/'(0) =

oz na(6). (12.13)

In Example 12.42 it turned out the posterior distribution was of the same
type as the prior distribution (gamma). This makes calculations relatively
easy. A definition of this concept follows.

Definition 12.48 A prior distribution is said to be a conjugate prior dis-
tribution for a given model if the resulting posterior distribution is of the
same type as the prior (but perhaps with different parameters).

The following theorem shows that, if the model is a member of the linear
exponential family, a conjugate prior distribution is easy to find.
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The'orem 12.49 Suppose that given © = # the random variables X1,..., X,
are independent and identically distributed with pf

‘ _ p(mj)e——ﬁmj
fXJI@(leg) q(e) ’

where © has pdf
9 ——ke——ep.k
(o) O e
c(p, k)
where k and p are parameters of the distribution and c(u, k) is the normalizing
constant. Then the posterior pf noix (0|x) is of the same form as = (6).

Proof: The posterior distribution is

[H?:l p(ﬂ?j):] e 9% [q(6)] e~ fmk
a(6)" c(p, k)

o< a(O) ¢ exp | (~6EEEEE) (o)

w (8]%)

o< [g(0)]7F exp(—0u7k*),

which is of the same form as #(f) with parameters

kK = k+n,
. pk+> k
7 = - Z EA— Mn+ n T.
k+n kE+n k+n a

Example 12.50 Show that for the Poisson model the conjugate prior as given
in Theorem 12.49 is the gamma distribution.

.Hom Example 12.46 we have that ¢(6) = exp(e™?) and )\ = exp(—6). The
prior as given by the theorem is

7(8) o [exp(e™?)] " exp(—6yuk).
Then the prior density for A is
7(A) o [exp(N)] TEAREATL = AHE—Lo=AE
which is a gamma .distribution with @ = pk and @ = 1/k. The term A™*
appears because it is [df/dA|, which is needed for the change of variable. [J
12.4.4 Computational issues

It should be obvious by now that all Bayesian analyses proceed by taking in-
tegrals or sums. So at least conceptually it is always possible to do a Bayesian
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analysis. However, only in rare cases are the integrals or sums easy to do, and
that means most Bayesian analyses will require numerical integration. While
one-dimensional integrations are easy to do to a high degree of accuracy, mul-
tidimensional integrals are much more difficult to approximate. A great deal
of effort has been expended with regard to solving this problem. A number
of ingenious methods have been developed. Some of them are summarized in
Klugman [77]. However, the one that is widely used today is called Markov
chain Monte Carlo simulation. A good discussion of this method can be found
in [118] and actuarial applications can be found in [21] and [119].

There is another way which completely avoids computational problems.
This is illustrated using the example (in an abbreviated form) from Meyers
[92], which also employed this technique. The example also shows how a
Bayesian analysis is used to estimate a function of parameters.

Example 12.51 Data were collected on 100 losses in ezcess of 100,000. The
single-parameter Pareto distribution is to be used with § = 100,000 and o
unknown. The objective is to estimate the layer average severity for the layer
from 1,000,000 to 5,000,000. For the observations, Z;iollnmj = 1,208.4354.

The model density is

100
(100,000)*
fxjalxle) = H 2/(100,0 T )
" T
j=1 7
. 100
= exp|100Ina + 100010 100,000 — (@ +1) > Inz;
j=1

100
- y — —— — 1,208. .
exp <100lna 175 ,208 4354)

The density appears in column 3 of Table 12.6. To prevent computer overflow,
the value 1,208.4354 was not subtracted prior to exponentiation. This makes
the entries proportional to the true density function. The prior density is
given in the second column. It was chosen based on a belief that the true
value is in the range 1-2.5 and is more likely to be near 1.5 than at the ends.
The posterior density is then obtained using (12.2). The elements of the
numerator are found in column 4. The denominator is no longer an integral
but a sum. The sum is at the bottom of column 4 and then the scaled values
are in column 5.

We can see from column 5 that the posterior mode is at a = 1.7, as
compared to the maximum likelihood estimate of 1.75 (see Exercise 12.69).
The posterior mean of o could be found by adding the product of columns 1
and 5. Here we are interested in a layer average severity. For this problem it
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Table 12.6 Bayesian estimation of a layer average severity

! w{a) flxle)  w(e)f(xja) w(alx) LAS(e) wxL* w(alx)l(x)?
1.0 0.0400 1.52x10725  6.10x10727  0.0000 160,944 0 6,433
11 0.0496 6.93x1072%  344x10™25 00000 118,085 2 195.201
1.2 0.0592 1.37x10"32 8.13x1072¢  (.0003 86,826 29 2 496’535
1.3 0.0688 1.36x10~21  9.33x10~23  (.0038 63,979 243 15?558’906

1.4 0.0784 7.40x 10—31 5.80x10722  0.0236 47,245 1,116 52,737,840
ig 0.0880 2‘43 X 10—;3 2.13x10™21  (0.0867 34,961 3,033 106,021,739
. 0.0832 5.07x10~20  4.29%10-2!  Q.1718 25,926 4,454 115:480’050

1.7 00784 7.18x1072% 5.63x10-21  (.2203 19,265 4,418 85,110,453
1.8  0.0736 7.19x10720  5.929x10-2!  (.2156 14,344 3’093 44’366’353
g.g- 8.gt65§3 5.29x10—§g 3.64x10~21  (.1482 10,702 1’586 16’979’809
2. . 2.95%10~ 1.89x1072L  (0.0768 8,000 ’ 915,383
. , 614
3}) 0.0592 1.28x10~20  7.57x10-22  (.0308 5,992 185 i’?ég’ggg
2.2 0.0544 4.42x10721 2.40x10722  0.0098 4,496 44 ’197’§40
2.3 0.0496 1.24x10-21  6.16x10~2%  0.0025 3,380 8 ‘78’650
24 0.0448 2.89x10-22 1.29x10~2%  (.0005 2,545 1 43’413
2.5  0.0400 5.65x10723 2.96x10™2¢  (.0001 1’920 0 ’339
1.0000 2.46x10~20  1.0000 18,827 445,198,597
*m(alx)LAS(c)
is
LAS(a) = E(XA 5,000,000) — E(X A 1,000,000)
100,000~ ( 1 1
a—1 \1,000,0002-1 5,000,000a—1> a7l
= 100,000 (10 5,000,000 — In 1,000,000), a=1.

Values of LAS(a) for the 16 possible values of o appear in column 6. The
iast two columns are then used to obtain the posterior expected values of the
ayer average severity. The point estimate is the posterior mean, 18,827. The
posterior standard deviation is C

/445,198,597 — 18,8272 = 9, 526.

We can also use columns 5 and 6 to construct a credibility interval. Discard-
ing the. :f_'u‘st five rows and the last four rows eliminates 0.0406 of posterior
probability. That leaves (5,992, 34,961) as a 96% credibility interval for the
la;yer average severity. Part of Meyers’ paper was the observation that even
with a fairly large sample the accuracy of the estimate is poor.

‘The discrete approximation to the prior distribution could be refined by
using many more than 16 values. This adds little to the spreadsheet effort
The number was kept small here only for display purposes. E]
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12.4.5 Exercises

12.67 Show that, if ¥ is the predictive distribution in Example 12.28, then
InY — In 100 has the Pareto distribution.

12.68 Determine the posterior distribution of o in Example 12.28 if the prior
distribution is an arbitrary gamma distribution. To avoid confusion, denote
the first parameter of this gamma distribution by . Next determine a partic-
ular combination of gamma parameters so that the posterior mean is the max-
imum likelihood estimate of o regardless of the specific values of z1,...,Zxa-

Ts this prior improper?
12.69 For Example 12.51 demonstrate that the maximum likelihood estimate
of o is 1.75.

12.70 Let z1,...,Z, be a random sample from a lognormal distribution with
1

unknown parameters p and o. Let the prior density be w(u,0) =07,

(a) Write the posterior pdf of p and o up to a constant of proportion-
ality.

(b) Determine Bayesian estimators of 11 and ¢ by using the posterior
mode.

(¢) Fix o at the posterior mode as determined in part (b) and then de-
termine the exact (conditional) pdf of z. Then use it to determine
a 95% HPD credibility interval for p.

12.71 A random sample of size 100 has been taken from a gamma distribution
with o known to be 2, but  unknown. For this sample, 2;0:01 z; = 30,000.
The prior distribution for 6 is inverse gamma with 3 taking the role of o and
A taking the role of 6.

(a) Determine the exact posterior distribution of 8. At this point the
values of B and ) have yet to be specified.

(b) The population mean is 96. Determine the posterior mean of 26
using the prior distribution first with S =A=0 [this is equivalent
to w() = 07'] and then with 8 =2 and A = 250 (which is a prior
mean of 250). Then, in each case, determine a 95% credibility
interval with 2.5% probability on each side.

(¢) Determine the posterior variance of 20 and use the Bayesian central
limit theorem to construct a 95% credibility interval for 26 using
each of the two prior distributions given in part (b).

(d) Determine the maximum likelihood estimate of 6 and then use the
estimated variance to construct a 95% confidence interval for 26.
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12.72 Suppose that given © = 6 the random variables Xj, ..., X, are inde-
pendent and binomially distributed with pf

K; :
iji@(:l?jlﬂ) = (.’IZJ>6$J (1 —G)Kj—zj, z; =0,1,... K,
)

and © itself is beta distributed with parameters a and b and pdf

_ T(a+0b)
ﬂ”‘r@m@

(a) Verify that the marginal pf of X is

() (s 2s,)

J\NK: — 2

fay(ag) = L L g2 0,1, K,
( K; )

and E(X;) = aKj;/(a+b). This distribution is termed the binomial-
beta or negative hypergeometric distribution.

(b) Determine the posterior pdf wgx(f|x) and the posterior mean
E(©[x).

gt 1-6)"t 0<d<1.

12.73 Suppose that given © = 0 the random variables X3, ..., X, are inde-
pendent and identically exponentially distributed with pdf '

fXj!@(leﬁ) = fe 0% z; >0,
and O is itself gamma distributed with parameters o > 1 and 3 > 0,
§>1e—0/8
L(a)p™ °
(a) Verify that the marginal pdf of X is

Ix;(z5) = af~ (B +z;) 7o, z; >0,

() = 6> 0.

and
1

Bla—1)
This distribution is one form of the Pareto distribution.

(b) Determine the posterior pdf mgx(f|x) and the posterior mean
E(Ox).

E(X;) =

12.74 Suppose that given © = # the random variables Xj,..., X, are in-

dependent and 1dent1ca,]ly negative binomially distributed with parameters T
and 6 with pf

r4z;i—1\ . )
flee(leg)z( ;J )6 1-6)7, z;=0,1,2,...,

J
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and O itself is beta distributed with parameters a and b and pdf

T'(a+0)

™) = Tarw)

—— 211 -9)"1, 0<O< L

(a) Verify that the marginal pf of X is

I'(r+z;) T(a+b) T(a+7)(b 4+ z;)
I'(r)z;! T(a)L(b) T(a+71+b+z;)’

ij(:llj)z i =0,1,2,...,

and

b
a—1"
This distribution is termed the generalized Waring distribu-

tion. The special case where b = 1 is the Waring distribution
and the Yule distribution if r =1 and b= 1.

(b) Determine the posterior pdf fo;x(f|x) and the posterior mean
E(O|x).

E(X;) =

12.75 Suppose that given © = # the random variables X3,..., X, are inde-
pendent and identically normally distributed with mean u a,nd variance 71
and © is gamma distributed with parameters « and (# replaced by) 1/6.

(a) Verify that the marginal pdf of X; is

I‘(a+ )
P (23) = 3eg ()

which is a form of the ¢-distribution.

—a—1/2
[l—f— (j”",LL)2:l , —00 < zj < 00,

(b) Determine the posterior pdf foix(f|x) and the posterior mean
E(8]x).

12.76 Prove that the binomial distribution with pf
fz;p) = < ) “1-p)"

is of the form (12.10) and identify 6, p(z), and ¢(8).

12.77 Consider the negative binomial distribution with pf

fzsen ) = FI(“?aJ)rza;) (14ﬂ-ﬁ>a <1iﬂ>$'

If « is fixed, show that f(z;c,3) is of the form (12.10) and identify 0, p(z),
and ¢(6).
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12.78 Suppose X3, ...,X, are independent and identically distributed with
distribution (12.10). Prove that the maximum likelihood estimate of the mean

is the sample mean. In other words, if 8 is the maximum likelihood estimator
of 8, prove that

wo) = p@d) = X.
12.79 Counsider the generalization of (12.10) given by

_ p(m’ m)e—mam
[g(@))™

where m is a known parameter. Prove that the mean is still given by (12.12)
but the variance is given by v(6)/m, where v(6) is given by (12.13).

f(z;0)

12.80 Let X;,..., X, be independent and identically distributed conditional
on © with pf

p(z;)e0%

fleg(mjle) = 4(0)

Let S =X+ + X,

(a) Show that, conditional on ©, S has pf of the form
D (5)6—95
fsie(8l0) = =,
o610 ="
where p,(s) does not depend on 6.

(b) Prove that the posterior distribution wgx (8|x) is the same as the
(conditional) distribution of ©|S,

fsie(s]0)m(6)
fs(s)

where w(6) is the pf of © and fg(s) is the marginal pf of S.

mox(0x) =

12.81 Suppose that given IV the random variable X is binomially distributed
with parameters N and p.

(a) Show that, if N is Poisson distributed, so is X (unconditionally)
and identify the parameters.

(b) Show that, if N is binomially distributed, so is X (unconditionally)
and identify the parameters.

(c) Show that, if IV is negative binomially distributed, so is X (uncon-
ditionally) and identify the parameters.

12.82 (*) A die is selected at random from an urn that contains two six-sided
dice. Die number 1 has three faces with the number 2 while one face each has
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the numbers 1, 3, and 4. Die number 2 has three faces with the number 4
while one face each has the numbers 1, 2, and 3. The first five rolls of the die
yielded the numbers 2, 3, 4, 1, and 4 in that order. Determine the probability
that the selected die was die number 2.

12.83 (*) The number of claims in a year, Y, has a distribution which depends
on a parameter . As a random variable, © has the uniform distribution on
the interval (0,1). The unconditional probability that Y is 0 is greater than
0.35. For each conditional pf given below, determine if it is possible that it is
the true conditional pfof Y.

(a) Pr(Y =y|8) = 00" /yl.
(b) Pr(Y =y|f) = (y + 1)6%(1 — 9).
(c) Pr(Y = y|f) = (3)9”(1 -~ 6)%v.

12.84 (*) Your prior distribution concerning the unknown value of H is
Pr(H = %) = £ and Pr(H = $) = §. The observation from a single ex-
periment has distribution Pr(D = d|H = h) = h%(1 — h)}~4 for d = 0,1. The
result of a single experiment is d = 1. Determine the posterior distribution of
H.

12.85 (*) The number of claims in one year, Y, has the Poisson distribution
with parameter §. The parameter 6 has the exponential distribution with pdf
7(0) = e~?. A particular insured had no claims in‘one year. Determine the
posterior distribution of é for this insured.

12.86 (*) The number of claims in one year, Y, has the Poisson distribution
with parameter . The prior distribution has the gamma distribution with
pdf () = fe~?. There was one claim in one year. Determine the posterior
pdf of 8.

12.87 (*) Each individual car’s claim count has a Poisson distribution with
parameter A. All individual cars have the same parameter. The prior dis-
tribution is gamma with parameters @ = 50 and § = 1/500. In a two-year
period, the insurer covers 750 and 1,100 cars in years 1 and 2, respectively.
There were 65 and 112 claims in years one and two, respectively. Determine
the coefficient of variation of the posterior gamma distribution.

12.88 (*) The number of claims, r, made by an individual in one year has the
binomial distribution with pf f(r) = (i) 67(1 — 6)3~". The prior distribution
for 0 has pdf w(8) = 6(8 — 6%). There was one claim in a one-year period.
Determine the posterior pdf of 6.

12.89 (*) The number of claims for an individual in one year has a Poisson
distribution with parameter A. The prior distribution for A has the gamma
distribution with mean 0.14 and variance 0.0004. During the past two years a
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total of 110 claims has been observed. In each year there were 310 policies in
force. Determine the expected value and variance of the posterior distribution
of A. )

12.90 (*) The number of claims for an individual in one year has a Poisson
distribution with parameter A. The prior distribution for A is exponential with
an expected value of 2. There were three claims in the first year. Determine
the posterior distribution of A.

12.91 (*) The number of claims in one year has the binomial distribution
with n = 3 and 8 unknown. The prior distribution for 6 is beta with pdf
m(f) = 2806%(1 — 6)*, 0 < 8 < 1. Two claims were observed. Determine
each of the following.

(2) The posterior distribution of 6.
(b) The expected value of # from the posterior distribution.

12.92 (*) An individual risk has exactly one claim each year. The amount of
the single claim has an exponential distribution with pdf f(z) = te™**, z > 0.
The parameter ¢ has a prior distribution with pdf = (t) = te™®. A claim of 5
has been observed. Determine the posterior pdf of ¢.

12.93 Suppose that given ©; = 6; and ©, = f5 the random variables X3, ...,
X, are independent and identically normally distributed with mean §; and
variance 65 1. Suppose also that the conditional distribution of ©; given
©y = 05 is a normal distribution with mean p and variance ¢2/8 and O3 is
gamma, distributed with parameters o and 6 = 1/p.

(2) Show that the posterior conditional distribution of ©; given O2 =
05 is normally distributed with mean

= L g
“*_1+n02/‘ 1+ no?
and variance )
ol = 7
* 7 05(1 + no?)

and the posterior marginal distribution of @9 is gamma distributed

with parameters
n
Qs = @+ ‘é’

and 5
L 1< e, n(E@-p
ﬂ*'ﬂ+2;(mz Dt ST no?)

(b) Find the posterior marginal means E(©|x) and E(92]x).
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Table 12.7 Number of hospital liability claims by year

Year Number of claims

1985
1986
1987
1988
1989
1990
1991
1992
1993
1994

QO ket U1 BN = DN O WD

Table 12.8 Hospital liability claims by frequency

Frequency (k) Number of observations (ny

D U W N O
O =t e O W |

-J

B

12.5 ESTIMATION FOR DISCRETE DISTRIBUTIONS

12.5.1 Poisson

The principles of estimation discussed earlier in this chapter for continuous
models can be applied equally to frequency distributions. We will now illus-
trate the methods of estimation by fitting a Poisson model.

Example 12.52 A hospital liability policy has experienced the number of
claims over a 10-year period given in Table 12.7. Estimate the Poisson para-
meter using the method of moments and the method of mazimum likelihood.

These data can be summarized in a different way. We can count the number
of years in which exactly zero claims occurred, one claim occurred, and so on,
as in Table 12.8.

The total number of claims for the period 1985-1994 is 25. Hence, the
average number of claims per year is 2.5. The average can also be computed
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from Table 12.8. Let ny denote the number of years in which a frequency of
exactly %k claims occurred. The expected frequency (sample mean) is

ZZ‘;O kruy,
Zz‘;o ny;

where ny, represents the number of observed values at frequency k. Hence the
method-of-moments estimate of the Poisson parameter is A = 2.5.

Maximum likelihood estimation can easily be carried out on these data.
The likelihood contribution of an observation of k is py. Then the likelihood
for the entire set of observations is

o0
L= H DRk
k=0

T =

and the loglikelihood is
[ = Z Ny 10 p.
k=0

The likelihood and loglikelihood functions are considered to be functions of
the unknown parameters. In the case of the Poisson distribution, there is only
one parameter, making the maximization easy.

For the Poisson distribution,
e-/\ /\k

k!

Pr =

and
Inpr, =—-A+klnX —1Inkl

The loglikelihood is

I = > ng(-A+klnA—Inkl)
k=0

k=0 k=0

where n = ) 77, n is the sample size. Differentiating the loglikelihood with
respect to A, we obtain

dl = 1

By setting the derivative of the loglikelihood to zero, the maximum likelihood
estimate is obtained as the solution of the resulting equation. The estimator

is then oo
i= 2 k=0 k1
n

I
8l
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From this it can be seen that for the Poisson distribution the maximum like-
lihood and the method-of-moments estimators are identical.
If N has a Poisson distribution with mean ), then

E(}) =E(N) =
and
Var(}) = VaITEN) = %

Hence, X is unbiased and consistent. From Theorem 12.13, the maximum
likelihood estimator is asymptotically normally distributed with mean \ and

variance
d’) -1
—nE In
{ " LzA P N]}

= { [ L (-A+Nhi- mN')]}_l

-1

Il

Var(})

il

[nE( N/)\ ]
= ()7

In this case the asymptotic approximation to the variance is equal to its
true value. From this information, we can construct an approximate 95%
confidence interval for the true value of the parameter. The interval is P
1.96(A/n)*/2. For this example, the interval becomes (1.52, 3.48). This con-
fidence interval is only an approximation because it relies on large sample
theory. The sample size is very small and such a confidence interval should
be used with caution. 0

The formulas presented so far have assumed that the counts at each ob-
served frequency are known. Occasionally, data are collected so that this is
not given. The most common example is to have a final entry given as k-,
where the count is the number of times k or more claims were observed. If ng..
is the number of times this was observed, the contribution to the likelihood
function is

(pk + D1+ ')nk+ - (1 —Po— "‘pk—l)nk+-

The same adjustments apply to grouped frequency data of any kind. Sup-
pose there were five observations at frequencies 3-5. The contribution to the
likelihood function is

(p3 +pa +P5)5-
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Table 12.9 Data for Example 12.53

No. of claims/day Observed no. of days

47

97

109

62

25

16

+ 9

DT WO

Example 12.53 For the data in Table 12.9' determine the mazimum like-
lihood estimate for the Poisson distribution.

The likelihood function is

L = p§"p} p3*°p82p2pio(1 — po — p1 — P2 — p3 — Ps — ps5)°,

and when written as a function of ), it becomes somewhat complicated. While
the derivative can be taken, solving the equation when it is set equal to zero
will require numerical methods. It may be just as easy to use a numerical
method to directly maximize the function. A reasonable starting value can be
obtained by assuming that all nine observations were exactly at 6 and then
using the sample mean. Of course, this will understate the true maximum
likelihood estimate, but should be a good place to start. For this particular
example, the maximum likelihood estimate is A = 2.0226, which is very close
to the value obtained when all the counts were recorded. |

12.5.2 Negative binomial

The moment equations are

i
&

=

(o] k .
W (12.14)

and

A1+ ) = Z:‘i%kzn’“ - (ZZ‘ZO kn"'>~ =5 (12.15)

n

with solutions 3 = (s2/Z)—1 and # = Z/f3. Note that this variance estimate is
obtained by dividing by n, not n — 1. This is a common, though not required,

1 This is the same data as will be analyzed in Example 13.15 except the observations at 6
or more have been combined.
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approach when using the method of moments. Also note that, if s? < 7, the
estimate of B will be negative, an inadmissible value.

Example 12.54 (Example 12.52 continued) Estimate the negative binomial
parameters by the method of moments.

" The sample mean and the sample variance are 2.5 and 3.05 (verify this),

respectively, and the estimates of the parameters are 7 = 11.364 and B =
0.22. |

‘When compared to the Poisson distribution with the same mean, it can be
seen that 3 is a measure of “extra-Poisson” variation. A value of f = 0 means
no extra-Poisson variation, while a value of 8 = 0.22 implies a 22% increase in
the variance when compared to the Poisson distribution with the same mean.

We now examine maximum likelihood estimation. The loglikelihood for
the negative binomial distribution is

an Inpy,

k=0

}:m{ (T+f >-rma+ﬂy+@nﬂ~kmu+ﬂﬂ.

Il

il

The loglikelihood is a function of the two parameters § and 7. In order to find
the maximum of the loglikelihood, we differentiate with respect to each of the
parameters, set the derivatives equal to zero, and solve for the parameters.
The derivatives of the loglikelihood are

5] - E r+k
B~ ,;,“’* (E i +ﬁ> (12:16)

and

—g—f: = —anln(l+ﬂ)+2n gr_ﬂ_—k;—'l)__

k=0

= —nm(1+ﬁ)+}:nk % 1n H(T+m

m==0

- —nm(1+ﬂ)+znr6— 3t +0)
m=0
k-1

= —nln(1+8)+ anz 1 (12.17)

r+m’
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Setting these equations to zero yields

I
81

= 7 = Sz (12.18)

k-1

nln(l+B) = an <Z im> (12.19)

Note that the maximum likelihood estimator of the mean is the sample mean
(as, by definition, in the method of moments). Equations (12.18) and (12.19)
can be solved numerically. Replacing £ in (12.19) by fi/7 yields the equation

H(7) =nm(1+§) Zn,, (Z T+m> =0. (12.20)

If the right-hand side of (12.15) is greater than the right-hand side of (12.14)},
it can be shown that there is a unique solution of (12.20). If not, then the
negative binomial model is probably not a good model to use because the
sample variance does not exceed the sample mean.'?

Equation (12.20) can be solved numerically for # using the Newton—-Raphson
.method. The required equation for the kth iteration is

H(’I‘k_l)

T T B )

A useful starting value for 7y is the moment-based estimator of r. Of course,
any numerical root-finding method (e.g., bisection, secant) may be used.

The loglikelihood is a function of two variables. It can be maximized di-
rectly using methods like those described in Appendix F. For the case of
the negative binomial distribution with complete data, because we know the
estimator of the mean must be the sample mean, setting 8 = Z/r reduces this
to a one-dimensional problem.

Example 12.55 Determine the mazimum likelihood estimates of the negative
binomial parameters for the data in Ezample 12.52.

The maximum occurs at 7 = 10.9650 and 3 = 0.227998. O

Example 12.56 Trobliger [130] studied the driving habits of 23,589 auto-
mobile drivers in a class of automobile insurance by counting the number of

121n other words, when the.sample variance is less than or equal to the mean, the loglike-
lihood function will not have a2 maximum. The function will keep increasing as r goes to
infinity and 3 goes to zero with the product remaining constant. This effectively says that
the negative binomial distribution that best matches the data is the Poisson distribution
that is a limiting case.

DTS RS
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Table 12.10 Two models for automobile claims frequency

No. of No. of Poisson Negative binomial
claims/year drivers expected expected
0 20,592 20,420.9 20,596.8
1 2,651 2,945.1 2,631.0
2 297 212.4 318.4
3 41 10.2 37.8
4 7 0.4 4.4
5 0 0.0 0.5
6 1 0.0 0.1
T+ 0 0.0 0.0
Parameters A = 0.144220 r=1.11790

G =0.129010
Loglikelihood —10,297.84 —10,223.42

accidents per driver in a one-year time period. The data as well as fitted
Poisson and negative binomial distributions are given in Table 12.10. Based
on the information presented, which distribution appears to provide a better
model?

The expected counts are found by multiplying the sample size (23,589) by
the probability assigned by the model. It is clear that the negative binomial
probabilities produce expected counts that are much closer to those that were
observed. In addition, the loglikelihood function is maximized at a signifi-
cantly higher value. Formal procedures for model selection (including what
it means to be significantly higher) are discussed in Chapter 13. However, in
this case, the superiority of the negative binomial model is apparent. 0

12.5.3 Binomial

The binomial distribution has two parameters, m and g. Frequently, the
value of m is known and fixed. In this case, only one parameter, g, needs to
be estimated. In many insurance situations, g is interpreted as the probability
of some event such as death or disability. In such cases the value of ¢ is usually
estimated as

number of observed events

maximum number of possible events’

4=

which is the method-of-moments estimator when m is known.

In situations where frequency data are in the form of the previous examples
in this chapter, the value of the parameter m, the largest possible observation,
may be known and fixed or unknown. In any case, m must be no smaller than
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the largest observation. The loglikelihood is

I = an In py,
k=0

- g{)nk [hl (T) +klnq+(m—-k)1n(1—q)] :

When m is known and fixed, one needs only maximize | with respect to g.
or 1 i 1 <
- = - Imk T — Z(m - k)?’l,k.
90 ai7 -9

Setting this equal to zero yields

1 ZZ;() kny,

= m Yok

which is the sample proportion of observed events. For the method of mo-
ments, with m fixed, the estimator of q is the same as the maximum likelihood
estimator because the moment equation is

_ oo kg
Zzl:o g
When m is unknown, the maximum likelihood estimator of q is

1Y o kn
oo

mg

Gg= (12.21)
where 70 is the maximum likelihood estimate of . An easy way to approach
the maximum likelihood estimation of m and ¢ is to create a likelithood profile
for various possible values of m as follows:

Step 1: Start with 1 equal to the largest observation.
Step 2:  Obtain § using (12.21).

Step 3: Calculate the loglikelihood at these values.
Step 4: Increase ™ by 1.

Step 5: Repeat steps 2—4 until a maximum is found.

As with the negative binomial, there need not be a pair of parameters that
maximizes the likelihood function. In particular, if the sample mean is l