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TRIPLE INTEGRAL




IET1ITH0 Evaluate the triple integral ([, xyz” dV. where Bis the rectangular box
given by

B={(xy2) | 0sx=<1 —1=y=<2 0=<z=<3

SOLUTION We could use any of the six possible orders of integration. If we choose t
integrate with respect to x, then y. and then z. we obtain
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ALY Evaluate ([, z dV. where E'is the solid tetrahedron bounded by the four
planes x= 0. y=0.z=0,andx + y+ z = 1.
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=1—x—y
] dy dx
—0
(1—x—y
3
1
24



SCVTIVEY Evaluate ([[,+/ x> + z2 dV. where E s the region bounded by the parabo-
loid y = x? + 2z’ and the plane y = 4.

FIGURE 9 FIGURE 10
Region of integration Projection onto xy-plane



SOLUTION

From y = x° + z° we obtain z = *+/y — x2. so the lower boundary surface of E is

z = —/¥ — x? and the upper surface is z = /y — x’. Therefore the description of F as
a type 1 region is

E={{x.y.z) | 2sxs2, x¥sys4 —Jy—x ﬂzﬂﬁfy—xz}

and so we obtain
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Although this expression is correct, it is extremely difficult to evaluate. So let’s
instead consider £ as a type 3 region. As such. its projection [} onto the xz-plane is the
disk x* + z* = 4 shown in Figure 11.

Then the left boundary of E is the paraboloid y = x* + z? and the right boundary is
the plane y = 4. so taking w(x. z) = x> + z? and u(x. z) = 4 in Equation 11, we have
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Although this integral could be written as
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it’s easier to convert to polar coordinates in the xz-plane: x = rcos . z = rsin . This
gives
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EXAMPLE 4:

Evaluate JJ 3xy*z2 dV if
0

Q={(x02:—1<x<31<y<40<:z<2}

Solution  Of the six possible iterated integrals, we shall use the following:

4 a3 a2 d p3 2
J‘ J‘ j Ixy*z? dzdx dy f xy’z:"] dx dy
1 J-1Jo J 0

1 =1
i 3 4 3
J- 8xy3dxdy = f 4x3y3] dy
1 -1 1 -1
nd 4

36y — 4y*)dy = af] = 2040,

I

Il

1



LT Use a tople integral to find the volume of the tetrahedron T bounded by the
planesx + 2y + z=2. x=2yx=0.andz = 0.
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SOLUTION The tetrahedron T and its projection [J onto the xy-plane are shown in Fig-
ures 14 and 15. The lower boundary of I 1s the plane z = 0 and the upper boundary 1s the
plane x + 2y + z = 2 thatis. z = 2 — x — 2y.
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Therefore we have
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