M 106 - INTEGRAL CALCULUS
Dr. Tarig A. AlFadhel®
Solution of the second mid-term exam
First semester 1433-1434 H

Multiple choice questions (One mark for each question)

Q.1 The definite integral /sin2 (g) dx is equal to

(a) %m—&—;sinm—i—c (b)%(m—sinx)—&—c
(¢) zcos(z)+¢ (d) —

1
2 2 2 2

1
Answer : Note that sin® z = 3 [1 — cos 2x]
So, sinz(f) = 1[1 — cos z]
2 2

i (5 de = [Ln_ Ll
/sm (2> dz-/Q[l cos ] dx—2(ac sinz) + ¢

The right answer is (b)

1
Q.2 The substitution u = tan(g) transforms the integral / Tosna dx into
i

(a) /du (b) /2 du (c) /ﬁ du (d) —i_/s(r:ifl)Q du

2u 2

Answer LU= tan(g) , Sinl‘ = m s de = m du
1 1 2 Lt 2
/7.d$:/727duz/ = du
1+sinz 14 24, 1+ u2 I+u?+2u 1+ u?

14+u?

2 2
/u2+2u+1 “ /(u+1)2 “

The right answer is (d)

Q.3 To evaluate the integral / vV/2x2 + 4 dx , we use the substitution

(a) z = 2sech (b) x =2tanf
(c) x = 2sect (d) z =+/2tan6

Answer : /\/23:24—4 dxz/\/(\@x)2+22 dz

We use the trigonometric substitution v/2z = 2 tan

2
= zx=-—tanf = x=+2tanh

V2
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The right answer is (d)

Q.4

lim (1 + x)% is equal to
z—0
(a) 1 (b) e (c) 0 (d) o)
1 In(1
The answer : Put y = (1 —s—x)% = Iny= Eln(l 1) = w

limlny = lim M (O)

x—0 x—0 x

Apply L’Hépital’s rule

. In(1+42) Tz 1
! — — - =1
Therefore , lim (1 + 1‘)% =el=¢
z—0

The right answer is (b)

Q.5

23 +1 7Ax+B+ Cx+D
(3z2+1)2  322+1  (322+1)
1 3 2 1
(a) 5 (b) 5 (c) 3 (d) 3
The answer :

*+1  Az+B  Caz+D (Az+ B)(322 +1)+ Cz+ D

(3x2+1)2  322+1  (322+1)2 (322 +1)2

If

5 then the value of A is equal to

23+ 1= (Ar+ B)(322+ 1)+ Cx+ D
1
2 +1=3423+ A2 +3B2>2+B+Cx+D = 34A=1 = A:3

The right answer is (d)

Q.6

The indefinite integral / sin® z dz is equal to

s3 cos® z

+c (b) cosz —

(a) —cosx +

ST T COS2 x

+ec (d) —cosz +

(¢) —cosx — +ec

The answer : /sin3 x dx = /sin2 x sinz do = /(1 —cos’z) sinx dx
Put u = cosx , then —du = sinx dx

w3
/sin?’xdo::—/(l—uQ) du{u?)] +e

’LL3 3

Cos” x
:—u—i—g—i—c:—cosx—&—

+c



The right answer is (a)

0 T
The improper integral /_oo T o=
(a) converges to 0 (b) diverges
(c) converges to % (d) converges to g
0 e 0 x
The answer : / ——dr= lim —
oo 1+ €2 t—w—co [, 1+ e2®
- I 0 e’ de = i [t 71( a:)]O
= dim_ | G 4 A, e @)
= lim [tan™'(e”) — tan"'(e")] = tan™"(1) — tan""'(0) = T o0==
t——o0 4 4

The right answer is (c)

The definite integral / x cosx dr is equal to

(a) cosx — xsinx + ¢ (b) —cosx + zsinx + ¢
(c) cosz + zsinz + ¢ (d) zsinz + ¢

The answer : Using Integration by parts
u=2x dv = cosx dx
du = dx v=sinz

/x cosz dr =z sinm—/sinx de =z sinz — (—cosz) + ¢

=x sinx +cosxr+c=cosxr+zx sinx+c

The right answer is (c)

The area of the region bounded by the graphs of the equations of y = 2

and y = 2x is equal to
1 2
- b) 2
@5 B

The answer :

(d)

QL >
N =

y = 2% is a parabola opens upward with vertex (0, 0).

y = 2x is a straight line paasing through the origin .



Points of intersection between y = z? and y = 2z :
=21 = 2°-22=0 =22-2)=0 =2=0, =2

2 23732
Area = / (2z — %) dx = [xQ - ]
0 3 1o

o [f3)-0-0] 252

The right answer is (c)

Q.10 To evaluate the integral
(a) ud ==z (b) x = u* (c)u=+x (d) u=z1z

3 1
The answer : i dx:/ e T dx
1+\4/5 1+ x4

Note that the least common multiple of 3 and 4 is 12

1
12 +

Therefore, we use the substitution z = u = u=2aT

The right answer is (d)




Q.11

Full questions

—22 42 1
Evaluate / vl dx . [3 marks]
(z—1)(22 +1)

The answer : Using Partial fractions method

22 4+2z+1 A Br+C  A(x*+1)+ (Bx+C)(x —1)

(x—-1)(z2+1) x—-1 2241 (x—1)(z2 +1)
—224+22+1=A@*+1)+ (Bx +C)(x — 1)

2?2 4+2x+1=A22+ A+ Bx?> - Bz +Ca - C
—2?+2r+1=(A+B)2>+ (C - B)z+ (A-C)
A+B=-1 — (1)

C-B=2 — (2
A-C=1 — (

Adding equation (1) to equation (2) : A+C =1 — (4)
)

Adding equation (3) to equation (4) : 2A=2 = A=1

From equation (1) : B = —2
From equation (3) : C' =0
2?4+ 2z+1 1 —2z

C-D@+D) -1 241
2?2 +2x+1 1 2z
/(x—l)(w2+1) am‘_/sr—lalx_/acQ—i—ldaj

—z?+ 2z +1
—— 5 dx =1 — 1] —In(z* +1) +
/( D2+ 1) x =In|x | — In(z )+ec

Q.12

Sketch and find the area between the curves f(x) = 22 and g(z) = 1 on
the interval [0, 2]. [4 marks]

The answer :

y = 22 is a parabola opens upward with vertex (0,0), and y = 1 is a
straight line parallel to the x — axis and passing through the point (0, 1) .



gx)=1

Points of intersection between y =z andy =1: 22 =1 = z = +1

Note that z = —1 ¢ [0, 2]

1 2
Area = / (1—2?) dx —I—/ (z% —1) dzx
0 1

371 3 2
Area = {:ﬂx] + {xiﬂ]
3 1o 1

3
Area = {(19(00)} + {<§2><;1>} :§+§:2
Q.13 Evaluate / ﬁ de.  [6 marks]

The answer : Using trigonometric substitutions

Put z = tané .

dz = sec? 0 db

1 sec? sec? 6
/ (1 4 22)2 “ / (1 + tan? 9)2 / (sec? 6)2
sec? § 1 9
1 sin29} 1 { 2sin 6 COSH:|
te=g |0+ | +¢

1

1
=3 [0 + sinf cosf] + ¢




1+x

0 1 [
/ ! d l[ta o4 z L }+c
———— dxr = - |tan” " x
(I+22)? 2 V1422 V1422

1 1 1 T
mdl‘:i tan I‘—Fm +c

Q.14

- 1
Evaluate lim ———> ) In(z + 1)
a—0 zln(x +1)

—1 1
The answer : lim w 9
z—0 zln(x 4+ 1) 0

[2 marks]

Apply L’Hoépital’s rule

1

x—In(z+1) =S
lim = lim
z—0 zln(x 4+ 1) e=0 25 + In(z + 1)
(z+1)—1
: 0

=lim —2  _ — Iim :p =

mao% z—=0x + (z + 1) In(z + 1) 0
Apply L'Hopital’s rule
i x I 1

= lim

20 x4 (@ + Din(e+1) #9501+ (e + 1) + (2 + 1)1

1 1 1 1
01+ +1)+1 1+(l)+1 1+0+1 2




