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Applications of Double Integrals



Density and Mass

Consider a lamina with variable density. Suppose the lamina occupies a region of the -
plane and its density (in units of mass per unit area) at a point in D is given by , where is a
continuous function on . This means that

Am where Am and A A are the mass and area of a
P( X, },r) = him small rectangle that contains x, y and the limit
“ AA is taken as the dimensions of the rectangle

approach 0. (See Figure 1.)
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FIGURE 1



EXAMPLE 1:

Find the mass of a plate in the form of a right triangle with legs a and b, if the
density (mass per unit area) is numerically equal to the sum of the distances from
the legs.

The equation of a straight line is usually written this
way':
v=mx+Db



SOLUTION 1: i\

The density &(x, y)=x+y. i
m = H p(x, y) dA
=[5 Jo" " (x + y) dy dx
b-(bla)x .

Jo (xy + 3 }’)]

g J: (a — x)[x + 3(b/a)(a — x)] dx



= g Jolax — x* + Y(b/a)(a — x)*) dx =
(b/a){tax® — 3x* —~ L(bla)- §(a - x)] ]2
= (bla){(4a’ = 3a’)—[-3(bla)-}a’]} =

(b/a)(ta’ + Lba*) = sba(a + b).



EXAMPLE 2:

Find the mass of a circular plate 3 of radius a whose density is numerically equal to the distance from the center.

Let the circle be r=a.

Then M=[[rdA=§"[dr rdrdé
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EXAMPLE 3:

Find the mass of a solid right circular cylinder @ of height # and radius of base b, if the density (mass per unit
volume) is numerically equal to the square of the distance from the axis of the cylinder.

M=[[[rdVv =

(27 [* (% ¥ - r dz dr d8
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= [37 (o r'h dr = Jo7 2hr]; a6



