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{§C 244 þ¡ 1436− 1437 �¤±� �Of�� ,�¤±� ¨lOf�� CAbt�³�

�¤±� ��¥s��

�y�� 2 T�Cd�� �� T`�rm�� A T�wfOm�� d�¤�

2A−1 =

(
3 −5
1 −2

)
¨�A��� ��¥s��

.A =

 1 1 −1
2 1 1
2 1 2

 Ty�At�� T�wfOm�� xwk`� d�¤�

��A��� ��¥s��

.A =


−1 2 −1 0
1 −2 2 2
2 0 1 −1
1 1 2 1

 Ty�At�� T�wfOm��  d�� 	s��

���r�� ��¥s��

A =

 1 −1 1
1 0 2
2 1 −1

 �kt�

A3
¤ A2

	s�� .(1)

A3 − 4A+ αI = 0 �y�� α ∈ R d�¤� .(2)

.A−1
d�¤� .(3)

H�A��� ��¥s��

�wl��� �� ¢tn� ry�  d� ¨W��� �A\n�� �@h�  wk§ �y�� m Tmy� d�¤� x− 2y + 3z = 7
2x− y − 2z = 14
−x+ 2y +mz = 2m− 1
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x As�� ��¥s��

¨�At�� �A\n�� �q�� ¨t�� z 
As�� r��r� ­d�A� �d�tF�x− 2y + 2z = −1
2x− y + 3z = 1
3x+ y + 2z = −1

{§C 244 þ¡ 1436− 1437 �¤±� �Of�� ,�¤±� ¨lOf�� CAbt�³� �®}�

�¤±� ��¥s��

2A−1 =

(
3 −5
1 −2

)
⇐⇒ A−1 =

1

2

(
3 −5
1 −2

)
⇒ A = −2

(
−2 5
−1 3

)

¨�A��� ��¥s��

.A−1 =

−1 3 −2
2 −4 3
0 −1 1


��A��� ��¥s��

.|A| =

∣∣∣∣∣∣∣∣
−1 2 −1 0
1 −2 2 2
2 0 1 −1
1 1 2 1

∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣
−1 2 −1 0
0 0 1 2
0 4 −1 −1
0 3 1 1

∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣
0 1 2
4 −1 −1
3 1 1

∣∣∣∣∣∣ = −7
���r�� ��¥s��

A3 =

 2 −4 4
4 −6 8
8 4 −10

 ,A2 =

 2 0 −2
5 1 −1
1 −3 5

 .(1)

A3 − 4A+ 6I = 0 .(2)
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.A3−4A = A(A2−4I) = −6I ⇒ A−1 = −1
6
(A2−4I) = −1

6

−2 0 −2
5 −3 −1
1 −3 1

 .(3)

H�A��� ��¥s��

©¤As§ ¨�At��  d�m��  A� �Ð� �wl��� �� ¢tn� ry�  d� ¨W��� �A\nl�  wk§

0

.

∣∣∣∣∣∣
1 −2 3
2 −1 −2
−1 2 m

∣∣∣∣∣∣ = 3(m+ 3)

.m = −3 A¾Ð�

x As�� ��¥s��

z =

∣∣∣∣∣∣
1 −2 −1
2 −1 1
3 1 −1

∣∣∣∣∣∣∣∣∣∣∣∣
1 −2 2
2 −1 3
3 1 2

∣∣∣∣∣∣
=
−15
−5

= 3
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{§C 244 þ¡ 1436− 1437 ¨�A��� �Of�� ,�¤±� ¨lOf�� CAbt�¯�

�¤±� ��¥s��

.A =

 1 −4 3
0 2 −1
1 −2 3

 T`�rm�� T�wfOm�� �kt�

.A T�wfOm��  d�� ¤ B = adjA T�wfOm�� d�¤� .(1)

.��Ð �k��  � A T�wfOm�� xwk`� d�¤� .(2)

¨�A��� ��¥s��

B =

(
2 −3 0 4
−3 1 −1 −2

)
T�wfOm�� ¤A =


−1 2
2 −1
1 −1
3 −2

 T�wfOm�� �kt�

.AB T�wfOm��  d�� d�¤�

��A��� ��¥s��

B =

 3 −1 −1
2 0 −1
−2 1 4

 T�wfOm�� ¤ A =

 2 0 1
0 2 1
2 −1 0

 T�wfOm�� �kt�

.A T�wfOm�� xwk`� �tntF�¤ A2 −AB + aI3 = 0 �y�� a  d`�� Tmy� d�¤�

���r�� ��¥s��

¨�At�� ¨W��� �A\nl� �wl��� T�wm��  A�§³  � Cw� x¤A� Tq§rV �d�tF�
x+ y + 2z + t = 11
x+ 2y + z + t = 9
x+ y + z + 2t = 6
2x+ y + z + t = 14

H�A��� ��¥s��

Ay¶z� ºAS� �kK� W = {A ∈ Mn/ A = AT} T�wm�m�� 
�A� �Ð� Amy� �y�

.n T�Cd�� �� T`�rm�� �A�wfOm�� ºAS� w¡ Mn  � �y� ,Mn ��
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{§C 244 þ¡ 1436− 1437 ¨�A��� �Of�� �¤±� ¨lOf�� CAbt�¯� �®}�

�¤±� ��¥s��

.|A| = 2 ¤ B = adjA =

 4 6 −2
−1 0 1
−2 −2 2

 .(1)

.A−1 = 1
2
B .(2)

¨�A��� ��¥s��

.AB =


−8 5 −2 −8
7 −7 1 10
5 −4 1 6
12 −11 2 16


.|AB| = 0

��A��� ��¥s��

A−B =

−1 1 2
−2 2 2
4 −2 −4


.A(A−B) = 2I3
.A−1 = 1

2
(A−B)

���r�� ��¥s��

T`Fwm�� T�wfOm��


1 1 2 1
1 2 1 1
1 1 1 2
2 1 1 1

∣∣∣∣∣∣∣∣
11
9
6
14

 −→

1 1 2 1
0 1 −1 0
0 0 −1 1
0 −1 −3 −1

∣∣∣∣∣∣∣∣
11
−2
−5
−8

 −→

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∣∣∣∣∣∣∣∣
6
1
3
−2


.x = 6, y = 1, z = 3, t = −2 �Ð�

H�A��� ��¥s��

λ ∈ R ¤ A,B ∈ W 
�A� �Ð�

(A+B)T = AT +BT = A+B

¤

(λA)T = λAT = λA.

.¨¶z� ºAS� w¡ W �Ð�
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{§C 244 þ¡ 1435− 1436 ¨fyO�� �Of�� ,�¤±� ¨lOf�� CAbt�³�

�¤±� ��¥s��

�y� AB = BA �q�� ¨t�� A =

(
a b
c d

)
�A�wfOm�� �ym� d�¤� .(1)

.B =

(
1 1
0 1

)
�q�§ ©@�� a 
�A��� �y� d�¤� .(2)∣∣∣∣∣∣

2 1 0
0 −1 3
0 1 a

∣∣∣∣∣∣+
∣∣∣∣∣∣
0 a 1
1 3a 0
−2 a 2

∣∣∣∣∣∣ = 6.

¨�A��� ��¥s��

[A, I] TyfO�� �Aylm`�� ��d�tFA� Ty�At�� T�wfOm�� xwk`� d�¤�

A =

 2 1 2
1 0 1
1 2 2


��A��� ��¥s��

Aqst� ¨W��� �A\n��  wk§ Yt� a, b Yl� Ah`R¤ 	�§ ¨t��  wyq�� d�¤� x + 2y + 3z − 5t = −2
2x − y + z − 3t = a
4x − 7y − 3z + t = b

���r�� ��¥s��

H�A�tm�� �A\n�� �`�� ¨t�� α 
�A��� �y� d�¤� .(1)
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αx + y + z = 0
x + y − z = 0
x + αy + z = 0

.©rfO�� ���� ry� �wl� ¢�

.α = 1  wk� A�dn� �A\n�� �wl�  A�§³   Cw� x¤A� Tq§rV �d�tF� .(2)

H�A��� ��¥s��

¨W��� �A\n�� �`�� ¨t�� a 
�A��� �y� �ym� d�¤�x + y − z = 2
x + 2y + z = 3
x + y + (a2 − 5)z = a

dy�¤ �� ¢� .(1)

�wl��� �� ¨¶Ah� ¯ A�  d� .(2)

.�� ¢� Hy� .(3)

{§C 244 þ¡ 1435− 1436 ¨fyO�� �Of�� ,�¤±� ¨lOf�� CAbt�³� �®}�

�¤±� ��¥s��

.BA =

(
a+ lA+ y
c d

)
,AB =

(
a a+ b
c c+ d

)
.(1)

¨t�� A �A�wfOm�� �ym� ¨�At�A� ¤ .AB = BA ⇐⇒ c = 0, a = d A¾Ð�

.a, b ∈ R �y� ,A =

(
a b
0 a

)
:¨¡ AB = BA �q��

.(2)∣∣∣∣∣∣
2 1 0
0 −1 3
0 1 a

∣∣∣∣∣∣+
∣∣∣∣∣∣
0 a 1
1 3a 0
−2 a 2

∣∣∣∣∣∣ = 3a− 6 = 6 ⇐⇒ a = 4

8



¨�A��� ��¥s��

 2 1 2
1 0 1
1 2 2

∣∣∣∣∣∣
1 0 0
0 1 0
0 0 1

 ⇒

 1 0 1
0 1 0
0 2 1

∣∣∣∣∣∣
0 1 0
1 −2 0
0 −1 1


⇒

 1 0 1
0 1 0
0 0 1

∣∣∣∣∣∣
0 1 0
1 −2 0
−2 3 1


¨�At�A� ¤

A−1 =

 2 −2 −1
1 −2 0
−2 3 1


��A��� ��¥s��

T�wfOm�� �� Ayf} T·�Akt�

 1 2 3 −5
2 −1 1 −3
4 −7 −3 1

∣∣∣∣∣∣
−2
a
b

 T�wfOm��

�Ð� ¤ �Ð� Aqst� ¨W��� �A\n��  wk§ ¨�At�A� ¤

 1 2 3 −5
0 −5 −5 7
0 −5 −5 7

∣∣∣∣∣∣
−2
a+ 4
b− 2a


.3a− b+ 4 = 0 ⇐⇒ a+ 4 = b− 2a �Ð� Xq�

���r�� ��¥s��

�A\n��  d��  A� �Ð� ©rfO�� ���� ry� �wl� ¢� H�A�tm�� �A\n�� .(1)

.rf} ©¤As§∣∣∣∣∣∣
α 1 1
1 1 −1
1 α 1

∣∣∣∣∣∣ = (α + 1)2 − 4

.α = −3 ¤� α = 1 A¾Ð�

T�wfOm�� �� Ayf} T·�Akt�

 1 1 1
1 1 −1
1 1 1

∣∣∣∣∣∣
0
0
0

 T�wfOm�� .(2)

.{(x,−x, 0); x ∈ R} ¨¡ �A\n�� �wl� ¨�At�A� ¤

 1 1 0
0 0 1
0 0 0

∣∣∣∣∣∣
0
0
0


9



H�A��� ��¥s��

.rf} ©¤As§ ¯ �A\n��  d��  A� �Ð� dy�¤ �� ¨W��� �A\nl�  wk§ .(1)∣∣∣∣∣∣
1 1 −1
1 2 1
1 1 α5

∣∣∣∣∣∣ = α2 − 4

.α 6= ±2 A¾Ð�

�wl��� �� ¨¶Ah� ¯  d� ¢� �A\n�� α = 2  A� �Ð� .(2)

.�� ¢� Hy� �A\n�� α = −2  A� �Ð� .(3)
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{§C 244 þ¡ 1438− 1437 �¤±� �Of�� ,�¤±� ¨lOf�� CAbt�³�

�¤±� ��¥s��

¨�At�� ¨W��� �A\n�� �wl� d�¤�
x− y + z + t = 0
2x− y + z + 3t = 0

z − t = 0
−2x+ y − t = 0

¨�A��� ��¥s��

.A =

 1 0 −1
2 1 1
1 1 1

 Ty�At�� T�wfOm�� xwk`� d�¤� .(1)

�y�� 3 T�Cd�� �� T`�r� B T�wfO� d�¤� .(2)

2(B + I)−1 = A.

��A��� ��¥s��

.A =

 a+ b b a+ b
0 a a+ b

a+ b b a

 T�wfOm�� �kt�

.xwk`� Ah� A T�wfOm��  wk� �y�� a, b �y� d�¤�

���r�� ��¥s��

:¨�At�� ¨W��� �A\n�� �ky�−x+ y + az = −2
2x− ay − z = −1
ax− 2y + z = 1

.�wl��� �� ¨¶Ah� ¯ A�  d� ¨W��� �A\nl�  wk§ Yt� a  d`�� �y� d�¤� .(1)

.�d�¤  � a = 2 T�A� ¨� ¨W��� �A\n�� �wl� d�¤� .(2)
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.�d�¤  � a = 0 T�A� ¨� ¨W��� �A\n�� �wl� d�¤� .(3)

H�A��� ��¥s��

¨�At�� �A\n�� �q�� ¨t�� y 
As�� r��r� ­d�A� �d�tF�

 3x− 2z = 2
−2x+ 3y − 2z = 3
−5x+ 4y − z = 1

{§C 244 þ¡ 1438− 1437 �¤±� �Of���¤±� ¨lOf�� CAbt�³� �®}�

�¤±� ��¥s��


1 −1 1 1
2 −1 1 3
0 0 1 −1
−2 1 0 −1

∣∣∣∣∣∣∣∣
0
0
0
0

 (−1)R1,2−→
(2)R1,4


1 −1 1 1
0 1 −1 1
0 0 1 −1
0 −1 2 1

∣∣∣∣∣∣∣∣
0
0
0
0



=
(1)R3,2−→


1 −1 1 1
0 1 0 0
0 0 1 −1
0 −1 2 1

∣∣∣∣∣∣∣∣
0
0
0
0



=
(1)R2,4−→


1 −1 1 1
0 1 0 0
0 0 1 −1
0 0 2 1

∣∣∣∣∣∣∣∣
0
0
0
0



=
(−2)R3,4−→

1
3
R4


1 −1 1 1
0 1 0 0
0 0 1 −1
0 0 0 1

∣∣∣∣∣∣∣∣
0
0
0
0



=
(1)R4,3,(−1)R4,1−→
(−1)R3,1,(1)R2,1


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∣∣∣∣∣∣∣∣
0
0
0
0


.©rfO�� ���� w¡ dy�w�� ���� ¤
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¨�A��� ��¥s��

.A−1 =

 0 1 −1
1 −2 3
−1 1 −1

 .(1)

2(B + I)−1 = A ⇐⇒ (B + I)−1 = 1
2
A ⇐⇒ B + I = 2A−1. .(2)

B = 2A−1 − I =

 0 2 −2
2 −5 6
−2 2 −3

 .

��A��� ��¥s��

.rf} ©¤As§ ¯ T�wfOm��  d��  A� �Ð� xwk`� A T�wfOml�  wk§

|A| =

∣∣∣∣∣∣
a+ b b a+ b
0 a a+ b

a+ b b a

∣∣∣∣∣∣
= (a+ b)

∣∣∣∣∣∣
1b b a+ b
0 a a+ b
1 b a

∣∣∣∣∣∣
= (a+ b)

∣∣∣∣∣∣
1b b a+ b
0 a a+ b
0 0 −b

∣∣∣∣∣∣ = −ab(a+ b).

.a+ b 6= 0 ¤ b 6= 0 ¤ a 6= 0  A� �Ð� xwk`� A T�wfOml�  wk§ ¨�At�A� ¤

���r�� ��¥s��

−1 1 a
2 −a −1
a −2 1

∣∣∣∣∣∣
−2
−1
1

 (2)R1,2−→
(a)R1,3

−1 1 a
0 2− a 2a− 1
0 a− 2 1 + a2

∣∣∣∣∣∣
−2
−5

1− 2a


(1)R2,3−→

−1 1 a
0 2− a 2a− 1
0 0 a(2 + a)

∣∣∣∣∣∣
−2
−5

−2(2 + a)


.a = −2 
�A� �Ð� �wl��� �� ¨¶Ah� ¯  d� ¨W��� �A\nl�  wk§ .(1)
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:¨�At�� �A\n�� �� ¸�Akt� �A\n�� a = 2 
�A� �Ð� .(2)

.�st� ry� �A\n�� ¨�At�A� ¤

−1 1 2
0 0 3
0 0 8

∣∣∣∣∣∣
−2
−5
−8


�wl� ¢� Hy� �A\n�� a = 0 
�A� �Ð� .(3)

H�A��� ��¥s��

y =

∣∣∣∣∣∣
3 2 −2
−2 3 −2
−5 1 −1

∣∣∣∣∣∣∣∣∣∣∣∣
3 0 −2
−2 3 −2
−5 4 −1

∣∣∣∣∣∣
= −13.
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{§C 244 þ¡ 1438− 1437 ¨�A��� �Of�� �¤±� ¨lOf�� CAbt�³�

�¤±� ��¥s��

,AX = B ¨W��� �A\n�� �wl�  A�§³   Cw� x¤A� Tq§rV �m`tF�

A =


1 −1 −1 1 −3
1 0 1 −2 2
3 −2 −2 1 −3
3 −2 −1 1 2

 ¤ B =


2
−1
0
3

 ,X =


x
y
z
t
u


¨�A��� ��¥s��

.A =


1 −3 4 1
2 −1 3 2
1 3 a 1
b 3 1 −2

 Ty�At�� T�wfOm��  d�� d�¤� .(1)

.xwk`� A T�wfOml�  wk� �y�� a, b �y� d�¤� .(2)

��A��� ��¥s��

.A =

−1 −2 1
4 −5 3
3 4 −2

 Ty�At�� T�wfOm�� xwk`� d�¤� .(1)

�q�� ¨t�� ¤ 3 T�Cd�� �� T`�rm�� B T�wfOm��  d�� d�¤� .(2)

2AB = I + A.

���r�� ��¥s��

¨W��� �A\nl� x+ ay + 2z = 1
2x− y + z = 3

ax+ 4y + 2az = 2
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d�¤� ¤ .�wl��� �� ¨¶Ah� ¯  d� ¨W��� �A\nl�  wk§ Yt� a �y� d�¤� .(1)

.T�A��� £@¡ ¨� �A\n�� �wl�

.�st� ry� ¨W��� �A\n��  wk§ Yt� a �y� d�¤� .(2)

H�A��� ��¥s��

¤ n T�Cd�� �� T`�r� A �kt�

W = {B ∈Mn : AB = BA}.

Mn �� ¨¶z� ºAS� W  � 
b��

.(n T�Cd�� �� T`�rm�� �A�wfOm�� ºAS� w¡ Mn)

{§C 244 þ¡ 1438− 1437 ¨�A��� �Of�� ,�¤±� ¨lOf�� CAbt�³� �®}�

�¤±� ��¥s��

¨W��� �A\nl� T`Fwm�� T�wfOm��
1 −1 −1 1 −3
1 0 1 −2 2
3 −2 −2 1 −3
3 −2 −1 1 2

∣∣∣∣∣∣∣∣
2
−1
0
3

 .
:Ty�At�� T�wfOm�� �� T·�Akt�

1 0 0 0 9
0 1 0 0 13
0 0 1 0 5
0 0 0 1 6

∣∣∣∣∣∣∣∣
−4
−9
3
0


w¡ �wl��� �wm�� ¤

{−4− 9t,−9− 13t, 3− 5t,−6t); t ∈ R}

¨�A��� ��¥s��

.|A| = −5(a+ 2)(b+ 2) .(1)


�A� �Ð� xwk`� A T�wfOml�  wk§ .(2)

.b 6= −2 ¤ a 6= −2

16



��A��� ��¥s��

.A−1 =

−2 0 −1
17 −1 7
31 −2 13

 w¡ A T�wfOm�� xwk`� .(1)

.|B| = −1

4
¨�At�A� ¤ .|2AB| = 8|A||B| = −8|B| ¤ |I + A| = 2 .(2)

���r�� ��¥s�� 1 a 2
2 −1 1
a 4 2a

∣∣∣∣∣∣
1
3
2

 ¨W��� �A\nl� T`Fwm�� T�wfOm��

T�wfOm�� �� T·�Akt�

.

 1 a 2
0 −1− 2a −3
0 4− a2 0

∣∣∣∣∣∣
1
1

2− a


.�� ¢� Hy� �A\n��

.�wl��� �� ¨¶Ah� ¯  d� ¢� �A\n�� ,a = 2 
�A� �Ð�

.dy�¤ �� ¢� �A\n�� a 6= ±2 
�A� �Ð�

.�wl��� �� ¨¶Ah� ¯  d� ¢� ¨W��� �A\n�� ,a = 2 
�A� �Ð� .(1)

.S = {(7
5
− 4

5
t,−1

5
− 3

5
t, t) : t ∈ R} w¡ �wl��� �wm��

.�st� ry� ¨W��� �A\n��  wk§ ,a = −2 
�A� �Ð� .(2)

H�A��� ��¥s��

 �� a, b ∈ R ¤ B,C ∈ W 
�A� �Ð�

.(aB + bC)A = aBA+ bCA = aAB + bAc = A(aB + bC)

.Mn �� ¨¶z� ºAS� W A¾Ð�

17



{§C 244 þ¡ 1438− 1437 ¨fyO�� �Of�� ,�¤±� ¨lOf�� CAbt�³�

�¤±� ��¥s��

Ty�At�� T�wfOml� T�zt�m�� TyfO�� Ty�Cd�� T�yO�� d�¤�

A =


3 −2 7 0 7
1 −1 3 −1 4
1 0 1 1 0
2 −2 6 0 7

 .

¨�A��� ��¥s��

.xwk`� A T�wfOml�  wk� �y�� a, b �y� d�¤�

A =


1 −2 1 2
2 a 3 3
1 0 b 1
3 4 3 1

 .

��A��� ��¥s��

.A =

 2 1 1
0 2 1
5 0 1

 T�wfOm�� xwk`� d�¤� .(1)

.0 ©¤As§ A+ aI3 T�wfOm��  d��  wk§ Yt� a  d`�� �y� d�¤� .(2)

���r�� ��¥s��

¯  d� ¨W��� �A\nl�  wk§ Yt� a, b, c  �d�±� �y� Yl� ª¤rK�� d�¤� .(1)

�wl��� �� ¨¶Ah� x+ 2y + 2z = a
4x+ 5y + 6z = b
7x+ 8y + 10z = c

18



¨W��� �A\n�� �ky� .(2) x+ y + z = 2
2x+ 3y + 2z = 5

2x+ 3y + (m2 − 14)z = (m+ 1)

.�� ¨W��� �A\nl�  wk§ ¯ Yt� m �y� d�¤� (�

.dy�¤ �� ¨W��� �A\nl�  wk§ Yt� m �y� d�¤� (


H�A��� ��¥s��

�ky�

W = {(x, y) ∈ R2 : xy = 0}.

?R2
�� Ay¶z� ºAS� ��m� W T�wm�m�� �¡

{§C 244 þ¡ 1438− 1437 ¨fyO�� �Of�� �¤±� ¨lOf�� CAbt�³� �®}�

�¤±� ��¥s��


3 −2 7 0 7
1 −1 3 −1 4
1 0 1 1 0
2 −2 6 0 7

 R3,1,(−1)R1,2−→
(−3)R1,3,(−2)R1,4


1 0 1 1 0
0 −1 2 −2 4
0 −2 4 −3 7
0 −2 4 −2 7


(−2)R2,3−→
(−1)R3,4


1 0 1 1 0
0 −1 2 −2 4
0 0 0 1 1
0 0 0 1 0


−R2,(−1)R3,4−→


1 0 1 1 0
0 1 −2 2 −4
0 0 0 1 −1
0 0 0 0 1



19



(1)R4,3,(4)R4,2−→
(−2)R3,2,(−1)R3,1


1 0 1 0 0
0 1 −2 0 0
0 0 0 1 0
0 0 0 0 1



¨�A��� ��¥s��

|A| =

∣∣∣∣∣∣∣∣
1 −2 1 2
2 a 3 3
1 0 b 1
3 4 3 1

∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣
1 −2 1 2
0 a+ 4 1 −1
0 2 b− 1 −1
0 10 0 −5

∣∣∣∣∣∣∣∣
= −5

∣∣∣∣∣∣
a+ 4 1 1
2 b− 1 1
2 0 1

∣∣∣∣∣∣
= −5

∣∣∣∣∣∣
a+ 2 1 1
0 b− 1 1
0 0 1

∣∣∣∣∣∣
= −5(a+ 2)(b− 1).

b 6= 1 ¤ a 6= −2 
�A� �Ð� xwk`� A T�wfOml�  wk§

��A��� ��¥s��

.A−1 =

−2 1 1
−5 3 2
10 −5 −4

 w¡ A T�wfOm�� xwk`� .(1)

.(2)∣∣∣∣∣∣
2 + a 1 1
0 2 + a 1
5 0 1 + a

∣∣∣∣∣∣ =

∣∣∣∣∣∣
2 + a 1 1
−(2 + a) 1 + a 0

5− (1 + a)(2 + a) −(1 + a) 0

∣∣∣∣∣∣
=

∣∣∣∣ −(2 + a) 1 + a
5− (1 + a)(2 + a) −(1 + a)

∣∣∣∣
20



= (1 + a)

∣∣∣∣ −(2 + a) 1
5− (1 + a)(2 + a) −1

∣∣∣∣
= (1 + a)(5− (2 + a)2)

.|A+ aI3| = (1 + a)(5− (2 + a)2)
a = −2+

√
5 ¤� a = −1
�A� �Ð� 0©¤As§A+aI3 T�wfOm��  d�� wk§

.a = −2−
√
5 ¤�

���r�� ��¥s��

.

 1 2 2
4 5 6
7 8 10

∣∣∣∣∣∣
a
b
c

 ¨¡ �A\nl� T`Fwm�� T�wfOm�� .(1)

 1 2 2
4 5 6
7 8 10

∣∣∣∣∣∣
a
b
c

 (−4)R1,2−→
(−7)R1,3

 1 2 2
0 −3 −2
0 −6 −4

∣∣∣∣∣∣
a

b− 4a
c− 7a


(−2)R2,3−→

 1 2 2
0 −3 −2
0 0 0

∣∣∣∣∣∣
a

b− 4a
c− 2b+ a


.c− 2b+ a = 0 
�A� �Ð� �wl��� �� ¨¶Ah� ¯  d� ¨W��� �A\nl�  wk§

.

 1 1 1
2 3 2
2 3 (m2 − 14)

∣∣∣∣∣∣
2
5

(m+ 1)

 ¨¡ �A\nl� T`Fwm�� T�wfOm�� .(2)

 1 1 1
2 3 2
2 3 (m2 − 14)

∣∣∣∣∣∣
2
5

(m+ 1)

 (−2)R1,2−→
(−1)R2,3

 1 1 1
0 1 0
0 0 (m2 − 16)

∣∣∣∣∣∣
2
1

(m− 4)


.�� ¨W��� �A\nl�  wk§ ¯ m = −4 
�A� �Ð� (�

.m 6= ±4 
�A� �Ð� dy�¤ �� ¨W��� �A\nl�  wk§ (


H�A��� ��¥s��

 ± R2
�� Ay¶z� ºAS� ��m� ¯ W T�wm�m��

.(1, 1) = (1, 0) + (0, 1) 6= W �k� ¤ (0, 1) ∈ W ¤ (1, 0) ∈ W

21



{§C 244 þ¡ 1439− 1438 �¤±� �Of�� ,�¤±� ¨lOf�� CAbt�³�

�¤±� ��¥s��

T�Cd�� �� C ¤ B �yt�wfO� ¤ A =

 1 −2 1
2 1 −3
1 −2 3

 T�wfOm�� �kt�

.|C| = 3 ¤ |B| = 2 �y�� (3, 3)
:¨�At��  d�m�� d�¤�

|
(
A−2B

)−1
A−1C − 2B−1C|

¨�A��� ��¥s��

¨W��� �A\n�� �ky�

(∗)



x1 + x3 − x4 = 1

3x1 + x2 + 2x5 = −3

2x1 + x3 − x4 + 3x5 = 2

x2 − 2x3 + x4 + 2x5 = 3

AX = B �kK�� Yl� �A\n�� 	t�� .(1)

.[A|B] T�wfOml� T�zt�m�� TyfO�� Ty�Cd�� T�yO�� d�¤� .(2)

.(∗) ¨W��� �A\n�� �wl� d�¤� .(3)

��A��� ��¥s��

A =


1 1 −1 1
−1 0 2 3
0 0 −1 3
0 0 0 −1

 T�wfOm�� xwk`� d�¤� .(1)

.adj(A) d�¤� .(2)

22



xwk`� A+ aI4 T�wfOml�  wk§ ¯ Yt� a  d`�� �y� d�¤� .(3)

( ���r�� ��¥s��

T�wfOm�� ¤ B =

 2 3 −1
4 −1 2
3 −2 1

 T�wfOm�� �kt�

.C =

 1 0 −2
0 1 1
1 0 −1


.BA−1 = C �y�� A T�wfOm�� d�¤�

H�A��� ��¥s��

¨W��� �A\n�� �ky� x+ 2y −mz = 2−m2

x+my + 3z = m2 − 3
2x+ (m+ 2)y + 2z = 0

.�� ¨W��� �A\nl�  wk§ ¯ Yt� m �y� d�¤� .(1)

.dy�¤ �� ¨W��� �A\nl�  wk§ Yt� m �y� d�¤� .(2)

{§C 244 þ¡ 1439− 1438 �¤±� �Of���¤±� ¨lOf�� CAbt�³� �®}�

�¤±� ��¥s��

|
(
A−2B

)−1
A−1C − 2B−1C| = |B−1AC − 2B−1C|

= |B−1(A− 2I)C|

=
|C|
|B|
|A− 2I|.

.|A− 2I| =

∣∣∣∣∣∣
−1 −2 1
2 −1 −3
1 −2 1

∣∣∣∣∣∣ = 14

| (A−2B)
−1
A−1C − 2B−1C| = 21. A¾Ð�
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¨�A��� ��¥s��

.A =


1 0 1 −1 0
3 1 0 0 2
2 0 1 −1 3
0 1 −2 1 2

 , B =


1
−3
2
3

 .(1)

.(2)
1 0 1 −1 0
3 1 0 0 2
2 0 1 −1 3
0 1 −2 1 2

∣∣∣∣∣∣∣∣
1
−3
2
3

 (−3)R1,2−→
(−2)R1,3


1 0 1 −1 0
0 1 −3 3 2
0 0 −1 1 3
0 1 −2 1 2

∣∣∣∣∣∣∣∣
1
−6
0
3



=
(−1)R2,4−→


1 0 1 −1 0
0 1 −3 3 2
0 0 −1 1 3
0 0 1 −2 0

∣∣∣∣∣∣∣∣
1
−6
0
9



=
(−1)R3,4−→


1 0 1 −1 0
0 1 −3 3 2
0 0 −1 1 3
0 0 0 −1 −3

∣∣∣∣∣∣∣∣
1
−6
0
−9



=
(−1)R4,(1)R4,1−→
(−3)R4,2,(1)R4,3


1 0 1 0 −3
0 1 −3 0 11
0 0 1 0 −6
0 0 0 1 −3

∣∣∣∣∣∣∣∣
−8
21
−9
−9



=
(−1)R3,1−→
(−3)R3,2


1 0 0 0 3
0 1 0 0 −7
0 0 1 0 −6
0 0 0 1 −3

∣∣∣∣∣∣∣∣
1
−6
−9
−9


:¨¡ ¨W��� �A\nl� �wl��� �wm�� .(3)

S = {(1− 3x,−6 + 7x,−9 + 6x,−9 + 3x, x); x ∈ R}

��A��� ��¥s��

24



.(1)

[A|I] =


1 1 −1 1
−1 0 2 3
0 0 −1 3
0 0 0 −1

∣∣∣∣∣∣∣∣
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1


(−1)R4,(1)R1,2−→

(−1)R3


1 1 −1 1
0 1 1 4
0 0 1 −3
0 0 0 1

∣∣∣∣∣∣∣∣
1 0 0 0
1 1 0 0
0 0 −1 0
0 0 0 −1


(3)R4,3,(−4)R4,2−→

(−1)R4,1


1 1 −1 0
0 1 1 0
0 0 1 0
0 0 0 1

∣∣∣∣∣∣∣∣
1 0 0 1
1 1 0 4
0 0 −1 −3
0 0 0 −1


(−1)R3,2,(1)R3,1−→

(−1)R2,1


1 1 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∣∣∣∣∣∣∣∣
1 0 −1 −2
1 1 1 7
0 0 −1 −3
0 0 0 −1


(−1)R2,1−→


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∣∣∣∣∣∣∣∣
0 −1 −2 −9
1 1 1 7
0 0 −1 −3
0 0 0 −1

 .

.A−1 =


0 −1 −2 −9
1 1 1 7
0 0 −1 −3
0 0 0 −1

 T�wfOm�� ¨¡ A T�wfOm�� xwk`� A¾Ð�

.adj(A) = A−1
A¾Ð� ,|A| = 1 .(2)

.|A+ aI4| = (a− 1)2(1 + a+ a2) .(3)

.a = 1 ¨¡ xwk`� A+ aI4 T�wfOml�  wk§ ¯ Yt� a  d`�� �y� A¾Ð�

���r�� ��¥s��

.BA−1 = C ⇐⇒ A = C−1B

.A = C−1B =

 4 −7 3
3 4 0
1 −5 2

 ¤ C−1 =

−1 0 2
1 1 −1
−1 0 1


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H�A��� ��¥s��

.A =

 1 2 −m
1 m 3
2 (m+ 2) 2

 ¨¡ ¨W��� �A\n�� T�wfO�

Ty�At�� T�wfOm�� �� T·�Akt� ¨W��� �A\nl� T`Fwm�� T�wfOm��

.

 1 2 −m
0 m− 2 4
0 0 m− 1

∣∣∣∣∣∣
2−m2

2m2 − 6
1


.�� ¢� Hy� ¨W��� �A\n�� m = 1 
�A� �Ð� .(1)

 �� Ty�A��� T� A`m�� 	s� �k� ¤ z = 1  �� m = 2 
�A� �Ð� ��@�

.2z = 1
.m = 2 ¤� m = 1 
�A� �Ð� �� ¢� Hy� ¨W��� �A\n�� A¾Ð�

.dy�¤ �� ¢� ¨W��� �A\n��  �� m 6= 2 ¤ m 6= 1 
�A� �Ð� .(2)
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1

 w`F �lm�� T`�A�

�wl`�� Tyl�

�AyRA§r�� �s�

Ty�A��� TylOf�� ��CAbt�³�

�®� ¨�nm�� . 



2

{§C 244 þ¡ 1436− 1437 �¤±� �Of�� ,¨�A��� ¨lOf�� CAbt�³�

�¤±� ��¥s��

W = {(x, y, z, t) ∈ R4; 2x+ y + z = 0, x− y + z = 0} �ky�

R4
�� ¨¶z� ºAS� w¡ W  � 
b�� .(1)

.W ºASfl� AFAF� d�¤� .(2)

¨�A��� ��¥s��

A =

 1 2 0 1
−2 −4 1 −1
1 2 1 2

 �kt�

.A T�wfOml� © wm`�� ºASfl� AFAF� d�¤� .(1)

.A T�wfOm�� T§rf} d�¤� .(2)

��A��� ��¥s��

�ky�¤ R3
¨� AFAF� B = {v1 = (0, 1, 1), v2 = (1, 0,−2), v3 = (1, 1, 0)} �ky�

.R3
ºASfl� (¨`ybW�� ¤�)  At`m�� xAF±� C = {u1 = (1, 0, 0), u2 = (0, 1, 0), u3 = (0, 0, 1)}

.BPC ¤ CPB �� ®� d�¤� .(1)

.v = (2,−1, 1)  A� �Ð� [v]B d�¤� .(2)

���r�� ��¥s��

�Ah�tm�A� d�wm�� R5
�� ¨¶z��� ºASf�� V �ky�

.v4 = (0,−3, 4, 2, 2) ,v3 = (1, 2,−3,−2, 1) ,v2 = (2,−2, 4, 0, 6) ,v1 = (1,−1, 2, 0, 3)
{v1, v2, v3, v4} ¨� «wt�� V ºASfl� AFAF� d�¤�

H�A��� ��¥s��

.R2
¨� Ayl�� A�rR ��m� 〈(a, b), (x, y)〉 = ax+ ay + bx+ 2by  � 
b�� .(1)

xAF±� �§w�t� 
ymJ ��r� Tq§rV �m`tF� .(2)

.d�A`t� ¤ ©CAy� xAF� Y�� {u1 = (1,−1), u2 = (1, 2)}



3

{§C 244 þ¡ 1437− 1436 �¤±� �Of�� ,¨�A��� ¨lOf�� CAbt�³� �®}�

�¤±� ��¥s��

A =

(
2 1 1 0
1 −1 1 0

)
�y�� AX = 0H�A�tm�� ¨W��� �A\nl� �wl��� T�wm�� w¡W .(1)

R4
�� ¨¶z� ºAS� ¨h� ¨�At�A� ¤

.(2)

X ∈ W ⇐⇒
{
2x+ y + z = 0
x− y + z = 0

⇐⇒
{
x = −2y
z = 3y

⇐⇒ X = y


−2
1
3
0

+ t


0
0
0
1

 .

.W ºASfl� AFAF� ��m� {(−2, 1, 3, 0), (0, 0, 0, 1)} ¨�At�A� ¤

¨�A��� ��¥s�� 1 2 0 1
0 0 1 1
0 0 0 0

 ¨¡ A T�wfOml� T�zt�m�� TyfO�� Ty�Cd�� T�yO�� .(1)

.A T�wfOml� © wm`�� ºASfl� AFAF�  wk� {(1,−2, 1), (0, 1, 1)} ¨�At�A� ¤

.2 ¨¡ A T�wfOm�� T§rf}  �� 2 ¨¡ A T�wfOm�� Tb�C  � Am� .(2)

��A��� ��¥s��

.BPC =

−2 2 −1
−1 1 −1
2 −1 1

 ¤ CPB =

 0 1 1
1 0 1
1 −2 0

 .(1)

[v]B = BPC [v]C =

−2 2 −1
−1 1 −1
2 −1 1

 2
−1
1

 =

−7−4
6

 ,[v]C =

 2
−1
1

 .(2)

���r�� ��¥s��

A T�wfOml� Tyf} Ty�C T�y} ¨¡


1 2 1 0
0 0 1 −1
0 0 0 1
0 0 0 0
0 0 0 0

 T�wfOm��

.{v1, v2, v3, v4} ¨� «wt�� V ºASfl� AFAF� ��m§ {v1, v3, v4} ¨�At�A� ¤



4

H�A��� ��¥s��

u3 = (x3, y3) ¤ u2 = (x2, y2) ,u1 = (x1, y1) �ky� .A|.(1)

〈u1, u2〉 = x1x2 + x1y2 + y1x2 + 2y1y2 = x2x1 + y2x1 + x2y1 + 2y2y1 = 〈u2, u1〉
.	.

〈u1 + u2, u3〉 = (x1 + x2)x3 + (x1 + x2)y3 + (y1 + y2)x3 + 2(y1 + y2)y3

= x1x3 + x2x3 + x1y3 + x2y3 + y1x3 + y2x3 + 2y1y3 + 2y2y3

= 〈u1, u3〉+ 〈u2, u3〉

〈αu, v〉 = αax+ αay + αbx+ 2αby = α〈u, v〉 .-¢.

〈u, u〉 = x2 + 2xy ++2y2 = (x+ y)2 + y2 ≥ 0 . 

〈u, u〉 = 0 ⇐⇒ (x+ y)2 + y2 = 0 ⇐⇒ y = 0, x = −y = 0 ⇐⇒ u = 0 .£

.v1 = u1 ¨�At�A� ¤ ‖u1‖ = 1 .(2)

.v2 = (1, 0) ¨�At�A� ¤ 〈u2, v1〉 = −2
.d�A`t� ¤ ©CAy� xAF� w¡ {v1 = (1,−1), v2 = (1, 0)} A¾Ð�
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{§C 244 þ¡ 1436− 1437 ¨�A��� �Of�� ,¨�A��� ¨lOf�� CAbt�¯�

�¤±� ��¥s��

B = {v1 = (0, 1, 1), v2 = (1, 0,−2), v3 = (1, 1, 0)} �ky�

C = {u1 = (1, 0, 0), u2 = (0, 1, 0), u3 = (0, 0, 1)} �ky�¤ R3
ºASfl� AFAF�

.R3
ºASfl�  At`m�� xAF±�

.BPC ¤ CPB �� ®� d�¤� .(1)

.[v]C =

 1
0
−1

  A� �Ð� [v]B d�¤� .(2)

¨�A��� ��¥s��

A =


1 2 −1 −1
0 −1 2 3
2 3 0 1
1 1 1 2

 T�wfOm�� �kt�

. T�wfOml� ©rfO�� ºASfl� AFAF� d�¤� .(1)

. T�wfOml� © wm`�� ºASfl� AFAF� �y� .(2)

.A T�wfOm�� Tb�C d�¤� .(3)

��A��� ��¥s��

�Ah�tm�A� d�wm�� R4
�� F ¨¶z��� ºASf�� �ky�

S = {u = (1, 1, 0, 0), v = (1, 0,−1, 0), w = (0, 0, 1, 1)}.

.F ¨¶z��� ºASfl� xAF� w¡ S  � 
b�� .(1)

.dymJ ��r� Ty�EC�w� �Am`tFA� F ¨¶z��� ºASfl� �d�A`t� A§CAy� AFAF� d�¤� .(2)

.(©dyl�³� 
rS�� w¡ ¨l��d�� 
rS�� �y�)

���r�� ��¥s��

�Ah�tm�A� d�wm�� R5
�� ¨¶z��� ºASf�� W �ky�

,v3 = (1, 2,−1, 2, 0) ,v2 = (2, 0, 4,−2, 4) ,v1 = (1, 0, 2,−1, 2)
.v4 = (1, 4,−4, 5,−2)

.{v1, v2, v3, v4} ¨� «wt�� W ºASfl� AFAF� d�¤� .(1)

.{v1, v3} Yl� ©wt�§ R5
ºASfl� AFAF� d�¤� .(2)
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{§C 244 þ¡ 1436− 1437 ¨�A��� �Of�� ,¨�A��� ¨lOf�� CAbt�³� �®}�

�¤±� ��¥s��

.BPC =

−2 2 1
−1 1 −1
2 −1 1

 A¾Ð� .CPB T�wfOm��xwk`�¨¡ BPC ¤ CPB =

 0 1 1
1 0 1
1 −2 0

 .(1)

.[v]B = BPC [v]C =

−2 2 1
−1 1 −1
2 −1 1

 1
0
−1

 =

−10
1

 .(2)

¨�A��� ��¥s��


1 0 3 5
0 1 −2 −3
0 0 0 0
0 0 0 0

 ¨¡ A T�wfOml� T�zt�m�� TyfO�� Ty�Cd�� T�yO�� .(1)

:¨¡ AX = 0 H�A�tm�� ¨W��� �A\n�� �wl� ¨�At�A� ¤

{(x, y, z, t) ∈ R4; x = −3z − 5t, y = 2z + 3t}

.A T�wfOml� ©rfO�� ºASfl� xAF� w¡ {(−3, 2, 1, 0), (−5, 3, 0, 1)} ¨�At�A� ¤

T�wfOml�© wm`�� ºASfl�xAF� w¡ {(1, 0, 2, 0), (2,−1, 3, 1)} � �¤±� ��¥s�� �� �tnts� .(2)

.A

2 ¨¡ A T�wfOm�� Tb�C .(3)

��A��� ��¥s��

S = {u = (1, 1, 0, 0), v = (1, 0,−1, 0), w = (0, 0, 1, 1)}.

Yl� u, v, w �Ah�tm�� �Ay��d�� Ah�dm�� ¨t�� T�wfOm�� A =


1 1 0
1 0 0
0 −1 1
0 0 1

 �kt� .(1)

.¨��wt��

dy�w�� ���� ¨�At�A� ¤


1 1 0
0 1 0
0 0 1
0 0 0

 ¨¡ A T�wfOml� T�zt�m�� TyfO�� Ty�Cd�� T�yO��

ºASfl� xAF� w¡ S ¨�At�A� ¤ ©rfO�� ���� w¡ AX = 0 H�A�tm�� ¨W��� �A\nl�

.F ¨¶z���
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,v1 =
1√
2
(1, 1, 0, 0) ,‖u‖ =

√
2 .(2)

,〈v, v1〉 = 1√
2

.v − 〈v, v1〉v1 = 1
2
(1,−1,−2, 0)

.v2 =
1√
6
(1,−1,−2, 0)

,〈w, v2〉 = −2√
6
,〈w, v1〉 = 0

.w − 〈w, v1〉v1 − 〈w, v2〉v2 = 1
3
(1,−1, 1, 3)

.v3 =
1√
12
(1,−1, 1, 3)

..F ¨¶z��� ºASfl� d�A`t� ©CAy� AFAF� w¡ {v1, v2, v3}

���r�� ��¥s��

�Ah�tm�� �Ay��d�� Ah�dm�� ¨t�� T�wfOm�� A =


1 2 1 1
0 0 2 4
2 4 −1 −4
−1 −2 2 5
2 4 0 −2

 �kt� .(1)

.¨��wt�� Yl� v1, v2, v3wv4

¨�At�A� ¤


1 2 0 −1
0 0 1 2
0 0 0 0
0 0 0 0
0 0 0 0

 ¨¡ A T�wfOml� T�zt�m�� TyfO�� Ty�Cd�� T�yO��

.{v1, v2, v3, v4} ¨� «wt�� W ºASfl� xAF� w¡ {v1, v3}

.­d�w� T�wm�� Yl� �O�tn� R4
ºASfl�  At`m�� xAF±� {v1, v3} �Ah�tml� �y\� .(2)

1 1 1 0 0 0 0
0 2 0 1 0 0 0
2 −1 0 0 1 0 0
−1 −2 0 0 0 1 0
2 0 0 0 0 0 1



¤ ,T�wfOml� Tyf} Ty�C T�y} ¨¡


1 1 1 0 0 0 0
0 1 0 0 −1 0 1
0 0 1 0 −1 −1 0
0 0 0 1 2 0 −2
0 0 0 0 4 2 −3

 T�wfOm��

R5
ºASfl� xAF� w¡ {v1, v3, (1, 0, 0, 0, 0), (0, 1, 0, 0, 0), (0, 0, 1, 0, 0), (0, 0, 0, 1, 0)} ¨�At�A�

.{v1, v3} Yl� ©wt�§
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{§C 244 þ¡ 1435− 1436 ¨fyO�� �Of�� ,¨�A��� ¨lOf�� CAbt�³�

�¤±� ��¥s��

R3
¨� AFAF� B = {v1 = (2, 1, 1), v2 = (1, 0, 2), v3 = (2, 1, 2)} �ky�

ºASfl� (¨`ybW�� ¤�)  At`m�� xAF±� C = {u1 = (1, 0, 0), u2 = (0, 1, 0), u3 = (0, 0, 1)} �ky�¤

.R3

.BPC ¤ CPB �� ®� d�¤� .(1)

.v = (1,−1, 1)  A� �Ð� [v]B d�¤� .(2)

¨�A��� ��¥s��

A =

 1 1 2 0
2 4 2 4
2 1 5 −2

 �kt�

.A T�wfOml� ¨fO�� ºASfl� AFAF� d�¤� .(1)

.A ­�wn� AFAF� d�¤� .(2)

��A��� ��¥s��

W = {(x, y, z, t) ∈ R4; x− 2z = 0} �ky�

.¢� AFAF� d�¤�¤ R4
�� ¨¶z� ºAS� w¡ W  � �y�

���r�� ��¥s��

A =

 1 0 −1 2
3 4 6 −1
2 4 7 −3

 T�wfOm�� �kt�

W = col(A) © wm`�� ºASfl� AFAF� �y� .(1)

.u ∈ W  wk§ �y�� x, y, z Yl� Ah`R¤ 	�§ ¨t��  wyq�� d�¤� .u = (x, y, z) �ky� .(2)

H�A��� ��¥s��

.v1 = (1, 0, 0, 1), v2 = (1,−1, 0, 1) Yl� ©wt�§ R4
ºASfl� AFAF� d�¤�

x As�� ��¥s��
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,v2 = (2, 1,−2, 1) ,v1 = (1,−1, 1, 0) �Ah�tm�A� d�wm�� R4
�� ¨¶z��� ºASf�� V �ky�

.v4 = (3, 3,−5, 2) ,v3 = (1, 2,−3, 1)
{v1, v2, v3, v4} ¨� «wt�� V ºASfl� AFAF� d�¤�

{§C 244 þ¡ 1435− 1436 ¨fyO�� �Of�� ,¨�A��� ¨lOf�� CAbt�³� �®}�

�¤±� ��¥s��

.BPC = CP
−1
B =

 2 −2 −1
1 −2 0
−2 3 1

 ,CPB =

 2 1 2
1 0 1
1 2 2

 .(1)

[v]B = BPC [v]C =

 3
3
−4

 ,[v]C =

 1
−1
1

 .(2)

¨�A��� ��¥s��

.

 1 0 3 −2
0 1 −1 2
0 0 0 0

 ¨¡ A T�wfOml� T�zt�m�� TyfO�� Ty�Cd�� T�yO�� .(1)

.A T�wfOml� ¨fO�� ºASfl� AFAF� ��m§ {(1, 0, 3,−2), (0, 1,−1, 2)}

w¡ AX = 0 H�A�tm�� ¨W��� �A\nl� �wl��� �wm�� .(2)

¨�At�A� ¤ .{z(−3, 1, 1, 0) + t(2,−2, 0, 1) : z, t ∈ R}
.A T�wfOm�� ­�wn� xAF� w¡ {(−3, 1, 1, 0), (2,−2, 0, 1)}

��A��� ��¥s��

.v = (x, y, z, t) ∈ W ⇐⇒ x = 2z ⇐⇒ v = z(2, 0, 1, 0) + y(0, 1, 0, 0) + t(0, 0, 0, 1)

�Ah�tml� TyW��� �Aby�rt�� �wm�� w¡ W A¾Ð�

.v3 = (0, 0, 0, 1) ,v2 = (0, 1, 0, 0) ,v1 = (2, 0, 1, 0)
¢� xAF� w¡ {v1, v2, v3} ¤ R4

�� ¨¶z� ºAS� w¡ W ¨�At�A� ¤

.­d�w� ¤ AyW� Tlqts� {v1, v2, v3} T�wm�m��  ±

���r�� ��¥s��

.A T�wfOm�� �� Ayf} T·�Akt�

 1 0 −1 2
0 4 9 −7
0 0 0 0

 T�wfOm�� .(1)

W = col(A) © wm`�� ºASfl� xAF� w¡ {(1, 3, 2), (−, 1, 1)} ¨�At�A� ¤
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Aqst� ¨�At�� ¨W��� �A\n��  A� �Ð� Xq� �Ð� ¤ �Ð� u = (x, y, z) ∈ W .(2)

.

 1 0 −1 2
3 4 6 −1
2 4 7 −3

∣∣∣∣∣∣
x
y
z


.

 1 0 −1 2
0 4 9 −7
0 4 9 −7

∣∣∣∣∣∣
x

y − 3
z − 2

 ¨�At�� �A\n�� �� AyW� ¸�Akt� �A\n�� �@¡

.x− 3x = z − 2x ⇐⇒ x− y + z = 0 �Ð� Xq� �Ð� ¤ �Ð� �st� �A\n�� �@¡ ¤

H�A��� ��¥s��

T�wfOm�� �� Ayf} T·�Akt�


1 1 1 0 0 0
0 −1 0 1 0 0
0 0 0 0 1 0
1 1 0 0 0 1

 T�wfOm��

¨�At�A� ¤


1 1 1 0 0 0
0 1 0 −1 0 0
0 0 1 0 0 −1
0 0 0 0 1 0


R4

ºASfl� xAF� w¡ {(1, 0, 0, 1), (1,−1, 0, 1), (1, 0, 0, 0), (0, 0, 1, 0)}
.v1 = (1, 0, 0, 1), v2 = (1,−1, 0, 1) Yl� ©wt�§

x As�� ��¥s��

T�wfOm�� �� Ayf} T·�Akt�


1 2 1 3
−1 1 2 3
1 −2 −3 −5
0 1 1 2

 T�wfOm��

{v1, v2, v3, v4} ¨� «wt�� V ºASfl� xAF� w¡ {v1, v2} ¨�At�A� ¤


1 2 1 3
0 1 1 2
0 0 0 0
0 0 0 0


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{§C 244 þ¡ 1438− 1437 �¤±� �Of�� ,¨�A��� ¨lOf�� CAbt�³�

�¤±� ��¥s��

u2 = (−1, 1, 2) ,u1 = (1, 2,−1) :Ty�At�� �Ah�tm�A� d�wm�� R3
�� ¨¶z��� ºASf�� W �ky�

.AyW� Tlqts� {u1, u2} T�wm�m��  � 
b�� .(1)

.W ºASfl� ¨mtn§ u = (1, 5, 0) ¢�tm��  � 
b�� .(2)

.W ºASfl� ¨mtn§ ¯ v = (1, 2,−2) ¢�tm��  � 
b�� .(3)

¨�A��� ��¥s��

.R3
ºASfl� AFAF� B = {v1 = (1, 0, 1), v2 = (−2, 1, 0), v3 = (1, 1, 2)}  � 
b�� .(1)

R3
ºASfl�  At`m�� xAF±� C = {u1 = (1, 0, 0), u2 = (0, 1, 0), u3 = (0, 0, 1)}  A� �Ð� .(2)

(.B xAF±� Y�� C xAF±� �� �Aqt�³� T�wfO�) BPC T�wfOm�� d�¤�

.[v]C =

 1
3
2

  A� �Ð� [v]B d�¤� .(3)

��A��� ��¥s��

Ty�At�� �Ah�tm�A� d�wm�� R4
�� ¨¶z��� ºASf�� W �ky�

u3 = (2,−1, 3, 1), u2 = (2,−2, 4, 0), u1 = (1,−1, 2, 0),
u5 = (0, 1,−1, 1). u4 = (1, 0, 1, 1),

.{u1, u2, u3, u4, u5} T�wm�m�� �� W ºASfl� AFAF� �r�tF� .(1)

.W ºASf�� d`� d�¤� .(2)

���r�� ��¥s��

A =


1 2 −1 2 −1
−1 −2 2 −3 2
2 4 0 2 0
1 2 1 0 3

 T�wfOm�� �kt�

.(Null space) T�wfOml� ©rfO�� ºASfl� AFAF� d�¤� .(1)

.T�wfOml� © wm`�� ºASfl� AFAF� �y� .(2)

.A T�wfOm�� Tb�C d�¤� .(3)

.Y = (y1, y2, y3) ¤ X = (x1, x2, x3) ,V = R3
�ky� H�A��� ��¥s��
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T��d��  � 
b�� .(1)

〈X, Y 〉 = x1y1 + x1y2 + x1y3 + x3y1

.V ºASf�� Yl� Ayl�� A�rR ��m� ¯

¨l§ Am� V ºASf�� Yl� ¨l��d�� 
rS�� �r`� .(2)

〈X, Y 〉 = x1y1 + 5x2y2 + 3x3y3.

.v = (3, 2, 1) ¤ u = (−2, 1, 1) �yh�tm�� �y� T�Asm�� d�¤� [i]

 � 
b��� ,Y = (−3, 1, 2) ¤ X = (2, 0, 1)  A� �Ð� [ii]

‖X + Y ‖2 = ‖X‖2 + ‖Y ‖2.

{§C 244 þ¡ 1438− 1437 �¤±� �Of�� ,¨�A��� ¨lOf�� CAbt�³� �®}�

�¤±� ��¥s��

.(1)

xu1 + yu2 = 0 ⇐⇒

 x− y = 0
2x+ y = 0
−x+ 2y = 0

⇐⇒ x = y = 0

.AyW� Tlqts� {u1, u2} T�wm�m�� ¨�At�A� ¤

�y�� x, y ∈ R d�¤ �� Xq� �Ð� ¤ �Ð� W ºASfl� ¨mtn§ u = (1, 5, 0) ¢�tm�� .(2)

�y� ,�st� AX = B ¨W��� �A\n��  � �� ¸�Akt� �@¡ ¤ ,u = xu1 + yu2

.B =

 1
5
0

 ¤ A =

 1 −1
2 1
−1 2


 x− y = 1

2x+ y = 5
−x+ 2y = 0

⇐⇒ x = 2, y = 1

.W ºASfl� ¨mtn§ u ¢�tm�� ¨�At�A� ¤

.(3) x− y = 1
2x+ y = 2
−x+ 2y = −2

⇐⇒

 x = 0
2x+ y = −2
y = −1

.W ºASfl� ¨mtn§ ¯ v ¢�tm�� ¨�At�A� ¤ .�y�ts� �@¡ ¤

¨�A��� ��¥s��

.R3
ºASfl� AFAF�  wk� B T�wm�m��  ��

∣∣∣∣∣∣
1 −2 1
0 1 1
1 0 2

∣∣∣∣∣∣ = −1  d�m��  � Am� .(1)
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BPC = CP
−1
B =

−2 −4 3
−1 −1 1
1 2 −1

 ¤ CPB =

 1 −2 1
0 1 1
1 0 2

 .(2)

[v]B = BPC [v]C =

−8−2
5

 .(3)

��A��� ��¥s��
1 2 2 1 0
0 0 1 1 1
0 0 0 0 0
0 0 0 0 0

 T�wfOm�� .(1)


1 2 2 1 0
−1 −2 −1 0 1
2 4 3 1 −1
0 0 1 1 1

 T�wfOml� Tyf} Ty�C T�y} ¨¡

.W ¨¶z��� ºASfl� AFAF� w¡ u1, u3 ¨lt�A� ¤

.2 w¡ W ºASf�� d`� .(2)

���r�� ��¥s��
1 2 0 1 0
0 0 1 −1 0
0 0 0 0 1
0 0 0 0 0

 T�wfOm��

¨W��� �A\nl� �wl��� �wm�� ¨�At�A� ¤ A T�wfOml� T�zt�m�� TyfO�� Ty�Cd�� T�yO�� ¨¡

w¡ H�A�tm��

.S = {y(−2, 1, 0, 0, 0) + t(−1, 1, 0, 0, 0) : y, t ∈ R}

©rfO�� ºASfl� AFAF�  wk� {u1 = (−2, 1, 0, 0, 0), u2 = (−1, 1, 0, 0, 0)} T�wm�m�� .(1)

.T�wfOml�

ºASfl� AFAF�  wk� {v1 = (1,−1, 2, 1), v2 = (−1, 2, 0, 1), v3 = (−1, 2, 0, 3)} T�wm�m�� .(2)

.T�wfOml� © wm`��

.3 ¨¡ A T�wfOm�� Tb�C .(3)

H�A��� ��¥s��

.V ºASf�� Yl� Ayl�� A�rR ��m� ¯ T��d��  �� 〈X, Y 〉 6= 〈Y,X〉  � Am� .(1)

.‖u− v‖ =
√
30 ¨¡ �yh�tm�� �y� T�Asm�� [i] .(2)

xCw�Aty� Tn¡rb� �Am`tFA� ¤ �§d�A`t� �yh�tm�� ¨�At�A� ¤ 〈X, Y 〉 = 0 [ii]

‖X + Y ‖2 = ‖X‖2 + ‖Y ‖2.
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{§C 244 þ¡ 1438− 1437 ¨�A��� �Of�� ,¨�A��� ¨lOf�� CAbt�³�

�¤±� ��¥s��

:�Ah�tm�A� d�wm�� R4
�� ¨¶z��� ºASfl� AFAF� d�¤�

u1 = (1, 0, 2,−1), u2 = (−1, 1,−1, 0) u3 = (0, 1, 1,−1), u4 = (2,−1, 3,−1)

¨�A��� ��¥s��

�Ah�tm��  wk� Yt� a �y� d�¤� .(1)

.AyW� TWb�r� u1 = (1,−1, 3, 1), u2 = (3, 1, 5, 3), u3 = (1, 1, 1, a)

.a = 0 T�A� ¨� {u1, u2, u3} Yl� ©wt�§ R4
ºASfl� AFAF� d�¤� .(2)

��A��� ��¥s��

A =

 1 1 −1 2
0 1 1 −1
3 4 −2 m

 T�wfOm�� �kt�

.1 ©¤As� (nullity (A)) A T�wfOm�� T§rf}  wk� Yt� m �y� d�¤�

���r�� ��¥s��

.ºASf�� �@h� AFAF� B = {v1, v2, v3} ¤ �Ah�t� ºAS� V �ky�


�A� �Ð� .(1)

u1 = v1 − v2 + v3
u2 = v2 + 2v3
u3 = v1 − 2v3

.V ºASfl� AFAF�  wk� C = {u1, u2, u3} T�wm�m��  � 
b���

.(B xAF±� Y�� C xAF±� �� �Aqt�³� T�wfO�) BPC T�wfOm�� d�¤� .(2)

v = u1 − 2v2 + u3  A� �Ð� .(3)

.[v]B ¤ [v]C d�¤��

H�A��� ��¥s��

.X2 = (x2, y2) ¤ X1 = (x1, y1) ,V = R2
�ky�

:¨l§ Am� V ºASf�� Yl� ¨l��d�� 
rS�� �r`�

〈X1, X2〉 = 2x1x2 + 3y1y2 + 2x1y2 + 2x2y1.

.Amhny� ¨t�� T§¤�z�� d�¤� ¤ v = (1,−1) ¤ u = (−1, 2) �yh�tm�� �y� T�Asm�� d�¤� .(1)

.u = (−2, 3) ¢�tm�� Yl� �d�A`t� v = (1, c) ¢�tm��  wk§ �y�� c Tmy� d�¤� .(2)
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{§C 244 þ¡ 1438− 1437 ¨�A��� �Of�� ¨�A��� ¨lOf�� CAbt�³� �®}�

�¤±� ��¥s��

.u1, u2, u3, u4 Ah�dm�� ¨t�� T�wfOm�� A =


1 −1 0 2
0 1 1 −1
2 −1 1 3
−1 0 −1 −1

 �kt�

.A T�wfOml� Tyf} Ty�C T�y} ¨¡ B =


1 −1 0 2
0 1 1 −1
0 0 0 0
0 0 0 0

 T�wfOm��

.u1, u2, u3, u4 �Ah�tm�A� d�wm�� ºASfl� xAF� w¡ {u1, u2} A¾Ð�

¨�A��� ��¥s��

.u1, u2, u3 Ah�dm�� ¨t�� T�wfOm�� A =


1 3 1
−1 1 1
3 5 1
1 3 a

 �kt� .(1)

.A T�wfOml� Tyf} Ty�C T�y} ¨¡ B =


1 3 1
0 1 1

2

0 0 a− 1
0 0 0

 T�wfOm��

.a = 1 
�A� Xq� �Ð� ¤ �Ð� AyW� TWb�r� u1, u2, u3 �Ah�tm��  wk� A¾Ð�

.AyW� Tlqts� {u1, u2, u3} �Ah�tm��  wk� a = 0 T�A� ¨� .(2)

.C =


1 3 1 1 0 0 0
−1 1 1 0 1 0 0
3 5 1 0 0 1 0
1 3 0 0 0 0 1

 T�wfOm�� �kt�

D =


1 3 1 1 0 0 0
0 1 1

2
1
4

1
4

0 0
0 0 1 1 0 0 −1
0 0 0 1 −1

2
−1

2
0

 T�wfOm��

.C T�wfOml� Tyf} Ty�C T�y} ¨¡

.R4
ºASfl� AFAF� ��m� u1, u2, u3, (1, 0, 0, 0) �Ah�tm�� A¾Ð�

��A��� ��¥s��

.A T�wfOml� Tyf} Ty�C T�y} ¨¡

 1 0 −2 3
0 1 1 −1
0 0 0 m− 5

 T�wfOm��

.3 T�wfOm�� Tb�C  wk�  � d� ¯ 1 ©¤As� A T�wfOm�� T§rf}  wk� Yt�

.m 6= 5  wk�  � d� ¯ A¾Ð�

���r�� ��¥s��
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.V ºASfl� AFAF�  wk� C T�wm�m��  ��

∣∣∣∣∣∣
1 0 1
−1 1 0
1 2 −2

∣∣∣∣∣∣ = −5  d�m��  � Am� .(1)

CPB = 1
5

 2 −2 1
2 3 1
3 2 −1

 ¤ BPC =

 1 0 1
−1 1 0
1 2 −2

 .(2)

.v = u1 − 2v2 + u3 = 2v1 − 3v2 − v3 .(3)

[v]C = CPB[v]B = 1
5

 9
−6
1

 ¤ [v]B =

 2
−3
−1

 A¾Ð�

H�A��� ��¥s��

.u− v = (−2, 3)  ± ‖u− v‖ = d(u, v) =
√
11 ¨¡ v ¤ u �yh�tm�� �y� T�Asm�� .(1)

.‖v‖ = 6 ,‖u‖ = 1 ,〈u, v〉 = −2
cos θ = −2√

6
.

.〈u, v〉 = 5c+ 2 .(2)

c = −2

5
.  wk�  � 	�§ u = (−2, 3) ¢�tm�� Yl� A¾d�A`t� v = (1, c) ¢�tm��  wk§
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{§C 244 þ¡ 1438− 1437 ¨fyO�� �Of�� ,¨�A��� ¨lOf�� CAbt�³�

�¤±� ��¥s��

T�wm�m�A� d�wm�� R3
�� ¨¶z��� ºASf�� F �ky�

S = {(1, 1, 2), (1, 4, 5), (1, 2, 7), (−1, 8, 3)}

?(0, 3, 3) ∈ F �¡ .(1)

?AyW� Tlqts� S T�wm�m�� �¡ .(2)

?R3
ºASfl� ­d�w� S T�wm�m�� �¡ .(3)

¨�A��� ��¥s��

[v]C ¤ [v]B ¤ BPC ¤ CPB �yt�wfOm�� d�¤�

C = {(1, 2), (2, 1)} ,B = {(1, 1), (−1, 1)} �y�

v = (3,−5) ¤ R2
¨� xAF� Amhn� ��

��A��� ��¥s��

A =


2 1 1
1 0 1
2 −2 1
1 1 1

 T�wfOm�� �kt�

.A T�wfOml� ¨fO�� ºASfl� AFAF� d�¤� .(1)

.A T�wfOml� © wm`�� ºASfl� AFAF� �y� .(2)

.A T�wfOm�� T�rf} d�¤� .(3)

���r�� ��¥s��

.R2
�� B = {v1 = (1, 1), v2 = (−1, 1)} T�wm�m�� �kt�

.R2
¨� Ayl�� A�rR �r`� 〈(x1, y1), (x2, y2)〉 = 2x1x2 + 3y1y2.  � 
b�� .(1)

.v2 = (−1, 1) ¤ v1 = (1, 1) �yh�tm�� �y� T�Asm�� d�¤� .(2)

.v2 v1, �yh�tm�� �y� ¨t�� T§¤�z�� d�¤� .(3)

Tbsn�A� d�A`t� ¤ ©CAy� xAF� Y�� B xAF±� �§w�t� �dymJ ��r� ­d�A� �d�tF� .(4)

.Aq�AF �r`m�� ¨l��d�� 
rSl�

H�A��� ��¥s��

T1(x, y, z) = (x+ y, z) �y� T1:R3 −→ R2
�ky�

T2(x, y) = (x2, x+ y) �y� T2:R2 −→ R2
¤

(�t�A�� �l�) ?¯ �� �yyW� �yl§w�� T2 ¤ T1  A� �Ð� Amy� 
b�� .(1)
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.T1(x, y, z) = (0, 0) T� A`m�� �wl� d� .(2)

{§C 244 þ¡ 1438− 1437 ¨fyO�� �Of�� ,¨�A��� ¨lOf�� CAbt�³� �®}�

�¤±� ��¥s��

.

 1 1 1 −1
1 4 2 8
2 5 7 3

∣∣∣∣∣∣
0
3
3

 :Aqst� ¨�At�� ¨W��� �A\n��  A� �Ð� (0, 3, 3) ∈ F ¢�tm��  wk§ .(1)

 1 1 1 −1
1 4 2 8
2 5 7 3

∣∣∣∣∣∣
0
3
3

 (−1)R1,2−→
(−2)R1,3

 1 1 1 −1
0 3 1 9
0 3 5 5

∣∣∣∣∣∣
0
3
3


(−1)R2,3−→

 1 1 1 −1
0 3 1 9
0 0 4 −4

∣∣∣∣∣∣
0
3
0


.Aqst� �A\n�� �@¡ ¤

4 Yl� ©wt�� T�wm�m�� ¤ 3 w¡ R3
ºASf�� d`�  ± AyW� Tlqts� 
ys� S T�wm�m�� .(2)

.�Ah�t�

Ty�C T�y} ¨¡

 1 1 1 −1
0 3 1 9
0 0 4 −4

 T�wfOm��  ± R3
ºASfl� ­d�w� S T�wm�m�� .(3)

AFAF� ��m� {(1, 1, 2), (1, 4, 5), (1, 2, 7)} �Ah�tm�� ¤

 1 1 1 −1
1 4 2 8
2 5 7 3

 T�wfOml� Tyf}

.R3
ºASfl�

¨�A��� ��¥s��

.

[
1 2
2 1

∣∣∣∣ ab
]
¨W��� �A\n�� �ky�

¨�At�A� ¤ (
−a+ 2b

3
,
2a− b

3
) w¡ ¨W��� �A\n�� �@h� ����

.[v]C =

(
−13

3
11
3

)
¤ CPB =

(
1
3

1
1
3
−1

)
= 1

3

(
1 3
1 −3

)
[v]B = BPC [v]C =

(
−1
−3

)
¤ BPC = 1

2

(
3 3
1 −1

)
��A��� ��¥s��

¨�At�A� ¤ .A T�wfOml� T�zt�m�� TyfO�� Ty�Cd�� T�yO�� ¨¡


1 0 0
0 1 0
0 0 1
0 0 0

 T�wfOm��
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.A T�wfOml� ¨fO�� ºASfl� xAF� w¡ {(1, 0, 0), (0, 1, 0), (0, 0, 1)} .(1)

.A T�wfOml� © wm`�� ºASfl� xAF� w¡ {(2, 1, 2, 1), (1, 0,−2, 1), (1, 1, 1, 1)} .(2)

.0 ¨¡ A T�wfOm�� T§rf}  �� 3 ¨¡ T�wfOm�� Tb�C  � Am� .(3)

���r�� ��¥s��

.R2
�� B = {v1 = (1, 1), v2 = (−1, 1)} T�wm�m�� �kt�

u = (x1, y1), v = (x2, y2), w = (x3, y3)  A� �Ð� .(1)

〈u, v〉 = 2x1x2 + 3y1y2 = 2x2x1 + 3y2y1 = 〈v, u〉
.	..A|

〈u+ v, w〉 = 2(x1 + x2)x3 + 3(y1 + y2)y3

= 2x1x3 + 2x2x3 + 3y1y3 + 2y2y3

= 〈u,w〉+ 〈v, w〉

〈αu, v〉 = 2αx1x2 + 3αy1y2 = α(2x1x2 + 3y1y2) = α〈u, v〉 .-¢.

〈u, u〉 = 2x21 + 3y21 ≥ 0 . 

〈u, u〉 = 0 ⇐⇒ 2x21 + 3y21 = 0 ⇐⇒ u = 0 .£

,u− v = (2, 0) .(2)

.d(v1, v2) = ‖u− v‖ =
√
8 = 2

√
2 :¨¡ �yh�tm�� �y� T�Asm��

,〈u, v〉 = 1  ± cos θ =
1

5
 �� θ ¨¡ v2 ,v1 �yh�tm�� �y� ¨t�� T§¤�z�� 
�A� �Ð� .(3)

.‖u‖ = ‖v‖ =
√
5

.u1 =
1√
5
v1 .(4)

.〈v2, u1〉 = 1
5

.u1 ¢�tm�� Yl� d�A`t� w2 = v2 − 1
5
v1 =

1
5
(−6, 4) ¢�tm��

.d�A`t� ¤ ©CAy� (u1, u2) xAF±�  �� u2 =
1

2
√
30
(−6, 4)  A� �Ð�

H�A��� ��¥s��

.(1)

T1 [a(x, y, z) + b(x′, y′, z′)] = T1 (ax+ bx′, ay + by′, az + bz′)

= (ax+ bx′ + ay + by′, az + bz′)

= a(x+ y, z) + b(x′ + y′, z′)

= aT1(x, y, z) + bT1(x
′, y′, z′).

.¨W� �§w�� w¡ T1 A¾Ð�

.T2(2, 2) = (4, 4) 6= 2T2(1, 1) = 2(1, 2)  ± AyW� ®§w�� Hy� T2

.T1(x, y, z) = (0, 0) ⇐⇒ z = 0, y = −x .(2)

.{(x,−x, 0) : x ∈ R} :¨¡ T� A`m�� �wl� A¾Ð�
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{§C 244 þ¡ 1439− 1438 �¤±� �Of�� ,¨�A��� ¨lOf�� CAbt�³�

�¤±� ��¥s��

�y� AyW� Tlqts� B = {v1, v2, v3} T�wm�m��  �  ¨� .(1)

.v3 = (1,−1, 2, 1) ,v2 = (2, 1, 0, 2) ,v1(1, 2,−1, 0)

�y� R4
ºASfl� ­d�w� C = {v1, v2, v3, v4, v5} T�wm�m��  � 
b�� .(2)

¤ (1) ­rqf�� ¨� ­ C�w�� �Ah�tm�� ¨¡ v1, v2, v3
.v5 = (0, 1, 1, 2) ,v4 = (1, 0, 2, 0)

¨�A��� ��¥s��

T�wm�m�A� d�wm�� ¨¶z��� ºASfl� AFAF� d�¤� .(1)

S={u1=(1, 1,−2, 3), u2=(−2,−2, 4,−6), u3 = (0, 1,−1, 2), u4 = (1, 2,−3, 5)}

¨¶z��� ºASfl� AFAF� d�¤� .(2)

E = {(a− 2b, 3a+ b, a) ∈ R3; a, b ∈ R}

��A��� ��¥s��

A =


1 1 1 2 2 1
5 5 −1 4 4 5
1 1 1 1 2 −1
5 5 0 5 5 5

 T�wfOm�� �kt�

.A T�wfOml� © wm`�� ºASfl� AFAF� d�¤� .(1)

.A T�wfOm�� (nullity) T§rf} ¤ (Rank) Tb�C d�¤� .(2)

���r�� ��¥s��

B = {v1 = (1, 1, 1), v2 = (−1, 1, 2), v3 = (−1,−1, 0)} �ky�

�y� R3
ºASfl� r�� AFAF� C = {u1, u2, u3} �ky� ¤ R3

ºASfl� AFAF�

.B xAF±� Y�� C xAF±� �� �Aqt�³� T�wfO� ¨¡ BPC =

 1 1 0
0 −1 2
2 1 1


:¨l§ A� 	s��

.u1, u2, u3 .(1)

v = (−1, 3, 3) ¢�tml� [v]B ¤ [v]C .(2)

H�A��� ��¥s��

:¨l§ Am� R3
Yl� �r`m�� ¨l��d�� 
rS�� 〈 , 〉 �ky�

〈u, v〉 = x1y1 + 2x2y2 + 4x3y3.

.v = (y1, y2, y3) ¤ u = (x1, x2, x3) �y�
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�yh�tm�� �y� T§¤�z�� ¨¡ θ �y� cos θ d�¤� .(1)

.v = (0, 1, 2) ¤ u = (1,−2, 1)

T�wm�m�A� d�wm�� ¨¶z��� ºASfl� �d�A`t�¤ A§CAy� AFAF� d�¤� .(2)

.{v1 = (1, 1, 0), v2 = (1, 1,−3)}

{§C 244 þ¡ 1439− 1438 �¤±� �Of�� ,¨�A��� ¨lOf�� CAbt�³� �®}�

�¤±� ��¥s��

v1, v2, v3 �Ah�tm�� �Ay��d�� Ah�dm��  wk� �y�� A =


1 2 1
2 1 −1
−1 0 2
0 2 1

 T�wfOm�� �kt� .(1)

.A T�wfOml� Tyf} Ty�C T�y} ¨¡


1 2 1
0 1 1
0 0 1
0 0 0

 T�wfOm��

{v1, v2, v3} T�wm�m�A� d�wm�� ºASf�� d`� w¡ T�wfOml� © wm`�� ºASf�� d`� ¨�At�A� ¤

.3 w¡ ¤

AyW� Tlqts� B = {v1, v2, v3} T�wm�m�� A¾Ð�

�Ah�tm�� �Ay��d�� Ah�dm��  wk� �y�� A =


1 2 1 1 0
2 1 −1 0 1
−1 0 2 2 1
0 2 1 0 2

 T�wfOm�� �kt� .(2)

v1, v2, v3, v4, v5

.A T�wfOml� Tyf} Ty�C T�y} ¨¡


1 2 1 1 0
0 1 0 −1 −2
0 0 1 2 6
0 0 0 1 13

 T�wfOm��

{v1, v2, v3, v4, v5} T�wm�m�A� d�wm�� ºASf�� w¡ ¤ T�wfOml�© wm`�� ºASf�� d`� ¨�At�A� ¤

.4 w¡

R4
ºASfl� ­d�w� C = {v1, v2, v3, v4, v5} T�wm�m�� A¾Ð�

¨�A��� ��¥s��

�Ah�tm�� �Ay��d�� Ah�dm��  wk� �y�� A =


1 −2 0 1
1 −2 1 2
−2 4 −1 −3
3 −6 2 5

 T�wfOm�� �kt� .(1)

u1, u2, u3, u4
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.A T�wfOml� Tyf} Ty�C T�y} ¨¡


1 −2 0 1
0 0 1 1
0 0 0 0
0 0 0 0

 T�wfOm��

.ºASfl� xAF� w¡ {(1, 1,−2, 3), (0, 1,−1, 2)} ¨�At�A� ¤

{(1, 3, 1), (−2, 1, 0)} T�wm�m�� ¨�At�A� ¤ u = (a− 2b, 3a + b, a) = a(1, 3, 1) + b(−2, 1, 0) .(2)

E ¨¶z��� ºASfl� ­d�w� ¨¡

x(1, 3, 1) + y(−2, 1, 0) = (0, 0, 0)  A� �Ð�

E ¨¶z��� ºASfl� xAF� ¨¡ {(1, 3, 1), (−2, 1, 0)} T�wm�m�� ¨�At�A� ¤ x = y = 0  ��

��A��� ��¥s��

T�zt�m�� TyfO�� Ty�Cd�� T�yO�� ¨¡ A =


1 1 0 0 1 −1
0 0 1 0 1 −2
0 0 0 1 0 2
0 0 0 0 0 0

 T�wfOm�� .(1)

.A T�wfOml�

A T�wfOml� © wm`�� ºASfl� xAF� w¡ {(1, 5, 1, 5), (1,−1, 1, 0), (2, 4, 1, 5)} ¨�At�A� ¤

3 ¨¡ A T�wfOm�� T§rf} ¤ 3 ¨¡ A T�wfOm�� Tb�C .(2)

���r�� ��¥s��

.u1 = (−1,−1, 1), u2 = (1,−1,−1), u3 = (−3, 1, 4) .(1)

 �� R3
¨�  At`m�� xAF±� w¡ S  A� �Ð�

[v]C = CPS[v]S ¨�At�A�¤ SPC =

−1 1 −3
−1 −1 1
1 −1 4


.[v]C =

−32
2

  �� CPS = 1
2

−3 −1 −2
5 −1 4
2 0 2

  � Am�

[v]B = BPC [v]C =

−12
−2


H�A��� ��¥s��

‖v‖2 = 18 ,‖u‖2 = 13 ,〈u, v〉 = 4 .(1)

cos θ =
4

3
√
26

¨�At�A� ¤

,〈v2, u1〉 =
√
3 ,u1 =

1√
3
(1, 1, 0) ,‖v1‖2 = 3 .(2)

u2 =
1
2
(0, 0,−1) ¨�At�A� ¤ ,v2 −

√
3u1 = (0, 0,−3)

T�wm�m�A� d�wm�� ¨¶z��� ºASfl� d�A`t� ©CAy� xAF� w¡ { 1√
3
(1, 1, 0), 1

2
(0, 0,−1)} ¤

.{v1 = (1, 1, 0), v2 = (1, 1,−3)}



1

 w`F �lm�� T`�A�

�wl`�� Tyl�

�AyRA§r�� �s�

Ty¶Ahn�� ��CAbt�³�

�®� ¨�nm�� . 
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{§C 244 þ¡ 1436− 1437 �¤±� �Of�� ,¨¶Ahn�� CAbt�³�

�¤±� ��¥s��

.A =

 1 −1 0
m 1 1
0 m+ 1 3

 T�wfOm�� �kt�

.¢�At�� ���� w¡ AX = 0 H�A�tm�� ¨W��� �A\nl�dy�w�� ����  wk§ �y�� m �y� d�¤� .(1)

AX =

 1
−1
2

 ¨W��� �A\n�� �wl� r��r� ­d�A� �Am`tFA� d�¤� ,m = 1  A� �Ð� .(2)

.A T�wfOml� ­zym� Tmy� ¨¡ 1  wk§ �y�� m Tmy� d�¤� .(3)

¨�A��� ��¥s��

Ty�At�� �Ah�tm�A� d�wm�� R4
�� ¨¶z��� ºASf�� E �ky�

v1 = (2,−1, 1, 3), v2 = (1, 2,−1,−2), v3 = (0,−5, 3, 7), v4 = (1, 2,−1, 1)

.E ¨¶z��� ºASf�� d`� d�¤� .(1)

.E ¨¶z��� ºASfl� ¨mtn§ v5 = (1,−1, 2, 3) ¢�tm�� �¡ .(2)

.R4
ºASfl� ­d�w� v1, v2, v3, v4, v5 �Ah�tm�� T�wm��  � �¡r� .(3)

��A��� ��¥s��

 � �y� TA(X) = AX ­d�Aq�A� A�r`� AyW� ®§w�� TA:R5 −→ R4
 A� �Ð�

A =


1 2 1 2 1
1 2 2 1 2
2 4 3 3 3
0 0 1 −1 −1


.(kerT ) T ­�wn� AFAF� d�¤� .(1)

.(ImT ) T ­CwO� AFAF� d�¤� .(2)

���r�� ��¥s��

:¨l§ Am� R3
Yl� �r`m�� ¨l��d�� 
rS�� �ky�

〈(a, b, c), (x, y, z)〉 = 2ax+ 3by + cz
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xAF±� �§w�t� 
ymJ ��r� Tq§rV �m`tF�

.d�A`t� ¤ ©CAy� xAF� Y�� {u1 = (
√
2, 0, 0), u2 = (1, 1, 0), u3 = (0, 1, 1)}

H�A��� ��¥s��

:¨l§ Am� �r`m�� T :R2 −→ R2
¨W��� �§w�t�� T�wfO� d�¤� .(1)

T (1, 0) = (1,−3), T (0, 1) = (1,−2).

.B = {u = (1, 1), v(1,−1)}xAF°� Tbsn�A� T �§w�t�� T�wfO� d�¤� .(2)

x As�� ��¥s��

A =

 8 6 −24
−9 −7 24
0 0 −1

 T�wfOm�� A �kt�

.CAWqtF®� Tl�A� A  � �tntF�¤ A T�wfOml� ­zymm�� �yq�� d�¤� .(1)

T�wfOm�� ºAW�� �� T§rW� T�wfO� ¨¡ P−1AP �y�� xwk`� Ah� P T�wfO� d�¤� .(2)

.T§rWq��

{§C 244 þ¡ 1436− 1437 �¤±� �Of�� ,¨¶Ahn�� CAbt�³� �®}�

�¤±� ��¥s��

H�A�tm�� ¨W��� �A\nl� dy�w�� ����  wk§ ¨�At�A� ¤ .

∣∣∣∣∣∣
1 −1 0
m 1 1
0 m+ 1 3

∣∣∣∣∣∣ = 2(m + 1) .(1)

.m 6= −1  A� �Ð� ¢�At�� ���� w¡ AX = 0

,m = 1  A� �Ð� .(2)

�A\nl� dy�w�� ���� w¡ (−1,−2, 2) ¨�At�A� ¤ |Az| = 8 ,|Ay| = −8 ,|Ax| = −4 ,|A| = 4

.AX =

 1
−1
2

 ¨W���

.m = 0 
�A� �Ð� A T�wfOml� ­zym� Tmy� ¨¡ 1  wk§ �Ð� .|A− I| = 2m .(3)
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¨�A��� ��¥s��

T�wfOml� Tyf} Ty�C T�y} ¨¡


1 −1 3 −1
0 1 −2 1
0 0 0 1
0 0 0 0

 T�wfOm�� .(1)

¤ 3 w¡ E ¨¶z��� ºASf�� d`� ¨�At�A� ¤


2 1 0 1
−1 2 −5 2
1 −1 3 −1
3 −2 7 1


.ºASf�� �@h� xAF� w¡ {(2,−1, 1, 3), (1, 2,−1,−2), (1, 2,−1, 1)}

¨mtn§ ¯ v5 = (1,−1, 2, 3) ¢�tm��  �� ,

∣∣∣∣∣∣∣∣
2 1 1 1
−1 2 2 −1
1 −1 −1 2
3 −2 1 3

∣∣∣∣∣∣∣∣ = −18 6=  d�m��  � Am� .(2)

.E ¨¶z��� ºASfl�

T�wm�� ¨�At�A� ¤ .R4
ºASfl� xAF� ¨h� ,AyW� Tlqts� v1, v2, v4, v5 �Ah�tm��  � Am� .(3)

.R4
ºASfl� ­d�w� v1, v2, v3, v4, v5 �Ah�tm��

��A��� ��¥s��

T�zt�m�� TyfO�� Ty�Cd�� T�yO�� ¨¡


1 2 0 3 0
0 0 1 −1 0
0 0 0 0 1
0 0 0 0 0

 T�wfOm�� .(1)

w¡ AX = 0 H�A�tm�� ¨W��� �A\nl� �wl��� �wm�� ¤ A T�wfOml�

.{s(−2, 1, 0, 0, 0) + t(−3, 0, 1, 1, 0); s, t ∈ R}
.T ­�wn� xAF� w¡ {(−2, 1, 0, 0, 0), (−3, 0, 1, 1, 0)} ¨�At�A� ¤

 � �tnts� A T�wfOml� T�zt�m�� TyfO�� Ty�Cd�� T�yO�� �� .(2)

.T ­CwO� xAF� w¡ {(1, 1, 2, 0), (1, 2, 3, 1), (1, 2, 3,−1)}

���r�� ��¥s��

.v1 =
√
2
2
(1, 0, 0) ,‖u1‖ = 2

.v2 =
1√
3
(0, 1, 0) ¨�At�A� ¤ ,〈u2, v1〉 =

√
2

.v3 =
1√
3
(1, 0, 1) ¨�At�A� ¤ 〈u3, v2〉 =

√
3 ,〈u3, v1〉 =

√
2

.R3
ºASfl� d�A`t� ¤ ©CAy� xAF� w¡ {v1, v2, v3}xAF±�

H�A��� ��¥s��
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.[T ]C =

(
1 1
−3 −2

)
.(1)

.BPC = 1
2

(
1 1
1 −1

)
,CPB =

(
1 1
1 −1

)
.(2)

.[T ]B = BPC [T ]CCPB = 1
2

(
−3 −1
7 1

)

x As�� ��¥s��

.qA(λ) = |A− λI| = (1 + λ)2(2− λ) .(1)

.−1, 2 ¨¡ A T�wfOml� ­zymm�� �yq��

.A

x
y
z

 = −

x
y
z

 ⇐⇒ 3x+ 2y − 8z = 0

.CAWqtF®� Tl�A� A T�wfOm��  �� 2 w¡ E−1 zymm�� ºASf�� d`�  � Am� ¤

.E−1 zymm�� ºASfl� xAF� w¡ {(0, 4, 1), (2,−3, 0)} .(2)

.λ = −2 ­zymm�� Tmyql� Tbsn�A� zym� ¢�t� w¡ (1,−1, 0) ¢�tm��

.D =

−1 0 0
0 −1 0
0 0 2

 T§rWq�� T�wfOm�� ¤ P =

 0 2 1
4 −3 −1
1 0 0

 T�wfOm��
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{§C 244 þ¡ 1436− 1437 ¨�A��� �Of�� ,¨¶Ahn�� CAbt�³�

�¤¯� ��¥s��

�q�� ¤ 4 T�Cd�� �� T`�r� T�wfO� A,B,C �� �� �kt�

2AC−AB2 + 9I = 0

C = 9


0 0 0 0
1 1 1 0
2 1 0 0
1 1 2 0

 ¤ B = 6


1 0 1 1
1 0 0 0
0 1 1 1
1 0 1 0

 �y�

.A−1 T�wfOm�� d�¤� .(1)

.A T�wfOm��  d�� d�¤� .(2)

.adjA d�¤� .(3)

¨�A��� ��¥s��

¨W��� �A\nl� ®� (1,−1, 2)  wk§ Ahl�� �� ¨t�� a,b, c �� �� �y� .(1) ax+ by − 3z = −3
−2x− by + z = −1
ax+ 3y − cz = −1

.

.(1) ­rqf�� ¨� ¨W��� �A\nl� �dy�¤ ®� w¡ (1,−1,2)  � 
b�� .(2)

��A��� ��¥s��

­d�Aq�A� �r`m�� T:R4 −→ R4
¨W��� �§w�t�� ­�w�¤ ­CwO� xAF� �y�

T(x,y, z, t) = (x− y,2z+ 3t,y + 4z+ 3t,x+ 6z+ 6t).

���r�� ��¥s��

¨¡ R3
þþ� S  At`m�� xAF°� Tbsn�A� ¢t�wfO� ©@��¤ ¨W��� �§w�t�� T:R3 −→ R3

�ky�

[T]S =

−3 2 2
−5 4 2
1 −1 1


¨�At�� B xAF°� Tbsn�A� [T]B ¨W��� �§w�t�� T�wfO� d�¤�

B = {u = (1,1,1), v = (1,1,0), w = (0,1,−1)}.

H�A��� ��¥s��
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T�wfOml� ­zym� �y� ¨¡ −1 ¤ 1  � 
b�� .(1)

A =

m+ 1 m+ 1 1
−m −m −1
m m− 1 0

 .

­zym� �yq�� �� �k� ©rb���  d`t�� d�¤� .(2)

.−1 ¤ 1

 wk� �y�� m �y� �tntF� ¤ E1 = {X ∈ R3; AX = X} zymm�� ºASfl� AFAF� d�¤� .(3)

.CAWqtF®� Tl�A� A T�wfOm��

.D = P−1AP �y� T§rW� D T�wfO�¤ xwk`� Ah� P T�wfO� d�¤� m = 0 
�A� �Ð� (� .(4)

.A1437
	s�� m = 0 
�A� �Ð� (


{§C 244 þ¡ 1436− 1437 ¨�A��� �Of�� ,¨¶Ahn�� CAbt�³� �®}�

�¤¯� ��¥s��

.A−1 = −1
9
(2C −B2) = 2


4 2 6 4
1 −1 1 2
2 1 4 2
1 1 2 4

 ¨�At�A� ¤ ,A(2C −B2) = −9I .(1)

.|A| = −1
5
2−6 A¾Ð� ,|A−1| = −526 .(2)

.adjA = |A|A−1 .(3)

¨�A��� ��¥s��

 �� ,¨W��� �A\nl� ®� (1,−1, 2)  A� �Ð� .(1)

 a− b− 6 = −3
−2 + b+ 2 = −1
a− 3− 2c = −1

⇐⇒ b = −1, a = 2, c = 0.

�dy�¤ ®� w¡ (1,−1, 2)  �� ,

∣∣∣∣∣∣
2 −1 −3
−2 1 1
2 3 0

∣∣∣∣∣∣ = 16 6= 0 ¨W��� �A\n��  d��  � Am� .(2)

.¨W��� �A\nl�



8

��A��� ��¥s��

T�wfOm�� �� Ayf}T·�Akt� [T ] =


1 −1 0 0
0 0 2 3
0 1 4 3
1 0 6 6

 ¨W��� �§w�t�� T�wfO�

�§w�t�� ­CwO� AFAF�  wk� {(1, 0, 0, 1), (−1, 0, 1, 0), (0, 2, 4, 6)} ¨�At�A� ¤


1 −1 0 0
0 1 4 3
0 0 2 3
0 0 0 0


.¨W���

.¨W��� �§w�t�� ­�wn� AFAF�  wk� {(6, 6,−3, 2)}¨�At�A� ¤ kerT = {(3t, 3t,−3

2
t, t) ∈ R4, t ∈ R}

���r�� ��¥s��

.BPS =

−1 1 1
2 −1 −1
−1 1 0

 ,SPB =

 1 1 0
1 1 1
1 0 −1


.[T ]B = BPS[T ]SSPB =

 1 0 0
0 −1 0
0 0 2


H�A��� ��¥s��

.qA(λ) = (λ+ 1)(λ− 1)2 .(1)

.1 ¨¡ −1 ­zymm�� Tmyql� ©rb���  d`t�� ¤ 2 ¨¡ 1 ­zymm�� Tmyql� ©rb���  d`t�� .(2)

.

m 0 −m
0 1 1
0 0 0

 T�wfOm�� �� Ayf} T·�Akt� A− I T�wfOm�� .(3)

Tl�A� A ¨�At�A� ¤ E1 zymm�� ºASfl� AFAF� {(1, 0, 0), (0, 1,−1)} ,m = 0 
�A� �Ð�

.CAWqtF®�

.E−1 zymm�� ºASfl� AFAF� {(1,−1,−1)} ,m = 0 
�A� �Ð� (� .(4)

.D =

 1 0 0
0 1 0
0 0 −1

 ,P =

 1 0 0
0 1 −1
1 −1 −1


,m = 0 
�A� �Ð� (


.A1437 = PD1437P−1 = PDP−1 = A
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{§C 244 þ¡ 1435− 1436 ¨fyO�� �Of�� ,¨¶Ahn�� CAbt�³�

�¤±� ��¥s��

m Tmy� 	s� ¨�At�� �A\n�� �wl�  A�§³   Cw� x¤A� Tq§rV �d�tF� x+ y − z = 1
3x+ 2y − 2z = 3

x+ 2my − (m+ 1)z = 2m− 1

¨�A��� ��¥s��

.(A− I)2 = 0 T� A`m�� �q�� T`�r� T�wfO� A �kt�

.A T�¯d� A−1 �� ���� ¤ Hk`l� Tl�A� A  � 
b��

��A��� ��¥s��

T�wfOml� © wm`�� ºASf��¤ ¨fO�� ºASf�� �� �k� AFAF� d�¤� .(1)

.A =


1 2 0 1
2 3 1 0
−1 3 3 1
−2 −1 1 0


.v1 = (1, 2,−1,−2), v2 = (2, 3, 3,−1) Yl� ©wt�§ R4

ºASfl� AFAF� d�¤� .(2)

���r�� ��¥s��

H�A�tm�� �A\nl� ���� ºASf� AFAF� d�¤� x − y + z = 0
x −y + 2t = 0
2x − 2y + z + 2t = 0

H�A��� ��¥s��

Tmy� d�¤� .V ¨l�� 
rR ºAS� ¨� T§CAy�¤ ­d�A`t� T�wm�� {u1, u2, u3, u4} �kt�

.‖u1 − u4‖2 + ‖u1 + u2 + u3‖2

x As�� ��¥s��

.R2
¨� Ayl�� A�rR ��m� 〈(x, y), (x′, y′)〉 = xx′ + xy′ + yx′ + 4yy′  � 
b�� .(1)

xAF±� �§w�t� 
ymJ ��r� Tq§rV �m`tF� .(2)

.d�A`t� ¤ ©CAy� xAF� Y�� {u1 = (1, 0), u2 = (0, 1)}
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��As�� ��¥s��

T�wfOm�A� �r`m�� ¨W��� r�¥m�� T : R3 → R3
�ky�

.R3
ºASfl� C  At`m�� xAF®� Tbsn�A� A =

 1 1 −1
−3 −3 3
−2 −2 2


.ImT ¤ KerT �y¶ASf�� �� �k� AFAF� d�¤� .(1)

¨�At�� B xAF°� Tbsn�A� T T�wfO� d�¤� .(2)

.B = {v1 = (1,−1, 0), v2 = (0, 1,−1), v3 = (1, 1, 1)}

.[T (v)]B d�¤�� [v]C = (1, 1, 0) �y�� R3
¨� Ah�t� v  A� �Ð� .(3)

��A��� ��¥s��

A =

 2 0 0
1 3 1
2 8 1

 T�wfOm�� A �kt�

.CAWqtF®� Tl�A� A  � �tntF�¤ A T�wfOml� ­zymm�� �yq�� d�¤� .(1)

T�wfOm�� ºAW�� �� T§rW� T�wfO� ¨¡ P−1AP �y�� xwk`� Ah� P T�wfO� �y� .(2)

.T§rWq��

{§C 244 þ¡ 1435− 1436 ¨fyO�� �Of�� ,¨¶Ahn�� CAbt�³� �®}�

�¤±� ��¥s��

 1 1 −1
3 2 −2
1 2m −(m+ 1)

∣∣∣∣∣∣
1
3

2m− 1

 (−3)R1,2−→
(−1)R1,3

 1 1 −1
0 1 −1
0 2m− 1 −m

∣∣∣∣∣∣
1
0

2m− 2


(−(2m−1))R2,3−→

 1 1 −1
0 1 −1
0 0 m− 1

∣∣∣∣∣∣
1
0

2(m− 1)

 .
.(1, 2, 2) w¡¤ �A\nl� dy�¤ �� d�w§ m 6= 1 
�A� �Ð�

.{(1, y, y); y ∈ R} w¡ �A\nl� �wl��� �wm�� m = 1 
�A� �Ð�

¨�A��� ��¥s��

.(A− I)2 = A2 − 2A+ I = 0 ⇐⇒ A(2I − A) = I
.A−1 = 2I − A ¤ Hk`l� Tl�A� A �Ð�

��A��� ��¥s��



11
1 0 0 −1
0 1 0 1
0 0 1 −1
0 0 0 0

 ¨¡ A T�wfOml� T�zt�m�� TyfO�� Ty�Cd�� T�yO�� .(1)

© wm`�� ºASfl� xAF� w¡ {(1, 2,−1,−2), (2, 3, 3,−1), (0, 1, 3, 1)} ¨�At�A� ¤

.T�wfOml� ¨fO�� ºASfl� xAF� w¡ {(1, 0, 0,−1), (0, 1, 0, 1), (0, 0, 1,−1)} ¤ T�wfOml�

�Ah�tm��  �� �¤±� ��¥s�� T�yt� 	s� .(2)

 d�m��  � Am� ¤ AyW� Tlqts� v1 = (1, 2,−1,−2), v2 = (2, 3, 3,−1), v3 = (0, 1, 3, 1)

�Ah�tm��  �� rf} ©¤As§ ¯

∣∣∣∣∣∣∣∣
1 2 0 0
2 3 1 0
−1 3 3 0
−2 −1 1 1

∣∣∣∣∣∣∣∣
ºASfl� AFAF�  wk� v1 = (1, 2,−1,−2), v2 = (2, 3, 3,−1), v3 = (0, 1, 3, 1), v4 = (0, 0, 0, 1)

.v1 = (1, 2,−1,−2), v2 = (2, 3, 3,−1) Yl� ©wt�§ ¤ R4

���r�� ��¥s��

¨¡

 1 −1 1 0
1 −1 0 2
2 −2 1 2

∣∣∣∣∣∣
0
0
0

 �wfOml� T�zt�m�� TyfO�� Ty�Cd�� T�yO��

.

 1 −1 0 2
0 0 1 −2
0 0 0 0

∣∣∣∣∣∣
0
0
0


{(y−2t, y; 2t, t) = y(1, 1, 0, 0)+t(−2, 0, 2, 1); y, t ∈ R} w¡H�A�tm�� ¨W��� �A\nl� �wl��� �wm��

.H�A�tm�� �A\nl� ���� ºASf� xAF� w¡ {(1, 1, 0, 0), (−2, 0, 2, 1)} ¤

H�A��� ��¥s��

.‖u1 − u4‖2 + ‖u1 + u2 + u3‖2 = ‖u1‖2 + ‖u4‖2 + ‖u1‖2 + ‖u2‖2 + ‖u3‖2 = 5

x As�� ��¥s��

.(1)

〈(a, b) + (c, d), (x, y)〉 = (a+ c)x+ (a+ c)y + (b+ d)x+ 4(b+ d)y

= 〈(a, b), (x, y)〉+ 〈(c, d), (x, y)〉

〈(a, b), (x, y)〉 = ax+ ay + bx+ 4by = 〈(x, y), (a, b)〉 •
〈λ(a, b), (x, y)〉 = λax+ λay + λbx+ 4λby = λ〈(a, b), (x, y)〉 •

〈(a, b), (a, b)〉 = a2 + 2ab+ 4b2 = (a+ b)2 + 3b2 ≥ 0 •
〈(a, b), (a, b)〉 = 0 ⇐⇒ a+ b = 0 = b ⇐⇒ a = b = 0 •

,‖u1‖ = 1 .(2)

,〈u1, u2〉 = 1
.u2 − u1 = (−1, 1)

.�d�A`t� A§CAy� AFAF� ��m� {v1 = (1, 0), v2 =
1√
3
(−1, 1)} ¨�At�A� ¤
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��As�� ��¥s��

.[T ]C =

 1 1 −1
−3 −3 3
−2 −2 2

 .(1) 1 1 −1
0 0 0
0 0 0

 ¨¡ [T ]C T�wfOml� TyfO�� Ty�Cd�� T�yO��

.KerT ºASfl� AFAF� ��m� {(1,−1, 0), (1, 0, 1)} ¨�At�A� ¤ T (x, y, z) = 0 ⇐⇒ x = z − y
xAF� w¡ {(1,−3,−2)}  � T�wfOml� TyfO�� Ty�Cd�� T�yO�� �� �tnts� ��@�

.ImT ºASfl�

.BPC = CP
−1
B = 1

3

 2 −1 −1
1 1 −2
1 1 1

 ¤ CPB =

 1 0 1
−1 1 1
0 −1 1

 .(2)

.[v]B = BPC [v]C = 1
3
(1, 2, 2) ,[v]C = (1, 1, 0) .(3)

.[T (v)]B = BPC [T ]C [v]C = 1
3
(14, 4,−8)

��A��� ��¥s��

.qA(λ) = (2− λ)(1 + λ)(λ− 5) .(1)

.5 ¤ −1 ,2 ¨¡ A T�wfOml� ­zymm�� �yq��

.CAWqtF²� Tl�A� T�wfOm��  �� Tflt�� ­zymm�� �yq��  � Am� ¤

.λ = −1 ­zymm�� Tmyql� Tbsn�A� zym� ¢�t� w¡ (0,−1, 4) ¢�tm�� .(2)

.λ = 2 ­zymm�� Tmyql� Tbsn�A� zym� ¢�t� w¡ (3,−1, 2) ¢�tm��

.λ = 5 ­zymm�� Tmyql� Tbsn�A� zym� ¢�t� w¡ (0, 1, 2) ¢�tm��

D =

−1 0 0
0 2 0
0 0 5

 T�wfOm�� ¤ P =

 0 3 0
−1 −1 1
4 2 2

 T�wfOm�� @���  � �km§



13

{§C 244 þ¡ 1438− 1437 �¤±� �Of�� ,¨¶Ahn�� CAbt�³�

�¤±� ��¥s��

�q�� ¤ 4 T�Cd�� �� T`�r� T�wfO� A,B,C �� �� �kt� .(1)

|A| = 2, |B| = −3, |C| = 5

|2A−5B−3C−1(BT )5| ¨�At��  d�m�� 	s��

.PE = EP ¤ E2 = 0 �y� P ¤ E �yt§rf} ry� n T�Cd�� �� �yt`�r� �yt�wfO� �kt� .(2)

(I−PE)(I+PE) 	s��

?�tnts� �ÐA�

.E2 = 0 �y� 2 T�Cd�� �� E T§rf} ry� T�wfO� X�� .(3)

¨�A��� ��¥s��

¨W��� �A\n�� �ky� x− 2y + 3z = −1
−x+ 3y + az = 2
2x+ y + z = b

�A\nl�  wk§ Ahl�� �� ¨t�� a,b �� �� �y� �y�

�� ¢� Hy� .(1)

dy�¤ �� .(2)

��A��� ��¥s��

.A =

 1 0 1
1 1 1
0 1 1

 T�wfOm�� xwk`� d�¤� .(1)

(1) ­rqf�� ¨� T�wfOm�� ¨¡ A �y� B = A

 1 0 0
0 −1 0
0 0 8

A−1 �kt� .(2)

.C3 = B �y� C T�wfO� d�¤�

���r�� ��¥s��

­d�Aq�A� �r`m�� T:R4 −→ R3
¨W��� �§w�t�� ­�wn� AFAF� ¤ ­CwO� AFAF� �y�

T(x,y, z, t) = (x− y + z,2x− z− t,y + z+ 2t).

H�A��� ��¥s��

¨¡ R3
ºASfl� S  At`m�� xAF°� Tbsn�A� ¢t�wfO� ©@��¤ ¨W��� �§w�t�� T:R3 −→ R3

�ky�
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[T]S =

−1 4 −2
−3 4 0
−3 1 3


¨�At�� B xAF°� Tbsn�A� [T]B ¨W��� �§w�t�� T�wfO� d�¤�

B = {u1 = (1,1,1), u2 = (2,3,3), u3 = (1,3,4)}.

x As�� ��¥s��

T�wfOml� ­zym� �y� ¨¡ 2 ¤ (−1)  � 
b�� .(1)

A =

 8 −15 9
9 −16 9
9 −15 8

 .

E2 = {X ∈ R3; AX = 2X}¤E−1 = {X ∈ R3; AX = −X} ­zymm�� ��ºASfl� AFAF� d�¤� .(2)

.D = P−1AP �y� T§rW� D T�wfO�¤ xwk`� Ah� P T�wfO� d�¤� (� .(3)

.A9
T�wfOm�� d�¤� (


��As�� ��¥s��

­d�Aq�A� A�r`� R2
ºASf�� Yl� ¨l��d�� 
rS��  A� �Ð�

〈(x, y), (x′, y′)〉 = 2xx′ + yy′

xAF±� �§w�t� 
ymJ ��r� ­d�A� �d�tF�

{u1 = (1,−1), u2 = (2, 1)}

.d�A`t� ¤ ©CAy� xAF� Y��

{§C 244 , þ¡ 1438− 1437 �¤±� �Of�� , ¨¶Ahn�� CAbt�³� �®}�

�¤±� ��¥s��

|2A−5B−3C−1(BT )5| = 24|B|2|A|−5|C|−1 = 9
10

.(1)

(I−PE)(I+PE) = I+PE−PE−P2E2 = I .(2)

.(I + PE) T�wfOm�� xwk`� ¨¡ (I − PE) T�wfOm�� ¨�At�A� ¤

.E =

(
0 1
0 0

)
.(3)
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�� Ayf} T·�Akt�

 1 −2 3
−1 3 a
2 1 1

∣∣∣∣∣∣
−1
2
b

 ¨W��� �A\nl� T`Fwm�� T�wfOm�� ¨�A��� ��¥s��

Ty�At�� T�wfOm��

.

 1 −2 3
0 1 a+ 3
0 0 −5(a+ 4)

∣∣∣∣∣∣
−1
1

b− 3


.�� ¢� Hy� �A\n�A� b 6= 3 ¤ a = −4 
�A� �Ð� .(1)

.dy�¤ �� ¢� �A\n�A� a 6= −4 
�A� �Ð� .(2)

.�A\n�� T�wfO�  d�� �Am`tFA� «r�� Tq§rW� Tl·F±� Yl� 	y��  � �km§ :T\�®�

.−5(a+ 4) �A\n�� T�wfO�  d��

�A\nl� T`Fwm�� T�wfOm�A� a = −4 
�A� �Ð� ¤ .dy�¤ �� ¢� �A\n�A� a 6= −4 
�A� �Ð��

.

 1 −2 3
0 1 −1
0 0 0

∣∣∣∣∣∣
−1
1

b− 3

 T�wfOm�� �� T·�Akt�

.�� ¢� Hy� �A\n�A� b 6= 3 ¤ a = −4 
�A� �Ð� ,A¾Ð�

��A��� ��¥s��

.A−1 =

 0 1 −1
−1 1 0
1 −1 1

 ¨¡ A =

 1 0 1
1 1 1
0 1 1

 T�wfOm�� xwk`� .(1)

.C = A

 1 0 0
0 −1 0
0 0 2

A−1 =

 2 −1 1
3 −2 1
3 −3 2

 .(2)

���r�� ��¥s��

¨¡

 1 −1 1 0
2 0 −1 −1
0 1 1 2

 ¨W��� �§w�t�� T�wfOm� T�zt�m�� TyfO�� Ty�Cd�� T�yO��

w¡ AX = 0 H�A�tm�� ¨W��� �A\n�� �wl� �wm�� ¨�At�A� ¤ A =

 1 0 0 0
0 1 0 1
0 0 1 1


.{(0,−t,−t, t) t ∈ R}

xAF� w¡ {(1, 2, 0), (−1, 0, 1), (1,−1, 1)} ¤ ¨W��� �§w�t�� ­�wn� xAF� w¡ (0, 1, 1,−1) A¾Ð�

.¨W��� �§w�t�� ­CwO�

H�A��� ��¥s��

.BPS = SP
−1
B =

 3 −5 3
−1 3 −2
0 −1 1

 ¤ SPB =

 1 2 1
1 3 3
1 3 4


.[T]B = BPS[T]SSPB =

 1 0 0
0 2 0
0 0 3


x As�� ��¥s��
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.(1)

qA(λ) =

∣∣∣∣∣∣
8− λ −15 9
9 −16− λ 9
9 −15 8− λ

∣∣∣∣∣∣
=

∣∣∣∣∣∣
2− λ −15 9
2− λ −16− λ 9
2− λ −15 8− λ

∣∣∣∣∣∣
= (2− λ)

∣∣∣∣∣∣
1 −15 9
1 −16− λ 9
1 −15 8− λ

∣∣∣∣∣∣
= (2− λ)

∣∣∣∣∣∣
1 −15 9
0 −1− λ 0
0 05 −1− λ

∣∣∣∣∣∣
A T�wfOml� ­zymm�� �yq�� ¨¡ 2 ¤ (−1) ¤ qA(λ) = |A− λI| = (2− λ)(1 + λ)2 ¨�At�A� ¤

.E−1 = {X = (x,y, z) ∈ R3; 3x− 5y + 3z = 0} .(2)

.E−1 zymm�� ºASfl� AFAF� ��m§ {(1, 0,−1), (5, 3, 0)} A¾Ð�
.E2 = {X = (x,y, z) ∈ R3; 3x− 2z = 0, 11y + 2z = 0}

.E2 zymm�� ºASfl� AFAF� ��m§ {(1, 1, 1)} A¾Ð�

.D =

 2 0 0
0 −1 0
0 0 −1

 ¤ P =

 1 1 5
1 0 3
1 −1 0

 (� .(3)

P−1 =

 3 −5 3
3 −5 2
−1 2 −1


.A9 = PD9P−1 =

 3.29 + 2 −5.29 − 5 3.29 + 3
3.29 + 3 −5.29 − 6 3.29 + 3
3.29 + 3 −5.29 − 5 3.29 + 2

 (


��As�� ��¥s��

.v1 =
1√
3
,‖u1‖ =

√
3

.〈u2, v1〉 =
√
3

.d�A`t� ¤ ©CAy� {v1 = (1,−1), v2 = (2, 1)}xAF±� ¤ .v2 =
1

3
(1, 2) ¨�At�A� ¤
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{§C 244 þ¡ 1438− 1437 ¨�A��� �Of�� ¨¶Ahn�� CAbt�³�

�¤±� ��¥s��

�y�� 3 T�Cd�� �� T�wfO� B ¤ A �� �� 
�A� �Ð�

,
1

2
A4 + A = 0 ¤ |ABT | = −14

.|B| ¤ |A| 	s�A�

¨�A��� ��¥s��

A =

 1 1 0
0 2 1
10 11 1

 T�wfOm�� �kt�

.A−1 d�¤� .(1)

X =

x
y
z

 ¤ B =

 1
−2
3

 �y�� ,AX = B ¨W��� �A\n�� �� d�¤� .(2)

��A��� ��¥s��

:¨�At�� ¨W��� �A\n�� �ky� ¤ m ∈ R �ky�
1 2 −1 1
2 3 −4 1
2 4 m− 2 m+ 3
3 5 −5 m+ 3

∣∣∣∣∣∣∣∣
2
1

m2 + 5
m2 + 2


.�st� ry� �A\n��  wk§ Yt� m �y� d�¤� .(1)

.dy�¤ �� ¢� �A\n��  wk§ Yt� m �y� d�¤� .(2)

.�wl��� �� ¨¶Ah� ¯  d� ¢� �A\n��  wk§ Yt� m �y� d�¤� .(3)

���r�� ��¥s��

.A =


1 0 1 2 1
−2 1 −3 −3 2
0 2 −2 2 −1
1 −3 4 −1 1

 �kt�

.A T�wfOm�� T§rf} ¤ Tb�C d�¤� .(1)

.A T�wfOml� © wm`�� ºASfl� AFAF� d�¤� .(2)

H�A��� ��¥s��

�yFAF±� ¤ V = R3
ºASf�� �ky�

B = {v1 = (1, 1,−1), v2 = (1, 1, 0), v3 = (1, 0, 1)}
¤

.C = {u1 = (1, 0, 1), u2 = (4, 2,−1), u3 = (1, 2, 0)}
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(B xAF°� Tbsn�A� u1 ¢�tm�� �Ay��d�� ¨¡ [u1]B) .[u3]B ,[u2]B ,[u1]B d�¤� .(1)

.B xAF±� Y�� C xAF±� �� �Aqt�³� T�wfO� BPC 	s�� .(2)

.v ¤ [v]B �� ®� d�¤�� [v]C =

 5
−2
1

  A� �Ð� .(3)

x As�� ��¥s��

:�q�§ ©@�� ¨W��� �§w�t�� T :R3 −→ P2 �ky�

T (1, 0, 0) = 1 +X2, T (0, 1, 0) = 2 + 3X2, T (0, 0, 1) = −X2.

.(a, b, c) ∈ R3
�k� ,T (a, b, c) d�¤� .(1)

.ImT ¤ kerT �y¶ASf�� �� �k� AFAF� d�¤� .(2)

��As�� ��¥s��

­d�Aq�A� A�r`� R2
ºASf�� Yl� ¨l��d�� 
rS�� �ky�

〈(x1, y1), (x2, y2)〉 = 2x1x2 + 5y1y2 + 2x1y2 + 2x2y1.

xAF±� �§w�t� 
ymJ ��r� ­d�A� �d�tF� .(1)

{u1 = (1,−1), u2 = (−2, 1)}

.d�A`t� ¤ ©CAy� .{v1, v2}xAF� Y��

.w = cv1 + dv2 ¤ v = av1 + bv2 �ky� .(2)

.a, b, c, d T�¯d� 〈v, w〉 d�¤�

({§C 244) þ¡ 1438− 1437 ¨�A��� �Of��¨¶Ahn�� CAbt�³� �®}�

�¤±� ��¥s��

.|B| = 7 .|A| = −2 ,A3 = −2I ,|A| 6= 0

¨�A��� ��¥s��

A−1 =

 −9 −1 1
10 1 −1
−20 −1 2

 .(1)

X =

 −45
−12

 .(2)
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��A��� ��¥s��

T`Fwm�� T�wfOml� TyfO�� Ty�Cd�� T�yO��
1 2 −1 1
0 1 2 1
0 0 m 0
0 0 0 m+ 1

∣∣∣∣∣∣∣∣
2
3
2

m2 − 1


.m = 0 
�A� �Ð� �st� ry� �A\n��  wk§ .(1)

.m 6= −1 ¤ m 6= 0 
�A� �Ð� dy�¤ �� ¢� �A\n��  wk§ .(2)

.m = −1 
�A� �Ð� �wl��� �� ¨¶Ah� ¯  d� ¢� �A\n��  wk§ .(3)

���r�� ��¥s��

.


1 0 1 2 1
0 1 −1 1 4
0 0 0 0 1
0 0 0 0 0

 ¨¡ T�wfOml� TyfO�� Ty�Cd�� T�yO��

3 ¨¡ A T�wfOm�� Tb�C .(1)

2 ¨¡ A T�wfOm�� T§rf}

.A T�wfOml� © wm`�� ºASfl� xAF� w¡ {(1,−2, 0, 1), (0, 1, 2,−3), (1, 2,−1, 1)} .(2)

H�A��� ��¥s��

.[u3]B = (−1, 3,−1) ,[u2]B = (3,−1, 2) ,[u1]B = (0, 0, 1) d�¤� .(1)

BPC =

 0 3 −1
0 −1 3
1 2 −1

 .(2)

[v]B = (−7, 5, 0) .(3)

.v = −7v1 + 5v2 = (−2,−2, 7)

x As�� ��¥s��

.T (a, b, c) = (a+ 2b) + (a+ 3b− c)X2
.(1)

.T (a, b, c) = 0 ⇐⇒ a = −2b, b = c .(2)

.kerT = {(−2, 1, 1)t; t ∈ R}
.ImT ºASfl� AFAF� ��m§ 1 +X2, 2 + 3X2, −X2

�� �yh�t� ©� �Ð� ,dim ImT = 2

��As�� ��¥s��
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.v1 =
u1√
3
=

1√
3
(1,−1) ,‖u1‖2 = 3 .(1)

,〈u2, u1〉 = −
√
3

.v2 =
1√
2
(−1, 0)

〈v, w〉 = ac+ bd. .(2)
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{§C 244 þ¡ 1438− 1437 ¨fyO�� �Of�� ,¨¶Ahn�� CAbt�³�

�¤±� ��¥s��

C =

(
2 3
1 1

)
¤ B =

(
−4 7
1 −2

)
�kt�

(B−1A)
−1

= C �q�� 2 T�Cd�� �� T`�r� A T�wfO� d�¤�

¨�A��� ��¥s��

A =

 1 −1 3
2 −3 6
−1 4 −2

 T�wfOm�� �kt�

.A.adj(A) ¤ adj(A) d�¤� .(1)

X = (x, y, z)T ¤ B = (1, 2, 2)T �y�� ,AX = B ¨W��� �A\n�� �� d�¤� .(2)

��A��� ��¥s��

m Tmy� 	s� ¨�At�� �A\n�� �wl�  A�§³ x¤A� Tq§rV �d�tF� x+ 2y + z = −1
−2x+ (m− 4)y − 3z = m+ 1

−x+ (m− 2)y + (m− 3)z = 2m

���r�� ��¥s��

.A =


1 0 1 2 1
−2 1 −3 −3 2
0 2 −2 2 −1
1 −3 4 −1 1

 T�wfOm�� �kt�

.A T�wfOm�� T§rf} ¤ Tb�C d�¤� .(1)

.A T�wfOml� ©rfO�� ºASfl� AFAF� d�¤� .(2)

H�A��� ��¥s��

T�wfOm�A� �r`m�� ¨W��� �§w�t�� T :R4 −→ R4
�ky�

.A =


1 −1 2 −1
−1 1 −2 1
0 1 1 4
1 0 3 3


T (x, y, z, t) d�¤� .(1)

T ¨W��� �§w�t�� ­�wn� AFAF� d�¤� .(2)

T ¨W��� �§w�t�� ­CwO� AFAF� d�¤� .(3)
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x As�� ��¥s��

xAF±� �§w�t� 
ymJ ��r� ­d�A� �d�tF�

{u1 = (1,−1), u2 = (1, 1)}

¨�At�� ¨l��d�� 
rSl� Tbsn�A� R2
ºASfl� d�A`t� ¤ ©CAy� xAF� Y��

.〈(x, y), (x′, y′)〉 = xx′ + xy′ + yx′ + 2yy′

��As�� ��¥s��

.A =

 0 0 −2
1 2 1
1 0 3

 T�wfOm�A� �kt�

.A T�wfOml� ­zym� Tmy� ¨¡ 2  � 
b�� .(1)

.A T�wfOml� ­zymm�� �yq�� �� d�¤� .(2)

.D = P−1AP �y�� P xwk`� Ah� T�wfO� ¤ D T§rW� T�wfO� d�¤� .(3)

{§C 244 þ¡ 1438− 1437 ¨fyO�� �Of�� ,¨¶Ahn�� CAbt�³� �®}�

�¤±� ��¥s��

.(B−1A)
−1

= C ⇐⇒ A−1B = C ⇐⇒ A = BC−1

.A = BC−1 =

(
11 −26
−3 7

)
¤ C−1 =

(
−1 3
1 −2

)
¨�A��� ��¥s��

Aadj(A) = −I ¤ adj(A) =

−18 10 3
−2 1 0
5 −3 −1

 .(1)

AX = B ⇐⇒ X = A−1B =

−80
3

 .(2)

��A��� ��¥s��

T�wfOm�� �� Ayf} T·�Akt� �A\nl� T`Fwm�� T�wfOm��

.

 1 2 1
0 m −1
0 0 m− 1

∣∣∣∣∣∣
−1

m− 1
2m− 1


���� ¤ m 6= 1 ¤� m 6= 0 
�A� �Ð� dy�¤ �� ¢� ¤ m = 1 ¤ m = 0 
�A� �Ð� �st� ry� �A\n��

.(−m
2 + 4m− 2

m(m− 1)
,
m2 −m+ 1

m(m− 1)
,

m

m− 1
) w¡

���r�� ��¥s��
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¨¡ T�wfOml� TyfO�� Ty�Cd�� T�yO�� .(1)

.


1 0 1 2 0
0 1 −1 1 0
0 0 0 0 1
0 0 0 0 0


. 2 Aht§rf} ¤ ¤ 3 ¨¡ A T�wfOm�� Tb�C A¾Ð�

¤ S = {x(−1, 1, 1, 0, 0) + y(2,−1, 0, 1, 0); x, y ∈ R} ¨¡ AX = 0 H�A�tm�� �A\n�� �wl� .(2)

T�wfOml� ©rfO�� ºASfl� AFAF� ��m§ {u1 = (−1, 1, 1, 0, 0), u2 = (2,−1, 0, 1, 0)} ¨�At�A�

.A

H�A��� ��¥s��

.T (x, y, z, t) = (x− y + 2z − t,−x+ y − 2z + t, y + z + 4t, x+ 3z + 3t) .(1)

.(x, y, z, t) ∈ KerT ⇐⇒ AX = 0 .(2)

.


1 0 3 3
0 1 1 4
0 0 0 0
0 0 0 0

 ¨¡ T�wfOml� TyfO�� Ty�Cd�� T�yO��

.T ¨W��� �§w�t�� ­�wn� AFAF� ��m§ {u1 = (−3, 0, 1, 0), u2 = (−3,−4, 0, 1)} ¨�At�A� ¤

 �� T�wfOml� TyfO�� Ty�Cd�� T�yO�� 	s� .(3)

.T ¨W��� �§w�t�� ­CwO� AFAF� ��m§ {v1 = (1,−1, 0, 1), v2 = (−1, 1, 1, 0)}

x As�� ��¥s��

.v1 = u1 ¨�At�A� ¤ ‖u1‖ = 1
.〈u2, v1〉 = −1
.v2 = (1, 0) A¾Ð�

��As�� ��¥s��

.qA(λ) = (2− λ)(1− λ)2 .(1)

.2 ¤ 1 ¨¡ A T�wfOml� ­zymm�� �yq�� .(2)

.P =

 1 0 −2
0 1 1
−1 0 1

 ,D =

 2 0 0
0 2 0
0 0 1

 .(3)
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{§C 244 þ¡ 1439− 1438 �¤±� �Of�� ,¨¶Ahn�� CAbt�³�

�¤±� ��¥s��

(3A)−1 =

(
1 −3
1 2

)
¤ |ABT | = −2 �y�� �yt�wfO� B ¤ A 
�A� �Ð� .(1)

|B|  d�m�� Tmy� d�¤�

,v1 = (1, 2,−1, 3) �Ah�tm�� �`�� ¨t�� b ¤ a �� �� �y� d�¤� .(2)

.R4
¨� AyW� TWb�r� v3 = (−1, a− 2, a− 1, b) ,v2 = (−2,−3, 1,−1)

¨�A��� ��¥s�� x− y − 2z = 2
x+my − z = 1
mx+ y + z = −1

¨W��� �A\n�� �ky�

.dy�¤ �� ¨W��� �A\nl�  wk§ Yt� m �y� d�¤� .(1)

.�� ¨W��� �A\nl�  wk§ ¯ Yt� m �y� d�¤� .(2)

.�wl��� �� ¨¶Ah� ¯  d� �A\nl�  wk§ Yt� m �y� d�¤� .(3)

��A��� ��¥s��

A =


1 2 1
0 −1 −1
3 5 2
1 4 1

 T�wfOm�� �kt�

.A T�wfOml� ¨fO�� ºASfl� AFAF� d�¤� .(1)

.A T�wfOml� © wm`�� ºASfl� AFAF� d�¤� .(2)

.AT
¤ A �� �k� (nullity) T§rf} ¤ (Rank) Tb�C d�¤� .(3)

���r�� ��¥s��

C ¤ R2
ºASfl� AFAF� B = {v1 = (1, 1), v2 = (1, 2)} �ky�

:¨l§ Am� �r`m�� T :R2 −→ R2
¨W��� �§w�t�� �ky�¤ .R2

ºASfl�  At`m�� xAF±�

T (x, y) = (x− y, 2x+ 3y)

.BPC ¤ CPB �A�wfOm�� d�¤� .(1)

C xAF°� Tbsn�A� T ¨W��� �§w�t�� T�wfO� [T ]C d�¤� .(2)

.B xAF°� Tbsn�A� T ¨W��� �§w�t�� T�wfO� [T ]B d�¤� ¤

.[T (v)]B d�¤� v = (2, 1)  A� �Ð� .(3)
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H�A��� ��¥s��

,T (1, 1, 0) = (2, 1, 3,−1) �y� T :R3 −→ R4
¨W��� �§w�t�� �ky�

.T (1, 0, 0) = (1, 1, 2, 0) ,T (1, 0, 1) = (−1, 0,−1, 1)

T ¨W��� �§w�t�� ­d�A� d�¤� .(1)

T ¨W��� �§w�t�� ­�wn� AFAF� d�¤� .(2)

T ¨W��� �§w�t�� ­CwO� AFAF� d�¤� .(3)

x As�� ��¥s��

 � �y� R3
©dyl�³� ºASfl� A§CAy� AFAF� ��m� S T�wm�m��  � 
b�� .(1)

S = {v1 = (0, 1, 0), v2 = (−4
5
, 0, 3

5
), v3 = (3

5
, 0, 4

5
)}

.[u]S 	s�� ,u = (1, 1, 1) ∈ R3
 A� �Ð� .(2)

��As�� ��¥s��

A =

 3 −2 −2
2 −1 −2
2 −2 −1

 �kt�

­zym� �y� ¨¡ λ2 = −1 ¤ λ1 = 1  � 
b�� ¤ A T�wfOml� ­zymm��  ¤d��� ­ry�� d�¤� .(1)

A T�wfOml�

λ2 ¤ λ1 ­zymm�� �yql� Tl�Aqm�� ­zymm�� �Ah�tm�� d�¤� .(2)

A = PDP−1 �y�� D T§rW� T�wfO� ¤ P T�wfO� d�¤� .(3)

A14
¤ A13

d�¤� .(4)

{§C 244 þ¡ 1439− 1438 �¤±� �Of�� ,¨¶Ahn�� CAbt�³� �®}�

(�A�C 3 + 3) �¤±� ��¥s��

(3A)−1 =

(
1 −3
1 2

)
⇐⇒ 1

3
A−1 =

(
1 −3
1 2

)
⇒ 1

9|A| = 5⇒ |A| = 1

45
.(1)

.|B| = −90 ¤

�Ah�tm�� �Ay��d�� ¨¡ Ah�dm�� ¨t�� ¤ A =


1 −2 −1
2 −3 a− 2
−1 1 a− 1
3 −1 b

 T�wfOm�� �kt� .(2)

.v1, v2, v3
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T�wfOm�� Tb�C 
�A� �Ð� Xq� �Ð� ¤ �Ð� R4
¨� AyW� TWb�r� v1, v2, v3 �Ah�tm��  wk�

.2 ©¤As§ ¤� ���

.


1 −2 −1
0 1 a
0 0 2a− 2
0 0 b+ 3− 5a

 T�wfOm�� �� Ayf} T·�Akt� A T�wfOm��

b = 2 ¤ a = 1 
�A� �Ð� R4
¨� AyW� TWb�r� v1, v2, v3 �Ah�tm��  wk� ¨�At�A� ¤

(�A�C 5 ) ¨�A��� ��¥s��

T�wfOm�� �� Ayf} T·�Akt� ¨W��� �A\nl� T`Fwm�� T�wfOm��

.

 1 −1 −2
0 m+ 1 1
0 0 2m

∣∣∣∣∣∣
2
−1
−2m


.m 6= −1 ¤ m 6= 0 
�A� �Ð� dy�¤ �� ¨W��� �A\nl�  wk§ .(1)

.m  d`l� Tmy� �k� �st� �A\n�� .(2)

�A\n�� ¨�At�A� ¤ .{(z + 1,−1− z, z); z ∈ R} :¨¡ ¨W��� �A\n�� �wl� m = 0 
�A� �Ð� .(3)

.�wl��� �� ¨¶Ah� ¯  d� ¢�

 d� ¢� �A\n�� ¨�At�A� ¤ .{(x, x,−1); x ∈ R} :¨¡ ¨W��� �A\n�� �wl� m = −1 
�A� �Ð�

.�wl��� �� ¨¶Ah� ¯

(�A�C 5) ��A��� ��¥s��


1 0 0
0 1 0
0 0 1
0 0 0

 ¨¡ A T�wfOml� T�zt�m�� TyfO�� Ty�Cd�� T�yO�� .(1)

.A T�wfOml� ¨fO�� ºASfl� AFAF� ��m� {(1, 0, 0), (0, 1, 0), (0, 0, 1)} T�wm�m�� .(2)

T�wfOml� © wm`�� ºASfl� AFAF� ��m� {(1, 0, 3, 1), (2,−1, 5, 4), (1,−1, 2, 1)} T�wm�m��

.A

.1 ¨¡ AT
T�wfOm�� T§rf} ¤ 3 ¨¡ AT

T�wfOm�� Tb�C .(3)

(�A�C 7) ���r�� ��¥s��

.BPC =

(
2 −1
−1 1

)
,CPB =

(
1 1
1 2

)
.(1)

.[T ]C =

(
1 −1
2 3

)
.(2)

.[T ]B = BPC [T ]CCPB =

(
−5 −10
5 9

)
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.[v]B = BPC [v]C =

(
3
−1

)
,[v]C =

(
2
1

)
 �� ,v = (2, 1)  A� �Ð� .(3)

.[T (v)]B = [T ]B[v]B =

(
−5
6

)

(�A�C 7 ) H�A��� ��¥s��

¨¡ v = a(1, 1, 0) + b(1, 0, 1) + c(1, 0, 0) ¨W��� �A\n�� ��  �� v = (x, y, z) ∈ R3
 A� �Ð� .(1)

.a = y, b = z, c = x− y − z
¨�At�A� ¤

T (x, y, z) = aT (1, 1, 0) + bT (1, 0, 1) + cT (1, 0, 0) = (2y − z, x+ 2z, 2x+ y).

R4
¨�  At`m�� xAF±� ¤ R3

¨�  At`m�� xAF°� Tbsn�A� ¨W��� �§w�t�� T�wfO� .(2)

¨¡ A T�wfOml� T�zt�m�� TyfO�� Ty�Cd�� T�yO�� ¤ A =


1 2 1
0 −1 −1
3 5 2
1 4 3

 :¨¡

¨�At�A� ¤


1 0 −1
0 1 1
0 0 0
0 0 0


T ¨W��� �§w�t�� ­CwO� AFAF� ��m� {(1, 0, 3, 1), (2,−1, 5, 4)} (�)

T ¨W��� �§w�t�� ­�wn� AFAF� ��m§ {(1,−1, 1)} (
)

(�A�C 4) x As�� ��¥s��

‖v1‖ = ‖v2‖ = ‖v3‖ = 1 .(1)

ºASfl� A§CAy� AFAF� ��m� S T�wm�m�� ¨�At�A� ¤ 〈v1, v2〉 = 〈v1, v3〉 = 〈v2, v3〉 = 0 ¤

.R3
©dyl�³�

.[u]S =

 1
−1

5
7
5

 ¨�At�A� ¤ 〈u, v1〉 =
7

5
,〈u, v1〉 = −

1

5
,〈u, v1〉 = 1 .(2)

(�A�C 6) ��As�� ��¥s��

¤ λ1 = 1 ¨�At�A� ¤ qA(λ) = −(1 − λ)2(1 + λ) ¨¡ A T�wfOml� ­zymm��  ¤d��� ­ry�� .(1)

A T�wfOml� ­zym� �y� ¨¡ λ2 = −1

¨�At�A� ¤

 1 −1 −1
0 0 0
0 0 0

 ¨¡ A − I T�wfOml� T�zt�m�� TyfO�� Ty�Cd�� T�yO�� .(2)

.E1 zymm�� ºASfl� AFAF� ��m§ {(1, 1, 0), (0, 1,−1)}
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¨�At�A� ¤

 1 0 −1
0 1 −1
0 0 0

 ¨¡ A + I T�wfOml� T�zt�m�� TyfO�� Ty�Cd�� T�yO��

.E−1 zymm�� ºASfl� AFAF� ��m§ {(1, 1, 1)}

D =

 1 0 0
0 1 0
0 0 −1

 T�wfOm�� ¤ P =

 1 0 1
1 1 1
0 −1 1

 .(3)

A14 = I ¤ A13 = A .(4)


	Mid1-M244
	M244-exams2-3
	Mid2-M244
	Final-M244


