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Preface ix

phies, in spite of some limitations/selection bias/exclusions, will hopefully
inspire and energize the readers.

I assure the readers that a lot of effort has gone into this work. Several
readers and reviewers have been very helpful. I remain eternally grateful
to them. But, [ alone am responsible for any remaining mistakes and errors.
I will be absolutely delighted if the readers kindly point out errors of any
kind or draw my attention to any part of the text requiring more explanation
or improvement.

It has been a wonderful privilege on my part to teach and share my
enthusiasm with the readers. I eagerly await to hear comments, criticisms,
and suggestions (Electronic Mail: mukhop@uconnvm.uconn.edu). In the
meantime,

Enjoy and Celebrate Statistics!!

I thank you, the readers, for considering my book and wish you all the

very best.

Nitis Mukhopadhyay
January 1, 2000



Preface

This textbook aims to foster the theory of both probability and statistical
inference for first-year graduate students in statistics or other areas in which
a good understanding of statistical concepts is essential. It can also be used
as a textbook in a junior/senior level course for statistics or mathematics/
statistics majors, with emphasis on concepts and examples. The book includes
the core materials that are usually taught in a two-semester or three-quarter
sequence.

A distinctive feature of this book is its set of examples and exercises.
These are essential ingredients in the total learning process. I have tried to
make the subject come alive through many examples and exercises.

This book can also be immensely helpful as a supplementary text in a
significantly higher level course (for example, Decision Theory and Advanced
Statistical Inference) designed for second or third year graduate students in
statistics.

The prerequisite is one year’s worth of calculus. That should be enough
to understand a major portion of the book. There are sections for which
some familiarity with linear algebra, multiple integration and partial
differentiation will be beneficial. I have reviewed some of the important
mathematical results in Section 1.6.3. Also, Section 4.8 provides a selected
review of matrices and vectors.

The first four chapters introduce the basic concepts and techniques in
probability theory, including the calculus of probability, conditional probability,
independence of events, Bayes’s Theorem, random variables, probability
distributions, moments and moment generating functions (mgf), probability
generating functions (pgf), multivariate random variables, independence of
random variables, standard probability inequalities, the exponential family
of distributions, transformations and sampling distributions. Multivariate
normal, ¢ and F distributions have also been briefly discussed. Chapter 5
develops the notions of convergence in probability, convergence in distribution,
the central limit theorem (CLT) for both the sample mean and sample
variance, and the convergence of the density functions of the Chi-square, ¢
and F distributions.

The remainder of the book systematically develops the concepts of
statistical inference. It is my belief that the concept of “sufficiency” is the
heart of statistical inference and hence this topic deserves appropriate care
and respect in its treatment. [ introduce the fundamental notions of sufficiency,
Neyman factorization, information, minimal sufficiency, completeness, and
ancillarity very early, in Chapter 6. Here, Basu’s Theorem and the location,

v



vi Preface

scale and location-scale families of distributions are also addressed.

The method of moment estimator, maximum likelihood estimator (MLE),
Rao-Blackwell Theorem, Rao-Blackwellization, Cramér-Rao inequality,
uniformly minimum variance unbiased estimator (UMVUE) and Lehmann-
Scheffé Theorems are developed in Chapter 7. Chapter 8 provides the
Neyman-Pearson theory of the most powerful (MP) and uniformly most
powerful (UMP) tests of hypotheses as well as the monotone likelihood
ratio (MLR) property. The concept of a UMP unbiased (UMPU) test is
briefly addressed in Section 8.5.3. The confidence interval and confidence
region methods are elaborated in Chapter 9. Chapter 10 is devoted entirely
to the Bayesian methods for developing the concepts of the highest posterior
density (HPD) credible intervals, the Bayes point estimators and tests of
hypotheses.

Two-sided alternative hypotheses, likelihood ratio (LR) and other tests
are developed in Chapter 11. Chapter 12 presents the basic ideas of large-
sample confidence intervals and test procedures, including variance stabilizing
transformations and properties of MLE. In Section 12.4, I explain how one
arrives at the customary sin”' ([p ), , and tanh™' (p) transformations in the
case of Binomial (p), Poisson (A), and the correlation coefficient p,
respectively.

Chapter 13 introduces two-stage sampling methodologies for determining
the required sample size needed to solve two simple problems in statistical
inference for which, unfortunately, no fixed-sample-size solution exists. This
material is included to emphasize that there is much more to explore beyond
what is customarily covered in a standard one-year statistics course based
on Chapters 1 -12.

Chapter 14 (Appendix) presents (i) a list of notation and abbreviations,
(i) short biographies of selected luminaries, and (iii) some of the standard
statistical tables computed with the help of MAPLE. One can also find
some noteworthy remarks and examples in the section on statistical tables.
An extensive list of references is then given, followed by a detailed index.

In a two-semester sequence, probability theory is covered in the first
part, followed by statistical inference in the second. In the first semester,
the core material may consist of Chapters 1-4 and some parts of Chapter 5.
In the second semester, the core material may consist of the remainder of
Chapter 5 and Chapters 6-10 plus some selected parts of Chapters 11-13.
The book covers more than enough ground to allow some flexibility in the
selection of topics beyond the core. In a three-quarter system, the topics
will be divided somewhat differently, but a year’s worth of material taught
in either a two-semester or three-quarter sequence will be similar.
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Obviously there are competing textbooks at this level. What sets this
book apart from the others? Let me highlight some of the novel features
of'this book:

1. The material is rigorous, both conceptually and mathematically, but I
have adopted what may be called a “tutorial style.” In Chapters 1-12, the
reader will find numerous worked examples. Techniques and concepts are
typically illustrated through a series of examples and related exercises,
providing additional opportinities for absorption. It will be hard to find another
book that has even one-half the number of worked examples!

2. Atthe end of each chapter, a long list of exercises is arranged according
to the section of a concept’s origin (for example, Exercise 3.4.2 is the second
exercise related to the material presented in Section 3.4). Many exercises
are direct follow-ups on the worked-out examples. Hints are frequently
given in the exercises. This kind of drill helps to reinforce and emphasize
important concepts as well as special mathematical techniques. I have found
over the years that the ideas, principles, and techniques are appreciated
more if the student solves similar examples and exercises. I let a reader
build up his/her own confidence first and then challenge the individual to
approach harder problems, with substantial hints when appropriate. [ try to
entice a reader to think through the examples and then do the problems.

3. I can safely remark that I often let the examples do the talking. After
giving a series of examples or discussing important issues, [ routinely
summarize within a box what it is that has been accomplished or where one
should go from here. This feature, I believe, should help a reader to focus
on the topic just learned, and move on.

4. There are numerous figures and tables throughout the book. I have
also used computer simulations in some instances. From the layout, it should
be obvious that I have used the power of a computer very liberally.

I should point out that the book contains unique features throughout. Let
me highlight a few examples:

a) In Section 2.4, the “moment problem” is discussed in an elementary
fashion. The two given density functions plotted in Figure 2.4.1 have identical
moments of all orders. This example is not new, but the two plots certainly
should grab one’s attention! Additionally, Exercise 2.4.6 guides a reader in
the construction of other examples. Next, at this level, hardly any book
discusses the role of a probability generating function. Section 2.5 does
precisely that with the help of examples and exercises. Section 3.5 and
related exercises show how easily one can construct examples of a collection
of dependent random variables having certain independent subsets within
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the collection. With the help of interesting examples and discussions, Section
3.7 briefly unfolds the intricate relationship between “zero correlation” and
“independence” for two random variables.

b) In Chapter 4, the Helmert transformation for a normal distribution,
and the transformation involving the spacings for an exponential distribution,
have both been developed thoroughly. The related remarks are expected to
make many readers pause and think. Section 4.6 exposes readers to some
continuous multivariate distributions other than the multivariate normal.
Section 4.7 has special messages — in defining a random variable having
the Student’s ¢ or F distribution, for example, one takes independent random
variables in the numerator and denominator. But, what happens when the
random variables in the numerator and denominator are dependent? Some
possible answers are emphasized with the help of examples. Exercise 4.7.4
shows a way to construct examples where the distribution of a sample
variance is a multiple of Chi-square even though the random samples do
not come from a normal population!

c¢) The derivation of the central limit theorem for the sample variance
(Theorem 5.3.6) makes clever use of several non-trivial ingredients from
the theory of probability. In other words, this result reinforces the importance
of many results taught in the preceding sections. That should be an important
aspect of learning. No book at this level highlights this in the way [ have. In
Section 5.4, various convergence properties of the densities and percentage
points of the Student’s ¢ and F distributions, for example, are laid out. The
usefulness of such approximations is emphasized through computation. In
no other book like this will one find such engaging discussions and
comparisons.

d) No book covers the topics of Chapter 6, namely, sufficiency,
information, and ancillarity, with nearly as much depth or breadth for the
target audience. In particular, Theorem 6.4.2 helps in proving the sufficiency
property of a statistic via its information content. The associated simple
examples and exercises then drive the point home. One will discover out-
of-the-ordinary remarks, ideas and examples throughout the book.

e) The history of statistics and statistical discoveries should not be sep-
arated from each other since neither can exist without the other. It may be
noted that Folks (1981) first added some notable historical remarks within
the material of his textbook written at the sophomore level. I have found
that at all levels of instructions, students enjoy the history very much and
they take more interest in the subject when the human element comes
alive. Thus, I have added historical remarks liberally throughout the text.
Additionally, in Section 14.2, I have given selected biographical notes on some
of the exceptional contributors to the development of statistics. The biogra-
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1
Notions of Probability

1.1 Introduction

In the study of the subject of probability, we first imagine an appropriate
random experiment. A random experiment has three important components
which are:

a) multiplicity of outcomes,
b) uncertainty regarding the outcomes, and
c) repeatability of the experiment in identical fashions.

Suppose that one tosses a regular coin up in the air. The coin has two sides,
namely the head (H) and tail (7). Let us assume that the tossed coin will land
on either A or T. Every time one tosses the coin, there is the possibility of the
coin landing on its head or tail (multiplicity of outcomes). But, no one can say
with absolute certainty whether the coin would land on its head, or for that
matter, on its tail (uncertainty regarding the outcomes). One may toss this coin
as many times as one likes under identical conditions (repeatability) provided
the coin is not damaged in any way in the process of tossing it successively.

All three components are crucial ingredients of a random experiment. In
order to contrast a random experiment with another experiment, suppose that in
a lab environment, a bowl of pure water is boiled and the boiling temperature is
then recorded. The first time this experiment is performed, the recorded tem-
perature would read 100° Celsius (or 212° Fahrenheit). Under identical and
perfect lab conditions, we can think of repeating this experiment several times,
but then each time the boiling temperature would read 100° Celsius (or 212°
Fahrenheit). Such an experiment will not fall in the category of a random ex-
periment because the requirements of multiplicity and uncertainty of the out-
comes are both violated here.

We interpret probability of an event as the relative frequency of the oc-
currence of that event in a number of independent and identical replications
of the experiment. We may be curious to know the magnitude of the prob-
ability p of observing a head (H) when a particular coin is tossed. In order to
gather valuable information about p, we may decide to toss the coin ten times,
for example, and suppose that the following sequence of H and T is
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observed:

THTHTTHTTH (1.1.1)

Let n, be the number of /’s observed in a sequence of k tosses of the coin while
n /k refers to the associated relative frequency of H. For the observed sequence
in (1.1.1), the successive frequencies and relative frequencies of H are given in
the accompanying Table 1.1.1. The observed values for n,/k empirically pro-
vide a sense of what p may be, but admittedly this particular observed sequence
of relative frequencies appears a little unstable. However, as the number of
tosses increases, the oscillations between the successive values of n/k will
become less noticeable. Ultimately n,/k and p are expected to become indistin-
guishable in the sense that in the long haul n,/k will be very close to p. That is,

our instinct may simply lead us to interpret p as yrg (n/k).

Table 1.1.1. Behavior of the Relative Frequency of the A’s

k n, n/k k n.  n/k
1 0 0 6 2 1/3
2 1 1/2 7 3 3/7
3 1 1/3 8 3 3/8
4 2 1/2 9 3 1/3
5 2 2/5 10 4 2/5

A random experiment provides in a natural fashion a list of a// possible
outcomes, also referred to as the simple events. These simple events act like
“atoms” in the sense that the experimenter is going to observe only one of these
simple events as a possible outcome when the particular random experiment is
performed. A sample space is merely a set, denoted by S, which enumerates
each and every possible simple event or outcome. Then, a probability scheme is
generated on the subsets of S, including S itself, in a way which mimics the
nature of the random experiment itself. Throughout, we will write P(4) for the
probability of a statement A(C S). A more precise treatment of these topics is
provided in the Section 1.3. Let us look at two simple examples first.

Example 1.1.1 Suppose that we toss a fair coin three times and record
the outcomes observed in the first, second, and third toss respectively from
left to right. Then the possible simple events are HHH, HHT,
HTH, HTT, THH, THT, TTH or TTT. Thus the sample space is given by

S={HHH,HHT,HTH,HTT,THH,THT,TTH,TTT}.
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Since the coin is assumed to be fair, this particular random experiment gener-
ates the following probability scheme: P(HHH) = P(HHT)=P(HTH)= P(HTT)
= P(THH)= P(THT)= P(TTH) = P(TTT)=1/8. A

Example 1.1.2 Suppose that we toss two fair dice, one red and the other
yellow, at the same time and record the scores on their faces landing upward.
Then, each simple event would constitute, for example, a pair if where i is the
number of dots on the face of the red die that lands up and j is the number of
dots on the face of the yellow die that lands up. The sample space is then given
by S={11,12, ..., 16, 21, ..., 26, ..., 61, ..., 66} consisting of exactly 36 pos-
sible simple events. Since both dice are assumed to be fair, this particular ran-
dom experiment generates the following probability scheme: P(ij) = 1/36 for
alli, j=1,..,6. A

Some elementary notions of set operations are reviewed in the Section 1.2.
The Section 1.3 describes the setup for developing the formal theory of prob-
ability. The Section 1.4 introduces the concept of conditional probability fol-
lowed by the notions such as the additive rules, multiplicative rules, and Bayes s
Theorem. The Sections 1.5-1.6 respectively introduces the discrete and con-
tinuous random variables, and the associated notions of a probability mass
Sfunction (pmf), probability density function (pdf) and the distribution function
(df). The Section 1.7 summarizes some of the standard probability distributions
which are frequently used in statistics.

1.2 About Sets

A set S is a collection of objects which are tied together with one or more
common defining properties. For example, we may consider a set S = {x : x is
an integer} in which case S can be alternately written as {..., -2, -1, 0, 1, 2,
...}. Here the common defining property which ties in all the members of the set
S is that they are integers.

Let us start with a set S. We say that 4 is a subset of S, denoted by 4 < S,
provided that each member of 4 is also a member of S. Consider 4 and B which
are both subsets of S. Then, 4 is called a subset of B, denoted by 4 < B, pro-
vided that each member of 4 is also a member of B. We say that A4 is a proper
subset of B, denoted by A — B, provided that 4 is a subset of B but there is at
least one member of B which does not belong to A. Two sets A and B are said to
be equal if and only if 4 < B as well as B C A.

Example 1.2.1 Let us define S= {1, 3,5,7,9, 11, 13},4={1,5,7}, B=
{1,5,7,11,13}, C={3,5,7,9},and D = {11, 13}. Here, 4, B, C and D are
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all proper subsets of S. It is obvious that 4 is a proper subset of B, but 4 is

not a subset of either C or D. A
Suppose that 4 and B are two subsets of S. Now, we mention some custom-

ary set operations listed below:

Complement: A°={z:z€Shbutz ¢ A}
Union: AUB={z:z € Aor z € B} 1.2.1)
Intersection: ANB={x:z€ Aand z € B} (1.2

Symmetric Difference: AAB= (A°NB)U (AN B°)

(b)

Figure 1.2.1. Venn Diagrams: Shaded Areas
Correspond to the Sets (a) AN B (b) A U B

Figure 1.2.2. Venn Diagrams: Shaded Areas
Correspond to the Sets (a) AN B(b)4AAB

The union and intersection operations also satisfy the following laws: For
any subsets 4, B, C of S, we have

Commutative Law: AUB=BUAANB=BNA

Associatwe Law: (AUB)UC =AU (BUC);
(ANB)NC=AN(BNC) (1.2.2)

Distributive Law:  (AUB)NC =(ANC)U(BNCO)
AUBNC)=(AUuB)N(AUC)

We say that 4 and B are disjoint if and only if there is no common element
between 4 and B, that is, if and only if 4 N B = ¢, an empty set. Two disjoint
sets A and B are also referred to as being mutually exclusive.



1. Nations of Probability 5

Example 1.2.2 (Example 1.2.1 Continued) One can verify that AUB = {1,
5,7,11,13}, BUC =S, but C and D are mutually exclusive. Also, 4 and D are
mutually exclusive. Note that 4°= {3, 9, 11, 13}, AAC= {1, 3,9} and AAB =
{11, 13}. A

Now consider {4; i € I}, a collection of subsets of S. This collection may
be finite, countably infinite or uncountably infinite. We define

Union: UserA; = {z: € A, for at least one i € I};

: (1.2.3)
Intersection: NierA, ={z:x € A, for all i € I'}.

The equation (1.2.3) lays down the set operations involving the union and
intersection among arbitrary number of sets. When we specialize /= {1, 2, 3,
...} in the definition given by (1.2.3), we can combine the notions of countably
infinite number of unions and intersections to come up with some interesting
sets. Let us denote

B =2, U2, A, and C=Uj2; NZ) A, (1.2.4)

=

Interpretation of the set B: Here the set B is the intersection of the collec-
tion of sets , U72, j = 1. In other words, an element x will belong to B if and
only if x belongs to UZ, A for each j = 1 which is equivalent to saying that
there exists a sequence of pos1t1ve integers iy <i,<..<i <..suchthatxe
A, forall k=1, 2, ... That is, the set B corresponds to the elements which
are hit infinitely often and hence B is referred to as the /imit (as n — oo)
supremum of the sequence of sets 4, n =1, 2, .

Interpretation of the set C: On the other hand the set C is the union of the
collection of sets N7, A, j = 1. In other words, an element x will belong to C if
and only if x belongs to ﬂzzj A for somej 2 1 which is equivalent to saying that
x belongs to A, A, . . for some j > 1. That is, the set C corresponds to the
elements Wthh are hzt eventually and hence C is referred to as the limit
(as n — o) infimum of the sequence of sets 4 ,n=1, 2, .

N52; U2 , Ai = limsup A, and Ujsy N2, A4 = liminf A,

n—00 n—00

Theorem 1.2.1 (DeMorgan’s Law) Consider {4; i € I}, a collection of
subsets of S. Then,

(UierA))° = Nier(AS) (1.2.5)

Proof Suppose that an element x belongs to the lhs of (1.2.5). Thatis,xe S
but x ¢ U,_, 4, which implies that x can not belong to any of the
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sets 4, € 1. Hence, the element x must belong to the set M,_, (4/). Thus, we
haVe (Uis 1 "41')C - mie 1 (Aic)

Suppose that an element x belongs to the rhs of (1.2.5). That is x € 4 °for
each i € I, which implies that x can not belong to any of the sets 4, i € /. In
other words, the element x can not belong to the set U,_ 4, so that x must
belong to the set (U,_, 4) Thus, we have (U,_, 4) 2 N,_, (4). The proof'is
now complete. B

Definition 1.2.1 The collection of sets {4, ; i € I} is said to consist of
disjoint sets if and only if no two sets in this collection share a common ele-
ment, that is when A, N A, = ¢ foralli# je I The collection {4, ; € I} is
called a partition of S if and only if

(i) {A,;ie€ I} consists of disjoint sets only, and

(ii) {A,;ie€ I} spans the whole space S, thatis U,_ A= S.

Example 1.2.3 Let S = (0,1] and define the collection of sets {4, ; i€ I}
where 4, = ((3, 5=}, i € I = {1,2,3, ...}. One should check that the given
collection of intervals form a partition of (0,1]. A

1.3 Axiomatic Development of Probability

The axiomatic theory of probability was developed by Kolmogorov in his 1933
monograph, originally written in German. Its English translation is cited as
Kolmogorov (1950b). Before we describe this approach, we need to fix some
ideas first. Along the lines of the examples discussed in the Introduction, let us
focus on some random experiment in general and state a few definitions.

Definition 1.3.1 4 sample space is a set, denoted by S, which enumerates
each and every possible outcome or simple event.

In general an event is an appropriate subset of the sample space S, includ-
ing the empty subset @ and the whole set S. In what follows we make this
notion more precise.

Definition 1.3.2 Suppose that B = {A. : A, € S,i € I} is a collection of
subsets of S. Then, 3 is called a Borel sigma-field or Borel sigma-algebra if
the following conditions hold:

(i) The empty set ¢ € B;

(ii) IfA € B, then A° € B;

(iii) If A, € Bfori=1.2, .., then U2, A; € B.

In other words, the Borel sigma-field B is closed under the operations of
complement and countable union of its members. It is obvious that the
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whole space S belongs to the Borel sigma-field 3 since we can write S = ¢° €
B, by the requirement (i)-(ii) in the Definition 1.3.2. Also if 4, € B fori= 1,2,
..., k, then Ui.{__l A, € B, since with 4, = ¢ for i = k+1, k+2, ..., we can express
Ule A; as U2, A, which belongs to B in view of (iii) in the Definition 1.3.2.
That is, B is obviously closed under the operation of finite unions of its mem-
bers. See the Exercise 1.3.1 in this context.

Definition 1.3.3 Suppose that a fixed collection of subsets B = {4, : A, C
S, i € I} is a Borel sigma-field. Then, any subset A of S is called an event if
and only if A € B.

Frequently, we work with the Borel sigma-field which consists of all sub-
sets of the sample space S but always it may not necessarily be that way. Hav-
ing started with a fixed Borel sigma-field B of subsets of S, a probability scheme
is simply a way to assign numbers between zero and one to every event while
such assignment of numbers must satisfy some general guidelines. In the next
definition, we provide more specifics.

Definition 1.3.4 4 probability scheme assigns a unique number to a set A
€ B, denoted by P(A), for every set A € B in such a way that the following
conditions hold:

(i) PO)=1

(#3)  P(A) =0 for every A € B;

(it5) P(U2,A;) = X2, P(A,) for all A, € B such that
A;’s are all pairwise disjoint, i = 1,2,... .

(1.3.1)

Now, we are in a position to claim a few basic results involving probability.
Some are fairly intuitive while others may need more attention.

Theorem 1.3.1 Suppose that A and B are any two events and recall that ¢
denotes the empty set. Suppose also that the sequence of events {B, i =1}
forms a partition of the sample space S. Then,

(i) P(p)=0and P(4)=1,

(i) P(A°) =1-P(A4);

(iii) P(B N A°) = P(B) — P(B N A);

(iv) P(4 U B) = P(4) + P(B) — P(4 N B);

(v) IfA C B, then P(A) < P(B);

(vi) P(A)=%2, P(ANB).

Proof (i) Observe that @ U ¢° = S and also ¢, ¢° are disjoint events.
Hence, by part (iii) in the Definition 1.3.4, we have 1 = P(S) = P(pu@°) =
P(¢) + P(¢°). Thus, P(9p) =1 - P(¢°=1—-P(S)=1-1=0, in view of part
(i) in the Definition 1.3.4. The second part follows from part (ii). 4
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(i) Observe that 4 U 4°= S and then proceed as before. Observe that 4
and A are disjoint events. ¢

(i) Notice that B = (B N A) U (B N A°) where B N 4 and B N A° are
disjoint events. Hence by part (iii) in the Definition 1.3.4, we claim that

P(B)=P{(BNA)U(BNA®)}=P(BnNA)+ P(Bn A°).

Now, the result is immediate. ¢
(iv) It is easy to verify that A U B=(A N B)YU (BN A)U (A4 NB)
where the three events 4 N B, B N A°, A N B are also disjoint. Thus, we

have P(AUB)
= P(ANB®)+ P(BN A°)+ P(AN B)

in view of part (iii), Definition 1.3.4
={P(A) - P(ANB)}+{P(B) - P(ANB)} + P(AN B),
which leads to the desired result. ¢

(v) We leave out its proof as the Exercise 1.3.4. ¢

(vi) Since the sequence of events {B. ;i = 1} forms a partition of the
sample space S, we can write A = AN S =AN(UR,B;) =UX, (AN B;)
where the events 4 N B, i = 1,2, ... are also disjoint. Now, the result follows
from part (iii) in the Definition 1.3.4. &

Example 1.3.1 (Example 1.1.1 Continued) Let us define three events as
follows:

A: We observe two heads
B: We observe at least one tail (1.3.2)
C: We observe no heads

How can we obtain the probabilities of these events? First notice that as sub-
sets of S, we can rewrite these events as A = {HHT, HTH, THH}, B = {HHT,
HTH, HTT, THH, THT, TTH, TTT}, and C = {TTT}. Now it becomes obvious
that P(4) = 3/8, P(B) = 7/8, and P(C) = 1/8. One can also see that A N B =
{HHT, HTH, THH} so that P(A N B) = 3/8, whereas 4 U C = {HHT, HTH,
THH, TTT} so that P(4 w C)=4/8 = 1/2.

Example 1.3.2 Example 1.1.2 Continued) Consider the following events:

D : The total from the red and yellow dice is 8

E: The red die comes up with 2 more than the yellow die (1.3.3)

Now, as subsets of the corresponding sample space S, we can rewrite these
events as D = {26, 35, 44, 53, 62} and E = {31, 42, 53, 64}. It is now obvious
that P(D) = 5/36 and P(E) =4/36=1/9. A
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Example 1.3.3 In a college campus, suppose that 2600 are women out of
4000 undergraduate students, while 800 are men among 2000 undergraduates
who are under the age 25. From this population of undergraduate students if
one student is selected at random, what is the probability that the student will
be either a man or be under the age 25? Define two events as follows

A: the selected undergradute student is male
B: the selected undergradute student is under the age 25

and observe that P(4) = 1400/4000, P(B) = 2000/4000, P(4 N B) = 800/4000.
Now, apply the Theorem 1.3.3, part (iv), to write P(4 U B) = P(4) + P(B) —
P(4 n B) = (1400 + 2000 — 800)/4000 = 13/20. A

Having a sample space S and appropriate events from a Borel
sigma-field B of subsets of S, and a probability scheme satisfying
(1.3.1), one can evaluate the probability of the legitimate events
only. The members of 3 are the only legitimate events.

1.4 The Conditional Probability and Independent
Events

Let us reconsider the Example 1.3.2. Suppose that the two fair dice, one red
and the other yellow, are tossed in another room. After the toss, the experi-
menter comes out to announce that the event D has been observed. Recall that
P(E) was 1/9 to begin with, but we know now that D has happened, and so the
probability of the event E should be appropriately updated. Now then, how
should one revise the probability of the event £, given the additional informa-
tion?

The basic idea is simple: when we are told that the event D has been ob-
served, then D should take over the role of the “sample space” while the origi-
nal sample space S should be irrelevant at this point. In order to evaluate the
probability of the event E in this situation, one should simply focus on the
portion of £ which is inside the set D. This is the fundamental idea behind the
concept of conditioning.

Definition 1.4.1 Let S and B be respectively the sample space and the
Borel sigma-field. Suppose that A, B are two arbitrary events. The condi-
tional probability of the event A given the other event B, denoted by P(A | B),
is defined as

P(ANB)

P(A|B)= —55

provided that P(B) > 0. (1.4.1)
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In the same vein, we will write P(B | 4) = P(A N B) | P(4) provided that
P(4) > 0.

Definition 1.4.2 Two arbitrary events A and B are defined independent if
and only if P(A | B), that is having the additional knowledge that B has been
observed has not affected the probability of A, provided that P(B) > 0. Two
arbitrary events A and B are then defined dependent if and only if P(4 | B) #
P(A), in other words knowing that B has been observed has affected the prob-
ability of A, provided that P(B) > 0.

In case the two events 4 and B are independent, intuitively it means that
the occurrence of the event 4 (or B) does not affect or influence the probabil-
ity of the occurrence of the other event B (or 4). In other words, the occur-
rence of the event 4 (or B) yields no reason to alter the likelihood of the other
event B (or 4).

When the two events 4, B are dependent, sometimes we say that B is favor-
ableto A if and only if P(4 | B) > P(A) provided that P(B) > 0. Also, when the
two events 4, B are dependent, sometimes we say that B is unfavorable to 4 if
and only if P(4 | B) < P(A4) provided that P(B) > 0.

Example 1.4.1 (Example 1.3.2 Continued) Recall that P(D N E) = P(53) =
1/36 and P(D) = 5/36, so that we have P(E | D) = P(DN E) | P(D) = 1/5. But,
P(E)=1/9 which is different from P(E | D). In other words, we conclude that D
and E are two dependent events. Since P(E | D) > P(E), we may add that the
event D is favorable to the event E. A

The proof of the following theorem is left as the Exercise 1.4.1.

Theorem 1.4.1 The two events B and A are independent if and only if A
and B are independent. Also, the two events A and B are independent if and
only if P(A N B) = P(4) P(B).

We now state and prove another interesting result.

Theorem 1.4.2 Suppose that A and B are two events. Then, the following
Statements are equivalent:

(i) The events A and B are independent;

(ii) The events A° and B are independent;

(iii) The events A and B° are independent;

(iv) The events A° and B are independent.

Proof It will suffice to show that part (i) = part (ii) = part (iii) = part (iv)
= part (i).

(i) = (ii) : Assume that 4 and B are independent events. That is, in
view of the Theorem 1.4.1, we have P(4 N B) = P(A)P(B). Again in view
of the Theorem 1.4.1, we need to show that P(4°"\B) = P(4°)P(B). Now,
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we apply parts (ii)-(iii) from the Theorem 1.3.1 to write
P(A°N B) = P(B) — P(AN B) = P(B){1 — P(A)} = P(B)P(A°).

(ii) = (iii) = (iv) : These are left as the Exercise 1.4.2.

(iv) = (i) : Assume that 4° and B* are independent events. That is, in view
of the Theorem 1.4.1, we have P(4° N B) = P(A°)P(B°). Again in view of the
Theorem 1.4.1, we need to show that P(4 N B) = P(4)P(B). Now, we combine
DeMorgan’s Law from (1.2.5) as well as the parts (ii)-(iv) from the Theorem
1.3.1 to write

P(ANB)
=1- P(A°UB°®)
=1~ {P(A°) + P(B®) — P(A°N B°)}
=1— P(A°) — P(B®) + P(A°)P(B°)
= {1-P(A)H{1 - P(B)},

which is the same as P(4)P(B), the desired claim. B

Definition 1.4.3 4 collection of events 4 , ..., A_ are called mutually inde-
pendent if and only if every sub-collection consists of independent events, that

is .
P(Nf_1A;) =TI P(A,)

Joralll=i < i,<..<i<nand2<k<n.

A collection of events 4, ..., A may be pairwise independent,
that is, any two events are independent according to
the Definition 1.4.2, but the whole collection of sets may not
be mutually independent. See the Example 1.4.2.

Example 1.4.2 Consider the random experiment of tossing a fair coin twice.
Let us define the following events:

A Observe a head (H) on the first toss
A Observe a head (H) on the second toss
A Observe the same outcome on both tosses

3

The sample space is given by S = {HH, HT, TH, TT} with each outcome being
equally likely. Now, rewrite 4 = {HH, HT}, A,= {HH, TH}, A, = {HH, TT}.
Thus, we have P(4)) = P(4,) = P(4,) = 1/2. Now, P(4, " 4,) = P(HH) = 1/4 =
P(4,)P(4,), that is the two events 4 , 4, are independent. Similarly, one should
verify that 4, A4, are independent, and so are also 4,, 4,. But, observe that
P4, "4, A,) = P(HH) = 1/4 and it is not the same as P(4,)P(4,)P(4,). In
other words, the three events 4 , 4,, 4, are not mutually independent, but they
are pairwise independent. A
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1.4.1  Calculus of Probability

Suppose that 4 and B are two arbitrary events. Here we summarize some of
the standard rules involving probabilities.

Additive Rule:
P(AUB) = P(A)+ P(B) - P(ANnB) (1.4.2)
Conditional Probability Rule:
P(A| B) = P(AN B)/P(B) provided that P(B) > 0 (1.4.3)

Multiplicative Rule:
P(ANB)= P(A)P(B| A) (1.4.4)

The additive rule was proved in the Theorem 1.3.1, part (iv). The conditional
probability rule is a restatement of (1.4.1). The multiplicative rule follows
easily from (1.4.1). Sometimes the experimental setup itself may directly indi-
cate the values of the various conditional probabilities. In such situations, one
can obtain the probabilities of joint events such as 4 M B by cross multiplying
the two sides in (1.4.1). At this point, let us look at some examples.

Example 1.4.3 Suppose that a company publishes two magazines, M1 and
M2. Based on their record of subscriptions in a suburb they find that sixty
percent of the households subscribe only for M1, forty five percent subscribe
only for M2, while only twenty percent subscribe for both M1 and M2. If a
household is picked at random from this suburb, the magazines’ publishers
would like to address the following questions: What is the probability that the
randomly selected household is a subscriber for (i) at least one of the maga-
zines M1, M2, (ii) none of those magazines M1, M2, (iii) magazine M2 given
that the same household subscribes for M1? Let us now define the two events

A: The randomly selected household subscribes for the magazine M1
B: The randomly selected household subscribes for the magazine M2

We have been told that P(4) = .60, P(B) = .45 and P(A N B) =.20. Then,
P(4 U B)=P(A) + P(B)— P(A n B) = .85, that is there is 85% chance that
the randomly selected household is a subscriber for at least one of the
magazines M1, M2. This answers question (i). In order to answer ques-
tion (ii), we need to evaluate P(4°" B°) which can simply be written as 1
— P(4 v B) = .15, that is there is 15% chance that the randomly selected
household subscribes for none of the magazines M1, M2. Next, to answer
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question (iii), we obtain P(B | A) = P(A N B)/P(A) = 1/3, that is there is one-
in-three chance that the randomly selected household subscribes for the maga-
zine M2 given that this household already receives the magazine M1. A

In the Example 1.4.3, P(4 N B) was given to us, and so we
could use (1.4.3) to find the conditional probability P(B | 4).

Example 1.4.4 Suppose that we have an urn at our disposal which contains
eight green and twelve blue marbles, all of equal size and weight. The follow-
ing random experiment is now performed. The marbles inside the urn are mixed
and then one marble is picked from the urn at random, but we do not observe its
color. This first drawn marble is not returned to the urn. The remaining marbles
inside the urn are again mixed and one marble is picked at random. This kind of
selection process is often referred to as sampling without replacement. Now,
what is the probability that (i) both the first and second drawn marbles are
green, (ii) the second drawn marble is green? Let us define the two events

A: The randomly selected first marble is green

B: The randomly selected second marble is green

Obviously, P(4)=8/20=.4 and P (B| 4)="7/19. Observe that the experimen-
tal setup itself dictates the value of P(B | A). A result such as (1.4.3) is not very
helpful in the present situation. In order to answer question (i), we proceed by
using (1.4.4) to evaluate P(4 N B) = P(4) P(B | A) = 8/20 7/19 = 14/95. Obvi-
ously, {4, A¢} forms a partition of the sample space. Now, in order to answer
question (ii), using the Theorem 1.3.1, part (vi), we write

P(B) = P(ANB) + P(A°N B), (1.4.5)

But, as before we have P(4° N B) = P(A°P(B | A°) = 12/20 8/19 = 24/95. Thus,
from (1.4.5), we have P(B) = 14/95 + 24/95 = 38/95 = 2/5 = .4. Here, note that
P(B| A) # P(B) and so by the Definition 1.4.2, the two events 4, B are depen-
dent. One may guess this fact easily from the layout of the experiment itself.
The reader should check that P(4) would be equal to P(B) whatever, be the
configuration of the urn. Refer to the Exercise 1.4.11. A

In the Example 1.4.4, P(B | 4) was known to us, and so we
could use (1.4.4) to find the joint probability P(4 N B).
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1.4.2  Bayes's Theorem

We now address another type of situation highlighted by the following
example.

Example 1.4.5 Suppose in another room, an experimenter has two urns at
his disposal, urn #1 and urn #2. The urn #1 has eight green and twelve blue
marbles whereas the urn #2 has ten green and eight blue marbles, all of same
size and weight. The experimenter selects one of the urns at random with equal
probability and from the selected urn picks a marble at random. It is announced
that the selected marble in the other room turned out blue. What is the prob-
ability that the blue marble was chosen from the urn #2? We will answer this
question shortly. A

The following theorem will be helpful in answering questions such as the
one raised in the Example 1.4.5.

Theorem 1.4.3 (Bayes’s Theorem) Suppose that the events {4, ..., 4,}
form a partition of the sample space S and B is another event. Then,

P(A;)P(B | Aj)

P(A; | B) = ©F_ P(A;)P(B | A,)

, for fized =1, ..., k.

Proof Since {4, ..., 4,} form a partition of S, in view of the Theorem 1.3.1,
part (vi) we can immediately write

P(B) = £k P(BN A;) = £k P(4;)P(B | A), (1.4.6)
by using (1.4.4). Next, using (1.4.4) once more, let us write
P(A; | B) = P(A; N B)/P(B). (14.7)

The result follows by combining (1.4.6) and (1.4.7). B

This marvelous result and the ideas originated from the works of Rev. Tho-
mas Bayes (1783). In the statement of the Theorem 1.4.3, note that the condi-
tioning events on the rhs are 4, ..., 4,, but on the Ths one has the conditioning
event B instead. The quantities such as P(4)), i = 1, ..., k are often referred to as
the apriori or prior probabilities, whereas P(4, | B) is referred to as the poste-
rior probability. In Chapter 10, we will have more opportunities to elaborate
the related concepts.

Example 1.4.6 (Example 1.4.5 Continued) Define the events

A;: The urn #i is selected, i = 1, 2
B: The marble picked from the selected urn is blue
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It is clear that P(4)) = 1/2 for i = 1, 2, whereas we have P(B | 4,) = 12/20 and
P(B|A4,)=8/18. Now, applying the Bayes Theorem, we have
P(Az | B)
= {P(A2)P(B | A2)}/{P(A1)P(B | A1) + P(A2)P(B | A2)}
= {HENEEH) + @)
which simplifies to 20/47. Thus, the chance that the randomly drawn blue marble

came from the urn #2 was 20/47 which is equivalent to saying that the chance
of the blue marble coming from the urn #1 was 27/47.

The Bayes Theorem helps in finding the conditional
probabilities when the original conditioning events
A,, ..., A, and the event B reverse their roles.

Example 1.4.7 This example has more practical flavor. Suppose that 40%
of the individuals in a population have some disease. The diagnosis of the pres-
ence or absence of this disease in an individual is reached by performing a type
of blood test. But, like many other clinical tests, this particular test is not per-
fect. The manufacturer of the blood-test-kit made the accompanying informa-
tion available to the clinics. If an individual has the disease, the test indicates
the absence (false negative) of the disease 10% of the time whereas if an indi-
vidual does not have the disease, the test indicates the presence (false positive)
of the disease 20% of the time. Now, from this population an individual is
selected at random and his blood is tested. The health professional is informed
that the test indicated the presence of the particular disease. What is the prob-
ability that this individual does indeed have the disease? Let us first formulate
the problem. Define the events

A The individual has the disease
Af: The individual does not have the disease
B: The blood test indicates the presence of the disease

Suppose that we are given the following information: P (4)) = .4, P (4,°) = .6,
P(B|A)=.9,and P(B | A°) = .2. We are asked to calculate the conditional
probability of 4, given B. We denote 4, = 4, and use the Bayes Theorem. We
have

_ P(A1)P(B | A1) _ (4)(.9)
P(A1)P(B | A1) + P(A2)P(B | A7) (4)(.9) +(:6)(:2)’

which is 3/4. Thus there is 75% chance that the tested individual has the dis-
ease if we know that the blood test had indicated so. A

P(A, | B)
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1.4.3  Selected Counting Rules

In many situations, the sample space S consists of only a finite number of
equally likely outcomes and the associated Borel sigma-field §3 is the collection
of all possible subsets of S, including the empty set ¢ and the
whole set S. Then, in order to find the probability of an event 4, it will be
important to enumerate all the possible outcomes included in the sample space
S and the event 4. This section reviews briefly some of the customary count-
ing rules followed by a few examples.

The Fundamental Rule of Counting: Suppose that there are & different
tasks where the i task can be completed in n, ways, i = 1, ..., k. Then, the total
number of ways these k tasks can be completed is given by I1%_ n,.

Permutations: The word permutation refers to arrangements of some ob-
jects taken from a collection of distinct objects.

The order in which the objects are laid out is important here.

Suppose that we have n distinct objects. The number of ways we can arrange &
of these objects, denoted by the symbol "P,, is given by

"Pr=n(n-1)(n-2)..(n—k+1)or ¥ ;(n—i+1). (1.4.8)

The number of ways we can arrange all n objects is given by "P, which is
denoted by the special symbol
n! =n{n—1)..(3}(2)(1). (1.4.9)

We describe the symbol n! as the “n factorial”. We use the convention to inter-
pret 0! = 1.

Combinations: The word combination refers to the selection of some ob-
jects from a set of distinct objects without regard to the order.

The order in which the objects are laid out is not important here.

Suppose that we have n distinct objects. The number of ways we can select k of
these objects, denoted by the symbol (’,:), is given by

(Z) = k_'(%i—k? (1.4.10)

But, observe that we can write n/ = n(n—1)...(n —k+ 1)(n — k)! and hence we
can rewrite (1.4.10) as

(:) _ n(n——l)(n-—Z!)...(n—-k+1) _ _”_gﬁ (1.4.11)
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We use the convention to interpret (’0‘) = 1, whatever be the positive integer 7.

The following result uses these combinatorial expressions and it goes by
the name

Theorem 1.4.4 (Binomial Theorem) For any two real numbers a, b and
a positive integer n, one has

(a+b)" =T7_o(})a"b"*. (1.4.12)

Example 1.4.8 Suppose that a fair coin is tossed five times. Now the out-
comes would look like HHTHT, THTTH and so on. By the fundamental rule of
counting we realize that the sample space S will consist of 25(=2x 2 x 2 x 2 x
2), that is thirty two, outcomes each of which has five components and these
are equally likely. How many of these five “dimensional” outcomes would in-
clude two heads? Imagine five distinct positions in a row and each position will
be filled by the letter H or 7. Out of these five positions, choose two positions
and fill them both with the letter H while the remaining three positions are
filled with the letter 7. This can be done in (g) ways, that is in (5)(4)/2 = 10
ways. In other words we have P(Two Heads) = (g) /25=10/32=15/16. A

Example 1.4.9 There are ten students in a class. In how many ways can the
teacher form a committee of four students? In this selection process, naturally
the order of selection is not pertinent. A committee of four can be chosen in (f)
ways, that is in (10)(9)(8)(7)/4! = 210 ways. The sample space S would then

consist of 210 equally likely outcomes. A

Example 1.4.10 (Example 1.4.9 Continued) Suppose that there are six men
and four women in the small class. Then what is the probability that a ran-
domly selected committee of four students would consist of two men and two
women? Two men and two women can be chosen in (6) (4 ways, that is in 90
ways. In other words, P(Two men and two women are selected) = (5) (3)/ (})=
90/120=3/7. A

Example 1.4.11 John, Sue, Rob, Dan and Molly have gone to see a
movie. Inside the theatre, they picked a row where there were exactly five
empty seats next to each other. These five friends can sit in those chairs in
exactly 5! ways, that is in 120 ways. Here, seating arrangement is naturally
pertinent. The sample space S consists of 120 equally likely outcomes. But
the usher does not know in advance that John and Molly must sit next to
each other. If the usher lets the five friends take those seats randomly, what
is the probability that John and Molly would sit next to each other? John
and Molly may occupy the first two seats and other three friends may
permute in 3! ways in the remaining chairs. But then John and Molly may
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occupy the second and third or the third and fourth or the fourth and fifth
seats while the other three friends would take the remaining three seats in any
order. One can also permute John and Molly in 2! ways. That is, we have
P(John and Molly sit next to each other) = (2!)(4)(3!)/5! = 2/5.A

Example 1.4.12 Consider distributing a standard pack of 52 cards to four
players (North, South, East and West) in a bridge game where each player gets
13 cards. Here again the ordering of the cards is not crucial to the game. The
total number of ways these 52 cards can be distributed among the four players

is then given by n = (32) (33) (3%) (33). Then, P(North will receive 4 aces and 4

kings) = () (D () DG G/n = (4)/(52) = gdles ~ 1.7102 x 105,
because North is given 4 aces and 4 kings plus 5 other cards from the remaining
44 cards while the remaining 39 cards are distributed equally among South,
East and West. By the same token, P(South will receive exactly one ace) =
(1) (G2) () (35) (3) /7 = 4(12)/ (33) = smss ~ - 43885, since South would re-
ceive one out of the 4 aces and 12 other cards from 48 non-ace cards while the
remaining 39 cards are distributed equally among North, East and West. A

1.5 Discrete Random Variables

A discrete random variable, commonly denoted by X, Y and so on, takes a
finite or countably infinite number of possible values with specific probabili-
ties associated with each value. In a collection agency, for example, the man-
ager may look at the pattern of the number (X) of delinquent accounts. In a
packaging plant, for example, one may be interested in studying the pattern of
the number (X) of the defective packages. In a truckload of shipment, for ex-
ample, the receiving agent may want to study the pattern of the number (X) of
rotten oranges or the number (X) of times the shipment arrives late. One may
ask: how many times (X) one must drill in a oil field in order to hit 0il? These
are some typical examples of discrete random variables.

In order to illustrate further, let us go back to the Example 1.1.2. Sup-
pose that X is the total score from the red and yellow dice. The possible
values of X would be any number from the set consisting of 2, 3, ..., 11, 12.
We had already discussed earlier how one could proceed to evaluate P(X =
x), x =2, ..., 12. In this case, the event [X = 2] corresponds to the subset
{11}, the event [X = 3] corresponds to the subset {12, 21}, the event [X =
4] corresponds to the subset {13, 22,31}, and so on. Thus, P(X=2)=1/36,
P(X =3) =2/36, P(X = 4) = 3/36, and so on. The reader should
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easily verify the following entries:

Z: 2 3 4 5
PX=12): % % 3 %

gor o
Ll ~

36
(1.5.1)
Here, the set of the possible values for the random variable X happens to be
finite.

On the other hand, when tossing a fair coin, let ¥ be the number of tosses of
the coin required to observe the first head (H) to come up. Then, P(Y =1) =
P(The H appears in the first toss itself) = P(HP =1/2,and P(Y=2)= P(The first
H appears in the second toss) = P(TH) = (3) (—) (—) Similarly, P(Y=3)=

P(TTH) = 1/8, ..., that is
PY =y)= (%)y,y =1,2,....

Here, the set of the possible values for the random variable Y is countably
infinite.

1.5.1  Probability Mass and Distribution Functions

In general, a random variable X is a mapping (that is, a function) from the
sample space S to a subset x of the real line R which amounts to saying
that the random variable X induces events (€ B) in the context of S. We may
express this by writing X : S — %. In the discrete case, suppose that X takes

the p0551ble values x, x,, x,, ... with the respective probabilities p, = P(X=x),

i=1,2, ... Mathematically, we evaluate P(X = x) as follows:
=P(X =ux;)= P P(s),i=1,2,.... (1.5.2)
$€S: X (8)=2x;

In (1.5.1), we found P(X = i) for i = 2, 3, 4 by following this approach
whereas the space x ={2, 3, ..., 12} and S = {11, ..., 16, 21, ..., 61, ..., 66}.

While assigning or evaluating these probabilities, one has to make sure that
the following two conditions are satisfied:

i) p;>0foralli=1,2,.., and

. (1.5.3)
i) L2upi=1.
When both these conditions are met, we call an assignment such as
X values : Ty Ty . . . X (1.5.4)

Probabilities: p; p2 . . . p;
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a discrete distribution or a discrete probability distribution of the random
variable X.

The function flx) = P(X =x) forx € x = {x, x,, ..., X, ...} is
customarily known as the probability mass function (pmf) of X.

We also define another useful function associated with a random variable
X as follows:

F(z) = P{X <z} = P{s:s € S such that X(s) <z}, z € R, (1.5.5)

which is customarily called the distribution function (df) or the cumulative
distribution function (cdf) of X. Sometimes we may instead write /', (x) for the
df of the random variable X.

A distribution function (df) or cumulative distribution function (cdf)
F(x) for the random variable X is defined for all real numbers x

Once the pmf f{x) is given as in case of (1.5.4), one can find the probabili-
ties of events which are defined through the random variable X. If we denote a
set A(c R;), then

P(Xed)= 5 PX=mz) (1.5.6)

Example 1.5.1 Suppose that X is a discrete random variable having the
following probability distribution:

X values :

Probabilities : 12 i i (L5.7)
The associated df is then given by
0 if z<1
Fo={ G i 2504 (159
1.0 if 4<u.

This df looks like the step function in the Figure 1.5.1. From the Figure
1.5.1, it becomes clear that the jump in the value of F(x) at the points
x =1, 2, 4 respectively amounts to .2, .4 and .4. These jumps obviously
correspond to the assigned values of P(X = 1), P(X = 2) and P(X = 4).
Also, the df is non-decreasing in x and it is discontinuous at the points
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x=1,2,4, namely at those points where the probability distribution laid out in
(1.5.7) puts any positive mass. A

Fx)

1.0+ e

2 — e

1 T ] T T T X
1 2 2 4 5 6

Figure 1.5.1. Plot of the DF F(x) from (1.5.8)

Example 1.5.2 For the random variable X whose pmf is given by (1.5.1), the
df is easily verified to be as follows:

x F(x) x F(x)
—0o < x <2 0 7< x<8 21/36
2<x<3 1/36 8<x<9 26/36
3<x<4  3/36 9<x<10 30/36

4<x<5 6/36 10<x<11 33/36
5£x<6 10/36 11 <x <12 35/36
6<x<7 15/36 12<x<e 1]

From this display, again few facts about the df F(x) become clear. The df is
non-decreasing in x and it is discontinuous at the points x = 2, 3, ..., 12,
namely at those points where the probability distribution laid out in (1.5.1)
puts any positive mass. Also, the amount of jump of the df F(x) at the point x
=2 equals 31'6 which corresponds to P(X = 2), and the amount of jump of F(x)
at the point x = 3 equals -3% - glg = 3% which corresponds to P(X = 3), and so
on. A

In the two preceding examples, we gave tips on how the pmf could be
constructed from the expression of the df F(x). Suppose that we write

F(z—)=limF(h)ash Tz, forz e R (1.5.9)
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This F(x—) is the limit of F(%) as & converges to x from the left hand side of
x. In the Example 1.5.1, one can easily verify that F(1-) = 0, F(2-) = .2 and
F(4-) = .6. In other words, in this example, the jump of the df or the cdf F(x)
at the point

z = 1 amounts to F(1) — F(1—) which is P(X = 1) = .2,
& = 2 amounts to F(2) — F(2—) whichis P(X =2) = 4,  (1.5.10)
z = 4 amounts to F(4) — F(4—) which is P(X =4) = 4.

There is this natural correspondence between the jumps of a df, the left-
limit of a df, and the associated pmf. A similar analysis in the case of the Ex-
ample 1.5.2 is left out as the Exercise 1.5.4.

For a discrete random variable X, one can obtain P(X = x) as
F(x) — F(x—) where the left-limit F(x—) comes from (1.5.9).

Example 1.5.3 (Example 1.5.2 Continued) For the random variable X whose
pmfis given by (1.5.1), the probability that the total from the two dice will be
smaller than 4 or larger than 9 can be found as follows. Let us denote an event
A={X<4uUX>9} and we exploit (1.5.6) to write P(4) = P(X>4) + P(X >
9)=PX=2,3)+P(X=10, 11, 12) = 9/36 = 1/4. What is the probability that
the total from the two dice will differ from 8 by at least 2? Let us denote an
event B= {|X— 8| =2} and we again exploit (1.5.6) to write P(B) = P(X< 6) +
PX>210)=P(X=2,3,4,5,6)+ P(X=10, 11, 12) =21/36 =7/12. A

Example 1.5.4 (Example 1.5.3 Continued) Consider two events 4, B de-
fined in the Example 1.5.3. One can obtain P(4), P(B) alternatively by using
the expression of the df F(x) given in the Example 1.5.2. Now, P(4) = P(X<4)
+P(X>9)=FQ3)+ {1 -F(9)} =3/36 + {1 —30/36} = 9/36 = 1/4. Also, P(B)
=PX<6)+PX=10)=F(6)+ {1 —F(9)} =15/36 + {1 —30/36} =21/36 =
7/12. A

Next, let us summarize some of the important properties of a distribution
function defined by (1.5.5) associated with an arbitrary discrete random vari-
able.

Theorem 1.5.1 Consider the df F(x) with x € R, defined by (1.5.5), for a
discrete random variable X. Then, one has the following properties:

(i) F(x) is non-decreasing, that is F(x) < F(y) for all x <y where X, y €
pU

(ii) lim F(z) =0, lim F(z)=1,
ZT—+—00 T—00
(iii) F(x) is right continuous, that is F(x+ h) L F(x)ash 1 0, for all x € R.
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This is a simple result to prove. We leave its proof as Exercise 1.5.6.

It is true that any function F(x), x € R, which satisfies the
properties (i)-(iii) stated in the Theorem 1.5.1 is in fact a df
of some uniquely determined random variable X.

1.6 Continuous Random Variables

A continuous random variable, commonly denoted by X, Y and so on, takes
values only within subintervals of R or within subsets generated by some ap-
propriate subintervals of the real line R. At a particular location in a lake, for
example, the manager of the local parks and recreation department may be
interested in studying the pattern of the depth (X) of the water level. In a high-
rise office building, for example, one may be interested to investigate the pat-
tern of the waiting time (X) for an elevator on any of its floors. At the time of the
annual music festival in an amusement park, for example, the resident manager
at a nearby senior center may want to study the pattern of the loudness factor
(X). These are some typical examples of continuous random variables.

1.6.1  Probability Density and Distribution Functions

We assume that the sample space S itself is a subinterval of R. Now, a con-
tinuous real valued random variable X is a mapping of S into the real line R. In
this scenario, we no longer talk about P(X=x) because this probability will be
zero regardless of what specific value x € R one has in mind. For example,
the waiting time (X) at a bus stop would often be postulated as a continuous
random variable, and thus the probability of one’s waiting exactly five minutes
or exactly seven minutes at that stop for the next bus to arrive is simply zero.

In order to facilitate modeling a continuous stochastic situation, we start
with a function f{x) associated with each value x € R satisfying the following

two properties:
z) f(z) >0 for all z € R, and (1.6.1)
i) [q flz)dz =1.

Observe that the interpretations of (1.5.3) and (1.6.1) are indeed very simi-
lar. The conditions listed in (1.6.1) are simply the continuous analogs of
those in (1.5.3). Any function f{(x) satisfying (1.6.1) is called a probability
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density function (pdf).

A probability mass function (pmf) or probability density function
(pdf) f(x) is respectively defined through (1.5.3) and (1.6.1).

Once the pdf f(x) is specified, we can find the probabilities of various
events defined in terms of the random variable X. If we denote a set A( € R),
then

P(X € A) = [, f(z)de, (1.6.2)

where the convention is that we would integrate the function f{x) only on that
part of the set 4 wherever f{x) is positive.

In other words, P(X € A) is given by the area under the curve {(x, f(x)); for
all x € 4 wherever f{x) > 0}. In the Figure 1.6.1, we let the set 4 be the interval
(a, b) and the shaded area represents the corresponding probability, P(a < X <
b).

S

Figure 1.6.1. Shaded Area Under the PDF f(x) Is P(a < X < b)

We define the distribution function (df) of a continuous random variable X
by modifying the discrete analog from (1.5.5). We let

F(z)=P{X <z} = [ f(y)dy,z R, (1.6.3)

which also goes by the name, cumulative distribution function (cdf). Again,
note that F(x) is defined for all real values x. As before, sometimes we also
write F',(x) for the df of the random variable X.

Theorem 1.5.1 also holds for the distribution function F(x)
of any continuous random variable X . Indeed, the Theorem 1.5.1
and its converse hold for all random variables in general.

(1.6.4)

Now, we state a rather important characteristic of a df without supplying
its proof. The result is well-known. One will find its proof in Rao (1973, p.
85), among other places.
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Theorem 1.6.1 Suppose that F(x), x € R, is the df of an arbitrary random
variable X. Then, the set of points of discontinuity of the distribution function
F(x) is finite or at the most countably infinite.

Example 1.6.1 Consider the following discrete random variable X first:

X value: -1 2 5
Probability: .1 .3 .6

In this case, the df 7, (x) is discontinuous at the finite number of points x = —
1,2and 5. A

Example 1.6.2 Look at the next random variable Y. Suppose that

(1.6.5)

PY=y)=(3)"y=123... (1.6.6)

In this case, the corresponding df F(y) is discontinuous at the countably
infinite number of points y =1, 2, 3, ... .

Example 1.6.3 Suppose that a random variable U has an associated non-
negative function f{u) given by

3t fu=1,23,..

flu)=< u fo<u<l1
0 elsewhere.
Observe that 522, ()% + [ f(u)du = §+% = 1 and thus f{u) happens to

be the distribution of U. This random variable U is neither discrete nor con-
tinuous. The reader should check that its df 7, () is discontinuous at the count-
ably infinite number of points u=1,2,3,.... A

If arandom variable X'is continuous, then its df F(x) turns out to be continu-
ous at every point x € R. However, we do not mean to imply that the df F(x)
will necessarily be differentiable at all the points. The df F(x) may not be differ-
entiable at a number of points. Consider the next two examples.

Example 1.6.4 Suppose that we consider a continuous random variable W
with its pdf given by

3,.,2
_ [ swt ifl<w<2
f(w)..,{ 0 ifw<1orw>2. (1.6.7)

In this case, the associated df F',(w) is given by

0 if w<l1
Fy(w)=14 +w-1) if 1<w<2 (1.6.8)
1 if w>2.
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The expression for F (w) is clear for w < 1 since in this case we inte-
grate the zero density. The expression for F (w) is also clear for w > 2
because the associated integral can be written as f_loo f(v)d'u+f12 Fv)dv+
f;’ f()dv=04+14+0=1 For 1 <w <2, the expression for F (w can be
written as fiw f)dv+ [ fv)dv =0+ [ 3v?dv = 1(w® —1). It should
be obvious that the df F (w) is continuous at all points

we Rbut F (w) is not differentiable specifically at the two points w=1, 2. In
this sense, the df 7, (w) may not be considered very smooth. A

The pmf in (1.6.6) gives an example of a discrete random variable
whose df has countably infinite number of discontinuity points. Thg
pdfin (1.6.9) gives an example of a continuous random variable
whose df is not differentiable at countably infinite number of points

Example 1.6.5 Consider the function f{x) defined as follows:

_ [ 7(4)"* whenever z € (-QL, 51_13],@ =1,2,3,...
fa) = { 0 whenever z <O orz > 1 (1.6.9)

We leave it as the Exercise 1.6.4 to verify that (i) f{x) is a genuine pdf, (ii) the
associated df F(x) is continuous at all points x € R, and (iii) F(x) is not differ-
entiable at the points x belonging to the set {1, }, 2%, 5, ...} Which is countably
infinite. In the Example 1.6.2, we had worked with the point masses at count-
ably infinite number of points. But, note that the present example is little differ-

ent in its construction. A

In each case, observe that the set of the discontinuity points of the associ-
ated df F1(.) is at most countably infinite. This is exactly what one will expect in
view of the Theorem 1.6.1. Next, we proceed to calculate probabilities of events.

The probability of an event or a set 4 is given by the area
under the pdf f{x) wherever f(x) is positive, x € 4.

Example 1.6.6 (Example 1.6.4 Continued) For the continuous dis-
tribution defined by (1.6.7), suppose that the set 4 stands for the interval
(-1.5, 1.8). Then, P(4) = [* _ f(w)dw+ [}* f(w)dw = 0+ [;® $w?dw =
i‘f:-%?ﬁ a2 .69029. Alternately, we may also apply the form of the df given by
(1.6.8) to evaluate the probability, P(4) as follows: P(4) = P(1 < W< 1.8) =
F(1.8) - F (1) =1/7{(1.8 =1} -0 = ‘—13?2- ~ .69029. A
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At all points x € R wherever the df F(x) is differentiable, one must have
the following result:

dF(z)/dz = f(z), the pdf of X at the point z. (1.6.10)

This is a simple restatement of the fundamental theorem of integral calculus.

Example 1.6.7 (Example 1.6.4 Continued) Consider the df £ (w) of the
random variable ¥ from (1.6.8). Now, F (w) is not differentiable at the two
points w = 1, 2. Except at the points w = 1, 2, the pdf f{w) of the random
variable ¥ can be obtained from (1.6.8) as follows: f{w) = d/dw F' (w) which
will coincide with zero when —eo < w <1 or 2 < w < oo, whereas for 1 <w <2
we would have d{1/7(w* — 1)}/dw = 3/7w?. This agrees with the pdf given by
(1.6.7) except at the points w=1,2. A

For a continuous random variable X with its pdf f{x and
its df F(x), x € R, one has: (i) P(X < a) or P(X < a) is
given by F(a) = [, f(y)dy,, (ii) P(X > b) or P(X > b) is
given by 1-F(b) = [ f(y)dy, and (iii) P(a < X <b) or
Pla<X<b)orP(a<X<b)orPla<X<b)isgiven
by F(b) - F(a) = f: f(y)dy- The general understanding,
however, is that these integrals are carried out within the
appropriate intervals wherever the pdf f{x) is positive.

In the case of the Example 1.6.7, notice that the equation (1.6.10) does not
quite lead to any specific expression for f{w) at w= 1, 2, the points where F, (w)
happens to be non-differentiable.. So, must f{w) be defined at w=1, 2 in exactly
the same way as in (1.6.7)?

Let us write /(.) for the indicator function of (.). Since we only handle
integrals when evaluating probabilities, without any loss of generality, the pdf
given by (1.6.7) is considered equivalent to any of the pdf’s such as 3/7w?I(1
<w<2)or 3/TwH(l <w <2) or 3/7Tw?I(1 £ w < 2). If we replace the pdf f{w)
from (1.6.7) by any of these other pdf’s, there will be no substantive changes
in the probability calculations.

From this point onward, when we define the various pieces of the
pdf fix) for a continuous random variable X, we will not attach
any importance on the locations of the equality signs placed to

jdentify the boundaries of the pieces in the domain of the variable x.
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1.6.2  The Median of a Distribution

Often a pdf has many interesting characteristics. One interesting characteris-
tic is the position of the median of the distribution. In statistics, when com-
paring two income distributions, for example, one may simply look at the
median incomes from these two distributions and compare them. Consider a
continuous random variable X whose df'is given by F(x). We say that x_is the
median of the distribution if and only if F(x ) = 1/2, thatis P(X<x ) = P(X 2
x ) = 1/2. In other words, the median of a distribution is that value x of X
such that 50% of the possible values of X are below x and 50% of the
possible values of X are above x .

Example 1.6.8 (Example 1.6.4 Continued) Reconsider the pdf f{w) from
(1.6.7) and the df F(w) from (1.6.8) for the random variable . The medianw
of this distribution would be the solution of the equation F(w )= 1/2. In view
of (1.6.8) we can solve this equation exactly to obtain u = (4.5)"° = 1.651. A

1.6.3  Selected Reviews from Mathematics

A review of some useful results from both the differential and integral calculus
as well as algebra and related areas are provided here. These are not laid out in
the order of importance. Elaborate discussions and proofs are not included.

Finite Sums of Powers of Positive Integers:

1+2+..+n =3in(n+1)
124224 . +n? =in(n+1)(2n+1)
‘ ) (1.6.11)
B4+ 408 ={inn+1)}

P42t 440t =+ 1)@2n+1)(En% +3n - 1)
Infinite Sums of Reciprocal Powers of Positive Integers: Let us write

¢(p) =X3n7? (1.6.12)

Then, € (p) = o if p < 1, but {(p) is finite if p > 1. It is known that {(2) =
1/6m2, {(4) = 1/90m*, and {(3) = 1.2020569. Refer to Abramowitz and Stegun
(1972, pp. 807-811) for related tables.
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Results on Limits:

lim nY/"=1; lim {1—{— }—1 for fixed a € R;

N~ 0O Tt OO

lim {l+ } = ¢, for fixed a € R.

L OO

(1.6.13)

The Big O(.) and o(.) Terms: Consider two terms a_and b , both are real
valued but dependonn=1, 2, .... The term a is called O(b ) provided that a /
b — c,aconstant, as n — 0. The term a_ is called o(b ) provided thata /b —
Oasn—oeo.Leta =n—1,b=2ntfnandd =5n""+n n=1,2, .. . Then,
one has, for example, a = O(b ), a, = o(d ), b, = o(d ). Also, one may write,
for example, a, = O(n), b, = O(n), d, = O(n"Y"), d = o(n*), d = o(n’").

Taylor Expansion: Let f{.) be a real valued function having the finite n"
derivative d"f(x)/dx" , denoted by f)(.), everywhere in an open interval (a, b)
c Rand assume that f*1)(.) is continuous on the closed interval [a, b]. Let ¢
€ [a, b]. Then, for every x € [a, b], x # ¢, there exists a real number £
between the two numbers x and ¢ such that

f(z) = f(c) + 7] 1(x ) AR )+( ) £ ). (1.6.14)
Some Infinite Series Expansions:

e =1+Z4Z 424 forallzeR;

(1 ~.Z')”m =1+ mz+ m(m+1) 2 + m(m+1 (m+2) 3 + .. (1_6_15)
forallme( 1 ,1),m > 0;

logl+z) =z—4tz?+ 323 — . forallz> -1

Differentiation Under Integration (Leibnitz’s Rule): Suppose that
fx, 0), a(8), and b(0) are differentiable functions with respect to 6 for x €
R, 0 e R. Then,

& [Joo) F(@,0)dz] = 7(5(0),0) ($(6)) - £(a(6),0) (F50(0))

+ 255 (&£ (2,0)) da.
(1.6.16)
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Differentiation Under Integration: Suppose that f{x, 0) is a differen-
tiable function in 0, for x € R, 6 € R. Let there be another function g(x, 0)
such that (i) [0f(x, 6)/00],_,, | < g(x, 8) for all 8, belonging to some interval

(6—¢ 0 +e¢),and (i) [ g(z,0)dz < oo. Then

4 [ff"m f(x,G)dw] = [ (&f(z,0)) da. (1.6.17)

Monotone Function of a Single Real Variable: Suppose that f{x) is a
real valued function of x € (a, b) < R. Let us assume that d f{x)/dx exists at
each x € (a, b) and that f{x) is continuous at x = a, b. Then,

(¢)  f(z) is strictly increasing in (a,b) if a% f(z)} > 0 for z € (a,b);
(i4)  f(z) is strictly decreasing in (a,d) if & f(z) < 0 for = € (a,b).
(1.6.18)

Gamma Function and Gamma Integral: The expression I'(cr), known
as the gamma function evaluated at o, is defined as

I(@) = [;° e~z Ydz for a > 0. (1.6.19)

The representation given in the rhs of (1.6.19) is referred to as the gamma
integral. The gamma function has many interesting properties including the
following:

I(a+ 1) = al'() with arbitrary a > 0;T(3) = /7;
and I'(n) = (n — 1)! for arbitrary n = 1,2,... .

(1.6.20)

Stirling’s Approximation: From equation (1.6.19) recall that I'(ot) =
Joo e7®z®~ldz with o > 0. Then,

I'(a) » 9me~%a®"3 for large values of a. (1.6.21)

Writing oo = n + 1 where # is a positive integer, one can immediately claim
that

n! « V2re~"n™*% for large values of n. (1.6.22)

The approximation for n! given by (1.6.22) works particularly well even for n
as small as five or six. The derivation of (1.6.22) from (1.6.21) is left as the
Exercise 1.6.15.
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Ratios of Gamma Functions and Other Approximations: Recall that
I'(a) = O°° e~®x®1dz, for o > 0. Then , one has

I'(ca +d) v~ V2me™ ™ (ca)“"‘"’d”% for large values of «, (1.6.23)

with fixed numbers ¢(> 0) and d, assuming that the gamma function itself is
defined. Also, one has

ad—c%g;;%%_ w1+ s=(c—d)(c+d—1) for large values of o,  (1.6.24)

with fixed numbers ¢ and d, assuming that the gamma functions involved are
defined.

Other interesting and sharper approximations for expressions involving the
gamma functions and factorials can be found in the Section 6.1 in Abramowitz
and Stegun (1972).

Beta Function and Beta Integral: The expression b(c, B), known as the
beta function evaluated at ovand [ in that order, is defined as

b(a, B) = [y z*"1(1 - z)P~'dz for > 0,8 > 0. (1.6.25)

The representation given in the rhs of (1.6.25) is referred to as the beta inte-
gral. Recall the expression of T'(o) from (1.6.19). We mention that b(a, B) can
alternatively be expressed as follows:

b(a, B) = {T()T'(B)}/{T(a+ B)} for 0 < o, B < 00. (1.6.26)

Maximum and Minimum of a Function of a Single Real Variable: For
some integer n > 1, suppose that f{x) is a real valued function of a single real

variable x € (a, b) C R, having a continuous n” derivative d%% f(z), denoted
by f™ (x), everywhere in the open interval (a, b). Suppose also that

for some point § € (a, b), one has f (§) = /@ (§) = ... = f-
D (&) = 0, but f (§) # 0. Then,

(i) for n even, f(z) has a local minimum at z = ¢ if f(™)(£) >0;

(i1) for n odd, f(x) has a local maximum at = = § if F™(¢) <o.
(1.6.27)

Maximum and Minimum of a Function of Two Real Variables:
Suppose that f{(x) is a real valued function of a two-dimensional variable
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x = (x, x,) € (a,, b)) * (a,, b,) € R*. The process of finding where this
function f{x) attains its maximum or minimum requires knowledge of matri-
ces and vectors. We briefly review some notions involving matrices and vec-
tors in the Section 4.8. Hence, we defer to state this particular result from
calculus in the Section 4.8. One should refer to (4.8.11)-(4.8.12) regarding this.

Integration by Parts: Consider two real valued functions f{x), g(x) where
x € (a, b), an open subinterval of R. Let us denote d/dx f(x) by f (x) and the
indefinite integral | g(x)dx by A(x). Then,

Jo f@)g(@)de = [f@)h@)]FZ) — [ f (@)h(=)da, (1.6.28)

assuming that all the integrals and f° (x) are finite.

L’Hopital’s Rule: Suppose that f{ix) and g(x) are two differentiable real
valued functions of x € R. Let us assume that lim f(z) = Oand lim g(z) =0
T->q T—ra

where a is a fixed real number, —oo or +oo. Then,
lim {f(2)/g(e)} =lim {f'(2)/9 (2)}, (1.6.29)

where f (x) = dfix)/dx, g’ (x) = dg(x)/dx.
Triangular Inequality: For any two real numbers a and b, the following
holds:
la+b| < la|+1b]. (1.6.30)
From the triangular inequality it also follows that
la —b] > |a] —1b]. (1.6.31)
One may use (1.6.30) and mathematical induction to immediately write:

|G,1 +ag+ ...+ ak{ < }all -+ }agl + . [ak! (1632)

where a, a,, ..., a_ are real numbers and k = 2.
1.7 Some Standard Probability Distributions

In this section we list a number of useful distributions. Some of these distri-
butions will appear repeatedly throughout this book.

As a convention, we often write down the pmf or the pdf f(x)
only for those x € y where f(x) is positive.
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1.7.1  Discrete Distributions

In this subsection, we include some standard discrete distributions. A few of
these appear repeatedly throughout the text.

The Bernoulli Distribution: This is perhaps one of the simplest possible
discrete random variables. We say that a random variable X has the Bernoulli
(p) distribution if and only if its pmf'is given by

f(@)=P(X =z) =p*(1 —p)'~* for z = 0, 1, (1.7.1)

where 0 <p < 1. Here, p is often referred to as a parameter. In applications, one
may collect dichotomous data, for example simply record whether an item is
defective (x = 0) or non-defective (x = 1), whether an individual is married (x =
0) or unmarried (x = 1), or whether a vaccine works (x = 1) or does not work (x
=0), and so on. In each situation, p stands for P(X= 1) and 1 — p stands for P(X
=0).

The Binomial Distribution: We say that a discrete random variable X has
the Binomial(n, p) distribution if and only if its pmfis given by

f(z)=P(X =z) = (Z)pw(l —p)" T forz=0,1,..,n,  (1.7.2)

where 0 < p < 1. Here again p is referred to as a parameter. Observe that the
Bernoulli (p) distribution is same as the Binomial(1, p) distribution.

The Binomial(n, p) distribution arises as follows. Consider repeating the
Bernoulli experiment independently » times where each time one observes the
outcome (0 or 1) where p = P(X = 1) remains the same throughout. Let us
obtain the expression for P(X = x). Consider n distinct positions in a row
where each position will be filled by the number 1 or 0. We want to find the
probability of observing x many 1’s, and hence additionally exactly (n — x)
many 0’s. The probability of any such particular sequence, for example the
first x many 1’s followed by (n — x) many 0’s or the first 0 followed by x
many 1’s and then (n — x — 1) many 0’s would each be p*(1 — p)"~. But, then
there are (:) ways to fill the x positions each with the number 1 and n — x

positions each with the number 0, out of the total n positions. This verifies the
form of the pmf in (1.7.2).

Recall the requirement in the part (ii) in (1.5.3) which demands that all the
probabilities given by (1.7.2) must add up to one. In order to verify this directly,
let us proceed as follows. We simply use the binomial expansion to write

Dhof(@) =i o(p*(L-p)" "=+ (1 -p"=D)"=1. (1.7.3)
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Refer to the Binomial Theorem from (1.4.12). Next let us look at some ex-
amples.

Example 1.7.1 In a short multiple choice quiz, suppose that there are
ten unrelated questions, each with five suggested choices as the possible
answer. Each question has exactly one correct answer given. An unpre-
pared student guessed all the answers in that quiz. Suppose that each cor-
rect (wrong) answer to a question carries one (zero) point. Let X stand for
the student’s quiz score. We can postulate that X has the Binomial(n =10,

p = 1/5) distribution. Then, P(X =0) = ()(})°()* = ($)!° = .10737.

Also, P(X 2 8) = (5)()*(#)+ (5) §)° ()" + () (D ()° = 45(3f) +
10(z% ) + (5)10 I ~ 7.7926 x 10~5. In other words, the student may earn

few points by using a strategy of plain guessing, but it will be hard to earn B or
better in this quiz. A

Example 1.7.2 A study on occupational outlook reported that 5% of all
plumbers employed in the industry are women. In a random sample of 12
plumbers, what is the probability that at most two are women? Since we
are interested in counting the number of women among twelve plumbers,
let us use the code one (zero) for a woman (man), and let X be the number
of women in a random sample of twelve plumbers. We may assume that X
has the Binomial(n = 12, p = .05) distribution. Now, the probability that at

most two are women is the same as P(X < 2) = (12)(.05)°(.95)!2 +
(*2)(.05)1(.95)1 + (%7)(.05)2(.95)1% ~ . 98043 . A

The Poisson Distribution: We say that a discrete random variable X has
the Poisson(A) distribution if and only if its pmfis given by

f(@) = P(X =2) = e *\*/zl for 2 =0,1,2, ..., (L7.4)

where 0 < A < oo;. Here, A is referred to as a parameter.

Recall the requirement in the part (ii) in (1.5.3) which demands that all the
probabilities given by (1.7.4) must add up to one. In order to verify this directly,
let us proceed as follows. We simply use the infinite series expansion of e~
from (1.6.15) to write

£ f(z) = e {1 A+ A =ee =1 (1.7.5)

The Poisson distribution may arise in the following fashion. Let us
reconsider the binomial distribution defined by (1.7.2) but pretend that we
have a situation like this: we make n — o and p — 0 in such a way that np
remains a constant, say, AM(> 0). Now then, we can rewrite the binomial
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probability for any fixedx =0, 1, 2, ...,

f(=)
= () (1-p)""

1.7.6
- n!n—-l!.;g!n—-mi-l}(%)x(l _ %)n——m ( )

Observe that (1 —k/n) —> 1 asn —  forall fixed k=1, 2, ..., x — 1, A. Also,
(1 —A/n)" — e* as n — oo. See (1.6.13) as needed. Now, from (1.7.6) we

can conclude that (7)p®(1 - p)"~® — e™A\?/z! as n — o0..

Next let us look at some examples.

Example 1.7.3 In a certain manufacturing industry, we are told that minor
accidents tend to occur independently of one another and they occur at a
constant rate of three (= A) per week. A Poisson(A = 3) is assumed to ad-
equately model the number of minor accidents occurring during a given week.
Then, the probability that no minor accidents will occur during a week is
given by P(X=0) = ¢ = 4.9787 x 102. Also, the probability that more than
two minor accidents will occur during a week is given by P(X>2)=1 - P(X
<2)=1-{e33%0!) + (e33/1!) =+ (e33%21)} = 1 — 8.5¢> = .57681 A

Example 1.7.4 We are inspecting a particular brand of concrete slab speci-
mens for any visible cracks. Suppose that the number (X) of cracks per concrete
slab specimen has approximately a Poisson distribution with A =
2.5. What 1is the probability that a randomly selected
slab will have at least two cracks? We wish to evaluate
P(X > 2) which is the same as 1 — P(X < 1) = 1 — [{e2° (2.5)%/0!} + {e?°
Q25711 1=1-3.5)e* = .7127. A

The Geometric Distribution: A discrete random variable X is said to
have the Geometric(p) distribution if and only if its pmfis given by

f(@)=P(X =z)=p(l—p)* ! forz=1,23,.., (1.7.7)

where 0 < p < 1. Here, p is referred to as a parameter.

The Geometric(p) distribution arises as follows. Consider repeating the
Bernoulli experiment independently until we observe the value x =1 for the
first time. In other words, let X be number of trials needed for the indepen-
dent run of Bernoulli data to produce the value 1 for the first time. Then, we
have P(X = x) = P(Observing x — 1 many 0’s followed a single occurrence of
1 in the x™ trial) = p(1 —p)*, x=1, 2, ....
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Recall the requirement in the part (ii) in (1.5.3) which demands that all the
probabilities given by (1.7.7) must add up to one. In order to verify this
directly, let us proceed as follows. We denote ¢ = 1 — p and simply use the
expression for the sum of an infinite geometric series from (1.6.15), with m =
1, to write

S f@) =p{l+q++..}=p(l—-g) =1

The expression of the df for the Geometric (p) random variable is also quite
straight forward. One can easily verify that

F(z) = P(X < z)=1-¢* for any positive integer x. (1.7.8)

Example 1.7.5 Some geological exploration may indicate that a well drilled
for oil in a region in Texas would strike oil with probability .3. Assuming that
the oil strikes are independent from one drill to another, what is the probability
that the first oil strike will occur on the sixth drill? Let X be the number of drills
until the first oil strike occurs. Then, X is distributed as Geometric (p = .3) so
that one has P(X=6) = (.3)(.7)° = 5.0421 x 10> A

Example 1.7.6 An urn contains six blue and four red marbles of identical
size and weight. We reach in to draw a marble at random, and if it is red, we
throw it back in the urn. Next, we reach in again to draw another marble at
random, and if it is red then it is thrown back in the urn. Then, we reach in for
the third draw and the process continues until we draw the first blue marble.
Let X be total number of required draws. Then, this random variable X has the
Geometric(p = .6) distribution. What is the probability that we will need to
draw marbles fewer than four times? Using the expression of the df F(x)
from (1.7.8) we immediately obtain P(X < 4) = F(3) =1 — (.4)* = .936.A

The kind of sampling inspection referred to in the Example 1.7.6
falls under what is called sampling with replacement.

The Negative Binomial Distribution: A discrete random variable X is
said to have the negative binomial distribution with p and &, customarily de-
noted by NB(, k), if and only if its pmf'is given by

£le) = POX =) = (7)) (745) (:ﬁ*zs)k for £=0,1,2,...
(1.7.9)

where 0 < p, k£ < o. Here, u and k are referred to as parameters. The
parameterization given in (1.7.9) is due to Anscombe (1949). This form of
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the pmf is widely used in the areas such as entomology, plant science,
and soil science. The parameters p and k have physical interpretations in
many applications in these areas.

Denoting p = k/(L + k), ¢ = W(U + k), the pmf given by (1.7.9) can be
rewritten in a more traditional way as follows:

f@) = (177 ¢%p* for £ =10,1,2,. (1.7.10)

where 0 <p <1, ¢g =1 — p and k is a positive integer. This form of the
negative binomial distribution arises as follows. Suppose that we have the
same basic setup as in the case of a geometric distribution, but instead we let
X be the number of 0’s observed before the " occurrence of 1. Then, we
have P(X = 0) = P(Observing k many 1’s right away) = p*. Next, P(X =
P(The last trial yields 1, but we observe £ — 1 many 1’s and a single 0 before

the occurrence of the 1 in the last trial) = ((k 1)+1)<1Pk 'p= (kfl)qpk . Also,
P(X = 2) = P(The last trial yields 1, but we observe k£ — 1 many 1’s and two

0’s before the occurrence of the 1 in the last trial) =

(k-D¥2) g2ph—1p = (Y1) ¢*p". Analogous arguments will eventually justify

(1.7.10) in general.

Example 1.7.7 (Example 1.7.5 Continued) Some geological exploration
indicates that a well drilled for oil in a region in Texas may strike oil with
probability .3. Assuming that the oil strikes are independent from one drill to
another, what is the probability that the third oil strike will occur on the tenth
well drilled? Let X be the number of drilled wells until the third oil strike
occurs. Then, using (1.7.10) we immediately get P(X = 10) = (.7)’(.3)’ =
8.0048 x 102. A

The Discrete Uniform Distribution: Let X be a discrete random variable
which takes the only possible values x , ..., x, each with the same probability
1/k. Such X is said to have a discrete uniform distribution. We may write
down its pmf as follows.

f(z) = § for £ = @1,..., xy, with a fixed positive integer k. (1.7.11)

Example 1.7.8 Suppose that we roll a fair die once and let X be the num-
ber of dots on the face of the die which lands up. Then, obviously fix) = 1/6
for x = 1, ..., 6 which corresponds to the pmf given by (1.7.11) with k=6
andx, = 1,x,=2,..,x. A

1.7.2  Continuous Distributions

In this subsection we include some standard continuous distributions. A few
of these appear repeatedly throughtout the text.
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The Uniform Distribution: A continuous random variable X has the uni-
form distribution on the interval (a, b), denoted by Uniform (a, b), if and only if
its pdfiis given by

f(z)=(b—-a)tfora<z<b, (1.7.12)

where —o < g, b < o, Here, a, b are referred to as parameters.

Jx)
1

SN

X

o 2 4 6 .8 1

Figure 1.7.1. Uniform (0, 1) Density

Let us ask ourselves: How can one directly check that f{x) given by (1.7.12)
is indeed a pdf? The function f{(x) is obviously non-negative for all x € K.
Next, we need to verify directly that the total integral is one. Let

us write [ f(z)dz = fab(b—-a)”ldm = (b—a)™! f: de = (b—a)~! [2]°20 =
(b—a)~1(b—a) = 1since b # a. In other words, (1.7.12) defines a genuine
pdf. Since this pdf puts equal weight at each point x € (a, b), it is called the
Uniform (a, b) distribution. The pdf given by (1.7.12) when a =0, b =1 has
been plotted in the Figure 1.7.1.

Example 1.7.9 The waiting time X at a bus stop, measured in minutes,
may be uniformly distributed between zero and five. What is the probability
that someone at that bus stop would wait more than 3.8 minutes for the bus?

Wehave P(X > 3.8) = [J, f(z)dz = [oq tdx = L[z]3=s = 12 =24.4
The Normal Distribution: A continuous random variable X has the nor-

mal distribution with the parameters L and 62, denoted by N(U, 6?), if and only
if its pdf'is given by

f(z) = {oV2r} Teap{—(z — p)*/(20%)} for z € R, (1.7.13)
where —oo <l <o and 0 < 6 <eo. Among all the continuous distributions, the

normal distribution is perhaps the one which is most widely used in modeling
data.
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C. F. Gauss, the celebrated German mathematician of the eighteenth cen-
tury, had discovered this distribution while analyzing the measurement errors
in astronomy. Hence, the normal distribution is alternatively called a Gaussian
distribution.

S(x) S(x)
0. 0.8
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x / x
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(a) (b)
Figure 1.7.2. Normal Densities: (a) N(0,.25) (b) N(1,.25)

Let us ask ourselves: How can one directly check that f{x) given by (1.7.13)
is indeed a pdf? The function f{x) is obviously positive for all x € R. Next, we
need to verify directly that

[ oo f(x)dz = 1. (1.7.14)

Recall the gamma function I'(.) defined by (1.6.19). Let us substitute u = (x—
w/c, v=—u, w= 1/2v* successively, and rewrite the integral from (1.7.14) as

[ f(@)dz
= (Ve [J2, eap{—Lu?}du+ [;° eop{~}u?)du)
= {vam}~t [[2, emp{~}02H(~dv) + [; eap{—Lu?}du]
= {V2r} 1 [ exp{—3v?}dv + [;° ezp{—L1u?}du].
In the last step in (1.7.15) since the two integrals are the same, we can claim

that ffooo f(2)dz

= 2VERN [ emp{~ o
— (VA [ eap{—whu
= {v7}'T(3)

=1, since I'(3) = /7.

(1.7.15)
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This proves (1.7.14). An alternative way to prove the same result using the
polar coordinates has been indicated in the Exercise 1.7.20.

The pdf given by (1.7.13) is symmetric around x = , that is we have f{x
— W = flx + w) for all fixed x € R. In other words, once the curve (x, f{x)) is
plotted, if we pretend to fold the curve around the vertical line x = |, then the
two sides of the curve will lie exactly on one another. See the Figure 1.7.2.

The Standard Normal Distribution: The normal distribution with u =0,
o = 1l is customarily referred to as the standard normal distribution and the
standard normal random variable is commonly denoted by Z. The standard
normal pdf and the df are respectively denoted by

o(2) = {V2r}Lexp(—2%/2) for z € R,

] (1.7.16)
®(z)=P(Z<z)= [~ ¢(u)du for z € R.

P(=z)
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Figure 1.7.3. Standard Normal: (a) Density ¢(z) (b) DF ®(z)

In the Figure 1.7.3 we have shown plots of the pdf ¢(z) and the df ®(z). In
these plots, the variable z should stretch from —eo to c. But, the standard
normal pdf ¢(z), which is symmetric around z = 0, falls off very sharply. For
all practical purposes, there is hardly any sizable density beyond the interval
(-3, 3). This is also reflected in the plot of the corresponding df ®(z).

Unfortunately, there is no available simple analytical expression for the df
@(z). The standard normal table, namely the Table 14.3.1, will facilitate find-
ing various probabilities associated with Z. One should easily verify the fol-
lowing:

&(—a) =1 — ®(a) for all fixed a > 0. (1.7.17)

How is the df of the N(i, 6?) related to the df of the standard normal
random variable Z? With any fixed x € R, v = (u — w)/c, observe that we
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can proceed as in (1.7.15) and write
P{X <z}
= {ov2m}~t [7 exp{—(u~ p)?/(20%)}du
= {(Vam}t [ eap{—~1o?}dv
-0 (),

with the ®(.) function defined in (1.7.16).

In the Figure 1.7.2, we plotted the pdf’s corresponding to the N(0, .25)
and N(1, .25) distributions. By comparing the two plots in the Figure 1.7.2 we
see that the shapes of the two pdf’s are exactly same whereas in (b) the
curve’s point of symmetry (x = 1) has moved by a unit on the right hand side.
By comparing the plots in the Figures 1.7.2(a)-1.7.3(a), we see that the N(0,
.25) pdf is more concentrated than the standard normal pdf around their points
of symmetry x = 0.

(1.7.18)

In (1.7.13), we added earlier that the parameter u indicates the point of
symmetry of the pdf. When ¢ is held fixed, this pdf’s shape remains intact
whatever be the value of L. But when i is held fixed, the pdf becomes more
(Iess) concentrated around the fixed center | as 6 becomes smaller (larger).

Example 1.7.10 Suppose that the scores of female students on the recent
Mathematics Scholastic Aptitude Test were normally distributed with pL = 520
and ¢ = 100 points. Find the proportion of female students taking this exam
who scored (i) between 500 and 620, (ii) more than 650. Suppose that F(.)
stands for the df of X. To answer the first part, we find P(500 < X < 620) =
F(620) — F(500) = @((620-520)/100) — d((500-520)/100) = ®(1) — O(-.2) =
(1) + ®(.2) -1, using (1.7.18). Thus, reading the entries from the standard
normal table (see Chapter 14), we find that P(500 < X < 620) = .84134 +
57926 — 1 = .4206. Next, we again use (1.7.18) and the standard normal table
to write P(X > 650) = 1 — F(650) = 1 — d(650-520/100) = 1 - P(1.3) =1 —
90320 = .0968. A

Theorem 1.7.1 If X has the N(\, 6%) distribution, then W = (X — W)/c has
the standard normal distribution.

Proof Let us first find the df of W. For any fixed w € R, in view of
(1.7.18), we have

P(W <w)=P(X < p+ow) =0 (wi%wl-—“) =o(w).  (17.19)

Since ®(w) is differentiable for all w € R, using (1.6.10) we can claim that the
pdf of W would be given by dP(w)/dw = ¢(w) which is the pdf of the standard
normal random variable. B
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The Gamma Distribution: The expression I'(at) was introduced in
(1.6.19). We say that a positive continuous random variable X has the gamma
distribution involving o and B, denoted by Gamma(o, B), if and only if its pdf
is given by

f(z) = {B°T(a)} te™ Pz for 0 < & < o0, (1.7.20)
where 0 < o, B < . Here, o and B are referred to as parameters. By varying

the values of o and B, one can generate interesting shapes for the associated
pdf.
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Figure 1.7.4. (a) Gamma(3,.1) Density (b) Gamma(3.2, .5) Density

In the Figure 1.7.4, the two pdf’s associated with the Gamma(a. = 3, =
.1) and Gamma(o = 3.2, B = .5) distributions have been plotted. The gamma
distribution is known to be skewed to the right and this feature is apparent
from the plots provided. As ofy increases, the point where the pdf attains its
maximum keeps moving farther to the right hand side. This distribution ap-
pears frequently as a statistical model for data obtained from reliability and
survival experiments as well as clinical trials.

Let us ask ourselves: How can one directly check that f{x) given by (1.7.20)
is indeed a pdf? The f(x) is obviously non-negative for all x € R*. Next, we
need to verify directly that

J5 fle)de = 1. (1.7.21)

Let us substitute # = x/f which is one-to-one and rewrite the integral from
(1.7.21) as

(B°T()} L [ eo/Pgetda
- (BT [P e fu By (L722)
= {T(a)}t [;° e u*"tdu,

which verifies (1.7.21) since () = [;° e “u®"du.
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The exponential Distribution: This is a very special distribution which
coincides with the Gamma(1,[3) distribution where B(> 0) is referred to as a
parameter. This distribution is widely used in reliability and survival analyses.
The associated pdfis given by

flz)=p"te /P for 0 < z < o0, (1.7.23)
where 0 < 3 < e, This distribution is also skewed to the right.
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Figure 1.7.5 Exponential Densities: (a) =1 (b) f =2

The pdf given by (1.7.23) has been plotted in the Figure 1.7.5 with =1, 2.
The plot (a) corresponds to the pdf of the standard exponential variable. The
plot (b) corresponds to B =2 and it is clear that this pdf has moved to the rhs
compared with the standard exponential pdf.

The standard exponential pdf refers to (1.7.23)

when we fix 8= 1. (1.7.24)

As the parameter B increases, the pdf given by (1.7.23) will move farther to
the right and as a result the concentration in the right hand vicinity of zero will
decrease. In other words, as 3 increases, the probability of failure of items in
the early part of a life test would decrease if X represents the life expectancy of
the tested items.

The reader can easily check that the corresponding df is given by

0 if —co<z<0
F(z}= { 1-—exp(—z/B) if z > 0. (1.7.25)

In the context of a reliability experiment, suppose that X represents the
length of life of a particular component in a machine and that X has the
exponential distribution defined by (1.7.23). With any two fixed positive
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numbers a and b, we then have

P{X>a+b|X >a}
=P{X>a+bNX>a}/P{X >a}
= P{X > a+b}/P{X > a} (1.7.26)
= exp (—b/B), using (1.7.25)
= P{X > b}, which does not involve a.

This conveys the following message: Given that a component has lasted up
until the time a, the conditional probability of its surviving beyond the time
a + b is same as P(X > b}, regardless of the magnitude of a. In other words,
the life of the component ignores the aging process regardless of its own age.
This interesting feature of the exponential distribution is referred to as its
memoryless property. The recently edited volume of Balakrishnan and Basu
(1995) gives a synthesis of the gamma, exponential, and other distributions.

The Chi-square Distribution: We say that a positive continuous random
variable X has the Chi-square distribution with v degrees of freedom denoted
by x2, with v=1, 2, 3, ..., if X has the Gamma(1/2v, 2) distribution. Here,
the parameter v is referred to as the degree of freedom. By varying the values
of v, one can generate interesting shapes for the associated pdf.
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Figure 1.7.6. PDF’s: (a) x2Thin; x2, Thick (b) X5 Thin; X2 Thick

A Chi-square random variable is derived from the Gamma family and so it
should not be surprising to learn that Chi-square distributions are skewed to
the right too. In the Figure 1.7.6, we have plotted the pdf’s corresponding
of the x2 random variable when v = 5, 10, 25, 30. From these figures, it
should be clear that as the degree of freedom v increases, the pdf tends to
move more toward the rhs. From the Figure 1.7.6 (b) it appears that the
shape of the pdf resembles more like that of a symmetric distribution when
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v = 25 and 35. In the Section 5.4.1, the reader will find a more formal
statement of this empirical observation for large values of v. One may refer to
(5.4.2) for a precise statement of the relevant result.

The Lognormal Distribution: We say that a positive continuous random
variable X has the lognormal distribution if and only if its pdf'is given by

f(z) = {oV2r} 'z Yeap|—{log(x) — p}?/(20%)] for 0 < z < oo, (1.7.27)

where — co <L < oo and 0 < ¢ < oo are referred to as parameters. The pdf given
by (1.7.27) when 1= 0 and 6 = 1 has been plotted in the Figure 1.7.8 and it also
looks fairly skewed to the right. We leave it as the Exercise 1.7.15 to verify that

P(X < z) = ®({log(z) — p}/0), for all z > 0. (1.7.28)

We may immediately use (1.7.28) to claim that

P{log(X) <z} =P{X <€} =®({z — p}/o), forallz e R. (1.7.29)

That is, the pdf of log(X) must coincide with that of the N(U, 6*) random
variable. Thus, the name “lognormal” appears quite natural in this situation.
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Figure 1.7.7. Lognormal Density: 0 =0, ¢ = 1

The Student’s t Distribution: The pdf of a Student’s ¢ random variable
with v degrees of freedom, denoted by 7, is given by

flx)=a(l+12?)72"tD) for —oco <z < 00, (1.7.30)

with a = a(v) = {Vvm} 7 T(3(v + D){T(3v)}"*v =1,2,3, ... One can
easily verify that this distribution is symmetric about x = 0. Here, the param-
eter v is referred to as the degree of freedom. This distribution plays a key
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role in statistics. It was discovered by W. S. Gosset under the pseudonym
“Student” which was published in 1908. By varying the values of v, one can
generate interesting shapes for the associated pdf.
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Figure 1.7.8. Student’s  PDF’s: (a) ¢, and ¢, (b) ¢, and ¢,

In the Figure 1.7.8, we have plotted the Student’s £ variable’s pdf given by
(1.7.30) when v =1, 5, 7 and 50. As the degree of freedom v increases, one
can see that the pdf has less spread around the point of symmetry x = 0. If
one compares the Figure 1.7.8 (b) with v =50 and the Figure 1.7.3 (a) for the
pdf of the standard normal variable, the naked eyes may not find any major
differences. In the Section 5.4.2, the reader will find a more formal statement
of this empirical observation for large values of v. One may refer to (5.4.3)
for a precise statement.

Table 1.7.1. Comparison of the Tail Probabilities for the
Student’s #, and the Standard Normal Distributions

P(Z>15): PZ>196): P(Z>25):  P(Z>5)

6.6807 x 10> 2.4998 x 10> 6.2097 x 10° 2.8665 x 10
v P(t,>15)  P(t,>196) P(t,>2.5) P(t,>5)
10 82254 x 102 3.9218 x 102 15723 x 102 2.6867 x 10*
15 7.7183 x 102 3.4422 x 102 1.2253x 102 7.9185 x 10°3
30 7.2033 x 102 2.9671 x 102 9.0578 x 10° 1.1648 x 10
100 6.8383 x 102 2.6389 x 102 7.0229 x 10 1.2251 x 10°¢
500 6.7123 x 102 2.5275 x 102 6.3693 x 103 3.973 x 10”7
1000 6.6965 x 102 2.5137 x 102 6.2893 x 10° 3.383 x 107

It is true, however, that the tails of the ¢ distributions are “heavier” than
those of the standard normal distribution. In order to get a feeling for this,
one may look at the entries given in the Table 1.7.1. It is clear that P(z, >
1.5) decreases as v is successively assigned the value 10, 15, 30, 100, 500
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and 1000. Even when v = 1000, we have P(¢, > 1.5) = .066965 whereas P(Z
> 1.5) =.066807, that is P(¢, > 1.5) > P(Z> 1.5). In this sense, the tail of the
t, distribution is heavier than that of the standard normal pdf. One may also
note that the discrepancy between P(7, > 5) and P(Z > 5) stays large even
when v = 1000.

The Cauchy Distribution: It corresponds to the pdf of a Student’s 7,

random variable with v = 1, denoted by Cauchy(0, 1). In this special case, the
pdf from (1.7.30) simplifies to

fl@)=7"11+2%)"1 for —o0 <z < 0. (1.7.31)
fix)
0

X
4 3 2 4 ] 1 2 3 4

Figure 1.7.9. Cauchy (0, 1) Density

The pdf from (1.7.31) has been plotted in the Figure 1.7.9 which naturally
coincides with the Figure 1.7.8 (a) with v = 1. The pdf from (1.7.31) is obvi-
ously symmetric about x = 0.

Let us ask ourselves: How can one directly check that f{x) given by (1.7.31)
is indeed a pdf? Obviously, f{x) is positive for all x € R. Next, let us evaluate
the whole integral and write

71 [20,(1+2?)rde = n~Yarctan(z)] %, = 77 {1 — (—1i7)] =

The df of the Cauchy distribution is also simple to derive. One can verify that

F(z) = P(X < z) = Larctan(z) + § forall z € R. (1.7.33)

The Cauchy distribution has heavier tails compared with those of the stan-
dard normal distribution. From (1.7.31) it is clear that the Cauchy pdf f{x) = 1/

nx 2 for large values of \x| It can be argued then that 1/mx2 — 0 slowly com-
pared with (v27)~1e=2*/2 when |x| — oo.

The F Distribution: We say that a positive continuous random variable
X has the F distribution with v , v, degrees of freedom, in that order and
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denoted by F |, if and only if its pdf is given by

1,v2?

f(z) = km%(”_z){l + (v1/va)z} ) for 0 <z < o0, (1.7.34)

with k = k(v1,v3) = (7u1/1/2)%”11"((u1 +v9)/2){T'(v1/2)T'(v2/2)} 1 . Here,
v, and v, are referred to as the parameters. By varying the values of v and v,
one can generate interesting shapes for this pdf.

Six) J)
14y
1.2
1 s
0.8 /
0.6
04 \
02t <
S
o i 3 ra

@

Figure 1.7.10. F Densities: (a) /| | and F |
(b) F4,5 andFE’4

The pdf from (1.7.34) has been plotted in the Figure 1.7.10 when we fix (v ,
v,)=(1,1),(1,5),(4,5), (3, 4). One realizes that the F distribution is skewed
to the right.

The Beta Distribution: Recall the expression (o), the beta function (0,
B), and that b(ar, B) = T'(o)['(B) {T'(ct + B)} ' respectively from (1.6.19), (1.6.25)-
(1.6.26). A continuous random variable X, defined on the interval (0, 1), has
the beta distribution with parameters o and B, denoted by Beta(a, B), if and
only if its pdfiis given by

f@) = {b(a,B)} 1zl —z)f L for 0< 2z < 1, (1.7.35)

where 0 < o, B < . By varying the values of o and 3, one can generate
interesting shapes for this pdf. In general, the Beta distributions are fairly
skewed when o # B. The beta pdf from (1.7.35) has been plotted in the
Figure 1.7.11 for (o, B) = (2, 5), (4, 5). The pdf in the Figure 1.7.11 (b),
however, looks almost symmetric. It is a simple matter to verify that a
random variable distributed as Beta(1, 1) is equivalent to the Uniform(0, 1)
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random variable.
Jix) S0
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Figure 1.7.11. Beta Densities: (a) a=2,3=5(b)a=4,p=5

The Negative Exponential Distribution: We say that a continuous ran-
dom variable X has the negative exponential distribution involving y and B, if
and only if its pdf is given by

F@) =B tem @M/ for v < z < o0, (1.7.36)

where —eo < 7 < o0, ) < [§ < oo, Here, y and P are referred to as parameters.
This distribution is widely used in modeling data arising from experiments in
reliability and life tests. When the minimum threshold parameter 7y is assumed

zero, one then goes back to the exponential distribution introduced earlier in
(1.7.23).

In the Exercise 1.7.23, we have asked to plot this pdf for different values of
[ and v. Based on these plots, for some fixed number a, the reader should think
about the possible monotonicity property of P, ,{X> a} as (i) a function of B
when v is kept fixed, or (ii) a function of Y when 3 is kept fixed.

Slx) fix)
12
2 14
1
8 09
4 0.8
07
05 06
05

X X
0 02 04 08 0.8 1 04 0.6 08 1 12
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Figure 1.7.12. Weibull Densities: (a) o =3,3=.5(b)a=3, =1
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The Weibull Distribution: We say that a positive continuous random
variable X has the Weibull distribution if and only if its pdf is given by

f(@) = af~ %z exp (~[z/B)%) I(z > 0), (1.7.37)

where o> 0) and B(> 0) are referred to as parameters. This pdf is also
skewed to the right. By varying the values of o and [, one can generate
interesting shapes for the associated pdf. The Weibull pdf from (1.7.37) has
been plotted in the Figure 1.7.12 for (o, B) = (3, .5), (3, 1). These figures are
skewed to the right too.

The Rayleigh Distribution We say that a positive continuous random
variable X has the Rayleigh distribution if and only if its pdf is given by

f(z) = 20" zexp(—22/6) for 0 < z < oo, (1.7.38)

where 0(> 0) is referred to as a parameter. In reliability studies and related
areas, this distribution is used frequently.
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Figure 1.7.13. Raleigh Densities: (a) =1 (b) 6 =4

The pdf from (1.7.38) has been plotted in the Figure 1.7.13 for 6 = 1, 4. This
pdf is again skewed to the right. The tail in the rhs became heavier as 6 in-
creased from 1 to 4.

1.8 Exercises and Complements

1.1.1 (Example 1.1.1 Continued) In the set up of the Example 1.1.1, find
the probability of observing no heads or two heads.

1.1.2 (Example 1.1.2 Continued) In the set up of the Example 1.1.2, find
the probability of observing a difference of one between the scores which
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come up on the two dice. Also, find the probability of observing the red die
scoring higher than that from the yellow die.

1.1.3 Five equally qualified individuals consisting of four men and one woman
apply for two identical positions in a company. The two positions are filled by
selecting two from this applicant pool at random.

(i)  Write down the sample space S for this random experiment;
(ii) Assign probabilities to the simple events in the sample space S;

(iii) Find the probability that the woman applicant is selected for a posi-
tion.

1.2.1 One has three fair dice which are red, yellow and brown. The three
dice are rolled on a table at the same time. Consider the following two events:

A : The sum total of the scores from all three dice is 10
B : The sum total of the scores from the red and brown dice exceeds 8
Find P(A4), P(B) and P(4 n B).
1.2.2 Prove the set relations given in (1.2.2).
1.2.3 Suppose that 4, B, C are subsets of S. Show that
(i) AACc(AAB)U(BAC),
(ii) AAB)UBAO
=[AuB) N UANBFlTU[BUC)NBNCO).
{Hint: Use the Venn Diagram.}

1.2.4 Suppose that 4, ..., 4, are Borel sets, that is they belong to . Define
the following sets: B, = A ,B,=A, "B, =A, N A§ (4, UA)",..,B =4 N (4,
U...u 4, ). Show that

(i) B, .., B are Borel sets;

(ii) B, ..., B are disjoint sets;

(iti) Ut A; = U2, B;.

1.2.5 Suppose that S = {(x, y) : x> + )? < 1}. Extend the ideas from the
Example 1.2.3 to obtain a partition of the circular disc, S. {Hint: How about
considering 4, = {(x, y) : 1/2" < x* + »* = 1/2i-1}, i = 1, 2, ...? Any other
possibilities?}

1.3.1 Show that the Borel sigma-field B is closed under the operation of (i)
finite intersection, (ii) countably infinite intersection, of its members. {Hint:
Can DeMorgan’s Law (Theorem 1.2.1) be used here?}

1.3.2 Suppose that 4 and B are two arbitrary Borel sets. Then, show that
A A B is also a Borel set.
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1.3.3 Suppose that 4, 