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PREFACE

There are several excellent books which deal with the subject of
functional analysis. Few can be regarded as really elementary or
introductory. As a beautiful theory in its own right and for its rich-
ness in applications, functional analysis in some shape or form is now
taught to second and third year mathematics undergraduates at
several British universities. My experience in teaching such students
has indicated that they need quite a gentle introduction—largely due
to two things: that their analytical abilities are not sufficiently
developed and that they are unused to ‘abstract’ reasoning. In my
view, the field of elementary functional analysis is the ideal place in
which to learn some abstract structural mathematics and to develop
analytical technique. )

It is my hope that this book may provide a really introductory,
though non-trivial, course on functional analysis for undergraduates
who have completed basic courses on real and complex variable
theory. Although primarily addressed to students of mathematics it
is expected that the approach is basic enough to enable students of
physics and engineering to get something of the flavour of the subject.

Of the several excellent books mentioned above, the master work
of Banach: Théorie des opérations Linéaires (1932) must stand first.
Every serious student of analysis should regard his education incom-
plete until he has read something of this remarkable germinal book.

There is one feature of the present work which we should perhaps
mention. Much of the theory is illustrated by examples involving
sequence spaces rather than integration spaces. This is partly because
most results for sequence spaces will fairly readily generalize to inte-
gration spaces, but mainly because the student to whom this book is
addressed is unlikely to be sufficiently familiar with integrals of the
depth of Lebesgue to enable him to really appreciate examples
involving them. However, it has been thought advisable to prove the
completeness of the important L, spaces, referring to works on
integration for the relevant theorems on interchange of limit and
integral. - ,

Chapter 1 of the book is absolutely fundamental, though extremely
elementary. Some may wish to omit it and proceed to the next
chapter on metric and topological spaces. In my view it would be
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best to make certain of the material in chapter 1 before attempting
the rest of the text. There are over 300 exercises in the book, many of
which are quite routine, though just a few, which appear at the end
of the last chapter, are quite difficult. It is recommended that most
of the exercises should be attempted—to learn mathematics one
must do it.

The final chapter of the book concerns an area of Mathematics
which is of special interest to me. Those students who wish to begin
graduate work in this field may find it a useful introduction. Readers
who are not so inclined may, nevertheless, see functional analysis at
work in a fairly concrete situation. .

Debts of gratitude are several. At the undergraduate level my
interest in analysis was stimulated by Professor D. C. Russell. As a
research student I was greatly influenced by my supervisor, Dr B.
Kuttner. A number of my colleagues at the University of Lancaster
have made helpful comments on the book, during many conversations.
I am especially indebted to P. L. Walker for his careful scrutiny of the
typescript and for numerous valuable suggestions. Useful assistance
was also rendered by J. W. Roles and C. G. Lascarides.

The manuscript was expertly typed by Mrs Sylvia Brennan and
Miss June Unsworth, and I gratefully acknowledge their help.

1. J. MADDOX
University of Lancaster, 1969



BASIC SET THEORY AND ANALYSIS

1. Sets and functions

The great German mathematician G.Cantor (1845-1918) is usually
regarded as the creator of the theory of sets. As our starting point for
this book we shall take Cantor’s definition of a set: ‘A set is any collec-
tion of definite, distinguishable objects of our thought, to be conceived
as a whole,” The objects mentioned in the definition are called the
elements or members of the set. Usually we denote sets by capital
letters and elements by lower case letters. If X is a set then we write
xeX to mean that z is an element of X. When an object x is not an
element of a set X, we write ¢ X.

In what follows we shall take for granted the following sets, which
occur throughout mathematics:

N ={1,2,3,...}, the set of all positive integers,
Z ={0,1, —1,...}, the set of all integers,

@, the set of all rational numbers,

R, the set of all real numbers,

C, the set of all complex numbers.

The notation arises as follows: N for natural numbers, Z for Zahlen
(German for integers), @ for quotient. The notation E and C seems to '
require no explanation.

Usually, in a given discussion, we take a fixed set and everything is
carried out with reference to it alone. In such a case the fixed set is
called the universe of discourse. For example, in number theory the
universe of discourse is Z. Within a universe of discourse X a common
way of generating a set is to take an object in X of a certain type and
then to consider the set of all such objects. For example, having defined
an object in Z called a prime number we may then consider the set of
all prime numbers.

'In a work of the present nature we are primarily concerned with the
manipulation of sets, rather than with their deeper properties. To this
end we now introduce notation and definitions, and observe some
simple results.

[1]
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First, there is no way, in general, of explicitly writing down all the
elements of a set. For example, it is in the nature of the positive
integers N that they cannot all be explicitly exhibited. We have to be
content to write N = {1,2,3,...}; the three dots leaving much to the
imagination. Generally, we use the curly bracket notation for sets
either writing down the first few elements and then some dots which
we agree is to tell us that the law of formation of the elements is well-
known or obvious, or we put in the law of formation. For example,
{z|lzeN and « > 8} is read as ‘the set of all z such that z is a positive
integer and z is greater than 8. The vertical bar following z is read as
‘such that’. Thus we could write this last set as {9,10,11,...}. Again,
{z|zeR and z > 0} denotes the set of all strictly positive real numbers.
In this case it is not possible to write down the elements explicitly, or
even in such a way as to indicate the law of formation, such is the
nature of the real numbers. In fact it will be seen later that the set
{z|zre R and « > 0}is uncountable, so that the elements cannot even be
exhibited as an infinite sequence z,, #,, 2;, .... We remark that the order
of the elements in a set is generally irrelevant. For example, N is the
same set as {2,1,4,3,6,5,...}.

If A, B are sets then the notation 4 = B means that every element
of Aisalsoanelement of B.If 4 < Bthenwe say that 4 is a subset of B,
B is a superset of 4, 4 is included in B and also B includes A. The
notation B > 4 is regarded as equivalent to 4 = B. We define 4 = B
ifand only if 4 = Band B = 4. Also, we say 4 is a proper subset of B
ifand only if 4 = Bbut 4 + B. For example, the set of odd integers is
a proper subset of Z. We remark that some writers use the notation
4 < B, which allows equality, and reserve 4 < B for proper subsets.
On occasion we shall also say that ‘4 < B, strictly’, meaning that 4 is
a proper subset of B.

Two simple properties of the set inclusion < are:

(i) 4<=4,
(i) A «Band B< Cimply 4 < C.

If 4 is a given set let us consider that subset of 4 defined as
{red|z # «}. This set has no elements and is known as the empty set.
It is denoted by & and has the property that @ < A for every set 4.
Each set 4 + @ has at least two distinet subsets, 4 and @.If 4 has
only these two subsets then 4 must be a one element set, 4 = {a}, say,
where a is the sole element of 4. Note that @ has no elements but that
the one element set { @} is not empty.
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Unions and intersections of sets

Given sets A, B we may form two new sets from them:
A U B = {x|z belongs to at least one of A and B},
An B = {z|zed and zeB}.

We call 4 U B the unton and 4 n B the intersection, of A and B. For
example, {1,2,3}U{1,4,8} = {1,2,3,4}; {2,3}n{1,3,2} = {2,8}. It is
trivial that AnB<c A < AyBforanysets 4 and B.If AnB= g,
then we say that 4 and B are disjoint.

We shall often want to form the union or intersection of a whole
class (or collection) of sets. Let & be a class of sets 4. Then we define .

U{4|4eS} = {z|xed for at least one &7},
n{4|4e%} = {z|xed for all AcF}.

Sometimes we write U4,, n4,, where we think of « as running
through some indexing set. If o runs through N we usually write

U{d,|neN} = ('_len,

w .
and similarly for | 4,,. The ‘0o’ in this notation is conventional, but
n=1

superfluous, not to say confusing. It is emphasized that 4, is not in
the collection {4,|neN}. Observe also that no limiting process is

involved in the above. Thus, for example, to say that xe J 4, is to
n=1

say that there is a positive integer p such that xe4,,.

Example 1. Let 4,, be the interval [0,1+1/n) on the real line, i.e.
4,={xeR0<z<1+1/n},n=12,.. Then

ﬁ 4,=1[0,1]={zeR|0 <z < 1}.
n=1

To show this we first prove [0, 1] = n 4,, and then prove n4,, < [0, 1].
Nowze[0,1]implies0 < # < 1 < 1+ 1/n,forallneN,i.e.xeA4, forall
nel,ie. zend,. Conversely, zend,, implies 0 < < 14 1/n, for all
nelN, whence 0 < « < 1 (either letting n— 00, or supposing z > 1 and
obtaining a contradiction to x < 1+ 1/ for all neXN).
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Cover for a set

Let & be a class of sets A. Then the class & is called a cover Jor
a set X if and only if

Xcy{dldes}.
Any subclass of F which also covers X is called a subcover of &.

The notion of ‘open’ cover will be employed in chapter 2, in con-
nection with compact sets. The ‘open’ here refers to the fact that the
sets of the cover are open sets, in the sense of topology. For the
moment we shall be content with a very simple example on covers.

Example 2. (i) Let I, be the open interval
(n,n+1)={weRn <z <n+1}

on the real line. Then the class {I,|n€Z} is not a cover for R, for no
integer belongs to U {I,|neZ}.

(i) IfJ, = {xeR|n < 2 < n+1} = [2,n+1), then the class {J,|ne Z}
is a cover for R.

(iii) Let S[a,r] = {2€C||z—a| < 7}, wheére aeC and r > 0. Thus
8S[a, 7] is the closed disc of centre @ and radius 7 in the complex plane.
It is clear that the class {S[m +in, 1]|m,neZ} is a cover for C.

Complementation

If X is our universe of discourse and A, B < X then we define
A ~ B={zeX|xed,z¢B).

We call A ~ B the complement of B with respect to A. By ~ A we
mean X ~ 4, and we call ~ 4 the complement of 4. It is clear that
A~B=An(~B), ~(~A4)=A4, and that 4 < B is equivalent to
~Bc ~A4.

The two following results concerning complementation are known
as De Morgan’s laws:

~Ud,=n(~4,); ~nd,=U(~4,)
To prove the first of these, for example, we merely note that ze ~ 4,
for all & is equivalent to x¢ 4, for any a.

Some other properties of union and intersection which are easy to

show are
i) nd,=4,< U4, for any a,
(ii) A4u(nd,)=n(du4d,),
(i) An(ud,)=u(dn4d)).
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Ordered pair
Let z, y be any objects. Then the ordered pair (x,y) is defined as
the set {{a}, {z, y}}. It is easy to check the fundamental property of
ordered pairs: (x,y) = (u,v) if and only if x = u and y = v.
More generally we may define in a similar way an ordered
n-tuple (%, ...,%,) with the property (1, ...,%,) = (Y1, «+»Yn)
if and only if x, = yy, ..., %, = ¥Y,.

Relation

A relation p is defined to be a set of ordered pairs. For example,
p =1{(1,2), (a,b)} is a relation.

Equivalent notation for (z,y)ep is zpy. Thus in our example we
might write 1p2 instead of (1, 2)ep. :

An important type of relation is the

Cartesian product
Let X, Y be given sets. Then

XxY ={(z,y)|zcX and ye ¥}

is called the Cartesian product of X and Y.

Another important relation is the

Equivalence relation
Let X be a given set. A relation p is called an equivalence
relation on X if and only if it is (i) Reflexive, i.e. zpx for all
zeX, (i) Symmetric, i.e. xpy implies ypz, (iii) Transitive, i.e.
xpy and ypz imply xpz. It is usual to denote an equivalence
relation by ~ rather than p. There is little danger of confusion
with complementation.

Example 3. (i) Equality is obviously an equivalence relation on
anjr set.

(i) Let X = {(2,y)|v,yeN}. Define (z,y)~ (u,v) to mean
xv = yu. Then ~ is an equivalence relation on X. For example, let us
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check transitivity: (v,) ~ (u,%) and (u,v) ~ (2,w) imply av = Yy,
uw = vz, whence avuw = yuvz, and so zw = yz, i.e. (2,y) ~ (2, w).

(iii) Define x ~ y to mean z—y is divisible by 2. It is easy to
check that ~ is an equivalence relation on Z.

Let us return to general relations. The domain of a relation is the
set of all first co-ordinates of its members. The range is the set of all
second co-ordinates. If ~ is an equivalence relation on X, then we
define B, = {ye X|y ~ z} and call E, the equivalence class containing
the element z. For example, in example 3 (iii) we have

By={0,42, +4,..}.

In general, it is easy to check that K, = B, if and only if z ~ y, and
that B, n B, = @ if B, + B,. It is thus evident that {B,|ze X} forms
a partition of X,ie Xis the union of the dlS]omt classes Z,. For
example, in example 3 (iii) we have

Z={0,%2, +4,..}u{+1, +3, +5,...}

Probably the most significant type of relation that occurs in
mathematics is that which is called a function. The following defini-
tion of a function may seem rather strange to those who are used to
books of analysis which extensively employ functions but never
actually define them.

Function

A function f is defined to be a relation, such that if (x,y)ef and
(x,2)ef then y = z. Four other terms for function are map,
mapping, operator, and transformation.

Our concept of a function as a certain set of ordered pairs is what
some would call the graph of a function, since they define a function
as a ‘rule’ or some such. On occasion we shall use the term ‘graph of
a function’, when this seems more expressive. However, to us, a
function and its graph are exactly the same thing.

Example 4. (i) {(1,2),(2,2)} and {(z,2+1) |zeC} are functions.

(i) {(1,2),(1,4)}and {(2?,z) |ze R} are not functions. For example
(1,1) and (1, —1) are in the second set.

(iii) {(2* =) |xeR+}is afunction. Here R+ = {xeR|z > 0}. In this
case, if the first co-ordinates are equal, 22 = 32, then (x—y) (z+¥) = 0,
50 x = y, i.e. the second co-ordinates are equal.
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If f is a function and (z,y)ef then we write y = f(z), which is the
conventional notation for y as a function of . We say that y: is the
value of f at z, or that y is the image of z under f.

The notation P XY

is now widely used in mathematics. It is interpreted as ‘fis a function
from the set X into the set ¥’. The meaning of f: X - Y is that X is
the domain of f and that the range of f is a subset of ¥, not necessarily
the whole of Y.
If f:X—+Y and 4 < X, then the function g: 4+ Y, defined by
= f(a), for ae 4, is called the restriciion of f to 4.

Example 5. (i) Define f by f(z) = e, for zeR, ie. the domain of f
is B and f = {(x,e") |xcR}. The range of f is in fact R*, as is well-
known. We may write, with increasing accuracy, f: B—R, and
f:R—R+,

(ii) Definefby f(z) = |2|,forzeC. Then, with increasing precision,
we have f:C—~C, f:C—+R, and f:C—»{weR|z > 0}

Bijective maps
Let f: X — Y. Then f is called injective if f(z,) = f(z,) implies
x; = X, for every x;,z,€X. If the range of f is the whole of Y,
then f is called surjective. A mapping which is both injective
and surjective is called bijective.

The terms ‘one-one’, ‘onto’ and ‘one-one correspondence’ are some-
H
times used instead of ‘injective’, ‘surjective’ and ‘bijective mapping’
respectively.

Example 6. f: R——>{xeR|x 0}, defined by f(z) = 2? is surjective
_ but not injective. The same prescription for f, but with f: R+ R+,
is bijective. e

Inverse function

Letf: X — Y bebijective. Since f is sw'_yectwe ifyeY then there
exists e X such thaty = f(x). This x is unique, since f is injec-

" tive. Hence there is an inverse function g:Y X such that
9(f(x)) = =, for all zeX, and flgy)) =y for all ye Y. It is
usual to write g = f-1.



8 BASIC SET THEORY AND ANALYSIS

Example 7. f: B->R*, defined by f(z) = ¢, is bijective. The inverse
f~1:R*-> R is denoted by log.

Equivalent sets

Sets X, Y are called equivalent (written X ~ Y) if and only if
there exists a bijective map f: X Y. We note that ~ s an
equivalence relation. For example, X ~ X since the map
f:X X, given by f(z) = x, is a suitable bijection.

Example 8. (i) {1,2,8} ~ {1,8,55; {2,4,6,..} ~ Nand N ~ Z.

(i) {1,2}is not equivalent to {1,2, 3}. :

(iii) The interval (—1,1) in R is equivalent to R. A suitable
bijection is f(z) = tan (7x/2). ‘

Countable set

A set is called countable if and only if it is equivalent to N or to
a subset of N. Otherwise it is called uncountable. In case the set
is equivalent to {1,2,...,n} it is called finite, with n elements.

Examples of countable sets are N, Z and Q. The set R of real num-
bers is uncountable (see Exercise 12). It is clear that any subset of a
countable set is countable. Also, if 4, is countable for n=1,2,...,
then U {An[néN} is countable, i.e. a countable union of countable sets
is countable. To ‘count’ the elements of U4, we proceed as follows.
Let A, = {@p1, Opgs --- 1, 0 = 1,2,.... Write

{@11 B1g, Aoy, O3, Tozs Uays Fags P,y - 3

Then this set is countable and is the union of the 4, provided we do
not allow repetitions. For example, if

A, ={2,3,4,5,6,...} and 4,=1{2,4,6,810,..}
then our scheme gives 4, U 4, = {2,8,4,5,6,8,7,10, e
Example 9. Let 4, = {m/njmeZ}, n=1,2,.... Each 4, is count-

able, since Z is countable, and U4, = Q. Hence @ is countable.
Thus @ is equivalent to N, even though N is a very ‘thin’ subset

of Q.
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Image and inverse image

Let f: XY, and let A < X, B< Y. Then the image of the
set A wnder the map f is defined to be f(A) = {f(x)|xcA}. The
inverse image of Bis defined to be f~X(B) = {z|xe X and f(x) e B}.
Note that f~2(B) is a subset of X ; it is not necessary that f should
be bijective in order that we may write f—1(B).

The basic properties of image and inverse image are now given.

Theorem 1. Let f: X - Y, and suppose {4,} is a class of subsets of X
and {B,} is a class of subsets of Y. Then

(i) A, < Adgimplies f(4,) < f(4p);
(ii) B, = Bjimplies f~4(B,) = f~(Bp);
(iif) f(Ud,) = Uf(4,);
(iv) flnd,) = nfd.);
(v) fHUB,) = UfB,);
(vi) f7UnB,) = nf™B,);
(vii) 4, < f7f(4,));
(viii) f(f~Y(B,)) = B,.
Proof. As a sample we prove‘ (iii). Let yef(ud,). Then y = f(x), for
some z€U4,, i.e. y = f(x) for ze4,, some a. Thus yef(4,) = uf(d,).
Conversely, if yeUf(4,) then yef(4,) for some o', so y = f(x),
where x4, < U4,. Hence yef(ud,). This proves (iii). The other

results are left as exercises. One should observe the difference between
(iv) and (vi).

Composition of functions

Let f: XY and g: Y —Z, where f, g are any functions and
X, Y, Z are any sets. Then we define the composite (or product)
SJunction gf : X - Z, by (gf ) (x) = g(f()), for each xeX.

A composite function is obviously what is called, in elementary
calculus, a function of a function.
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Partial-order relation

Let X be a set. Then a partial-order relation on X, denoted in
general by <, is a relation which is: (1) Reflexive (i.e. <z for
each zeX). (2) Transitive (i.e. x <y and y <z imply x<z).
(3) Antisymmetric (i.e. <y and y <z imply x = y).

A total-order relation, <, is a partial-order relation with the extra
property that for any z, y, either 2z <y or y <=.
A partially ordered set is just a pair (X, <), consisting of a set X
and a partial order on it. Similarly for a totally ordered set.

Example 10. (i) Let &/ be any collection of sets. Then the set inclusion
< is a partial order on . It is not in general a total order on .
(ii) The ‘natural’ total order on E, the real numbers, is of course <.
(iti) Define < on N by saying that z <y if and only if 2 is an
integer multiple of y. Then < is obviously a partial ordering of N.
Tt is not total. For example, 3 is not an integer multiple of 2, nor is
2 an integer multiple of 3. :

Let (X, <) be a partially ordered set. An element aeX is called
maximal if and only if @ < z for ze X implies = a. An element be X is
called minimal if and only if z < b for ze X implies z = b.

Suppose 4 = X. An element M X is called an upper bound for 4
ifand only ifx < M forallze 4. Similarly, me X is a lower bound for 4
if m <« for all ze 4.

Example 11. Let X be a non-empty set and let P(X) denote the class
of all subsets of X (one calls P(X) the power set of X). Then P(X) is
partially ordered by set inclusion. If o is any class of subsets of X,
then U {4|4 e/} is an upper bound for & and n{4|4 e/} is a lower
bound for . ~ '

In order to prove various important results in several branches of
mathematics it has been found necessary to invoke a fundamental
axiom of set theory known as Zorn’s lemma. We state this now and
make some comments on it after.

Zorn’s lemma

Let X be a partially ordered set with the property that every
totally ordered subset has an upper bound. Then X contains a
maximal element.
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There are just two places in this book where we need to use this
axiom. In chapter 3, section 2, we employ it to prove that every linear
space has a Hamel base. Zorn’s lemma is again used in the proof of the
important Hahn-Banach extension theorem (chapter 4, section 5).

The intuitive meaning of Zorn’s lemma does not seem to be immedi-
ately apparent, and the reader is asked to accept it as an aziom of set
theory, which is vital if certain results of an existential type are
desired.

We remark that it has been proved that Zorn’s lemma is equivalent
to two other axioms of set theory: (1) the axiom of choice, (2) the well-
ordering principle. For our purposes, Zorn’s lemma is, for technical
reasons, the best axiom to adopt. Those interested in the equivalence of
the three axioms should consult P. C. Suppes’ book, which is listed in
the bibliography.

Exercises 1

1. Prove that the set equation (AnB)UC = 4 n (BUC) is valid if and
onlyifC< 4. '
2. (i) Show that {zeR|e* =0} = &.
(ii) Determine {xe R|e® = —1} and {zeCle* = —1}.
3. (i) Let 4, = («,0), the open interval with left-hand end point «,
viz. 4, = {ze R|z < a}. Prove that

U{4.|zeR} = R.
(if) Let I, = (0, 1/n). Find (1 I,.
n=1

4. For any class of sets {4,} and any set 4, prove that
AU(ndy) =n(4U4,),
An(UA4,)=udnd,).

5. Prove that (4N B)xC = (4 xC)n (Bx 0), for any sets 4, B, C, where
x denotes the Cartesian product.

6. If (2,9), (u,v) are ordered pairs, prove that (z,y) = (u,v) if and only if
z=uandy=mov. '

7. Show that the relation < defines a relation on R, which is transitive
but neither reflexive nor symmetriec.

8. Let & = (x,), ¥ = (y,) be sequences of real numbers. Define = ~ y to
mean %, —¥,->0. Prove that ~ is an equivalence relation and describe
the equivalence class which contains the sequence (1,1,1, e)

9. Let ~ be an equivalence relation on a set X. Prove that B, = B, if and
only ifx ~ y, and that B, B, = @ if B, + E,.

10."Find which of the following relations are functions:
(i) {(2,1),(1,2), (Queen,1), (Bishop, 2), (Queen, 3)},
(i) {(z.e) [2€C), (i) {(e52) |z€C}.
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1. (i) Leta,beR and definef(x) = aw+b. Prove that f: B R is bijective
if and only if @ = 0. Illustrate graphically.
(ii) Leta,b,ce R and definef(z) = ax?+-bx+con R. Find the necessary
and sufficient conditions for f to be bijective.

12. Let S denote the set of all sequences of 0’s and 1’s. Thus s& S means
that § = (sl, 8,, ...), where 8, is either 0 or 1. Prove that § is uncountable
by assuming otherwise, and ‘counting’ § as {s®,s®,...}, where
80 = (8,60, ...), 5@ =(sP,sP,...), ete. By suitably altering the
‘diagonal’ “elements 89, s, 8‘3‘ ... it is easy to construct a sequence
8€f such that s s(") for any neXN. This contradicts the supposed
countability of S.

Deduce from the uncountability of S that the set R of all real numbers
is uncountable. As a hint think of the elements of B expressed as
decimals.

18. Let (a,b), @ < b, be an open interval in R. Prove that (a,b) ~ (0,1).
Hence show that (0,1) ~ R, in the sense of set equivalence.

14. Find whether or not the set of all irrational numbers in R is countable.

15. Define f: R—R by f(z) = 2% Find f((1,2)) and f((1,4)). Compare
with theorem 1 (vii).

16. Prove theorem 1 in its entirety.

17. Prove that f(4 n B) = f(4) nf(B) if and only if f is injective.

18. (i) Let &/ ={4, g}, where 4+ &. Is & totally ordered by set

inclusion?
(ii) Let &7 be the collection of all subsets of the set {1 2}. Show that
set inclusion is not a total order on .

2. Real and complex numbers

In this brief section we collect together some of the basic ideas con-
cerning numbers, sequences, limits and series. It is expected that the
reader will already be fairly familiar with most of the concepts. All we
wish to do is to remind him (or her) of the fundamentals. It will be
clear that this section does not provide a course of elementary analysis.

The real number system R may, as is well known, be constructed
from the rationals @, which in turn may be constructed from the
positive integers N. Though rewarding, the task is long and arduous,
and it is common practice to take a more simple-minded approach and
define R as a totally ordered field which satisfies the axiom of the upper
bound. A totally ordered field is a field, on which is defined a total order
relation < (see chapter 1, section 1), such that x<y implies
z+2z<y+z, and also z <y and 6 <z imply zz <zy. Here 0 denotes
the zero element of the field. The rationals @ form a totally ordered
field under <, but @ does not satisfy the axiom of the upper bound,
which is the essential feature of E,
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The axiom of the upper bound for R, sometimes called the complete-
ness axiom (see chapter 2, section 2 in this connection), may be stated
as follows: Every nonempty set of real numbers which is bounded
above has a real supremum (or least upper bound). In detail, if § + &,
S < R and s < H for all se§ and some HeR, then there exists M R
such that (i) s < M for all se§, and (i) given any ¢ > 0, there exists
s=s(e)eS such thats > M —e. Wewrite M =sup S, or M =sup {s|seS}.

From the axiom of the upper bound it readily follows that if § + &,
S < R, then §has a greatest lower bound, inf S, whenever S is bounded
below. .

The whole development of real variable theory, and hence a great
part of all analysis, depends crucially on the axiom of the upper bound.

If we now take R for granted we may easily construct the field C of
complex numbers. We define C as R x R, with field operations given by

@y)+@"y) = @+’ y+y)
and (z,y) (@', y) = (xz’' —yy', 2y’ +yx').
We agree to identify (z, 0) with the real number x, since
(%, 0)+(2",0) = (w+2',0) and (z,0)(,0)= (xz’, 0).
Writing ¢ = (0, 1) we thus have i = {.4 = — 1. Hence, if z = (z,y)eC,
then z = z+4y. It turns out that C cannot be made into a totally
ordered field (see exercises 2, question 2).

Now we turn to sequences in 0. A complex sequence z is a function
#: N—C. Thus with each ne N we associate a complex number z(n);
written conventionally as ,. Also, we write

&= () = (2,2, ...),

using round brackets to avoid confusion with a mere set.

Bounded sequence

z = (x,) s called bounded if and only if there exists M > 0
suchthat |x,| < M for allneN. The set of all bounded seguences
is denoted by 1.

Convergent sequence
= (x,) is called convergent (with limit 1) if and only if, for
“every € > 0 there exists N = N (e) such that |z, —1| < ¢, for all
n > N. Wewritex,—1 (n—>00), or limz,, =, and denote the set
of all convergent sequences by c.
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Upper and lower limits

If zel,, is a real sequence, then we define the upper and lower
limits of x as
limsup#, = inf;>; (SUP,>,2a),

lim infmn = SUPz>, (infnkkxn)'

Since x is bounded, lim sup z,, and liminfz, are (finite) real numbers.
From their definition one finds immediately the following properties

(z,y€ls): )
liminfw, +liminfy, < liminf(z,+y,)

<
< liminfz, +limsupy,
< limsup (2, +,)

< limsupz,, +limsupy,,.

It is also clear that z, < y,, for all n, implies limsupx, < limsupy,
and liminfz, < liminfy,.

Cauchy sequence
z = (x,) s called a Cauchy sequence if and only if
|0~ @] >0 (m, n—>c0),
i.e. for all € > 0, there exists N = N(e) such that |z, —x,| < €,

for all n, m > N. We denote the set of all Cauchy sequences
by ¥%.

The relation between ¢, € and [, is given by

Theorem 2. ¢ = % < I, the inclusion being strict.

Proof. That ¢ = € < I, with & < I, strictly, is trivial. What is note-
worthy is that ¢ < ¢. This property, through the properties of lim inf
and lim sup, stems from the axiom of the upper bound. In fact it can
be shown that & < ¢ is equivalent to the axiom of the upper bound.

To prove ¥ < ¢, we consider real sequences. The extension to
complex sequences is immediate, on observing that

|Bl(z)| < |2| < |BUz)|+ [Im(z)],

where z = z+iyeC, z = Rl(z), y = Im(z). Now let (x,)e%. Then
|@p— 2] < 1, n,m > N(1), whence |z,| < L+ |zy[, n > N; thus zel.,.



REAL AND COMPLEX NUMBERS 15

‘Since z is a real sequence, lim sup z,, and lim infz,, exist. For all¢ > 0,
there exists IV such that

(1) =, <z,+e, n,mz=N,
(2) =, > z,—6, n,m=N.
Fixm > N and take limsup,, in (1), liminf, in (2), finding

limsupz, < ,+6, liminfz, >z, —e.

Hence 0 < limsup#, —liminfz,

< 26,
and since ¢ is arbitrary, we have limsupz, = liminfz, =, say. It
follows readily that z, 1.

The fact that € < ¢ is sometimes called the Cauchy principle for the
complex numbers. The idea of Cauchy sequences converging appears
in generalized form in chapter 2, section 2, where we discuss complete
metric spaces. . _

As is well known, the theory of infinite series is extremely im:
portant in analysis. Here we observe one or two simple things ¥hich
we will need later, and establish notation. There is considerable
confusion as to what an infinite series actually is. Everyone knows
that it does not really matter, as long as one makes no blunders in
actual manipulations. However, while we have the opportunity we
shall define a series (of complex terms) to be a pair of sequences (g, s),
where a = (a,) = (a,,a,,...) is given, and s = (s,), is related to a by
8, = @y +ay+ ... +a,. Usually we write, as is conventional, Xa, instead
of (@, s) and speak of the series ;. Here our convention is that & runs
from 1 to ‘infinity’.

By this definition of series, a convergent series ought to be defined
as a pair (a,s) such that sec. Then the set of all convergent series
would be {(a,s)|sec}. However, by well-established convention we
define the set y of all ‘ convergent series’ by

v ={a = (a)|sec}
= {a| Za;, converges}.

By a familiar abuse of language we denote by Za,, the sum of the series
Zay, ie. Za, = lims,, when acy. A series Zay is called divergent if
and only if ag ~7. ’

"Using theorem 2 we see that aey if and only if, for every e > 0,
there exists IV = N(¢) such that
n+p

PN

k=n

<e foralln > N,andforallp > 0.
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This alternative criterion for aey is known as the general convergence
principle for series. Taking p = 0 in it we see that aey implies a,—0,
i.e. v < ¢,, where ¢, denotes the set of all sequences converging to 0.
A series Za,, is called absolutely convergent if and only if 2 |a;| con-
verges. We usually write this as 2 |a,| < co.
We define the set [, of all ‘absolutely convergent series’ by

I, ={a = (a) |2 |a] < o}

The general convergence principle shows that I, =y, so that
altogether we now have the inclusions [, cy € ¢y cc =% <1, all
inclusions being strict.

It may be asked why we have used the notation [, for the bounded
sequences and I; for the absolutely convergent series. The reason is
this: define for 0 < p < 0,

1, = {a = (@)| gl < o).
Then I, is the case p = 1 of [,. The set of sequences [, will prove to be
of interest later in this book. The case p = oo is still somewhat isolated.

However, we may observe that ael, is equivalent to (Z]a,|?)U? < co.
It can then be shown that if a€l, for some p > 1 then

lim (Z]a;,|?)¥P = sup |ay|.
P-r0

But ael,, is equivalent to sup |a;| < o0, so that I, may be regarded as
the limiting case of I,. This should explain the notation I, and 1, at
least with regard to 1 and co. The reason for the / has not been con-
sidered as only a historian would be interested.

Exercises 2

*1. (i) Assuming the axiom of the upper bound for R, prove that every
nonempty set of real numbers which has a lower bound has a greatest
lower bound.

¢ (i) Let x,yel, be real sequences. Prove that

infx,+infy, <inf(z,+y,) <sup(z,+y,) <supz,+supy,
and give an example where strict inequality holds throughout.
- (iii) Prove that
lim sup z, = lim; (sup,s z2,) and liminfz, =lim (inf, ; ,2,)
and deduce that liminfz, < limsupa,.
(iv) Prove that limsupz, = lif and only if, for every ¢ > 0 there exists
N = N{(e) such that x, < I+ for all » > N, and z,, > [—e for infinitely

many 7.
(v) Prove that z,~1if and only if lim infx,, = limsupz, =L
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-2. We know that C is a field. Assume that C is a totally ordered field, under

a total order <. By considering ¢ and 0, under <, derive a con-
tradiction.

3. (i) Prove that the limit of a convergent sequence is unique.
(i) Show that c < ¥ < I, and that ¥ < 1, is a strict inclusion,
(iii) Definex by #, = 141+41/2!+...+1/n!. Use the axiom of the upper
bound to show that zec. Prove that the limit of the sequence is not
rational.

4. (i) Show that aey if and only if r = (r,)€c,, where r, = 3 a,.
k=n

(ii) Show that the inclusions I, € y = ¢, < ¢ < I, are all strict.
(iii) Suppose limsup |a,|Y" = I. Prove that X |a,| < w0 ifl < 1, and Za,
divergesif{ > 1. For the case I = 1, give examples to show that Za, may
converge or diverge.
5. Suppose that X |a;|? < o, for some p > 0. Prove that T |a,|? < oo, for

g > p, and show that

Hm (I |a)?)¥? = sup |ay.

D>

3. Sequences of functions, continuity, differentiability

As in section 2, we attempt to survey rapidly the basic concepts
mentioned in the title of this section.

Later in the book we shall be generalizing the familiar complex
variable concepts of continuity and analyticity of functions. We now
recall these, and also quote two well-known theorems from complex
variable which will be used in chapter 5.

Let f:8—C, where S is a subset of C. Then fis said to be continuous
at z el if and only if, for every e > 0, there exists & = 8(e, 2,) such that
2€8, [z —2z| < 8imply | f(2) —f(z)| < €. This is written as f(z) >f(z,) as
2>y - :

It is usual to define analytic functions on domains, i.e. open con-
nected sets in C, rather than on mere sets. Thus f:D—+C, D being
a domain, is analytic on D if and only if there exists '

hi—>0

for every zeD and z+heD. It is a familiar, though remarkable, con-
sequence of this definition that the functions f’,f”,...,f®, ... are all
themselves analytic on D.

A function which is analytic on the whole plane C is called an

* integral function. Liouville’s theorem states that a bounded integral

function must be a constant—a generalized version of this theorem is
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proved in chapter 4 and used to prove the celebrated Gelfand-Mazur ‘
theorem of chapter 5.

Now we quote, for reference, the theorems of Cauchy and Morera
(see Ahlfors, 1953).

Cauchy’s theorem. Let f be analytic within and on a simple closed
path T'. Then f f(z)dz = 0.
r :

Morera’s theorem, Let f be continuous on a domain D and suppose
f flz)dz = 0 for every simple closed path I'in D. Then f is analytic
r S

on D.

Tt frequently happens that a sequence we are examining for con-
vergence depends on a parameter, for example (f, ), where f,(2) = 27,
zeC. In general we consider a sequence (f,,(s)) of functions f,,: §—+C,
n=1,2,..., where § is an arbitrary set. We say that f,—f (- 00),
pointwise on 8, if and only if £, (s) > f(s) (r—o0), for each point seS.
In detail this reads: for each se8 and for every € > 0, there exists
N = N(g,s) such that |f,(s)—f(s)] < e, for all n > N. We call f the
pointwise limit of (f,(s)) on S.

Example 12. Define f,(z) = 2 on § = [0, 1]in R. Then f, defined by
f(z) = 00on[0,1),f(1) = 1, is the pointwise limit of (z*) on [0, 1]. Note
here that although each f, is.continuous on {0, 1], the pointwise limit
is discontinuous on {0, 1], though only at one point.

If f,—f (n—>o0), pointwise on §, and it happens, as it may, that
N{(e, s), which occurs in the detailed definition, is in fact free of s, then
we say that f, —f (n->0c0), uniformly on S. Explicitly, f, —f (n->c0),
uniformly on 8, if and only if, for every e > 0, there exists N = N(e),
depending only on € and not on s, such that |f,(s) —f(s)| < ¢, for all
n > N and for all se8. '

Example 13. Define f,(2) = (2—n) on the imaginary axis. Then
fru=>0(n—00), uniformly on this axis. For |f,(iy)| < %, foralln > 1
and for all real y. Hence |f,(iy)| < €, whenever z > 1/e = N(e), for all
real y.

It is clear that if f, —f (n—00), pointwise on S, then f,, > f (n—+o0),
uniformly on 8, if and only if

sup |fa(8)=f(s)] >0 (n—>o0).
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The following theorem, which expresses the Cauchy principle for
uniform convergence, is often useful. '

Theorem 3. Let f,:8~C, n=1,2,.... Then (f,) is uniformly con-
vergent on S if and only if, for every e > 0, there exists N = N (e), such
that | £,(s) —fu(s)| < €, for all myn > N and for all se8.

Proof. If f,,—f (n—o0), uniformly on S, then it is trivial that ( fn) is
a uniform Cauchy sequence, i.e. |f,(s)— fn(8)] >0 (m,n—>00), uni-
formly on 8. Conversely, for each seS, (f,(s)) is convergent by
theorem 2. Suppose then that f,,(s) - f(s) (m—>0), for each seS. Since
limm lfn(s) —fm('s)l = Ifn(s) -—f(S)l, foreachn, wehave [fn('s) “"f(s>l < 6./2
for each se§ and every n > N(¢/2). Hence

sup |fas) = f(8)] <6,

for every n > N(e¢/2), whence f, — f (n->00), uniformly on S.

Two of the main benefits which stem from uniform convergernce are
given in

Theorem 4. (i) Let each f,:8—C be continuous on 8 < C. If
Ju=>F (n—>c0), uniformly on 8, then f is continuous on S.

(i) Let T be a rectifiable Jordan arc in C, with length I. Suppose
Ju:T'=C s continuous on I' and that Jfo—>T (n—>00), uniformly on I.
Then

f Jo(?)dz—> f fR)dz (n->o0).
r r

Proof. (i) Take any z,z,e8S. By uniform convergence, there exists N
such that |f(z) —fy(2)| < e, |fy(zo)—f(zo)| < €. Since fy is continuous
ab 2y, there exists § = d(¢, 2,) such that [z—z,| < & implies
|fn(2) —flzo)| < e

Hence, by the triangle inequality, if |z —z,| < 6, then | f(z) —f(z,)] < 3¢,
so f is continuous at any z,e8.

(ii) By part (i), f is continuous on I', whence all the integrals
which appear exist. Since [fa(z)—f(z)] <€, for all zeT" and for all
n > N, we have, for such »,

[ reraa- [ECE

which proves (ii).

: A<,

fal2)=f(2)

< sup
zel
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‘With regard to uniform convergence of series of complex-value
functions, we define Zf,(s) to be uniformly convergent to f on a set £
if and only if each f;,: § —C and

k§ Ju(s)=f(s) (n—>o0), uniformly on §.
=1

A crude but useful test for uniform convergence of series is

Theorem 5 (Weierstrass. M-test). Let f,:8->0, SM <0 an
|f2(8)| < M, for allk and for all se 8. Then 2f, and Z | f,| are uniforml,
convergent on S.

Proof. Forn > 1,p > 0, and all sel,

n+n
En:' Jils) Ju(s)

The result follows from the general convergence principle for serie:
and theorem 3.

n+p

< X

n

n+p
<3 M,
n

Example 14. Xz*/n? is uniformly convergent on |z| <1; for
[z7/n?| < 1/n?on |z| < 1, and 21/n? < oo.

Exercises 3

1. In example 12, section 3, prove that the convergence of " to f is point-
wise but not uniform. Prove that the convergence is uniform on [0,41.

2. Define f,(z) = (1+nz)~1 on [0, 1]. Prove that (f») converges pointwise,
but not uniformly on [0, 1]. Show that Zfp(2) -0 (n—>o0), uniformly on
[0,1].

3. Define f,(z) = 2(1+nx?)-! on R. Prove that Jn=0 (n—00), uniformly
on R. Discuss the validity of the equation lim, f,(x) = 0, for z& R.

‘4. Let p > 1. Prove that Zzk~?(1 +k|2|%)~! converges uniformly on C and
that the sum function is continuous on O.

5. fa:{z| o] < 1}>C, n=1,2,..., and is analytic. Also, Jo=>f (n—>00),
uniformly on {z] |2| < 1}. Use theorem 4 (ii), Cauchy’s theorem, and
Morera’s theorem to prove that f is analytic on {z| 2| < 1}.

8. Prove that the set of all integral functions J, such that |f(z)| <1 on C,
and [f(0)| > | f(1)], is empty. ,

7. (Abel’s limit theorem.) Let Za, be convergent with sum s. Prove that
Za,z* converges uniformly on [0,1] and deduce- that TaaF—~s as
z—1~. As a hint write Sn,p = @p¥"+...+a,2?, apply Abel’s partial
summation and obtain |s, ,| <¢, for all 2 > N(¢), p > n and ze[0,1].
Then use theorems 3 and 4 (i).
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4. Inequalities
We now prove some simple inequalities, which will be freely used in
the succeeding chapters.

[1] (The triangle inequality). For any a,beC, |a+b| < |a| + |b].

Progf. Since |RI(z)| < |2|, for any zeC, the result follows on writing
|a+b|2 = (a+Db) (@+0) < |a|2+ |b]2+2]ab|.

la+b] ol , o]

2 <
2 T+]a+8] S T+ja] T T4[7]

for any a,beC.

Progf. Consider f(t) = #(1+¢)"L, for ¢ > — 1. We have f'() = (1+£)2,
for ¢ > — 1, so that f increases. By the triangle inequality we thus have
f(la+b]) < f(]a| +[b]), and

Fal+1p]) = |a| + o] < |a| [o]

T la[+]5] S T+]a] " T<]

[8] Let p>1, 1/p+1/g=1, a > 0, b > 0. Then ab < a?/p+b7/q,
with equality if and only if a? = b9,

Proof. Consider f(f) = 1—A+Aé—#, where A = 1/p and ¢ > 0. Then
f'¢)<0for 0 <t<1andf'(t) >0 for ¢t > 1. Hence f(t) > f(1) = 0,
with equality if and only if ¢ = 1. Thus we have

A< (1=A)+At, for £3 0. 1)
Ifb = Othenab = 0 < a?[p. Ifb > O we put ¢ = @?b~2in (1) and obtain
our result.

[4] (Holder’s inequality). Let p > 1, 1/p+1/g=1, ay,...,a, > 0
and b,,...,b, > 0. Then

n p ( » g,
3wt < (£ o) (2 u) @
E=1 k=1 =1
: n n
Also, > by, < (2, a,c) .maxb,. (3)
k=1 k=1

Proof. Tt is (2) which is known as Holder’s inequality. Inequality (3)
is trivial and may be regarded as the case p = 1 of Holder’s in-
equality.
. To prove (2) let us write

4 = (Zaf)', B = (Zbf)',

2 MEOQ
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where the sums run from & = 1to k = n. If AB = 0 then either 4 = 0
or B = 0. In either case we get both sides of (2) equal to zero. Now if
AB > 0, then by the inequality in [3] above,

o by o ok bF

A'BS pAz’+quf
whence Xa,b;, < (1/p+1/q)AB = AB, which is (2).

Tt is easy to see from the proof that equality holds in Holder’s

inequality if and only if there is a constant M/ such that

ab=Mb for 1<k<n
[6] (Minkowski’s inequé,lity). Let p>1, ay..,a,>0 and
by, <.y by = 0. Then
(Bl +b)eie < (af)e+ (SHR)e,

where the sumsrun from k= 1to k = n.

Proof. The case p = 1 is trivial. Suppose p’ > 1. Then omitting the
subseript &, for simplicity,
Z(a+b)? = Za(a+b)P~1+Zb(a+b)P1
< (SaP)UP (S(a+ b))+ (Sbo)HP (S(a+ )P,
by Holder’s inequality of [4]. Minkowski’s inequality follows immedi-
ately.

6] Let0<p<1,a,..,a, >0andb,,...,b, > 0. Then

n
af + X b%.

n
2 (@p+be)? <
K=1 E=1

o
Rk
RA

Proof. It is enough to prove the inequality (a+b)? < a?+b?, valid
for0O<p<1,a>0,b> 0. To prove this we consider
J@) = 1+7—(1+2)7,

for t > 0. Taking a derivative we find that f(t) > 0, for ¢ > 0, i.e.
(14£)? < 1422, If b = 0 then (a+b)? = a?+b?, and if b > 0 we put
t=afbin (1+1)? < 1417,

Inequalities [1], [5] and [6] yield the following frequently used
results valid for complex a,, b,

(]ag+be[P)P < (Blay|P)P + (Z[b[P)" (2 > 1),
Z{a’k+bk|p < Elaklp—f'zlbklp (O <P < 1).
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Exercises 4

. Let b+ 0. Prove that |a+b| = |a|+b|, if and only if there is a real
constant p > 0 such that a = pb.

n P n
. Let p > 1. Prove that <2 lakl) <P 1Y a7
1 1

. Let 1 <p <0, 1/p+1/g=1. If ael,, bel, prove that ab = (a,b,)el;.
Does abel, when agl;, bel,?
. Suppose 1 < p < 0, acl,, bel,. Write

laf = ( 3 Joulr)

Jo =

Prove that a+b = (2, +b;)el, and that |la+d) < ||+ ]|

. Suppose 0 <p, <1, k=1,2,... and suppose that X |a,|? < oo,
2 |b|? < 0. Prove that X |az+by|? < co and that T |Aa,|? < oo, for
each fixed AeC. ,

. Let ael,, 0 < p < 1. Prove that X |a,| < (2 |a|?)V».



METRIC AND TOPOLOGICAL SPACES

1. Metric and semimetric spaces

In real and complex variable theory there are many results which
depend on the algebraic properties of real and complex numbers.
For example, the study of power series, so fundamental in complex
variable theory, involves the purely algebraic notions of addition
and multiplication of complex numbers to form a polynomial
@+ 2+ ... +a, 2" As well as this, one has, of course, to bring in an
analytic idea by taking the limit (as n—>o0) of such a polynomial to
o
obtain a power series Zoakz". However, there are many results in
Jo=
elementary analysis which do not depend, in any really essential way,
on the-algebraic structure of the real or complex numbers. These
results involve primarily the idea of distance between numbersz and y.

When we come to generalize the concept of distance so that it
applies to the objects in any set we shall not require that the set shall
have any algebraic structure, though in particular sets, such as the
real or complex numbers, there are ‘natural’ distance functions
employed which do use the algebraic operations. As an example of
a basic concept in analysis which is really a metric (or distance) con-
cept we mention the limit [ of a function f at a point z,. The definition
of such a limit uses only the distances between x and z, and between
fl@) and I. From the idea of limit stems the important theory of
continuous functions and convergent sequences.

In this chapter we are concerned with some of the basic theory of
metric and topological spaces, restricting ourselves to essentials and
to those things which will be useful to us in the later chapter on
normed spaces.

Metric spaces form the natural generalization of the space of real
(or complex) numbers, in so far as it is a space with a distance or metric
function. When we have suitably defined a metric space, in a way
which most would agree is completely consonant with geometric
intuition, we shall have results on limits of functions, continuity,
boundedness of sets and convergent sequences, but none, for example,

[24]
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on convergent series. For a series involves addition of elements and in
a general metric space there are no algebraic operations. One does of
course have metric spaces in which algebraic operations are defined—
these are examined in later chapters; for the moment we are concerned
with the most general case.

Topological spaces are a natural and important generalization of
metric spaces. As we shall see later in the chapter the distance function
in a metric space gives rise to & class of sets called open sets and it is
the fundamental properties of these open sets which are used to define
a topological space.

Now we turn to the precise definition of a

Metric space .
A metric space is a pair (X, d), consisting of a nonempty set X
and a metric (or distance) function d: X x X - R such that, for
all z, y, z in X, the following conditions hold,

(M1) d(x,y)=0 ifandonlyif z=y,
(M 2) d(x, ZI) = d(y: :I,‘),
(M3) d(z, 2) < d(z,y)+d(y, 2).

Remarks. (i) A metric function is thus a real-valued function
defined on pairs of elements of X. It is important to notice that d is
necessarily non-negative. For

d(z,y)+d(y, z) > d(, )
by (M3), and the other axioms then give 2d(x,y) > 0, so that

d(z,y) > 0for all , y in X.
(ii) The inequality
|d(z,y) - d(', )| < d@,o")+d(y,y),
which follows readily from the axioms, is worth noting.

(iii) Any subset S of a metric space (X,d) can be regarded as a
metric space if werestrictd to S x 8. Then § isreferred to as a subspace
of (X, d). When a metric J isfixed on a set X we oftenloosely refer to X -
as a metric space, but we should always bear in mind that a metric
space is really a pair (X, d), not just a set X. :

The axioms (M 1)—(M 3) for a metric space are sometimes referred
to as the Hausdorff postulates, after the eminent German mathe-
matician F. Hausdorff (1868-1942).
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Axiom (M 3) is commonly called the triangle inequality, since it is -
the generalization of the geometrically obvious inequality

lz—2| < |e—y|+|y—2|,

valid for complex numbers z, y, 2.
Now we present several examples of metric spaces.

Example 1. Every nonempty set X can be made into a metric space
in a rather trivial way by defining

dz,z) =0 and d(z,y)=1 if z+y.

The axioms (M 1)-(M 3) are easily checked. The metric d defined in
this way is called the trivial metric on X. One could, for example, put
the trivial metric on the set R of real numbers, instead of the usual
modulus metric. But then there would be no real variable theory as
we know it. The use of the trivial metric is mainly in providing
counter-examples to rash assertions and generalizations. ‘

Example 2. Real variable theory is largely the study of R with its
‘natural’ metric d(z,y) = |t—y|. The Hausdorff postulates for a
general metric space really enshrine the essential properties of the
modulus for real numbers.

The natural metric for the complex numbers C is d(z, w) = |z—w)|,
where |2| is the usual modulus for z in C.

Example 3. Let the positiveintegers N = {1, 2, ...} be augmented by
an object co and write N’ = N U {c0}. Define

d(m,n):—l%-—% for m,neN,

for meN,

d(m, 0) = d(co,m) = %

d(o0,0) = 0.

Then it is easy to check that (N',d) is a metric space. Although
perhaps a rather curious metric at first sight, d has the advantage
that oo is actually in N’ when one considers such statements as
‘n—>00’., This point is further discussed in section 4 below, where
we introduce the idea of the limit of a function at a point in a metric
space.



METRIC AND SEMIMETRIC SPACES 27

Example 4. By R”, where n is a positive integer, we shall mean
n-dimensional Euclidean space, i.e. B" is the set of all ordered n-tuples
% = (zy, ...,%,) of real numbers z,, equipped with the metric

0 E
aw9) = (5 @) @yern

The Hausdorff postulates should be checked by the reader—(M 3)
follows from Minkowski’s inequality of chapter 1.
Note that R! = R, the real numbers with the natural metric
d(@,y) = ((z,—y,)? k= le yl"
Some other metrics on the set of n-tuples are ¢ and e:
o(@,y) = max {|z;—y;| |1 <i<n},
elt,9) = 3 7~y

For reference we note the inequalities

oz, y) < < yn.o(z,y),
c(z,y) < e(x, y) < n.c(z,y),
d(z,y) < e(x,y) < 4n.d(z,y)

We may metrize C*, the set of all »-tuples of complex numbers, in
similar ways.

Example 5. (i) Let ¢ be the space of convergent sequences z = (x,)
of complex terms z,. The natural metric in ¢ is defined by

d(x’ y) = Sup,, |xn"'ynl’

where x = (z,,), y = (y,) are sequences in ¢. The function d is well-
defined, since sup ]x —¥n,| < sup |2, | +sup |y,|, which is finite because
convergent sequences are bounded. (M 1) (M 2) are easily checked and
for every =,

|0 — 20| < |2, — Y| + lyn%znl < d(z, y) +d(y, 2),

whence sup |2, —2,| < d(2,y)+d(y, z), which is (M 3).
(ii) In cdefine R
Then from the properties of limit and ‘modulus we readily see that
(M 2) and (M 3) hold. However, (M 1) is not fully valid, for although
d(a: @) = 0 we do not have d(z,y) = 0 implying z = y, e.g. 2, = 1/n,

‘ = Ofor all » > 1. Thus d is not a metric on ¢, though it is nearly so.
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There are many more important examples where this situation arises
quite naturally and it prompts the following definition of a space,
slightly more general than a metric space. :

Semimetric space
A semimetric space (X,d) consisis of a nonempty set Xanda
functiond : X x X — Roalled a semimetric, such thatd(x, x) = 0;
d(z,y) = d(y, x); d(z,2) < d(z,y)+d(y,2) forall z, y, z in X.

The only difference between a metric and a semimetric space is that
in the latter space distinct elements can still be zero distance apart.
In several situations it is immaterial whether we work in a metric or
a semimetric space; usually we deal with metric spaces, since it will
be clear whether or not (M 1) is or is not required in some definition
or proof.

There is a standard method of turning a semimetric space into a
‘metric space, which we now describe. )

Theorem 1. Let (X, d) be a semimeiric space and define x ~ y to mean
that d(z,y) = 0. Then ~ is an equivalence relation on X and if B, is the
equivalence class containing @; B = {E |ve X}, then

p(Ea:’ Eu) = d(x’ ?/)
is well-defined on E x E and (B, p) is a meiric space.

Proof. The proof is simple and is merely indicated. The axioms for
a semimetric space imply that ~ is an equivalence relation, e.g. z ~ ¥,
y ~ z imply d(z,y) = d(y,2) =0 and so, since d is non-negative, we
have 0 < d(z,2) < d(z,y)+d(y,2) = 0, ie. d(x,2) =0, z~ 2 Now we
are defining p on E x E by picking x out of B, and y out of E,. It must
be shown that p is independent of which elements are chosen. Now if
v'eE,, y'cE, then &' ~ &, y' ~ y, s0 that

{cl(a:, y) _d(x': y')] < d(x: x') + d(y’ y')

implies d(z,y) = d(z’,y"). Thus p is well-defined. Finally we must
check (M1)~(M 3) and we take (M1) as a sample. If B, = B, then
xz~y, dx,y)=0, p(B,E,)=0. Conversely, if p(E,, B,) = 0 then
d(x,y) = 0, x ~ y and so E, = E,. We here use the fact that E,=E,
if and only if z ~ y. The check on (M 2)-(M 3) is left as an exercise.
Although the above procedure gives a full metric space, beginning
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with a semimetric space, it is to be noted that this metric space has
rather more complicated elements, viz. equivalence classes, than the
original space. :

Example 6. Those who may be familiar with the Lebesgue integral
should find the following example worthwhile. Let L = L[0, 1] be the
set of L-integrable functions f on [0, 1]. Then

fllf(x)]dx<oo
Jo

and we may define
w.0) = [ fo-gwlds (foeD)

which is a semimetric on L. It fails to be a metric since d(f,g) = 0
implies only that f = g almost everywhere on [0, 1]. By our theorem
we then have f~ g if and only if d(f,g) = 0, i.e. if and only if f=¢
almost everywhere on [0, 1]. Thus L may be regarded as a metric space
whose elements are equivalence classes of functions, where gef,
means that g = f almost everywhere on [0, 1].

Example 7. An important metric space is obtained from the set of
continuous real functions x = z(¢) on the closed interval [0, 1]. Since
the modulus of z is continuous, it is bounded and attains its bounds,
by a familiar theorem of real variable. Thus we put on the natural
metric . ,
d(z,y) = max {|z(t) —y(t)] |0 <t < 1},
‘where x,y are continuous on [0,1]. The metric space obtained is
denoted by C[0, 1]. ,
Another metric on the set of continuous functions on [0, 1] is

1
plas) = [ et -yt0)

where the integral is the ordinary Riemann integral of real analysis.
Unlike the Lebesgue case of example 6 we do here have p(z,y) = 0
implying « = g, i.e. z(f) = y(t) for all ¢ in [0,1]. This depends on
continuity and amounts to the assertion that f = f(t) continuous and

1
[Ciora=o

imply f = 0 on [9, 1]. The proof is an exercise.
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Remark. In examples 6 and 7 we could of course have [, 5] in i)lace
of [0, 1]—gaining little except the notation L[a, b], C[a, b].

Example 8. We now give examples of metric sequence spaces, i.e.
sets of infinite sequences z = (z,,), #,, complex, which are made into
metric spaces in some fairly natural way. As will be seen, the actual
method of definition of many of these spaces almost forces us to
define the metric in the way we do. Where details of the check on the
Hausdorff postulates are not given, the student is advised to supply
them.

The space s. By s we denote the space of all possible sequences
z = (z,). Since s is rather an amorphous collection there is no obvious
candidate for a metric. The following is most popular:

d(z,y) == el 2 z, yes).
R (e o Bt
Thesum runs from 1 to co, which will be our convention when we merely
write X withoutlimits. The factor 2- ensures convergence of the series,
we could have n~? instead. (M 1)—(M 2) are trivial and (M 3)follows from
_la+b o] . [p]
T+]a+d] S T+]a] T T+]5]

of chapter 1.

The space l,. This is the space of all bounded sequences = = (x,))

with natural metrie
d(x: y) = Bup, Ixn" ?/n! .

The spaces c, c,. These are subsets of ,, both having the [, metric,
¢ being the space of convergent sequences and ¢, the space of null
sequences (x,,—> 0). In the space ¢, (but not in ¢) one may actually use
max |, —y,| instead of sup |z, —y,| for the metric. The proof is an
easy exercise.

The space I(p). Unlike the spaces above, this space is of fairly recent
origin and although reasonably simple it has not been fully explored
(see the later chapter on linear metric spaces).

To define I(p) we take a bounded sequence p = (p,) of strictly posi-
tive numbers, so that 0 < p, < supp;,, = H < 0. Then

Up) = {z = ()] T |a [P < o0}
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A natural metric on [(p) is

Az, y) = (B oy —yp[)M,

where M = max (1, H), as we now show. (M 1)-(M2) are trivial and
for (M 3), by the inequality of chapter 1,

|ty + Dy < oy [fe 4 |y, (%)

where £, = p,/M < 1. Now by (+) and Minkowski’s inequality of
chapter 1, since M > 1,

(5 + By PEOT < (g e 0L+ (b ey,

sothat, with a;, = x,—y,, b, = ¥, — 2, wehaved(z, z) < d(z,y) +d(y,2),
which is (M 3).

The space I,. This is a special case of I(p) and one should observe
the different notation. We define 7, as that case of I(p) in which (p;) is
constant and we write p,, = p for all %, as is conventional. No con-
fusion ought to arise between the sequence p = (p;) of I(p) and the
number of p of /,. Explicitly, for p > 0, I, is the set of all sequences
such that X |2;|P < co0. For p > 1 the metric for I, is, since M = p,

dlz,y) = (& [‘”Ic“‘?/klp)l'p-
When 0 < p < 1, since M = 1, the metric is
dle,y) = Z |2, — P

The space l,. This is just the case p = 2 of [, but is of special
importance as we see in chapter 6, since it is the only 7, space which
is a Hilbert space. _

There are many other examples of metric sequence spaces which
are useful in analysis. Some of these will appear in the exercises and
later chapters. :

Finally, we take an example from complex variable theory.
Example 9. (i) Let 4 be the set of all complex functions f analytic
on 2| < 1-and continuous on |z| < 1. By the maximum modulus prin-
ciple we know that |f| has its maximum on the boundary of |2] < 1,
so we define the metric

d(f,9) = max |f(z) - g(z)| = max|f(z)-g(2)],
<1 l2l=1

B

where f, ge4. ¢
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(ii) Let I be the set of all integral functions, i.e. functions f which
are analytic for all finite 2, e.g. polynomials, expz, sinz, etc. If we

ite
. M, = max|f) ~ge)  (0=1,2,.0),
then 20,0) = 2 547

is a metric on I (cf. the space s above). cf Uot) = ComPARE

The above examples should be sufficient to illustrate the general
nature of the metric concept and to show that a very wide range of
sets of interest in analysis can be made into metric spaces in a fairly
natural way. '

Exercises 1
1. In a metric space (X, d) prove that
|d(z,y) —diz’,y)| < dlz,2')+d(y,y).
Deduce that d(z,, ) -0 and d(y,,y) =0 (n—>co) imply
. A&, Yn) > d(2,y)  (n—>c0).

2. Give a detailed check of the Hausdorff postulates for a trivial metrie

space {defined in example 1, chapter 2).
3. Let (X,,d,), (X,,d,) be metric spaces and let & = (21, 2,), ¥ = (¥1,¥,) be
. in the product set X, x X,. Define

d(z,y) = max (dy (%1, ¥1), Do ¥2))-

Find whether (X, x X,,d) is a metric space.
4. Prove that the space s, of example 8, chapter 2, is a metric space.
Show also that

4

supd(z,y) =1,

where the supremum is taken over all elements z, y in s. (Geometrically
this says that the space s has diameter 1.)

5. Let X be the set of all sequences z = (z,,). Write g(z) = min (1, |2|) for
any complex z and define

1
d(x’ y) = Z;b'ég(xn_yn) (x,ye X).

Prove that (X,d) is a metric space and that
sup d(z,y) = %, B
where the supremum is taken over all , y in X. Compare exercise 4
above.
6. Verify that the space of continuous functions C[0,1] of example 7,
chapter 2, is a metric space. Do the same for the spaces 4 and I of

example 9, chapter 2. ‘
7. Prove the inequalities stated in example 4, chapter 2.
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8. Fill in the details that remain in theorem 1, chapter 2.

9. Let v be the set of ‘convergent series’. Precisely, we mean that
¥ = {& = (%), ,€C|Zx; converges}. Prove that (y,d) is a metric space,
with

d(x: ?/) == SUP, (=, ?/EY)

% (Tr—Y2)
k=1

10. Let BV be the set of all z = (z,,) such that

w
2 |y —2,04] < c0. (%)

An z in BV is called a sequence of bounded variation (BV). Use the
defining series condition (%) to define a natural metric on BV ‘Prove
also the set inclusions-

LBV <c -

and show that BV and y overlap but neither contains the other. The
v referred to here is that of exercise 9.

11. Letn be a fixed positive integer and let X be the set of all # x » matrices
A with complex entries:

Gygy eens Byp
Qg oens By
4 =(ay) = "
(s S T ’
Define, forA,BinX y Y
[ar}
d(4,B) = max{[a,,] 1< % <n, l<j<n}

n Hgl
p(4,B) = ma,x{ > las) h <1< n}
=1

Prove that (X,d) and (X, p) are metric spaces,

2. Complete metric spaces

As well as using the idea of a metric on the real numbers one learns
early on in elementary real variable theory that the completeness
postulate for the real numbers is of vital importance for the develop-
ment of the subject. This postulate is usually given in the followmg
form and is called the ‘axiom of the upper bound’.

Completeness Axiom 1 for the real numbers

Every nonempty set of real numbers which is bounded above has
" a real supremum (or least upper bound).

With a view to generalization it is of little use trying to take this
axiom so as to define a type of metric space analogous to the reals.
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For in a general metric space there is no idea of order between the
elements, which is implicit in the above completeness axiom. How-
ever, it can be shown that the following postulate (which is purely -
metric in character) is equivalent to that above.

Completeness Axiom 2 for the real numbers

Every Cauchy sequence (x,) of real numbers converges to a real
number, i.e. if |r,—z,|->0 as n,m->w, where x,eR,
n=1,2,..., then there exists xR such that |z, —xz|->0 as
7 ->00.

We shall model our definition of a general complete metric space on
Axiom 2 for the real numbers. First we must make the obvious
definitions of Cauchy sequence and convergent sequence in a metric
space (X, d).

Cauchy sequence

A sequence (x,) = (21, %y, ...}, Where x, € X for every n, is called
a Cauchy sequence in a metric space (X,d) if and only if

d(z,, x,)->0 (m,n—0),
i.e. for every € > 0 there exists N = N(¢) such that
dx,,z,) <€ forall n,m>N.

The name Cauchy sequence is in honour of the great French mathe-
matician Augustin Louis Cauchy (1789-1857) who may be regarded as
the founder of rigorous analysis. Some authors use the term funda-
mental sequence rather than Cauchy sequence—we give Cauchy the
accolade.

Convergent sequence

A sequence (x,,) in (X, d) is called convergent (to x) if and only
if there exists xeX such that d(z,,x)—0 (n—0). We then
writex = lim z, or x, — x and call x the limit of the sequence (z,,).

There is an obvious danger associated with the notations z = limz,,
and z, - 2. They do not, by themselves, make explicit that con-
vergence is taking place in a given metric space (X, d). We emphasize
that they cannot be taken in isolation—the context must be examined
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to see which metric space is involved. If confusion might arise we shall
usually say ‘x,,->x in the metric d of X’ rather than just ‘z, -2,

The obvious way to avoid all danger is to write something like
limz, = z(X,d) instead of limz,, = «, but most mathematicians seem
to think that this is unnecessary. 4

Also we would emphasize that the limit x of (z,), when it is con-
vergent, must belong to X (see example 10 of this section).

In the definition of convergent sequence we speak of the limit of (z,)
rather than ¢ limit. This uniqueness is shown in the following
proposition.

Theorem 2. (i) 4 convergent sequence has a unique limit.

(i) Hwery comvergent sequence is also a Cauchy sequence, but not
conversely, in general.

(i) If @ Cauchy sequence has a convergent subsequence then the
whole sequence is eonvergent.

Proof. (i) If z,—>z and also x,~>y in the metric d, then by the
triangle inequality (M 3),
0 < d@,y) < d(w,@,) +d(@,,y) >0 (n—>co).

Hence d(z,y) = 0, so by (M 1) we have z = y, i.e. the limit is unique.
Note that if d is merely a semimetric we cannot then conclude from
d(z,y) = 0 that z = 4.

(i) Let (z,) be convergent, say =z,->z. Then, by (M1)-(M3),
which we shall invoke in future without reference,

0 < d(@p, Ty) < Ay, @) + (@, %)
= d(Z,, x) +d(x, ) >0 (n,m->00),

ie. d(z,,,)—>0 (n,m->c0), so that (z,) is Cauchy. The ‘not con-
versely’ part is shown by an example of a metric space which has a
nonconvergent Cauchy sequence.

Example 10. Take X = (0, 1) as a subspace of R, i.e. regard X as a
metric space in its own right with the modulus metric. Then (1/n) is
Cauchy in X but not convergent in X. For

1 1 1 1
| & —f——>0 (B, Mm—>c0),
n om|l mn om

but ‘.(1 [n) is trying to converge to 0, which is not in X. More precisely,
" we know that 1/n—0 in R and that 0 is the unique limit so that no
point of (0, 1) could also be the limit.
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(iii) Let (x,) be Cauchy and suppose (z,,) is a convergent subse-
quence. By this we mean (2,,) = (¥,,,%,,, ...) Where n; < n, < 73 < ...
are positive integers and also that z, > as ko0, in the metric d.
RIS WORATE 0 < U, 2) < At Zay) + 8oy 2)
and we can make the extreme right member of the inequality as small
as we please by takingn and % sufficiently large. Hence d(z,,, z) = 0, so
the Cauchy sequence (z,) converges to the limit of the convergent
subsequence (,,,). ,

We shall find (iii) of theorem 2 useful in the sequel.
Now with completeness axiom 2 for the real numbers in mind we
define a

Complete metric space

A metric space (X,d) is called complete if and only if every
Cauchy sequence converges (to a point of X). Explicitly, we
require that if d(x,, z,,)—>0 (n, m—>c0) then there exists xeX
such that d(z,, z)—> 0 (n—>0).

Example 11. The real numbers R with the usual modulus metric
form a complete metric space. On the usual aziomatic approach to the
reals the completeness is merely an axiom, which is axiom 2 above,
or, if we take instead axiom 1 then axiom 2 may be deduced from it.
If a constructive approach to the reals is taken, starting with the
rationals @ say, then the completeness of the constructed set has to be
proved. Of course @ is not complete with the modulus metric, e.g. the
sequence 1-4,1-41,1-414, ... is Cauchy in ¢ but not convergent in @,
since it is ‘converging’ to 4/2 which is not in Q.

Example 12. Any set X with the trivial metric forms a complete
space. For if (z,,) is Cauchy in X then, on taking ¢ = } in the definition
of Cauchy sequence, we have d(z,, ty,,) < 3 forallz > N = N(}) and
80 &(x,, Ty.q) = 0for such n, whence it is clear that z, -y, asn—>c0.
Thus every Cauchy sequence converges to a point of X, actually a
member of the sequence in this case.

The spaces B™, ¢, ¢,, C[0, 1], s, I, and I(p) of the earlier examples are
all complete metric spaces. The proof of completeness of all these
follows a fairly standard pattern, so we take the space ¢ = c(R) of
real convergent sequences as a typical example.
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Example 13. The space ¢ = ¢(R) of convergent sequences of real
numbers, with d(z, y) = sup; |, — y;|; = (z;), ¥ = (y,) inc, is complete.
For if (™) is a Cauchy sequence in ¢ we have
[ELL

d(z™, ) ->0  (m,n->00).
Note here that each member of the sequence (z™) is itself a sequence:
2™ = (M) = (2,2, ...)ec for each n.

Now for each € > 0 there exists IV such that d(z™, 2™) < ¢, n,m > N,
i.e. sup; |2{” —ai™| < €, n, m > N, and so, a fortiori, |z — ™| < € for
i1=1,2,... and n,m > N. Hence for each ¢ the sequence of real
numbers (2{) = (2,2P,...) is a Cauchy sequence in R, whence by
the completeness of B it converges to x; say, i.e. there exists

lim 2{™ = z; for each 1.
m

Now fix n > N and let m—co in |2{? —2{"| < e to get

|af® — ;| <¢ for each .
Note the blunting of the inequality due to taking the limit. Since ¢
is not dependent on ¢ we now have

sup |2 —z;| < e (n = N), (%)
i

which implies that d(z™,z)~>0 (n—>0o0), where = = (;). This would
seem to be the finish, since it appears that ™ -z in the metric d. How-
ever, we have to go further, since it is possible, a priori, that (z™) is
‘convergent’ to a sequence  which is not in ¢ and so, on our definition,
not convergent at all. The point is that we must show that zec. It is
more convenient to show that x is a Cauchy sequence and once again
use the completeness of B. Now the sequence (z¥))ec and so it is a
Cauchy sequence, whence

|~ < e (1.5 > M)
Consequently, for 7, j > M(¢), we have, by (x)
|z, — | = |o;— 2+ — 2P+ 2V — )|
< diz, a®™) + |2 — 2P| 4 d(a™), )
< 3e,

which proves that x is a Cauchy sequence in R, whence zec.

Completing an incomplete metric space. When a metric space
(X, d) is not complete there is a definite procedure by which it can be
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completed. This procedure actually uses the completeness of the real
line R, so that it cannot be used as it stands to construct R from the
incomplete rationals Q. We should like to show how to construct B -
as a complete metric space from the incomplete space . However,
the construction is quite arduous and is perhaps slightly out of con-
text in a book of the present nature. For a good account of this con-
structive approach to the reals, starting from the rationals see L. W.
Cohen and G.Ehrlich (1963)..

Starting from the completeness of R it is a relatively easy matter to
complete a general incomplete metric space (X, d). The reader is referred
to exercise 2, question 7 for details of the process of completion.

There is one fact that emerges from the completion of @ to R,
which we should mention. It amounts to saying that the rationals are
dense in the reals. This means that, given any real ¢ > 0 and any
real z, there is always a rational ¢ such that |z —g| < ¢, which is to say
that we can get as close as we like to any given real number with a
rational number. The concept of dense for general metric spaces is
given later in the book. "

Exercises 2

1. In a metric space (X, d) prove that the sequence (z,) converges if and
only if every subsequence of (z,) converges.
2. In (X,d) let the triangle inequality be replaced by the axiom ;

d(z,2) < max (d(z,y),d(y, ),

but make the same definition of Cauchy sequence. Prove that (z,) is
Cauchy if and only if d(z,, 2,,,) >0 (n—00).

3. Give an example, in R, of a sequence (z,) such that |z,—a,,]|-0
(n—o0) but such that (z,) is not Cauchy (i.e. not convergent, since R is
complete). Compare exercise 2 above.

4. Prove that the metric spaces B, 0[0, 1], s, I, and I(p) of examples 4-8,
chapter 2, are complete. '

5. A real polynomial ay+a,z+...+a,z" is, as we know, continuous on
[0, 1]. Regard the set P of all such polynomials (of all degrees ») as a
subspace of C[0, 1]. Prove that P is not complete. As a hint consider the
partial sums of the series for exp z and observe that x,—> x in the metric
of C[0, 1] means exactly that z,(f) +z(t) uniformly on [0,1].

6. The natural metric for [, = {z| Z |z,| < oo} is

d(z,y) = z |xn—'yn;'
Since I, < I, we could put on the ‘unnatural’ metric
P(@,y) = supy |%,—Yn|-
Prove that (I;,d) is complete but that (I, p) is incomplete.
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7. Let (X, d) be incomplete. Use the following hints to prove that there is
a complete metric space (Y, p) in which X is isometrically embedded as
a dense subset. Throughout, z = (z,), ' = () denote sequences in X.

(i) =,2’ Cauchy in (X,d) imply (d(z,,z,)) converges in R.

(i) Define p,(x,') = lim,d(z,,2;) on %, the set of all Cauchy
sequences in X. Then (%, p,) is a semimetric space.

(iii) Make (%,p,) into a metric space (¥,p) by using theorem 1,
section 1, chapter 2.

(iv) Let Y, < Y be defined by saying that Ec Y, if B contains a
constant sequence #, = (x,%;,...). Then Y, is isometric to X, i.e.
p(E, B') = d(x,,2}), where E contains z, and £’ contains .

(v) Showthat Y, = Y,i.e. ¥,is dense in ¥ (see section 3 for the ideas
behind the definition of dense set).

(vi) Use (v) to show that (Y,p) is complete. The space (¥,p) of
equivalence classes of Cauchy sequences from X, with its metric p, is
called the completion of (X,d).

3. Some metric and topological concepts

In real and complex analysis the idea of neighbourhood of a point is
important in many connections. For example, the concept of an open
domain in complex variable depends on the notion of neighbourhood.
In E a neighbourhood of a point aeR is an open interval about a,
viz. {z| |x—a| < r} for some 7 > 0. In O a neighbourhood of a point
a€C is an open disc (of radius > 0, say): {z| |¢—a| < 7}. Noting
that only the metric of R (or C) is involved in defining neighbour-
hood we may define the concept quite naturally in a general metric
space:

Neighbourhood (or Open Sphere)
Let acX, where (X,d) is a metric space. Then, forr>0,
S(a,r) = {zeX|d(a, z) < 7}
ts a neighbourhood (or open sphere or open ball) of centre a and
radius r.

The word ‘sphere’ originates in ordinary three-dimensional space
E®. In general metric spaces the sphere comes in various nonspherical
guises and may even be a single point.

Example 14. (i) S(a,7) is nonempty: ac8(a, r).
(ii) InC, 8(0,1)is the open unit disc, viz. {z| |2| < 1}.
(iii) In C[0,1] let 6 denote the continuous function which is
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identically zero on [0,1]. Then 8(f,1) is the set of all continuous
functions lying (strictly) in a band of width 2 centred on the z-axis.
- {~- (iv) Let X be any set with the trivial metric d. If 0 < » < 1 then
8(a,r) = {a}, the set consisting of a alone. If 7 > 1 then S(a,7).= X
the whole space.

Before we further develop ideas involving neighbourhood we wish
to make some definitions which allow us to talk of bounded sets in a
metric space.

Distances; diameter
Let (X,d) be a metric space and A, B subsets of X. Define
d(z, 4) = inf{d(z, a)|acd},
d(4, B) = inf{d(a,b)|ac4d, beB},
d(A4) = sup {d(a,a’)|a,a’ e 4}.
We call d{z,A) the distance befween the point xeX and the

set A, d(A, B) the distance between the sets A and B and d(4)
the diameter of the set A.

Bounded Set

A set A in a metric space is called bounded if and only if it has
a finite diameter, i.e. d(4) < co. Otherwise it is unbounded.

Example 15. (i) If 4 is finite, i.e. has only a finite number of points,
then if is obviously bounded and d(4) = max {d(a,a’)|a,a’ € 4}.

(ii) If 4 = (0,1) < R then d(4) = 1, since |a—a'| < 1 for all a,
a’e 4 and for every e > 0 there are obviously points a, a’€ 4 such that
|a—a’| > 1—~e. Note here that the diameter is not attained, i.e. there
are no points a, a’€ 4 such that |a—a'| = 1.

(iii) If (z,) is a Cauchy sequence in (X, d) then {z,} is bounded.
For there exists N such that d(z,,zy) < 1 for all » > N and for the

restof the n wehave M = max d(z,,zy) < oo, whence d(z,,, zy) < M +1
1<n<N

for all », and so for all » and m we have
d(mn’ xm) d(xm xN) + d( Lons xN) <2M + 2:
whence d({z,}) < 2M +2 < 0.
(iv) ¢, is unbounded, since we can find two null sequences whose
distance apart can be made arbitrarily large, e.g. (0,0,0,...) and
(n,0,0,...) for sufficiently large n.
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(v) Any metric space (X, d), bounded or not, can be made into
a bounded metric space (X, p), where

d(@,y)
14+d{z,y)’

It is easily checked that p is a metric when d is—the triangle inequality
being a consequence of inequality [2] of section 4, chapter 1.

An easier example is that in which p is the trivial metric on X. Of
course, the earlier p is related to d. In fact it is easy to see that a
sequence in X is convergent (or Cauchy) with respect to d if and only if
it is convergent (or Cauchy) with respect to p = d/(1+d).

Now we turn to the concept of open set in a metric space, which is
important in connection with continuous functions and also because
it gives rise to further generalization to topological spaces. We label
open sets by @, from the German Gebiet or region. Closed sets (to be
defined later) are labelled F, from the French fermé or closed.

p(x) y) =

Open set

Let (X, d) be a metric space. Then G < X is called open if and
only if every point of G has a neighbourhood contained in G.
Symbolically, we require that if xeQ then there exists r > 0
such that Sz, r) < G.

In the complex plane, which most find is a particularly suitable
metric space for visualization, the definition of open set is in reason-
able agreement with spatial intuition.

For a general metric space, the fact that an open sphere is so
called correctly suggests that it is an open set:

Theorem 3. S(a,r), where ac(X,d) and r > 0, is open.

Proof. Let xeS(a,r), so that d(z,a) < r. Put v = r—d(x,a) > 0. It
follows that S(z, ") < S(a,r), for yeS(z,»’) implies
' d(y,a) < d(y,z) +d(x,a) < ' +d(z,a) =7, ie. yeS(a,r).
Thus for each point z in S(a,r) there is a sphere S(x,7’) contained
in S(a,r).

Part of the next result shows that certain set theoretic combinations
of open sets are also open sets. This result is particularly important in

that it later provides us with a model for a definition of a general
topological space. ; '
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Theorem 4. Let (X,d) be a metric space. Then

(i) @ and X are open.

(it) T'he union of any collection (countable or uncountable) of open
sels is open. ‘

(ili) T'he intersection of a finite number of open sets is open.

Proof. (i) That @ is open may seem slightly odd, since @ has no
elements. Some authors just define @ to be open to make life easier.
We offer a proof by contradiction which we hope will be acceptable.
Suppose then that @ isnot open. Then the statement ‘every element
of & has a sphere about it contained in @ ’ is false. This implies a state-
ment which begins ‘there exists an element of @ such that...’. The
three dots indicate that we have no interest in the rest of the statement.
We thus have the contradiction we require: ‘there exists an element
of @’ contradicts the fact that @ has no elements. Hence @ must
be open.
X is open since ze X implies e.g. S(z, 1) < X. .

(ii) If zeUG, (a running through some indexing set) then
ze@, for some a and so there exists S(x) = G,. We write S(x) for
S(x,r) when r is of no interest. Hence S(z) = @, < UG,, so z in
the union implies there exists S(x) in the union, whence the union is
open, R

(iii) Itisenough to do this for fwo open sets—then use induction.
Let Gy, Gy be open. If I = G, n G, is empty use (i). When I + o take
zel, so xe@, implies S(z, ;) = @, and also S(z,7,) < G, for some ry, 7,.
Clearly S(z,r) < I, where 7 = min (7, 7,).

Example 16. (i) n{(—1/;,1/i)|i = 1,2,...} = {0} in R, so countable
intersections are not necessarily open (cf. theorem 4 (iii)) since {0} is
not open.

(ii) In B there are many sets which are not open, e.g. {z}, [0, 1],
(0,1].

(iii) In contrast with (ii), if (X, d) is a trivial space, then every
subset of X is open. For if 4 < X, ac4, then S(a,1) = {a} = 4, i.e.
A4 is open.

The interval [0,1] of (ii) above is called a closed interval in
elementary analysis. It is not an open set but this does not mean that
‘closed’ is to be interpreted as ‘not open’. We now wish to use the
word closed to describe certain sets in general metric spaces, not
merely intervalson the line. Observing that ~ [0,1] = (—~00, 0) U (1, o),
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a union of open sets (and so open by theorem 4 (ii)), we see that the
complement of the closed interval [0, 1] is open. This suggests the
definition of

Closed set

A set in (X,d) is called closed if and only if its complement
s open.

By this definition and De Morgan’s laws for complementation we
have

Theorem 5. (i) X and @ are closed, (ii) intersections of closed sets are
closed, (iii) finite unions of closed sets are closed.

Example 17. (i) Every 4 < X, X trivial, is closed. For ~ 4 = X
and so ~ 4 is open by example 16(iii), above. Thus every subset of
a trivial metric space is both open and closed.

(ii) [0, 1) is neither open nor closed in E.

(iii) In any metric space the ‘closed sphere’ {z|d(z,a) < 7} is a
closed set, for it is easy to check that {z|d(z,a) > r} is open.

The concept of closed set is closely connected with the idea of limit
poind. Let S be aset in (X, d) and z a point of X, not necessarily a point
of 8. Then z is called a limit point of S if and only if every neighbour-
hood of  contains a point of § different from z.

The set of limit points of S is denoted by §'.

, Example 18. (i) Let S = (0,1) © B. Then 1 is a limit point of S,
but 1¢8. Also, it is easy to see that §' = [0, 1].

(ii) Let S = [0, 1]U {2} so that, being a union of two closed sets,
8 is closed (theorem 5 (iii)). One sees that S’ = [0, 1], so that § = §".
This last property is true for closed sets in general. More precisely
we have

Theorem 6. A set F in a metric space is closed if and only if it contains
its limat points, i.e. F > F'.

Proof. (i) Let F be closed, so that ~ F is open. If ' = & then
FoF'.If F' + @ take zeF’. Then zeF, for if not then xe ~ F and
so there exists S(x) = ~ F, since ~F is open. But S()= ~F
" contradicts the fact that xzeF".




44 METRIC AND TOPOLOGICAL SPACES
(ii) Let F > F’'. We show that ~ F is open. If ~F = @ then
~ F is open; otherwise take xe ~ F' < ~ F"'. Thus # is not a limit point
of F, whence there exists S(z) < ~ F. Consequently ~ F is open
and F is closed.
We next introduce two further terms which, as we shall see, g1ve
alternative ways of descnbmg open and closed sets.

Interior of a set

Let 8 be any subset of (X, d). The interior 8° of S is the largest
open set contained in S:

8° = UG:

GcS
1.e. the interior of S is the union of all open sets contained in S.

Closure of a set

Let 8 = (X,d). The closure S of 8 is the smallest closed set
containing S: S=nF,

Fo§
i.e. the closure of S is the intersection of all closed sefs
containing S.

There is of course always an open set contained in § and a closed
set containing S, viz. @ and X respectively.
The following result is easily proved and is left as an exercise.

Theorem 7. (i) For any S we have S° < S = 8.
(i) S isopen ifand onlyif 8 = 8°.
(iii) S is closed if and only if 8 = 8.
(iv) S=8u#s.
(v) 8 =T impliesS°<T°and S < T.
A condition for completeness of a metric space may be given in

terms of nested closed spheres. For closed intervals in R the idea is
probably already familiar. First we make a definition.

Nest of closed spheres

A nest of closed spheres is a sequence (S,,) of closed spheres S,
such that 8; > 8, > ... and such that the diameter d(S,)->0
(n—o0).
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If the space X is complete (no holes!) we would expect every nest of
closed spheres to shrink down to a single point, so that NS, + @,
where the intersection is taken over n» = 1,2, .... Precisely, we have

Theorem 8. Let (X,d) be a metric space. Then (X,d) is complete
if and only if every nest of closed spheres has a nonempty intersection.

Proof. We shall not labour the details. The reader should check each
statement. First, let X be complete. Take any nest (S,). Then if z,, is
the centre of S,, we have that (z,) is Cauchy in X. Hence z,,->zcX.
Also, zen®§,. For, take any n. Then #,,z,,,,... are in §,, whence
xel,, where S, is the closure of S,,. But S, = S,, since S,, is closed.

Secondly, let every nest have nonempty intersection. Take any
Cauchy sequence (z,). Determine n, such that d(z,,z,) < §, n > n,.
Let 8, = Sz, 1] = {z|d(x,,,) < 1}. Determine n, > n, such that
A&, Tp,) < 3, n > 1y Let Sy = S[w,,,,3]. Then S, = §;. Thus we
obtain n, <n,<n;< ... and §;,28,>8;>... with d(S,)—>0.
Hence n 8, + @; actually n 8, = {z}, a single point. Clearly =, —x
as k—o0, 80 (x,) has a convergent subsequence. By theorem 2 (iii) we
have z, —xz(n—+c0), i.e. (x,) converges, so X is complete.

The following terms, which depend on the idea of closure, will be
used in the sequel.

Dense set

A subset S of a metric space (X,d) is called dense in X if and
onlyif § = X.

Nowhere dense set

S = X is called nowhere dense in X if and only if 8 contains
no neighbourhood.

Separable space

A metric space (X, d) is called separable if and only if it contains
a countable dense subset.

Example 19. (i) @ is dense in B. For @ « R and so @ < E = R by
_Theorem 7 (v), (iii). We must show now that B < @. Let xeR. Then

1 Sece exercise 3, question 13.
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for every e > 0 there exists ge@ such that [x—g| < e, whence zeQ or -
ze@Q’, so that 2eQ U Q' = @. ‘

(ii) The integers Z are nowhere dense in R. For Z is closed (~ Z
is a union of open intervals) and 50 Z = Z, but it is clear that Z con-
tains no neighbourhood.

Note that ~ Z is dense in R.
(iii) R is separable since @ is a countable dense subset.

Theorem 9. The following are equivalent: (i) 8 is nowhere dense in X ;‘
(ii) 8 has empty interior; (iii) ~ 8 is dense in X.

Proof. We prove as a sample that (ii) implies (i), leaving the others
as exercises.

Suppose that §° = & . Then S contains no neighbourhood, for if it did,
§ > S(a) say, then ae8°, since @ belongs to an open set S(a) contained
in S. But aeS8° contradicts §° = @. '

Many of the concepts that we have defined above depend on the
idea of open set, e.g. closed set, interior, closure, dense set, etc. An
open set itself was defined in terms of neighbourhood which depends
strongly on the metric d. However, if we start with a class of sets
called ‘open’, which we require to satisfy certain properties (to be
laid down shortly) then we may define closed set, interior, ete., exactly
as in a metric space but without reference to a metric. By theorem 4
the class of open sets in a metric space (X,d) is such that &, X are
open, any union of open sets is open and so is any finite intersection.
We shall take these properties as the axioms for a new type of space
and then a metric space will be a special case and those results
depending only on the use of open set will still hold. The precise
definition of this new space is now given.

Topological space
A topological space (X, T is a pair consisting of a nonempty
set X and a class T of subsets of X satisfying the following
axioms:
(T1) geland XeT.,
(T 2) Any union (countable or not) of sets in T is in T'.
(T 8) The intersection of any finite number of sets in T is
mT.
The sets of T' are called open sets and T'is called a topology for X.
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The word ‘open’ should be regarded in a neutral way when one is
dealing with a general topological space. Although the word is used in
a special sense in a metric space it is in general just a word which
describes sets satisfying the axioms (T 1)-(T 3).

Example 20. (i) A metric space is a special kind of topological space,
the open sets being defined as before and (T1)~(T3) holding by
theorem 4.

(ii) Let X be any nonempty set and let 7' be the set of all subsets
of X, including @ . Thus we are agreeing to call every subset of X open.
That (T 1)~(T 3) hold is almost a matter of language; for example, any
union of open sets, i.e. subsets of X, is a subset of X and so is open.
This topology is called the discrete topology for X, since sets consisting
merely of a single point are open. -

(ili) In contrast to (i) the indiscrete topology for any set X+ o
is obtained by taking 7 = {@, X}. Thus in an obvious sense the dis-
crete topology is the finest, and the indiscrete topology the coarsest,
topology on X. . :

(iv) Let X be a three-element set X = {#,y,2} and let
T ={g,X,{z}{y}{z.y}}. It is readily checked that (X,T) is a
topological space. .

(v) Let X be the real line, let T’ be the set of all open intervals
(i.e. intervals of the form (a,b)) and . Then although the ‘open’ sets
of T' are open in the conventional sense, (X, T is not a topological
space, as one sees on examining (T 2).

If d is a metric on X then d gives rise to the class ¢ of open setsin X
and (X, %) is a topological space. Conversely, if a topological space
(X, T) is given it is natural to ask whether there exists a metric which
gives the topology T'. '

Metrizable space

A topological space (X, T) is called metrizable if there exisis
a metric d such that 9 = T, where ¥ is the class of open sets
determined by d. '

Example 21. (i) Let T be the discrete topology on any set X.

Then (X, T) is metrizable, for the trivial metric d is such that ¢ = T'.

This we have essentially proved already in example 16 (iii) above.
(ii) Suppose X has more than one point. Let T' = {, X} be the
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indiscrete topology on X. Then (X, T') is not metrizable. For suppose
it were, i.e. suppose ¢ = T, where ¢ is the class of open sets deter-
mined by the metric d. Then take z, y in X with x + y and determine
S(x), S(y) such that S(z)n S(y) = & (the radius of both neighbour-
hoods may be taken as d(z,y)/2). But we must have S(x) = S8(y) = X,
since S(z), S(y) are nonempty subsets of ¥ =T = {2, X}. Hence
S(x) n S(y) = X = @ and this contradiction shows that (X, 7') is not
metrizable.

In example 21 (i) we used the fact that, in a metric space, distinct
points have disjoint open sets (actually neighbourhoods) about them.
A general topological space with this property of separation is called a

Hausdorff space

A topological space (X,T) is called Hausdorff if and only if
for any x, y in X with z = y, there exist two disjoint open sets,
one containing x and the other containing y.

There are other kinds of separation axioms which define other types
of topological space but is it sufficient for our purposes to know that
any metric space is a Hausdorff space. We shall need very little in the
way of further topological concepts, the main thing we later introduce
is the idea of a compact set (see section 5). In the next section we shall
define continuous and semicontinuous functions and related notions
on topological spaces. The proofs of many results being no harder for
topological spaces than for the more special metric spaces. '

Exercises 3

1. Let R? = {(z,,%,) |7, z,€ R} have its usual metric. Prove that the dis-
tance from the origin to the half-plane {x, > 0} is zero.

2. (ive an example in R of a countable union of closed intervals which is
not closed.

3. In a metric space denote the ‘closed sphere’ of centre a and radius r
by S[a,r] = {z|d(x,a) < r}. Prove that

S(a,r) = Sla,r].
Give an example to show that the inclusion may be strict.

4. Prove theorem 7, section 3, chapter 2,

5. In R use the fact that bounded monotonic sequences are convergent to
prove the nesting principle for closed intervals, i.e. prove that if (/) is
anest, I, = [a,,b,], then NI, % @.(Cf. theorem 8, section 3, chapter 2.)

6. Prove the remaining implications in theorem 9, section 3, chapter 2.
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7. Prove that a closed set is nowhere dense if and only if it contains no
open set.

8. Let X be an infinite set (i.e. X has infinitely many points). Let 7'
consist of @, X and all sets G such that ~ @ is a finite set. Prove that
(X, T') is a topological space.

9. Let X ={0,1) in R. Let 7 consist of @ and all sets of the form [0,a)
where 0 < @ < 1. Prove that (X, 7') is a topological space.

10. Prove that a metric space is a Hausdorff topological space.

11. Let (X, d)be a metric space and define p = min (1, d). Show that (X, p) is
a bounded metric space and that d and p define the same topology (i.e.
% determined by d is equal to ¢ determined by p).

12. Let (X, T) be a topological space and S a subset of X. Show that Sisa
topological space if its open sets are defined to be of the form Sn @
where GeT.

This topology on § is called the induced topology.

13. Let .8 be asetin (X, d) and suppose (z,,) is a sequence of points in § such
that x,~>x, where z€ X. By considering the cases ze§ and x ¢ 8, use
theorem 7 (iv) to prove that z& 8.

4. Continuous functions on metric and topological spaces

In the complex plane C' we know that a function f: C—C is said to
havelimitat z,if and only if for every ¢ > 0there exists 8 = d(¢,z,) > 0
such that 0 < |z—zy| < & implies |f(z)—1| < e. Also, f is said to be
continuous at z, if and only if |z—zy| < & implies | f(2) —f(z,)| < €. The
difference between the two definitions is that  need not be a value of f
in the first definition. .

If we have metric spaces (X, d), (¥, p) and a function f: X+ ¥ then
we say that f has limit [ at 2, X if and only if 0 < d(z, ;) < & implies
p(f(x),l) < e. Similarly, for continuity at z, we require d(z,z,) < ¢
implies p(f(z),f(x,)) < €. In the above we have omitted the form of
words ‘for every € > 0 there exists § = d(¢, z,) > 0’ as we shall usually
do in all that follows. When ¢ and & occur, the form of words will be
assumed to have been uttered. Also, in the limit definition it has to
be assumed that le Y.

There is a special type of continuity which is also useful.

Uniform continuity, . ~
Let (X,d), (Y,p) be metric spaces. Then f: X — Y is called
uniformly continuous on X if and only if for every e > 0 there
exists & = 6(e) > 0, depending only on €, such that d(x,z') < &
implies p(f(x),f(x’)) < €, where x,2" are in X.
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Obviously every uniformly continuous function is also continuous,
but not conversely in general. For example, f(x) = 1/z is continuous
on (0, 1) but not uniformly continuous, as is easily proved. ‘

The essential feature of uniform continuity is that &(¢) depends
only on ¢ and not on any particular ze X as in ordinary continuity.
" On certain types of set, continuous functions are also uniformly con-
tinuous. The idea of compactness will be introduced in section 5 and
we shall see that continuity and uniform continuity coincide for
compact sets. :

Example 21. Let us consider the space (N, d) of example 3, section 1.
Now by f, -1 as n—>00, in R, we mean |f, —I| < ¢ifn > M(e)—we do
not mean |f, —I| < € if 0 < |[n—oco| < 8. This is of course out of line
with our general definition of limit in a metric space. In the definition
of limit of a convergent sequence (f,), the symbol co does not appear
in the condition for convergence of the sequence (f,). As far as
meaning is concerned the symbol oo is totally superfluous—it is an
expressive fiction which we could well do without in elementary
courses of analysis, where many awesome conclusions are drawn from
its mystic properties.

However, we can bring f,—! as n—>oc0 into line with f(z)—1 as
x>, if we put the metric d of example 3.on N'. We would then
require that, for every € > 0, there exists & = d(e) > 0 such that
|fo—1| < e whenever 0 < d(n, ) < J. The last inequality would mean
neN and d(n,o0) = 1/n < 8, which is equivalent to n >d%, or
n > M(e), where M(e) = 6-1. Thus, with the metric d the convergence
of sequences of real numbers has the same formulation as the con-
vergence of functions, and co'no longer occupies a privileged place.

The definition of continuity for a metric space is naturally sug-
gested by the situation on the real line. For a topological space it is
not so clear how we should define a continuous function. To do this
we shall establish an equivalent definition of continuous function on
a metric space which involves only the concept of openness. Then we
use this to define the general case.

Theorem 10. f: (X,d)— (Y, p) is continuous on X if and only if the
inverse image of every open set in Y is open in X.

Proof. (i) Let fbe continuous on X in the e— d sense. We must show
that if G < Y is open in ¥ then f~1(@) is open in X. It may be that
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Y@ = @, whence f~1G) is open. If f~1(G) + @ take any z,ef~YF)
so that f(z,) €@. Since @ is open there exists Sy (f(z,), €) < G. By conti-
nuity of f there exists ¢ > 0 such that xeS (%, §) implies

f(x)ESY(f(xD): 6),
i.e. there exists & > 0 such that Sy(zy, 6) < fHSy(f(,), €)) and this
last set is contained in f~*(@) since f~! is an increasing set function.
Hence z,ef (@) implies that there exists a neighbourhood

8 x (2, 6) = f~HE)
so that f~(@®) is open in X.

(ii) Forthe converse let f~1(&) be open in X forevery open Gin Y.
Take z,e X and any € > 0. Then f~}(Sy(f(x,),€)) is open in X and so
there exists Sx(x,, 6) < fUSy(f(x,), €)), since x, is in this last set.
Hence, given any e > 0 there exists § > 0 such that zeSx(x,,d)
implies f(z)eSy (f(x,), €), i.e. f is continuous in the ¢~ & sense at each
point z,e X. '

Motivated by theorem 10 we now define continuity for functions
on topological spaces.

Continuous function on a topological space

Let X, Y be topological spaces. Then f: X~ Y is called con-
tinuous on X if and only if the inverse image of every open set
in Y is open in X.

Example 22. (i) Let X have the discrete topology andlet ¥ be any
topological space. Then every function f: XY is necessarily con-
tinuous on X. For f~(@), where G is open in Y, is a subset of X and
S0 open.

(i) Let X = {z,y,2}and T = {@, X, {z}, {y}, {=, y}} sothat (X, T
is a topological space. Define f: X - X by f(z) = z, f(y) = 2, f(z) = y.
Then, by considering inverse images of the sets of 7', one finds that fis
not continuous.

. The concept of sequential continuity in a topological space is some-
times useful. If (z,) is a sequence in a topological space X, then we
say that (x,) converges to xe X (written z, ->z) if and only if for every
open set @ containing x there exists N = N(G) such that n > N
implies z,€G.

Let f: X Y, where X, Y are topological spaces. Then f is called
sequentially continuous at a point € X if and only if, for every sequence
z, >z (in X) we have f(z,)—>f(z) (in ).
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Theorem 11. (i) Iff: X Y is continuous on X, then f is sequentially
continuous on X, but not conversely in general. :

@) If X, Y are metric spaces, then sequential continuity on X-
implies continuity on X.

Proof. (i) Take any xe X and any open set G containing f(z). Then
f~Y(@) contains z and is open in X. If z, -, then z, ef~1(Q) for almost
all n, whence f(x,,) €G for almost all , i.e. f(%,) = f(x). Thus fis sequenti-
ally continuous at each point of X. For the ‘not conversely’ part see
exercises 4, question 14,

(ii) Let (X,d), (¥,p) be metric spaces and let f be sequentially
continuous on X. Suppose, if possible, that f is not continuous at some
point ze X. Then there exists ¢ > 0 and z,e8(z, 1/n), forn = 1,2, ...,
such that p(f(x,),f(x)) > €. Hence there is a sequence z, >z (in X)
such that f(z,)->f() (in Y), which is contrary to the fact that f is
sequentially continuous at the point .

The idea of a semicontinuous function will be used in the sequel and
we now briefly describe this object. On the real line the condition for
continuity of a real f at 2, can be split into two: (i) f(z,) —€ < f(x)
if |z—2y <& and (i) f(») < flz,)+e if |x—2o| <. We thus
define f as lower semicontinuous at x, if and only if for every ¢ > 0
there exists & > 0 such that f(z,) —€ < f(z) if |x—=,| < &. Similarly
for upper semicontinuous functions. For a topological space we
define '

Semicontinuous functions

Let X be a topological space and f: X - R a real function on X.
Then f is called upper semicontinuous on X if and only if
FY(—o0,t) is open in X for every real i, i.e.

{zeX|f(z) < t}
is open in X for every real t. A function f is called lower semi-
continuous if —f is upper semicontinuous.

We shall sometimes use the shorter form l.s.c. and u.s.c. to describe
the above.

Example 23. (i) If X = R it is easy to check, after the manner of
theorem 10, that the above definition is equivalent to the original
¢ — ¢ definition of lower (upper) semicontinuity.
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(ii) Let X = I, and define f:l,—~> R U {o0} by

1) = 3 el

Then fis lower semicontinuous on /. In this example we are allowing
f to take the value oo and by convention, if f(Z) = co then f is called
Ls.c. at # provided there is a neighbourhood of Z in which f(x) > A, for
arbitrary A€ (0, c0). To prove our assertion we consider just the case
in which f(&) < oo for Zel,. The case f(Z) = co is similar. Now there
exists N = N(¢) such that

y_ . €
Z lxn"wn-HI > f(x) —‘2_'
1
Take 8 = ¢/4N and let d(z, %) < 0, where d is the metric in [,. Then
N
2N d(z, %)+ 3 | —ZTppa»
1

so that f(x) > lxn—xn+ll > f(i) —€
whence f is lower semicontinuous at any Zel,, for which f(z) < co. It
is not too difficult to show that f is not continuous on /. In fact one
can construct a sequence of elements a®@e!,, such that d(z®,0) = 1/i
for i=1,2,..., where 6 = (0,0,0,...) and such that f(z®) =1 for
i=1,2,.... Thus 20 in the metric of [, but f(z®)->f(0) =0, so
that f is not continuous at 6. The construction of such a sequence
(™) is left as an exercise. :

The next result gives some properties of semicontinuous functions.

Theorem 12. Let f: X — R, where X is a topological space. Then
(i) fis continuous if and only if it is both l.s.c. and w.s.c.
() f,gls.c. (w.s.c.) imply f+gls.c. (u.s.c.).
(iii) f, w.s.C., fr, = [ on X, fro—>f on X imply f w.s.c.
(iv) f, w.s.c., f,—>f uniformly on X imply f u.s.c.

Proof. We prove (iii) as a sample. From f,, > f,,, and f,, —f we infer
that f = inff,. By hypothesis, for each =, {z|f,(x) <} is open for
every real {. Also, we have

Gl <8 = 0 lfe) <4, (1)

for every real ¢. For if « is in the union in (1) then f,(x) < ¢ for some n
and so f(z) < f.(x) < ¢, whence wefz|f(x) < }. Conversely, suppose

3 MEO
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fla) < t.Since f = inff, it follows that there exists » such that f,(z) < ¢,
whence z is in the union in (1). Thus, since {z|f(z) < ¢} is a union of .
open sets it is open, whence f is u.s.c. :

The rest of the theorem may be proved by similar methods and is
left as an exercise.

Earlier we defined f: X~ Y to be continuous if the inverse image
f~1@) was open in X when G was open in Y. If a mapping (or
function) f: X — Y has this sort of property for direct images it is
called an .

Open mapping
Let X, Y be topological spaces. Then f: X - Y is an open
mapping if and only if f(G) is open in Y for every open G in X.

Functions which take open sets in one topological space into open
sets in another topological space, and conversely, are particularly
significant. They are called

Homeomorphisms

Let X, Y be topological spaces. Then f: XY is called a
homeomorphism if and only if it is bijective and bicontinuous.
The latter means that both f and f~1 are continuous.

Equivalenily, f is a homeomorphism if and only if it is
bijective, continuous and open.

If f: X - Y is a homeomorphism then X and Y are equivalent as
sets (f is bijective) and since f and f~! preserve open sets we may
regard X and Y as equivalent fopological spaces, i.e. they may be
thought of as indistinguishable from the topological point of view.

We say that two topological spaces are homeomorphic if there
exists a homeomorphism between them. To be formal, if we define
X ~ Y to mean that X and Y are homeomorphic then it is easy to
show that ~ is an equivalence relation on the class of all topological
spaces.

Example 24. The open interval (0, 1) and the whole real line E are
homeomorphic. A suitable homeomorphism is given by

201

f(x) == m, ’ xe(O, 1).



CONTINUOUS FUNCTIONS 55

In fact f is differentiable, not merely continuous on (0, 1) and strictly
decreases, whence it is injective. Also, if yeR then the equation
y = f(x) is readily solved for x and one sees that f~ is continuous on R.

Example 25. (B*,d) and (B*,c) of example 4, section 1, chapter 2,
are homeomorphic. Here a suitable homeomorphism is the identity
mapping f: R*->E", given by f(z) = « for each = (z;,...,2,)eR"
For fis obviously bijective and by example 4, for all z, y in B,

o(f@).f@)) = c(z,y) < d(x,y) < Jne(@,y)-
Hence f(= f-*) is continuous.
There is a special type of homeomorphism between metric spaces
which allows us to regard the spaces as equivalent, provided such
a mapping can be found.

Isometry

Let (X,d), (Y, p) be metric spaces. Then a mapping f: X —Y
is called an isometry if and only if it is surjective and for all

o in X,
HEm p(f(@).f&)) = dl, ).

Thus an isometry preserves distances and since it is injective—
f(x) = f(z')implies d(z, %) = 0,z = o'—it makes the sets X, ¥ equiva-
lent. Clearly fis bicontinuous; in fact uniformly bicontinuous, whence
fis a homeomorphism.

Metric spaces are called isometric if there exists an isometry
between them. If X ~ Y is taken to mean that X and Y are isometric
then ~ is easily seen to be an equivalence relation on the set of all
metric spaces.

Example 26. Let R be the metric space of real numbers and B* the
set of all functions f of the form f(z) = ax, aeR. If f(x) = az, g(z) = fx
let us define d(f,g) = |«—pf|. It is easy to check that (R*,d) is a
metric space. Now R and (R*,d) are isometric under the mapping
T: R*—>R defined by T(f) =, where f(x) = ax. For we have
|IT(f)~T(g)] = |~ B = d(f,9)- .

This example may seem rather a,rt1ﬁe1a1 but it is typical of a class
of results connected with the dual spaces of normed linear spaces (see
chapter 4). In the language of chapter 4 we have just shown that the

.dual space R* of R is isometric to R itself.
There is one further type of mapping on a metric space which we
3-2
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shall consider—it has several important applications in connection
with existence and uniqueness of solutions of differential and integral
equations.

Contraction

Let (X, d) be a metric space. Tken amapping A: X - X iscalled
a contraction if and only if there is a number ¢ < 1, independent
of z, y in X, such that for all z, y in X,

d(Az, Ay) < cd(z,y).

We write Az rather than A (x) for a reason which will shortly appear.
This notation is in any case widely used in functional analysis—in
multiplicative contexts it is of course liable to abuse.

A contraction 4 is uniformly continuous on X, for d(z,y) < e/c
implies d(dz, 4y) < e.

Example 27. Let f: B Rbe differentiable and suppose | f'(x)| <c <1
on R. Then fis a contraction on R—the mean value theorem gives
|f@)—f@)] = | f(@)]|]|z—y| < clz—y|, wherex < a < y.

Perhaps the most important property of a contraction mapping is
its behaviour in a complete space. This is expressed by the Banach .
fized point principle below. Stefan Banach (1892-1945) was the
famous Polish mathematician who was one of the founders of
functional analysis.

Theorem 13. Let the metric space (X,d) be complete and let A be a
contraction. Then A has a unique fixed point, i.e. the equation Az = x
has a unique solution for x.

Proof. Fix on an arbitrary point of X, say z, and let %y = Az,
y = Ax; = A%, ..., %, = Az,. We shall show that (z,) is Cauchy
and so convergent in X, to z say. It is this « which is the unique
solution of 4z = z.
Nowforn > 1,p > 1, repeated application of the contraction condi-
tion and then the triangle inequality gives
d(xn+p: ) d(An-{-pxo Anxo) Cd(xn+p—1’ xn-l)

< cd(w. Ty Zg) S ™ d(%p, Tp—1) +d(@p_1, %p))

< eed(@y1, % _2)+d( o1 Tp—2) +--+)

< erd(xy, ) (L+o+c2+...) = c"d(xy, ) (1 —¢)?
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Since ¢ < 1 we have d(z,,,*,) >0 (n—>w), ie. (z,) is Cauchy. By
completeness of X we have «,—>2, 50 ,,,->x, and since 4 is con-
tinuous, theorem 11 shows that Az, - Az. Lettingn—+coinz, ., = 4z,
we then get © = 4a.

Although z appears to depend on the starting point z, it is in
fact the unique solution of x = Ax. For if y is another solution
then d(z,y) = d(4=, Ay) < cd(x,y), which implies d(z,y) = 0, whence
z=y.

The beauty of the method is that one arrives at the unique solution
wherever one starts—though one has to admit that the arrival
depends on letting #—>o00. In a numerical procedure one must of
course make a judicious choice of the starting point.

Example 28. Let fbe a real differentiable function on [a,b], with a
bounded derivative and suppose f(z) = 0 has a solution in [a,b], e.g.
f(@)f(b) < 0. Provided suitable bounds can be found for f’ the contrac-
tion method can be applied to 4(z) = x— Af(x) where A is a parameter
to be chosen. For if A can be chosen so as to make 4 a contraction, say
a < A(x) < band |1-Af'(z)| < ¢ < 1on[a,b], then A(z) = = will have
a unique solution and so Af(z) = 0 will have this solution, whence
f(x) = 0 will have it.

We should note that the above procedure uses the fact that a closed
interval [a, b] is a complete metric space in B. This is a special case of
a more general result on closed subsets of a complete metric space
which is worth giving (slightly out of our present context).

Theorem 14. A closed subspace F of a complete metmc space X is
complete.

Proof. Let (z,) be Cauchy in F < X. Then, being Cauchy in X,
(x,) converges, to xe X. But zF, since for every ¢ > 0 there exists
zyeF such that d(xy,z) < e. Thus xeF = F, since F is closed. Hence
(,) converges to a point of ¥, so that F' is complete.

There is a result related to theorem 14 to the effect that a complete
subspace of a metric space (not necessarily complete 1tse]f) is closed.
This is left as an exercise.

The following theorem, which has some useful applications, is a
corollary to the Banach fixed point principle. It has the virtue that

.a positive integral parameter n is included, which may be chosen to
meet the situation in hand.
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Theorem 15. Let (X, d) be complete and A : X - X. If A" is a contrac-
tion for some n > 1 then Ax = x has a unique solution.

Proof. Write B = A", so by theorem 13, Bz = « has a unique solu- ;
tion z. Now ABx = Az and AB = BA = A**, whence BAz = Az

and so d(w, Ax) = d(B, BAz) < cd(z, Az)

- which implies # = Aw. That z is the unique solution of 4z =z is a
straightforward exercise. =

Note that it is not necessary to assume that 4 is continuous in
theorem 15. -

Example 29. The integral equation
¢
o9 = 4[| K, Wl du-+ 40 @
[]

has a unique continuous solution for z = z(t) on [a,b], where A is an
arbitrary parameter, ¢ is continuous on [a,b] and K is continuous
on [a,b] x [@,b]. To show this consider 4 :C[a,b]— Cla, b] defined by

Ax(t) = AftK(t, w) z(u) du+ ¢(t).

This is well-defined, since 2 continuous on [a,b] implies that the
integral exists and is a continuous function of the upper limit ¢. Now
for #,y€C[a, b] an easy induction shows that

| dra(t) — Amy(t)| < |A|m Mrm(t—a)/n! @)

on [a, b], where m = d(z,y) = max {|z(f) —y(t)| |a < ¢ < b}is the metric
on the complete space O[a, b] and M is the maximuxt of | K (£, «)| on the
rectangle [a,b] x [a, b]. Since n! outweighs the powers in (3) we see that
A will be a contraction as soon as # is large enough. Hence x = Az
has a unique solution for z, i.e. (2) has a unique solution zeCla,b].

Exercises 4

1. Definef, g, h by f(x) = 2z, g(2) = 22, h(z) = 1/x. Show that fis uniformly
continuous on R; g is continuous but not uniformly continuous on E;
g is uniformly continuous on (0,1); k is continuous but not uniformly
continuous on (0, 1). ,

2. Let X be a metric space and f: N X any function on the positive
integers N. Prove that f is uniformly continuous on N.

3. Let A &= & be a given subset of a metric space (X, d). If f(z) = d(z, 4)
show that f is uniformly continuous on X.
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. Explicitly construct a sequence () €l,, as described in the last part

of example 23, section 4, chapter 2.

. Prove (i}, (ii) and (iv) of theorem 12, section 4, chapter 2.
. Let X, Y be discrete topological spaces. Prove that X and Y are

homeomorphic if and only if they are equivalent as sets (i.e. cardinally
equivalent).

. Show that f(x) = 1/z defines a homeomorphism f:(0,c0)->(0,c0).

Prove that f does not preserve Cauchy sequences in (0, o), i.e. show
that there is a Cauchy sequence (x,) in (0, c0) such that (f(z,)) is not
Cauchy in (0, o).

. Give an example of a mapping f: B->R which is continuous but not

open.

. Prove that any closed interval [a,b] in R, @ < b, is homeomorphic to

[0,1]. Is this true if o = b?

Let X, Y be topological spaces. Prove that f: X — Y is tontinuous if
and only if the inverse image of every closed set in ¥ is closed in X.
Prove that a complete subspace of a metric space is closed (see theorem
14, section 4, chapter 2).

Let  be fixed and define p(z,y) = max |2;—y,| on R* Let y = Az be
defined by

n
¥i= 2 a5x;+b; (L<i<n)
j=1
Prove that 4 is a contraction mapping on (R", p) if and only if

n
max; 3, |ay| < 1.
i=1

Suppose that (ay), 1,j =1,2,3, ..., is an infinite matrix. Let
o«
sup; 3 |ay| < 1.
=1
Prove that the system of equations
o
:2:,-:: Z aﬁxj"l"bi (7:=].,2,3,...),
=1

where (b,) is bounded, has a unique bounded solution.

Let 7' consist of @ and the complements of countable sets in R. Prove
that 7' is a topology for E. Show that a sequence (z,) converges to z in
this topology, if and only if ,, = @, for all sufficiently large n.

Prove also that every function f:(R,T)—(X,T"), where (X,T") is
any topological space, is sequentially continuous at each point of R. .
Show that f(z) = = is sequentially continuous but not continuous on B. *
Let f:(X,T)-(Y,7") be continuous on X and let S < X. Prove that
the restriction of f to S is continuous with respect to the induced
topology for S (see question 12, exercises 8, chapter 2).
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5. Compact sets

We consider sets in the general context of a topological space. Some of
our results apply especially or only in metric spaces. Our treatment

is basic and concerned only with certain results of particular interest—

few converses or partial converses of theorems are given.

Asa first approximation, a compact set in a topological space may be
regarded as a generalization of a closed interval [a,b] on the real line.
For example, the elementary theorem that f continuous on [a,b]
implies f bounded and attains its bounds still holds in a topological
space, provided we replace [a,b] by a compact set K, supposing still
that f is real-valued.

The definition of a general compact set is suggested by the following
well-known Heine-Borel theorem for the real line (some give Heine
no credit and call it Borel’s theorem—we shall not concern ourselves
with historical niceties).

Theorem 16. Let F be a bounded closed set in E. Then every open cover
of F has a finite subcover.

Proof. For the definition of cover we refer to section 1, chapter 1.
By open cover we mean cover whose sets are open sets. A finite sub-
cover consists of a finite number of sets of the open cover.

Since F is bounded we have F < I, for some closed interval
I, = [a,b] with @ < b. Since F is closed it is clear that if every open
cover of I, contains a finite subcover then every open cover of ¥ will
contain a finite subcover. Let us prove the result for . Suppose on
the contrary that there is an open cover {G,} of I, which has no finite
subcover. Bisect I into two closed intervals I, I'5. At least one of these
must have no finite subcover. Relabel so that I, has no finite subcover.
Bisect I, and obtain I; which has no finite subcover. Continuing in this
way we obtain a nest (I,) of closed intervals, such that for every =,
I, has no finite subcover. By question 5, exercises 3, chapter 2, we
have nI,+ @.Choose zen I,. Then zel, < I, = U G,, so that ze@,
for some «. Since G, is open there exists S(z,7) < G,. Now by taking
n large enough we have I, < 8(z,7) = G,, whence I, is covered by
the single set G,. This contradicts the fact that I, has no finite sub-
cover. The theorem is thus proved. ’

In view of theorem 16, if we call a set K compact if and only if every
open cover of K has a finite subcover, then each bounded closed set
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in R is compact. The converse is in fact also true, i.e. each compact
set in R is bounded and closed (see theorem 17 below). The definition
of compact involves only the idea of open set and is free of the metric
concept of boundedness. Hence in general we define

Compact set

Let X be a topological space. Then a subset K of X is called
compact if and only if every open cover of K has a finite sub-
cover. Explicitly, if {G,} is a collection of open sets (countable
or not) which covers K, then there exists a finite collection of
sets Gy, ..., @, which covers K.

Some properties of compact sets are now given.

Theorem 17. (i) In afopological space a finite union of compact sets is
compact.

(i) A closed subset F of a compact set K is compact.

(iti) In a metric space a compact set K is closed and bounded, but
not conversely in general.

Proof. (i) is easy and is left as an exercise.

(i) To show F is compact let UG, > F. We must extract a finite
subcover. Now ~ F is open since F is closed and so UG, U (~F) = K.
Since K is compact we have that {G,,...,&,,, ~F} covers K. This
implies that {G, , ..., G,,} covers I, i.e. F has a finite subcover.

(iii) We leave the closed part as an exercise. The idea is to show
that ~ K is open by taking pin ~ K and proving that p has a neighbour-
hood contained in ~ K.

To show that K is bounded we fix = in K and note that

K < U 8(z,1).
=1

Since K is compact, a finite number of the concentric spheres S(z, 1)
cover K. Thus K is contained in the largest of these, whence K is
bounded. '

Finally let (X,d) be a trivial metric space. Then X is closed and
bounded (d(X) = 1 unless X consists of a single point). However, if
‘X has infinitely many points, e.g. X ={1,2,3,...} then X is not
. compact. For X is the union of the open sets {1},{2}, ..., but no finite
number of these sets can cover X.
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We now look at functions on compact sets. The continuous image,
of an open set need not be open, e.g. @ = (—1,1), f(z) = «* The same
holds for closed sets as is easy to see in the same way. For compact sets
the situation is different. :

Theorem 18. The continuous image of a compact set K is compact.

Proof. Let X, Y be topological spaces and f: XY be continuous
on X. By hypothesis K < X is compact. Take an open covering {G,}
of f(K). Then, using properties of f~* established in chapter 1,

K < fHuG,) = Uf~(G.),

whence the same inclusion holds where the union is over a finite
number of «. Taking the direct image f we have

fIE) = Uf(fHG,)) = UG,

so there is a finite subcover for f(X). The continuity of f appears when
we use the fact that f-(@,) is open.

Theorem 19. A continuous real function on a compact set is bounded
and attains its bounds.

Proof. Let f: X — R, where X is a topological space and R has its
usual topology. Let K < X be compact. By theorem 18, f(K) < B is
compact, whence closed and bounded by theorem 17. The bounded-
ness of f is thus established and so there exists M = sup{f(z)| zeK}.
Hence there exists ze K such that M —e < f(x) < M. < M +¢, which
implies that M is in the closure of f(K). But f(K) is closed and so equal
to its closure, whence Mef(K), i.e. M = f(z) for some zeK. The
infimum is attained in a similar way.

This result may be used to metrize the set C(X) of all continuous
real functions on a compact set K in a topological space. The natural

metrio i &7, g) = max {|fz) — g(a)]| |ve K},
where f, geO(K).

The next result shows that, in a metric space, compactness is
stronger than completeness.

Theorem 20. If (X, d) is compact then it is complete, but not conversely,
in general. )
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Proof. Let X be compact and let (S,,) be a sequence of nested closed
spheres. Then NS, += . For if the intersection were empty, then,
taking complements, we see that one of the spheres would be empty,
which it is not. Hence, by theorem 8 we have that X is complete.

The example X = R shows the converse false.

We now wish to give an alternative, more analytical, description of
compact metric spaces, which is often useful. Before we do this we
shall need two further definitions.

Sequential compactness

A metric space X is said to be sequentially compact if and
only if every sequence in X has a convergent subsequence.

Total boundedness

A metric space X is called totally bounded if and only if, for
every € > 0 there exists a finite collection of e-spheres which

covers X: n
X = U S(ae€); n=nle).
i=1

The set A = {ay, ...,a,} s then called a finite e-net for X.

It is easy to see that a totally bounded space is bounded but that
the converse is false in general (see the exercises).

We shall now show that compactness and sequential compactness
amount to the same thing in metric spaces. Some authors, particu-
larly Russian authors, use the term compact to describe what we call
sequentially compact. In view of what we are about to prove this usage
creates no problems. However, our terminology is standard amongst
American and Western European mathematicians.

Theorem 21. A metric space is compact if and only if it is sequentially
compact.

Proof. (i) First let the space X be compact. By theorem 20 it follows
that X is complete. From compactness one immediately deduces total
boundedness: cover X with {S(z,¢)|zeX} and extract a finite
subcover.

Now let (x,) be a sequence in X. By total boundedness there is a
" finite 1-net and so at least one of the spheres of this net contains an
infinite subsequence (z{) of (z,). Let this sphere be §,, of radius 1.
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Also, there is a finite 4-net and so there exists §,, of radius 1, which
contains a subsequence (z?) of (z). We continue this process and
then examine the subsequence (z,z$,2¥,...). This is clearly a
Cauchy sequence, for m, n > N implies 21, 2™e §),. Since X is com-
plete, we have (z") convergent, so we have shown that X is
sequentially compact.

(i) Now suppose that X is sequentially compact. First we show
that X must be totally bounded and then use this to show that X
must be compact.

Let 2, X and take e > 0. If d(z, 2,) < € for all z then {z,}is a finite
e-net. If this is not the case then there exists z, such that d(z,, z;) > €
Now if either d(z, 2,) < € or d(x, 2,) < € for all z then {,, z,} is a finite
e-net. Otherwise there exists x; such that d(z,, ;) > €, d(zg,2,) > €.
Continuing, on the assumption that we never get a finite e-net, we
have (x,) such that d(z,, z,) > € for m % n. But (z,) obviously has no
convergent subsequence, contrary to sequential compactness. Hence
we must get a finite e-net, i.e. X is totally bounded.

We now show that X is compact by contradiction. Suppose X is
not compact. Then there exists a cover {G,} of X which has no finite
subcover. Since X is totally bounded we have, for each n, a cover of X
consisting of a finite number of spheres of radius 1/z (a finite 1/n-net).
Thus for each n = 1, 2, ... at least one of the spheres of the 1/n-net, call
it 8,,, cannot be covered by finitely many of the sets of {G,}.

Let x,, be the centre of S,,. Then X sequentially compact implies that
(z,) has a convergent subsequence z,,,->z€ X. Since {G,} covers X we
have ze@, for some o and so the openness of G, implies the existence
of S{z,r) = G,. Now by taking k large enough we can ensure that
8@y, 1/ny) < S(z,7), whence the sphere §,, < G, for some a, which
is contrary to the fact that §,, cannot be covered by finitely many of
the sets of {G@,}. Thus X must be compact.

A final property of compact sets that we examine concerns the
behaviour of certain sequences of real functions on them. If we first
take an arbitrary set § in a metric space (X, d) and continuous real
functions f,, : § — R, then it is easy to prove, exactly as in theorem 4,
section 3, chapter 1, that:

If f,, —f uniformly on 8§ then f is continuous on S.

The converse of this is generally false, e.g. f,(z) = nz(l —2)* on [0, 1].
We now show that a converse can be obtained for compact topological
spaces, provided the convergence is monotonic.
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Theorem 22. Let X be a compact topological space and suppose fr,—f
pointwise on X, where f is lower semicontinuous and each f, is upper
semicontinuous on X. Also, let f,, > friy on X. Then f,->f uniformly
on X.

Proof. Take any € > 0 and consider
G, = {xeX|f,(x)—flx) < e}

Then G, is open, because f,—f is upper semicontinuous. Since f,
decreases we have @, < @,,, for every n. Also, xeX implies

0 < fole)—fla) <
for all sufficiently large n, whence X = U{G,|n€N}. The compactness
of X implies that there exists p(¢) such that

x=06,-6,<8
n=1

for every n > p. Hence ze X implies z€@, for every n > p, i.e.
0<f,@)~flx)<e for n>p,
which means precisely that f, —f uniformly on X,

Exercises 5

1. Let X be any set and F a collection of subsets of X. Then F is said to
have the finite intersection property if any finite subcollection of ' has
a nonempty intersection.

Prove that, if X is a topological space, then X is compact if and only if
every collection of closed sets with the finite intersection property has
a nonempty intersection. '

‘2. A topological space is called countably compact if every countable open
cover has a finite subcover. Prove that the continuous image of a count-
ably compact space is countably compact.

3. Let f: X — R be upper semicontinuous on the countably compact topo-
logical space X (see 2, above). Prove that fis bounded above and attains
its bound.

4. Let X be a compact metric space and let (z,) be a sequence inX. If
E, = {&,, ®p.1, ...} show that {&,} is a collection of closed sets with the
finite intersection property (see 1, above). Hence show that X issequenti-
ally compact (this gives another proof of theorem 21 (i), section 5,
chapter 2).

5. Suppose f: X -> ¥ is continuous, where X is a compact metric space and
Y is a metric space. Prove that f is uniformly continuous on X. (Hint:
There exists 8 = (¢, ) > 0, by continuity of f. Cover X with half-size
spheres 8(, §/2) and extract a finite subcover.)
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6. In a metric space, prove that a totally bounded set is bounded. By con-
sidering § = {e;}, k= 1,2,... in I,, where ¢, = (0,0,...,1,0,0,...) with
1 in the kth place, show that a set may be bounded but not totally
bounded.

6. Category and uniform boundedness

The notion of category, partly through its consequences on uniform
boundedness of families of functions, is most important in analysis.
For generality we define category for a topological space but for
applications we confine ourselves to metric spaces.

First category set

Let X be a topological space and S a subset of X. Then 8 is of
the first category if and only if it can be expressed as a countable
union of nowhere dense sets.

Second category set

S is of the second category if and only if it is not of the first
category, i.e. S cannot be expressed as a countable union of
nowhere dense sets.

We note that the term nowhere dense has not been explicitly
defined for a topological space, but the definition given in a metric
space still applies if we require 4 = ~ § to be dense, i.e. 4 = X.

Example 30. The rationals @ are of the first category in the reals B.
For Q is the countable union of its elements ¢,,¢s, ..., and each seb
{g;}, 2 = 1,2, ..., is obviously nowhere dense in R.

An important theorem of Baire tells us that every complete metric
space (as a subset of itself) is of the second category. This is theorem 24
below. First we establish theorem 23, from which Baire’s theorem
readily follows.

Theorem 23. Let X bea complete metric space and let (G,) be a sequence
of dense open subsets of X. Then NG, + &.

Proof. Take x,€G;. Then there exists a sphere S(x;) < G4. Take a
closed sphere S[z,, 7] < S(z,). Now G, is dense in X and so there
exists 2,eG, N Sz, 4r,]. Hence there exists S(z,) = G, and we then
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take a closed sphere S[w,, 7,] whose radius 7, is less than the radius of
S(xz,) and also less than }ry. Then 7, < 7y, S[xy, 7] = S[wy, 7] and
S[zy, r5] < G,

Continuing in this way we find closed spheres S[z,,7,] = ¢, which
are nested: S[xz,,7,] < S, 1, 7n] and r,—>0 (n—0c0). Since X is
complete, we know by theorem 8 that there exists « such that
: xen S[z,, 7] < NG,

Thus NG, + .

Theorem 24 (Baire category theorem). A complete metric space X is
of the second category.

Proof. Suppose X is not of the second category. Then X is of the
first category: © w
x=08.(-0E),
n=1 n=1
where each %, is nowhere dense. Hence, taking complements,
g =n(~E,),

and the sets @, = ~ E,, are open (for £, is closed) and dense (since Z,
is nowhere dense). By theorem 23 we have that n G,, = &, which gives
a contradiction. Thus X is of the second category.

The final theorem of this chapter is usually referred to as the

uniform boundedness principle. As we shall later see it has important
consequences.

Theorem 25 (Uniform boundedness principle). Let P be a collection
of real lower semicontinuous functions p defined on the second category
metric space X and suppose :

(@) < M(z) < oo, eachzeX, allpeP. (4)
Then there exists a sphe'ré‘ Sin X omd a constant M such that
p(x) < M, eachzeS, allpeP. (5)

Proof. First we remark that the essential difference between (4) and
(5) is that the inequality in (4) involves a bound M (z) which depends
on z but not on p and the inequality holds on the whole of X. In (5)
the bound M is uniform depending neither on z nor on p, but this time
- the inequality holds only on a sphere in X, not necessarily on the
whole of X. Usually the family P will be a sequence (p,,) of functions.
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For the proof we first consider, for each peP and each positive
integer m, the set
E(m, p) = {z|p(x) < m}.

This set is closed, since ~ E(m,p) = {z|p(z) > m} and p is lower semi-
continuous (see section 4, chapter 2). It follows that

E,, = n{E(m,p)|peP},
being an intersection of closed sets, is closed. Now
X =u{B,m=12..}). (6)

For if zeX then p(z) < M(z) for all peP and so there is an integer
m(x) such that p(z) < m(z) for all peP. This implies that xek, ),
which proves (6).

By hypothesis X is of the second category, so that (6) implies that
at least one of the sets E,,, say E,;, is not nowhere dense (if all the £,
were nowhere dense then the countable union of them would be of the
first category). Since B, is not nowhere dense we have that &,
contains some sphere S and the fact that E,, is closed implies that
S < By = B,y

Finally, xe 8 implies z€ B, which implies p(x) < M forallpeP and
this proves (5).

Corollary 1. The conclusion holds if we replace P by a collection F of
continuous real functions f.

Corollary 2. The result of the theorem holds if X second category is
replaced by X complete.

Proof. X complete implies X second category, by theorem 24.

In chapter 4 we shall give a far-reaching application of theorem 25,
which is known as the Banach—Steinhaus theorem for normed spaces.
This theorem has many uses in analysis, some of which are rather
unexpected. For example, we shall use it to prove the existence of a
continuous periodic function whose Fourier series diverges at a point.

Exercises 6
1. Show that any subset of a fivst category set is a first category set.

2. Prove that {J B, is of the first category when each E,, is first category.

n=1
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3. Prove that the set Z of integers is of the first category in R but that Z is
of the second category in itself.
~4. Let f,: E—> R be continuous and suppose f,(x) - f(x) (n->co) pointwise
on E. Prove that there exists a set S of the first category in R such that
[ is continuous on ~ §. As a hint, define

Fr, n ={2€B||fol@)—fi(z)] <m?, forall & > n}.
Then consider S= U (Fpn~ Fp, ),

nm

where F7, . is the interior of F, .




LINEAR AND LINEAR METRIC
SPACES

1. Linear spaces

Several spaces, of interest in both analysis and in algebra, were given
in chapter 2. There it was emphasized that any algebraic structure
that a space had was not relevant as long as one was concerned with
purely metric properties. Of course it would be foolish not to fully
exploit any natural structure that a space might have. In most of the
examples of chapter 2 it is possible to define addition of elements of
the space and also multiplication of elements of the space by real or
complex numbers. It is usual to call elements of the space vectors, and
real or complex numbers scalars. As an example we may take the
space s, of all sequences x = (z,,) of complex numbers. The natural
way of adding sequences is co-ordinatewise:

Tty = (xn) + (yn) = (wn+yn)

Equally naturally we multiply a sequence z by a complex scalar A:
A.z = (Az,). Taking these as our definitions of +, which is an opera-
tion on s x s, and ., which is an operation on C x s, we obviously have
such properties as z+y =y+z, Az+y) = Az+ Ay, Aluz) = (Ap)z,
valid for all z, y in sand all A, z#in C. Asis usual we omit the operation .
in A.z, merely writing Az. The properties just mentioned all stem, of
course, from the properties of C. For example, by our definition,
Az +Ay = (Az, +Ay,), and since Az,+Ay, = Afx,+y,} for complex
A, 2, Y We have (AMz, +y,}) = Az, +y,) = A(x+y), again by our
definition of addition and scalar multiplication in s. With the opera-
tions defined the space s becomes a complex linear space.

Now we wish to define the concept of a general abstract linear space
over a scalar field. Usually our scalars will be complex numbers.
Occasionally they may be real numbers, but unless specific mention is
made to the contrary the scalar field will always be C.

701
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Linear space

A linear space over C (complex linear space) ts @ nonempty set X
with a function + on X x X into X, and a function . on C x X
into X such that for all complex A, p and elements (vectors)
z,y,zin X wehave 1)z +y = y+2,(2) (@ +y)+2 =+ (y +2),
(8) there exists O X such that x+ 0 = x, (4) there exists —xeX
such that z+(—=z) =0, (5) L.z ==z, (6) A(x+y) = Ax+ Ay,
() (A+p)z = Az + pz, (8) Auz) = (Ap)z.

An equivalent way of defining a linear space is to say that it is an
additive Abelian group, i.e. + is defined and (1)—(4) hold, for which
also scalar multiplication is defined such that (5)—(8) hold. The element
0 is variously called the zero, neutral element or the origin in X. It is
easy to see that & and —« are unique. For example, if 8’ is also a zero,
then 6+ 6" = 4. But if 8 is a zero, then 0 +6' = 0', whence 6 = §'. It is
clear that a linear space is quite a rich algebraic structure, being an
Abelian (i.e. commutative) group with respect to the internal opera-
tion of +, and also having other properties relating the internal + and
the external scalar multiplication .. For most of the situations we
shall be concerned with it is usual to think of X as the primary object
of interest, together with -+ . The scalar field 0, although an essential
part of the definition of a linear space, may be thought to lurk in the
background.

In future, when we speak of a linear space we shall mean a complex
linear space. If the scalars A, 4, ... are to be real then we shall explicitly
use the term real linear space. The term rational linear space will also
be used, where of course the A, g, ... will be restricted to be in @.

Before we continue we should remark that the whole of sections
1and 2 of this chapter are purely algebraic. It is not until section 3 that
we shall combine a linear space structure with a metric structure in a
special way to obtain a linear metric space. This object, with its
generalization to a topological linear space, or its specialization to a
normed linear space, provides one of the most interesting and fruitful
studies in the whole of mathematics. ‘

Now we give some illustrations of linear spaces.

Example 1. (i) C is a complex linear space with the usual addition and
multiplication for complex numbers. Of course C is much more than
alinear space, it is a field. It is clear that any field is a linear space over
itself. V
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(i) R, with the usual addition and multiplication, is a real
linear space and a rational linear space, but not a complex linear
space. .
(iii) B becomes a real linear space if we define co-ordinatewise
operations as follows: z+y = (L1 + ¥y, -..s Ty +Yn)s AT = (Amy, ..., AZp),
where & = (2, ..., %,), ¥ = #1, ..., ¥,) and A is real. The axioms of our
definition of real linear space are readily checked: 6 = (0,0, ..., 0) and
—x = (=2, —Lgyeeey —Tp)e

Similarly, C* may be turned into a complex linear space.

(iv) s becomes linear under the definitions (x,) + (¥,) = @, +¥n),
Alz,) = (Az,). When we regard any sequence spaces as linear spaces
we shall always take the linear operations to be defined as they are
in s.

(v) The sequence spaces [, ¢y, ¢, I, are all linear spaces with the
co-ordinatewise operations of (iv) above. All we have to check really
is closure under + and ., i.e. Az+puy is in the space whenever z, y are
in the space. In ¢, for example, this follows from the elementary
theorem in analysis that »,, -1, y,, —m implies Az, + py, — Al +pm, as
n->00, i.e. (A, +u¥,) = Az+py is in ¢, for any complex 2, p.

As another example, consider I, (p > 1). That Azel, is trivial:
¥ |Az,|? = |A|P £ |z,]? < ooforany A and any z€l,. Also, by the trivial
inequality]a, +¥,.|? < 27(|xy|? + |9|?) wesee that 2 + y €l, when 2, y €l,,.

(vi) Let X be any nonempty set and denote by S the set of all
complex functions f: X —C. Define Af; + uf; by

(Afy+pfe) () = Ay fu(@) + pfo(),

for each ze X. This is the usual co-ordinatewise definition of addition
and scalar multiplication for complex functions. It is easy to see that
§ is a linear space. '

(vii) C[0,1] of example 7, chapter 2, is a linear space. Here the
metric structure is not involved. The linear operations are defined as
in (vi) above, and Af, + uf,€C[0, 1] whenever f;,f,€C[0, 1] is a simple.
result on continuous functions from elementary analysis.

(viii) The spaces 4 and I of example 9, chapter 2, are both linear.
For, if f, g are analytic then so is Af+ug.

These examples show that a wide variety of interesting sets may be
made into linear spaces in a perfectly natural manner.

We close this introductory section with the definition of isomorphic
linear spaces.
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Isomorphism
An isomorphism f between linear spaces (over the same scalar
Jield) is a bijective linear map, i.e. f is bijective and

JA@y + puy) = Af(y) + pf ().
T'wo linear spaces are called isomorphic (or linearly isomorphic)
if and only if there exists an isomorphism between them.

We regard isomorphic linear spaces as equivalent from the algebraic
linear space point of view, for an isomorphism clearly preserves the
linear operations.

Example 2. Let ¢ be the linear space of convergent sequences and
vy the space of convergent series (see exercises 1, qn. 9, chapter 2).
With the usual linear operations in sequence spaces, vy is linearly iso-
morphic to c. To see this we define f:y—c by f(a) = A, where
a = (a;)ey and 4 = (4,), with 4, = a,+a,+ ... +a,, the kth partial
sum of 2a;,. The linearity of f is a consequence of the fact that

n
kZ {Aa‘k +/1'blc} = /\An +/l’Bn
=1

for every n. Now if f(a) = f(b) then 4, = B, for every k and so @y = by,
@y = by, ..., i.e. @ = b. Thus f is injective. Finally, we must show that
[/ is surjective. If Aec is given we take a, = 4,, @, = 4,4, for
k> 1. Then &
'21% =4,>1 (k—>o)
i=

and so Za; converges, i.e. acy. Clearly f(a) = 4, whence fis surjective.
Other examples of isomorphic linear spaces will occur in later
sections.

Exercises 1

1. Use the axioms for a linear space to show that —z is unique; A9 = 6;
0.2 =0; (~1)z = —x; and Az = 0 implies A = O or 2 = 6.

2. Find which of the following are linear spaces: (i) the set of all sequences
@ = (x) such that x,—1 (k->c0), (ii) the set of all polynomials of the
form ay+a,z+...4+a,2", for arbitrary degree n, (iii) the set of all poly-
nomials of degree less than 5, (iv) the set; of all analytic functions f = f(z)
satisfying the differential equation f'(z) —f'(z) — 2 = 0. '

3. Show that the set of all numbers of the form a - b\2; a, be @, is a rational
linear space. Is it a real linear space?

4. Provethat f: R®- R3, given by f(x) = (,, —2,, 2;)is an isomorphism. Ttis

- usualto call an isomorphism of a linearspace into itself an automorphism.

5. Attempt to show that B and R? are not isomorphic.
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6. Let X be a topological space and let f: X —C. Then the support of f is
defined as the closure of the set {xe X|f(z) + 0} and is written supp (f).
Thus supp (f) is & closed set. Denote by & the set of all continuous func-
tions f: X - C whose support is compact. Prove that § is a linear space.
As a hint, first show that supp (f+g) < supp (f) U supp (g)- '

7. Prove that I(p) = {z = (#;)| T || < oo}, where p;, > 0, is a linear space
if and only if sup p;, < 0.

8. Let E be a subset of s and let

E' = {yes|Zz,y, converges for all ze K},

Prove that B’ is a linear space. Find E' when (i) B = {6}, (ii) £ = s,
(i) B =1,

2. Subspaces, dimensionality, factorspaces, convex sets

In this section we introduce several simple ideas which will be useful
in the sequel. The main aims are to show that C" is essentially the
only n-dimensional linear space (i.e. every n-dimensional linear space
is isomorphic to O"), and also that every linear space has a Hamel base.
Some preliminary definitions will now be made. Throughout, X will
denote a linear space.

Subspace

A subset M, or linear manifold, in a linear space X is a
nonempty subset of X such that Az + pye M whenever x,ye M,
for all A, ueC. :

We note that if {},} is a family of,subspaces then nJZ, is also a
subspace.

Linear hull

Let S be a subset of the linear space X. Then 1.hull (8), the
linear hull of S, is the intersection of all subspaces containing S.

We remark that other authors use such terms as ‘span of 8’ or
‘subspace generated by S’ for what we call 1. hull (S).

A+B, A4
" Let A, B be subsets of X. Then we define
A+B = {z+y|lrcd,yeB}
A = {Az|zed}).
It is usual to write 4 +y instead of the more precise 4 + {y}.

’
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Linear independence

4 finite subset {x,, ..., x,} of X is called a linearly independent
set of and only if a relation of the form

Azt + Az, =0

implies Ay = Ay = ... = A, = 0. An expression of the form
A1y + o+ Ay, is called a linear combination of the vectors
Xy ey Tpe

By special convention we shall regard the empty set @ as linearly
independent. If & finite subset is not linearly independent it will be
called linearly dependent.

An arbitrary subset (not necessarily finite) of X is called linearly
independent if and only if every one of its finite subsets is linearly
independent.

The following idea of a base, i.e. a linearly independent set which
generates a space, is due to the German mathematician Hamel.

Hamel base

4 subset B of X is called a Hamel base for X if and only if B is
a linearly independent set and 1.hull (B) = X.

Dimensionality

A linear space X is called finite dimensional if and only if X
has a finite Hamel base B, i.e. B is a finite set which is a Hamel
base. If X is mot finite dimensional it is called infinite
dimensional.

Later in this section we shall show that every linear space has a
Hamel base. In the case when the space is finite dimensional, we show
in theorem 2 that all Hamel bases have the same number of elements.
This enables us to define the dimension of & finite dimensional space
as the number of elements in any Hamel base. In the infinite dimen-
sional case it can be shown that all Hamel bases are equivalent as sets
(see chapter 1, section 1). One may then define the dimension of an
infinite dimensional space as the cardinal of its Hamel base. However,
we do not wish to pursue this matter and we shall content ourselves
with a discussion of finite dimensionality.

 Now we give some examples connected with our definitions.

\
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Example 3. (i) I, (» > 1), 6,¢,l, are all subspaces of s.

(ii) The set of all polynomials on [0,1] is & subspace of C[0, 1].

(iii) 1.hull (@) = {6}. For the intersection of all subspaces con-.
taining @ is precisely the intersection of all subspaces, but 6 belongs
to every subspace and also {f} is itself a subspace.

If S+ o it is easy to show that 1.hull (S) = the set of all finite
linear combinations of elements of S.

(iv) For any set A we have 24 = A+ A. For ze 24 implies
=2 = (1+1)a=1l.a+1.a =a+a,where acA. Note we have used
axioms (7) and (5) of the definition of linear space. Obviously the
inclusion 24 < A + A can be strict.

(v) Consider the linear space C™ and let e; = (0,0,..., 1,0,...),
where 1 is in the th place and there are zeros in the other » — 1 places.
Then {e,, €, ..., €,} is called the set of unit vectors in Cn. This set is
linearly independent, since

A161+ see +Anen = (A'].’ aeey ATL)

and so Aegt...+Ae, =0
is equivalent to (Ags s Ap) = (0, ..., 0),
whence A=2Ay=..=A,=0.

(vi) Let X = {6} be a trivial linear space, consisting of the single
element 6. Then the empty set @ is a Hamel base for X—Dby conven-
tion @ is linearly independent, and 1. hull (@) = {6} from (iii) above.

(vii) B, the set of unit vectors in O™, is a Hamel base for C". We
know already that B is linearly independent and if & = (2y, ..., ;)€ cr,
then @ = %, €;+... +%,¢,, & linear combination of elements of B.
Hence xel.hull (B), so that O* = 1.hull (B). Since B is a finite set it
follows that O» is finite dimensional. Observe that B is not the only
Hamel base for 07 For example, in C?, the set {(1,1),(0, —1)}is a
Hamel base, as is readily checked.

So far our classification of linear spaces has been into finite dimen-
sional and infinite dimensional. To actually define the dimension of
a finite dimensional space we need the following two theorems.

Theorem 1. Let X have a Hamel base with n elements. Then any set
‘of n+ 1 elements in X is linearly dependent.

Proof. If n = 1 and {p} is a Hamel base, then for each z,, z, in X we
have z; = Ayb, @y = Agb. If A; A, = 0 then either @, = 6 or z, = 0, so
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{x;, 2,} is linearly dependent. If A; A, & O then A, + 0, A, = 0 and again
{wy, 75} is linearly dependent: A,z — A 2, = A4, b—A; 4,0 = 6. This
deals with the case n = 1. Now we consider the case n = 2, finishing the
proof by induction.

Take n = 2, B = {b,,b,} a Hamel base. Let S = {xl, Xy, T3} be any
3 element set in X. Then

@y = Apby+ 250, (2=1,2,3).

Now consider the subspace M = 1.hull {b,}. If all of 2, ., ;€ M, then,
since {b,} is & Hamel base for M, the casen = 1showsthat the 2element
set {z,, 25} is linearly dependent; a fortiori S is linearly dependent. If
however z,, ,, x; are not all in M/ we may relabel so as to ensure that
wg is not in M. This implies A,, & 0, for otherwise 2, = A4,b,€ M,
contrary to hypothesis. Now for i = 1, 2,

A A
Y; = xi";{i‘ Ty = Ay by + Aizbz—ﬁ (A31b1+Age b))

which belongs to M. From the case » = 1, the two element set {y;,y,} -
is linearly dependent, i.e. there exist u,, 1, not both zero such that
%y + %o+ Ay = 0, where A depends on gy, fy, Ay Aggy Agy, its
precise form being irrelevant. Hence we see that 8 is linearly dependent
which proves the theorem for the case n = 2. ‘

Using the idea of the case n = 2 it is easy to finish the proof induc-
tively. This is left as an exercise,

Theorem 2. Let X be finite dimensional. Then all the Hamel bases for
X have the same number of elements.

Proof. Suppose B is a Hamel base, with n elements. Let B’ be another
Hamel base for X. B’ must be finite, otherwise it would have n+1
linearly independent elements, contrary to theorem 1. If B’ has m
elements, say, then we must have m = n. For if m > n or m < n we
contradict theorem 1, since B, B’ are both bases.

In view of theorem 2 the following definition is meaningful.

Dimension

If X is a finite dzmenswnal space then its dimension is deﬁned
to be the number of elements in any of its Hamel bases.

Example 4. C* has dimension =, since {e,,...,¢,} is a Hamel base
with n elements. :
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The next theorem shows that example 4 is in a sense the only
possible example that can be given of an n-dimensional linear space.

Theorem 3. If X is finite dimensional, with dimension n, then X is
isomorphic to C™. '

Proof. Since X is finite dinﬁénsional there is a Hamel base {by, ..., bn}
If zeX then @ = A;by+... +A,b, for some scalars A;. The A; are
unique, for if = g, b; + ... + 1, b, then

(Al—'.u’l) bl+" + (An_ﬂ'n) bn =0,
whence A; = p; (1 < i < n), by the linear independence of the b;. It
follows now that the map f: X —C", given by

f(x) = (A ""An)
is well-defined. It is clearly bijective and also it is easy to check that
floz+ py) = of @)+ ff(y) for scalar o, and z,yeX. Hence f is an
isomorphism,

For examples of infinite dimensional spaces we may cite the
sequence spaces ¢, s, and the function space 0[0, 1]. For example, if
¢, denotes the infinite sequence with 1in the kth place and 0 elsewhere,
then {e,, ey, ...} is an infinite linearly independent set in c,, so whatever
n we take there are always -+ 1 linearly independent elements in ¢,.

By definition, a finite dimensional space has a finite Hamel base.
It is by no means obvious that an infinite dimensional space has a
Hamel base at all. To show the existence of Hamel bases for all linear
spaces it seems to be necessary to employ Zorn’s lemma, or some form
of the axiom of choice. Regarding, as we do, Zorn’s lemma as an axiom
it is quite easy to show that every linear space has a Hamel base.
However, the process employed is highly non-constructive and
provides no explicit Hamel base for any specific space.

Theorem 4. Every linear space X has a Hamel base.

Proof. Let P be the class of all linearly independent subsets of X.
Then P is nonempty since @ €P. Partially order P by set inclusion
and let T' = {L,} be a totally ordered subset of P. Let L = UL, be the
union of all the I, in 7'. Then L is a linearly independent set. For if
8 = {sy,.-.,,} is & finite subset of L then s;€L,, (1 <4 < n). By the
total order in T we may arrange, by relabelling if necessary, that
L, <..<L,. Hence s;€L,, (1< @< n), so that S is linearly in-
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dependent, being a finite subset of the linearly independent L. Thus
T has L for an upper bound. By Zorn’s lemma (see chapter 1), P has
a maximal element, B, say. Now every # in X is also in 1. hull (B). For
if not then there exists an ze ~1.hull (B), whence B U {z} is linearly
independent. But B U {«} = B, strictly, contrary to the fact that B is
maximal. Hence we have shown that B is linearly independent and
that 1.hull (B) = X, whence B is the required Hamel base.

The reader who is familiar with the elementary theory of groups
will have encountered the idea of a factorgroup or quotient group G/H,
where G is a group and H is a normal subgroup. If X is a linear space
and M is a subspace one may define a factorspace X /M, which is
somewhat analogous to a factorgroup G/H. We shall show that
natural operations can be defined in X /M so as to make it into a linear
space. Thus, each subspace M of X generates a new linear space X /M.

Factorspace X/M

Let X be alinear space and M a subspace. Definex = y (mod M)
to mean that x—ye M. Then = is an equivalence relation and
X|M, the factorspace X modulo M, is defined to be the set
{B |re X}, where B, = {y|y = « (mod M)}. With the definitions
E,+E,=E,,, AE,= E, X|M becomes a linear space.

The verification of our assertions is routine. That = is an equiva-
lence relation is trivial. Also, our definitions of addition and scalar
multiplication in X /M are meaningful. For example, if = 2’ (mod M),
y =y (mod M) then x+y = 2’ +y' (mod M), so that picking different
representatives from E,, B, does not alter B+ E,. Similarly one sees
that AE, is well defined. Since X is linear it is clear that X/} satisfies
the axioms for a linear space. We observe that the zero in X /M is the
subspace M. For By = {y = 6 (mod M)} = {ye M} = M.

Example 5. Let X = L[0,1] (see example 6, chapter 2). With the
usual algebraic operations for combining functions X is a linear space.
Write M = {feX |f(¢) = 0 almost everywhere}. Then M is a subspace
of X, and f = g (mod M) means f(t) = g(f) almost everywhere. In inte-
gration theory it is usual to work with the factorspace X /M, rather
than with X itself. Such statements as f = g are usually interpreted,
in integration theory, as f = g (mod ).

. The concepts of convex and absolutely convex set in a linear space
are important in several connections. Ti2s» we now define.
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Convexity and absolute convexity
Let E be a subset of a linear space. Then

(@) Eiscalled convexifandonlyifx,yecE,A+p=1,A> 0,
L = 0imply Az+pyck.

(i) E is called balanced if and only if er [A] < 1 imply
Azek.

(iii) E is called absolutely convex if and only if x,yeE
|A] + |#| < 1imply Az +pyek.

It is not hard to show that a set F is absolutely convex if and
only if it is convex and balanced The proof of this is left as an
exercise.

There is an obvious geometrical way of describing convexity. Let
us call L(z,y) = {Az+(1—2A)y|0 < A < 1} the line segment joining
z and y. Then it is clear that E is convex if and only if £ contains
L(zx, y) whenever it contains x and y.

Example 6. (i) Trivially, every subspace is absolutely convex and
also every absolutely convex set is convex.

(i) Let d be the usual metric on C*. Then every sphere S(a,r)
in O™ is convex. For if d(z,a) < r, d(y,a) < r, A+ p = 1, ete., then, by
Minkowski’s inequality,

n %
d(Ax+py, a) = (% |A(xk—ak)+ﬂ(ylc”dk)lz)

< Ad(x, @)+ pd(y, a) < r.

There is a simple way of generating absolutely convex sets using
certain types of real functions called seminorms.

Seminorms

A seminorm p, on a linear space X, is a function p: X - R
such that (1) p(Az) = |A| p(x), (2) p(z+¥) < p(x)+2().

Property (1) is called absolute homogenelty of p, and property (2)
is called subadditivity of p. Thus a seminorm is a real, subadditive,
absolutely homogeneous function on X. Moreover, by (1) and (2),
0 = p(0) < p(x)+p(—z) = 2p(x), whence p is always non-negative.
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Example 7. (i) p(z) = |z is a seminorm on C.
(ii) py(x) = sup |z,| and py(x) = |limx,| are seminorms on c.

(iii) If f: X —C is a linear map, then p(z) = |f(x)| is a seminorm
on X.
We now have a very simple theorem.

Theorem 5. Let p be a seminorm on a linear space X. Let r > 0. Then
the sets {x|p(x) < r}, {z|p(x) < r} are absolutely conves.

Proof. Suppose p(z) < r, p(y) < r. Then

PAz+py) < |A|p@)+ |plply) < (A +|p))r <7

whenever |A|+ |z| < 1. Hence {z|p(z) < r} is absolutely convex; the
other set may be dealt with similarly.

In the next section, when we have introduced the idea of a topo-
logical linear space, we shall prove a kind of converse to theorem 5.
Starting with a nonempty absolutely convex open set 4 one can
generate a seminorm on X, called the gauge of 4 (see theorem 6).

Exercises 2

1. Prove that the intersection of any collection of subspaces is a subspace.
2. Let S be a nonempty subset of a linear space. Prove that 1. hull (8) is
the set of all finite linear combinations of elements of S. Show also that
1. hull (8) is the smallest subspace containing §. '

3. Show that S # o is a subspace if and only if S+8 < § and AS< §
for each A.

. Let M, M, be subspaces. Prove that 1. hull (M, U M,) = M+ M,.

. Show that the inclusion 24 < 4+ 4 can be strict.

. Let @ denote the set of finite sequences x = (z,,). (A sequence x is called
finite if and only if there exists peV such that z, =0for all #» > p.)
Show that @ is a subspace of s and that 1.hull{e;,e,,...} = ®. Prove
that the countably infinite set {e;, ey, ...} i8 a linearly independent
subset of ¢ but is not a Hamel base for s.

7. Let M be a subspace of X. Define f X—>X|M by f(x) = E,. Prove
that f, the so-called canonical mappmg of X onto X/M, is hnear and
surjective.

8. Prove that a set is absolutely convex if and only if it is convex and
balanced.

9. Let EF be convex and A4, B absolutely convex. Prove that x+A¥ is
convex and that 4+ B, A4 are absolutely convex.

10. Show that any intersection of convex sets is convex. Show also that the

smallest convex set containing a given set § is the set of all finite linear

O
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combinations $A;s; with A; > 0, ZA; = 1, where s;€8. This smallest
convex set is called the convex hull of 8.

11. Let 4 be a nonempty absolutely convex set. Prove that e 4 and that
|A] < |a] implies A4 < pA4. '

3, Linear metric spaces, paranorms, seminorms and norms

We have now reached the stage when it is natural to combine the
metric ideas of chapter 2 with the linear space concepts of the present
chapter. No significant advance can be made however unless the
metric and linear properties are linked together in a fairly intimate
way. The accepted way of making this link is through continuity.
Because of the tremendous number of concrete situations that this
linking process covers it is generally recognized to be the most satis-
factory method of fusing metric and linear structures.

As far as making definitions is concerned it is no harder to define a
linear topological space than it is to define a linear metric space, 50
this we shall do. However, in this introductory work, we shall not be
able to pursue the theory of linear topological spaces—the interested
reader is advised to consult the Cambridge Tract by Robertson and
Robertson (1964). Before we make a general definition we may note
an example which is essentially the source of it. The space (' is a metric
space with d(z,y) = |z —y|; x,y€C, and also C is a linear space over
itself, with the usual addition and multiplication. The metric and
linear structures are linked by continuity, in that z—>x,, ¥ = yg, A—=> 2,
imply & +y -2, +y, and Az — Ay, i.e. addition and scalar multiplica-
tion are continuous operations. All we require of our linear topological
space is that it should enjoy this same property as C. Hence we
define a '

Linear topological space

A linear topological space is a linear space X which has a topo-
logy T, such that the algebraic operations of addition and scalar
multiplication in X are continuous. If T is given by a metric
we speak of a linear metric space.

Continuity of addition means that f:X xX-—+X, defined by
f(x,y) = x+y is continuous on X x X, and continuity of scalar multi-
plication means that f:Cx XX, defined by f(A,z) = Az is con-
tinuous on C x X. The topologies on the products X x X and Cx X
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are defined as follows. For any two general topological spaces X, and
X, we say that a set G is open in X, x X, if and only if, for any ge@,
there exists G, open in X, and G, open in X, such that geG, x G, < G.
It is easy to check that the collection of such sets G is in fact a topology
for X, x X,. This topology is called the product topology. In our
definition of a linear topological space we understand that C has its
usual modulus metric topology.

If (X,,d,) and (X,,d,) are metric spaces then

A((®1, ), (Y1, Y2)) = 4(21, 41) + dol(a, o),

with (zy, z,) and (;, ¥,) in X, x X, is a metric on X, x X,. Itis a simple
matter to show that the metric topology generated by d is exactly the
product topology on X, x X,. Thus, if (X, d) is a linear metric space,
then, for example, the continuity of Az can be expressed as follows.
For each (Ay,x,) and for any e > 0, there exists § > 0 such that
d(x, ) + [A— 4| < & implies d(Az, Ayz,) < €.

Example 8. (i) Let 0 < p, < 1 and let X =I(p). We know already
that. X is a linear space and also that
d(2,y) = Z|wy—yy|®

defines a metric topology on X. Let us show that X is a topological
linear space. Continuity of addition is easy. For, omitting the sub-
script k in the summations, so as to simplify notation, we have

d(@+y,a+b) = Zla+y—(a+b)
< Z|e—alP+3|y—b?
= d(w,a)+d(y,b).

Continuity of scalar multiplication is handled as follows. Write, again
omitting the subscript %,

d(Az, Aga) = Z|(A—2y) (& —a)+ (A—Ap)a+ Az —a)|?
< E[A-2f? |z —al? +Z|A— 2|7 |al? + Z|Ag|? [z - al?
=2, +3,+ 3%, say. )
Now |2o[7t < max (1, |Ag]) = M,say. If |A— Ay| < 1then |A— 2,7 <1.
Next, let N be a positive integer and let |A—2Ay| < 1. Then .

N ©
< X [A-APlalr+ X |a|?P=A+B.
k=1 k=N-+1
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Let ¢ > 0 be given and first choose N so large that B < ¢/3. Then

choose 0 < 7 < 1 such that |A—2A,| < 7 implies that the finite sum 4

is less than ¢/3. Write & = min (3, ¢/3(1+M)). Then '
d(w,a)+|A=2g| < &

implies d(Az,24a) < T, +A+B+Z

€

< d(z, a)+3

+%+Md(x,a)
<e.

Thus scalar multiplication is continuous at each point (A, @).

(ii) An example is now given of a space which fails to be a topo-
logical linear space only in that continuity of scalar multiplication
fails. Let p = (p,,) = (1/k) and write l,(p) = {z| sup |2,|P* < co}. Then
I.(p) is linear, d(z, y) = sup |z, — y,|?* is a metric on I(p) and addition
is continuous. However, there exists x&l,(p) such that Az 4> fas A—0.
For, let z;, = 1 for every k. Take 0 < |A| < 1. Then [A|¥* < 1forall k
and |A|Y*—1 as k—>00, so that

d(Az, ) = sup |A|VF = 1,
whence Az-}>60 as A—0.
We remarked at the end of section 2 of the present chapter that
each nonempty open absolutely convex set 4 generates a seminorm—
this we now prove.

Theorem 6. Let A be a nonempty open absolutely convex set in a
topological linear space X. Then

p(x) = inf{A > 0|zeAd}

is @ seminorm on X. This seminorm is called the gauge of A.

Proof. A+ o implies some x4 and so 0.z+0.z€4 by absolute
convexity, i.e. fe4. Since X is a linear topological space we have
px—>0 as u—>0, for each zeX. Hence there exists 6 > 0 such that
dxeA, since A is an open set containing 6. Write A = ¢-1. Then zeA4d,
and so for each zeX there exists A > 0 such that xeAd, whence
0 < plx) < co.

Now take z,yeX and let € > 0 be given. Then there exists A > 0
such that 2eAd and A < p(z)+e. Also, there exists x4 > 0 such that
yeud and p < p(y)+e Since A is absolutely convex we have
z+ye(A+p)4 and so p(z+y) < A+p. Hence

ple+y) < pr)+py) + 26,
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and e is arbitrary, so that p(z+y) < p(z) +p(y). Finally, one may
show that p(Az) = |A| p(x) in a similar way, whence p is a seminorm
on X. This proves the theorem.

Let us return momentarily to the space I(p) of example 8. This
space is a linear metric space. However, it is rather more than this.
For the function g:l(p)— R defined by

9(z) = 3 |a, |7
gives the metric d on writing d(z,y) = gz —y). This function ¢ has
the following properties: (@) = 0, g(z) = g(—2), g is subadditive and
Az—> Ayz, whenever A— Ay, -, (i.e. gz —xy)—>0). A function with
these properties, defined on a general space is called a

Paranorm
A paranorm g : X - R, X being a linear space, satisfies g(0) = 0,
9(z) = g(—2), glw+y) < g@) +9(y) and A2y, 5>, imply
Az = Ayy. A paranormed space (X, g) is a linear space together
with a paranorm g. ’

It is clear that every paranormed space becomes a linear semimetric
space on setting d(z, y) = g(@—y). It can be shown that on every linear
semimetric space it is possible to define a paranorm which gives rise to
the same semimetric topology. Thus paranormed spaces and linear
semimetric spaces are really the same thing. We consider however that
the proof of this result is just beyond our modest scope.

We now have two important concrete types of linear topological
space: the paranormed space (X, g) and the seminormed space (X, p).

Example 9. (i) {(p), 0<p, <1 is a paranormed space with
g(x) = X |2, |?* (see example 8(i), p. 83).
(ii) Every seminorm is a paranorm, but not conversely in general.
The first statement is easy to verify. For ‘not conversely’ we consider
9(2) = 5 [z, |
on [((1/k)). Then g is a paranorm, bub clearly » exists such that
g(2z) < 2g(x), so g is not absolutely homogeneous.

An even more specific linear topological space is the normed space.
A norm ||.|: X R is just a seminorm with the additional property
|#| = 0implies = 6. Thus a normed space is a pair (X, ||. ||). Perhaps
the simplest example of a normed space is C, with ||| = |z

The theory of normed spaces is one of the basic studies in general
analysis and will be developed in chapter 4.

4 MEO
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Exercises 3 -
1. Show that I(p) is paranormed for any bounded p = (p;). Prove also that
i(p) is complete. :

Remark. In general, a complete linear metric, or complete paranormed
space, is often called a Fréchet space, after M. Fréchet.

2. Prove that s, with
g(x) = Z27%(|w| /(1 +|oi])) ©
is a Fréchet space.
3. Let (g,) be a sequence of paranorms on a linear space X. Show that

g(x) =Z27%g()/(1 +gx(®))

is a paranorm on X. Prove also that g(x,) >0 (n->00) if and only if
i(Z,) =0 (n->o0) for each k.

4. Let g be a paranorm such that g(Az) < |A| g(z) for all A and all z. Prove
that ¢ is a seminorm.

. 5. Let p, ¢ be seminorms on X such that g(z) < 1 whenever p(z) < 1. Prove
that g(z) < p(z) for all ze X.

6. Let p be the gauge of 4. Prove that

{zlp(z) < 1} < 4 < {z|p(z) < 1}
7. Suppose X is finite-dimensional, with Hamel base {b,, ..., b,}. Show that

k=3 Al
k=1 .

is a norm on X, where & = A; b, +... +2,b,.

4. Basis

If B is a Hamel base for a linear space X, then Bislinearly independent
and 1. hull (B) = X. Hence ze X implies = XA, b, a finite linear com-
bination of elements of B. This representation is unique, since B is
linearly independent. :

In certain problems (see for example section 2, chapter 4) it is useful
to have a concept of basis which allows us to express, uniquely, an
element « as an infinite series z = 2A;b,. This idea automatically
involves convergence and hence some kind of topology. Of course
a Hamel base is free of topology. We shall restrict ourselves to a
definition of basis in a paranormed space (X, g) (see section 3 of this
chapter).
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Basis

Let (X, g) be a paranormed space. A sequence (b,) of elements
of X is called a basis for X if and only if, for each xeX there

exists @ unique sequence (A;) of scalars such that x = 3, A,by,
E=1
n
i.e. such that g(x-— > A,cb,c) -0 (n—>c0).
k=1

The idea of a basis was introduced by J. Schauder in 1927; what we
call a basis is often termed a Schauder basis. Our choice of terminology
makes it clear that we wish to distinguish between basis and Hamel
base. However, in finite dimensional spaces these concepts coincide,
as is readily proved.

Example 10. Write ¢, = (1,0,0,...), e, = (0,1,0,...), .... Then (e,) is
a basis for the spaces I(p), ¢, and s, under their natural paranorms or
norms: : ’
glx) = (B [P5)™  on lU(p),

l#| = sup |=| on

g(@) = 227" (o] /(1 + |2[)) ons.

Let us consider I(p), for example. Take any z = (x;)€l(p). Write
Yp = T—(®y,...,%,,0,0,...). Then

n
Yn = x-—kzlxkek = (0,0, 1, Tpigs-on)e

Hence [y ) = 3 |2, |7e>0 (n—>c0),
' n+1 .
i.e. x = Xx;e;. This representation for z is unique. For if

x =2A.e, then ¢ (f} ()\k —b'a‘:k)'e'k) >0 (n—>00),
1 ‘
n e
whence % | Ay — 2 [Pe >0,
= :

which implies A, = @, for all k. - _
We may deal with ¢, and s in the same manner. Note that (e,) is a
basis in ¢, but {e,} is not a Hamel base. For 1. hull{¢,} = ®@, the space
of finite sequences, which is a proper subsét of c,.
: 2
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Example 11. Take ¢, as in example 10 above. Write e = (1,1,...).
Then (e, ey, €,, ...) is a basis for ¢, under its natural norm ||z| = sup |x,|.
For, suppose zec, with 2,1 (k- o0). Then

= SUPgsy [T~ >0 (n—>00),

z - Ze—-)% (2, — 1) ey
1

8o that x = le + 2(x,, — 1) e, It is easy to check that this representation
for x is unique.

The basis just given for ¢ will be used in section 2, chapter 4, when
we determine the dual space of c.

It is known that not all paranormed spaces have a basis. The next
result tells us that a paranormed space which has a basis is necessarily
a separable semimetric space (see section 3, chapter 2).

Theorem 7. Let (X,g) be a paranormed space with basis B = (b).
Then X is separable.

Proof. Let S be the set of all finite linear combinations i (ry,+18;) by,
’ 1

with r,, s, rational. Tt is easy to show that § is a countable set. We now
show that S is dense in X. Take any zeX. Then z = A5, so for
each ¢ > 0, there exists IV such that

N
g (x—EAkbk) <e.
1

Take k such that 1 < k < N. Then choose p;, = r,,+1s;, so close to A,
that g((A;—pr)by) < ¢/N. This is possible by continuity of scalar
multiplication in X. We now have

N N
g (w-leﬂkbk) <é+g (}; (Ak":u’k)bk) < 2e.

It follows that § is dense in X, whence X is separable.

Theorem 7 may be used to show that certain paranormed spaces
have no basis. For example, it can be shown that /., is not separable,
s0 it has no basis by theorem 7.

Exercises 4

1. Let (X, g) have a basis (b,). Then 2 = ZA,b,, for each ze X, Prove that
each map f;,: X+ C, given by f.(z) = A;, is linear on X.

2. Let P denote the normed space of all real polynomials in ¢ on [0, 1] with
llel| = max {|=(t)| |0 <t < 1}. Prove that {t*| k = 0,1, ...} is a basis for P.
Determine the maps f; of question 1.
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3. (i) Prove that (e) is a basis for ¢, and show that the sequence

increases. ( )

(ii) Let zec, limz;, = I. Show that the sequence

increases. ( )

4. Prove that [, is normed, with [|z|| = sup |z,|. Show that d(z,y) = |x—y||
is a metric on I, and that, in this metric, [, is not separable. Deduce
that [, has no basis,

5. Consider C[0, 1] as a normed space of real-valued functions. Let S denote
the set of all polygonal functions on [0,1] whose vertices are at points
with rational co-ordinates. Prove that C[0,1] is separable by showing
that § is a countable dense subset.

Attempt to show that C[0, 1] has a basis.

n
2 T e
1

n
le+3 (w—1) e
1

5. Distributions

Distribution theory was initiated, in its modern form, by the Russian
mathematician S.L.Soboleff in 1936. It was greatly developed and
gystematized by L. Schwartz in the 1950s. Distributions, or generalized
functions as they are sometimes called, have found application in many
fields, e.g. in differential equation theory, eigenfunction expansions of
differential operators and also in the theory of random processes.

Here we intend merely to give a few of the underlying ideas of
distribution theory so as to prepare the interested reader for the more
ambitious and comprehensive works (e.g. Schwartz, 1950; Gelfand
and Shilov, 1964; D. S. Jones, 1966).

Test functions

First we define the linear space D of test functions. We say that
xzeD if and only if (1) z: R C, (2) z is indefinitely differenti-
able on R and (3) x(¢) = 0 outside some closed interval [a,b].
The closed interval [a,b] will generally depend on the function
z = 2(t).

Example 12. z(f) = exp (#2—1)~* for [t] < 1 and z(t) = 0 for |¢| > 1,
defines a test function z. It is easily shown that every derivative
a®(t) = 0at = +1.

- The concept of convergence in D is defined as follows. Let (z,) be
a sequence in D. Then we say that x,— 0 (in D) if and only if there
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exists an interval [a, b], the same for all «,,, such that x,(f) = 0 outside -
[, b], for all n, and &{?(¢) > 0 (n=>co, uniformly on [a, b]) fork = 0, 1,....

Example 13, Take « as in example 12 and let x,(f) = x(f)/n. Then
z,(t) = 0 outside [—1,1], for all #, and |z, ()| < 1/ne for all » and ¢,
whence ,,(t)->0 (uniformly on R). Now for & = 1,2, ..., 2() is dif-
ferentiable on R and so is bounded on [—1, 1]. For such % we thus
have [«#(#)| < M;/n for all n and £, so that 2{(f) -> 0 (n— co, uniformly
on [—1,1]). Hence z,,— 0 (in D). :

Convergence of a sequence (z,) in D to an element z€D is defined
by %,—x->0 (in D). We are now in a position to define the term
distribution.

Distribution
A distribution f is a continuous linear functional on D, the
linear space of test functions.

To say that f is a functional is to say that f: D—C. Linearity of f
means that f(Az+ uy) = Af(z)+ pf(y) for any A, ueC and any z,yeD.
Finally, f is called continuous if and only if #,—0 (in D) implies
f(z,)— 0. We denote the set of all distributions by D'.

Note that, if fis a distribution, then 2, - (in D) implies f(zx, ) - f().

Example 14 (Delta distribution). Define d(x) = (0) for each zeD.
Then it is trivial to check that §eD’. The distribution ¢ is sometimes
rather loosely referred to as the ‘delta function’.

Exi'imple 15. Let F' be Lebesgue integrable on every finite interval.
Define, on D, ®
f@) =f F(t) () dt.

The integral is really over a finite range since x vanishes outside some
closed interval. Thus f is a functional on D, which is linear by the
linear properties of the integral. Suppose now that z,,—x (in D). Then

fed—1@)] < [ 17Ol a0 -20]d>0 (n>o0)

since z,()—>«(f) (uniformly on some interval [a,b]). We have now
shown that each F, which is suitably integrable, generates a distribu-
tion f by means of an integral. Any distribution which is generated
by some function integrable on every finite interval, by means of an



DISTRIBUTIONS 91

integral, is called a regular distribution. Non-regular distributions are
called singular.

Example 16. The delta distribution of example 14 is singular. For
suppose there exists F', Lebesgue integrable on every finite interval,

such that w
o(x) = z(0) = f F () z(t) dt

for all zeD. Choose, for a > 0, z(t) = exp {a?(t2 - a?)~} on (—a,a) and
z(t) = 0 otherwise. Then xze.D and so

= || F)a)d| < et f " F@) .

But it is a standard result in the theory of the Lebesgue integral that

a
J- |F(t)] dt—0 as a->0. Hence we have obtained a contradiction. Tt
-a

~ follows that ¢ is singular.

Itis clear that D' is a linear space under the pointwise operations for
functions. Convergence of sequences in D’ is defined by saying that
(fi) converges in D’ if and only if (f,(»)) converges in C for every zeD.
If, for each zeD, the limit of (f,(x)) is f(z), then f is linear, since
JA% +py) = limy, oAz + py) = Yy, (X, (@) + ufi(y)} = M (@) +4f(y). T
can be shown that f is necessarily continuous, i.e. 2, -> 0 (in D) implies
f(z,)—>0. However, the proof is rather intricate, and those interested
are referred to the book of Gelfand and Shilov.

A series of distributions 3} f; is said to converge to f if and only if
k=1

2. Jr(x) converges to f(x) for every e D. By our previous remarks the
E=1

sum function of a convergent series of distributions is itself a
distribution.

Example 17. Let F(t) = sin kf and suppose f;, is the regular distribu-
tion generated by F}. Then f;, @ in D’. For, take 2eD, and suppose
z vanishes outside (— a, @). Then, on integration by parts,

|fule)] = Ujasinkt.x(t)dt] - }%flcoskz.x'(t)dtl
<%J.ia]x’(t)[dt§0 (k> c0).

1 Note, incidentally, that (F;(f)) converges pointwise only at ¢ = nar. '
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We shall now define the derivative of a distribution in such a way
that every distribution has'a derivative which is itself a distribution.

To motivate the definition consider a funetion F(f) which has a
continuous derivative on R. Then F' generates a regular distribution f,
and integration by parts gives

-[* rozwa-|" POy .

It is thus natural to define, in the general case, f’ by f'(z) = f(—2').
Since —z'eD whenever zeD, we see that f' is well-defined on D.
Obviously f’ is linear, and if #, — 0 (in D) then —=,,— 0 (in D) and so,
by continuity of f, f(—=,)—0, i.e. f'(x,)->0. Hence f'eD’.

Example 18. (i) ¢'(z) = 6(—2") = —2'(0). _
(ii) Consider the Heaviside unit step function 1,, defined by
1,(00=4% 1, () =1(>0), 1.() =0 (t <0). Then 1, generates the

regular distribution H(z) = J‘wx(t) dt, called the Heaviside distribu-
0
tion. We then have H' = 4. For

H'(z) = — f : () dt = -.{ lim x(T)—x(O)}

I~
= £(0) = 8(x).

One of the main advantages of distribution theory is that any
convergent series of distributions may be differentiated term by term.
Of course this procedure is not valid in general in ordinary analysis.

Theorem 8. (i) If f,—~7 (in D') then fi—f' (in D).
(ii) If Zg, = g (in D') then Zg;, = ¢’ (in D').

Proof. (i) filz) = fi{ —2)>f(~2'), since —z'eD whenever zeD,

Hence f;(z)—f'(x) as k—oo for each zeD, i.e. fi—f' (in D').
(ii) This follows on writing

and using (i) and the fact that

o
filw) = 3 gife).
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Example 19. Let F(t) = (sinkt)/nt and suppose f;, is the regular
distribution corresponding to Fj,. Then it is not hard to show that
Si(x)—=>2(0) (k—>o0), for each zeD. Hence f,— 8 (in D’). By theorem
8(i) it follows that f; &' (in D’).

Exercises 5

. Prove that the function 2(#) in example 12 is an element of D.

. Construct a function in D which vanishes for |{| > 2 and has value 1
for |t] < 1.

. Find which of the following define distributions: (i) f(z) = {x(0)}2,

(if) f(z) = Z 2*0), (iif) f() = sup{z(t)|tc R}).

. Let (Fk(t)) be Lebesgue integrable on every finite interval and suppose
that F(t) - F(f) almost everywhere on B. Suppose also that | ()] < (),
where g is Lebesgue integrable on R. Prove that f,—f (in D’), where
S [ are the regular distributions generated by F,F. As a hint, use
Lebesgue’s dominated convergence theorem (see Rudin’s book).

. Define Fy(t) = k/2 for |t| < 1/k, Fi(t) =0 for [t] > 1/k. Prove that the
sequence (fy), of regular distributions generated by (¥}), converges to
the delta distribution.

. Do agin 5, with Fi(f) = (k/m)? e Prove also that fi(z) = z(0)+O0(k1),
for each ze D.

. Do as in 5, with F(f) of example 19. Sketch the graph of Fy(f) for
k=1,3,6.
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NORMED LINEAR SPACES

1. Convergence and completeness

In this chapter we are primarily concerned with normed linear
spaces. A linear space was defined in chapter 3 and unless specific
mention is made to the contrary we shall suppose in future that
the space is complex linear, i.e. the scalar multipliers are com-
plex numbers. A norm ||.| on a linear space X was also defined
in chapter 8 and a normed linear space is just the pair (X,].[). To
summarize:

Normed linear space
A normed linear space (X,|.|) ¢s a complex (or real) linear
space X and anorm ||. | : X - R such that |z = 0onlyifzx = 6,
I2z] = |A] ] and |e+y| < |a] +]y].

We note that |0 = 0 and ||z| > 0 for all z in X. There is a slight
generalization of a normed linear space which sometimes arises.
This is the p-normed space, in which the absolute homogeneity is
altered slightly. Often we shall contract ‘normed linear space”’ to
‘normed space’ in future.

p-normed space

Let X be a linear space, ||.|:X~>R and let p > 0. Then
(X, |- 2) is @ p-normed space if and only if (i) ||z|| = 0 only if
w =0, (i) [Az] = [A|" o], (i) |2 +y] <[] +]y]-

A p-norm is necessarily non-negative and for economy we use the
same notation for a p-norm and a 1-norm, i.e. a norm. No confusion
will arise, since we shall explicitly state which sort of norm is being
used.

If, in the definition above, we retain (ii) and (iii) but drop (i) then
we have a p-seminormed space. A 1-seminormed space is then called
a seminormed space.

[94]
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Example 1. Let 0 < p < 1. Then the space [, of chapter 2 is a
p-normed space, with p-norm

e = Zlef? (zely).

Of course ||z is the norm for /; when p = 1.
The next theorem shows that a p-normed space is a special type of
metric space.

Theorem 1. Edch p-normed linear space is a meiric space with
d(z,y) = |z —y| and ||z = d(x,0). The converse is not generally true.

Proof. The first part is trivial. Now if (X, d) is a linear space which is
also a metric space and we write g(z) = d(z, 6) then g is not generally
a norm. For example, take X = I(p) with p, = k1 and
d(x,y) = T |y, — | P5.

We know from previous chapters that I(p) is a linear metric space.
Now ¢ is not absolutely homogeneous, e.g. if x = (0,1,0,0,...)el(p)
then g(2z) < 2g(z). Thus g is not a norm. The same type of argument
shows that g is not a ¢g-norm for any fixed ¢ > 0.

Nearly all the examples of metric spaces given in chapter 2 are
‘natural’ normed spaces. Once the linear structure is introduced we
put |z]| = d(z, 8) and obtain a normed linear space. This does not work
for all the examples—some exceptions being s, I(p) (in general) and I.

Defining the algebraic operations of addition and scalar multiplica-
tion as in chapter 8 some explicit examples are

lo] = sup o] in ¢ and. L,

=] = max |2,| in ¢,

o] = max (9] in C[0, 11,

lz] = @la)? inl; 2 > 1),

] = max |(f)] in C(K), K compact.

In a normed space, whenever we use topological concepts, it is to be
understood that the topology is the metric topology generated by the
norm. Thus for example S(6, 1) is the unit sphere

{zld(x,0) < 1} = {z] =] < 1}.
Perhaps the most important type of normed space is that which is

- complete (as a metric space). In honour of Banach such a space is
called a
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Banach space

A Banach space X isa complete normed linear space. Complete-
ness means that if |2, —z,| 0 (m,n—>o0), where z,eX,
then there exists xe X such that ||z, — || - 0 (n—>o0). '

Example 2. By our earlier examples we now see that R, C, I,
L, (» > 1), ¢, ¢, and C[a,b] are Banach spaces.

Many results or definitions are however valid without completeness
being assumed and we shall therefore use completeness only when
necessary.

In a normed space convergence and absolute convergence of series
may be naturally defined.

Series in normed spaces
Let X be a normed linear space. We say that the series

oW
Xz, = 3 2,
n=1.
with z,€X, converges to se X if and only if
(8n) = (@, @1+ g, ¥y + o+ 23, ...)
converges t0 s, i.e. ||s, — || => 0 (n->00). Then we write Sz, = s.

A series 2, is called absolutely convergent if and only if ||z, < co.

In R, every absolutely convergent series converges. This depends
on completeness. The following gives a nice series characterization of
a Banach space.

Theorem 2. A normed linear space X is complete if and only if every
absolutely convergent series is convergent.

Proof. (i) Let X be complete and Xz, absolutely convergent. Then for
n >, 08, = [mir oo 42l < [l v+ 2] >0 (>00)
by the general convergence principle for real series. Hence (s,) is
Cauchy and so convergent, i.e. Xz, converges.

(ii) Let every absolutely convergent series be convergent. Let
(,) be Cauchy in X. Then we can find n, < n, < ... such that

[l z,l <27% (k=1,2,..),

(TP

ow
whence }1} [, = %]l < 00



CONVERGENCE AND COMPLETENESS 97

By our assumption it follows that X(x,,, —z,, ) converges. This last
series telescopes and we see that (x,,) converges. Hence the Cauchy
sequence (z,) has a convergent subsequence (z,,) and so the whole
sequence (z,) converges by theorem 2, section 2, chapter 2.
Consequently, X is complete.

We note that the proof of theorem 2 does not use the absolute
homogeneity of the norm. In fact the result will hold in the more
general situation in which the norm is replaced by any non-negative
subadditive function g: X - R, though in this case the limits may not
be unique.

As an example of the use of theorem 2 we consider the completeness
of the Lebesgue integration space L,[0, 1].

The space L, [0, 1], p > 1. This is one of the classical Banach
spaces. The elements of L, are functions x such that |x|? is Lebesgue
integrable on [0, 1], i.e. ze L, if and only if

1
f |z(t)|P dt < co.
- Jo

The natural seminorm in Lp is

ER(NE

This is not a norm, since ||z| = 0 implies only that z(f) = 0 almost
everywhere on [0, 1]. However, by considering equivalence classes as
in example 6, chapter 2, we may, if we wish, construct a normed
space from L,. The triangle inequality |z +y| < || +|y| is in this
case the Minkowski inequality for Lebesgue integrals.

To prove the completeness of L, in the seminorm given above we
need a fundamental theorem of Lebesgue integration, known as
Lebesgue’s monotone convergence theorem. We state this below, with
two of its immediate corollaries. Proofs may be found, for example,
in the book Principles of Mathematical Analysis, by W.Rudin.

Lebesgue’s monotone convergence theorem. If (x,) is a sequence
of functions, measurable on [0, 1], such that 0 < z,(f) < 2,(f) < ... and
lim, z,(t) = z(f) on [0, 1], then

lim,, f : 2, (0) df = f : w(t) db.
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Corollary 1. If (z,) is a sequence of non-negative functions, measurable
on [0,1] and ' w
() = % ,(t),

then f o)t = > f : 2, () .

0 1

Corollary 2 (Fatou’s lemma).,” If (z,) is a sequence of non-negative
Junctions, measurable on [0, 1] and (f) = lim inf, z,(¢) on [0, 1], then

1 . 1
f #(t) dt < lim inf, f ,(8) dt.
0 . 0

Now we are in a position to apply theorem 2 to show that L, is
complete. Take any absolutely convergent series Xz;, where z,cL,
(k= 1,2,...). We shall show that there exists s L,, such that s = Xz,
convergence being in the seminorm of L,. Our hypothesis is that
2 ||#| < oo, whence there exists N such that

Szl <e (m> D).
k=m+1

By Holder’s inequality (for integrals),

1 1 1)
[, leorae < o ([ 1.2)™ = ol
and so, by corollary 1, above,
[ 2 |2(t)| dt = Z [ [m,(t)| df < 2 [la]| < o0

It follows that X |#,(f)| < co, almost everywhere on [0,1]. For if
Z |2,(f)] = o0 on a set of positive measure, then f 2 |z (8)| dt = co.
Hence, 2x,(t) converges almost everywhere, i.e. there exists

lim, 3, () = s(t), say,
k=1

almost everywhere. Now take m > N. Then

m yil m D
s—>x, =f s{t)— Xz, (t)| dt
1 1
n m v
= [tm, | Sy~ St 2
1 1
n D
< lim inf, f z,()|
m+1
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by corollary 2. But
n
[| 300
m+1

D

v n
m+1

m o n v
and so s— |l <lim mfn( p) ]{xk][) < €P,
1 m-+1
. m
This means that Sx,—>s
1

in the sense of seminorm convergence in L,. Finally, we have, for
m >N,
lsll <

m
§— 2%y
1

+ 3o < e+ Dhad <

whence s € L,,. Consequently L, is complete.

The case p = 2 of this completeness result is important in the
theory of Fourier series, in connection with the Riesz—Fischer theorem.
For details of this we refer to the later chapter (chapter 6) on Hilbert
space. ‘

If we are given a normed space X we may always construct other
normed spaces from it. These spaces are called

Normed factorspaces

Let X be a normed space and M a closed subspace of X. Define
%, = x, (mod M) to mean that x,—x,€ M. Then = defines an
equivalence relation and X|M, the factorspace X modulo M,
is the set of all equivalence classes E,. The norm in X|M is

defined by 1B, = inf{ly| lycEy. )

As was pointed out in chapter 3, X/M is a linear space with the
definitions B, + B, = E,,,, AE, = E,,. Now we check that (1) is a
norm on X /M. As samples we show that | E| = 0implies & = M, the
zero in X /M, and also we check the triangle inequality.

Let | E| = 0. Then there exists a sequence (z,,) € E such that z,,—6.
Since M is closed it is clear that E is closed and so 8eE, whence
E=E,=M. '

Now let B, F be elements of X/M. By (1), given any € > 0, there
exist xeE, yeF such that

| =] < 18] +e [l < 17l +e,
whence lz+y] < =]+ < | B] +| ] +2e.
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Now z+yeE +F, so that |E +F| < |«+y|. Therefore
T |2+ F] < | 2] +] 7],
since ¢ is arbitrary. _
Provided X is a Banach space the normed factorspace X /M is also
a Banach space.

Theorem 3. If X is a Banach space and M a closed subspace of X,
then X|M is also @ Banach space, under the norm defined above.

Proof. We shall use theorem 2 and prove that if X | E(k)| < co then
ZE(k) converges, where E(k)e X|M for k = 1,2, .... Now by definition
of | E(k)| there exists z;, € E(k) such that

|z < |B@®)|+27* (k=1,2,...).
Hence % ||2,| < 1+Z||E(k)| < co and the completeness of X implies,

by theorem 2, that Zx,, = z, say. Let E_ be the equivalence class con-
taining this z. Then we shall show that 2E(k) = E,, i.e. that

8, = % Eky~>E, (n->o).
For we have =
$p—E,=Bl)+..+En)~E, =B, +...4+ 8B, ~B,=F,, . v o
Hence, by (1),
l$n—Eg| < |l#y+... +2,—2| >0 (n—>00),

since Zx, = x. Thus, every absolutely convergent series in X/M
converges, i.e. X/M is complete. This proves the theorem.

Exercises 1

1. In connection with normed factorspaces prove that each equivalence
class E, is closed when M is closed. Prove also that |AE| = |A| |||,
with the definition of ||#| given in section 1.

2. Inl,let M be the set of all sequences x = (zy, ..., 2,,0,0, ...) which have
only a finite number of nonzero terms. Prove that 3 is a linear subspace
ofl, which isnot closed. As a hint consider the sequence z; = (1,0,0,...),
2, =1(1,%4,0,0,...), 2= (1,%%0,0,...),... in M.

3. In a normed space show that

@) eyl = |zl llyll],

(i) @, implies |2, ]| > [z,

(i) Ap—>2A, pn—>p(inC)and x, >, Y, >y I0ply Ay 2+ fn > Az + py,
(iv) x,—x implies w,/||x,||->=/|lz||, with obvious restrictions on =,
and z.
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- Let X be a Banach space and suppose the normed space ¥ is isometric

to X. Prove that Y is a Banach space.

. Show that [, (0 < p < 1) is a complete p-normed space.
. Let § denote the set of all real continuous functions z = z(f) on [0, 1].

Show that

et = ([ =0 )’

is a norm on §, but that § is not complete under this norm. As a,'h.int
consider z,,({) = 1 on [0, 4], = 0 on [} +6, 1], completing the dnlimm'on
of z, by drawing a straight line from the point (%,1) to thv point
(3+3",0).

- In anormed space prove that |[Zz,|| < = ||, || whenever I, converges.
. Let Z(z,—=,,,) be absolutely convergent in a normed space. [s (2,)

Cauchy? Is (z,) convergent?

. Let e, = (1,0,0,...), ¢, = (0,1,0,...), &g = (0,0,1,0,...), ... Show that

€x

2l{:log(lc-i-l)

is convergent but not absolutely convergent in ¢,. Find the sum of the
series,
M is a subspace of a normed space. Prove that the closure M of M is
a closed subspace.
If § is a dense subset of a normed space X, show that every vlement
of X can be written as the sum of an absolutely convergent serics whose
terms are from 8. _
For any p > 0, w,, is the set of all sequences « = () such that there is
a number ! for which

1 n

= % |#e—1?>0 (n—>o0).

Ng=1
Prove that if x€w,, then is unique. Show also that w,, is a linonr space
with the usual operations A(zy) = (Azy), (%) + (¥2) = (@%+y2)-

Define

n p
el = sup, (15 fsle)” (<2< o)
n
Iz = sup, n"lkgl [2]? O<p<1).

Show that [jz|| is a norm when p > 1 and a p-norm when 0 < p < 1.
Prove also that w, is a Banach space when p > 1 and a complete

* p-normed space when 0 < p < 1.

"We shall be examining some further properties of the space w, in
chapter 7. '
Let X + {6} be a normed space. Prove that X is a Banach space if and
only if {xe X| |l&|| = 1} is complete.
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2. Linear operators and functionals
In many problems in analysis one finds that one is considering linear
operators on some linear space which have values in another linear
space (possibly the same space). For example, in the theory of integral
equations, operators 4 of the type defined by

1
(4=z) (s) = fo a(s,t) () dt

occur. In this equation we consider a(s,?) as a given function, con-
tinuous on [0, 1]x [0, 1] and z = z(f) continuous on [0, 1]. Then it is
clear that Az is a continuous function of se[0, 1], so that
4 :0[0, 1] C[0, 1.

Because the function 4 operates on each z, sending it into another
continuous function, we may reasonably call 4 an operator, as is con-
ventional in functional analysis. By the ‘linear’ properties of the
integral one sees that 4 is a linear operator, in the sense that

AQ@+py) = 1A(2)+ A ),
for scalars A, x and functions z, yeC[0, 1].

Numerous special types of linear operator will be considered in this
and later chapters (in chapter 7 we study linear operators defined by
infinite matrices). For the moment we shall be concerned with some
general definitions and properties. .

Linear operator '

Let X, Y be linear spaces. Then a function 4 : X — Y is called
a linear operator (or map, transformation) if and only if, for all
x,, e X, and all scalars A, u,

A(Azy + pay) = AA(2) + pA (). (2)

Linear functional

A is a linear functional on X if A : X - C is a linear operator,
1.e. @ linear functional is a complex-valued linear operator.

Kernel of an operator
The kernel of an operator A is defined as
Ker (4) = {zeX|4(z) = 6}.
The kernel of a linear operator is clearly a subspace of X.
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Note. We are usually supposing that X is complex linear. If X is
real linear then a linear functional is defined as a real-valued linear
operator on X,

Example 3. (i) Let I be the space of all integral functions fonC.
Then the differential operator A4:I->I defined by A(f)=f"is a
linear operator on I into itself. The linearity expresses familiar pro-
perties of the derivative but it is nontrivial that f’ is an integral
function. That this is the case follows from the well-known theorem
of complex variable on the indefinite differentiability of functions
analytic on a domain (see Ahlfors, Complex Analysis).

(ii) If ¢ is the space of convergent sequences z = {z,), then
A(z) = lim, is a linear functional on ¢. Another example of a linear
functional on ¢ is B:c—C, given by

B(z) = Zn2x,,

the series being absolutely convergent for each z in ¢.

(iii) A general linear operator 4 :X - Y has the property that
A(0) = 0, as is obvious on putting A = 4 = 0 in (2). No confusion
should arise from the fact that we shall not usually distinguish between
the zero in X and that in Y.

Operators on normed spaces, which are linear and continuous are
of especial interest. The continuity is understood to be the metric
continuity given by the norm. Thus 4: X + ¥ is continuous at z, e X
if for every € > 0 there exists &(x,,¢) such that |4 (x)—A(w,)] < e
whenever ||z~ < &. Here and in future we shall not usually bother
to distinguish norms in X from those in Y. :

Another type of operator on a normed space, which actually turns
out to be the same thing as a continuous linear operator is a

Bounded linear operator

A Uinear operator A:X Y is called bounded if and only if
there exists a constant M such that

4] < M”m” forall zeX.

One should observe that this definition of bounded is not the same
as that for an ordinary complex function: |f(z)| < M for all z in some
set. Note also that a bounded functional on X satisfies |f@)| < M |,
for all z in X.
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Example 4. The operators 4 and B of example 3(ii) are bounded °

linear functionals on c. For, with |2 = sup |z,|, we have |z,| < [[m“
for all » and so |4(z)| = lim |2,| < |=] on c. Also,

772
|B@)| < 72 [z,| < T [
Now we give some properties of continuous linear operators.

Theorem 4. Let X, ¥ be normed spaces and A : X — Y a linear operator.

Then :
(i) A continuous at the origin implies A uniformly continuous on X.
(ii) A is continuous on X if and only if it is bounded.

Proof. (i) We have | A(2)|| < e whenever |z < 8. Hence, if [z —y| <
then || 4(x—y)| = |A(z)—A(y)| < e, by linearity of 4.
(ii) First let 4 be bounded: |A(x)| < M ||z on X. Then

|4@) - 4@)] = [A-y)| < X |e-y| <e,

if |z —y| < ¢/M. Hence 4 is uniformly continuous.

Now suppose that 4 is continuous on X. Then it is continuous at ¢
and so there exists § = 6(1) such that |4 (z)| < 1 whenever ||z| < d.
Take any z # 6. Then

|otal -3
<1, 4@ <2 al-

and so “
2 ll ll

If 2 = 0 then |A(z)]| = 0 and so |4(z)] < 26~*|z| on X, ie. 4 is
bounded.
There is a result analogous to theorem 4 (i) for seminorms.

Theorem 5. Let p be a seminorm on X. Then p is continuous on X if
and only if it is continuous at the origin. Also, this is equivalent to the
boundedness of p, i.e. p(x) < M ||z on X for some M.

Proof. If p is continuous on X then of course it is continuous at the
origin. Conversely, if p is continuous at the origin then we use the
argument of theorem 4 (ii) and prove that p(z) < 26~ |#| on X. From
this we get, since [p(z) —p(y)| < p(x—y), that p is actually uniformly
continuous on X.
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We now know that a continuous linear operator on a normed space
is the same thing as a bounded linear operator. Another way of
describing continuous linear functionals is to look at the kernel.

Theorem 6. Let 4 : X - C be linear. Then A is continuous if and only
if Ker (4) is closed.

Proof. (i) Let A be continuous. Then, since Ker (4) = 4-1({0}), we see
that Ker (4) is closed. For it is the inverse image of the closed set {0}.
Another way of proving this is to let zeKer (4). Then there exists
(x,)eKer(4) such that z,—>=z. Hence, since 4 is continuous and
A(x,) = 0we have A(z) = 0,i.e. zeKer (4), whence Ker (4) is closed.
We note that the argument will work if C is replaced by any normed
space Y.

(ii) Nowlet Ker (4) be a closed set. If 4 = 0then 4 is continuous.
Suppose 4 = 0, so that ~ Ker (4) is nonempty and open. Now there
exists @ in ~ Ker(4) such that A(a)+ 0. Hence A4(b) = 1, where
b = a[A(a)e ~ Ker (4). Consequently there exists S(b,7) = ~ Ker (4).

We shall shortly show that

80,r) = V = {z| |4d(=)] < 1}. (3)

This will imply |4(x)| < 1 whenever ||z| < 7 and so, by the argument
of theorem ¢ (ii), we get | A(x)| < 2r~|z| on X,i.e. 4 iscontinuous on X.

To prove (3) take zeS(0,7) and suppose x¢ V. Then

y=—x[A(x)eS(0,r) and A(d+y)=1+A4A(y) =0.
Also, b+yeS(b,r), since |y| < r. Combining the last parts we get
b+yeXKer(4) and b+yeS(b,r), which means that
Ker(4)n8®,r)+ @.

But this contradicts the fact that S(b,7) = ~ Ker (4). Hence zeS(6,7)
implies ze V, which proves (3) and so the theorem (see the comment
after (3)). '

Before we proceed further we fix some notation and terminology.

L(X, Y). Let X, Y be linear spaces. Then L(X, Y¥) denotes the set of
all linear operators on X into 7. )

X1, This is L(X, C), the set of all linear functionals on X. It is usual
to call X* the algebraic dual of X."

B(X, Y).Let X, Y be normed spaces. Then B(X, Y) denotes the set of
all bounded (i.e. continuous) linear operators on X into Y.
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X*, This is B(X, C), the set of all bounded linear functionals on X.
We call X* the dual (or contmuous dual) of X,

For any normed X, Y it is in the nature of things that
BX,Y)<c (X, Y).
In general the inclusion is strict, as the next example shéws.

Example 5. X* < X* strictly, where X = I, with the norm of [.
. This can be shown by considering

| f@) = 2o, (oel).
It is obvious that f:1, — C and that f is linear on I,. However, f is not
bounded. For suppose it were. Then there exists an integer N such
that |f(z)| < N || for all z in I,. Let yel; be defined by

Yo=1 (I<k<N+1), 5,=0 (k>N+1)
Then |y = sup |y,] = 1, fly) = N +1, and by our supposition we get
N +1 < N, a contradiction. Hence f is not bounded.

We may note that the normed space X of example 5 is infinite
dimensional. It turns out that for finife dimensional spaces it is always
true that X* = X', i.e. every linear functional on X is necessarily
continuous (see exercises 2, question 10).

The sets L(X, Y) and B(X, Y) defined above are sets of functions
(operators) whose values lie in the linear space Y. It is natural there-
fore to make these sets into linear spaces. This we do by defining
A4 +uB, with A,Be (X, Y), by

(A4 + uB) (x) = A4 () + uB(x).

It is immediate that Ad +uBeL(X, Y) and that L(X, Y) is thus a
linear space. Also, B(X, Y) is easily shown to be a linear subspace of
(X, Y).

To make B(X, Y) into a normed space we must mtroduce the norm
of an element 4eB(X, Y).

Norm of a bounded operator
Let AeB(X, Y). Then the norm of A is defined as

4] -
”A” —sup ” "

Tha;t the supremum is finite follows from. the fact that
|A@)| <M |«| when AeB(X,7).
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Now we show that | 4| is indeed a norm on B(X, ¥) and also we prove
that B(X, ¥)is a Banach space when Y is a Banach space, irrespective
of whether X is a Banach space.

Theorem 7. (i) The linear space B(X,Y) of all bounded linear
operators on the normed space X into the normed space Y is a normed
space with | A| = sup {|4(@)| /|| |~ + 6}; AeB(X, ).

(ii) If Y is a Banach space then B(X, Y) is a Banach space under
the norm of (i).

Proof. (i) If 4,,4,eB(X, Y) then
[4y@)] < |4y l=] and [4y(@)] < [ 4] 2]
for all ze X. Hence
[(Ay+4,) (@)] = [ Ay@)+ 4,@)] < (| 44]] +]44]) 2]

for all ze X, which implies that |4, +A2{| [44]) + | 4. It is trivial
that |A4| = |A][|4] and so it remains to show that | 4[| = 0 implies
A = 0. But if 4| = 0 then we deduce from | A(z)| < || 4] || that
A@x)=0on X,ie. A =6.
(ii) Let (4,) be Cauchy in B(X, Y). Then for each zeX,

| 4n@) — An(@)| < [[An— A4zl J2] >0 (n,m~c0),

so that (4,,(x)) is Cauchy in ¥, whence there exists lim,, 4, () = A(z),
say. We want to show that 4eB(X, Y) and that 4, — 4 in the norm
of B(X, Y).Since 4, is linear we have 4, (Az + pz') = A4, (x) + ud, (")
and so, letting n— oo, we obtain 4 (Ax + pa’) = AA(x)+ pud(z'), whence
Ael(X,Y). Now 4 is bounded since

4@ = lim, | 4,@)] < |2 + | 4x] =],

where N = N(1) comes from the Cauchy condition on (4,,).
Finally, by definition of |4, A” as a supremum, we have for
every € > 0 an z & 0 such that

| 4a—-4] < llAn(W)4A(5c)ll/llxll +6/2
— |4 (alla]) - Aaf|a])] +ef2
<e if n> N,
on using the fact that 4, (z/|z|)—>4(z/|]) in the norm of 7.
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Corollary. The dual X* of a normed space X, is always a Banach
space under the norm '

e 17l = sup{|f@)|/|] |= + 6}.

Proof. Put Y = C in the theorem and recall that C is complete with
the modulus norm. -

From the general point of view, theorem 7 and its corollary tell us
much of what we might reasonably expect to know about B(X, Y)
and X *, However, if a normed space X is given in concrete form, e.g.
¢, l, or C[0,1], then it is especially interesting to give an explicit
characterization of the dual space X *. This is not always easy to do
and in fact, with the theory at our disposal, it is possible to carry this
out only for one of the examples cited, viz. ¢. To characterize the dual
of I, one needs to know some measure theory (see the remarks which
follow the table of dual spaces below). The dual of C[0, 1] will be dis-
cussed after we have proved the Hahn-Banach extension theorem
(see section 5 below).

Before we characterize ¢* we introduce the idea of equivalent
normed spaces which is helpful for dual characterization in general.

Equivalent normed spaces

Normed spaces X and Y are called equivalent if and only if
they are isometrically isomorphic. This means that there exists
a linear isometry T: X - Y.

Note. If T'is alinear isometry then | 7'(z)| = ||z on X, since T'(§) = 6.
Conversely, if T' is linear and || 7'(z)| = ||z| on X, then

|7@) - T = |T@-y)| = |=—y]

so that 7' is an isometry, provided it is surjective. Thus X and ¥ are
equivalent if and only if there is a linear surjective norm preserving
mapping T: X - Y. |

It is clear that if X ~ ¥ means X and Y are equivalent normed
spaces, then ~ is an equivalence relation on the class of all normed
spaces, so that X and Y may beregarded as indistinguishable from the
point of view of the theory of normed spaces. When X ~ Y we feel free
to ‘identify’ X and Y and sometimes even say that X s ¥, which
does no harm as long as we bear in mind what is intended.

Now we show that ¢* ~ [, and in view of the preceding paragraph
we say that the dual of cis /.



LINEAR OPERATORS AND FUNCTIONALS 109

Theorem 8. (i) If fec* then there is a number a and a sequence
(a,)€l, such that, for all zec, ’

fl@) = alimz, +Za,x,. (4)

Also the c*-norm of f is
171 = la] +Z]ax.
Conversely, if a and (a,)€l, are given, then the right side o_f (4)

defines an element of c*.
(i) c* is equivalent to ;.

Progf. (i) The converse part is trivial. Suppose then that fec*. Now
from chapter 3 we know that {e, e, e,, ...} is a basis for ¢:

z = le+3(w,~e,,

where z = (z,)ec, I =limz,, e = (1,1,1,...), ¢; = (1,0,0,...), .... By
linearity and continuity of f we get

f@) = If(e) + Z(w, — 1) fley) (8)
for all zec. Now take any r > 1 and let} z, = sgnf(e,) for 1 < n < r,
%, = 0 for n > r. Then zec,, ||z = 1 and so

fel =3 e <UL (©
since |f(@)| < || f] =] on ¢. It follows from (6) that

5| flen] = sup, 3 [flen)] < If] < .

We now write (5) as f@) = ad+Za,z,, (7)
where a = f(e) — Zf(e,), @, = f(e,), the series 3f(e,) being absolutely
convergent. From (7) we have, since [limz,| < |2,

/@) < (o] +Za,]) ],
whence ||f]| < | +2[an| Also, for ||z]| = 1, we have |f(z)| < |f], so
we define, for any r >

mn = sgnan (1 < n < 'r)s
=sgna (n>7r).

Then z€c, |« = 1, limz, = sgna and S0

@) =|lal+ 3 |+ % onsgna| <[fI.

1 For complex z we define sgnz = [2]/2 (z & 0) and sgn 0 = 1. Then, for all z, we
have |sgnz| = 1 and zsgnz = |z|.
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Since (a,)el, we have % a, -0 (r->c0), whence, letting r—o0 in
. n=r+l :
the last inequality we get
la} +2a,| <[] :

Combining our results we see that || f|| = |¢| +X|a,|. This proves (i).

Itis easy to see that the representation (4) is unique. This uniqueness
is required in part (ii).

(ii) Let T':c*—1; be defined by
T(f) = (CL, al, az, ---),
where a, a, appear from the representation in (i). By (i) we have
17N = la| + lay| +|ag| +-..= If]l, [T(f)] being the I, norm. Thus
T' is norm preserving. It is surjective by the ‘conversely’ part of (i).
Finally, T is obviously linear, e.g. if fec* then
TAf) = (Aa, Aay, ...) = Aa, ay,...) = AT'(f).

Additivity of T is similar.

Below we give a table which shows the duals of some of the spaces
we have so far introduced. Some comments on the table are given

after it.
TABLE OF DUAL SPACES

Space Representation Norm Dual
c o lim 2, + Za, 2, la|+Z e, A
Co ez, Zla,| L
L,0<p<1) Za, o, supy, |, 1y
I, (1 <p<ow) Za, o, (Z|a,|9)te I,
Lo f (k) dp f Iz o
N
) 1 1 P
o, 1 [, =0 [, er Evio,

In the table the space in the first column is the space whose dual is
to be given. The representation, of the second column, means the form
taken by each element of the dual; z being an element of the space.
The third column gives the norm of the bounded linear functional and
the final column refers to the ‘identified’ space, e.g. ¢*~ [, 50 the
dual of ¢ is given as /.

We have already proved the result concerning ¢ and the results
for ¢y, I, may be proved by similar methods. In connection with I} the
relation between p and ¢ is 1/p+1/g= 1. Note of course that
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I, (0 < p < 1)is p-normed not:normed and see question 3 of exercises 2
for the definition of operator norm in a p-normed space. The details
for the space C[0, 1] are given after we have proved the Hahn-Banach
extension theorem (section 5 below). BY V[0, 1] denotes a certain sub-
space of the space of functions of bounded variation on [0,1].

Without being led too far afield we cannot prove the statements
about I, Its dual .# is actually the space of bounded finitely additive
set functions (or measures) x defined on subsets of the set of positive
integers V. It is to be remarked that the dual of the sequence space [,
is not a sequence space, though the duals of the other sequence spaces
in the table are. This can be attributed to the fact that I, has no basis
(it is not separable) whereas the other spaces have.

We finish this section with some results of a slightly geometrical
flavour. First we define a

Hyperplane through the origin

Let X be a linear space. A hyperplane H, through 6, is defined
to be a maximal proper subspace of X, i.e. H + X and if for
any subspace M of X we have H = M < X, then etther M = H
or M = X.

Hyperplane
A hyperplane is a set of the form xy+ H, where H is a hyper-
plane through 0.

The kernel of a non-identically zero linear functional is a hyperplane
through ¢:

Theorem 9. (i) If feX*, f £ 0, then Ker (f) is a hyperplane.
(i) If feX*, f % 0, then Ker (f) is a closed hyperplane.

Progf. We know by theorem 6 that Ker (f) is closed when feX*,
Hence we prove part (i) only. Now f == 0 implies Ker (f) + X and
Ker (f) is a subspace since f(Az+uy) = 0 whenever z, yeKer (f). Sup-
pose then that Ker (f) = M, strictly, where M is a subspace of X. We
want to show that M = X. By our supposition there exists

zoe M ~ Ker (f),
so that f(x,) #+ 0. Take xe X and set

Y = x—f(@) o [f (o)
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Then f(y) = 0, whence yeKer (f) < M, and so 2, being a linear com-
bination of elements of M, is in M. Thus X <« M and so X = M.
Consequently, Ker (f) is a hyperplane.

Corollary. If feX*, f= 0, then {z|f(z) = a}, & a fixed scala,r,:is a
hyperplane. ‘

Proof. Let 8 = {z|f(z) = a}.-Since f %= 0 there exists z, such that
flzy) # 0. Put 2y = ax,[f(x;). Then it is easy to check that

8 = zy+Ker (f).
Hence § is a hyperplane.

Example 6. Let X = R3and f(x) =, + x, + 2, where x = (x,2,,x;) € R3.
Then fis clearly a linear functional on E? (here considered as 3-dimen-
sional Buclidean space) and fis continuous, since

|f@)] < 4/8|z] forall xzeRs.

In fact ||f| = 4/3, as is seen on putting z = (1,1, 1). By theorem 9,
Ker (f) is a closed hyperplane in E? and in elementary geometry it is
just the ‘plane’ x, +x,+x; = 0 through the origin.

In 3-space we often want to consider the distance of a plane
(which is defined by a linear functional) from the origin. We may do
this in a general normed space—finding in fact that there is a close
connection with the norm of the bounded linear functional defining
the hyperplane. '

Theorem 10. Let f 5 0 be in X * and write
M = (ol flo) = 13
If d is the distance of the hyperplane M from the origin then d = 1/| f].

Proof. By definition of distance we have d = inf{|z| | f(z) = 1}. For
every z€ M we have |z|.|f| > L, |2 > 1/|f|| and so d > 1/||f].
Now let k& > 1 be arbitrary. From the definition of || f|| there exists

y % 0 such that @)l L1

-

Hence k/|| f|| > ||l«|, wherez = y/f(y); f(x) = 1. Therefore k/| f| > dand
since k& was arbitrary we have 1/|f| > d. Combining our two in-
equalities we get d = 1/| f].
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. Let C™ have the ‘max norm’, [jz|| = max{|z,
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Exercises 2

. Let X, Y be normed spaces and 4 L(X, ¥). If A is continuous at a

single point zye X show that A€ B(X, Y).

. Show that ¢ ~ I, and I ~ 1, 1 < p < o0, I/p+1/g = 1.
. Let X bea p-normed space and Y a normed space. Suppose 4: X > ¥

is linear on X. Prove that 4 is continuous if and only if there exists
a constant M such that

1A@)|| < M |jzjt® forall zeX.

(Thus we may define [[A]] = sﬁp{[]A(x)I[. [le]-Y? |2 & 6} for such a
continuous linear operator 4.)

. Let X be a normed space and M a closed subspace. Prove that the

mapping x—> K, is a linear surjection, from X onto the factorspace
X /M, which has norm 1.

. Give examples of two norms, two seminorms and two linear functionals

onl,.

1<k<n},n>1being
fixed. Suppose a = (a;) is fixed in C". Prove that

n

f@) = 2 ayxm,

k=1
defines an element of (C™)*. Prove that the image of the closed unit
sphere in O™ is a closed disc in C*,

. Let f: B— R be continuous and additive, i.e. f(z+v) = f(z) +f(y) for

all z,y€ R. Prove that f must be of the form f(x) = Az, for some AcR.

. Let f,g be in X*. Prove that Ker (f) = Ker (¢) if and only if there exists

A== 0 such that f(z) = Ag(z) on X.

. Let X be normed and § a maximal closed subspace. Prove that there

exists an fe X* such that Ker(f) = 8. As a hint take zye X ~ § and
show that x = s+ Aw, for every € X, where s€ S and A is some scalar.
Then we have a mapping 2> A and this has the required properties.
Let X be a finite dimensional normed space. Prove that X* = X*.
The following hints may be helpful.

(i) zeX impliesx = ﬁ Aiby, where {b,, ...,b,} is & Hamel base.
1
(i) feX* implies f(z) = %/\,J Ba), 80 |f(@)] < M (2 |,\k|2)

(i) T'(A ]]Z Arby

is a continuous function of A = (A,,...,A,) on

the compact set K = {/\e cr
mum m > 0.
(iv) m > 0, otherwise A;b;+...+A,b, = 0 for some Ac K.

. n 3
(v) 0<m <T(@) on K implies (21} |Ak[2) <sm izl By (i),
|f(@)] < m1M |z on X, whence fe X*.

2‘, [A]2 = 1} Hence 7' has a mini-
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3. The Banach-Steinhaus theorem
The Banach-Steinhaus theorem (theorem 12 below) is one of the -
fundamental results in the theory of normed spaces. It has many and
varied applications in several parts of analysis, some of which we shall

be giving later. We first establish a result which is somewhat more
general than theorem 12.

Theorem 11. Let X be a second category p-normed space. Suppose F is
a family {q} of lower semicontinuous seminorms q such that

g(z) < M(z) < oo,

Jor each ze X and all ge F'.
Then there exists a constant M, independent of x and q such that
g(z) < M |||
Jor all ze X and all g F.

Proof. In the theorem we are denoting the p-norm in X by |z so that
Joll = 0 only i£ = = 6, |a] = [A]"|e], and. [+ < ] + [y], where
2 > 0. Now with d(z,y) = [|z—y|, (X,d) is a metric space, so by
theorem 25, chapter 2, there exists a closed sphere S[a, ] and a con-
stant H such that ¢(z) < H on S[a,r] for all g 7.

Take zeX such that |« > 0. Then

q(sz) = g(sz+a—a) < g(sz+a)+q(a)

where s = (r/|z] V7. Since aeS[a,r] we have g(a) < H for all geF.
+ Also, sx+ae8[a,r], since ||sz| = r. Consequently, g(sz) = sq(x) < 2H
for all g F and so, for such q,

g(x) < 2H |z Yo, ®)
The case x = 6 is also included in (8); both sides being zero. Qur result

follows, with M = 2Hr-1p,

Corollary. Let X be as in the theorem and suppose (g,) is a sequence
of continuous seminorms such that there exists on X

limn Qn(x) = q(=), say. (9)

Then q is a continuous seminorm on X.
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- Progf. 1t is clear that ¢ is a seminorm on X, for example

In(z+Y) < ¢u(®) +4,(y) implies g(@+y) < g(@)+9(y),
on letting n—>co. By (9) the convergence of (g, (x)) implies its bounded-
ness and so by theorem 11 we have ¢,(z) < M ||z|Y# for all » and all
xzeX. Hence g(x) < M ||z|*?, so that ¢ is continuous on X.
The following corollary to theorem 11 is what we shall refer to as
the Banach—Steinhaus theorem.

Theorem 12 (Banach-Steinhaus). If (4,) s a sequence of bounded
linear operators each defined on a Banach space X into a normed space ¥

and limsup, |4,@)] <o on X, (10)

then sup,, | 4,| < o, 1.e. the sequence (| 4,,) of norms is bounded.

Proof. A Banach space is complete and normed and so a second
category 1-normed space. For each n, ¢,(x) = | 4,(z)| defines a con-
tinuous seminorm g,,, since 4,,€B(X, Y). Hence by (10) we may apply
theorem 11 and obtain g,(z) < M |z|| for all » and all zeX. This
implies |4,] < M for all n, as required.

Corollary. Replace (10) of theorem 12 by the existence on X of
lim, 4, (x) = A(x), say.

Then A is a bounded linear operator on X into Y.

Proaof. The proof follows exactly the same lines as that of the corollary
to theorem 11, and so is omitted.

We remark that theorem 12 and its corollary will usually be applied
for the special cases in which ¥ = C or R, so that | 4,,(z)| is replaced
by [4,()|.

Let us give a simple example of the use of the last corollary.

Example 7. If for every xzel, the series Za,, converges, then ael,,.
To show this we may define

fol@) = %akzk!

which for each n is clearly a bounded linear functional on I,. By
hypothesis there exists lim, f, (z) = Za,2,, = f(z), say, for every zel,.
The corollary yields |f(x)| < M ||z| = MZ |z;|. Now put =, = sgna,,
%y, = O for k # n. Then f(z) = |a,| < M,n = 1,2,...,ie. acl,.
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A completely elementary proof might run as follows: suppose
a¢l,. Then a sequence %, < my, < ... can be found such that
|@n,] > 82 k= 1,2,.... Put 2, = 1/a,,, o, = 0 otherwise. Then zel,
since ||z < #2/6, but Za,z, = 1+1+... diverges to co. This contra-
diction shows that we must have ael,.

A pleasing example of the use of the Banach—Steinhaus theorem is
now given. We assume that the reader has a slight knowledge of the
basic idea of a Fourier series. Very little needs to be known—where
necessary we refer the reader to the book by K.Knopp, Theory and

Application of Infinite Series (Blackie, 1964).

Example 8. There exists a continuous function of period 27 whose
Fourier series diverges at 0. )

Let f be a continuous function of period 27 and X the Banach space
of all such funections, with |f| = max{|f(t)]|t€[0, 27]}. The Fourier
coefficients of f are, by definition,

A 1 [2n 1 (% )
ay, == ~f f(t)cosktdt, b, = —-J f@)sinktdt (k=0,1,...).
mJo TJo
The Fourier series of f is the formal series
%"—{- § (@, cos kx + by, sin kx). (11)
k=1

It is formal in that it may not converge at all—if it does it may not
converge to f.

When the nth partial sum of (11) is calculated (see Knopp, p. 359)
at 2 = 0 it is found to be

) =35 [ Datif 2, (12)

where D, (t) = (sin (n+ %) t)/sin 3.

The function D,(¢) is known as Dirichlet’s kernel, after the great
German mathematician P.G.Lejeune-Dirichlet (1805-59) who, in
1829, initiated rigorous investigations into the theory of Fourier
series.

Now (12) defines, for each 7, a continuous linear functional s, on X.
Tor s, is obviously linear and it is easy to show that |D,(f)| < 2n+ 1.
Also,

sl < ML [ D01t = 1118, soy.
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Hence |s,| < I,. We shall shortly show that |s,| = I,. Having done
this we then argue as follows. Suppose (s, (f)) converges for all feX.
Then, by the Banach—Steinhaus theorem, we have that

sup,, |8, = sup, !, < co.

But it turns out that 7, - co as n— o (as we shall prove). This contra-
diction means that (s,(f)) cannot converge for all fe X, whence there
exists an f such that (s,(f)) diverges, which is our result.

We do not wish to spoil the beauty of the application with too much
analytical detail, however necessary. Consequently we indicate the
idea of the argument, referring the reader to the exercises for the
refinements.

If we put f, = sgn.D,, in (12) then we get s,(f,) = I,. But this f, has
a finite number of discontinuities so we replace it by a function f which
is ‘smoothed’ at the discontinuities. In this way we obtain an feX
such that || f| = 1 and s,(f) > I, —¢, for any € > 0. Hence ||s,| = 1,,
since we know already that ||s,| < I, '

Finally, we show [, 00 as n—>c0. Let us write, for each ,

. o= (dk+)m/dn+2, d, = (4k+3)7/dn+2.

Then for te[c, d,] wehave |D,(t)| > “/2
Using this we see that

dedf J2 2 1
m/z Z 7w 2t
as n—>oo.
Applications of the Banach-Steinhaus theorem to matrix trans-

formations will be given in chapter 7.

Exercises 3

1. Let X be a Banach space and ¢ a lower semieontinuous seminorm on X.
Prove that g is continuous on X.

. If for every zel, (1 < p < o0) the series Za,;, converges, prove that

acl,(1/p+1/g=1).

If Za, 2, converges, whenever zec, prove that ael,,

. If X, 2, converges, whenever Xz, converges, prove that ac BV,

. If Z|a,,| < 0o, whenever Za;, converges, prove that acl,.

. Letf,,eX" and |f,(x)| <M |lz|| for all » and all . Let

8 = {z|lim,, f,(x) exists}.

Prove that § is a closed subspace of X.
7. Prove the unproved assertions in example 8, section 3.

]

o oUW

5 MEO
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" 4. The open mapping and closed graph theorems

If a mapping 4 : X -> Y is bijective then there exists 4~1: ¥ —>X and
A~ is bijective. If, in addition, X and Y are linear spaces and 4 is
linear, then it is easy to see that 4~ is also linear. Now assume that
X, Y are Banach spaces and that 4 is bounded (i.e. continuous). Then
we have the remarkable theorem of Banach which tells us that 4-is
also bounded. We shall deduce.this theorem from the ‘open mapping’
theorem’, which asserts that a bounded linear surjective mapping
between Banach spaces is always an open mapping. The important
‘closed graph theorem’ is then established as a consequence of
Banach’s theorem. ‘

Theorem 13 (Open mapping theorem). Let X, Y be Banach spaces
and suppose AeB(X, Y) is surjective. Then A is an open mapping.

Proof. Let G be open in X and let ye A(Q) so that y = A(x) for some
xe@. Now there exists S(z, §) © @, whence A(S(x, 8)) < A(G). Provided
we can show that there is a sphere S(y) = A(S(z,d)) we will have
S(y) = A(G), so that A(G) will be open. To ensure the provision it is
enough to prove that there exists a sphere §(0) < 4(S,), where S, is
the unit sphere in X and §(0) is a sphere about the origin in Y. For,
having proved this, 4(S(x,d)~x) will contain a sphere about the
origin, whence 4(8(z, §)) will contain a sphere about y.
Now we proceed to prove that there exists S(0) = 4(S,). Let

8, =8(6,27%) = {z| || <27%¥ (k=0,1,...).
Now if xeX we may write = k(z/k), where k = [2||z]|]+1; the

square bracket denoting the integer part of 2|z|. Then z/keS, and

so zekS;. Hence ©
X = U kS,
k=1

Since 4 is onto, 4(X) = Y, we get

k=1
But Y is complete and so second category, whence there exists & such

that k4(8S,) is not nowhere dense. Thus 4(S;) contains some sphere
S(a,r), say. We shall now show that

8(6,7) = A(S,). | (13)
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We have

8(6,) < AB) —a < A, ~A(Sy) < ZA(S) = Ay,

which proves (13). In the above chain of inclusions we have used the
facts that ac4(S,), 4(S,;) iQ\(’éB*IY%Tz'and that —yeA(S,) whenever

yeA(S,).
From (13) it now follows immediately that

8(6,72m) < 4A(S,). o (14)
Finally, we show that S(6,r/2) < A(S,). Take yeS8(6,r/2). Then

yeA(S,) by (14). Hence |ly—y,| < r/4¢ for some y,€A4(S;). Also,
y—1,€8(0,7/4) = A(S,) and so ||y —y, —y,|| < /8 for some y,c A(S,).
Continuing, we find :

n
Yy— 2 Yx

< r[2nt, (15)
k=1

where y, € A(S,), whence y,, = A(xz,) for some z,€S,,. From (15) we get
Y= 2A(xk)9

and since |z, < 2%, Z|z;| < 1, we see that Zz, =z, say. Also
J] < Z || < 1, ze8,, and by continuity of 4,

Ax =ZA(z,) =y.

Thus yeS(f,7/2) implies y = Az for some zeS,, i.e. yeA4(S,), which
proves that 8(6,7/2) < A(S,). From our earlier remarks this inclusion
is enough to allow us to deduce the open mapping theorem.

Theorem 14 (Banach’s theorem). Let X,Y be Banach spaces and
suppose AeB(X, Y) is bijective. Then A-1eB(Y, X).

Proof. The result follows immediately from theorem 13, for 4 bijec-
tive, continuous and open implies 4 bicontinuous. Thus 4 is a linear
homeomorphism. '

Our next theorem has useful applications, though it is often a
matter of personal taste as to whether to employ it rather than the
Banach-Steinhaus theorem for some particular problem.

Before the theorem is given we recall that the graph of a mapping
A:X->7 is {(=, Az)|xc X}, which is a subset of Xx Y. If X, Y are
normed spaces we may turn X x Y into a normed space with

I o)l = (=] + |23
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defining (z,y)+ (2", %') = (x+2",y+v'), A(x,y) = (Az, Ay). It is clear -
that (z,,y,)—> (z,y) if and only if z,->x and y,->y. Hence if X, ¥
are Banach spaces then X x Y is also a Banach space;

When A4 is continuous it is easy to show that the graph of 4 is a
closed. subset of X x ¥. With extra conditions we have a’more
complete result:

Theorem 15 (Closed graph theorem). Let X, ¥ be Bandch spaces and
let Ac (X, Y). Then A is continuous if and only if its graph is closed.

Proof. (i) Let 4 be continuous and let G(4) be the graph of 4. We
show that G(4) is closed—actually the linearity of 4 is superfluous in
this part of the theorem. Let (z,y)eG(4). Then there exists z,eX
such that x, -2z and 4z, —~y. But 4z, Az and so y = Az, whence
(x,y) = (z, Ax)eG(A4).

(ii) Suppose G(4) is closed. Then G(4) is a Banach space, being
a closed subspace of the Banach space X x Y. Now consider the
mapping f: G(4)—+ X given by

f((w, A=) = .

This mapping is clearly a linear injection. Also, f is continuous, since
| f((@, 4z))| = ||z| < |(z,A=)|. Hence we may apply Banach’s theorem
(theorem 14) and infer that f~1: X —G(4) is continuous. Finally,

l42] < @ d2)] = |f2@] < 17 =],

so that 4 is bounded and hence continuous.
Let us give a simple application of the closed graph theorem.

Example 9. Suppose (2,;), 7,k = 1,2, ... is a given infinite matrix of
complex numbers a,,;. Let y, = X, a,,%, converge for each » and let
Y = (Yn) €l, for each zel,,. Then the operator 4 defined by y = Az is
an element of B(l,,1.,).

First, the convergence of Za,,;,z, for each n and each z¢&l,, implies
2 @,y < oo for each n—just put 2, = sgn a,, k = 1,2, ... for each n.
Thus 4,(x) = Za,,;, defines} an element 4,el%. The operator 4 is
obviously linear, so its continuity has to be established. By the closed
graph theorem it is enough to show that G(4) is closed. Take any
(z,y)e@(A4). Then there exists a@el,, such that 20>z, AxD—>y as
1—>00. Now the continuity of 4, implies 4, (2%)— 4, (x), i—co, each

1 This is also a consequence of the corollary to theorem 12, section 3, chapter 4.
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n and Ax®->y clearly implies 4,(x®)->y,, i-—>c0, each n. Hence

Y = A, (x),y = Az and so (z,y)eG(4), which proves that G(4) < G(4),
ie. G(4) is closed.

Exercises 4

1. Let (X, [|.]), (X, 1I.]") be Banach spaces such that |z]] < K |jz|' for all
zeX and some constant K. Prove that there exists a constant M such
that x|’ < M |jz]] for all xe X, and hence show that the two norms
generate the same metric topology on X.

2. Let 4,e B(X,, X;), 4,6 B(X,, X,), where X, X,, X are Banach spaces.

" Ifthe equation 4,(z) = 4,(y) has for every x a unique solution y = A(z),
prove that 4 is a bounded linear operator on X, into X, (use the closed
graph theorem).

3. X, Y are Banach spaces and the operator 4,6 B(X, Y) is bijective. If
the operator 4, B(X, Y) is such that |43 [|44]l < 1, prove that the
operator A;+4, has an inverse (using the contraction principle of
chapter 2).

5. The Hahn-Banach extension theoremi

One of the basic theorems of linear space theory is shortly to be proved.
It is important in that it guarantees the existence of linear extensions
to the whole space of linear functionals defined on a subspace. The
proof depends in part on the use of Zorn’s lemma or some equivalent
axiom.

First we prove the theorem for real linear spaces—the extension to
complex linear spaces is fairly straightforward.

Theorem 16 (Hahn-Banach). Let X be a real linear space and M a
subspace. Suppose p is subadditive on X and p(ox) = ap(x), whenever
a > 0 and zeX. If f is a linear functional on M and

flo) < plx) on M
then there exists a linear extension g of f to X such that
g(x) < p(x) on X.

Proof. Suppose M =+ X, otherwise there is nothing to prove. Take

ze ~M and z,ye M. Then f(z)—f(y) < plx—y) < p(x+2)+p(—y—2)

so that —p(~y—2)—f(y) < p(x+2)—f(x). Hence for each zc M, :
¢ =sup{~p(~y=2)~fly)} < ple+2)-fa),

4+ Proved independently by Banach and H. Hahn (1879-1934), the eminent German
mathematician. o I
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whence s £ inf {p(z +2)—f(x)}.
zelM

Thus there is a number ¢ such that, for all ye M,
—p(~y—2)=f(y) <t < py+2)~f@)- (16)
Now define the subspace M, = {x + az|xe M, o real}. Then if weM, we

have w = z+az and the uniqueness of this representation is readily
checked. Define the function % en M, by

h(w) = f(x) +cd.

Then £ is obviously linear on M, and so is a linear extension of f from
M to M,. We now observe that

h(w) < p(w) onlM,.
This follows immediately from (16) on putting y = /e, ¢+ 0 and
splitting the cases « > 0 and & < 0.

If it happens that M, = X then we finish; if not we may repeat the
process of extension, but what guarantee is there that we shall ever
extend to the whole space X ? It is here that we need Zorn’s lemma or
one of its variants. We use Zorn’s lemma (see chapter 1). Let P be the
set of all ordered pairs (M', k'), where M’ is a subspace containing M
and %’ is an extension of f to M’ such that 2’ < p on M'. Partially order
P by defining

(M, By (M",p") ifandonlyif M <M,k =h" on M .
Let S = {(M,, ,)} be a totally ordered subset of P. Then it is easy to
show that & has an upper bound (U, M, H), where

H(z) = h,(x) for zelM,.
The point here is that UM, is a subspace because of the total ordering

- of 8.

By Zorn’s lemma P has a maximal element (#,5), say. All we
need now to complete the proof is to show that .# = X. Suppose that
A # X. Then, by the first part of our proof, we can exfend in such a
way that (A, ) > (M,5#). Since (A, ) is maximal we must have
M, = M, which contradicts the fact that .£,> A, strictly. Hence
the supposition that .+ X is false, and the proof is completed o
writing g = &7, :

Corollary 1. Bvery bounded linear functional defined on a subspace of
a real normed linear space X can be extended linearly with preservation
of the norm to the whole of X.
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Proof. We have |f(z)] < ||f]| |#] on M, say. Hence there exists g such
that g(z) < |f| ||#] on X. Putting —2 in place of # we deduce that
lg@)| < ||l || Also, for ze M we have g(z) = f(), and so [|g| = | f|l-

Corollary 2. If X + {0} is a real normed linear space, then there are
always non-trivial continuous linear functionals on X.

Proof. In the Hahn-Banach theorem take p(z) = ||z||. Now take any
7y + 0 and define M = {ax,|a real}. Then M is a subspace and if we
set flowy) = o ||| then fis linear and continuous on M. Hence we may
extend f to the whole of X with preservation of the norm (corollary 1).
Thus each non-zero element z, of X generates a continuous linear
functional on X whose value at z, is ||z > 0.

Corollary 3. Let X be a real normed linear space and suppose f(x) = 0
for all fe X*. Then we must have x = 6.

Proof. If z + 0 there exists, by corollary 2, fe X* such that f(z) > 0,
whereas we are assuming f(z) = 0 for all fe X *. Hence the result.
Now we give the complex version of the Hahn-Banach theorem.

Theorem 17. Let X be a complex linear space, M a subspace and let p
be a seminorm on X. Suppose f is a complex-valued linear functional
on M such that |f(x)| < p(x) on the subspace M. Then there exists a
linear extension g of f to X such that |g(z)| < p(z) on X.

Proof. Write f = f, +if,, so that f,, f, are real linear functionals on M,
considered as a real linear space. Also, fy(iz) = —fy(x) on M and
filz) < |f@)] < p(x) on M, so f, extends to g, with g,(») < p(x) on X,
using the real Hahn-Banach theorem. Now put g(x) = g,(x) — ig,(ix)
go that g(z) = f(x) on M. Also, g(iz) = ig(x), since g, is real linear,
whence ¢ is complex linear on X.

Finally, if g(z) = 0 then |g(z)| < p(x)—for p is non-negative. If
g(x) & 0 let & = argg(x), so that

lg()| = g(x) e~ = gz e~™*) = g,(x e~™*)
< plze ™) = p(a),

since g(xe~?*) is real and p is absolutely homogeneous.
It is now clear that the complex versions of the corollaries to
theorem 16 are also valid.
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As an application of the Hahn-Banach theorem we prove the Riesz}
representation theorem for the elements of C*[0, 1].

Theorem 18 (Riesz representation). If feC*[0, 1] then there ea:zsts a
Sfunction g, of bounded variation on [0, 1], such that

flx) = f z(t)dg(t) forall xzeC[0,1],
£ = V(g) = total variation of g on [0,1].

‘Pr'oojl Befére the proof we remark that we are assuming certain basic
properties of Riemann-Stieltjes integrals f 1x(t) dg(t). See, for ex-
ample, Rudin (1964). Primarily, we need tooknovv&7 that if 2eC[0, 1]
and geBV[0, 1] then f 01 x(t) dg(t) exists and

1
lim Zx(%) (9(t:) —g(t:)) = f x(f) dg(t),
pP)—~0 i=1 0
where P = {0 =t,1,...,5, =1}, {; <t < ... <{1,, is a partition of
[0,1]; u(P) = max (¢} —51—1) 1<ign and c;€[t;1,t;]- It is to be
understood that the limit exists for every partition P and every
choice of c;.

Now consider C[0,1] as a subspace of the Banach space M of
bounded functions on [0,1] with |z = sup {|z(¢)| |0 < ¢ < 1}, ze M.
If feC*[0, 1] then, by the Hahn-Banach theorem, there exists a linear
extension F to M such that f(z) = F(z) on C[0, 1] and [IF“ 171

Let yx, denote the characteristic function of [0,¢], 0 <t < 1, ie.

vy =1(0<y<t), xly) =0 <y<1). Then XteM for each
te[0,1] and we write F(y,) = g(t). This function g is the function
appearing in the theorem. Now write ¢; = sgn[g(¢;) —g(f;—;)]. Then

lg@t;) —g(t;—)| = [g(t;) —g(t;1)]e; and so

n n
i§1 ;g(tz) —'g(ti-'-l)l < ”F“ * 'L"E—'-:l [Xt,-"Xti._l] €1l

If ye[0, 1] then ye(t;_4, ;] for some j, whence

igl [Xti(y) - Xti-x(y e, =

+ F.Riesz (1880-1956), the famous Hungarian mathematician, was one of the
pioneers in functional anulysis.
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n
Consequently ;1 lg(t) —g(t:—0)| < | 7], (17)
whence ge BV[0,1].
Now define

Zp = % x(?‘/?’b) (Xr/n'— X(r-—l)/n)'

r=1
Then if u€[0, 1] we have we ((r— 1)/n, r/n) for some r and so
2o (1) = z(r/n).

Since z is continuous and hence uniformly continuous on [0,1] it
follows that |x—z,|->0 (n—c0). Consequently F(z,)—>F(z)= flx)

and so f(z) = lim %Ix(fln)'(g (r/n)—g (“Tl))

N~>0 =

- f Ca(t) da(t). (18)

0
From (18), we obtain
|f(@)] < max|x(t)]. V(g) = || V(9),
so that || f|| < V(g), which, coupled with (17), yields || f|| = V(g).

In theorem 18 the function ge BV is not unique. For example we
may add an arbitrary constant to g and still get the same representa-
tion for f. Thus we cannot identify C*[0, 1] with BV[0, 1].

To obtain an identification of C*[0, 1] we shall need to use two well-
known properties of functions g in BV[0,1]. The first is that
g(t+0) = lim g(x) exists for each &[0, 1], and the second is that the

gt

set of discontinuities of ¢ is at most countable. Now write
BV[0,1] = {(§eBV|&(0) =0 and G(+0) = G(t),0 < ¢ < 1.

Then BV is a subspace of BV. Define a function G by G(0) =0,
G(1) = g(1)—g(0) and G(t) = g(t+0)—g(0), 0 < ¢ < 1. Then

G(t) = g(t) —g(0)
fort = 0and¢ = 1and for each € (0, 1) at which g is continuous. Hence
for every z€C[0, 1] we have

1 1
f x(t) dg(t) =f z(£) dG ().
0 0

Now it is clear that G eBV. Hence with each feC *[O, 1] is associated
a GeBYV such that

flx) = flx(t) dG(t) forall =zeC[0,1].
0
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N
The function G'is in fact unique. For suppose that he BV is such that

1

fz) =f zdh, for all zeC[0, 1]. Putting « = 1 we get G(1) = k(1), since
0

G(0) = h(0) = 0. Now take 0 < ¢ < 1and write H(¢) = G(f) —k(t). Then

1
f zdH = 0, for all zeC[0, 1]. Choose z to be equal to 1 on [0, ¢], equal
0 /

to 0 on [c+h,1] and complete the definition by joining the points
(¢, 1), (¢ +, 0) with a straight line. Then x€C[0, 1] and, on integration
by parts,
c+h
0=H(c) +f z(t) dH(2)
0
ct+h
= H(c)—H(c) —f z'(8) H(t) dt
0
1 feth '
=ﬁf H(t)dt—~H(c+0) as h—>0+.
0

Hence, for 0 < ¢ < 1, we have H(c+0) =0, ie. G(c+0) = h(c+0),
i.e. G(c) = h(c). We have thus shown that G = % on [0, 1], so that G is
unique. It is now a simple matter to show that || f|| is equal to the total
variation of G on [0,1], and this completes the identification of

©*[0, 1] with BV0, 1.

Bidual of a normed space. Another use of the Hahn-Banach
theorem is in connection with the second dual space (or bidual) of a
normed space X. The bidual is denoted by X** = (X*)*. We are
going to show that X may be identified with a certain subspace X
of X#* One then thinks of X as being naturally embedded in its
bidual X **,

Theorem 19. Let X be a normed linear space. Then X is isomeirically
isomorphic to a subspace X of the bidual X**.

Proof. Let us denote elements of X by z, as usual, and elements of
X* by *. Define a linear functional # on X* by
&(x*) = a*(z).

Thus, with each 2* e X * we associate the value of z* at the point xe X.
That & is linear on X * is a consequence of the way the linear operations
are defined in X*. Now £ is also continuous on X *:

|#@*)| = |=*(@)| < =] =],
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whence ||#| < ||. Hence the map z—& defines a continuous linear
operator on X into X **. Now let X denote the image of X under the
map x—>&. All we need to show then is that the map is an isometry.
By corollary 2 to the Hahn-Banach theorem there exists y*eX*
such that y*(z) = |#| and |y*| = 1. Hence

o = sup 2@ S 130, =
|12 = sup g > 186 = [l
so that, by the earlier result |Z] < ||#|, we now have ||| = ||=|. This

proves the theorem.
In general we have £ < X**, If equality occurs we have a reflexive
space.

Analytic vector-valued functions. There is another use of the
Hahn-Banach theorem which we should like to mention. This concerns
ageneralization of the familiar Liouville’s theorem of complex variable,
which asserts that a bounded integral function must be constant.
First, we define an analytic vector-valued function x = %(z) on a
domain D in the complex plane C. Let X be a Banach space and
#:D->X a mapping of D into X. Then z is called analytic on D if and

only if there exists 1
lim x(z+ g—x(z) (= 2'(2))
B0 :

for every ze D and z+ ke D. The limit is taken in the sense of the norm
in X.
If fe X* and x is analytic on D it is easy to see that fx defined by
(fr) (2) = f(=(2)) is analytic on D in the usual sense of complex variable.
In the usual way we say that z is an integral function if it is analytic
on C and we define it to be bounded if |x(z)]| < M for all zeC. Now we
prove the generalized Liouville theorem.

Theorem 20. If z:C—> X, @here X is a Banach space, and x is a
bounded integral function, then x is a constant.

Proof. For any fe X * we have |f(2(2))| < [|f] ()| < |f]| # on C, so
that fx is bounded. Since fz is also-an integral function in the usual
complex variable sense, the ordinary Liouville’s theorem yields
fz(z)) = f(z(2")) for any z, 2’ € C, so f(x(z) — x(2")) = Oforanyz,2'€C. By
corollary 3 tothe Hahn-Banach theorem it follows that z(z) — (") = 0,
2(z) = z(z') for any z, 2’€C, i.e. z is a constant.
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Exercises 5

1. M is a subspace of the normed space X and yeX is such that
d(y, M) > d > 0. Use the Hahn-Banach theorem to prove that there
exists an fe X * such that ||f|| <1, f(y) = d and f(m) = 0 for all me M.
As a hint, consider the subspace generated by M and g.

2. (Generahzed limit in I_.) Consider the real linear space I, and put
p(x) = inf (limsup, &~ 12{:1:,,” 1< j < k}), where zel,, and the inf is
taken over all finite sets i,, zz, ., o, of positive mtegers Prove p is well-
defined on 1, p(ax) = ap(x), & > 0, z€l,, and p is subadditive. Use the
Hahn-Banach theorem to obtain a linear funetional f on I, with the
following properties: f(x) > 0 whenever x,, > 0 for all n;

f((mz:xas--- =f( xl!mm'“));

f(x) = 1if z, = 1 for all n. Thus, on writing f(x) = Lim z,, we see that
f has the properties of the ordinary ‘lim’ on ¢. The notation Lim
indicates that the limit is in I, not c.

3. Let X be anormed space and « : D— X, where D is a domain in C. Prove
that, if # is analytic on D and fe X *, then fr is analytic on D.

4. Let L be a simple closed path in C and let X be a Banach space. If

x: L — X is continuous on L prove that f x(z) dz exists. The integral is

L
defined as in complex variable theory except that the limit is taken in
the norm. The completeness of X is used in the proof.
5. X is a Banach space and L is a simple closed path in C. If z is analytic
within and continuous on L prove the generalized Cauchy theorem:

f #(2)dz = 0. As a hint, use the ordinary Cauchy theorem and the
L
Hahn-Banach theorem.

6. Weak convergence

Let (x,,) be a sequence in a normed space X. Then (x,) is said to con-
verge weakly to ze X, written z, -z (weakly), if and only if

fle,)~>fl®) as m—>c0, foreveryfeX*.

We call z the weak limit of (z,).
If #,— in norm, ie. |2, —2| -0, then, since

|f@n) =f@)] < | 7] |on—2]

for every fe X*, we have z,—x (weakly). Thus convergence in norm
implies weak convergence to the same limit, and for this reason con-
vergence in norm is often called strong convergence.
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Theorem 21. (i) The weak limit of a weakly convergent sequence is
unique.

(ii) In general, weak convergence is not equivalent to strong con-
vergence.

(i) If x, >z (weakly) then sup, ||z,| < co.

Proof. (i) Suppose z,—z (weakly) and z,—y (weakly). Then
fle—y) = flx—2x,) +fx,~y)—>0, whence f(x —y) = 0, for every fe X *.
By corollary 3 to the Hahn-Banach theorem (section 5, chapter 4) it
follows that = = y. :

(i) Consider the space 7, (1 < p < o0). If we consult the table of
dual spaces in section 2 of this chapter we find that every felf may be
written as f(z) = Zayx;, for all zel,, where acl, and 1/p+1/g = 1. If
we write e; = (1,0,0,...), e, = (0,1,0,...), ..., then, with the I, norm
‘we have |le,—e,| = 2Y (n % m), whence (e,) is not strongly con-
vergent. However, (e,) is weakly convergent to 6. For, whenever fel}
we have f(e,) = a,, and a€l, implies a,,— 0.

In the case p = 1 it happens that strong and weak convergence
coincide. This will be proved as a corollary to a theorem of Schur on
matrix transformations (see theorem 6, section 1, chapter 7).

(iii) =,z (weakly)implies f(x, —z)—> 0 (n—>c0) for every fe X *.
By corollary 2 to the Hahn-Banach theorem there exists f, € X * such
that f,(z,—=)=|z,—2| and |f,] =1 For each feX* define
E.(f) = f(x, — ). Then (F) is a sequence of continuous linear func-
tionals on the Banach space X*. Since f(z,—x)—0 it follows
that lim sup, |F,(f)] < ©© on X* The Banach-Steinhaus theorem
(theorem 12, section 5, chapter 4) now yields M = sup, |F,| < co.
Hence

lzn—all = |fulza—2)] = |Flfa| < | Bl 1full < 22,

so that ||2,|| < M +|=| for every n. This proves the theorem.

An important type of convergence can be defined in the dual
space of a normed linear space X by saying that f,—f (weak®) if
and only if

(@) f(x)>f(x) asn—>oo,foreveryxeX,

and (b) sup,|fa] < .

This convergence is called weak* (weak star) convergence in X*. If

X is a Banach space, then (b) is superfluous, since the Banach-
Steinhaus theorem shows that (b) is implied by (a).
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Theorem 22. Let X be a normed space which contains a countable
subset {x,} whose linear hull is dense in X. Then

L

A(f, ) = S | falww) — o)
is a metric on X* and weak* convergence in X * implies convergence in
this metric.
Also, if 8 is theunit sphere {fe X*|||f|| < 1} then 8 is compact in the
metric topology generated by d.

Proof. d is well-defined, since d(fy.f.) < |fi—Jel| < o for any fi,f,
in X*, If d(fy,fo) = 0 then (f,—f,) (z,) = 0Ofor n = 1,2, .... Now take
any x€ X. Since 1. hull {z;} is dense in X, there exists y,, —z (k—0),
where y,,, is a linear combination of elements of {x,}. Hence, by conti-
nuity of fi—f, we get (f;—f2)(®) = limy, (f;—/5) (¥r,) = 0, so that
fi1 =f The other axioms for a metric space are trivially satisfied,
whence d is a metric on X*.

Now suppose f,~f (weak*). Then f,(z)—f(x) as n—>c0, for every
zeX and M = sup,, || f,| < co. Hence, for any N,

A f) < 3 M@=t o M

p=1 25(|lzp] +1) T e=N41 2k-1
=2;+2%, say.

Let € > 0 be given and choose & so large that X, < ¢/2. Then choose
7, 80 large that 2, < ¢/2 for n > n,. Thus f,, - fin the metric d.

Finally, it is enough to show that the unit sphere § is sequentially
compact, i.e. that every sequence (f,) in § has a weak* convergent
subsequence whose limit, belongs to 8. Now (f,(,)) is bounded in C
since |f,(@;)| < | full |2 for all n. Hence there is a convergent subse-
quence (f,,(z;)). Similarly (f,,(z,)) has a convergent subsequence
(faz(xs)). Continuing, we find a subsequence (f,,) of (f,) such that
(fan(xy)) converges in C for each k. Then (f,,,(z,)) is Cauchy for each £,
and since {z;} is dense in X it follows that (f,,(x)) is Cauchy for each
zeX. Thus f,,(z)—>f(z), say, for each zeX. It is obvious that f is
linear and |f,,| <1 for all » implies |f(z)| = lim, |f;.(x)] < ||
Hence || f|| < 1 and so fe8, which proves the theorem.

We remark that what we have shown in theorem 22 is that if X is
a certain type of normed space then there exists a metric d on X*
which makes S a compact subset of (X *,d). Weak star convergence
was used merely as a device to prove this result. A much more satis-
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factory result is obtained if the problem is approached topologically.
It is possible to define, for any normed space X, a topology T'* (called
the weak star topology) on X* such that § = {feX*||f| <1}isa
compact subset of the topological space (X*, T'*). This general result
is known as Alaoglu’s theorem. Since the proof of this theorem requires
rather more topology than we have at our disposal we refer the reader
to more advanced works for the details.

Exercises 6

1. Prove that weak convergence is equivalent to strong convergence in the
normed space O™,

2. Suppose that the set B < X* is such that 1. hull (#) is dense in X*, Let
(x,) be a sequence in X such that sup, |l@,/| < and f(z,)—>f(x) for
every fe E. Prove that x, —x (weakly).

3. Let 2™ = (z{®)ec, n = 1,2,.... Prove that 2 >z = (z) (weakly) in ¢ if
and only if sup,, [|#™|| < oo, lim, 2 = 2, each & and

lim,, (lmkx%.)) = limy @




BANACH ALGEBRAS

1. Algebras and Banach algebras
This chapter presents a few basic concepts from the theory of Banach
algebras. Qur treatment is extremely limited in scope and is intended
merely as a simple introduction. First we make some definitions. In
all that follows our linear spaces are complex, unless specifically
designated real. ‘

Algebra
An algebra X is a linear space together with an infernal
operation of multiplication of elements of X, such that
zyeX, x(yz) = (xy)z, z(y+2)=ay+az, (x+y)z=az+yz,
and Azy) = (Az)y = x(Ay), for scalar A.

In some algebras there exists a non-zero element e such that
ez = ze = « for all z. If such an e exists it is obviously unique and is
then called the identity of the algebra.

An algebrais called commutative if it has the property that zy = yz,
for all z, y.

Normed algebra
A normed algebra is an algebra which is normed, as a linear
space, and in which |zy| < ||| . |y| for all =, y.
The property |ay| < ||z].|y]| is called the submultiplicative
property of the norm.

Banach algebra

A Banach algebra is a complete normed algebra, i.e. an algebra
which is a Banach space.

Example 1. (i) C, with the usual addition and multiplication, and
lz| = |#|, z€C, is a commutative Banach algebra with identity. Here
of course the norm is multiplicative, i.e. |zy| = |z|.|y|.

[132]
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(ii) R, with its usual structure, is a real commutative Banach
algebra with identity.

Example 2. R?, with co-ordinatewise linear operations and
|| = (@3+28)?}, @ = (x;,,), is a real Banach space. R® becomes a
real commutative Banach algebra with identity under ‘complex’

multiplication:
ZY = (@191~ TpYo, 1 Yo+ LaYs),

where @ = (2,,,), ¥ = (4, ¥,). Note also that eyl = =] ]

Example 3. C[0, 1]is an example of what is called a function algebra.
We know already that C[0, 1] is a Banach space. If we now define xy
by (xy) (¢) = «(t).y(t), for =, yeC[0, 1], then, since the product of two
continuous functions is continuous, we have zyeC[0,1]. It is now
obvious that C[0,1] is a commutative algebra with identity. Also,
eyl = max |2()y(t)] = |x(t)y(t)| < |2| .|y, whence C[0,1] is a
Banach algebra.

Example 4. The space 4 of example 9, chapter 2, is an important
Banach algebra called the disc algebra. Defining pointwise multiplica-
tion as in example 3 above we see that 4 is a commutative algebra,
with identity: f(z) = 1for |2| < 1. Now || f| = max |f(z)|, the max being
over [z| < 1, is a norm on 4. Clearly the norm is submultiplicative. It
remains to show that 4 is complete.

Let (f,) be a Cauchy sequence in 4. Then (f,(2)) is Cauchy in O, for
each |z| < 1. Hence f,(2)>f(z) as n— oo, uniformly on |2| < 1 and so
J is continuous on |z| < 1. Now let I be a simple closed path lying in
|2| < 1. Since f,(2) - f(z), uniformly on T', we have

li;n fr T dz = fr J(z)dz.

By Cauchy’s theorem, each integral on the left is zero, whence the
limit is zero. Thus the integral on the right is zero for each I' lying in
|z| < 1. It follows by Morera’s theorem that f is analytic on || < 1.
Hence fe 4, so that 4 is complete.

Example 5. Let M denote the set of all n x % matrices 4 = (@),
with complex entries a;;. Then M™ becomes a linear space with the

. definitions
s A+B = (;+by), M= (Aay).
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The usual definition of matrix multiplication:

“ n
(4B);; = lglaﬂag’m,

makes M into an algebra. The matrix I = (8), &; = 1,8;; = 0 (¢ 5),
is the identity. As is well-known, matrix multiplication is not commu-
tative. One may turn M into a normed algebra by defining

4] = max{ £ agl |1 < <n).

Tt is a simple matter to show that M™ is complete under this norm.

Example 6. Let X be a normed space. Then B(X, X), the set of all
bounded linear operators on X into itself, is a normed linear space.
This result is a special case of theorem 7, section 2, chapter 4. Now
define ‘multiplication’ of 4,, 4, B(X, X) as composition of operators:
(4, 4,) (x) = A,(4,%). It is obvious that 4, 4, is linear whenever 4,
and A, are linear. Also, when 4,, 4, are bounded,
[(4145) @)] < 4] - [ Ao < | 4a]l [ 4a] 2]

and 50 |4, 4,] < ||4,] .| 4s]. Since E, defined by E(x) = z for all ze X,
is in B(X, X) we see that B(X, X) is a normed algebra with identity.

If X happens to be a Banach space then by theorem 7 (ii), section 2,
chapter 4, we conclude that B(X, X) is a Banach algebra with identity.
B(X, X) is an example of what is called an operator algebra. ‘

In any algebra with identity e, an element which has an inverse is
called a unit, i.e. x is a unit if and only if there exists an inverse y such
that xy = yx = e. We write y = ™! and observe that z~? is unique
when it exists. Obviously e is a unit and 6 is not a unit.

Consider example 1 (i) above. Every non-zero element of C' is a unit.
Similarly, every non-zero element of R? (in example 2) is a unit. How-
ever, in example 3, there are non-zero elements of C[0, 1] which are
not units, e.g. x given by z() = 0 on [0, 1], z(t) = ¢ —% on [§, 1]. These
observations lead us to make the following definition.

Division algebra
A division algebra is an algebra with identity, in which every
non-zero element is a unit.
0, and R? of example 2 are division algebras, both commutative.

A four-dimensional non-commutative real division algebra was
discovered by the celebrated Irish mathematician W.R.Hamilton



ALGEBRAS AND BANACH ALGEBRAS 135

(1805-65). It was proved by Frobenius in 1878 that Hamilton’s
algebra (called the quaternions) was essentially the only finite dimen-
sional non-commutative real division algebra.

Example 7 (The Quaternions). This algebra H (for Hamilton) is the
real linear space R* provided with a special kind of multiplication
which makes B* into a non-commutative division algebra. Following
Hamilton we denote the unit vectors in R by 1, 1, j, k. Precisely, we
write 1 = (1,0,0,0), % = (0,1,0,0), = (0,0,1,0), k = (0,0,0,1). Once
we have defined the products i}, jk, ete., we may multiply

xy = (X + ... +kxg) (i + ... +Hhy,)

in the usual way. The definition of multiplication of unit vectors is
this; l.m=m.1=m for m=1,4,3,k,
m?=—~1 for m =1k,
Y=—fi=Fk jk=-kji=1, ki=-—ik=]j.

We note immediately that Hamilton has sacrificed commutative
multiplication—a bold step in those far-off days. It is now trivial to
check that H is an algebra with identity 1.

When operating with complex numbers z = z, +142, it is useful to
use the conjugate Z = x, —ix;. Then 2% = |z|* = 23+ 3. Similarly,
with each xeH we associate Z = x, — iz, — jzg — kz,. Then

aF = -+ ad+ ] + a5,
which yields the natural norm
l«] = @)

Obviously H is complete under this norm. For any z, ye H one readily
checks that Zj = 7.7, from which it follows that |zy| = || .|y|. Now
if 2 = 0, then ||z|| > 0 and so #%|z]|~2 = 1, whence the inverse of x is
Z ||| ~2. Collecting our results we seé that H is a real non-commutative
Banach division algebra.

Exercises 1

1. Suppose that a normed algebra has identity e. Prove that [jef| > 1.

2. In anormed algebra, prove that multiplication is continuous, i.e. 2->=,,
Y Yo iImply xy > 47, convergence being in the norm,

3. Let X be an algebra without identity. Consider the Cartesian product
Y = O'x X. Define linear operations in ¥ in the usual co-ordinatewise
fashion. Define multiplication in ¥ as follows:

(A1 ) (Ao, 2g) = (Ay Ag, Ay Ty + Ay 21 + 2, 7).
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Prove that Y is an algebra with identity. Show also that X is iso-
morphically embedded in Y, in the sense that X is isomorphic to a
subset of ¥. (See section 2 for the idea of isomorphic algebras.)

4. If X of question 3 above is also a Banach algebra, show how to define a
norm in Y so that ¥ becomes a Banach algebra.

5. Let 1(Z) = {x: Z—C| 2 |a(k)| < oo}, where in this question sums run
from % = —o0 to k = +o0. Prove that ,(Z) is a linear space and that
]lxn = 3 |2(k)| is a norm on },(Z). Show also that 2y defined by

(zy) (n) = Za(n— k) y(k)

makes [,(Z) into a Banach algebra The multiplication just defined is
usually called convolution and is frequently denoted by x#y, rather
than zy.

. Is 4, of example 4, a division algebra?

. Show that, for » > 1, M* of example 5 is not a division algebra.

. (i) If z,yeH, the algebra of quaternions, prove that Zj = %, and

deduce that the norm in H is multiplicative:

lleyll = lie] - lirll
(i) Let =% 60 be in H. By solving the four equations obtained by
equating coefficients in zy = (1,0, 0,0), find the inverse y of =.
(iii) Show that there are infinitely many z€ H such that 2? = —1.
(iv) Prove that @ ={1, 1,4, —i,5, —j,k —k} is a group under
quaternion multiplication.
9. Let X be a commutative algebra with identity e. Suppose that z is not
a unit and define
8 = {zylye X}.

Prove that
@) S+ga,
(ii) e¢s,
(iii) S is a linear subspace of X,
(iv) ze X, se8 imply zs€8.

0o~

2. Homomorphisms and isomorphisms

Mappings between algebras which preserve the linear and multiplica-
tive operations are of special importance. Such mappings are called

Homomorphisms
Let X, Y be algebras. Then a map f: X — Y is called a homo-
morphism if and only if fAzx+py) = Af(x)+ufly) and
flxy) = f().fy), i-e. [ is linear and multiplicative.

An isomorphism between algebras is defined to be a bijective
homomorphism. A homomorphism f: X —C is usually called a scalar



HOMOMORPHISMS AND ISOMORPHISMS 137

homomorphism. When we speak of a bounded homomorphism f
on a normed algebra X we mean that |f(z)|y < M| x| x for some
constant M and all xeX. Usually we write this inequality as
|f@)]| < M|z|, although the norms on each side of < may be
different.

It is an especially curious feature of the theory of Banach algebras
that quite ‘ordinary’ hypotheses have ‘extraordinary’ conclusions.
This remark is well-illustrated by theorem 1 below. The reason for
such behaviour would seem to be that there is so much structure (both
analytic and algebraic) in the hypotheses that ‘ordinary’ is perhaps
not quite the right word to describe them.

We preface the proof of theorem 1 with a simple lemma.

Lemma. Let X be a Banach algebra and suppose x is such that |z| < 1.
Then there exists ye X such that xy = z+y.

Proof. Since ||z|| < 1 and ||2¥| < ||z|*, the series —z—a2—a%—... is
absolutely convergent. But X is a Banach space and so the series
converges (theorem 2, section 1, chapter 4). Let the sum of the series
be y. Then

2y =—at—ad—at—...=x+y.

Theorem 1. Let X be a Banach algebra and f: X - C a scalar homo-
morphism. Then |f(z)| < ||z| for all xe X. Thus a scalar homomorphism
on a Banach algebra is necessarily a continuous functional.

Proof. Suppose there exists ze X such that |f(z)] > ||2||. Then z = 6
and we may write = 2/f(z), so that f(z) = 1, |z| < 1. By the lemma
just proved above there exists y such that zy =ax+y, whence
f@).fly) = flz) +fly), ie. fly) = 1+f(y), which gives a contradiction.
Hence we must have |f(z)| < |«| for all .

It was remarked in section 1 of the present chapter that Frobenius
had proved that the quaternion algebra H was the only finite dimen-
sional non-commutative real division algebra, in the sense that every
such algebra is isomorphic to H. Actually, Frobenius proved more,
viz. that there are only three finite dimensional real division algebras:
R, R? with complex multiplication, and H. The proof of this general
result is rather intricate and we do not wish to go into the details of it.
However, the one-dimensional case is quite simple and illustrates the
idea.
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Theorem 2. Let X be a one-dimensional real division algebra. Then -
X is isomorphic to the algebra R.

Proof. Let e be the identity in X and suppose that {b} is a Hamel base
for X. Since b%is in X, there exists a unique real A such that b2 = Ab,
which implies b(b—Ae) = 6. But b # 6 and so there exists 5-*. Thus
(6-18) (b — Ae) = b0 = 0, whence b = Ae. Now each xeX is uniquely
expressible in the form & = ub = pAe. It is clear that the map x—uA
from X to R is linear, multiplicative and bijective, ie. is an
isomorphism.

In chapter 3, it was shown in theorem 3 that every n-dimensional
linear space was isomorphic to 7. It is natural to ask for some analogue
of this result for n-dimensional algebras (the dimension of an algebra
being its dimension as a linear space). This analogue is provided by the
next theorem.

Theorem 3. Every n-dimensional algebra X with identity e is
1somorphic to an algebra of n x n matrices.

Proof. Let zeX. Associate with x the map z*: X+ X, defined by
x*(y) = zy, for all ye X. We may now construct a map f: X — L, where
f(x) = x* and L is the set of all the maps 2*. It is easy to check that
fislinear on X. Let us show that fis multiplicative. Write x = z;z,, so
that for any y, we have

z¥(y) = 2y = By(wyy) = ¥ (z,7) = 21 (25 (y)) = (a1 2}) (),

by definition of multiplication (composition) of maps. Hence
2¥(y) = (@25 () for all g, Le. & = a¥ ok, Le. f(&,,) = f(&)) f(ay).

Now f is injective, for f(z;) = f(x,) implies 7 (y) = 23 (y) for all y.
Putting y = e, we get 2, = ,. By definition of L we also have f(X) = L,
so that X is isomorphic to a certain algebra of maps of X into itself.
Observe that we have not yet used the fact that X is n-dimensional.
‘We complete the proof of the theorem as follows. Let {b,, ...,b,} be a
Hamel base for X. Then each y in X is of the form y = XA;b;, the sum
being over 1 < 4 < n. Thus, for each zin X,

x*(y) = % Azx*(bz) == % Ai ? a’ijb,'i
= 3, (S ady).

It is now easy to check that the map taking # to the matrix 4 = (a;)
is an isomorphism.
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Exercises 2

. Let X be a finite dimensional real division algebra with identity e. Prove
that every xeX satisfies a quadratic equation Age+A z+A2% = 6,
with real coefficients.
. Let X be as in question 1, and also commutative. Show that to every
we X there correspond A, z€ C such that 22— (A + pyx+Aue = 6. Deduce
that x is of the form x = ae, for some acC.
. Leb o]l <¢ <1, where x is an element of a Banach algebra with
identity e. Prove that

=]

@O (e+a)t=3Y (-)"a" =e—zt+22—...,

n=0
(i) le+a)r—eta| < M |22

for some constant M.

. Xisan algebra and § = {z€ X |2y = yz, for all ye X}. This set § is called
the centre of X. Prove that S is a subalgebra of X, i.e. §is itself an algebra
under the algebraic operations in X,

. X isanalgebra and [ is a linear subspace of X such that ze X, ie ] imply
wiel. Buch a set I is called a left ideal in X. Define z ~ y to mean that
z—yel. Prove that ~ is an equivalence relation and that Ty ~ Ty,
Y1~ Yo Inaply @9, ~ zpy,. If B, is the equivalence class containing 2 we
define B,+ B, = B,,,, A, = E,,, E,E, = E,,. Prove that {B,|lzeX}is
an algebra. This algebra is called the quotient algebra of X with Tespect
to the ideal I and is denoted by X/I.

. Let X, Y be algebras and f: X - ¥ a homomorphism. Prove that the

Kernel of Ker (f) = {ze X|f(a) = 6),

is a left ideal in X. For the definition of ideal see question 5. Show also
that Ker (f) = {0} if and only if f is an isomorphism.

. If, in question 6, the homomorphism f is surjective, prove that the
quotient algebra X /Ker (f) is isomorphic to ¥.

- () Xis an algebra and § is the set of all scalar homomorphisms on X.
The radical of X is defined as

rad (X) =  {Ker (f) | feS}.

Prove that rad (X) is an ideal, i.e. ze X, serad (X) imply ¢ and
tzerad (X).

(ii) Let X be the set of 2 x 2 matrices 4 such that a,, = 0. Show that X
is an algebra under matrix multiplication and that

b 1) 6o (o)

isa Hamel base for X. Hence determine the set § of part (i) and show

et rad (X) = {(g g) ]ZEO}.
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3. The spectrum and the Gelfand-Mazur theorem

The main aim of this section is to prove a remarkable result of Gelfand
and Mazur. This result asserts that the only complex Banach leISIOIl
algebra is the complex algebra O, in the sense that every complex
Banach division algebra is isomorphic to C.

In preparation for the proof of this theorem we fix some notation
and make certain definitions. Throughout the section, unless weindicate
otherwise, X will denote a Banach algebra with identity e. The algebra
is always understood to be a complex algebra, though sometimes we
shall not emphasize this. Unless specific mention is made to the con-
trary, X is not necessarily a division algebra.

Units
zeX is called a unit of X if and only if x* exists. By U we
denote the set of all units.

Regular point
Let zeX be given. Then AeC is called a regular point of x if
and only if x—AecU.

Spectrum
The spectrum, o(z), of an element xeX is the set of all non-
regular points of z. Thus Aeo(x) if and only if x—Ae¢ U.
We should observe that o(z) is a subset of C. In theorem 10 below
we shall prove that for each x in a complex Banach algebra with

identity we always have o(z) + @. For the real case it is possible that
there are x such that o(x) = @:

Example 8. Consider the real Banach algebra, with identity, M?
(see example 5). Let us find o(4), where

0 -1
A= (1 o)
Now o(4) = {AeR|4 — Al has no inverse}. By an elementary theorem

of matrix algebra it is known that 4 — Al has no inverse if and only if
det (4 —AI) = 0, where det denotes determinant. Hence we have
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o(x) = {AeR|det (4 —AI) = 0}. But det (4 — AI) = A2+ 1, and there is
no real A such that A2+ 1 = 0. Hence o(4) = &.

It may be known to the reader that the theory of eigenvalues of
certain operators is extremely important in Quantum Mechanics. We
donot consider it appropriate here to discuss the problems encountered
in Quantum Mechanics. However, we shall define the term eigenvalue
of an operator on a normed linear space, and show how this notion is
related to the spectrum of the operator.

Eigenvalue of an operator
Let X be a normed linear space and 4 an element of the set
B(X, X) of bounded linear operators on X into itself. Then
AeC is called an eigenvalue of 4 if and only if there is at least
onez + 0 such that Ax = Ax. We denote by Big(4) the set of all
eigenvalues of A.

The set B(X,X) is an algebra with identity, under the usual
algebraic operations for operators. Hence we may consider the
spectrum o(4) of an operator 4 in B(X, X).

The general relation between the set of eigenvalues and the spectrum
is given by

Theorem 4. Eig(4) < cr(A);

Proof. AeEig(4) implies there exists 2, + 6 such that Az, = Az, i.e.
(4 —AB)z, = 0, where E is the identity operator. Now if (4 — AE)~!
exists then it is a linear operator, and so
(A—-AE) 1 (A—-AE)zy = (A—AE) 16 =0,
i.e. wy = 6. This contradicts z, =+ 6, whence 4 —AF has no inverse,
i.e. Aeo(4). The theorem is thus proved.
The inclusion of theorem 4 may be strict:

Example 9. Consider the operator 4 :I,—>I,, given by

Az = (0,2,2,,...),
where x = (2, %,, ...)€l,. Clearly 4 is linear and bounded. We shall
show that Big(4) = &, but that 0co(4). First, if 0eEig(4) then
(0,24, %y, ...) = 0, for some x + 6§, which is impossible. Secondly, if
AeBig(4), A = 0, then there exists z + 6 such that

(0, 2y, 25, ....) = (Any, Ay, ... ).
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Hence 0 =x;, %, = A%y,..., and 80 & = @, a contradiction. Thus -
Eig(4) = 2.

Now 0ea(4)if and only if A has no inverse. But 4 hasno inverse, for
if A-1 did exist then A(4~%) = , for all zel,. Putting z = (1,0,0,...)
we get A(A-lx) = (1,0,0,...), whereas the definition of 4 yields
A(4A~%) = (0,...). This contradiction shows that 4 has no inverse.
Hence o/(4) contains 0. '

There follows a succession of results culminating in the Gelfand-
Mazur theorem.

Theorem 5. If |e—x| < 1 then zeU.

Proaof. § | e=)¥| < oo and so, writing # = e~ (e—z), we have
0

x (e+% (e-—x)") =e,

i.e. the inverse of  is e+ Z(e— ).
Corollary. If AeC and |z| < |A|, then x—2eeU.

Theorem 6. U is an open subset of X.

Proof. Let zeU and write S(z)={y||z—y| <[z} Then
le—yz~Y| < 1, whenever yeS(x).

It follows by theorem 5 that yz—'eU when yeS(z). Now y has
inverse z~1(yz~1)~! when yeS(x). Hence yeS(x) implies ye U, whence
U is open.

Theorem 7. For each xe X, the spectrum o (x) is a compact subset of C.

Proof. By the Heine-Borel theorem it is enough to show that o(x) is
bounded and closed. Take Aeo(x). Then 2—Ae¢ U and the corollary
to'theorem 5 yields ||z > |A|. Hence o(z) lies in the disc centre (0, 0)
and radius ||z].

Now let A, e~ o(x). Then z—AjecU. Write z—2Ae = f(A). By
theorem 6 there exists S(f(A,)) = U. Let A— A,. Then f(1)—f(A,) and
so there exists a neighbourhood N(A,) such that AeN(A,) implies
FV)eS(f(A,). Hence AeN(A;) implies f(A)eU, whence Ae ~ o).
Thus ~ o(x) is open, and so o(x) is closed.
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Theorem 8. Let y,y,eU. Then y->y, implies

@ y>e, () ywrt
Progf. (i) Let € > 0 be given. If y—>y, then y5y->e, and so there

exists 8, such that |y —y,| < &, implies |y5 'y —e| < 2-1. By theorem 5

we have We'y)yt=e+Z(e—¥o 1?/)":
Y o—e = Z(e—y5 y)

Hence, when |y —y,| < 6, we have
n . «©
ly=vo—el < Zle-z'yl*+ = 27*
1 n+1

Choose n large so that § 2% < ¢ and then choose 8, = 8,(¢) so small

n+1
that ||y —y,| < 0, implies that the finite sum

5 -yl

is < ¢. This is possible since y->y, implies y5'y—>e. Hence we have
ly~yo—e| < 2€if |ly—y,| < min (8, 8,), which proves (i).
(i) y—>y, implies y~ly,->e, by (i). Hence

10w v | < s =90 — €l -0,
ie.yt>yylasy—>y,.

Theorem 9. For each xeX, z(A) = (x— Ae)™! is analytic on ~o(z).

Proof. If Ae~o(z) then x—2AeclU, 8o z(A) is ~well-defined. By
theorem 7, ~o(x) is open. Now let A, A,€ ~ o(x). Then it is easy to
check thab o ra) = ) + Ay — ) 2(A) (A,
By theorem 8 (ii), A— A, implies z(A) —z(A,), whence
W»{xmo)}z as A—>A,.
Thus x(A) is analytic in the sense defined in section 5, chapter 4.
At this stage we remind the reader that X is a complex Banach

algebra with identity.

Theorem 10. For each zeX, o(z) + &.
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Proof. If o(x) = @ then z—Ae has an inverse forall A,ie. .

2(A) = (—2Ae)™?
exists for all . By theorem 9, z(A) is an integral function. Now if A + 0
then Je—2e) = || [e—=/2)] |
and 5o #(A) — 6 as |A| > co. Thus %(A) is bounded on C. By the general-
ized Liouville theorem (theorem 20, section 5, chapter 4) we have that
(1) = %(0),for all A. Letting |A| - o0 we get (0) = 6, whence 2(A) = 0,
for all A. It follows that (z—Ae)x(A) = 0, i.e. e = 0, contrary to the

fact that X is an algebra with identity e 4 6. Hence o(z)+ @.
We may now prove the Gelfand-Mazur theorem.

Theorem 11. Let X be a complex Banach division algebra. Then X is
isomorphic to C. : o

Proof. xzeX implies o(x) + &, by theorem 10. Hence there exists
Aeo(x), 50 £ — Ae has no inverse. Since X is a division algebra it follows
that z—Ae = 8, i.e. © = Ae. Thus, to each zeX corresponds a AeC
such that # = Ae. This A is unique. For z = Ae,x=pe,oo=A—p+0
imply ae = 6, and so e = 6, a contradiction.

To summarize, we have a map f: X —C, given by f(x) = A, where
x = Ae. Now if 2 = Ae, y = pe, then x+y = (A+pu)e, zy = (Au)e, and
50 f is linear and multiplicative. If f(x) = f(y) then A= pandsox=y.
Finally, if AeC is given, then the element x = AeeX is such that
f(z) = A. Hence f is bijective.

This proves the theorem.

Corollary. Let X be a complex Banach division algebra. Then
(i) X is necessarily commutative.
(i) X is necessarily one-dimensional.

Proof. (i) Let z,yeX. Then x = Ae, y = ue and s0

zy = (Ap)e = (ud)e = yz.
(ii) The set {e} is, clearly, a Hamel base for X.

Exercises 3

1. Let X be an algebra with identity. Show that the set U of units is a
multiplicative group.

2. Let A e M (see example 5). Prove that o(4) is never empty but has at
most n elements,
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a b
= 2
A (c d) €Mz
Prove that (4) is a one-point set if and only if (@ +d)? = 4 det (4).
- For anyset § in an algebra, let S* = {a"|acS}. If X is a Banach algebra
with identity, prove that

o@)*=o@@") (n=2,3,..).
As a hint, observe that a"—z"% = (v—ze) (@"~1+...4271¢) for each
complex z.
- With X as in question 4, write r(z) = sup{|A| |Ae o(z)}. Then r(z) is
called the spectral radius of x. Prove that 0 <r(z) < |jz|. Using
o(z)* = o(2™) show that 7(2*) = {r(z)}* and deduce that

r(z) < lim inf, |jan|n,

. Suppose that r(z) in question 5 is positive. Prove that

. Let

©
2 A—kwk.l
1

diverges for |A| < 7(z) and converges for |A| > r(z). Deduce that
7(z) = lim sup,, |lz"|["".

Show also that this formula holds for #(z) = 0.
Combine questions 5 and 6 to show that

7(2) = lim,, [l"|[tn,

. Let A:1; 1, be defined by Az = (2,2, ...), where = (21, 2y, ... )EL.
Prove that 4 is a bounded linear operator, with |4) = 1.

. Inthecontext of the algebra B(l,, ;) showthat [A| > 1implies Ada(4),
and that |A| < 1 implies A€ Eig(4). Deduce that the spectrum of 4 is
the closed unit disc in the complex plane.

. Find the spectrum of the operator 4 :1,—>1,, given by dz = (0, g, Ty oen)

for 2 = (zy, %, ...)€l,. The underlying algebra is B(l,,1,).

. Let A:1,—1, be defined by the infinite matrix

01

b

O O e
O O O M=

1
A={0
0

O = O

Thus A» = (xy+x5+2,+..., 2,20, %5, ...), Where z = (%), 2, ...). Let
D ={A||A| <1} and A, = (1+4/5)/2. Prove that o(4) = DU {A,}. The
underlying algebra is B(l,, ).
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4. The Gelfand representation theorem

Throughout this section we shall suppose that X is a commutative
Banach algebra with identity e. Our object is to prove a weak version of
a fundamental theorem of Gelfand, which tells us that a certain type
of Banach algebra (called semisimple) is isomorphic to some funection
algebra. ‘

Tirst we define some simple coneepts which are used in the proof
of Gelfand’s theorem. A set I < X is called an ideal if and only if I is
a linear subspace of X and zeX, yel imply zyel. If the inclusion
I = X is strict then I is called a proper ideal.

An ideal M is called maximal if and only if (i) M is a proper ideal
and (ii) whenever I > M properly, where I is an ideal, then I =X.
Since we assume X has an identity, we have X = {6}. Thus {f} is a
proper ideal. By using Zorn’s lemma, as in previous chapters, it is easy
to show that there exists a maximal ideal M such that {6} = M. Hence
every X contains a maximal ideal, so that it makes sense to speak of I,
the set of all maximal ideals.

X is called semisimple if and only if

n, M=1{.
MeM
We denote by F' (I) the set of all bounded complex valued functions
on M. With pointwise addition and multiplication F(JI) becomes a
commutative Banach algebra with identity. We now state our version
of the Gelfand representation theorem.

Theorem 12. Let X be a semisimple commutative Banach algebra with
identity. Then X is isomorphic to a subalgebra of the function algebra
F(IT).

Proof. Let M e M and consider the quotient algebra X/M. As in
question 5, exercises 2, of this chapter, we may define XM, merely
replacing the I there by M. Since M is a maximal ideal it turns out
that X/M is a division algebra. To show this we take any nonzero
element E in X/M, i.e. take E & M. Take zE and consider

I = {zy—m|yeX,meM}.

Then I > M strictly and I is an ideal. Since M is maximal we
must have I = X, whence ecl, so that ay—m = e for some yeX
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and some m e M. Thus, if B, is the equivalence class containing ¥,

then E,E,=E,, ={zz—(m+e)cM}
= {z|z—ee M} = E,.
Hence B, is the inverse of £ = E_, so that X/M is a division algebra.
v z g
By -definin, .
v |B) = int{ly] |y< B}

we turn X /M into a normed space (see chapter 4, section 1). Now the
closure M of M is a proper ideal. For it is trivial that 7 is an ideal,
and ifxe M then 2! does not exist. Ifit did then ec M, whence M = X,
a contradiction. Thus M < ~ U, whence M = ~ U = ~ U, since U is
open by theorem 6. But e¢~ U, so that e¢ M, whence /7 is a proper
ideal. We now have that M = I, for if M < M strictly then M = X,
contrary to the fact that J is proper. Thus M is a closed maximal ideal.
By theorem 3, chapter 4, it follows that X/M is a Banach division
algebra. The Gelfand-Mazur theorem (theorem 11), now shows that
X /M is isomorphic to C.

Our next task is to exhibit an 1somorphlsm between X and a
subalgebra of F(II). Take zeX and Mell. Let EeX|M be the
equivalence class containing x. By the Gelfand-Mazur theorem,
E = AE,, where A = Az, M)eC. Denote by £ that function on .ZlZf
defined by (M) = A(w, M). Thus we have a mapping f: X - F(I)
given by f(x) = 2. By the Gelfand-Mazur theorem we know that
A, as a function of z, is a homomorphism. Thus, for example,

PN
J@)+fly) = 8+ § = flx+y), since 2(M) +§(M) = x + y(M) for each M.
Now f is injective. For if f(z) = f(y) then A(z—y, M) = 0 for all M,
so that B,_, = 0. B, = M for all M. Thus z—yen {M|M e} and
since X is semisimple we have x—y = §, whence f is injective.

It is now clear that the image of X under [ is a subalgebra of the
a]gebra of all complex valued functions on M. Finally, 2 is bounded
on 7, for B (M) = Mz, M VE(M), which implies

|80 | B.0)| < | B.20).
But 1200 < o] smd B0 > 1,
whence |2(M)| < ||«| for each M. Thus # is bounded on M, and this
completes the proof of the theorem.

We remark that we have proved only a weak version of the Gelfand

representation theorem. The strong form of the theorem asserts
that every semisimple commutative Banach algebra with identity is
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isomorphiec to asubalgebra of the algebra of continuous complex valued -
functions on the compact Hausdorff space M. To prove this result we
need more topological results than we have at our disposal, and the
interested reader is referred to more advanced works on Banach
algebras for the details. :

1.

Exercises 4

(i) Let X be a commutative algebra with identity and suppose that
I is a proper ideal in X. Partially order, by set inclusion, the class of all
proper ideals in X, and then use Zorn’s lemma to prove that there is a
maximal ideal M which contains I.

(ii) Let ve ~ U. Show that I = {xy|ye X} is a proper ideal in X. Use
part (i) to show that there is a maximal ideal which contains z.

. Suppose X is a commutative Banach algebra with identity e. In the

notat}on of the Gelfand theorem, prove that A(e, M) =1, for each
MeM, and Az, M) =0 if and only if ze M. '

(i) Let X be a commutative Banach algebra with identity. Write
I=n{M|MeM}. Prove that I is a closed ideal and that X/I is
semisimple. .

(ii) Prove that ze U if and only if A(z, M) = O for any Me M. As a
hint use 1 (ii) and the second part of 2.
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HILBERT SPACE

1. Inner product and Hilbert spaces

In this chapter we make a brief excursion into Hilbert space. Modern
developments in Hilbert space are concerned largely with the theory
of operators on the space, rather than with the space itself. We shall
not attempt to discuss any operator theory in this introductory work.
All we wish to do is to define such basic ideas as inner product space,
Hilbert space, orthonormal set and prove some classical theorems
(Riesz—Fischer, Parseval, Riesz—Fréchet, and the result that I, is
essentially the only infinite dimensional separable Hilbert space).

The theory of Hilbert space may be said to have started in 1912 with
Hilbert’s ‘Grundzuge einer allgemeinen Theorie der linearen Integral-
gleichungen’.f However, several years elapsed before an axiomatic
basis was provided by the famous J.von Neumann (1903-1957).

The fundamental underlying structure is the

Inner product space

An inner product space X (or pre-Hilbert space) is a complex
linear space together with an inner product (,): X x X0,
such that (i) (z,y) = (y,2); (i) (Aw+uy,2) = A@,2)+p(y, 2),
(iii) (@,x) > 0, with equality only for x = 0.

In (i) the bar denotes the complex conjugate of (y,z). In (ii),
%, 9, z are in X and A, g are in C. There are other notations for
inner products, such as (z,y), (x|y), but we shall not use them. Also,
some use z* instead of Z for complex conjugates.

From (i) and (ii) we deduce that (x, Ay + pz) = A(z, y) + Jilx, 2). For
any z, y in X and any A in C we thus have

0 < (&—2Ay, z—Ay) = (z, ) — 2RUA(y, z)]+ |A[* (3, 9).
Suitable choice of A then yields
|(®,9)] < (@,2)}(y,y)? [Schwarz’ inequality].

T D. Hilbert (1862-1943), the great German mathematician, made important con-
tributions to mathematical logic, analysis, geometry and mathematical physics.

6 [149] MEO
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Theorem 1. Each inner product space is a normed linear space under -

=l = + /().

Proof. |z| = 0implies z = 6, by (iii) of the definition of inner product
1 Space. (Az, Az) = AA(z, z) = |A|?(z, ),
whence ] = [A] ]
(@+y,2+y) = (%,2)+ 2RI y)]+ :9),

whence, by Schwarz’ inequality, ||z +y|? < [2]2+2[=] . |3] +]y]? so
that |z+y] < || +[¥]. We have thus shown that an inner product
generates a norm, ||z| = +4/(z, ).

Hilbert space

A Hilbert space H is a complete inner product space, i.e. a
Banach space whose norm is generated by an inner product.

Isomorphic inner product spaces
Inner product spaces X, X' are called isomorphic if and only if
there exists f: X — X' such that f is linear, bijective and satisfies
(f(x)sf(y)) = (2,9) fOT all z, yEX'

In the definition of isomorphic spaces we have used the same
notation for the inner product in X’ as in X. Since a Hilbert space is
an inner product space, the notion of isomorphism applies there.

We remark that our definition of Hilbert space allows finite dimen-
sional spaces. Some authors require that a Hilbert space should be
infinite dimensional, since finite dimensional spaces are not so
interesting. When dimension looms we say so explicitly.

Example 1. (i) Cris an n-dimensional Hilbert space, under the inner
product "
(@,y) = k§1xk Yier

(i) C[0,1]is an infinite dimensional inner product space, under
1 J—
@) = [ s

Tt is not a Hilbert space, since it is not complete under ||z| = /(z, z).
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(i) L,[0, 1], with 1
(@,9) = f ()@,

is an infinite dimensional Hilbert space. Completeness was proved in
section 1, chapter 4.

(iv) Let 4 be an index set of elements. Let z: 4+ C. Then we
say that zel,(4) if and only if

sup 2 |z(e) |2 < o0,

where the supremum is taken over all finite sums of the form
|#(cey)|2+ ... + |w(er,)|2 Where &, ..., @, are distinet elements of 4.
I,(4) is a Hilbert space under
(z,9) = sup Zu(e) y(a).
(v) ly={z|Z|xy|? < o} is the space originally studied by
Hilbert. It is a Hilbert space under

(o]
(,y) = X, Yp
k=1

It is clear that I, can be regarded as [,(IV) of (iv), where &V denotes
the positive integers.

Orthonormal sets

Let X be an inner product space. We say that x is orthogonal to.
o (written zL1y) if and only if (x,y) = 0. 4 set 8 < X iscalled
orthogonal if and only if xLly for any distinct vectors x,yeS.
If, in addition, ||z =1, for all xS, then S is called an
orthonormal set.

Example 2. (i) Write ¢, = (0,0,...,1, 0, ...), with 1 in the Zth place.
Then 8§ = {e,, €,, ...} is orthonormal in 7,.
(i) S ={e*[\2n|k =0, +1, +2,...}is orthonormal in L,[0, 27].
(i) Any orthogonal set § of non-zero vectors in an inner product
space is linearly independent. For 2A; s, = 6 implies

Q= (ZAksk’ EAksk) =2 lAklz "%”2’

-

whence A, = 0 for the relevant %.
(iv) Any orthogonal set S of non-zero vectors may be normalized:
T = {s||s|~*|s€S} is obviously orthonormal.
6-2
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Any orthonormal sequence is linearly independent, by example
2 (iii). Given a linearly independent sequence, we may construct from
it an orthonormal sequence, by use of

Theorem 2 (Gram-Schmidt orthonormalization). Lef S = {sl,isz, v}
be a linearly independent sequence in an inner product space. Then
there is an orthonormal sequence T = {t,,t,, ...} such that

1. hull (8) = L hull (7).

Proof. Since § is linearly independent, all s, are non-zero. Define
t, = 8 |8 7% so that [|t,]| = 1. Define v = s,— (85, £)#;. Then w12, and
v = 6, since {s,, s} is linearly independent. Hence ¢, = v |~ is ortho-
gonal to ¢, and ||, = 1. In general we proceed inductively, defining

n—1
U =8y~ % (s'm tlc) tk and t'n =v H”” L
Tt is clear from the construction that § and 7' have the same linear hull.

Theorem 3. A finite dimensional inner product space X is necessarily
a Hilbert space.

Proof.Let 8 = {s,, ..., s,,} be a Hamel base. By theorem 2 there exists
an orthonormal (and so linearly independent) set T' = {t, ..., %,}, such
that 1. hull (T') = 1. hull (S). Since 1. hull (§) = X, 7' is an orthonormal
Hamel base for X. Hence zeX implies « = ZA 6, [[#]2 = Z|A,[% the
sums being over 1 < & < n. A trivial argument now shows that X is
complete.

Exercises 1

1. Prove that |z+y|2+ |lx—y|? = 2(|z|?+ lly|*), in any inner product
space. This result is known as the parallelogram law.
Show also that

4w, y) = lle+ylE—lle—ylP+ o+ iyl — i o -yl

2. Let X be a Banach space in which the parallelogram law holds (see 1,
above). Use question 1 to show that X may be made into a Hilbert space.
3. In an inner product space, suppose ¥ = 6. Prove that

le+yll = llell+llyll if and only iy = p=

for some real p > 0.
4. Find the necessary and sufficient condition for equality to hold in the
Schwarz’ inequality.
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5. Prove that the set S of example 2 (ii) is orthogonal in L,[0, 27].

6. Inthe Gram~Schmidt process (theorem 2), let S consist of the functions
1,4,#, ... in the space L, —1,1]. Show that the orthonormal set 7 con-
sists of the normalized Legendre polynomials

1 3 1 /5
—_— — — — (342 —
A2’ «/2t’ 2A/2 (382 —1), ..

7. Let X be linear. Then X has a Hamel base B, by theorem 4, section 2,
chapter 3. If » = ZA,by, y = Zpyby, show that (z,y) = TA, p; is an
inner product for X,

w
8. Prove that (x,y) = X 2,7 is an inner product for /,, when 0 < p < 2.
1

Is it an inner product when p > 2?2
9. Let X be an inner product space. Prove that z | yisequivalent toy | z,
and x | zis equivalent to x = 4.
Prove that = | {y,,...,¥,} implies | TA,y,. Does z | y and y 1 z
imply z 1 2%
10. Let X be an inner produect space.
(i) If ,—»x, y,—~>y (in norm), show that (z, y,) = (z,¥) (in
modulus).

(i) If (z,), (y,) are Cauchy sequences (in norm), show that ({x,,¥,)) is
convergent.
11. Let p > 1. An inner product is introduced into I, in such a way that it
generates the usual norm. Prove that p = 2.

2. Orthonormal sets

We defined the term orthonormal set in section 1. In this section we
shall assume throughout that our orthogonal, or orthonormal, sets are
in a Hilbert space H. It will be obvious that some of our results still
hold in any inner product space. We shall prove the classical results
of Riesz-Fischer and Parseval, which lead to the identification of all
infinite dimensional separable Hilbert spaces.

Theorem 4. If {x,, ..., %,} is orthogonal, then

[Za]® = Z ]

Proof. (@, + ...+ @, 2+ . oh2,) = (2, 2,) + oo + (2, )

Theorem 5. Let (x;) be an orthogonal sequence. Then Zx,, converges if
and only if Z||z,]|* < c.
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Proof. Write s, = &+ ... +,, 80 that Tz, converges if and only if
(s,) is Cauchy. Now, by theorem 4,

n+p
PR
n+1

2 nt+
ISmsm—sall? = =5 %
n+1

whence the result.

Fourier coefficient

Let (e;) be an orthonormal sequence and let xeH. Then
ay, = (%, ) is called the Fourier coefficient of x relative to ey,

Example 3. Take (¢;) as in example 2 (i), section 1. Then
oy, = (x,6) =y, for any zel,

We observe here that the sequence («;) of Fourier coefficients is in ,.
This is true in any Hilbert space: :

Theorem 6 (Bessel’s inequality). Let (e,) be an orthonormal sequence
and let e H. Then () €ly and |(o)] < ||z, where (o) is the sequence
of Fourier coefficients of x and (o) denotes the I, norm.

n
Proof. Let us approximate to z by 2 ;e Precisely, consider
k=1
n
Y= a:—-kz]loakek.
Thenforl < p < 7,
n
(?/, ep) = (27, ep) —-kglak(ek’ ep) = 0,

since (e,,) is orthonormal. Thus yLe, and by theorem 4,
n n
=2 = lgl2+ X lowenl? > 3 o™
k=1 k=1

Bessel’s inequality follows on letting n—co.
The following classical theorem is a kind of converse to the previous
result.

Theorem 7 (Riesz—Fischer). Let (e;) be an orthonormal sequence and
let (B,) be an arbitrary sequence in l,. Then there exists xe H such that

B = (x,¢) and | Bl = l=l,

where ||(B;)| denotes the L, norm.
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Proof. Z||f,e;]|* = Z|fi|? < 0, s0 B¢, converges to some xeH, by
theorem 5. Now if n > p,

(x—- ? Bl ep) = (2,e,)— fp-

By Schwarz’ inequality we get

|(x, e,) — By] < -0 (n->00),

n
r— ? Brer

so that f§, = (, e,) for each p. Finally,

2

% iﬁklz = ” % Brex
1 1

Letting n—>co, we obtain ||(8,)]|? = ||=||2, which proves the theorem.

The theorem that has just been proved, in the context of a general
Hilbert space, was originally proved in 1907 by Riesz and Fischer for
the special Hilbert space L,[0, 27r] with its standard orthonormal set
{e*t//2m}. It is to be noted that completeness of the space is implicit
in theorem 7, where it is merely part of the hypothesis. In the original
Riesz—Fischer theorem the completeness of L,[0, 27r], which is quite
non-trivial (see section 1, chapter 4), had to be proved. Thus the
classical result is much more of an achievement than our theorem 7
would superficially indicate.

We define now the important concept of

Total set

4 set 8 is called total in H if and only if, xe H and (x,s) = 0
for all se€8, imply x = 0.

Example 3. 8 = {¢;} is total in [,. For (z,¢,) = 0 for all k implies
x, =0forall k,ie.z= 4.

Theorem 8 (Parseval’s theorem). Let (e;) be an orthonormal sequence.
Then (ey) is total, if and only if, for each xeH, ||z|? = Z|ay|?, where
oy = (x’ ek)‘

Proof. If ||2|? = Z'Iaklz and (z, e;) = 0 for all %, then ||z||2 = 0, whence
z = §. Conversely, suppose (e,) is total. Let 2eH. Then (x,)€l, by
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theorem 6. By the Riesz—Fischer theorem (theorem 7), there exists
yeH such that oy, = (y, ¢;) and ||y]|? = Z | |%. Hence

(@—y,e;) = ap—(¥,¢,) = 0,

for all k. Since (e;,) is total we have z = y. The result follows.

Corollary. If (e,) is a total orthonormal sequence then every xeH has
the Fourier expansion x = Zouy.e;, where oy, = (x, ).

Proof. By theorem 7 and theorem 8, if xe H then z = S, ¢,

Theorem 9. Let H be a separable infinite dimensional Hilbert space.
Then H is isomorphic to 1.

Proof. There exists § = {s;} dense in H. Let z€H. Then s,z for
some sequence (s,). Hence (z, ;) = 0 for all 5,8 implies

linii (=, 81,) = (@, %) = 0,

so that z = 6. Thus § is total.

From any given set in a linear space we may determine, using Zorn’s
lemma, a linearly independent subset whose linear hull is the linear
hull of the given set (employ the argument of theorem 4, section 2,
chapter 3). Hence we may determine a linearly independent subset
T = {§,} of 8 such that 1.hull (T') = L hull (8). Now if (z,#,) = 0 for
all ¢,eT, then (z,s;) = (x, TA;E;) = TA(x, t;) = 0, for every k. Hence
z = 0, and so T is total. By theorem 2 we orthonormalize 7' to produce
a set B = {e;}, which is seen to be total by the same argument that

showed that 7' was total.

"~ By the corollary to theorem 8, every xeH may be written as
z = Zaye,, from which it follows that E is not finite.

Now define f: H->1l, by f(z) = (&), where o, = (%, ;). Then f is
well-defined, injective and surjective, by Bessel’s inequality, totality
of E and the Riesz—Fischer theorem, respectively. Obviously, f is
linear. Finally, by the corollary to theorem 8, if z,yeH then
x = Zaye,, y= 2,6, where a,, B, are, respectively, the Fourier
coefficients of x,y. Now

n n n _
(%“kelm %ﬂkek) = E;.« 'xkﬂkv
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whence, letting 7 — oo, we get (z,y) = Za, B, Bub Zouy, B = (o), (Br))s
with the inner product of Z,. Hence (z,y) = (f(+).f (%)), so that we have
now shown that f is a Hilbert space isomorphism. This proves the
theorem.

(=218

Exercises 2

. Let (z;) be an orthogonal sequence in a Hilbert space and suppose that

(Jlwel €l,, where 0 < p < 2. Prove that Lr, converges. Can ortho-
gonality be relaxed?

. Let (e;) be an orthomwwal sequence in an inner product space.

Prove that
(i) the sequence (a;) of Fourier coefficients ix in ¢y,
(i) for any A;,..., A,

n
:l:"“zl Akek

Deduce that the Fourier coefficients give the bust approximation to z by
a linear combination of e, ..., &,.

Suppose (e;) is orthonormal in H and that () is a sequence of scalars
such that ZA,e, converges, to z say. Prove thub A, must be the Fourier
coefficient of  relative to ey,

"l el e
1

. Let (e,) be orthonormal in H. Prove that () is total if and only if

z = Zoyey, for each ze H.

. Prove that every n-dimensional inner product space is isomorphie to C".‘.
. (i) Tt is shown in books on Lebesgue intugration that L,[0, 2] is

separable. Use this result to prove that /,,[0, 27] is ?sfomorphic to I,
(ii) It may be proved, using the classical thoorem of Fejér on the Cesaro
summability of Fourier series, that if 2. Ls[0,27] then

27 ©
J, o« £ o

1 o .
where oy, == ;/—2'7"’ J‘ f(t) G"zkt dt.
0

Use this result to prove that L,[0, 27] is isomorphie to I,.

. If fe L0, 2], prove that there exists y L,|0, 2] such thab

2m ——
o = [ et 7
for all ze L,[0, 27].

3. The dual space of a Hilbert space

If H is a Hilbert space then one may immediately write down examples
of bounded linear functionals on H. For f, defined by f(z) = (2,7),
y fixed, islinear, by definition of inner product. By Schwarz’ inequality
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(see section 1) we also have |f(z)| < ||z] |y| for all zeH, so that
171 < I Tn fact | = ], ss we see on putting = = 5.

It is a remarkable fact that the inner products are the only bounded
linear functionals on H. This result is known as the Riesz-Fréchet
(or Riesz) representation theorem. It is proved below in theorem 13.

Now we give some prehmmary theorems.

Theorem 10. Let G 4 H be aelosed subspace of H and writed = d(h, @),
the distance of kb from G, where heH ~ Q. Then there exists geG such
that |h—g| = d, i.e. there is a point of G nearest to h.

Proof. There exists (z,)eG such that |h—=,|->d (n—>oc0). It is
enough to show that (,) is Cauchy. Then, since G is complete (being
closed) we have x,->g (n—>c0), whence |h—g| = d. Now

‘”xn"‘xmllz = ”(k"'xm)'*'(xn"k)uz
= 2(|lh‘xm"2+ ”xn"'hllz)"' " 2h~— (3771."!"37%)”2

= 2+ [y ) 4|~ E

—>2(d?*+d?)—4d®? =0 (n,m->o0).

In the above we have used the so-called parallelogram law:
lz+942+ |z —gl* = 2(|=]2+ ],

and also the fact that

z,+2,
a< |-ty

< % "h"'xn" +%“k_xm”'

We have thus shown that (z,) is a Cauchy sequence, so the theorem
is now proved.

Theorem 11, Take the same hypothesis as in theorem 10. Then
(h—g9)LG, i.e. (h—g,z) = 0, for all ze@.

Proof. Suppose there exists ze@ such that A = (h—g,z) & 0. Then
z % 0 so we may define
k=g+A|2|2zeq.

Hence |h—k|? = [[h—g|2—|A|?|]~2 < |k —g||% contrary to the fact
that [5—g] =
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Orthogonal sum
- If My, M, are subspaces of an inner product space, then
- M+ M, is a subspace. When My LM, i.e. (my, my) =0 for
every my €M, myeM,, we write M,® M, for M, + M,, and call
M, ® M, the orthogonal sum of M, and MM,

Theorem 12. Let G be a closed subspace of H. Write

G+ = {zeH|x1G}.
Then H = GG,

Proof. Let heH. If he@ it is clear that heG+ G*. Suppose that
heH ~ G. By theorem 11, h—geG*, whence b = g+ (h—g)c@+ G+,
Hence H = G +G*. Obviously GLG* and so H = GQG-.

Theorem 13 (Riesz-Fréchet). Let fe H*, the continuous dual space
of a Hilbert space H. Then there exists a unique yeH such that
f@) = (z,y), for all e H, with | f|| = |y].

Proof. Write @ = Ker (f). Then G is a closed subspace of H. If G = H
then f = 0, so we take y = 6. Suppose @ + H. By theorem 11, there
exists a non-zero z L G. Consider

8 = {¢f(2) ~ af(2) |weH}.
Then § = @, and since z L S we have, for every z,
(#f () — 2f(2),2) = 0,
f@)|2]? = (=, 2)f().
Hence f(z) = (z,y), for every », where y = z.f(z)/||2||%. If (, %) = (z,¥")

for all zeH then (z,y—y’') =0 and so (y—y',y—y’) = 0, whence

y =y’ Bince fly) = [y|* and |(@,9)| < |=] |y], we have |f] = |y].
This proves the theorem.

Exercises 3

1. Prove that the element g in theorem 10 is unique.

2. Suppose M,, M, are subspaces of an inner product space. Show that
M, L M, if and only if |im,+my|? = [Im, |2+ |Im,|[* whenever m,eM,,
mqE M,.




160 o HILBERT SPACE
3. Let Sbeasubsetofan fnner product space X and wnte S= {zeX|z L S}

Prove that

@) S*isa closed subsp&ce of X

() 8§t =9

(i) (S*)* =85
. Let G be a closed subspace of H. Use H = G@® G* to show that G1+=G.
. Let X be a finite dimensional inner product space and ¥ a normed space.
“Prove that, in the notation of section 2, chapter 4, B(X, ¥) = L(X, Y).
. By the Riesz—Fréchet theorem there is a natural map 7': H* - H, given
by T'(f) = y. Prove that T is an additive surjective isometry, which is
conjugate homogeneous, i.e. T(Af) = AT(f).
. Let H be a Hilbert space. Prove that H* is a Hilbert space under the
inner PrOduCt (fl’fz) = (?/z, y].)’ Where for & = 13 2:fk(x) = (.’l), yk) for all
zeX.
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MATRIX TRANSFORMATIONS IN
SEQUENCE SPACES

1. Matrix and linear transformations

In this chapter we present some of the theory of matrix transforma-
tions and summability. The matrices we are concerned with are
infinite, not finite, matrices and the convergence problems that arise
make the subject part of analysis rather than of algebra.

Interest in general matrix transformation theory was, to some
extent, stimulated by special results in summability theory which
were obtained by Cesaro, Borel and others, at the turn of the century.
It was however the celebrated German mathematician O.Toeplitz
(1881-1940) who, in 1911, brought the methods of linear space theory
to bear on problems connected with matrix transformations on
sequence spaces. Toeplitz characterized all those infinite matrices
4 = (a,), n, k= 1,2,3,..., which map the space ¢ into itself, leaving
the limit of each convergent sequence invariant. To be explicit, he
gave the necessary and sufficient conditions on 4 for

w0

Yo = p A1 Ty,
\ E=1

to converge for each n and to tend to ! as »—>oc0, whenever z;, >
(k—>o0). These famous ‘Toeplitz conditions’ will be given shortly—
they come out quite quickly as an application of the Banach~Steinhaus
theorem of section 3, chapter 4. Of course Toeplitz did not have this
theorem, which dates from the 1920s, at his disposal. He used the
methods of classical analysis for the difficult part of the theorem,
employing a somewhat complicated reductio ad absurdum argument.
However, his proof is quite instructive and the interested reader is
referred to a readily accessible proof, see Hardy (1949).

We shall see that the Banach-Steinhaus theorem and related results
are especially suited to dealing with many problems in the theory of
maitrix transformations and summability. With the aid of this theorem
much of the theory becomes accessible to those who would normally
have neither the time nor the propensity to follow the usual ‘ classical’

[ 161 ]
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approach. One must however keep things in perspective, for although
the functional analytic method often smooths the path of proof, it
must be remembered that many of the actual results were given to us
by the classical analysts. Whilst on this subject we should perhaps
inform the reader, who might be uninitiated, of the so-called schools
of ‘hard’ and ‘soft’ analysis. When functional analysis was growing
up, some famous classical ‘analysts such as G. H. Hardy (1877-1947)
are said to have referred to it as soft analysis. If they said this at all it
would seem that they meant that it was largely concerned with exist-
ence rather than constructive proofs. For example, in chapter 4 the
Banach-Steinhaus theorem yielded the existence of a continuous
function whose Fourier series diverged at a point. It was in the nature
of the proof that the explicit form of this function could not be given.
On aesthetic grounds it would surely be agreed that this was some-
thing of a deficiency. However, even on the basis of the little that has
been given in this introductory volume of ours, it is hoped that the
reader will see functional analysis as worthwhile and beautiful per se.
To my mind there is no hard or soft analysis—there is just analysis.

One may ask why we should study such special transformations as
those given by matrices—why not general linear operators? The
answer is that, in many cases, the most general linear operator on one
sequence space into another is actually given by a matrix. To make
this precise let us consider the space ¢, of null sequences. Suppose

= (@), . k = 1,2, ..., is an infinite matrix and = (z;)€c,. Let us

apply 4 to z:
PRy @y Qg e\ (H
Ax = |ay g ...)[7

obtaining by the usual method of matrix multiplication (applied
formally in our case, since we have infinite matrices),

(A AN
Az = {0y & +apvy+ ... ).
Hence, in a formal way, we map the sequence z into the sequence Ax
where (4z), = 4, () is given by
-]
An(x) = X Uy Ty
k=1

provided the series converges for each n. When does A:cy—>cy?
Obvious sufficient conditions for this are now given.
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Theorem 1. Let a,,;,—> 0 (n—>00, k fied) and suppose

M = sup, Z|a,] <o,
where here and in future sums are over k, for each n. Then A defines a

bounded linear operator on c, into itself and | 4| = M.

Proof. Let zec,. Then Azecy,i.e. 4,(x)—>0 (n—c0). For we have that
the series Za,,;;, is absolutely convergent for each », and further, for
any m 2 1,

|4,@)] € T |l + T |onesl
k=1 k=m+1

< ||| k§1lankl +7§Z§1lxkl .M.

Now take m so large that max {|2;| |k > m+ 1} < ¢ and then take n so
large that § |&az| < € (possible since @, -0 as n—> 00, k fixed). Hence
we have sh«l)wn that 4 :cy,—cy. It is clear that 4 is linear, e.g.
AMz) = (B A nen = MECpTp)neny = AA()-
Finally, 4 is bounded:
|4@)| = sup, [Sapzi] < o] supnZ|an] = M|,

for every zec,. It follows that | 4| < M and so we must show that
[4]| = M, which will complete the proof. Now there exists m = m(e)
such that 2 |a,,,| > M —e/2, and since  |a,,;| < cothere existsp = (€)

such that 5 lamkl < ¢f2.
k>p

Now define zec, by %, =sgna,;, 1<k<p, 2,=0, k>p. Then
|| = 1 and so
|A@)|/|=| = sup, |4.()| = |Ap(@)| > M —e.

Tt follows that M = sup {|4(2)|/|=] |= + 6} = | 4]. .

Theorem 1 shows that a certain type of matrix defines a bounded
linear operator on c, into itself. Now we show the converse, viz. if
AeB(ey, ¢,) then there exists (a,) such that

(4z),, = Za,,z, forevery wzec,, (1)

where the matrix (a,;) must satisfy the conditions of theorem 1.
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Theorem 2. Let A be any bounded linear operator on ¢, into itself.
Then A determines a matriz (a,;) such that (1) holds and such that

|4] = sup, Z|a;| < o0; @, =0 (n—>co, k fixed).
Proof. Every xec, may be written asx = Xz, e,, wheree, = (1,0,0,...),
e = (0,1,0,0,...)..., since (e;) is a basis in ¢,. Linearity and continuity

of 4 yield Az = S, Aey, = S (0o

where Ae, is some sequence (a{P, a?,...)ecy, k = 1,2, .... Hence, since
|#,| < || for every n, whenever zec,, we obtain

(4z), = ZaPz, (n=12,..),
which we shall write, in other notation, as
A, (x) = Za,;, 2. (2)

This proves (1). By our hypothesis that Axsc, whenever zec,, we
deduce that Ae,ec,, k=1,2,..., which implies a,,—0 (n—>0o0),
k= 1,2,.... It remains to show that | 4| = sup, Z|a,,|. By theorem 1
it is enough to show that there exists H such that X |a,,,| < H for all n.

Nowforeachn, 4 ) < |4@)| < 4] 4],

so that 4, is a bounded (and obviously linear) functional on ¢,. Thus
we have a sequence (4,)ecy such that lim 4, (z) = 0 on ¢, By the
Banach-Steinhaus theorem it follows that the sequence (|4,]) of
norms is bounded, i.e. I4,] <H foraln

and some constant H. But |4, for 4, given by (2) is, by the proof of
theorem 8, chapter 4 (see also the table of dual spaces),

| 4all = Zlam-

Hence we have shown that M = sup, X|a,,| < co and the proof of
theorem 1 now gives | 4| = M.

Using methods similar to that of theorem 2 is can be shown that for
certain sequence spaces X, Y, every AeB(X, Y)is given by a matrix.
Some of these spaces are now listed: (cy, ¢,), (co, €), (¢g, 1), (¢, &), (¢, ),
(¢, l), (TpsCo)s (Ups€)s (ply), (U 1,), where 1< p <0, 1<s<o0. A
notable exception is I, which never occurs in the first entry in the
bracket. This is due to the fact that not every element of I can be
expressed in the form of 2a, ;. Since (e,) is not a basis for ¢, we remark
that slightly more care is needed in describing mappings from c.
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Although, for example, 4 €B(l,,1,) can be represented as a matrix,
it is not known at the present time, what the explicit necessary and
sufficient conditions on 4 = (a,,) are, to ensure that AeB(l,1,).
Sufficient conditions have been given by Schur (see Taylor, 1958). The
proof Taylor gives depends on a knowledge of symmetric operators
and eigenvalues. Later, we shall give a generalization of Schur’s
theorem the proof of which is completely elementary and uses only
Hoélder’s inequality.

In view of what has been observed above we shall in future consider
only matrix transformations on sequence spaces X, in the form

A, () = 200, e

By (X, Y) we shall denote the set of all matrices 4 which map X into Y.
By (X, Y; P) we denote that subset of (X, Y) for which limits or sums
are preserved. For example, A€(c,c; P) means that 4, (x) exists for
each n whenever zec and that 4,(x)->I(n->c0) whenever z,->1
(k—>o0).

Now we give some basic results.

Theorem 3 (Silverman-Toeplitz). 4 €(c, ¢; P) if and only if
(1) supnz |ank| < 0;
(i) @,,->0 (n->o0, k fized);

(iii) Za,z;->1 (n->o00).

Proof. We remark that Silverman proved the sufficiency of the condi-
tions, which is easy. The ‘hard’ part is the necessity of (i), which was
Toeplitz’ contribution. In future, a matrix satisfying (i)-(iii) will be
called a Toeplitz matrix (some call it regular—a somewhat over-
worked term). :

The sufficiency of (i)—(iii) is established by writing

zankxlc = Z"anlc(""’k - l) + lzank' (3)

By (iii), the second term of (3) tends to [ as n—co. The first term tends
to zero. To see this we use (i) and (ii), replacing x; in theorem 1 by
1.

The necessity of (ii) and (iii) is trivial—we just put » = e,eq,,
k=1,2,.. for (ii) and x =e = (1,1,1,...)ec for (iii). The necessity
of (i) has essentially been dealt with in the proof of theorem 2. For
completeness we indicate the argument. We are supposing that
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A, (%) = Za,,, exists for each » and tends to I whenever z; —>1. The
existence for each 7 and every wec implies that X |a,;| < oo, each »,

and 14, = = |- @

This follows from the Banach-Steinhaus theorem or from the fol-
lowing elementary argument: eliminate % from the notation since it is
fixed and suppose Za;, 2, converges for all zec. Then 2 |@y| < co; other-
wise X |a,| = oo and so there is a sequence of integers #; < 7z < 73 < ...
such that _

2 = Z lakl > 4.
i k=wntl

Define zec, by z;, = (sgnay)i for n; <k < nyyy and @, =0 for
1 <k < ny. Then Sa,a, = Iy +2,/2+5y/3+... > 1+1+ ..., so that
Say;, diverges, contrary to supposition. Hence Za| < oo and so
Sa,,%, defines an element of ¢* since | Ea;, 2| < Z|ay| .||z onc. Also the
norm of this functional is £ |a,| (see the table of dual spaces). Thus we
have proved (4). Finally, we have lim sup, |4,(z)| < co on ¢, by our
hypothesis, whence the Banach~Steinhaus theorem yields

. Supnzlankl = Sup, “A'n” < 0,
which is (i).

There is a slight generalization of the Toeplitz theorem which

concerns (c,c).

Theorem 4 (Kojima—Schur). 4&(c, ¢) if and only if
(i) sup,X |a.| < oo; 3}

(ii) for each p, there exists lim, 3 @y = Gp.
k=p

Proof. The necessity of (i) is proved exactly as in theorem 3. The
necessity of (ii) is obtained by taking z = (0,0,...,1,1,1,...)€c, the
first 1 being in the pth place.

For the sufficiency we write, when x>,

zankxk = Zank(xk b Z) + Zzank = S’IL + tn‘

Then ¢, ->la,, by (ii), and we shall show that 8, —> Zby (2, —1), where
b, = lim,, @, = @, — 4, each k. Clearly

2 [be] < supZa| <o
and 50 s, — Zb,(x;, — 1) is equal to

Uy = BBz —by) (X~ ).
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The argument of theorem 1, with z,, replaced by x;, —1 and a,,;, replaced
by a,;,—~b;, shows that v, -0 (n—c0). Hence we have
w1 1im,, o + B(lim,, a,,;) (2, —1), (5)
whenever x> I.
There is quite an important object associated with (5):

Characteristic of a conservative matrix
Let Ae(c,c). Then A is called a conservative (or convergence
preserving) matrix and
X(A) = hmn Za'nlc_' Z(hmn a’nk)
is called the characteristic of A. The numbers lim,a,,,,
k=1,2,... and lim, Xa,, are referred to as the characteristic
numbers of 4.

* By theorem 3 we see that the characteristic of a Toepﬁtz matrix is
equal to 1. In general we define

Co-regular and co-null matrices
Let Ae(c,c). Then A is co-regular if and only if y(4) % 0,
and 4 is co-null otherwise.

Thus the Toeplitz matrices form a subset of the co-regular matrices,
which in turn form a subset of the conservative matrices. Some
properties of the characteristic will be found in the exercises. Also, we
shall make use of it later in the chapter.

Next we give a characterization of the elements of (I, 1), for
1< p < o0. The case p = 1 was proved by K. Knopp and G. G. Lorentz
in 1949, :

Theorem 5. Ae(l,,1,) if and only if
(@) M =sup, X, |a,.|? < oo, for thecase 1 < p < 0,
(b) sup,, 1, |@,] < oo, for the case p = co.

Proof. We prove (a), leaving (b) which has a similar proof, as an
exercise. The sufficiency is just an application of Minkowski’s in-
equality. For, if zel,, then we want to show (4,(x)el,:

(B |2 By | PV < Zp (B, | g [P )M
= Zlc lxk] (an“nklp)llp
< o] MR < oo
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The inversion of the summations over » and  is justified by absolute
convergence. This deals with the sufficiency.
Now suppose 4€(ly,1,) so that

2 |4i@)|P <0 on I

where A,(x) = 2. Since a2, converges for each ¢, whenever
xely, it follows by the Banach-Steinhaus theorem, or by a simple argu-
ment (like that leading to (4), theorem 3, above) that supy, [a;,| < oo,
each 7. Hence 4, defines an element of If, for each i. Now define

n J .
(@) = (EllAi(x)]ﬂ)lp n=12,..).

By Minkowski’s inequality we see that each g, is subadditive. Thus,
since g, (Az) = |A| g, (x) we have that each g, is a seminorm on /,. More-
over, the fact that each 4, is a bounded linear functional on [, implies
that each g,, is bounded on [,. Hence we have a sequence (g,,) of con-
tinuous seminorms on [, such that

@ 1p
sup,, 4,(%) = (igllAi(x)lp) <

for each zel;. Applying theorem 11 of chapter 4 we obtain a constant
H such that ©

Y |A;(@)? < H? |27, on b

i=1

Putting z = ¢, k& = 1, 2, ..., we get (a).

The next theorem, which was proved by Schur in 1921, is dis-
tinguished from the previous theorems both by the fact that the
condition on the matrix is of a rather different nature and that the
proof is ¢ classical’. No functional analytic proof of this theorem seems
to be known—ocertainly the Banach-Steinhaus theorem, so useful in
many connections, appears to be unsuited for the purpose.

To help the proof of Schur’s theorem we give a simple lemma.

Lemma. If 2 |b,,| < oo for each n and Z|b,y| >0 (n->00) then X [b,|
1s uniformly convergent in n.
Proof. Z|b,;| -0 (n—>00) implies 3 |byil < €, 7 > Ne).

k=1

Since T |b,;,| < 00, 1 < n < N(e), there exists m = m(n, €) such that
S\ |bax| < € Hence there exists M = M(e) > 1 such that 3 [by| < €
k>m k>M

for all n, which means that 2 |b,,;| is uniformly convergent in n.
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We remark that the result of the lemma still holds with |b,;|
replaced by non-negative b,y

Theorem 6 (Schur). 4de(lo,0) if and only if (i) Z;|a,,| converges
uniformly in n; (ii) there exists lim,, a,,;, (k fized).

Proof. The sufficiency is trivial—zel,, and (i) imply that Za,,x, is
absolutely and uniformly convergent in », whence there exists
lim, Za,,z, = Za,,, where ), = lim, a,,,.

The necessity of (ii) is obtained on taking « = ¢ el fork = 1,2, ....
Now consider the necessity of (i). Since (2a,,,z;) converges, whenever
wely,, it converges whenever zec and so, by the Kojima—Schur
theorem, we must have sup, 2 |a,,| < co. Write b,,;, = a,,;,—a;, where
a, =lim,a,,. Since Z|a,| <o we have that (Zb,,x,) converges,
whenever xel,. We are going to show that this implies

2ol >0 (n—>c0). (6)

Then, by the lemma preceding the theorem, it will follow that X |b,,,|
converges uniformly in %, whence Z ]ank] Z|b,;+a,| converges
uniformly in », which is (i).

Thus we must prove (6), which we now do by reductio ad absurdum.
Suppose then that X |b,,| 4>0 (n—>c0). It follows that X |b,,;| >¢ > 0
as m->00 through some subsequence of the positive integers (for
limsup,, 2 |b,,;| = ¢, say). Also we have b,,;,~> 0 (m—>00, each k). Hence
we may determine m(1) such that

2o, x| —0f < /10 and  [bqy | < c/10.

Since Z|b,m, x| < 0o we may choose k(2) > 1 such that

% bkl < /10
k=F(2)+1
E(2) .
It follows that l 2 b, 1l —¢| < 3c/10.
k=2

To contract notation we are going to write

g
Z lbmkl = B(m,p,q).
k=p
Now we choose m(2) > m(1) such that |B(m(2),1,00)—c| < ¢/10 and
B(m(2),1,%(2)) < ¢/10. Then choose k(3) > k(2) such that
B(m(2), k(3)+1,00) < ¢/10.
It follows that | B(m(2), b(2)+ 1, k( 3) —c| < 8¢f10.
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Continue in this way and find m(1) < m(2) < ..., 1 = k(1) < k(2) < ...
such that | B(m(r), 1, k(r)) < ¢[10,
B(m(r), k(r +1)+1,00) < ¢/10, (N
| Bm(r), k(r)+ 1, k(r+ 1)) —¢| < 3c/10.
Let us define zel,, ||z| = 1,‘by 2, =0 (k=1),
@y = (—1)sgnbyg, (k) < b < k(r+1)) (r=1,2,..).
Then write b, ;% 88 Z;+Zp+ Ty, where Z; is over 1 < k < k(r),

3, over k(r) < k < k(r+1) and Z;over k > k(r +1). It follows immedi-
ately from (7) and the definition of  that

|Zb,, x %= (— 1) ] < /2.

Consequently, it is clear that the sequence (B, (x)) = (Zb,;%y) is not
a Cauchy sequence and so not convergent. Thus if (6) is false then
(B,(z)) is not convergent for all z€l,, contrary to hypothesis. This
completes the proof of Schur’s theorem.

Corollary. Strong and weak convergence of sequences coincide in l,.

Proof. We need only show that weak implies strong convergence.
Suppose that y™->y (weakly) in I, ie. f(y™—y)->0 as n->oo, for
every felf. Now felf if and only if there exists zel, such that
f(z) = Tz, for all zel,. Hence

fly®—y) = Sy —yp)p, = Zbypa—>0  (n—>00)
for every xz€l,,. By the proof of Schur’s theorem it follows that
% ly%‘)“?/kl -0 (n—>00),
ie. ™ —y]| -0 (n—>c0),

50 that y™->y (strongly) in 7;.

Our next theorem on matrix transformations concerns the space
w, of strongly Cesiro summable sequences, i.e. w, is the set of all
sequences x = (x,,) such that there exists a number [ for which

n
L Y @ —~IP>0 (n—oc0).
Npe=1
Here p is a fixed positive number. The number 7 is unique when it

exists. For certain p the space w, is of interest in ergodic theory (see
Halmos, 1956) and in the theory of Fourier series (see Zygmund, 1955).
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Natural norms and p-norms were defined for w, in question 12,
exercises 1, chapter 4, and w,, was complete in these norms.

Our object is to give necessary and sufficient conditions for an
infinite matrix 4 to map w, into c. For technical reasons we shall take
norms in w,, different from those mentioned above. These new norms
are however equivalent to the old ones. Define

] = sup, (27Z, |z |2} (p > 1),
||| = sup,2-"Z,|z,[? - (0 <p < 1),

where 7 > 0 and X, denotes a sum over the range 2" < k < 27+, For
economy the dependence of ||z on p has not been indicated, but it
should be borne in mind. If we write

n 1/
loft = sup (12 3 Joul?)” 0> 1),
Jof} = supn=i 3 e (0 <p<1)

then it is easy to check that, for any p > 0,
272 < Jall* < 2=,

so that |[z|| and |«|* are equivalent. For example, since w,, is complete
with ]| it is also complete with |z. Thus in the case p > 1, (w,, . )
is a Banach space, and in the case 0 < p < 1it is a complete p-normed
space. With regard to notation we write, for any matrix 4 = {a,,,) and

MU= LPEL nt < (3 ol ®

where the sum is taken over %, for each », and with & satisfying
2" < k < 2711, The case p = 1 of (8) is interpreted as

-Al(n) = IMax, lankl’
where for each n the maximum is taken for % such that

r <k < 2L,

Theorem 7. (a) Let 0 < p < 1. Then Ae(w,,c) if and only if

(i) epy—~a, (m-—>o0,kfived),

(i) M(A) = sup, 3, 2P Axn) < oo,
r=0 .
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). Letp > L ThenAe(wp, c) if and only if
(1) as in (a) above,

(i) sup, 202"/1’A?(n) < 00,
=
(i) 3 a,~>a ([@->c0).
k=1

Proof. We prove part (a) only. Part (b) may be proved in a similar
manner. First consider the sufficiency. When (ii) holds the series
defining A4, (x) = Za,,%, is absolutely convergent for each n. For, by

the inequality |Zb 7 < Z|br (0<p<1)

(see chapter 1, section 4), we have
w0 w
2 |anzy] = 2 Zr |
k=1 r=0
o0
< Zo(zrla’nkxklp)llp
r=

< 3 Al(m). 20 a0
re={
< M(4) 2] <
whenever zew,. We shall now show that (ii) implies
;} |@n:| is uniformly convergent in 7. . (9)
k=1

Then (9) together with (i) implies
Hmn Za’nk == Zak. (10)

To prove (9) we write 1/p+1/g =1, 0 < p < 1. Then for any positive
integer s and for any m > 2°, we have, for all »,

3 fal < EX il < 4l

< M(4)2%h,

Since ¢ < 0 it follows that (9) holds.
Now take zew, and suppose

n
w13 o, —IlP>0 (n—o0).
k=1
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Write  Za,;,2;, = 2,2, + 12(a,,— @) + Z(a,, — @) (@,—1), (11)
and note that (i) and (ii) imply

202"?’ max, |a,| < M(4).

Hence X |a; ;| < co and the last sum in (11) has limit zero as n—oo.
Thus, by (10), we now have Za,,;, 2, Za,,x;, as n - o, for every x in w,,.
This proves the sufficiency when 0 < p < 1.

The necessity of (i) is trivial, so we turn to (ii). Suppose then that
4,(x) = Za,,, exists for each n > 1 whenever xew,,. Then for each n
and each r > 0, the functionals f,,(z) = Z,.a,,%, are in the dual space
wi; they are trivially linear, and continuous since

|fin(@)| < A7(n) 277 |l V.
It follows from the corollary to theorem 11, section 3, chapter 4, that
for each n, lim, iﬂ Jin(®) = A, (2) is in w, whence
re

[4n(@)] < 4] ] *. (12)
For each n we take any integer s > 0 and define xzew, by z;, = 0 for
k> 254, gy = 2"Psgna, ye, %, = 0 (k= N(r)) for 0 < r < s, where
N(r) is such that |a, y¢| = max,|a,,|. By (12) we get

28) 2P A3 n) < || 4.
=0
whence for each n, i

S 20 Aim) < |4, < co. (13)
r=0

Now the argument used in the sufficiency to prove that the series
defining A, (x) was absolutely convergent gives

IAn(x)l < % 2T/I’_A}('n,) ”x”llp,
r=0

so that 4. < X 2o n) (14)
Together, (13) and (14) imply
4.l = 202"2’A,1,(n).
.or=

Finally, by theorem 11, section 3, chapter 4, the existence oflim,, 4, ()
on w, implies that

sub, |4, = sup, 5 #indln) < oo,

which is (ii). The proof of () is now complete.
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The following result on matrix transformations concerns the class
(y,c; P). Thus we want necessary and sufficient conditions for a
matrix B to be such that Xb,;,a, s whenever Za,, = s.

Theorem 8. Be(y,¢; P) if and only if
(i) bp—~>1 (n—>o00, k fized); (ii) sup, X |Abyl < oo,
r=1
where Ab,y, = by, — by, p1a- ‘
Proof. By Abel’s partial summation, for each #, when (ii) holds and
Eak =5 ankak = Sbnl + E(sk "'3) Abnk’

where s, = @, +a,+ ... +a;. By (i) and (ii) it is clear that (Ab,,;,) € (cq, o),
whence Zb,,;,a;,— s (n—>00).

The necessity of (i) is trivial and the necessity of (ii) may be made to
depend on the necessity of the Toeplitz’ theorem. The details are left
to the reader. A matrix B in (v, ¢; P) is often called a y-matriz.

In our final result on matrix transformations we give a simple proof
of a generalization of a theorem of Schur. Schur’s theorem was that,
if A€ (lw,lo) N (g, 1) then Ae(ly,1,).

Theorem 9. Let 1 < p < 00 and suppose A€ (L, lo) 0 (1, 1;). Then
Ae(l,,l,).

D

Proof. Using the methods of theorems 1-4 it is easy to show that
Ae(ly,ly) if and only if |4, = sup, Zy |a,,| < co. Also, de(ly, ;) if
and only if 4], = sup, Z, |a,;| < 0. Now

12| < Zi | @] P @] Y2 |24
where 1/p + 1/g = 1. By Hélder’s inequality,

Elc !a’nklllp lanklllq |mlc[ < (Ek Ia’nkl kalp)%/p (Zk la’nkl )llq
and so | @y |? < (B |G| |22]P) (B | @] /P12
Hence [ Ax]? = Z, |Zpapzy?

< 2, Zp @y |2g]P | 4] 2
< ”A”%quklxkipzn]ank!
< |l 4)ze |7 | 4],

so that | 4z| < | 4|42 | 4]i? ||«|, whenever z&l,.
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Special matrices. We now give some examples of special Toeplitz
and y-matrices which are associated with particular authors. These
matrices have been extensively used in the theory of summability,
which we shall be examining in section 3. Before proceeding further
we note that we may replace a,,;, by @,(f) in most of our proofs and let
t->c0 continuously. Thus, for example if

a,(t) = e *t¥ k! (k=0,1,2,...,t > 0),
then a,(t)->0 (¢-> o0, & fixed) and

3 )] = 3 at) = 1,
k=0 k=0

whence sup, = |a(t)| < co. We shall still call 4 = (a,(t)) a Toeplitz
matrix, although it is really a ‘semicontinuous’ matrix. Its essential
property is that it maps convergent sequences into convergent fune-
tions, leaving the limit unchanged. In fact the matrix 4 above is
called the Borel matrix, after the. French mathematician E.Borel
(1871-1956).

Borel matrix. The Toeplitz matrix defined by
a(t) = etikfk!  (k=0,1,2,...,t > 0).

Arithmetic means. The Toeplitz matrix defined by
@y =1j/(n+1) (0<Ek<n), =0 (k>n)

n .

3} a;,~2 was known to Cauchy.)
=0

T 1
(That 2, -z implies Py

Cesaro means. For each r > —1 the (C,r) matrix is defined by
Qg = A:z.:lk/A:L (0 <k< 'n)’ Ay = 0 (k > n)’

where A7, = (r+ 1) (r+2)... r+n)nl forn > 1, A5 = 1.
When r > 0, A7 > 0, and using the fact that

(1—z)y 1= }3 Arzn (2] < 1)
n=0
it is easy to show that

n
ZAn-dl = A5
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from which it follows that X |a,| = Za,, = 1 for every n. Now it is
known from elementary analysis that ’ At :

4 1

where I'(z) denotes the gamma function. It follows that, for fixed £,
@— 0 (n—>00). The reader who is not familiar with (15) should turn
to question 11, exercises 1.

Thus we have shown that each matrix (C,7), called the Cesaro
matrix of order r, is a Toeplitz matrix whenr > 0. When —1 <7 < 0,
(C,r) is not Toeplitz, but its properties may still of course be con-
sidered. The case r = 0 gives the unit matrix and the case r = 1 gives
the arithmetic mean.

Euler-Knopp matrix. Define
Gy = (Z) rk (L —r)n—t (O < k<n), Gp =0 (k>n),

where (7]:) = nl/k! (n—k)!. Then 4 is Toeplitz when 0 <7 < 1. We
denote the Euler-Knopp matrix of order » by (#,r).

Abel matrix. This is the y-matrix defined by by(z) = 2%, 0 <z < 1,
k= 0,1,.... In this case we are taking the limit as x— 1 — in Zb,(z)a;.
Abel’s limit theorem (chapter 1, exercises 3) shows that B is a
v-matrix. Also, with the modification required for z—>1-, one may
employ theorem 8:

ab—1 (x—1—, kfixed); sup § |Az¥| = 1.

O<ae<l =0

Riesz means. These matrices were introduced by Marcel Riesz (the
brother of F. Riesz) and are important in the theory of Dirichlet’s series
(see G. H. Hardy and M. Riesz, 1915).

Let 0 < Ay < A; < Ay < ... < A, —>00, 4 > 0 and define

b)) = (1=A,ft)y* for A, <f,
=0 for A, >t

Then it is easy to check that B is a y-matrix (here we let {—00). We
denote the Riesz mean of type A = (A,) and order u by (E,A,x). It
turns out that for A, = n the matrix (R, n,x) is ‘equivalent’ to the
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Cesaro matrix (C,u), i.e. = is summable (R, n, x) to I if and only if
z is summable (C, ) to 7 (see p. 185).

There are many other special matrices which have found use in
analysis. To mention a few, there are those associated with the names
of Hausdorff, Holder, Ingham, Lambert, Mittag-Leffler, Norlund,
Riemann and de la Vallee-Poussin. For the special properties of these
matrices the reader is referred to Hardy’s Divergent Series.

© W

Exercises 1

. Let X be a complex Banach space and let ¢(X) be the set of all con-

vergent sequences z = (z), 2,€X. Defining Az py = (Ax;+ x;) and
llzll = sup, |lz,ll, prove that ¢(X) is a Banach space.

Suppose the matrix 4 = (a,;) of complex numbers is such that
(B @i Ty converges whenever zec(X). Prove that 4de(c,c), ie.
A is conservative.

Prove the inclusions (¢,¢; P) © (L, L), (los €) < (€, €), (€, 635 P) < (€, Cg)
and show that (c,¢; P)N (lo,¢) = @. What is the relation between
(GO: Go) and (G’ 0)2 ‘

. Prove that Za,,z, converges, whenever 2z, has bounded partial sums,

if and only if @ = (a,)e BV 0 ¢,. (Use Schur’s theorem.)

. Prove that 4 € (l,, ¢,) if and only if % |a,,;| -0 (n—c0).
. Let A be a non-negative Toeplitz matrix, ie. a,; > 0 for all n, k. If

A (z) = Za,,x;, where 2, is real, prove that
lim inf#, <lim infd (z) < limsup4,(z) <limsupx,.

Hence show that z,->oco0 implies 4,,(x) 0. Prove that z,->c0 need
not imply 4, (x) - co for positive conservative matrices.

. A matrix 4 is called totally regular if x,~>s implies 4, (z)— ¢ for all

finite or infinite s. If 4,(z) = 2w, — 2, show that 4 is Toeplitz but not
totally regular. Prove that the matrix

1 —2-1 2-2 2-8
0 1 -22%23,
0 0 1 -2,
0 0 0 1

is totally regular.

. Prove that Ae(l;,l;; P), where a,; = k/n(n+1)for 1 <k <n,a,,=0

for k& > n. »

. Prove every matrix in (I, ¢) is co-null.
. Prove that 4, Be(c, ¢) implies 4 + B, AB€&(c, ¢), where AB denotes the

usual matrix product:

(AB )nk = 1'Z;:la’ni bik-
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10.

11.

12.

13.
14.

15.

16.

17.
18.

Show also that y(4+B)= x(4)+x(B), Xx(4B)=x(4)x(B) and
|%(4)| < l|4]| = sup, = |a,|, whenever 4, Be(c,c). Here x(4) is the .
characteristic of the conservative matrix 4.
Ae(c,c) is called ‘multiplicative m’ if
Zaﬂkxk»mlimxk ('n—>00),

whenever z€c. Find the characteristic of a matrix which is multiplica~
tive m. When is such a matrix co-regular?
In connection with (C,7) means it is necessary to show that lim, A7 /n"
exists and is non-zero (the limit is actually 1/I'(r+1)). Do this by con-
sidering log A7, and then expanding log (1+7/k), 1 <k <=, to second
orders in 1/k. o
The series 7" converges if and only if |2| < 1. Prove that the Abel
matrix ‘sums’ this series to 1/(1—z) for |2| = 1 but 2 4 1. By this we
mean that there exists
m Zergr =1)(1—z) if |2o|=1, z+1.
z—>1— ’

Thus 1—1+1—... =3, in the sense of ‘sum’ just defined. More
precisely we say that 1—1+1—1+4... = }(Abel).
Prove that 3z"=1/(1—z2)(Borel), for Rl(z) <1. Show also that
Tz* = 1/(1 —2) (Euler), for |1 —r+7r2| < L.
If A is a Toeplitz matrix and Bis a-y-matrix prove that A Bis ay-matrix.
Show that B4 need not even exist.
Let py>0, p, =0 (n2=1), P, =pot+.cct D Define @y = py—su/Py
(0 <k <), @, = 0 (k > n) and prove that 4 is Toeplitz if and only
if p,/Pn—>0 (n —o0). The matrix 4 defines the Nérlund mean.
Let A be the (C, ) matrix and write

n

=2 GnpT
k=0

n
Az = 3 A A
k=0
and hence show that &5->s (k->c0) implies ;" —g (n->00).
Prove part (b) of theorem 7, section 1, chapter 7.
Let A = (a,;) be a complex Toeplitz matrix. Find whether Ri(4) and
Im(A) are Toeplitz matrices. Here we mean Rl(4) = (Bla,z), ete.

For r > —1, k > 0 prove that

2. Algebras of matrices

There are several ways of combining infinite matrices to give some
kind of product matrix. The most natural product is perhaps the usual
matriz product, which arises on iterating transformations. Thus,
arguing formally, if y = Bx = (Z;b;%;), then

Ay = (Z;a,,Y;) = (B Zpebig ) = (T2 25 B big)s

80 th.&t (A'B)ﬂk = Eia’m:bik' (16)
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Whenever we write the matrix product 4B it will be understood that
the (n, k) element of AB is defined by (16). Thus AB is well-defined
only when the series in (16) converge for every n, k. Matrix multiplica-
tion is not commutative, as is easy to see, and it can happen that 4B
exists but BA does not (see the exercises). The matrix product makes
the set of conservative matrices into a Banach algebra. Before we
prove this we turn to other types of product.

If we regard a matrix as nothing but a double array of numbers
then the simplest way of forming a product of matrices 4, B is to
multiply corresponding terms. The (z, k) element of the product being
@by This is the ferm product of two matrices—it seems to be of
little use and we shall not introduce notation for it, though we shall
occasionally mention it.

Another type of product, called the convolution product (or just
convolution) is obtained if one transforms a power series Xz* with
matrices 4, B and then multiplies the transformations according to
Cauchy’s rule:

‘ ' k
(B @y 7*) . (Bgbpp ) = (Ekzk h) a’nibn,k——'i) .
i=0
Thus we define the convolution 4B by
&
(A4B)u =.§0am: ba, ki (17)

Unlike the matrix product, both the term product and the convolution
are well-defined for all matrices, since no questions of convergence
arise. ‘

" The only other product we shall consider is the second convolution
A . B, whose (n, k) element is defined as

Ik

1
Pl Oa'nibn, kst (18)

1

The second convolution product is suggested by transforming a
power series %z* and then integrating with respect to z the Cauchy
product of the transformations.

Our first result concerns the class (¢, ¢) of conservative matrices.

Theorem 10. The conservative matrices form a Banach algebra with
identity under the matriz product.
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Proof. If we define | 4| = sup,Z|a,,| and A4 +uB = (Aay,+ pibyy)
then it is clear that (c, ¢) is a normed linear space. Now let 4, Be(c, ).

Then
|4B| = Supnzklziam?bikl
< sup, Z; @] Sy [bi] < 4] | Bl <o

Write C = AB and let zec. Then, by the absolute convergence of the
double series, which we have just shown,

Co(®) = ZppCppp %y = Z(B; @ biz) T,
c = »Zia'mi(zkbilcmk) = A4,(Bz),

so that C(x) = A(Bz). Since B is conservative, Bxec and since 4
is conservative, C(z)ec. Thus (¢, ¢) is closed under the matrix
product.

Next, we check the associative law, leaving the checking of the other
algebraic laws as an exercise. Let 4, B, C be in (¢, ¢). Since we have
just shown that (4 B) (x) = A(Bx) for each z&c, it follows immediately
that [(4B)C](z) = [4A(BO)] (z) for each xec, whence, putting = = ¢,
we get (4B)C = A(BC).

The identity in the algebra is the unit matrix I, whose elements
are 1 in the diagonal and zero elsewhere, i.e. I = (3,), with &,, =1
and 8,;, = 0 (n = k).

Finally, we show that (c,c) is a complete space by proving that
every absolutely convergent series is convergent (see theorem 2,
chapter 4). Let AN = (af))e(c,c) (r=1,2,...),
and suppose that [ 4®| < co. Let us write A7 = %, a}, so that for
each 7, we have the existence of lim, 4% = a® and lim, af), = af
(k fixed). We shall show that ZA® converges in the norm to
A = (T,al)e(c,c). First, A exists, since for all n, k,

Z, afl] < Z,]49 < co.
Also, for all n, ‘ 5.2 a0] < Z, I A, (19)
whence Tyl tar] = 2| Z0@ < Z,149],

the interchange of the order of summation being justified by absolute
convergence. It now follows that |4| < Z,[|47|. Again, by the
absolute convergence expressed by (19), we have

2y = Erzk“gh): =2, A9,



ALGEBRAS OF MATRICES 181

By hypothesis, 4%->a® (n->o00, each r) and by (19), the series
T, AD is uniformly convergent in n (Weierstrass M -test). It follows
that Zkank—>2;a(r) (n~>00).

That Qe Zp %) (n—>c0, k fixed)

may be shown in a similar way. Thus we have shown that 4e(c,c).
Finally, £4® converges in norm to 4. For

[=e] o o 0 0
> oadl< ¥ Tl < X |49
k=1|r=m+1 r=m+1l k=1 r=m+1
and so
m <] w
T ao0_al = ( 5 ag;c) < 3 [A9[>0 (m->co).
== r=m41 r=m-1

This proves theorem. 10.

Now let us consider the set (c, ¢; P) of Toeplitz matrices as a subset
of (¢, ¢). It is obvious that (c,¢; P) is not a subspace, since 2Xa,;—>2
(n—>0), whenever A4 is Toeplitz. The properties that (c,c; P) does
have are given in

Theorem 11. As a subset of (c,c), the set (c,c; P) is a closed convex
semigroup with identity.

Proof. Let A bein the closure of (¢, ¢; P). Then, with [| 4| = sup, Z |a,|,
there exists A™¢e(c, c; P) such that | 4™ — 4] < ¢/2. Also,

|an| < 4™ — A +[afR],
whence a,,;, > 0 (n->00, k fixed), since a{f) -0 (n—co, k fixed). Again,

and 80 I,a,,— 1 (n—o0), whence by theorem 3, A&(c,c;P); thus
(c,c; P) is closed.

It is clear that (c,c;P) has a stronger property than convexity.
Obviously, A4 +uBe(c,c; P) whenever A+p =1 and 4, Be(c,c; P).
In fact it can be shown that (2,A,4{7}) € (c, ¢; P) whenever A®e(c, c; P)
for r=1,2,..., 3,7, = 1 and 2,|A,| |[4?] < co (see exercise 4).

We are assuming the matrix product for the semigroup part of the
theorem and of course the unit matrix is a Toeplitz matrix which is
the identity. It remains to check closure under the product. Now if
C = AB, the proof of theorem 10 gives C,(x) = 4,(Bz) for each zec.
Hence lim,, C,(x) = lim, 4,(Bz) = lim, B, (%), since 4&(c,c; P). Also,

7 MEO



182 MATRIX TRANSFORMATIONS IN SEQUENCE SPACES
lim, B, (x) = lim, z,, since Be(c,¢; P). Thus AB is a Toeplitz matrix
whenever A, B are Toeplitz matrices.

Of course, (¢,¢; P) is not a group. For example, it is easy to check
that the Toeplitz matrix

0

O O O

OO O

o -=O O

- o oo
.

- -

has neither a left nor a right inverse. Even if a Toeplitz matrix has an
inverse, this inverse may not be a Toeplitz matrix (see exercise 7).

Next we consider convolutions of matrices. By § we shall denote the
set of all infinite matrices, with the usual co-ordinatewise addition and
scalar multiplication. It is clear by (17) that § is a commutative
algebra. There is also a convolution identity E, which is in fact the
conservative matrix whose first column consists of 1’s and which has
zeros elsewhere: '

=1 (n=0,1,...) e =0 (k> 0).

If we keep the usual norm structure in (¢, ¢), so that (¢, ¢) is a Banach
space, but use convolution rather than matrix product, then (c,c)
becomes a commutative Banach algebra with identity:

Theorem 12. The set of conservative matrices is a commutative Banach
convolution algebra with identity.

Proof. In view of our remarks immediately above, we have only to
show closure under convolution and the submultiplicative property
of the norm. This is trivial—if the characteristic numbers of 4, B, are
a, ay, b, b, then by (17), with C = 4, B, we have

Cp > Cobp+ ... +ayby  (n—>c0, k fixed).

Also, by the elementary theorem on the Cauchy product of absolutely
convergent series, we have for each =z,

Ty |one] < Zplnn| By |bnr]s  ZiCor = g Ty b
Hence ICl < |4].|B| and Zc,—~ab (n->co),

so that C is seen to be conservative and the norm is submultiplicative.
We may also note that the identity £ has norm equal to 1.
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Corollary. As a subset of the convolution algebra (c,c), the Toeplitz
matrices form a semigroup without identily.

Proof. This is an easy exercise.

Finally, we make one or two remarks concerning the second con-
volution given by (18). Under the second convolution the set S of all
matrices is a commutative groupoid} without identity. Closure and
commutativity are obvious. If we suppose that an identity Z exists,
then 4,.E = A for all A. Putting a,;, = 1 we obtain e,; = 1. Then,
on putting a,;, = k in A..E = A we obtain a contradiction. Hence
there is no identity. S is not a semigroup, since the associative law’
fails. For example, if

...............

R IR

then the (1,1) element of (44B),C is 1/2 but the (1,1) element of
A s (Byy0) s 1/4.

Tt can be shown that the set (y, ¢) is a Banach space which is a com-
mutative non-associative algebra without identity, under the second
convolution (see exercise 9). We shall prove here merely that the set
of y-matrices is a subgroupoid of S.

Theorem 13. (y,c; P) is a subgroupoid of 8, under the second con-
volution.

Proof. That (y,c; P) has no identity and is not a semigroup may be
shown as above. Now if 0 = 4, B, with 4, Bin (y, ¢; P), then by (18),
since a,;,—> 1, by —1 (n—> o0, k fixed), we have ¢,;,— 1 (n—>c0, k fixed).
From the easily checked identity (omitting » for simplicity),

=1 i
(?: + 1)3;0 a,,- b‘i—l——j — 'I/jé:,o “j b‘l:—i
= jglj{ai—-j(bj—l —b;) +b; (a1 — a;)}
it follows that
p ok
% leia— ol <X P 745+ 1) {lag | Ab| + b5 Aas[},

+ A groupoid is a pair (@, .); G a nonempty set, and . & function on Gx @into G. In
our case, @ = S and . i3 4.

7-2
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where Aa; = a,_; —a;. Since

and

lankl < l“nol +F]a’n0"an1] +.t la'n, lc—l"'a’nkl
Bpo>1  (n—>00),

Supnkglla'n, k1~ O, Icl =M (A) < 00, |

we have

é‘:llAGil < {sup |a,| +M(A)} M(B)+{sup |b,,| +M(B)} M(4).

Recalling the fact that ¢; = ¢,; we now see that

S’lan iZ-JlIAcn,'iI < 0.

Hence C = 4,,DB is a y-matrix.

Exercises 2

. A = (a,y) is called a lower semimatriz (or lower triangular matrix) if

@ =0 (b > n). Prove that the set A of all conservative lower semi-
matrices is an algebra and that every matrix in the radical of A has
zero diagonal.

. Let 4 be a Toeplitz matrix and B a conservative matrix. Prove that the

characteristic numbers of 4B are the same as those of B. Give an
example in which the characteristic numbers of B4 are different from
those of B.

. Prove that the set of co-regular matrices is an open subset of (c, ¢), but

is not a subspace.

. Let APe(c,¢;p), r=1,2,...,2,A, =1 and %,|A,| |47 < co. Show

that (,2,a)€(c, ¢; p).

. (i) Prove that (y,c;p) is a groupoid under the term product. Is it an

algebra?
(i) Is(c,c)an algebra under the term product?

. Is (I, ¢) a closed subalgebra of (¢, ¢), under the matrix product?
. Show that the Toeplitz matrix of (C, 1) means has an inverse which is

not conservative.

. Give an example of two conservative matrices 4, B, which are not

Toeplitz matrices, such that 4, B is Toeplitz.

. Prove that 4 &(y,¢) if and only if a,;,—+a, (n— o0, k fixed),

M(4) =sup, X !a'n,k—l"“a"n,kl < 0.
k=1

Define 14| = sup,, |@no| +2M(4).

Show that this is a norm on (y, ¢) and that (y, ¢) is a Banach space which
is a commutative non-associative algebra without identity, under the
second convolution.
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10. Let E be that subset of (v, ¢) for which limya,, = 0,7 =0,1,.... Prove
that I is an ideal in (7, ¢), under the second convolution. (The condition
lim,, @, = 0 is significant in that it is necessary for a matrix 4 &(y,c) to
be stronger than convergence. For the meaning of this last expression
reference should be made to section 3 below.)

3. Summability

There are three main types of summability of sequences by infinite
matrices—ordinary, absolute and strong. First we consider ‘ordinary’
summability, reserving absolute and strong to distinguish the- other
types.

Take any matrix 4 = (a,;). Then a sequence z = (2) is said to be
summable A to 1, written z,—[(4), if and only if 4,(z) = 20 Ty
exists for each n and 4,(x) 1 (n—0). For example, if I is the unit
matrix, then x,->I(I) means precisely that 1 (k->0c0), in the
ordinary sense of convergence.

We denote by (4) the set of all sequences which are summable 4.
The set (4) is called the summability field of the matrix 4. Thus, if
Az = (4,(x)), then (4) = {z|Axec}, where ¢ is the set of convergent
sequences. For example, (I) = ¢. The inclusion ¢ = (4) holds if and
only if A4 is a conservative matrix. In particular, ¢ = (4) when A is a
Toeplitz matrix, but here the set inclusion masks the more precise
information that zec, x>, implies 4, (z)—>1, and not merely Azec.

Historical material and detailed properties of special summability
methods may be found in Hardy’s excellent book Divergent Series
(1949). We confine ourselves largely to more general questions.
However, there is one point that we should first mention. Con-
vergence of sequences and series, as we understand it today, was
precisely defined by Cauchy. Many years before, Léonard Euler
(1707-83), perhaps the greatest analyst of all time, was performing
miraculous feats with series. He made great steps forward and dis-
covered many relationships and beautiful formulae, as the reader
will know from elementary analysis. Euler did not have a rigorous
definition of convergence and he was quite prepared to put @ =1lin
the formula (1+z)! = 1—z+2%—... (which we know is valid only
for || < 1) and obtained the curious result that 1/2=1-1+1—....
Within the confines of our (¢, N(e)) definition of convergence the
formula just cited is forever meaningless—the right-hand side is a
symbol for a certain limit (of the sequence (1,0,1,0,...)) and this
limit does not exist, whence it cannot be 1/2. However, the concept
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of summability does allow meaning to be given to the formula. If
z = (1,0,1,0,...) then it is easy to check that x is summable (C, 1)
to 1/2, which we may write as x,—1/2(C,1), or in series form,
1-1+41~—...=1/2(C,1). It is also the case that 1—-1+1~... =1/2
(Abel). For this we must show that XZa,a*—>1/2 (x->1-), where
a;, = (—1)%. But, for |z| < 1, we have :

ot =1—z+..=(1+2)1>1/2 as z—=>1-.

Thus we have two particular matrices or summability methods which
‘sum’ the divergent series 1—1+1—... to the value 1/2.

The above example is interesting but rather trivial. To mention
but three things, summability has had success in the theory of -
Fourier’s series, where Fejér’s theorem on (C, 1) summability was
perhaps the first breakthrough after years of little advance. Inci-
dentally, a corollary of Fejér’s theorem is the Weierstrass approxima-
tion theorem (essentially saying that the polynomials on [0,1] are
dense in C[0, 1], with the supremum norm). Also, the Tauberian theory
of Norbert Wiener, led him, using Lambert summability, to a proof of
the prime number theorem. Thirdly, the multiplication of series is put
in a satisfactory form by using Cesdro summability.

Now let us turn to some general considerations. If 4 is a Toeplitz
matrix then ¢ < (4)—more precisely 4 sums every convergent
sequence to the same limit. It may happen, as we have already seen
that the inclusion is strict. For example z = (1,0,1,0,...)e(C, 1) but
z¢c. Thus the (C, 1) mean sums at least one divergent sequence. We
say that (C, 1) is stronger than convergence. Similarly for the general
case of a matrix 4. It is possible that a Toeplitz matrix 4 sums only
convergent sequences, i.e. (4) = c. We then say that A4 is equivalent to
conwergence. Apart from the obvious case in which (I) = ¢ it does not
seem to be known exactly what makes a Toeplitz matrix equivalent to
convergence. A theorem which proves that (4)=¢ is called a
Mercerian theorem, after Mercer, who proved a significant theorem of
this type. We may describe his result as follows. Let 4 be defined by
A4,(z) = o, + (1—a)m, where o > 0 and m,, is the arithmetic mean
of @y, #,,...,x,. Then 4 is Toeplitz, since x,—>1 implies

A (x)>al+(1—-a)l=1
(actually without restriction on «). Mercer proved that, when « > 0,

A, (x)—1 implies z;—>I. For a proof of this we refer to Hardy’s
Divergent Series, theorem 51.
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A given Toeplitz matrix A may sum certain divergent sequences.
Tt was first proved by Steinhaus that A cannot sum all bounded
sequences. In fact he proved that there exists a sequence of 0’s and 1’s
which is not A summable. We shall deduce Steinhaus’ theorem from
our results on matrix transformations. A proof of the original theorem
may be found in Cooke’s book, I nfinite Matrices and Sequence Spaces,
theorem 4.4 (I1I).

Theorem 14 (Steinhaus)l. Given any Toeplitz matrix A there is always
a bounded sequence which is not summable A. ’

. Proof. The characteristic y(4) = 1. Thus A4 ¢ (I, ¢), since matrices in
(I,,¢) have zero characteristic (see theorem 6, (i) and (ii)). But A € (l«,0)
if and only if 4 sums all bounded sequences, whence the result.
We remark that ‘Toeplitz’ may be replaced by ‘co-regular’ in the
hypothesis of the theorem, thus-giving a slightly more general result.

Already we haveremarked thata Toeplitz matrix may be equivalent
to convergence. We now show that certain types of co-null matrices
are always stronger than convergence. A matrix 4 is called normal
ifa,;, = 0 (k > n)and a,, + 0for alln. If A isnormal and y,, = 2y, @n %y
then it is easy to solve for @:z, = Zypbu ¥y SY- One finds also that
bpn = 1ty

Theorem 15. Bvery normal co-null matrix is stronger than convergence,
i.e. sums at least one divergent sequence.

Proof. Let A be normal and co-null. The inverse matrix then exists
and will be denoted by B. Write

b= ( %_L] bnk) and b= Bpidney (£=0,1, )
k=0 neN

Then A,(b) = 1 and A,,(b;) = Oy, s that the sequences b and b;, are
in (4). Putting ||| = sup, |4,(x)|, where z&(4), we see that (4) is
a normed linear space. We can characterize the dual space (4)* by
methods similar to those employed for ¢* (see chapter 4). It is found
that fe(4)* if and only if there is a number ¢ and a sequence (t;)€ly

such that Fl@) = tlim, A, (@) + Tt A1) (20)

for all ze(4). When fe(4)* we have in factt = #(f) = f(b) — Zf(by) and
t, = t,(f) = f(by), Where b, b,, are defined as above.
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Suppose now that 4 is not stronger than convergence. Then (4) = c,
and we shall show that f(z) = limz, defines an element f of (4)*.
Obviously f is linear on (4). Also, for zec,

lm'nl = lzkxkankl = zkxlargkbnra’rk.
™ r )
< Zlbnrl 2 ATy,
r=0 k=0
< || B]| [« (21)

The manipulations are justified since B = 4~ is conservative, as we
now show. If zec then A(4-1x) = {44~z = 2 and so A~*ze(4) = ¢,
whence A~ is conservative. From (21) we get

|f(@)| = [ima,| <[ B] |=,
so that f is bounded on (4). Now by (20) we have

fle)—tlim, A4,(e) = % i, é e
r=0 k=0
= % § trAr(ek)
k=0 r=k

= 3 [fle) —tAe)]
k=0

ie. 1—tlim, %, a,, = —1Z,lim, a,,,i.e. 1 = ty(4), which is impossible
since y(4) = 0. Thus the supposition that (4) = ¢ is false and so
¢ < (4) strictly, which proves the theorem.

There is a simple necessary condition for a y-matrix to be stronger
than convergence, which we now give.

Theorem 16. If Ae(y,c; P) sums at least one divergent series then
lim,a,,=0forn=0,1,....

Proof. Let Zb, be divergent and summable 4. Then 2a,;,b, con-
verges for each n. Hence Za,,;, b, d;, converges for each n, whenever the
sequence (d;,) is of bounded variation. Now sup, % |Aa,,| < coimplies
there exists lim,a,;, =1,, » = 0,1,.... Suppose there exists n such
that [, & 0. Then for this # we have |a,;| > |1,|/2 for k& > M and so

(@) isnr = (181521 is of bounded variation. Hencel %Iankbkd,c con-
(L

verges, i.e. Zb, converges, contrary to the fact that b, diverges.
Thus [, = 0 for every n.
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We now very briefly consider absolute and strong summability.
A matrix 4 in (I;,1,) will be called absoluiely conservative. If 4 is in
(I, 1y; P) it will be called absolutely regular. Using theorem 5 we see
that 4 is absolutely regular if and only if

sup; Z, |G| <00 and Z,a,=1 (k=12..)

For any matrix 4 we denote by | 4| the set of all sequences » such that
A, (%) = Ty, exists for each n and X, |4,(z)| < co. We then say
that ze| 4| is absolutely summable by 4 (or summable |4]). One has
I, = |4| if and only if 4 is absolutely conservative.

Perhaps the simplest method of absolute summability is that given
by the Cesaro mean of order 1. If

£ = 1
“—n—}-lk

E]

(n+1—k)ay
0

and tec then we say that Za, is summable (C, 1). If te BV then we say
that Za,, is summable |C, 1]. It is trivial that |C, 1| = (C, 1), and since

L
bmtas = s 2o > D)
it is clear that I, = |, 1|. More generally it is true that I, < |C, |,
& > 0 (see exercises 3).

Analogous to the situation for ordinary summability, absolutely
regular methods of summability may be equivalent to absolute con-
vergence. For example, it is not hard to show that |R*,A,1] =, ifand
only if lim infA,, ,;/A,, > 1. Here we say that 2a; is summable |R*,A, 1|
if and only if te BV, where

n
by = (- AI":/An+1) Ly
k=0

|R*, A1) is ‘discontinuous’ absolute Riesz summability of order 1.
We say that S is summable |E, A k|, k> 0 (where |R; A, k| is the
‘continuous’ case) if C%(U) is a function of bounded variation on

[Ag, 0), Where O U) = T (1-2,/0)a,.
An<U

By analogy with Steinhaus’ theorem (theorem 14) one might be
inclined to think that no absolutely regular matrix could sum all
conditionally convergent series (the analogy is absolutely regular
analogous to Toeplitz and conditionally convergent analogous to
bounded, presumably). However, it turns out that there are absolutely
regular matrices which do sum all conditionally convergent series. For
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example, @, =1, a,, =0 (n> 1,k =1,2,...). See the exercises for
some further results. L

Finally, we turn to strong summability. For any matrix 4 and any
sequence p = (p,,) such that p, > 0 we say that z = (»,) is summable
[4,p] (or strongly summable (4,p)) to I, written x,—I[4,p], if
A, (|z—Te|?) exists for each 7 and tends to zero as n—co. In connection
with strong summability we shall write

-An(lxlp) = Zka’nklxklpk‘

If A, (Jz|?) = O(1) we say that z is strongly bounded by (4, ). Also,
[4, p] denotes the set of all z which are summable [4, p], [4, p]. the
set of x strongly bounded by (4, p) and [4, p], the set of z such that
A, (|z|?) = o(1). Some well-known spaces are obtained by special-
izing A. For example, if ¢, =1 (1 <k < n), a,;, = 0(k > n), then
[4, plo = Up). By l(p) we denote [I, p].., where I is the unit matrix.
If 4 = (0, 1) then z,~[C, 1, p] means that

B lm—1lms>0
= 3 |ap—1|PE—0.
=1 e
We now prove three results concerning strong summability.

Theorem 17. Let p = (p,) be bounded and A mon-negative. Then
[4,2]e, [4, 2], [4, 9] are linear spaces.

Proof. Just consider [4, p],; the others are similar. If H = sup p,, then
|y, + by [P < Oy [P+ [y |7),
where C = max(1,28-1). Also, |A|P* < max (1, |A|E), and we write
A = sup [A|P&, M = sup |u|?s. Hence
limsup 4,,(|Az + py|P) < CAlimsup 4,(|z|?) + CM lim sup 4,,(|y|?).
The result follows.
For some matrices 4 the boundedness of p is necessary as well as
sufficient for [4, p],, ete., to be linear spaces. As an example consider

the space I(p). If I(p) is a linear space then 2xe€l(p) whenever zel(p),
ie. 227%|%,|P% < oo whenever X |x,|?* < co. It follows readily that

= 0(1).

Theorem 18. For any non-negative matrix A and any bounded
sequence p, [A4,p], is a topological linear space, paranormed by

g(x) = Sup, (zlcank lxklpk)llM:

where M = max (1, sup p).
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Proof. Clearly g(6) = 0, g(zx) = g(—=). That g is subadditive on [4, p,
follows by an argument similar to that for I(p) given in chapter 2,
section 1. We must check continuity of multiplication. For any com-
plex A we have |A|7k < max(1,|A|%), where H = supp; <, SO
g(Az) < (sup |A|Px)¥ g(z) on [4, plo, whence A0,z 6 imply Az—0,
and also z— 6, A fixed imply Az—>6. Now let A0, « fixed. For Al <1
we have A,(|Az|?) <e for n> N(e). Also, for 1<n < N, since
1, Oss |2|P# < o0, there exists M such that

;‘_‘, @zs | A |PE < €.

Taking A small enough we then have 4,(|Az|?) < 2¢ for all », whence
g(Az)— 0 as A->0. This proves the theorem.

Tn our last theorem we consider the question of strong regularity. We
say that the pair (4, p) is strongly regular if @, — 1 implies z,—I[4, p].
The problem of finding exact corditions on A4 and p for strong regu-
larity would seem to be quite difficult. By restricting p to begin with
we do however have the following result.

Theorem 19. Let m, M be constants such that 0 < m < py, < M. Then
(4, p) is strongly regular if and only if A€ (cy, co)-

Proof. For the sufficiency, since p;, > m > 0, we have 2, -1 implies
|2, —I|7& > 0. Hence, 4 &(cy, ¢,) implies z,~> 1[4, p].

Now suppose z,->! implies 4,(|z—le[?)->0. Then |ac, —T|2x =0
implies Sa,,;, @, —1| -0, where g, = 1/p;. Since g > 1/M >0, @, —>1
implies |a, —|%->0. Hence, by decomposing x;—1 into its real and
imaginary parts and then these into their positive and negative parts
we see that z;,— | implies Za,;(z; —1)— 0, whence 4 €(cy, ¢)-

We remark that p, < M is superfluous in the sufficiency and
P, = m is superfluous in the necessity.

Exercises 3

1. Prove that the Abel method is not weaker than any Cesaro method,
i.e. show that Sa, = s(C,7),r > —1, implies Za,, = s (Abel). As a hint,

note that Sa,n = (L—z)H AT,

where #, is the Cesaro mean of order r. In fact the Abel method is
stronger than all Cesaro methods (consider Za, where

exp{(1+2)7} = Za,a").
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2.

10.

11.

12.

13.

14.

Prove that a,;, = 2(n—k+1)nn+1)t (1 <k <n), a,, =0 (Io > n),
is a Toeplitz matrix. Find whether the sequence ((—1)*+1k) is sum-
mable 4.

. (i) Prove that, to each Toeplitz matrix 4 corresponds the 'y-matmx B,

given by

bnk e Z anp'
p=k

(ii) Let B be a ry-matrix. Prove that a,; = b,;—b, 14 is Toeplitz if
and only if lim, lim,b,, = 0.

. Prove the following theorem of Steinhaus type: Given any y-matrix B,

there is always a series with bounded partial sums which is not
summable B.

. Prove that a,;, = (e-™n™1)/(k+1) (n,k = 1,2, ...) is Toeplitz and show

that the corresponding y-matrix B (see question 3 (i)) is given by

b = —]lfne"ft"dt
nk k! 0 .

We say that Za,, is summable |C, 7| or a |0, 7| if the Cesaro mean 7, has
bounded variation, i.e. T |t} —1}_,| < co. Prove that I, < |C,r| for all
r >0,

. Prove that X(—1)%%-1 is summable |C,1| but that Z(~—1)*/log (k+1)

is not.

. Define the transformation B, (a) = Z,b,,.a, by B,(a) = a, and

n(n—2)
n( ) ( 1)2 TL—1+ (n = 2)'

Show that B is absolutely regular and that X, |B,(a)| = co whenever
Zay, is conditionally convergent. Prove also that B sums absolutely
a series for which a, 4= O(1).

. Prove that every column bounded absolutely regular matrix sums

every conditionally convergent series to which it applies. Column
bounded means a,; = 0 for n > r, where 7 is independent of k. Also,
A applies to Zx, means that X, converges for each =,

In connection with strong summability, show that {(p) can be regarded
both as an [4, p],, space and as a [B, p], space, i.e. find matrices 4, B
such that I(p) = [4, 9], = [B,p],- For bounded p, prove that I(p) is a
topological linear space.

Let 0 < p, <1 and write [, p], = l(p), where I is the unit matrix.
Prove that [(p) is paranormed by g(z) = sup |z;|%; xel(p), if and
only if infp, > 0. ’

If A is non-negative and 0 < infp, < supp, < oo, prove that [4,p], is
a topological linear space under the paranorm of theorem 18, section 3.
Prove that [I, p], I the unit matrix, is a linear space if and only if p is
bounded.

Define a,;, = 1/n (1 <k <), a,;, =1 (k> n) and take p, =k, for all
k > 1. Prove that (4,p) is strongly regular but 4¢ (c,, ¢). Compare
with theorem 19, section 3.
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4, Tauberian theorems
Tn this brief section we are merely able to introduce the vast field of
Tauberian theory. For further details of the deeper Tauberian
theorems the reader is referred to Hardy’s Divergent Series and to the
periodical literature cited there. Our concern will be with a fairly
recent development of Tauberian theory which deals with the so-called
Tauberian constants.

First we trace lightly the historical development. Abel proved in
1826 that if Za, = s then Za, = s(Abel), i.e. every convergent series’
is Abel summable to the same sum. As we know the converse is
false in general, e.g. Z(—1)* = 1/2 (Abel) but Z(—1)" % 1/2. When is
the converse true? By restricting the a,,, it was first shown by Tauber
in 1897, that if Za,, = s (Abel) and na,,— 0 (n—>c0) then Za,, = s. Thus
the condition na, >0, now called a Tauberian condition, allows us to
deduce convergence from Abel summability. Tauber also proved a
related theorem, called Tauber’s second theorem. Both his theorems
are displayed for reference:

T,: Za,=s(Abel) and na,—0 imply 2a, =s.
T,: Za,=s(Abel) and na,—0(C,1) imply Za, = 8.

Of course T, is a consequence of 7, since na,—>0 implies
na,—0(C,1). In 1911, Littlewood initiated the deeper Tauberian
theory by proving 7, with na,—0 (i.e. na,=o(1)) replaced by
na,, = O(1), i.e. (na,) bounded. Generally speaking a Tauberian
theorem is a result which allows us to deduce convergence from sum-
mability, usually by putting an order condition on the terms of the
series being summed. A very general Tauberian theory was created by
Wiener in the 1930s and he used this theory to give a proof of the
prime number theorem (Wiener, 1932).

Between the o-results and the O-results of Tauberian theory there
lies an intermediate class of results which sharpen the o-results and
are ‘best possible’ in a sense to be defined. These intermediate results
are not as deep as the O-results but they are a worthwhile addition to
the subject of Tauberian theory. The first of these intermediate results
is due to Hadwiger (1944):

Theorem 20. There exists an absolute constant M, such that

«© w
lim sup,,| 3} a,2k— 3 a| < M lim sup, n|a,|, (22)
E=1 E=1

where x,, = 1—1/n.
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The beauty of this result would seem to lie in the fact that there is
no condition on (a,). It is clear that Tauber’s first theorem is a con-

sequence of Hadwiger’s theorem. A generalization of Tauber’s second
theorem is due to Wintner (1947):

Theorem 21, There exisis an absolute constant M, such that the left-hand
side of (22) is less than or equal to

M, lim sup,n-t . (23)

% keay,
=1

Wintner’s result thus implies Tauber’s second theorem. It was then
shown by Hartman (1947) that the best values for the constants M,
and M, were M; = y+2f, M, = M, + 2/e, where v is Euler’s constant
0.57721... and -

B =f1 e~ ¥y ldu = 0.21938....

By the best value we mean, for example,
M, = max {(lim sup?,)/(limsup = |a,|)},

where the maximum is taken over all @ such that limsupn|a,| > 0,
and ¢, denotes the expression in (22). The best values 3, and M, are
called T'auberian constants.

In this section we confine ourselves to proving a single general
theorem on Tauberian constants. The best values of Hartman can
then be obtained as a special case and with a minimum of ealculation.
We shall give, in theorem 22, necessary and sufficient conditions for
the existence of Tauberian constants for general matrix transforma-
tions, with the Tauberian condition

A = lm sup, n? < 0. (24)

i kay,
1

The condition lim sup, % |a,| < co gives rise to a similar theorem (see
exercises 5). Before the theorem we note a lemma. It may be proved
by methods similar to those used in proving theorem 6, section 1,
chapter 7. The details are left as an exercise.

Lemma. Let a,;,— 0 (n—>00, k fixed) and
lim sup 2 |a,;| = C < co.

Then limsup,, |Z,a,;s:| < Clim sup, |s,],
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whenever lim sup |s,| < co. Also, there exists a sequence () with
lim sup |s,| = 1 such that

lim sup, |28 = C.

In the theorem below we write Ag,;, = G, — Gy, 14y fOr any matrix
(@p,)- Allsums run from k& = 1to k = co, unless otherwise indicated and
upper limits are taken as n—>co.

Theorem 22. Let A be given by (24). Then
B,(a) = Zba;, Cn(a) = X0y
exist for each n and there is a constant M such that
lim sup | B,(a)—C,(a)| < M4, (25)
whenever A < oo, if and only if

(@) |buse] + lenzl >0 (b= o0, n fized),

®) bpp—Cnie—>0 (n—>00, k fized),

(0) Zh(|ABu/E)| + |Alcau/B)) < 00 (each m),

(d) D = lim sup Tk |A({bns, — Cuit/k)] < .

When (a)—(d) hold we may take M = D, and this constant D is then best
possible.

n
Proof. Sufficiency. Let us write nt, = 3, kay, so that for each =,
k=1

whenever (@) and (c) hold and 4 < <o,
D p—-1
2 b = byptp+ 2 kAl E)
k=1 k=1
"ZkA(bnk/k) tk (p'_)OO) (26)
The same is true with C in place of B. Hence
B,(a)—C,(a) = ZkA{D1— Crr}/ ) b

Thus, when (b), (d) hold we may apply the lemma and obtain (25)
with M = D.

Necessity. If B,(a) exists whenever A < oo, then (ﬁxiﬁg n until
further notice) by Toeplitz’ theorem applied to the transformation of

(t) given by (26), Sk |AGlk)| < . (27)
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Since lim sup, |a,| < co implies 4 < o, the existence of B, (a) implies

that 3 (bl < 0. 28)
Now (27) implies that b,,;/k—1,; (k—o0), whence

D
Bbulk~pl, (@)
which is contrary to (28), unless [, = 0. Hence

1Bl = [:p 5 Abu®)
k=p

skz E|AG/k)| 0 (p—>00).

=0

The same holds for €, whence (a) and (c) are necessary. The necessity
of (b) follows from (25) on taking @, =1,a,=0(n=+k), k=1,2,....
Wenowhave ' p_(¢)— Cy(a) = SEA(bu—cud k)t

for each n, whenever A < co. Now it is clear that the space X of
all sequences a = (@;) such that 4 < oo is a Banach space with
norm ||a|| = sup, |t,|- Also, each f, defined by f,(a) = B,(a)—C,(a)
is in X* and one readily finds that

I7all = Zk|A{Dar— cardfk)]-

By hypothesis we have lim sup |f,(a)| < M4 < co on X, whence by
the Banach—Steinhaus theorem

D = lim sup |f,| < oo,

which is (d). This proves the theorem.

As a corollary to theorem 22 we shall obtain Hartman’s Tauberian
constant y+ 28+ 2/e, which is the best value of 31, in theorem 21.
Take b, = (1—1/n)k =2% where 2=2,=1~1/n, and c,; =1
(1 <k <), ey, = 0 (k> n). Then it is straightforward to check that
(a)-(d) of theorem 22 hold and that

D = lim sup,, {2xn+1_ n—logn—31/k+2 3 oF(k+1)]. (29)
1 n1
Now it is not hard to show that
§ 2k +1)—~pf = fw e~*uldu (n->c0)
n+l 1

(see exercise 4). Hence D = 2/e+y+ 28, since
1+1/2+...+1/n =logn+7y+o(l),
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as is well known from elementary analysis. Thus we have obtained the
Tauberian constant D for the Abel method. It is of interest to note that
in this case D exists as a limit not just as an upper limit.

A result similar to that of theorem 22 involves the Tauberian condi-
tion lim supn |a,] < co. The proof follows the same lines but is rather
simpler (see exercise 5).

Exercises 4

1. Prove Tauber’s theorems T, and T}, without assuming the theorems of .
Hadwiger and Wintner.

. Prove the lemma which precedes theorem 22, section 4.

. Verify equation (29) of section 4.

. Letr = r(n) besuch that 0 < r < 1 and —nlogr—1asn->co. Prove that

w o
DI f n(etin— 1)t e~idi
k=n-+1 -—nlogr

and that this last integral tends to

= [
1

B oD

as n—> 00, .
5. Prove the companion to theorem 22: B,(a), C.(a) exist for each n and
there is & constant M such that
lim supy, IBn(a) "'On(a')l < MA',
whenever A" = lim sup,n|a,| <,
if and only if
(®)  bup—Cnr->0 (n—>c0, k fixed),
(@)  Zh(|bu| +cnsl) < 0 (each n),
@) D =lim sup, Tk |by,—Cnr| < 0.
When the conditions hold we may take M = D, which is then best
possible. '

5. Some problems for further study

Here we present a collection of questions for the reader who may be
interested in continuing the study of the topics of this and other
chapters. Some of the questions are of a fairly elementary standard—
these are unstarred. Others have a known solution, which has some-
times taken years to find. Where problems are considered fairly
difficult T have starred them, e.g. 2*. Certain problems begin thus:
Tind the necessary and sufficient conditions for. . .. These problems
will often, as far as I know, bring the reader up to the present state of
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knowledge. A few questions bear a double star—these should prove
quite stimulating,.

The purpose of this section Wﬂl be best served if the reader is led to
formulate (and solve!) new problems for himself.

1.%* A normed space with a basis is separable. Some separable Banach
spaces have a basis. Does every separable Banach space have a basis?
(The answer is not known.)

2.% A rotation U (about 6) in a linear metnc space X i isa surjective
isometry of X into itself such that U(0) =

Prove that if X is a real normed space then every rotation is neces-
sarily linear (see Banach, 1955, p. 166).

3.% Prove that the general rotation in 7, (1 < p = 2) takes the form
Yn =€, Ty, Where |€,| =1, ¢ is a permutation of N and y = U(x) = (y,,).
(See Banach, 1955, p. 178.)

4.%* Find the form of the general rotation in I(p). (The answer is not
known.)

5. If X is a Banach space then X x X = X? is a Banach space with
lzll = ||#]| + |7]l, where z = (z,y)e X% We define

(@,y)+ @, y) = (@+2,y+y) and Alzy) = (A2, Ay).
Prove that ¢ is isomorphic to ¢? and 7, is isomorphic to 72, (p > 1).
6.* Prove that C[0, 1] is isomorphic to C[0, 1] x c.

7. Let X be a sequence space and # a subset of X. Prove that
Bt = (| Z|2,y,| < oo, for all ye B}

is a subspace of X. Etis called the Kothe-Toeplitz dual of E. Note that
we are using the same notation as for the algebraic dual of a linear
space—rthis should do no harm.
Prove that
et=1, =l =1 (1<p<oo).
What is 11,2
8.%% Find I(p)* (see question 7 for the definition).

9. Prove that 4 e(y,y; P) if and only if

n
Z Aa’rk
r=1

supnﬁlg < 0, %aﬂk=1 (k=1,2,...).
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10. Show that Ae(BV,l,) if and only if

M = sup, j|Gp1+Gpat oo+ 0y < 0.
Prove also that Ae(BV,¢) if and only if M < oo and there exists

im, ¥ a,; (@=12..).
k=p

'11.* Find the necessary and sufficient conditions for Ae(l;,c). (See

Cooke, 1950.)

12.%* Find the necessary and sufficient conditions on 4 for 4e(l,,1,),
p > 0, s > 0 (include [, as well). Even the case p = s = 2 has not been
solved (see theorem 9, section 1, chapter 7).

13. Let (C, —1) be the set of all sequences = such that zey and
nx, —>0. A series Xz, is said to be summable (C, —1) if ze(C, —1).
Write t,, = s, +n, With s, = zy+2;+... +,. Show that ze(C, —1)
if and only if tec. '

Prove also that a matrix 4e((C, —1),¢;P) if and only if 4 is

representable as gy = b+ BAD

where B is a y-matrix. Show the representation is unique. (See
Maddox, 1965, 19664.)

14. Find whether (I;,1,), 1 < p < o, is a Banach space with
"'A“ = SUDy (ana‘nlclp)llp'

Is (/;,1,) an algebra under the various products defined in section 2,
chapter 7?

15.*% Can you define a convolution type operation in (I,,7,) such that
(13, 1,) becomes a Banach algebra with identity?

16. For matrices 4, B, write A > Bifthe B-summability of a sequence
implies its A-summability to the same limit. Prove that 4 = (£, A, 1)
if and only if 4 is Toeplitz and

SUP,, Ty Ay [ A1/ AN)| < 0.

(See Maddox, 1964.) In this question, (R, A, 1) denotes the Riesz mean
of type A and order 1 (section 1, chapter 7).

17.%* Find necessary and sufficient conditions on a matrix 4 for
A > (R, A, k). (See 16 above and Maddox, 1964, for a partial solution.)
{The answer is not known.)
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18.** Find necessary and sﬁfﬁqient conditions for 4.2 (C, k). (See
Cooke, 1952.)

19.% (Fejér’s theorem). If fis periodic 27 and integrable on [0, 2] and

such that f(z, + 2£) +f(w, — 2t) > 2s(x,) as t— 0, prove that the Fourier

series @y/2+ 3} (@, cOSn%,y+ b, sinnxy) of f is summable (C, 1) to s(z,).
nzl

If, in addition, f is continuous on [0, 27r] prove that the Fourier
series is uniformly summable (C, 1) to f on [0, 27] and so everywhere.
Deduce the Weierstrass approximation theorem: the set of poly-
nomials is dense in C[0, 27r] (or C[0, 1]). (See Knopp’s book.)

20. If Za,, is summable (C, k), k > —1, prove that a,, = o(n*). This is
the ‘limitation theorem’ for Cesaro means.

21.* If Sa, = and na, = O(1), prove that Za, = s(C, —1+d) for
d > 0 (see Hardy, 1945, theorem 45).

22 %% Let k> 0 be fixed. Prove that the Riesz mean (R,A,k) is
equivalent to convergence if and only if

An = An-Ivl/(An-i-l_An) = 0(1)
(see Hardy and Riesz, 1915; and Kuttner, 1965).

23.%% Let & > 0 be fixed. Find the necessary and sufficient condition
on A for the absolute Riesz méan | R, A, k| to be equivalent to absolute
convergence. The answer is not known, but it is conjectured that the
conditionis A, = O(1) (see 22, above). (For certain casesof this problem
see Maddox, 19665.)

24.* A is a lower-semi Toeplitz matrix such that
L. n—1
lim inf, (|a,m1 _k§_:1|ank1) > 0.
Prove that A4 is equivalent to convergence (Agnew, 1952).

25. For ze(4), put ||z| = sup, |Z)a,,2;|, Where 4 is conservative,
and identify members of (4) whose distance apart is zero. Prove that
(4) is separable.

26.% Prove that if a conservative matrix sums a bounded divergent
sequence then it sums an unbounded one (Wilansky’s book, p.231,
question 31).
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27. Let f, g be continuous on [0, c0) and f(x) ~ Ax?, g(x) ~ Bzb (x> 0),
where A4, B, a, b are constants and @ > —1, b > —1. Prove that, as

>0, T+ 1) (CO+D) .
Ia+b+2) )

f " Ht) gw—t)dt ~ AB
0

28. For Riesz means, prove that
(R,A k) = (B,A,F) and |R, ALE| < |R,A K

when &’ > k > 0. (Use 27 above and the relation

_ Te+I4+1) [®, e
where Ckz) = 3 (x—A,)*a,
An<z

for a series Za,,.)
29.% Prove that Ae(y,l,) if and only if 2, |a,,| < 0 and
sup ¥ | 3 Aay| < co. ' (1)
k meo
Here o denotes a finite set of positive integers, F the class of all sets o

and in the above the supremum is taken over all elements of F' (see
Maddox, 1967a).

30. Show that Ae(ly, L; P) n (y,L) if and only if 4 is absolutely
regular and (1) of 29 holds.

31.%% Find the necessary and sufficient conditions on 4 such that
() Ae(BV,l), (@) de(e,ly), (i) Aelnl).

32.%* Try to find a result for absolutely conservative matrices

analogous to theorem 15, section 3, chapter 7—replacing convergence

by absolute convergence and divergent sequence by conditionally
convergent series.

33. Let 4 be a non-negative matrix and p any positive sequence.
Prove that [4,pl., [4, 2] and [4,p], (see section 3, chapter 7) are
absolutely convex subsets of the space of all sequences.

34. Letp, > 0, g, > 0and ¢y(p) denote the set of all & = () such that
|ay|P% 0. Prove that co(g) < co(p) if and only if

lim infp,/q, > O.

© 35.%* Find necessary and sufficient conditions on p = (py) such that
%, -1 implies z;,—~I[C, 1, p].
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36. Let 0 < p < g. Prove that x,—>1[4, q] implies ;~>1[4,p] when
A is non-negative and in (I, l,).

37. Let A be Toeplitz and suppose 0 < p;, < gy, With g,/p;,~>00. Prove
that z, —I[4, g] does not generally imply ;- I[4, p] (Maddox, 19675).

38.* Prove that [(p)* = [.(p) for 0 < p;, < 1 (Simons, 1965).
39.** Characterize [C, 1, p]* for bounded p.

40.** Find the necessary and sufficient conditions on p such that the
limit of a sequence summable [C, 1, p] is unique.

41, (Kuttner’s theorem.) Let 0 < p < 1, p;, = p for all k& and let 4 be
Toeplitz. Prove that there is always a sequence summable [C, 1, (p)]
which is not summable 4. Compare with Steinhaus’ theorem, section 3,
chapter 7. For the proof of Kuttner’s theorem use theorem 7, section 1,
chapter 7 (see Maddox, 1968; Kuttner, 1946).
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Banach, S., 56; algebra, 132; fixod point
principle, 56; space, 96

Banach’s theorem, 119

Banach~Steinhaus theorem, 115

base, Hamel, 75

basis, Schauder, 87

Bessel’s inequality, 154

bidual of a normed space, 126

bijective map, 7

Borel, E., matrix, 175

bounded linear operator, 103

bounded, sequences, I, 13, 30; set, 40

¢, convergent sequences, 13, 27, 37, 109

¢y, null sequences, 16, 30

O, complex numbers, 1, 13

€10, 1], continuous funections, 29, 72, 110,
124, 133, 200

Cantor, G., 1

Cartesian produet, §

category of a set, 66

Cauchy, ‘A.L., 34; pfinciple, 15; se-
quencs, 14, 34; theorem, 18

centre, of a sphere, 39; of an algebra,
139

Cesdro means, 175

characteristio, function, 124; numbers,
167; of & conservative matrix, 167

closed, graph theorom, 120; set, 43;
sphere, 43

closure of a set, 44

commutative algebra, 132

compact set, 60, 61

complement of & seb, 4

complete metric space, 36

completeness axioms, 33, 34

completion, 37, 39

complex, linear space, 71; multiplica-
tion, 13; numbers, 1

composition of functions, 9

conservative matrix, 167

continuous, funection, 17, 49, 51; dual
space, 106, 108

contraction mapping, 56

co-null matrix, 167 )

convergent sequences, ¢, 13, 27, 37, 109;
in & metric space, 34

convergent series, ¥, 15, 33

convex set, 80

convolution, 138; product of matrices,
179

Cooke, R. G., 187, 199, 200

co-regular matrix, 167

countability of €, 8

countable set, 8

cover for a set, 4

D', space of distributions, 90

D, space of test functions, 89

delta distribution, 90, 81

De Morgan’s laws, 4

dense set, 45 .

derivative of a distribution, 92
diameter of a set, 40

dimension, 75, 77

Dirichlet, P. G. L., 116

dise algebra, 133

discrete topology, 47

disjoint sets, 3

distance between sets, 40
distribution, 90; regular, singular, 91
divergent series, 16

division algebra, 134

domain of a relation, 6

dual, space, 106; spaces, table of, 110

eigenvalue, 141
empty set, &, 2
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equivalence class, 6

equivalence relation, §

equivalent, normed spaces, 108; Bets, 8
equivalent to convergence, 186
Eueclidean n-space, R*?, 27

FEuler, ~Knopp matrix, 176; L., 185

factorspace, 79, 99

Fatou's lemma, 98

Fejér's theorem, 200

fermsé, 41

finite, dimensional space, 75; sequences,
®, 81; set, 8; subeover, 60

first category set, 66

Fourier, coefficient, 154; expansion, 156

Fréchet, M., space, 86

Frobenius, G., 135, 187

funection, 6; algebra, 133

functional, 102

y, convergent series, 15, 33, 73

y-matrix, 174

gauge, 84

gebiet, 41

Gelfand, —Mazur theorem, 144; represen-
tation theorem, 146; and Shilov, 89

general convergence principle, 16

generalized functions, 89

Gram~Schmidt theorem, 152

graph of a funetion, 6

greatest lower bound, 13

groupoid, 183

H, algebra of quaternions, 135

Hadwiger, H., 193

Hahn, H., 121

Hahn-B&nach theorem, 121

Hamel base, 75

Hamilton, W. R., 134

Hardy, G. H., 162

Heartman, P., 194

Hausdorff, F., 25; postulates, 25; space,
48

Heaviside distribution, 92

Heine~Borel theorem, 60

Hilbert, D., 149

Hilbert space, 150

Holder’s inequality, 21

homeomorphism, 54

homomorphism, 136

hyperplane, 111

I, integral functions, 32
ideal, 139, 146

identity of an algebra, 132
image, 9

indiscrete topology, 47

INDEX

induced topology, 49

inequalities, 21

infimum, 13

infinite dimensional spa,ce, 78

m;eemve map, 7

inner product space, 149

integers, Z, 1

integral equation, 58

interior of a set, 44

intersection of sets, 3 .

interval, 3

inverse, element in an a.lgebra,, 134; funo-
tion, 7; image, 9

isometry, 556

isomorphism, linear space, 73; algebra,
136; inner product, 150

Jones, D. 8., 89

kernel, 102

Kojima~Schur theorem, 166
Kothe—Toeplitz dual, 198
Kuttner’s theorem, 202

L[0, 1], Lebesgue integrable functions, 29

L, (D), by, 30, 31

L0, 1], 97

L(X,Y), 105

least upper bound, 13

Lebesgue monotone convergence theor-
em, 97

left ideal, 139

Legendre polynomials, 1563

lim inf, lim sup, 14

limit, 13, 34; upper and lower, 14; gen-
eralized, 128

limit point, 43

linear, combination, 75; dependence, 75;
functional, 102; huli, 74; independence,
75; isomorphism, 73; metric space, 82;
operator, 102; space, 71; subspace
(manifold), 74; topological space, 82

line segment, 80

Liouville’s theorem, 17; generalized, 127

lower, bound, 10; limit, 14; semicon-
tinuous function, 52; semimatrix, 184

M, seb of maximel ideals, 146

M®, n % n matrices, 133

Maddox, I. d., 199

map, mapping, 6

matrix, product, 178; transformation,
161

maximal, element, 10; ideal, 146; proper
subspace, 111

Mercerian theorem, 186

metric space, 25; complete, 33, 36



INDEX

metrizable space, 47
minimal element, 10
Minkowski’s inequality, 22
Morera’s theorem, 18
multiplicative, 132, 136

N, positive integers, 1

neighbourhood (open sphere), 39

nesting prineiple, 48

nest of spheres, 44

Neumann, J, von, 149

Norlund mean, 178

norm, 85; of a bounded operator,
106

normal matrix, 187

normed, algebra, 132; factorspace, 99;
linear space, 94

nowhere dense set, 45

one-one, correspondence, 7; map, 7

onto map, 7

open, cover, 4, 60; mapping, 54; mapping
theorem, 118; set, 41, 46; sphere,
39

operator, 6; linear, 102

ordered, pair, n-tuple, 5

orthogonal, set, 151; sum, 159

orthonormal set, 151

parallelogram law, 152, 158
paranorm, paranormed space, 85
Parseval’s theorem, 155

partial order, 10

p-normed space, 94

pointwise limit, 18

positive integers, IV, 1
pre-Hilbert space, 149

proper subset, 2

@, rational numbers, 1, 8
quaternions, H, 135
quotient, group, 79; algebra, 139

R, real numbers, 1, 12

R?, as s Banach algebra, 133

R®, 27

radical of an algebra, 139

radius of a sphere, 39

range of & relation, 6

rational numbers, @, 1

reflexive, relation, 5; space, 127

rogular, distribution, 91; matrix, 165;
point, 140

relation, 5

restriction of a function, 7

Riemann-Stieltjes integral, 124

Riesz, F., 124; ~Fischer theorem, 154,
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—~Fréchet theorem, 159; means, 176;
representation theorem, 124
rotation, 198

8, space of all sequences, 30

scalar, 70; homomorphism, 137

Schauder basis, 87

Schur’s theorem, 169

Schwartz, L., 89

Schwarz’ inequality, 149

second, category set, 68; convolution of
matrices, 179

semicontinuous function, 52

semigroup of Toeplitz matrices, 181

semimetric space, 28

seminorm, 80, 94

semisimple, 146

separable space, 45

sequence, 13

sequential, compactness, 63; continuity,
b1

series, 15; in a
96

seb, 1

sgn, 109

Silverman-Toeplitz theorem, 165

Simons, S., 202

singular distribution, 91

Soboleff, S. L., 89

span, 74

spectrum, 140

spectral radius, 145

sphere, 39

Steinhans’ theorem, 187

strong, Cesdro summability, 101, 170;
summability, 190

stronger than convergence, 186

strongly regular, 191

gubadditive, 80

subcover, 4

submultiplicative, 132

subset, 2

subspace of & linear space, 74

summability field, 185

superset, 2

support of & funetion, 74

supremum, 13

surjective map, 7

symmetric relation, 5

normed space,

table of dual spaces, 110
Tauberian constants, 194
Tauber’s theorems, 193

term product of matrices, 179
test functions, 89

Toeplitz, O., 161; matrix, 165
topological space, topology, 46
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totally, bounded set, 63; order field, 12;
regular matrix, 177 :

total, order relation, 10; set, 165 -

transformation, 6

transitive relation, b

triangle inequality, 21, 26

trivial metric, 26

uncountability of E, 12

uncountable set, 8 :

uniform, boundedness principle,” 67;
Cauchy sequence, 19; continuity, 49;
convergence, 18

union of sets, 3

unit, in an algebra, 134, 140; matrix,
180; sphere, 95; vectors, 76

universe of discourse, 1

INDEX

upper, bound, 10, 12, 13; limit, 14; semi-
continuous function, 52

vectors, 70, 71

weak convergence, 128; star, 129
Weierstrass, approximetion theorem,
200; M-test, 20 '
well-ordering principle, 11

Wiener, N., 193
Wintner, A., 194

Xt, X*, 105, 106

Z, integers, 1
Zorn’s lemma, 10



