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CHAPTER ONE

CONIC SECTIONS

1. Parabola

2. Ellipse

3. Hyperbola



1. Parabola

Definition: A parabola is the set of all points in the plane equidistant from
a fixed point F' (called the focus) and a fixed line D (called the directrix) in
the same plane.

Notes:

1. The line passing through the focus F' and perpendicular to the directrix
D is called the axis of the parabola .

2. The point half-way from the focus F' to the directrix D is called the vertex
of the parabola and is denoted by V .

1.1 The vertex of the parabola is the origin :
This section discusses the special case where the vertex of the parabola is (0, 0).
There are four different cases :

1) 2? = 4ay , where a > 0

F(0, a)

V (0, 0

y=-a




The parabola opens upwards .

The focus is F'(0,a) .

The equation of the directrix is y = —a .

The axis of the parabola is the y-axis .

2) 22 = —day , where a > 0

vV (0, 0)

F(0, -a)

The parabola opens downwards (note the negative sign in the formula).

The focus is F(0, —a) .

The equation of the directrix is y = a .

The axis of the parabola is the y-axis .

3) y* = 4ax , where a > 0

X=-a

V (0, 0)

The parabola opens to the right.
The focus is F(a,0) .

F(a 0)



The equation of the directrix is x = —a .

The axis of the parabola is the x-axis .

4) y* = —dax , where a > 0

I
»

F(-a, 0)

V(0,0

The parabola opens to the left (note the negative sign in the formula) .

The focus is F(—a,0) .
The equation of the directrix is x = a .

The axis of the parabola is the x-axis .

Example 1: Find the focus and the directrix of the parabola z? = 4y , and

sketch its graph.

Solution: Since the variable x is of degree 2 and the formula contains a positive
sign then x? = 4y is similar to case(1), where the parabola opens upwards .

da=4 = a=1

The focus is F(0,1) , and the equation of the directrix is y = —1 .

rF@O, 1)




Example 2: Find the focus and the directrix of the parabola y? = —8z , and
sketch its graph.

Solution: Since the variable y is of degree 2 and the formula contains a nega-
tive sign then y? = —8x is similar to case(4), where the parabola opens to the
left .

—4da=-8 = a=2

The focus is F(-2,0) , and the equation of the directrix is z =2 .




1.2 The general formula of a parabola :

This section discusses the general formula of a parabol where the vertex of the

parabola is any point V'(h, k) in the plane.
There are four different cases :

No. | The general formula Focus Directrix | The parabola opens
1 | (—h)?=4daly — k) F(h,k+a) | y=Fk—a | upwards
2 [ (x—h)?=—daly—k) | F(h,k—a) | y=k+a | downwards
3 | (y—k)? =4a(z—h) F(h+a,k) | x=h—a | to the right
4 | (y—k)?=—da(x—h) | F(h—a,k) | z=h+a | to the left

Example 1: Find the focus and the directrix of the parabola (z + 1)? =

—4(y — 1) , and sketch its graph.

Solution : The equation of the parabola is similar to case (2).
(x—h)2=(@x+1)?2=(x-(-1)? = h=-1.

-k=@-1) = k=1.
—4da=—-4 = a=1.
The vertex is V(—1,1)

The focus is F(—1,0) and the equation of the directrix is y = 2.
The parabola opens downwards (note the negative sign in the formula).

V(-1 1)

F(-1, 0)

)

X +1P2=-4@y -1

Example 2: Find the focus and the directrix of the parabola (y—1)? = 8(z+2)

, and sketch its graph.

Solution : The equation of the parabola is similar to case (3).

(y—k?=@-1)* = k=1.

(x—h)=@+2)=(x—-(-2)) = h=-2.

4a=8 = a=2.
The vertex is V(—2,1)

The focus is F(0,1) and the equation of the directrix is © = —4.

The parabola opens to the right .




X =-4

V(=21 TF@O 1)

(y-1?=8(x +2)

AN

Example 3: Find the focus and the directrix of the parabola 2y% —4y+82z+10 =
0 , and sketch its graph.

Solution : By completing the square

2y —dy+8r+10=0 = 29> —4y=-8r—10 = 2(y*> —2y) = —8x — 10
= 2(y?—2y+1) = —8z—10+2 = 2(y—1)? = —8z—-8 = 2(y—1)? = —8(z+1)
= (y—1)? = ~4(w +1)

The equation of the parabola is similar to case (4).

(y—k?=(@y-1° = k=1.

(z—h)=(@@+1)=(z—-(-1) = h=-1.

—4da=—-4 = a=1.

The vertex is V(—1,1) .

The focus is F(—2,1) and the equation of the directrix is = 0 (the y-axis).
The parabola opens to the left (note the negative sign in the formula)

y-1*=-4x+1)



Example 4: Find the focus and the directrix of the parabola z? —6y — 2z = —7
, and sketch its graph.

Solution : By completing the square

2P —6y—20=-7 = 2>-22=6y—7 = > —20+1=6y—T+1

= (x—-1)2%=6y—6 = (x—1)2=6(y—1)

The equation of the parabola is similar to case (1).

(x—h)2=(x-1)?2 = h=1.

y—k)=@w-1) = k=1.

da=6 = a=

The vertex is V(1,1)

5
The focus is F' | 1, = | and the equation of the directrix is y = —5

o
N | W

[\

The parabola opens upwards.

(x-12=6(y -1

Example 5: Find the equation of the parabola with vertex V(2,1) and focus
F(2,3) and sketch its graph.

Solution : Since the focus is located upper than the vertex then the parabola
opens upwards.

Hence its equation is (z — h)? = 4a(y — k) .

Since the vertex is V(2,1) then h =2 and k=1

a equals the distance between V(2,1) and F'(2,3) which equals 2 .

The equation of the parabola with V(2,1) and F(2,3) is (z — 2)2 = 8(y — 1)

(x-22=8(y -1

10



Example 6: Find the equation of the parabola with focus F'(—1,1) and direc-
trix x = 1 and sketch its graph.

Solution : Since the focus is located to the left of the directrix then the parabola
opens to the left.

Hence its equation is (y — k)? = —4a(x — h) .

The vertex is half-way beween the focus and the directrix , hence V(0, 1)

a equals the distance between V' (0,1) and F(—1,1) which equals 1 .

The equation of the parabola with F'(—1, 1) and directrix z = 1is (y—1) = —4x

F(-1, D 1}V 0, 1)

11



2. Ellipse

Definition: An ellipse is the set of all points in the plane for which the sum
of the distances to two fixed points is constant.

Notes :

1.

The two fixed points are called the foci of the ellipse and are denoted by
F1 and FQ.

. The midpoint between F; and Fj is called the center of the ellipse and

is denoted by P.

. The endpoints of the major axis are called the vertices of the ellipse and

are denoted by V7 and V5.

The endpoints of the minor axis are denoted by Wy and Ws.

W»

2.1 The center of the ellipse is the origin :
This section discusses the special case where the center of the ellipse is (0, 0).
There are two different cases :

1)

:172 y2 B
Z e

The foci of the ellipse are Fy(—¢,0) and Fy(c,0) , where ¢ = va? — b2.

1, where a > b :

The vertices of the ellipse are Vi(—a,0) and Vz(a,0).
The endpoints of the minor axis are W1(0,b) and W2(0, —b).
The major axis lies on the x-axis , and its length is 2a.

The minor axis lies on the y-axis , and its length is 2b.

12



W1(0, b)

Vi(-a, ) P(0, 0) Va(@ 0)

Fi(-c, 0) Fa(c, 0)

W2(0, —b)

2 2

Z—2+Z—2:1,Whereb>a:

The foci of the ellipse are F(0,c) and F5(0, —c) , where ¢ = v/b? — a2.

2)

The vertices of the ellipse are V;(0,b) and V5(0, —b).
The endpoints of the minor axis are Wi (—a,0) and Ws(a,0).
The major axis lies on the y-axis , and its length is 2b.

The minor axis lies on the x-axis , and its length is 2a.

V1(0, b)

F1(0, ©)

Wi(-a, 0) P(0, 0) Wa(a, 0)

F2(0, —c)

20, =b)

Example 1: Identify the features of the ellipse 922 + 25y? = 225 , and sketch
its graph.

9x2  25y? x? 2
lution : 922 + 25y% = 22 — =1 —+==1
Solution : 9z° 4 25y 5 = 225—|— 295 = 25+ 9
a? =25 = a:5§undb3:9 = b=3.
Since a > b then — + = =1 is similar to case (1).

25 9
c=vVa2 -2 =25-9=+16 =4.
The foci are Fy (—4,0) and F» (4,0).
The vertices are V4 (—5,0) and V2(5,0).

13



The endpoints of the minor axis are W1(0,3) and W5(0, —3).
The length of the major axis is 2a = 10.
The length of the minor axis is 2b = 6.

W1(0, 3)
V(-5 0f P40 Fa(4,0) \V5(5,0
_a 4
x2 y2
—+—=1
25 9 W2(0, -3)

Example 2: Identify the features of the ellipse 1622 + 9y? = 144 , and sketch
its graph.

1622 9y? z?2 P
s 2 2 _ 7Y _ I
Solution : 162~ + 9y 144 = 144+144 1 = 9+16 1
a?=9 = a:3a£1db22:16 = b=4.
Since b > a then §+%6:1 is similar to case (2).

A =Vb?—a?=16-9=VT.

The foci are Fy (O, \ﬁ) and Fy (0, —\ﬁ)

The vertices are V1(0,4) and V5(0, —4).

The endpoints of the minor axis are W1 (—3,0) and W5(3,0).
The length of the major axis is 2b = 8.

The length of the minor axis is 2a = 6.

V1(0, 4)

J7 rFl(O, \ﬁ)

W1(=3, 0) W5(3, 0)

V2(0, —4)

14



2.2 The general formula of an ellipse :

This section discusses the general formula of an ellipse where the center of the
ellipse is any point P(h, k) in the plane.

There are two different cases :

No. The general Formula The Foci The Vertices | W7 and W,
(x—h)?  (y—k)
1 22 + 12 =1 Fl(h—C,k‘) Vl(h—a,k) Wl(h,k‘—b)
(a>b)and c=+va2—0% | Fo(h+c,k) | Va(h+a,k) | Walh,k+)
N i e
e + = = 1(h,k—c) | Vi(h,k—=0) | Wi(h —a,k)
(b>a)and c=vb2—a? | Fa(h,k+c) | Va(h,k+b) | Wa(h+a,k)

Example 1: Find the equation of the ellipse with foci at (—3,1) , (5,1) , and

one of its vertices is (7,1) , and sketch its graph.

Solution : The center of the ellipse P(h, k) is located in the middle of the two
-345 1+1

foci, hence (h, k) = < 2+ ,% =(1,1).

¢ is the distance between the center and one of the foci , and it equals to 4 (see

the figure).

Since the major axis (where the two foci lie) is parallel to the x-axis , then the
(x—h)?  (y—k)?
a? * b2
a is the distance between the center and one of the vertices, and it equals 6 (see

the figure).
=a>-0 = 42=(6)2-0 = b>=36—-16=20 = b=2V5.

—1)2 —1)2
The equation of the ellipse is (z—1) (y—1) =1.

2
The vertices of the ellipse are V1(—5,1) and V,(7,1).
The endpoints of the minor axis are Wy (17 1+ 2\/5) and Wy (1, 1-— 2\/5)

=1, wherea >b.

general formula of the ellipse is

Wy
P i v,
1 5 7
1-2 x-1% (y-1?
W + =1
36 20



Example 2: Find the equation of the ellipse with foci at (2,5) , (2,—3) , and
the length of its minor axis equals 6 , and sketch its graph.
Solution : The center of the ellipse P(h, k) is located in the middle of the two
242 —-3+5
foci, hence (h, k) = <J2r, ; ) =(2,1).
¢ is the distance between the center and one of the foci , and it equals to 4 (see
the figure).
Since the major axis (where the two foci lie) is parallel to the y-axis , then the
x—h)? y—k 2
( ! )" ! )
The length of the minor axis is 6 means that 2a =6 = a = 3.
A=0-a> = 4)?=0-3)? = *=16+9=25 = b=>5.
_9)\2 _1)2
(-2, -1 _,
9 25
The vertices of the ellipse are V1(2,6) and V5(2, —4).
The endpoints of the minor axis are Wy(—1,1) and Ws(5,1).

general formula of the ellipse is =1, whereb>a .

The equation of the ellipse is

W1y

o2 2
v, -2 -1
9 25

Example 3: Find the equation of the ellipse with vertices at (—1,4) , (=1, —2)
and the distance between its two foci equals 4 , and sketch its graph.
Solution : The center of the ellipse P(h, k) is located in the middle of the two
-1-1 -2+4
, =(-1,1).

2 2
The distance between the two foci equals 4 means that 2c =4 = c=2.
Since the major axis (where the two vertices lie) is parallel to the y-axis , then
x — h)? —k)?
CEDTaN Ol
The length of the major axis (the distance between the two vertices) equals 6 ,

vertices, hence (h, k) =

=1, where b > a.

the general formula of the ellipse is

16



this means 2b=6 = b= 3.

=0 -a®> = (2?=03)2-a®> = ®>=9-4=5 = a=/5.
1)2 —1)2

The equation of the ellipse is (z+1) + y ) =1.

9
The foci of the ellipse are F1(—1,3) and Fy(—1,—1).
The endpoints of the minor axis are Wy (—1 — \/5, 1) and Wy (—1 + \/5, 1).

W>

x+1?2 (y-17
+ =1
5 9

Example 4: Identify the features of the ellipse 422 + 2y? — 8z — 8y —20 =10,
and sketch its graph.
Solution :
4% + 2y —8r — 8y —20=0 = (422 —8x) + (2% — 8y) =20
= 4(2? — 2x) + 2(y? — 4y) = 20
By completing the square
(2% —22) +2(y% —4y) =20 = 4(2% — 22+ 1) +2(y* — 4y +4) =20+ 12
= 4(z—1)2+2(y—2)2 =32
4(x—1)2  2(y—2)?
32 32 1
b2=16 = b=4and a’2=8 = b=+8=2/2.
A=0—-a? => 2=16-8=8 = ¢c=+8=2V2
The center of the ellipse is (1, 2).
The foci of the ellipse are F} (1, 2+ 2\/§) and Fy (1, 2 — 2\/5)
The vertices of the ellipse are V;1(1,6) and Va(1, —2).
The endpoints of the minor axis are W; (1 —2V/2, 2) and Wy (1 +2V/2, 2)
The length of the major axis is 8 and the length of the minor axis is 2v/8 = 4v/2.

(-1  (y—2)?
8 + 6

17



2

Vv, x-1% (y-2?
+
8 16

18



3. Hyperbola

Definition: A hyperbola is the set of all points in the plane for which the
difference of the distances between two fixed points is constant.

Notes :

1. The two fixed points are called the foci of the hyperbola and are denoted
by F1 and FQ.

2. The midpoint between F; and F5 is called the center of the hyperbola
and is denoted by P.

3.1 The center of the hyperbola is the origin :
This section discusses the special case where the center of the hyperbola is (0, 0).
There are two different cases :

2 2
1) L y—:l,wherea>0andb>0:

a2 b2
The foci of the hyperbola are Fy(—c,0) and F(c,0) , where ¢ = va? + b2.
The vertices of the hyperbola are V;(—a,0) and Va(a,0).

The line segment between V; and V5 is the transverse axis , it lies on
the x-axis and its length is 2a.

The equations of the asymptotes are y = —z and y = ——=x.
a a

19



2 2
2) y——x—zl,wherea>0andb>0:

b2 a?
The foci of the hyperbola are Fy (0, ¢) and F5(0, —c) , where ¢ = va? + b2.
The vertices of the hyperbola are V;(0,b) and V5(0, —b).

The line segment between V; and V5 is the transverse axis , it lies on
the y-axis and its length is 2b.

The equations of the asymptotes are y = —z and y = ——=x.
a a

Example 1: Identify the features of the hyperbola 422 —16y? = 64 , and sketch
its graph.
Solution :

9 9 422 16y> _ 22 P
4z° — 16y~ =64 = H_ﬁ_l = 61
This form is similar to case (1).

a?=16 = a=4and b> =4 = b=2
c=Va2+b =42 +22=20=2V5

The foci of the hyperbola are Fj (72\/5, 0) and F, (2\/5, 0).
The vertices are V;(—4,0) and V2(4,0).

The transverse axis lies on the x-axis and its length is 2a = 8.

20



2 1 2 1
The equations of the asymptotes are y = 75=35% and y = —E="3°
o _ PR
Ty = —x Y—Ex 7
~ - - -
S 2 I 2"
| So i 1
1 SS - |
i Sso Prag I
: \\\ /’ 1
F1}Vi(-4,0 e Vo4, Of F
o s o
I ”,z \\\\ I
1 ’/ \\ ]
I /” \\\ i
I PR So |
! /” \\\ !
B il B ittt e N
”/ \\\
- \\
/” \\

Example 2: Identify the features of the hyperbola 4y? — 922 = 36 , and sketch

its graph.

Solution : 42 , , ,
9x Y T

L2 —022 =36 = L T 1 LY Ty

oo 36 36 9 4

This form is similar to case (2).

a’=4 = a=2and b*=9 = b=3
c=vVaZ+¥2=v22+32=/4+9=+13

The foci of the hyperbola are F}y (0, \/ﬁ) and F; (0, —\/ﬁ,).
The vertices are V7(0,3) and V5(0, —3).

The transverse axis lies on the y-axis and its length is 2b = 6.

The equations of the asymptotes are y = §m and y = —530

21



3.2 The general formula of a hyperbola :

This section discusses the general formula of a hyperbola where the center of
the hyperbola is any point P(h, k) in the plane.

There are two different cases :

No. The general Formula The Foci The Vertices | Transverse axis
(x—h)® (y—k)?
1 e 1| Fi(h—ck) | Vi(h—a,k) parallel to
(2=a?+1?) Fy(h+c¢,k) | Va(h+a,k) the x-axis
— k)2 — h)?
5 | W - @ > Sy Fi(hk+c¢) | Vi(hk+0) parallel to
(2=a?>+1b*) Fy(hyk—c¢)) | Va(h,k—b) the y-axis

b b
The equations of the asymptotes are y = E(x —h)+kandy= —g(x —h)+k

Example 1: Find the equation of the hyperbola with foci at (—2,2) ; (6,2)
and one of its vertices is (5,2) , and sketch its graph.

Solution :

The center of the hyperbola P(h, k) is located in the middle of the two foci ,
—246 242

hence (h, k) = 2+ ,% =(2,2)

Note that the two foci lie on a line parallel to the x-axis , hence the general
- (@—h)? (y—k)?
formula of the hyperbola is 5 — 5 =1.
a

2c is the distance between the two foci , hence 2c =8 = c=4.
a is the distance between the center (2,2) and the vertex (5,2) , hence a =3,
and the other vertex is (—1,2).
A=a?+0? = 42=32+02 = ¥=16-9=7 = c=T.

—2)? —2)?
The equation of the hyperbola is (= 9 ) — y - ) =1

7
The equations of the asymptotes are Ly : y = %(m —2)+2 and

d 9 7

22



Example 2: Find the equation of the hyperbola with foci at (—1,—6) , (—1,4)
and the length of its transverse axis is 8 , and sketch its graph.
Solution :
The center of the hyperbola P(h, k) is located in the middle of the two foci ,
-1-1 —6+4
hence (h, k) = — GT—'_ =(-1,-1)
Note that the two foci lie on a line parallel to the y-axis , hence the general
_(y—k?  (z—h)?
formula of the hyperbola is TR ;—=1.
a
2c is the distance between the two foci , hence 2c =10 = ¢=5.
The length of the transverse axis is 8 , this means 26 =8 = b=4.
The vertices are (—1,—5) and (—1,3) .
A=a’+b = 52=0a2+4%> = a>=25-16=9 = a=3.

1)? 1)2
The equation of the hyperbola is y+1) — (z+1) =

16 9
4
The equations of the asymptotes are L; : y = g(x +1)—1and
4
Ly : y:—g(x—f—l)—l

(y+1? (x+1)%2
— =1
16 9

4

B e il e RS

Example 3: Find the equation of the hyperbola with center at (1,1) , one of
its foci is (5,1) and one of its vertices is (—1,1) , and sketch its graph.
Solution :

Since the center and the focus lie on a line parallel to the x-axis , then the

23



W kP
a2 b2 e
¢ is the distance between the center (1,1) and the focus (5,1) , hence ¢ =4,
the other foci is (—3,1).
a is the distance between the center (1,1) and the vertex (—1,1) , hence a = 2
, the other vertex is (3,1).

Pt > =P+ = P=16-4=12 = b=+12=2/3
-1 w17

4 12

general formula of the hyperbola is

The equation of the hyperbola is
The equations of the asymptotes are

Ly: y= 2\[(x—1)+1—\/§(1:—1)+1andl/2:y:—\/g(x—l)—kl

-1 -1

4 12

Example 4: Identify the features of the hyperbola 2y? —4x? —4y —8x—34 =0
, and sketch its graph.

Solution :

2y? —42? — 4y —8r —34=0 = (2% — 4y) — (42% + 8z) = 34

= 2(y% —2y) — 4(2? + 22) = 34

= 202 -2y +1) -4 +20+1)=34+2 -4 = 2(y—1)% —4(z +1)? = 32
2(y — 1)2 2 —1)2 2
_ 217 A+’ -1 7(:c+1) _
32 32 16

>=16 = b=4and a®* =8 = a:\/§:2\/§.

P=a>+0 = 2=16+8=24 = c=24=26.

The center of the hyperbola is P(—1,1).

The foci of the hyperbola are F; (—1, 1+ 2\/5) and Fy (—1, 1-— 2\/6)
The vertices of the hyperbola are V4 (—1,5) and Va(—1,—3).

The transverse axis is parallel to the y-axis and its length is 2b = 8.
The equations of the asymptotes are

24



V2@ +1)+1

y:

(z+1)+1=v2(x+1)+1and Ly :

25



CHAPTER TWO

MATRICES AND DETERMINANTS

1. Matrices

2. Determinants
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1. Matrices

Definition : A matrix A of order m x n is a set of real numbers arranged in
a rectangular array of m rows and n columns. It is written as

ail ai12 . A1n

a21 a22 e A2n
A =

Am1 Am2 ceo Qmn

Notes :

1. a;; represents the element of the matrix A that lies in row ¢ and column
j.

2. The matrix A can also be written as A = (a;5),,.,,-

3. If the number of rows equals the number of columns (m = n) then A is
called a square matrix of order n.

4. In a square matrix A = (a;;) , the set of elements of the form a;; is called
the diagonal of the matrix.

Examples :

1. (_1 4 O) is a matrix of order 2 x 3.

2 =3 7
ann=-1,a2=4,a13=0,0a01=2,apn=-3andayx="7.
5 =3 2
2. 10 1 7| is asquare matrix of order 3.
0 8 13

The diagonal is the set {a11, a2, as3} = {5,1,13}
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1.1 Special types of matrices :

1. Row vector : A row vector of order n is a matrix of order 1 x n, and it is
written as (a1 as ... an)

Example :(2 7 0 71) is a row vector of order 4.

2. Column vector : A column vector of order n is a matrix of order n x 1,

aj
az
and it is written as
Qn
8
Example : | —1 | is a column vector of order 3.
2
3. Null matrix : The matrix (a;;),,,,, of order m x n is called a null matrix

if a;; = 0 for all 4 and j, and it is denoted by O .

0 0 0 0

0 00 0
0=

000 ... 0

0 0 0 O
Example :{0 0 0 0] is a null matrix of order 3 x 4.
0 0 0 O

4. Upper triangular matrix : The square matrix A = (a;;) of order n is
called an upper triangular matrix if a;; = 0 for all ¢ > j , and it is written

a1 a2 a3 ... Gip
0 a992 Q23 . agn
as A = 0 0 ass . asn
0 0 0 ... apn
8 5 -2 1
03 1 - . . .
Example : 00 4 1 | 1s an upper triangular matrix of order 4.
0 0 O 3

5. Lower triangular matrix : The square matrix A = (a;;) of order n is
called a lower triangular matrix if a;; = 0 for all ¢ < j , and it is written as

ail 0 0 ‘e 0

a1 aze 0O 0
A= | @1 a3z ass 0

an1 an2 anp3 R )
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2 0 0
Example: | —1 4 0] is a lower triangular matrix of order 3.
3 -5 7

6. Diagonal matrix : The square matrix A = (a;;) of order n is called a
diagonal matrix if a;; = 0 for all  # j , and it is written as

ail 0 0 .o 0
0 a922 0 e 0
A = 0 0 asz ... 0
0 0 0 ... apn
2 0 0
Example: |0 —3 0] is a diagonal matrix of order 3.
0 0 1

7. Identity matrix : The square matrix I, = (a;;) of order n is called an
identity matrix if a;; = 0 for all ¢ # j and a;; = 1 for all 4+ = j, and it is

100 ... 0
01 0 ... 0
written as I,, = 0 01 0
00 0 ... 1
1 00
Example : I3=|0 1 0] is an identity matrix of order 3.
0 0 1

29



1.2 Elementary matrix operations :

1. Addition and subtraction of matrices :

Addition or subtraction of two matrices is defined if the two matricest have the
same order.
IfA= (aij) and B = (bU)

any two matrices of order m X n then
mXn

1. A+B = (aij —‘rb”)

mXxn

mxn®

a1 + bi a2 +biz ... aip+bin

ao1 + bay az2 +bya ... aoy +bay
A+B=

Am1 + bml am?2 + bm2 ‘e Amn + bmn

2. A - B = (a;; —by)

mxn'

a1 — bi a2 — bia cee a1n — bin

a1 — bay a2 — baa oo agp — by
A-B-=

Gm1 —bm1 Gm2 —bma ... @mn — b

2 -3 0 5 2 1
Example.IfA—(1 4 6) andB—<_3 . _2) then

245 =342 0+1
14+(-3) —4+4+7 64+(-2)

2-5 -—3-2 0-1
A_B:<1—@m —4—-7 6—(-2)

A+B:<

Notes:

1. The addition of matrices is commutative : if A and B any two matrices
of the same order then A+ B =B+ A .

2. The null matrix is the identity element of addition : if A is any matrix
then A4+0=A .

2. Multiplying a matrix by a scalar :
If A = (a;;) is a matrix of order m x n and ¢ € R then cA = (ca;j).

ca11 ca12 . CQ1n

Cca91 Ccaoo e CQAon
cA =

Cm1 Cam2 ... CAmn

3 -1 4 9 -3 12
Example.IfA—(2 _9 0) then3A—<6 _6 O>
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3. Multiplying a row vector by a column vector :

IfA= (a1 as ... an) is a row vector of order n and
b1
by
B = . is a column vector of order n then
by
by
)
AB = (a1 az ... an) . = (Ilbl + 0,21)2 + ...+ anbn
b'fL
4
Example : f A= (-1 2 0 5)and B= *12 then
-1
4
-2
AB:(—l 2 0 5) 1 =—4—-440-5=-13
-1

4. Multiplication of matrices :

1. If A and B any two matrices then AB is defined if the number of columns
of A equals the number of rows of B .

2. If A = (aij),, ., and B = (bij),,,,, then AB = (ci5),, -

¢;j is calculated by multiplying the it row of A by the j** column of B.

blj
bgj
cij = (a1 a2 ... an) .| = ainbyj 4 aigbyj Ao+ dinbn;
bn;j
Example 1 :
-1 3 4 1 3
LTy y s -1 -2
2x3 4 0/,
Bx—=1)+(4x4) (-1x3)+(3x—=2)+(4x0)
O><—1)—|—(5><4) (—2x3)+(0x=2)+(5x0)/,. ,

—-1-3+16 —-3—-6+0 (12 =9
—-24+0+20 —-64+0+0 2X2_ 18 -6/, ,
3

5 ( —1> <0 -3 4)
5 2x2 -2 0 12><3
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<3><0 —1x-2) 3x=3)+(=1x0) (3x4)+ (1><1))
2x0)+(Bx-2) (=2x-=3)+(Bx0) (=2x4)+6Bx1)/, .

0+2 -9+0 12-1\ _ (2 -9 11
0-10 6+0 -8+5/), .~ \-10 6 -3/, .

1 -2 3 1 -1
Example 2: Let A=(4 5 6]andB=|2 3
2 0 1 0 4

Compute (if possible) : 2BA and AB
Solution : A is of order 3 x 3 and B is of order 3 x 2

2BA is not possible because the number of columns of B is not equal to the
number of rows of A.

1 -2 3 1 -1 (1-440) (-1-6+12)
AB=[4 5 6 2 3 = | (A+1040) (—4+15+24)
2 0 1),,\0 4/, 2+0+0) (~=2+0+4) ), ,
-3 5
AB= |14 35
2 2

3x2

Notes :
1. The identity matrix is the identity element in matrix multiplication :

If A is a matrix of order m x n and I, is the identity matrix of order n
then AL, =1,A=A.

2. Matrix multiplication is not commutative :

A (3 a2 1)
(503 )
pa=(F ) (5 9= 2)

AB # BA .
3. AB = 0 does not imply that A=0or B=0 .

10 0 0
For example,A—(O O)#OandB—(O 1)750

1 0\/0 0 00
B“tAB_(o 0) (0 1)‘(0 0)_0
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1.3 Transpose of a matrix :

If A = (a;;),,,,, then the transpose of A is A" = (a;;),,,,,-
4 -3
Example : If A = 02 enal =0 3
-3 5 1 9 1

Note : The transpose of a lower triangular matrix is an upper triangular matrix
, and the transpose of an upper triangular matrix is a lower triangular matrix .

Theorem :
If A and B any two matrices and A € R then
1. (A)' =A .
2. (A+B) =A'+B'.
3. DA =AY,
4. (

AB)' =B'A".

1.4 Properties of operations on matrices :
1. If A, B and C any three matrices of the same order then
A+B+C=(A+B)+C=A+B+C)=(A+C)+B

2. If A |, B any two matrices of order m x n and C a matrix of order n x p
then (A +B)C = AC+BC

3. If A, B any two matrices of order m x n and C a matrix of order p x m
then C(A+B)=CA +CB

4. If A a matrix of order m x n , B a matrix of order n x p and C a matrix
of order p x ¢ then ABC = (AB)C = A(BC)
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2. Determinants

If A is a square matrix then the determinant of A is denoted by det(A) or |A|.

2.1 The determinant of a 2 x 2 matrix :
IfA= (a“ “12> then det(A) = ’a“ 12
a1 G22

= 11G22 — @120G21
a21 a22

Example :

IfA= (g _31) then det(A) = (5 x 3) — (2 x —1) =154+ 2 = 17

2.2 The determinant of a 3 x 3 matrix :
a1l aiz ais

Let A = | as1 aos as3 | be asquare matrix of order 3.
azy az2 ass

1). The determinant of A is defined as :

a1 Az
det (A) = dall 3
a31 ass

a1 a2
az1 as2

a2 Aa23

— a2
az2 ass

+ a3

det(A) = a1 (a22<l33 - a23a32) — a2 (a21033 - 61236131) + a3 (azlasz - 622031)
2). Sarrus Method for calculating the deteminant of a 3 x 3 matrix :

Write the first two columns to the right of the matrix to get a 3 x 5 matrix

arg arp 3 1 2
‘~ \~ . ‘~ . .
. . e . R R
‘\ ,' -~ ,' ‘\ ,'
S S S
a1 X2 &3 1 a2
,' ‘\ ,' ‘s ,' ‘\

l' PR ‘Q
P . . AN *.
e e A e *. A
ag1 ag - - A

det(A) = (ar1a22a33 + a12a23a31 + a13a21a32)— (31022013 + A32023011 + A33021012)

2 3 -1
Example: f A= 1 2 4
-5 0 1
1) Using the definition of the determinant of a 3 x 3 matrix
2 4 1 4 1 2
det(A) =2 0 1 -3 _5 1‘—&—(—1) _5 O‘

det(A)=2(2x1-4%x0)—3(1x1—-4x-5))—1(1x0-2x —=5)

det(A) =2(2—0) — 3(1+20) — 1(0+10) =4 — 63 — 10 = —69
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2) Using Sarrus Method

2 3 -1 2 3
1 2 4 1 2
-5 0 1 -5 0

det(A) = (2x2x14+3x4x 54+ (-1)x1x0)—(-5x2x-1+0x4x2+1x1x3)
det(A) = (4—60+0) — (10+0+3) = —56 — 13 = —69 .

2.3 The determinant of a 4 x 4 matrix :
a11 aiz2 G13 Aai4
a a as3 Q

Let A — 21 22 23 24
as; Q32 az3z asa
a41 Q42 Q43 Q44

det(A) = ai det(A1) — a2 det(Az) “+ a3 det(Ag) — a4 det(A4)

be a 4 x 4 matrix , then

where
a2 Q23 Q24 a1 Q23 G24
Ai = a3z a3z az . Apx= a3 a3z az
Q42 A43 Q44 Q41 A43 Q44
a21 QA2 424 a21 Q22 a23
Az = a3 a3z as ,  As= a3z a3z ass
a41 Q42 Q44 a41 Q42 Q43

3 1 =21
0 4 -1 5
Example : If A = 9 1 -3 0
1 -2 -1 3

det(A) = (3)det(A1) — (1) det(Az) + (—2) det(As) — (1) det(Ay)
where
4 -1 5 0 -1 5
Ai=(1 -3 0 , A,=12 -3 0
-2 -1 3 1 -1 3
0 4 5 0o 4 -1
As;=(2 1 0 , A, =2 1 =3
1 -2 3 1 -2 -1

- To calculate det(Aq)

4 -1 5 4 -1
1 -3 0 1 =3
-2 -1 3 -2 -1
det(A1) =(-36+0—-5)—(30+0—-3)=—-36—-5—-30+3 =—68
- To calculate det(As)
0 -1 5 0 -1

2 -3 0 2 =3
1 -1 3 1 -1
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det(Az) = (0+0—10) — (—15+0— 6) = —10+ 21 = 11
- To calculate det(As)

0 4 5 0 4
2 1 0 2 1
1 -2 3 1 -2

det(Az) = (040 —20) — (54 0+ 24) = —20 — 29 = —49

- To calculate det(A4)

0 4 -1 0 4
2 1 =3 2 1
1 -2 -1 1 =2

— (3)det(A,) — (1) det(Asz) + (—2) det(As) — (1) det(Ay)

=-204-11+98—-1=-216+4+98 = —118 .

A)
A) = (3x —68) — (1 x 11) + (=2 x —49) — (1 x 1)
A)

2.4 Properties of determinants :

1.

If A is a square matrix that contains a zero row (or a zero column) then

det(A) = 0.

. If A is a square matrix that contains two equal rows (or two equal columns)

then det(A) = 0.

If A is a square matrix that contains a row which is a multiple of another
row (or a column which is a multiple of another column) then det(A) = 0.

If A is a diagonal matrix or an upper triangular matrix or a lower trian-
gular matrix the det(A) is the the product of the elements of the main
diagonal.

The determinant of the null matrix is 0 and the determinant of the identity
matrix is 1.

If A is a square matrix and B is the matrix formed by multiplying one
of the rows (or columns) of A by a non-zero constant A then det(B) =
Adet(A) .

If A is a square matrix and B is the matrix formed by interchanging two
rows (or two columns) of A then det(B) = —det(A).

If A is a square matrix and B is the matrix formed by mutliplying a row by
a non-zero constant and adding the result to another row (or mutliplying
a column by a non-zero constant and adding the result to another column)
then det(B) = det(A).
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Examples : Use properties of determinants to calculate the derminants of the
following matrices

3 -1 1
1.A=10 0 O
2 -2 4

Since the second row (R2) is a zero row then det(A) =0

4 -5 4
2.A=10 2 0
-3 1 =3

Since the first column equals to the third column (C; = C3) then

det(A) =0.
2 1 =3
3.A=(0 5 1
6 3 -9

Since the third row is a multiple of the first row (R3 = 3R;) then

det(A) =0
3 0 4
4. A=[6 -1 2
0 0 5

Interchange the the first column and the second column (Cy «— Cs) |,
then interchange the first row and the second row (R; «— Rs)

3 0 4 0 3 4
det(A) =16 —1 2|=(-1)|-1 6 2
0 0 5 0 05
1 6 2
=(-1)2|0 3 4/=-1x3x5=-15
0 05
5 2 3
5. A=[15 8 1
10 6 2
5 2 3 5 2 3 5 2 3
det(A) = [15 8 1| —2tfe g o _g| 2t 1y o g
10 6 2 10 6 2 02 —4
5 2 3
et g 2 8| =5x2x4=40
00 4
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—Ri+R, |0 0 0 =8
2

-4
)

3
3

det(A) = || 5

2
0 0 0
0

— 8R;)

0 ( Ry

-8

—R1+R3

<f 00 — 1O

[2n N o\ IiNe)

N © ™M -

1 2 3 4
4 4 4 4
4 3 2 1
8§ 7 6 5

1 2 3 4
5 6 7 8

4 3 2 1

—Ri1+R>

det(A)

8§ 7 6 5

—R3+Ry

M on oMo

AN NN o

— O - M

Multiply Cs by 3 and multiply C5 by 2

1 6 6 4

1 2 3 4
02 30
1 2 3 5

3000

Cs)

0 (since Cy

S0 O

O © O

)

3

Il

2

(

S = ™M
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CHAPTER THREE

SYSTEMS OF LINEAR EQUATIONS

1. Cramer’s Rule
2. Gauss Elimination Method

3. Gauss-Jordan Method
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Systems of Linear Equations

Consider the system of linear equations in n different variables

a11x1 + aiexre + ... 4+ aipxn, = b
a1 =+ ag2xo + e =+ A2 Ty, = bg

(*)
Ap1T1 + apoxs + ... 4+ appr, = bn

Using multiplication of matrices , the above system of linear equations can be
written as : A X =B

ail a12 e QA1n X b1

a1 a22 e aon o b2
where A = . . . , X = . and B =

Apl Ap2 ... Gpp Tn bn,

A is called the coeflicients matrix
X is called the column vector of variables (or column vector of the unknowns)
B is called the column vector of constants (or column vector of the resultants)

Theorem : The system of linear equations (*) has a solution if det(A) # 0 .

This chapter presents three metods of solving the system of linear equations
(*), the first method is Cramer’s rule , the second is Gauss elimination method
, and the third is Gauss-Jordan method .
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1. Cramer’s rule

Consider the system of linear equations in n different variables

a111 + a12T2 + e + A1 = b1
asry + axrs + ... + agpr, = by
Y
Ap1T1 + apaxos + ... 4+ appTn, = by
AX=B
ai; a2 a1n T1 b1
a1 a922 e aon To b2
where A = . . . , X = . and B =
Apl Ap2 ... Gpp T bn,

If det(A) # 0 then the solution of the system (*) is given by
T det(A)
Where A; is the matrix formed by replacing the i*" column of A by the column
vector of constants.

forevery i =1,2,--- ,n .

b1 ai12 e Qrp ail bl e A1n,
b2 a22 oo Q2p as1 b2 co. Qop
A= . . | A=
by an2 ... apn an1 b ... apn
ail a1 ce b1
a1 aso ... b2
A, =
an1 ap2 ... bn

Example 1: Use Cramer’s rule to solve the system of linear equations
2 + 3y = 7
- + y = 4

Solution : In this system of linear equations
2 3 x 7
A<_1 1>’X<y> andB<4)

‘23

A 1’:(2><1)—(—1><3)=2—(—3)=2+3:5

A= (Z Zl)’) — det(A1)=7—12:—5

A2_<2 7> — det(Ag) = 8— (=7) = 15

-1 4
det (Al) ) det (AQ) 15
= —_— = = —1 = — " = — =
YT det(A) 5 andy=5@) ~ 5 0
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The solution of the system of linear equations is <z> = <_31>

Example 2: Use Cramer’s rule to solve the system of linear equations

2r + y 4+ 2z = 3
e + y — z = =2
2 — 2y + z = 6
Solution : In this system of linear equations
2 1 1 T 3
A=[4 1 -1|,X=|y|landB=1|-2
2 -2 1 z 6
To calculate det(A) :
2 1 1 2 1
4 1 -1 4 1
2 -2 1 2 =2
det(A)=(2-2-8)—(2+4+4)=-8—-10=—18
3 1 1
Ai=|-2 1 -1
6 -2 1

To calculate det (Aq) :
3 1 1 3 1
-2 1 -1 -2 1
6 -2 1 6 -2

det (A1) =(3—6+4)—(6+6—2)=1—10=—9

2 3 1
Ary=14 -2 -1
2 6 1

To calculate det (As) :
2 3 1 2 3
4 -2 -1 4 =2
2 6 1 2 6

det (Ag) = (—4—6424) — (—4—12412) = 14+ 4 = 18

2 1 3
A;=[4 1 -2
2 -2 6

To calculate det (A3) :

det (Ag) = (12 -4 —24) — (6 +8+24) =1 -10= —16 — 38 = —54
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det(A) — —18 2
Y= det (As) _ 18 1
det(A —18
L _det(Ag) _ —54
det(A —18
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2. Gauss elimination method

Consider the system of linear equations in n different variables

a1y =+ a12x2 + e =+ A1nTy = b1
ag211 =+ a22X2 + e+ A2pn Ty, = bQ
(*)
ap1T1 + Ap2®2 + ...+ GppTp, = by
AX=B
ay; a2 A1n Ty b1
a1 a22 e aon o b2
where A = . . . , X = . and B =
Apl Ap2 ... Gpp Tn bn

To solve the system of linear equations (*) by Gauss elimination method :

1. Construct the augmented matrix [A|B]

aip a2 ain | b1
a1 22 aon | ba
an1 an2 Ann bn

2. Use elementary row operations on the augmented matrix to transform
the matrix A to an upper triangular matrix with leading coeficient of each
row equals 1.

(Note: the leading coefficient of a row is the leftmost non-zero element of

that row).
1 c2 3 cua ... Cln dy
0 1 C23 C24 Aonp dy
000 0 ... 1 cunnl|doa
0 O 0o ... 0 1 dy,

3. From the last augmented matrix , x, = d,, and the rest of the unknowns
can be calculated by backward substitution.

Example 1: Use Gauss elimination method to solve the system

r — 2y + z = 4
- + 2y + z = =2
dr — 3y — z = —4
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Solution : The augmented matrix is

1 -2 1 4
-1 2 1| -2
4 -3 —-1|-4

1 -2 1|4 1 -2 1] 4
1 2 1 |-2 a1 0 0 2|2
4 -3 —1|-4 4 -3 —1|-4
1 -2 1] 4 1 -2 1] 4
facr By 4 -3 —1|-4 S RN 0 5 —5[-20
0 0 22 0 0 2| 2
) 1 -2 1] 4 ) 1 -2 1| 4
= Ra 3 Rs3
0 1 —1|-4 2, 0 1 —1|-4
0 0 2 2) 0 0 1|1

Therefore, z = 1.
y—z=—-4 =>y—-1=-4 = y=—-4+1=-3
r—2y+z=4 = 2-2(-3)+1=4 = z+6+1=4 = 2=4-7=-3

z -3
The solutionis [y | = | —3
z 1

Example 2: Use Gauss elimination method to solve the system

2c - y + z + 3w = 8
r + 3y + 22 - w = =2
v + y — 2z — 2w = 3
z + vy + z - w = 0
Solution : The augmented matrix is
2 -1 1 3|8
1 3 2 —-1|-2
3 1 -1 =2| 3
1 1 1 —-110
2 -1 1 3|8 11 1 —-1]0
1 3 2 -1|-2 Ri4Ry 13 2 -1|-2
31 -1 -2| 3 3 1 -1 -2| 3
1 1 1 —-1|0 2 -1 1 3| 8
1 1 1 —-1(0 1 1 1 -1
—Ri+Rs 0 2 1 0 | -2 —3R1+R3 0 2 1 0
31 -1 -2| 3 0 -2 —4 1
2 -1 1 3| 8 2 -1 1 3
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1 1 1 -1]0
—2R1+Rq4 0 2 1 0| -2 Ro+Rs3
0 -2 —4 1 3
0 -3 -1 5 | 8
1 1 1 -1]0 1
2Ry 0 2 1 0 |—-2 3R2+Ra 0
0 0 -3 1 1 0
0 -6 -2 10| 16 0
11 1 —=-1|0 1
3Ry 0 2 1 0 |—-2 R3+Ry 0
0 0 -3 1 1 0
0 0 3 30130 0
1 1 1 —-1]0 1 1
LRy 01 & o0|-1 —3Rs 0 1
00 -3 1 1 0 0
00 0 31]31 0 0
111 =110
3 Ra 01 1 o0]-1
00 1 —3|—%
0 0 0 1 1
Therefor, w =1
BT S S

z+y+z—w=0=2-140-1=0 = =2

The solution is

fE e 8
|
—_
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3. Gauss-Jordan method

Consider the system of linear equations in n different variables

a111 + a12T2 + e + A1 = b1
ary + axrs + ... + agpr, = by
. (%)
Ap1T1 4+ A2 + ... 4+ Appxy, = bn
AX=B
ay; a2 A1in T b1
a1 a2 e a2n X9 b2
where A = . . . , X = . and B =
Apl Ap2 ... Gpp Ty b,

To solve the system of linear equations (*) by Gauss-Jordan method :

1. Construct the augmented matrix [A|B]

all a2 e QA1n b1
a1 @22 ... G2y | bo
ani Qp2 .. Qpp | bp

2. Use elementary row operations on the augmented matrix to transform the
matrix A to the identity matrix .

1 0 0 dy
0 1 0 0| do
0 0 ... 1 0|d,-1
00 ... 0 1] dy,
3. From the last augmented matrix , z; = d; for every i =1,2,--- ,n

Example 1: Use Gauss-Jordan method to solve the system

r + y + z = 2
r — y + 2z =0
2z + z = 2

Solution : The augmented matrix is

1 1 12
1 -1 210
2 0 12
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1 1 112
1 -1 210 EntiihicIN
2 0 1|2
1 1 1 2
—2f s 0 -2 1 |-2
0 -2 -—-11|-2
) 11 1|2
—3Rs
—_— 0 -2 1| -2
0 0 1] 0
1 1 0] 2
TRt B, 0 -2 0l -2
0O 0 1] 0
1 0 01
EntiChnicaN 01 01
0 0 110
Therefore , x =1,y =1 and z = 0.
The solution is 1
0

/N —
—

(@)
O = =

oo
|
)

Example 2: Use Gauss-Jordan method to solve the system

Solution :

— W =N
— = o

—Ri1+Ra

—2R1+Ry

(Note :

N WO =

oS oo

2x
T

3z
T

+ 4+

Y

Y
)

+

3y +

+

z
2z

z

_|_

3w =
w =
2w =
w =

-2

3
0

This is example 2 in Gauss elimination method)
The augmented matrix is

=W O

-1 1 3

3 2 -1

1 -1 -2

1 1 -1
Ri<+Ry

110

0| -2

-2 3

3 8

110

0| -2

1 3

) 8

[NCRJURSEE
—_ Y =

—3R1+R3

R2>+R3

N OO

oo o
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The solution is (

Therefore, x = 2
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CHAPTER FOUR

INTEGRATION

1. Indefinite integral
2. Integration by substitution
3. Integration by parts

4. Integration of rational functions
(Method of partial fractions)
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1. Indefinite integral

Definition (Antiderivative): A function G is called an antiderivative of the
function f on the interval [a,b] if G'(z) = f(z) for all = € [a,b].
Examples : What is the antiderivative of the following functions

1. f(z)=2x.

2. f(x) =coszx .

3. f(z) =sec’x

4 f) =1
5. f(x) =¢€"
Solution :

1. Glz)=2%+c¢

G’(x):%G(m):%(xz—i—c):23[:—1—0:23:

2. G(z) =sinz+c¢

d d
' _ _ : —
G'(z) = —de(z) . (sinx + ¢) = cosz
3. G(z) =tanz + ¢
d d
l _ —_ — 2
G'(z) = de(;v) . (tanz 4 ¢) = sec” x
4. G(z) =In|z| +¢
d d 1
/ = — = — = —
G (z) = de(x) . (In]z| +¢) .

5. G(z) =¢€*+¢

') = %G(m) _ % (¢ 4¢) = e

Note: If Gi(z) and Ga(z) are both antiderivatives of the function f(z) then
G1(x) — G2(x) = constant.

Definition (indefinite integral): If G(z) is the antiderivative of f(z) then
/ f(z) de = G(z)+c, /f(x) dx is called the indefinite integral of the function
f(@).
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Basic Rules of integration :

1. /1d:v:x+c

wn-i—l
./x"dx:n+1+c,wheren7é—1

[\

3. /cosx dr =sinz +c

sinx dr = —cosz + ¢
sec’ z dr = tanx + ¢
csc? x de = —cotx + ¢

secx tanx dr =secx + ¢

©
8=

de =In|z|+ ¢

10. efdr=¢e"+c

11. dr =sin"' 2 + ¢, where |z| < 1

V1—22

der =tan 'z +¢

12.
1+ 22

-/
-/
-/
/
/
/
=
=

13. dr =sec™ 'z + ¢, where |z| > 1

1
/ xvar? —1
Properties of indefinite integral :

1. /kf(x)dx:k /f(m)dx,wherekER

2. (1) £ 9(a)) do= [ fla) o [ gla) do
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Examples : Evaluate the following integrals

() w
T
. 9 D 5 5
Solution : 4x* — - de = | 4z° dx — - dx
x T

3 x2 4 4
— tc=-2"+ —5 +c

_ 2 3, _,7
f4/x dzf5/x dxf4§f5 — 3 9,7

1 1
Soluti /3%+1 d 3/%d+/—*d
olution : U —— Xr = i X xr 2 X
NG

.T% X2 9 4 1
= - |+ | T +c:1x3+2m2+c

3. /(2cosa:—38ec21:) dz

Solution : /(2 cosx — 3sec’ x) dr = 2/cosx dx — 3/sec2x dx

=2sinx —3tanz + ¢

4. /(7secx tanx + 5csc’ x) dr

Solution : /(7secx tanx + 5csc? x) dr = 7/sec:ctan:1: dx+5/csczx dz

=Tsecx + 5(—cotx) + ¢ = Tsecx —5cotx + ¢

2 1
Solution : /(32> dac:Q/fdxfi%/af2 dx
T T T

-1

3
:2lnm|—3(xl>+c:2ln|x|++c
- x
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3
6. /(96’”—1+x2> dx
. 3 1
Solutlon:/ 9e” — dx:9/exdx—3/7dw
1+ 22 1+ 22

=9e® —3tan 'z +¢

7 /<4+1> do
Solution : /(4+1) dx—4/#dx+/x_% dx
’ Vi—22 Yz N V1— 22

3
>+c=4sin1x—|—2x§+c

o

- X
:4SIH 137-'—(2
3

The definite integral :
If f is a continuous function on the interval [a,b] and G is the antiderivative of
f on [a,b] then the definite integral of f on [a,b] is

b
/ (@) do = [G@)]’, = G() — Gla)

Examples : Evaluate the following integrals :

3
1. / (322 + 5)dx
1

3
Solution : / (32° + 5)dx = [2° + 5x]?
1

= (33 4+5x3) = (13+5x1) = (27T+15) — (1 + 5) = 36

1
2. / (2z + €%) dx
0
! 1
Solution : / (22 + ") doz = [2% + eﬂo
0

=(12+e)—(02+e”) =14e—-1=c¢

54



2. Integration by substitution

The main idea of integration by substitution is to use a suitable substitution to
transform the given integral to an easier integral that can be solved by one of
the basic rules of integration.

Example : Evaluate the integral / z(2? +3)5 do

Solution : Use the sull)stitution u=ax2>+3
Then du = 2z dx = 5 du =z dx

1 1
/z(;l:2—|—3)6 dz:/u6§ du:i/u6 du
L@y
2 7 14

By the chain rule % (@) =m+1) [f(=)]" f'(z), where n # —1

n+1
Hence [(@)" () do = L2

" + ¢, where n # —1

So, the above integral can be solved as follows
1 (22 +3)7

/:E(m2—|—3)6 dx:%/($2+3)6 (2x) dac:§ f—l—c

Basic rules of integrations and their general forms :

xn-{-l
1. /x”dx:n+1+c,wheren7é—l

n+1
[ p@ ae =0 o where n 2 -1

1
2. /fd:z::ln|z|+c
x

f'(x) =In|f(z c
[ 5 ar w1+

3. /ezdxzez—&—c

/ef(w)f'(x) de = ef@ 4 ¢
4. /cosx dr =sinz +c¢

[ eos (#@) /@) da = sin () + ¢
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9. /smxdx——cosx—i—c
/sm dr = —cos (f(z)) +¢
6. /sec x dr =tanz +c
/sec ) dx =tan (f(z)) + ¢
7. /Cbc zdr=—cotx+c
/csc ) de = —cot (f(z)) + ¢
8. /secxtanxdx—secx+c
/sec Ytan (f(2)) f'(z) dz = sec (f(z)) + ¢
9. /cscxcotmdw-—csex—l—c
/c Yoot (f(2)) F'(x) dz = — cse (f(z)) + ¢
10. /\/7 x—sm1<§)+c,wherea>0&md|x|<a
/ () dx = sin 1<f(ax)>+c,whe1rea>0and lf(z)| <a
\/7
11. /a2—|— 5 tan~! (g)+c7wherea>0
/ ) ltzeuf1 (f(x)) + ¢, where a > 0
l‘ a a
12. / fsec_1 (z) + ¢, where ¢ > 0 and |z| > a
/ ( dazzlsec_1 (ﬂx))—l—c,where lf(z)] >a
2 a a

( —
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Examples : Evaluate the following integrals
1. /(:ﬂ2 + 2x) (23 + 322 +5)10 dx
Solution :

/(x2 + 2x) (23 + 32% +5)10 do = é /(x3 + 322 4+ 5)'0 [3(2? + 22)] da

1 1 (2 + 322 +5)1
:,/<x3+3$2+5)10(3$2+6$> dr = — M-FC
3 3 11
x+1
2. | 54—z d
/(z2+2x+6)5 ’
Solution :
1
. 1 (22 +2x+6)"1
:*/(x2+2x+6)‘5(2$+2)d$=*erc
2 2 -
2+
3. | ==
2t 222 +5
Solution :
24z 3
—— _dz= [ (z*+22°+5)" 2 (2 +2) dx
/ x4+ 222 +5 ( ) )
) B 1 (2% + 222 4 5)%
:1/(x4+2x2+5) $(4x3+4a:) dxzz%""c
2
2
3 +3z+8
Solution :
/wdx_l/w v
3 +3c+8 " 3) 234348
1 322 +3 1
3/x3+3a:+8 T gl s
1+ cosx
Solution :
/ﬂdxzi/ﬂdx:fln|l+coszl+c
1+ cosz I +cosz
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65:13

Solution :

e5® 1 5e>e 1 5
/mdﬂ}':g/mdl’:ghl|e 72‘+C

7. /(33&2 +1)sin(2® + 2 + 1) da
Solution :
(322 + 1) sin(x® + . + 1) do = /sin(x3 +a+1) (322 +1) do

=—cos(z®+x+1)+c

2
8. sec? /x i
Nz

Solution :

2
1
/Sec\/imdx:/se@ﬁﬁdx

1
=2/sec2\/5mdx:2tan\/§+c

9. /x csc(z? + 2) cot(2? + 2) dx
Solution :

/:1: csc(z? + 2) cot(z? + 2) da = /csc(;c2 +2)cot(z? +2) z dx

1 1
3 /csc(:v2 +2) cot(x? +2) (22) dx = ~3 csc(z? +2) + ¢

10. /e”inxcosx dx

Solution :

/675””” cosz dr =

ex

~|

/6751”(7005:5) dr = —€™"" 4 ¢
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——l/eé_—gdx——leg—i—c
3 2 3

T

x
12. —d
/\/9—1‘4

Solution :

/ﬁd@“:/mdﬂ”

1 2z 1. 4 (a?
=3 7dxzism 3 +c
\/32 — (22)°
1
13, | ———
3 /x2—6x+10 du
Solution

1 1
e Gr= d
/x276x+10 * /(x2—6x+9)+(10—9) .

1
:/m dx:tan_l(x—3)+c

3
14. —_d
/m2—|—2x—|—5 v

Solution

[ oo [ E dz
2+2x+5 ) (@2+22+1)+(5-1)

1 1. (x+1

1
15. / dx
x1In |z

Solution

1 1
/7dx:/¢dx=ln|ln|x||+c
z1n |zl In |z|

20— 1
16. —d
6/1‘2—1—1 T

Solution :

2¢ — 1 2x 1
——do=| ——dr— | ——d
/xQ—l—l v /x2—|—1 o /x2—|—1 v

=In(z?+1) —tan 'z +¢
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3. Integration by parts

It is used to solve an integral of a product of two functions using the formula

/udvzuv—/vdu

Examples : Evaluate the following integrals

1. /xe“; dx

Solution : Using integration by parts
u=2x dv =e” dr

du = dx v=¢e"

/xe“; dx:xew—/emdx:xem—em—l—c

2. /12 sinz dx

Solution : Using integration by parts

u=z? dv =sinx dx

du = 2xdx V= —COST

/IE2 sinz de = —z% cosx — /2x(f cosz) dx

= —x2cosx+2/mcosx dx

Using integration by parts again

u=2x dv = cosz dx
du = dx v=-sinx

/I2Si11£li dzxzcosx+2(xsinx/sinx dx)

= —2%cosz + 2 (zsinz — (—cosz)) + ¢

= —x%cosx + 2xsinx + 2coszT + ¢

3. /J;ln|x| dx

Solution : Using integration by parts

u=In|z| dv =z dx
2
du:ld;ﬂ v="
T 2
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x? 1 2
1 :—1 — _ —
/:c n|z| dz 5 n |z /x ) dx

2 2 2 2 2

1 1
:%ln|x|—§/xdx=%ln|z|—§ %+c=%ln|z|—%+c

4. /ln\x| dx

Solution : Using integration by parts
u=In|z| dv = dzx

du = — dx vV=2x
T

1
/ln\x| dx:xln|x|—/x;dx:x1n|m|_/1 dr

=zln|z|—x+c

5. /tan_lw dzr

Solution : Using integration by parts
u=tan"lx dv =dz

1
du=——
v 1+ 22

1
/tan_lx dxzxtan_lx—/x —— dx
1422

1 2z 1
_ -1 _ -1 2
= zrtan $7§/71+x2 dr = x tan xf§111(1+x)+c

6. /sin_lx dx

Solution : Using integration by parts

dr v=2x

u=sin"'z dv = dx
1

du = —— dzx v=2x

V1—22
/sinflx dx:xsinflw—/L dxr
V1—z2

1
zxsinflx—ki/(l—xz)*%(—%c) dr=xsin™'oz+ - ————

=zsinlz4+V1—22+¢
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7. /e”” sinx dz

Solution : Using integration by parts

u=sinz

du = cosx dx

dv = e dx

v=¢e"

/e”“'sina; dx:e””sinx—/ewcosx dx

Using integration by parts again

U = CoOST

dv = e* dx

du = —sinzx dx v=e"

/ez sinz dx
/ez sinz dr
/e“C sinz dz

e’ sinx — (e“" cosT — /ez(— sin x) dx)
e“sinz — (e“" cosx+/ez sinx d;v>

e’sinz — e® cosx — /exsinx dz

2/exsinx dxr = e”sinx — e® cosx + ¢

: 1, .
/e”“sina; dr = g(e“sinm—eicosx—&—c)
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4. Integral of rational functions
(The metod of partial fractions)

P
Method of partial fractions is used to solve integrals of the form / QE? dx
x

where P(z) , Q(z) are polynomials and degree P(z) < degree Q(x).
If degree P(x) > degree Q(x) use long division of polynomials .

Definition (linear factor) :
A linear factor is a polynomial of degree 1.
It has the form az + b where a,b € R and a # 0 .

Examples :
x, 3z, 2¢ — 7 are examples of linear factors .

Definition (irreducible quadratic) :
An irreducible quadratic is a polynomial of degree 2.
It has the form ax? 4 bx + ¢ where a,b,c € R , a # 0 and b?> — 4ac < 0 .

Examples :
1. 22+ 9 and 22 + = + 1 are examples of irreducible quadratics.

2. 22 =x z and 2% — 1 = (x — 1)(x + 1) are reducible quadratics .

P(x)

How to write as partial fractions decomposition ?

Write Q(z) as a product of linear factors and irreducible quadratics (if possible).

If Q(z) = (a17 + az)™ (b1z? + box + b3)™ where m,n € N then
P(I) A1 AQ Am
= = + — + . o4 o m
Q(x) a1z + as (a1 + as) (a1 + ag)™
Bix+ C4 Box + Cy " B,z + C,
bll‘2 =+ bQSL' —+ b3 (b1x2 —+ bQCC —+ b3)2 (bll'Q —+ bziﬂ + bg)n

Where A17A2a”' 7A’ranl7B2a”' 7B’n3013027"' 7On eR.

Examples : Write the partial fractions decomposition of the follwoing

2x+6

1, ——
2 —2x —3
Solution :

r2-2rx-3 (x-3)(x+1) r—3 111
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T+95
22 +4x + 4
Solution :
z+5 z+5 Aq As

22 t4z+4 (x4 2)? 7m+2+(x—|—2)2

2+ 1
zt + 422
Solution :

1‘2 + 1 J?2 =+ 1 A1 A2 le + Cl

x4+4x2:m2(3§2+4) 2 x?+4

20+ 7
(x 4+ 1)(224+9)?
Solution :
2x + 7 A1 le + Cl BQiE —+ CQ

(x+1)(z2+9)2 24+1 x2+9 (22 +9)2

5 T
(=1 (22 -1)
Solution :

x o X - A1 + Ag +
(r—1D@2-1) (z+1)(z-12 z+1 2z-1 (z—1)2
3+

6. PR

Solution : Using long division of polynomials

»¥+r (P -x)+2r 2(2?-1)+22 2z
= = =z +

x2 -1 2 —1 2 -1 2 -1
2+ 2z Ay Ay
J;2—1_x+(x—1)(x+1)_x+x—1+x—|—1

Examples : Evaluate the following integrals

z+3
1. /—(x73)(:r72) dx

Solution : Using the method of partial fractions

l‘+3 _ A1 + A2
(x-3)(z—-2) x-3 x-2
x+3 Ai(z—2) As(z —3)

(z=3)(x—-2) (@-3)(¢-2) (z-2)(zr-3)
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x+3 Ai(x —2) + As(x — 3)

(x—3)(z—2) (x=3)(z—2)
x+3=A1(x —2)+ As(z — 3) = A1z — 2A; + Asx — 34,
x4+3=(A1+ As)z + (—24; — 34,)

By comparing the coefficients of the polynomials

A1 + A2 =1 — (1)
72141 — 3A2 = 3 — (2)

Muliplying equation (1) by 2 and adding it to equation (2) :
—Ay =5 — Ay =-5
From Equation (1) : 41 —5=1 = A;=14+5=6

©43 6 5
(r—3)(x—2) -3 x-2

/@%Tfmdw:/(fs—ﬂ) o

1 1
:6/ dw—5/7dx:61n\x—3|—5ln|x—2\+c
x—3 T —2

r+1
'/xQ—Idw

Solution :
x+1 x+1
/x2—1 dm_/(m—l)(:chl) du

1
z/ de=In|z—1]+¢
z—1

/ x—1 d

) = dx

(z+1)(z+2)?

Solution : Using the method of partial fractions

r—1 A1 A2 AB

G+ D@+2? 741 242 (@22
xz—1 Ay (x +2)? Ag(z+1)(x + 2) As(z+1)

(x+1D)(x+2)2 (z+1)(z+2)2 (x+1)(z+2)2 (x+1)(z+2)?
r—1=A1(x+2)?+ As(z + 1)(z +2) + A3(z + 1)

r—1=A1(2? + 42 +4) + Az(2? + 32 + 2) + Az(z + 1)

x—1=Ax?+ 4410+ 4A; + Asx? + 340z + 245 + Az + As

—1= (A + Ay) 22 + (441 + 345 + A3) z + (44, + 245 + As)
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By comparing the coefficients of the polynomials

A+ A = 0 — (1)
4A1 + 3A2 + A3 = 1 — (2)
4A1 + 2A2 + A3 = -1 — (3)

Subtracting equation (3) from equation (2) : A =2

From equation (1) : A; +2=0 = A4; = -2

From equation (2) :

(Ax-2)+(3x2)+A3=1 = —8+6+A4A3=1= A3=3

r—1 =22 3
(z+1D)(z+2)?2 2+1 24+2 (r+2)2

/mdmz/(m121+xi2+<xf2>2> &

1 1
:—2/7d$+2/7dx+3/(x+2)_2 dx
z+1 T+ 2

2—1
:—2ln|m+1\+21n|x+2|+3%+c

3
:—21n|x+1\+21n|x+2|—?+c
x

/ 222 + 3z + 2
. 37 dx

2 +x
Solution : Using the method of partial functions

20> +3x4+2 20°+3z+2 A Bz+C
w4+ z@2+1l) 2241

20 +3x+2  A(x?41)  x(Bx+C)
B4z w@2+1) z(x?+1)

2024+ 3x+2=A(?+1)+2(Bx+C) = Az? + A+ Ba? + Cx
202 +3r+2=(A+B)2?+Cx+ A

By comparing the coefficients of the polynomials

A+B = 2 — (1)
c = 3 — (2
A = 2 — (3

From equation (1) : 2+ B=2 = B=0

23:2—1-31:—&—2_2 3
3+ T 2241
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222 4+ 3z + 2 2 3
——dx = —+ | dzx
3+ z  x2+1
1 1
:2/fdx—|—3/7d:v

T 241

=2In|z| +3tan"tz + ¢
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CHAPTER FIVE

APPLICATIONS OF INTEGRATION

1. Area

2. Volume of a solid of revolution
(using disk or washer method)

3. Volume of a solid of revolution
(using cylindrical shells method)
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1. Area

[T Y ————

In the above figure the area under the graph of f(x) on the interval [a,b] is
b
given by the definite integral / f(z) dz
a

f (x)

g(x)

(AR

In the above figure the graphs of f(z) and g(z) intersect at the points x = a
and x =0 .
The area bounded by the graphs of the curves of f(x) and g(x) equals

/abf(x) dzx — /abg(m) do = /ab [f(z) — g(z)] dx
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Examples :

1. Find the area of the region bounded by the graphsof x =0,y =0, x =2
and y = 22 + 1

y=x%+1

y = 2% + 1 is a parabola with vertex (0,1) and opens upwards.
x = 0 is the y-axis and y = 0 is the x-axis.

x = 2 is a straight line parallel to the y-axis and passing through (2, 0)

2 23 2
Areaz/ (z2 4+ 1) do = {—!—x]
0 3 0

23 03 8 14
rea (3—|- ) <3+0) 3-1- 3

2. Find the area of the region bounded by the graphs of y = z and y = 2
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y = 2% is a parabola with vertex (0,0) and opens upwards.

y = x is a straight line passing through the origin with slope equals 1.
Points of intersection of y = 22 and y = z :

=z = 22-2=0 = 2(z-1)=0 = 2=0,z=1

1 2 371
Area:/ (x — 2?) do = {xz}
0 2 3 1o

A 12 18 0%z 0° 1 1 1
rea=\\———|—|=—%5|=zs—35==
2 3 2 3 2 3 6

. Find the area of the region bounded by the graphs of y = 22 and y =
—x2 42

y = —x? 4+ 2 is a parabola with vertex (0,2) and opens downwards

y = 2% is a parabola with vertex (0,0) and opens upwards.

Points of intersection of y = 22 and y = —22 + 2 :

2=—2242 = 222=2 = 22=1 = z=+1

1

Areaz/l [(—2® 4+ 2) - a7] da:z/ (2 - 222) da

—1 —1

o= =] = [(-5) - (24 5)]

2 2 4 12-4
Areca—=2— 242242 _
rea 37473 3 3

8
3
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4. Find the area of the region bounded by the graphs of y = 22 and y = \/x

\ y =x*

y = x? is a parabola with vertex (0,0) and opens upwards.

y =+ = x = y?is the upper half of the parabola with vertex (0,0)
and opens to the right.

Points of intersection of y = 22 and y = /7 :
=z = 2t=r = 2"-2=0 = 2(@°-1)=0

= 2z=0,2=1=2=0,2=1
1 3 37! 371
2 2 3 T
Aren — A [ R L
rea /0(\/5 2?) du [g 3 37 7,

- 3-1) 00

[y

5. Find the area of the region bounded by the graphs of xt +y =2, y = 2
and y =2z — 4

‘ ‘
| /\3
i

y=2,y=2x—4and y = —x + 2 are three straight lines.
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Point of intersection of y =2 and y = —x + 2 :
—r+2=2 = =0

y =2 and y = —x + 2 intersect at the point (0, 2).
Point of intersection of y =2 and y =2z — 4 :

21 —4=2 = =3

y =2 and y = 2z — 4 intersect at the point (3,2)
Point of intersection of y = —z + 2 and y = 2z — 4 :
2 —4d=—2+2 = 3z=6 = =2

y=—x+ 2 and y = 2z — 4 intersect at the point (2,0).

2 3
Area:/o [2— (-2 +2)] dx+/2 [2— (2 —4)] dx

2 3 22 2 3
Area:/xder/ (6 — 2x) dm—[} + [62 — 2]
2 2
0 2 0

Area = [222022] +[(6 x3—3%) — (6 x2—27)]

Area=(2—0)+[(18—-9)—(12—4)] =2+ (9—-8)=2+1=3

Another solution :

1
y+r=2 =2 r=—y+2andy=2r—4 = 2z=y+4 = z=§y—|—2
21/
Area:/ [(2y+2>—(—y+2)} dy
0
2 /q 2 g
Area = FY+y dy = §ydy
0 0

212 2 2
Area— S|YI Z3(E_00 3 5 g
212, 2|2 2 2

. Find the area of the region bounded by the graphs of y =0, y=—-x +6

and y = /z

y=-X+6

N
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y = —x + 6 is a straight line passing through (0,6) with slope equals —1.

y =+ = x =42 is the upper half of the parabola with vertex (0,0)
and opens to the right.

Points of intersection of z =32 and 2 = —y + 6 :
Y =—y+6 = 2 +y—6=0 = (y—2)(y+3)=0 = y=2, y=-3

(Note that y = —3 is not in the desired region).

2 2 yP 2
Area:/ [(—y+6)—y°] dy= [6y——}
0 0

2 3
4 8 8 8 30—8 22
Area—<12—2—3)—(0—0—0)—12—2—3—10—3—3—3
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2. Volume of a solid of revolution
(using disk or washer method)

1. Disk Method
Recall that the volume of a right circular cylinder equals 7r?h where r is the
radius of the base (which is a circle) and h is the height of the cylinder .

f(x)

Ry

In the above figure R; is the region bounded by the graphs of the curves of f(x)
,x=a ,x=>band the z-axis.
Using disk method , the volume of the solid of revolution generated by revolving

b
the region R; around the z-axis is V = 7T/ [f(2))? dx

-

dr

Rz

g(y)

In the above figure Ry is the region bounded by the graphs of the curves of g(y)
, y = d and the y-axis.
Using disk method , the volume of the solid of revolution generated by revolving

d
the region Ry around the y-axis is V = 7r/ [9(y)]? dy
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2. Washer Method
Volume of a washer = [(outer radius)* — (inner radius)?| (thickness)

f (x)

g(x)

»
o
-

In the above figure Rj is the region bounded by the graphs of the curves of f(x)
,9(z) , x =aand x =b.
Using washer method , the volume of the solid of revolution generated by re-

b
volving the region R3 around the z-axis is V = 7r/ [(f(sc))2 - (g(x))ﬂ dz

a

-
dl

f(y)

a(y) R,

In the above figure Ry is the region bounded by the graphs of the curves of f(y)
and ¢(y) , where f(y) and g(y) intersect at the points y = ¢ and y = d.
Using washer method , the volume of the solid of revolution generated by re-

d
volving the region Ry around the y-axis is V = 7r/ [(f(y))2 - (g(y))ﬂ dy
c
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Examples : Use Disk or washer method to calculate the volume of the solid of
revolution generated by revolving the region bounded by the graphs of :

l.y=224+2,y=0,2=0,2 =1, around the z-axis

y=x2+2

y = x? + 2 is a parabola with vertex (0,2) and opens upwards.
x = 1 is a straight line parallel to the y-axis and pasing through (1, 0)
Using Disk method :

1 1
Volume = 7r/ (x? +2)? do = 7r/ (z* + 42% + 4) do
0 0

2 4g3 ! 1 4 837
=7 |+ +4z| = 4244 - =22
w{5 + 3 + xL 71'[(5+3+ > (0+0+0)] 5

2. y=+/T,y=2and x =0, around the y-axis

x| 7

y = /7 is the upper half of the parabola x = y? with vertex (0,0) and
opens to the right

y = 2 is a straight line parallel to the z-axis and passing through (0, 2)

7



Using Disk method :

2 2
Volume = 7r/ (y*)? dy = ﬂ'/ y* dy
0 0

3. y=22+1and y = —z + 3, around the z-axis

> : /

y = 2% + 1 is a parabola with vertex (0,1) and opens upwards.

y = —x + 3 is a straight line with slope —1 and passing through (0, 3).
Points of intersection of y = 22 + 1 and y = —x + 3 :
?’+1=—2+3 = 2°4+2-2=0 = (2+2)(z-1)=0 = z=-2,2=1

Using Washer method :

volume = 71'/12 [(—z+3)* = (" +1)*] da

1
Volume = 7'('/ [(z* —62+9) — (z* +22° + 1)] da
-2

1
1’5 £C3

1
Volumezw/ (—x4—x2—6x—|—8) dx:w[—5—3—3m2+8x
-2

11 32 8
=r|(-=-2>- —(Z4+2-12-1
W[(E) : 3+8) (5+3 6)}

1 1 32 8
=7|—-z—-z - ——-+2
71'( 5 3—|—5 5 3+ 8)
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33 33 150 — 33 1177w
—71'(33—3—5>—7T<30—5)— 5 ™= 5

4. y=+/r ,y=0and x =1, around the y-axis

~_| 7
| |

y = /7 is the upper half of the parabola x = y? with vertex (0,0) and
opens to the right

x =1 is a straight line parallel to the y-axis and passing through (1, 0)
Note that y = \/z intersects = 1 at the point (1,1).

Using Washer method :

1 1
Volume = 7r/0 [(1)? = (¥*)?] dy = 7r/0 (1 —y*) dy
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3. Volume of a solid of revolution
(using cylindrical shells method)

Volume of a shell = 27 (average radius) (altitude) (thickness)

-

fx)

Ry

In the above figure R; is the region bounded by the graphs of the curves of f(x)
,*=a,x=>band the z-axis.

Using cylindrical shells method , the volume of the solid of revolution generated
b

by revolving the region R; around the y-axis is V = 277/ x f(z) dx

a

R

g(y)

In the above figure Ry is the region bounded by the graphs of the curves of g(y)
, y = d and the y-axis.
Using cylindrical shells method , the volume of the solid of revolution generated

d
by revolving the region Ro around the z-axis is V = 27 / y g(y) dy
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Examples : Use cylindrical shells method to calculate the volume of the solid
of revolution generated by revolving the region bounded by the graphs of :

1. y=+x,y=0and z =4, around the y-axis.

~— |

2t /

y = 0 is the z-axis

y = /7 is the upper half of the parabola x = y? with vertex (0,0) and
opens to the right.

x =4 is a straight line parallel to the y-axis and passing through (4, 0).

Using Cylindrical shells method

4 4
Volume = 27T/ xvx de = 277/ 23 da
0 0

[N

4 2 s 2
} :27r5 (4)2:27r5(32):7

Volume = 27 [QI
5 0

2. z+y=1,x=1and y=2x+ 1, around the y-axis .

\/
3l
y =2X+
x=1
y =—-x+1
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y = —x + 1 is a straight line with slope —1 and passing through (0, 1).
y = 2x + 1 is a straight line with slope 2 and passing through (0, 1).

x = 1 is a straight line parallel to the y-axis and passing through (1,0).
Point of intersection of x =1 and y = —z + 1 is (1, 0).

Point of intersection of x =1 and y = 22 + 1 is (1, 3).

Point of intersection of y = —x+1and y =2z + 1 :

2z2+1l=—-2+1 = 32=0 = z=0.

Using Cylindrical shells method
1 1 1
Volume = 27r/ z[2e4+1) = (—z+1)] dz = 27r/ x(3z) de = 271'/ 322 dx
0 0 0

Volume = 27 [:v?’](l) =2m[l —0] =27

.y=2%and y =1, around the z-axis.

y = x? is a parabola with vertex (0,0) and opens upwards.
y = 1 is a straight line parallel to the z-axis and passing through (0, 1).

Since the bounded region is symmetric with respect to the y-axis, consider
the right half of the parabola y = z? which is z = /7.

Using Cylindrical shells method

1 1
Volume = 2 (27r/ Y'Y dy) = 47r/ y% dy
0 0

1
5 2 8w
3| =4r (2 -0) ="
yz}o 7r<5 ) D

. y=22and y = = , around the z-axis.

Volume = 47 [

(G111 \)

y = 2% is a parabola with vertex (0,0) and opens upwards.

y = x is a straigh line passing through the origin with solpe 1.
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y =X
y=x? /
| \

Consider o = ,/y which is the right half of the parabola y = 2.

Points of intersection of x = /y and x =y :

y=vy = vV¥=y=1y-y=0=yy-1)=0= y=0,y=1

Using Cylindrical shells method

1 1
Volume = 27r/ y(Vy—vy) dy= 27T/ (y% - 1/2> dy
0 0

2 1 6—5 2
Volume 7T(5 3) 71'( & ) R
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CHAPTER SIX

PARTIAL DERIVATIVES

. Functions of several variables

. Partial derivatives

. Chain Rules

. Implicit differentiation
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1. Functions of several variables

1.1 Functions of two variables :
Definition: A function of two variables is a rule that assigns an ordered pair
(z,y) (in the domain of the function) to a real number w.

f:R2— R

(l',y) —w

Example :

f(x,y) =

is a function of two variables = and y

22 + 42
1 1
D= =
f(37 ) 32+12 10

1
Note that f(z,y) takes (3,1) € R? to 0 € R

1.2 Functions of three variables :
Definition: A function of three variables is a rule that assigns an ordered triple
(2,9, 2) (in the domain of the function) to a real number w .

FiR 5 R
(1.73/;2) — w

Example :

f(x,y,z) =

z
—— - Is a function of three variables z , y and 2z
z+y*+3

4 4 1
1,-24)=— = _=_,
f1,-2,4) 1+(-2)2+3 8 2

. 1
Note that f(z,v,2) takes (1,—2,4) € R3 to 3 eR
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2. Partial derivatives

2.1 Partial derivatives of a function of two variables :
If w= f(x,y) is a function of two variables, then :

af o0
1. The partial derivative of f with respect to x is denoted by a—f , 8—w s fo
f3 x

or w, , and it is calculated by applying the rules of differentiation to z
and regarding y as a constant .
. . . . af oOw
2. The partial derivative of f with respect to y is denoted by 30 B fy
Y Y
or wy , and it is calculated by applying the rules of differentiation to y
and regarding x as a constant .

Example 1: Calculate f, and f, of the functivon f(x,y) = 2%y® +zyIn(z +y)
Solution:

_ 0 53
1. f.= o (:z: y +1’yln(x+y))

Yy
Tty

fe = (22)3° + {(l)yln(x +y) +xy } = 229° + yIn(x + y) +

Tty

2. f, = 9 (2®y® + zyIn(z +y))

dy
fy = 22ByH) + |2(1) In(z +y) + 2y ! :3x2y2+x1n(x+y)+ﬂ
Y T4y T+y
. z+y?
Example 2: Calculate f, and f, of the functivon f(z,y) = n
rTy
Solution:
L= of (1+0)(z+y)—(x+y*)(1+0) z+y—(x+y?)
T (z +y)? (x+y?)
f _rty—a—y?  y—y
’ (z +y)? (z +y)?
9. p =08 042 @+y) —@+y)0+1) _ 2yl ty) — (@ +y?)
Sy (z+y)? (z+y)?
I = 2oy +2y° —x —y?  2xy —a+y?
=

(z +y)? (x4 y)?
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2.2 Partial derivatives of a function of three variables :
If w = f(z,y, 2) is a function of three variables, then :

ooy

or w, , and it is calculated by applying the rules of dlfferentlatlon to x
and regarding y and z as constants .

1. The partial derivative of f with respect to = is denoted by

2. The partial derivative of f with respect to y is denoted by (;f 8w Iy

or wy , and it is calculated by applying the rules of dlﬁerentlatlon to y
and regarding x and z as constants .

of 0
3. The partial derivative of f with respect to z is denoted by 8f —w s |2
z

or w, , and it is calculated by applying the rules of dlfferentlatlon to z
and regarding x and y as constants .

Example : If f(z,y,2) = 2232 — 4(2% + y?)z , then calculate f, , f, and f, at
(0,1,2).
Solution :
1. fo = 3 (2z z—4(2® +y?)z) = 22° — 4(22)2 = 22° — a2
f=(0, 1,2) =2 (2°) - 8(0)(2) =16
2. f, = i (2232 — 4(2® + y*)z) =0 — 4(0 + 2y)z = —8yz
£,(0,1,2) = —8(1)(2) = —16
3. f. = 9 (22 x —4(z® + y°)z) = 62°z — 4(2* + )
f:(0,1, 2) = 6(2%)(0) — 4(02 +12) = —4

2.3 Second partial derivatives :
If w= f(z, y) is a function of two variables , then :

*f _ 90 (of
Cox2 Bx or

#5_ 0 (01 a B

o*f o (of\ & ..
| axay—ax<ay>—ax<fy>—fw‘

’f AN B

) = g fe) = o

87



Note : Second partial derivatives of a function of three variables are defined in
a same manner.

Theorem : Let f(x,y) be a function of two variables. If f, f, , f, , fzy and
fy= are continuous, then fr, = fy..

Note : If f(z,y, 2) is a function of three variables and f has continuous second
partial derivatives, then f,, = fyz , for = f2o and fy. = foy -

il and 1
0zxdy 0yor

Example 1: Let f(x,y) = 23y + xy?sin(x + y) , calculate

Solution :
fr = 32%y + y? sin(x + y) + 292 cos(z + y)
fy = 2% + 2zysin(z + y) + zy? cos(x + y)
foy = 322 + 2ysin(z + y) + y? cos(z + y) + 2zy cos(z + y) — zy? sin(z + y)
fye = 322 + 2ysin(z + y) + 2zy cos(z + y) + y* cos(z + y) — zy? sin(z + y)

Note : f., = fy» according to the theorem .

0? 0?

Example 2: Let f(z,y,2) = 23y?2 + vy sin(y + 2) , calculate 83/8]; and (9ng
Solution :

fo = 32%y%2 + ysin(y + 2)

2= 333?/2 + zycos(y + 2)

0°f = fuy = 62%yz +sin(y + 2) + ycos(y + 2)

dydx = Jay = Y Yy Y Yy

ﬁ = for = 32%y* + ycos(y + 2)

0x0z =

o*f 9%°f 02

Example 3: Let f(xz,y,2) = 223 —3(22+y?)z , Show that a—;;—l—a—yf—l— 8;; =0
Solution :

fo=0—3z(22) = —6zz
fy =0—32(2y) = —6y=
f. =622 = 3(22 +¢?)

82

37‘7; = Joo = =62
0% f

oy ==
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0% f
022
o*f  O*f  O*f

022 T o2 T o2

= f., =122

=—6z—6z+122=0
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3. Chain Rules

Theorem (Chain Rules):

1. If w = f(x,y) and = g(t) , y = h(t) , such that f , g and h are
differentiable then

df dw Ow dxr  Ow dy

At~ dt oz d&t oy dt
2. fw = f(z,y) and = = g(t,s) , y = h(t,s) , such that f , g and h are
differentiable then

of _ow _ow dr 0w dy
ot ot ox ot 0Oy Ot
of Ow 0w 0z  dw Oy

9s _ 9s 0z 0s | 0y 0s

3. fw=f(z,y,2) and . = g(t,s) , y = h(t,s) , z = k(t,s) such that f , g,
h and k are differentiable then
du_ 0w ds 0w dy  Ou 0
ot Oz Ot Oy ot 0z ot
ow Ow dx Ow @+8w 0z

9s 0z 9s "0y 0s 0z 0s

)
Example 1 : Let f(z,y) = 2y +y? , v = s*t , and y = s +t , calculate a—i
of
d — .
and —
Solution :

o _of or o1 oy
ds Oxr O0s Oy Os

af ox

1.

%:y7§:28t
af oy
of _

55 =V (2st) + (z +2y)(1) = (s + t)2st + [s°t +2(s + 1)]

= 25%t + 2st% + s%t + 25 + 2t = 352t + 25t + 25 + 2t

of _9f ox  9f &y
ot ox ot Oy Ot

of _ 0x _ o
oz Yoot T °
of oy
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% =ys® + (z+2y)(1) = (s +1)s* + st +2(s + 1)

=% 4+ $2t + 2t + 25 + 2t = 5% + 252t + 25 + 2t

Example 2 : Let f(z,y,2) = « + sin(zy) + cos(zz) , x =ts , y = s+ ¢ and
>, calculat a %
z = -, calculate —— and — .
t’ 0s ot

Solution :

of _of or  of oy of o

. ds  Ox 8s+37y 03+$ 99
of _ : oz
e 1+ ycos(zy) — zsin(zz) , 5 = ¢
o - oy _
@ =z cos(zy) , = 1
87]0 = —xsin(zz) % _ 1
az - S Lz) as - m
af . 1 |
& =1 [1 + ycos(a?y) — ZSln(mz)] + l‘COS(.’L‘y) + ; (_m Sln(xz))
% =t + ty cos(zy) — tzsin(xz) + x cos(zy) — %(xz)

2 o _ 9o % + of % + of 0z

Tot Ox Ot Oy Ot 0z Ot

of _ : ox
e 1+ ycos(zy) — zsin(zz) , =
of - oy _
@ = zcos(zy) , o = 1
o s, 5=
9 rsin(zz) , 5 = 7
af . y |
E =3 [1 + ycos(xy) — zsm(xz)] + xcos(gcy) + tT (—m Sln(xz))
% = s+ sycos(ry) — szsin(xz) + x cos(xy) + %r;(xz)
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4. Implicit differentiation

1. Suppose that the equation F(x,y) = 0 defines y implicitly as a function
of z say y = f(x) , then
dy _ _Fu

de F,

2. Suppose that the equation F(z,y,2) = 0 implicitly defines a function
z = f(x,y) , where f is differentiable , then

O _Fe g0 F
or  F, oy  F,

Example 1 : Let y? — 2y + 322 = 0, find %

Solution 1: Let F(z,y) = 2% — 2y + 322 then F(z,y) =0
Fp=—-y+6zxand Fy =2y —=x .
dy  Fy  (-y+6zx) y—6a

dx F, y—x  2w—x

Solution 2 : y? — 2y + 322 =0
Differentiate both sides implicitly
2y —(y+zy)+62=0 = 2yy —y—ay +6x=0
= 29y —xy' =y—6z = (Qu—2a)y =y—6x

dy , y-—6x

= =
dzr y

:2y—:1:

0z

0
Example 2 : Let F(z,y,2) = 2%y + 22 +sin(zyz) = 0, find a—z and 50
T Y
Solution :

F, = 2zy + yz cos(zyz)

F, = 2* + xz cos(zyz)

F, =2z + zycos(zyz)

0z Fy  2zy+yz cos(zyz)

oz F, 2z + xy cos(zyz)

0z  F,  x®+wxzcos(wyz)
dy  F.  2z+axycos(wyz)
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CHAPTER SEVEN

DIFFERENTIAL EQUATIONS

1. Definition of a differential equation
2. Separable Differential equations

3. First-order linear differential equations
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1. Definition of a differential equation

Definition : An equation that involves z , y , v, v", --- ,y™ for a function
y(x) with nt" derivative y(™ of y with respect to x is an ordinary differential
Equation of order n.

Examples :
1. y' = 2% + 5 is a differential equation of order 1.

2.y +x (y’)4 — y = x is a differential equation of order 2

3. (y(4))3 + 22y = 2z is a differnetial equation of order 4

y = y(z) is called a solution of a differential equation if y = y(x) satisfies that
differential equation.

Consider the differential equation y’ = 6z + 4 , then y = 322 + 4z + c is the
general solution of that differential equation.

If an initial condition was added to the differential equation to assign a certain
vallue for ¢ then y = y(x) is called the particular solution of the differential
equation .

Consider the differential equation y’ = 6z +4 with the initial condition y(0) = 2,
y = 322 4 4x + c is the general solution of the differential equation ,

y(0) =2 = 3(0)°+4x0+c=2 = c=2, hence y = 32? + 4z + 2 is the
particular solution of the differential equation.
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2. Separable Differential equations

The separable differential equation has the form M(z)+ N(y) v’ =0 .
where M (z) and N(y) are continuous functions.
To solve the separable differential equation :

1. Write it as M(z) de + N(y) dy =0 = N(y) dy = —M(z) dz .

2. Integrate the left-hand side with respect to y and the right-hand side with
respect to x

/ N(y) dy = — / M(z) dz

Example 1 : Solve the differential equation 3’ + y3e® =0 .

Solution :
) d
y/+y56m:0 s dz :7y36:1(:7
1 x —3 x
= —Sdy=e¢"dr = -y dy=¢"dx

-2
= —/y_?’dy:/exdx = —y—2=ex+c

1, 1 .
. @:e +c = y—2:2(e +c¢)
RS B 1
4 2(e* + ¢) v= 2(e* + ¢)
d
Example 2 : Solve the differential equation d—y =y%e® , y(0) =1.
x
Solution :
@ _ 2 x

1 xT
dxiye E— ?dy:e dx

= yldy=edz = /y‘2dy:/e”“'dx

y ! -1
> 7:ex+c > Yy =
-1 e* +c
. L . -1
Using the initial condition y(0) =1 = 1= -
e’ +c¢
-1
1+¢c
-1

The particular solution is y =
e
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Example 3 : Solve the differential equation dy — sinz(1 + y?)dx =0 .
Solution :

1
= i dy =sinz dv — /1+ 2dy:/sinwd:r
= tan"ly=—cosz+c = y=tan(—cosx + )

Example 4 : Solve the differential equation e ¥sinz — gy’ cos?z =0 .
Solution :

dy

e VYsine —y'cos?r =0 = —cos’r— =—e Ysinz
dx
1 —sinx 1 sinx
= —dy=——S—dv = e’dy= dx
e Y — COs“ T COST COSX

= e¥dy=secxtanz dr — /ey dy:/secmtanx dx

= eY=secx+c = y=In|secz+¢|

Example 5 : Solve the differential equation 3’ = 1 — y + 22 — yz?
Solution :

d
y=l-yta?—ya? — L1y iaP(1-y)

dx
d 1
= y =(l-yl+a?) = fdy—(l‘f'gﬂ)d
= /7dy—/(1+x)dx = /7dy—/(1+x2)dx
x3 x3
= —1n|1—y|:x+?+c = 1n|1—y|:—x—§—c

3 _, —p—zd_
= l-y=e""5"° = y=1—e*"3"7°
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3. First-order linear differential
equations

The first-order linear differential equation has the form ¢y’ + P(z) y = Q(x) ,
where P(z) and Q(z) are continuous functions of =

To solve the first-order linear differential equation :

1. Compute the integrating factor u(z) = el Ple) du

2. The general solution of the first-order linear differential equation is

1
W) = o5 [ ) Qa) e
d
Example 1 : Solve the differential equation xd—y +y=a2+1.
i
Solution :
d 1 2+1
e Y fy=a?+1 = y+ ()yzx i
dx x T
L, (1 1
x x
P(z)= © and Q(x) = + -
z) = — an z)=z+—
The integrating factor is u(z) = e/ v — el — g

1 1
The general solution is y = — /x (x + ) dz
x x

1 9 1 (a3 x? c
Yy x/(x+)x $<3+x+c> g 1+

2
Example 2 : Solve the differential equation 3/ — ~y = z%e” , y(1) = ¢ .
x

Solution :
2
P(z) = —= and Q(z) = 2%
T

The integrating factor is

U(l‘) _ effgdm — 672f%dz — ¢ 2nz _ eln:n’2 — 72
: : 1 —-2,2 x
The general solution is y = —5 [ ™ “z%e"dx
x
y = a2 / e“dr = 2 (e” + ¢) = x%e” + ca?
Using the initial condition y(1) =e
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yH=e = e=1)%'4+c(1)? = e=e+c = c=0

The particular solution is y = x2e®

Example 3 : Solve the differential equation y’ 4+ y = cos(e”)
Solution :

P(z) =1 and Q(z) = cos(e®)

The integrating factor is u(x) = efldz — o

1
The general solution is y = — / e” cos(e”) dx
e.L

y=e*® / cos(e®)e” dx = e™7 (sin(e®) + ¢) = e”“sin(e”) + ce™*

Example 4 : Solve the differential equation zy’ — 3y = >

Solution :

3
zy —3y=12> = y’—;y:m

P(z) = —% and Q(z) =z

The integrating factor is

3 1 -3
’U,(ZL’) — efflf_d:r — efSIIdz — 6731nz — elnz — SU73

1
The general solution is y = — /x73x dx
x

“1
yzxg/x*Qd:z::xB (1:14—0)

1
y::c3 <——|—c) = —z% +c2?
T
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