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MATH 1110

Dr. Mohamed Elshazly

Revision problems from tutorial 12 to 15

Iterated integrals

1-2 i Find [} f(x, y) dx and [} f(x, y) dy.

I f(x.y) = 2x + 3x7y

3=12 m Calculate the iterated integral.

7+ axy) drdy [y dyd
"4 "2
2 1 ; 12 xet
T. LL (2x + y)" dx dy 8. | s dy dx

9. L“ f (i + %) dy dx 10. fju] (x + y)2dx dy
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"In2 ["ln5 .
1. [ e Ydx dy

w0 w i

12.

"1 ‘*l XV

= dv dx
Jo Jo Jx"—'+}=9+1 }

13-20 m Calculate the double integral.

13. ([ (6x%° = 5y)dA, R={(x.y)|0=x=<3.0=y=1]
®

14. “-:-:-s{x+2}-'}dﬂ, R={(x.y)|0=x=m 0=y = 7/2}
®
voxy?

15. | =—=——dA, R={(x.v)|0=x=1, -3 =y=3]
x4+ 1 : ]
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16. ([

dA R={xw0=x=1 0=
- 1 + }
17. [[rgjn{x+ dA, R =10, w7/6] X [0, =/3]

R

18. ﬂljﬂ dA. R=1[0,1] % [0, 1]

19. 'T .l:_wrl-":ifl., R=1[0,1]x1]0,2

= .

20. [[ = i —dA. R=[1.2]x[0.1]

|
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3
L[ (2ve3's) dem] v }]H (94+27y)~(0+0)=9+27y .
0

4 2 =4

2 2y 2 16 2
[\2x+3x7y ) dv=| 2043x" = =( 8x+3x = )-(0+0)=8x+24x
0 2 =0 2

31 3
3. JJ(1+4xv)dxdy=J I:r+2r v]x aﬁcj(1+2_v)d1:[w_v2] j=(3+9)—(1+1)=10
10 1

4.

41 4 4
1 =1 I 1
JJ (x2+y2)dvdx =J |:x2_v+ S ys:| dx= |: (x2+ = )—(—xz— > ) :| dx
2.1 h) 2 =1 2 3 3
! 4 L33 33) 3
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te 4 1 2 1 x=2 4
JJ (e .V)d’fff}’:] [ 5% +.r\ﬁ =Dd":{[2+zwl;)dv

2y+2 —2 3&_ ' + 4 46
J’? ' 3 J" | 1 - 8 3 . 8 — 2—'— - = —
; .

x : 7 ' = Let u=2x+y
oo | 425 | <
00 L2 9 x=0
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8£(2+’”’) -0 1= 18|: 0 10 Jo

1 046 ‘528 261 ,632

1
=5 1@ 220" =
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21 2 B 2
J ] o) Py = [t ] =l [ =™ Jan
10 1 1

1
=[In y-In (1+y)] =In 2-In 3-0+In 2=In

12.
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[ m ]i: dr—[t'('\/ \ffﬂ )dr
- [ o] =3 [67 2" )]
“'X*V” =é (3y3-4y2+1)
13.
[R“é" v-5y)dd Ef(ﬁ- V=53 n’r—f[ %fﬁ-ﬁ}:;dr
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14.

T 2
JRJ cos (x+2v)d4 _ J j cos (x+27)dydyx

T 1 y=m/2 1 T
U= x+2y = |: = sin (x+2y):| dx== J(Sin (x+77)-sin x)dx
0 2 =0 2 0
1 T 1
=3 [-cos (x+)+cos x] = 3 [-cos 27+cos 1—(—cos 7+cos 0)]

1
5( -1-(1+1))=2

15.

? 2 3 2
JJ ? d4 II ? dvd\f—J a’x‘fy dy
R x +1] 0-3 x +1 0x+1 -3

[11 (2+1)]]|:1 3}3 Lin2m ) 2 @7427)=0m 2
S I o 3v |3 n2nl) g 1
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Triple integrals

2. Evaluate the integral (||, (xz — y°) dV, where

E={xyv2)|-1=x=10=y

=2,0=z=1)}

using three different orders of integration.

3—=6 1 Evaluate the iterated integral.

1.] ¥ _

3. :

LD 'i'EI LY

=

h.l:l' li-':l LS
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"x+z
bxz dy dx dz
0
ze” dx dz dy
. ]

4.

6.

Calculus for Engineering

w T

L

"2 x

il

-‘I
2xvz dz dv dx
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7. ([, 2x dV, where
E={(xv.2)|0=y=2 0=x

i
I
I
T
=
i
I
R

8. [[[, vz cos(x?) dV, where

E={(xy2|0=sx=10=sy=sx x=:z= 2x}

9. |||F 6xy dV, where E lies under the planez =1+ x + y
and above the region in the xy-plane bounded by the curves
y=+x,y=0,and x =1

10. [[[,y dV. where E is bounded by the planes x = 0, y = 0,
z=0,and2x + 2y + z =

1. [[[,xydV., where E is the solid tetrahedron with vertices
(0,0,0),(1,0,0),(0,2,0), and (0, 0, 3)

12. .H'L' xz dV, where E is the solid tetrahedron with vertices
(0,0,0),(0,1,0), (1, 1,0), and (0, 1, 1)

13. [[[,x"¢" dV, where E is bounded by the parabolic cylinder
=1 — }-‘2 and the planes z =0, x =1, and x = —1
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2. There are six different possible orders of integration.

‘ 121 120 S
[L[ Xy )f” —_[ [ [(r: —y )d_(ﬁ n’*r—[ [ |: = :r:-—vS: dvdx

100 Sl 2 - d=0
12 1~ oo
VAR 1 1 47]»2

Z_J [ < 5 Xy )cﬁ a’ﬂr—[ |: S X- _1-‘4 dx

-10 N\ ~ L= 4° =0

1

—[ (x-4) d«:[ % .5—4:(} ;z—s

[ [ [ ezr)av —

11 21 3 .
. [ | (xz—v )ntd*rd:[ [ |: :| dxdy
E - 0

1
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[ [ [ (.*r:—_1-‘3)aT V

E

, 112 11 )
[! XZ-y )n’l —_[ [ [(x-: —y )rﬁ d_n’r—[ [ |:.*rjf: > 14j| 1_ d=dx

-100 -10 4

11 1

:[ [ (2xz—4)d=dx= [ [ XZ 3—42 :I il dx

-10 -1

.1 1 2 1
=_f (x—4) d*r=|: 53X —4x:| _1=—8

-1

=/ |

2 11
[ (=) dydxd=] [
-10 00—
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11 1 7 =1
[ [ (21':—4)0’1'(?_:_}[ I:X-:—ih‘:l . lcf:
0-1 0 'r_
!
=[-8d-= -8:] =8
0
211 21 _
_ . a . 1 2 x=1
[ [ [ (xz= )dI Z_J [ [ (xz—v )cﬁd_cﬁ‘—[ [ |: 5 X X %:| dzdh
E 00-1 ooL = =
21 2 2 ,
. =1 1 =
ZJ [ 2" d=dv=| [—21-‘3:] B d1-"=[—21 %cf = -3 14:| =—
i_{} i {}
00 0 0
o 5\ 121 12 —
[ [ [ (‘T:_-V )"ﬂ —[ [ [ (xz—v )d*rduf :[ [ |: lx_:—:r_rji| dvd-
E 00-1 ool 2 x=-1
12 1 S
=2
=| [-2y" dvd==| lj«'él d-=|-8d-=-8z] =%
) »
00 oL < =0 9
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.
} ;":1"!‘2 1z . 1z
[ [ [ 6xzdvdxdz = [ [ 6xVz ]1 dvd—=| [61‘- (x+2)dxd=
00 0 00 00
1 3 2 2|x=z : 4 _ 4 4 571
[ I: 2x _'+3T-_'b:| _;}cf:ZJ (2z +3z )(f:Z[ 5z d== = :IDZI
0 " 0 0
4.
20y Y
[ [ [ 2xvzd=dydx Z_J [ I:xv:_]:_ﬂn’ydwr:[ [ Xy (ﬁ dx
0x 0 0 x - 0 x
1 = 1
I B 15 s 56|15
{L[‘l i|y=-rdT_L4TdY_ ST]D_S
5.
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b s
._}1‘ ]. ]-_3 % :!- ' = —72. % :!. H 2}
o ’ }]l - d:(ﬁ-‘:_f [ -\ 1-2 dzdy

[ [ [ ¢ dx dzdy :J [ I:r €1,

00 0 00 00
3 3
- 1 232 v | =L 41 1 |
Z_J |:— =~ (1= )% e"li| (ﬁ-‘:J = P}fﬁ: = E’l:| == (9%—1)
0 3 z=0 0 3 3 o 2
0.
!‘ zZy 2 Z B !2 =y 1 : B 2 1 1 ~ 2 V=z
[ [ [: d*r(h dz =] [Ii*’(_i? ' ] 3 d‘l’(f_:J_ vze :Z_J |:— L y ] d=
000 0 A= 0 0 = y=0

™
||1
]
I
fa—
-f—lr—
p—
[a—
_|_
]
I
D
|_|.
\...f
|
p—
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2 2 2
[[[2xar 2NV Y 2Ny 2
T ] Jaxdzavd=] [ (2 Tdvdv=] [ 2xvdxdy
0 0 0 0 0 o 0 0
2. =’4—=2 2 > 1 2
:[[r 1]T_ ! dy= [(4—1 )1d1_|:21 - = 4:| =/
0 x=0 0 4- 0
8.
1 x2x l1x .
L 1 . s 7=2X
[ [ [ =cos ( ){ﬂ _,,[ [ [ yzcos (x )d_(ﬁ dx= [ [ |: S Yz COs (xi)i| dvdx
E 00 x ooL ~ =
. Ll 1
| 1 3 2 5. |V
:‘,H’%r yeos (x )(ﬁn’*r— [|::-T1 cos (x ):| dx
2 0% 2L 2 =0
1 |
3 dq[l' 5}11 I-sin 0)= = sin 1
=1 Dr cos (x ) =7 | 3sm (x) =20 (sin 1-sin 0)= 20 sin

9. Here E={(x,y,2)|0< x< 1,0< y<y[x,0< < 1+x+y} | s0
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e 1yx 14xty 1y o
[ L [ 6T1{f V :J [ [ 6 XV d- {ﬁ (fT:[ [ [ 6,"{1‘.1:]L 1+x+y (‘h.-‘ Jy
00 0 00
e T
=] | 6xy(l+x+y)dvdx=] [ 3xy +3x ¥ +2xy Y
[ ] 6x(1+rty)dvde=[ [ 307327 +20° ]
00 0 =
1 ) o
:. > 3 - 5/2 _ 3.0 4 :1, 7;3:| :E
;L(:‘Y +ix +lx )(f“[‘ |:.T‘|‘4T-|-?1( Ry

10. Here FE 1s the region in the first octant that lies below the plane 2x+2y+z=4 (and above the region
in the xy —plane bounded by the lines x=0, =0, x+1=2 ). So

([ [ yar 2 2xdmaely %2}-
08 F 7 ] T ta2e s
oo 0 00
22—x 3 N
N - 2 2 y=2-x
0 0 p 3 0
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=|'| 22« )E—T (2-x) - ;: (2-x )3] dx
a ;
:[ (Z—X)(Q—x)z—% (Z_T)3:| t’fT:% [ (2- Y) dx
oL : 0
1 | | 4
T S0

11. Here E 1s the region that lies below the plane with x —, v —, and z —intercepts 1 , 2 , and 3
respectively, that is. below the plane 2z+6x+3y=6 and above the region in the xy —plane bounded by
the lies x=0 . y=0 and 6x+33=6 . So

2—2x 3-3x-3y/2

. 12 1 2-2x —
-J L[ WAV [ [ [ xydzdvde=| | <3x1:—3x-‘1:—§ ﬁ.r") dydx
0 0 0 0 0 =
1 , 1
1 3 2 3 22 1 Y=ot : 2 :
Z_J |: -« V-3 x1:3:| (fx:J (2x—06x +6x3—2x4)dx
0 2 2 ¥ }'—'[} 0
[.2,3,3425 1
Y 2xrox-Tx | =70
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00 0

1
1) 1 222 3 1 4|7
=5_,[|:51':—§_1-:+1:j|:=ﬂd1
0
(Lpa. 11T L
247 P24 L 57 Jo 120
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[a—
s

i1,-1,0)

(1, 1,00

E 1s the region below the parabolic cylinder :=1—_1n-'3 and above the square [-1,1]x[-1,1] in the xy -
plane.
2y, 111y
[ L_[ x €dv :[ [ [ .Téeydzd_vdr
-1-1 0
11 .
Z[ e 1-v")dvdx

-1-1
1 1

=[x dx [ (=" yay

3
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Mass, moment, center of mass and moment of inertia
. D={xy)|0=x=2,-1=y=1} plx.y) =xy°
4. D={(x.y)|0=x=a,0 =y = b} p(x.y) = cxy
5. D is the triangular region with vertices (0, 0}, (2, 1), (0, 3);
plx,y)=x+y
6. D is the triangular region with vertices (0, 0), (1, 1), (4, 0);
plx,y) =x
I. Disboundedby y=¢", y=0,x=0,and x = 1: p(x.y) =y
8. Disbounded by y = x, y=0,and x = 1; p(x,y) = x
9. D is bounded by the parabola x = y* and the line y = x — 2;
plx,y) =3
10. D={(x.y)|0=y=cosx, 0 =x=7/2}: pxy)=x
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21 2 1
. 2 1 212 1 3! 2 4
3 m=[ [ p(xy)da=[ [ " dyex=[ xdx [ y ri1=|: —T] [;S] 2. ===
b 01 0 4 2 o]l 3 -1 3 3
. 21 2 1 .
- 1 ;. 3 3.2 2. 31 570*[1 5]t 3 8 2 4
=— H xp(x,y)dAzj [ [ Xy 0’1 dr—j [ dx_h rﬁ:l |: = xi| |: = 1=i| =2 -~ T=% .
m 455 4 _’1 41 3 oL 3 -1 4 3 3 3
21 2 1
- 1 3 3 30 1 202 1 4]t 3
T — 1 T ] — — — — — 2 =
. _,!Jp(x,})di 4_£ [1 Xy a’m?r 4&[ _[11 dy= 1 |: 5 X ]0[ 1) ]—1 12 0=0
—— 4
Hence {*s'nw):(:j 0>
ab a b b -
- - . R 1 2 a 1 2 1 7 9
4, rn=_f [ p(x.}’)dAZJ { c‘x_rcﬁ-'cf.\':c‘_[ xdx [ vdy=c 5 X 3V |7 31¢ bc,
D 00 0 0 - oL - 0
ab a b - - — -
o 2 1 3]e[ 1 2772 1
M =_[ [ xp(};,y)dA:_[ _[c‘x _1-‘({1-‘0’1‘—@[ [j«'nﬁ-‘:f 3 X SV ~abe , and
YL, 00 0 0 | 3 Jo| 2 _06
ab a b — - - -
- - 2 1 2149 1 312 1 2
M :[ [ VP (X.y) dA:J [ exy dydx= C[ xdx [ v 0’1 =c| - x = _1-‘3’ ==a bsc :
X 00 0 0 | 2 JolL 3" Jo 6
M M
—— T 2 2
Hence, {x,y)=< - ,—r >=< —a, = b) .
| m " om 373
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2 3—x 2 | 2 |
- 1 2=~ 3 1 2 1 2
m=| | (x+v)dy cft'—[ Xyt Ty dv=| | x 3-2x )+ (3—x)—-=x |dx
0 , 2 y=x/2 ) 2 2 3
x/2 0 0
/9 209 T 9 /1 5\ 9 72
= —_ — e — _I_ — —
L 8 2)“_8(?)2"’]{}"’
2 3—x 2 ~ 2
: o2 1 o | -/ 9 9 9
JI :[ [ (x +T1)(ﬁ [ x yEzxy de=[{ = x= dx== . and
Y o v B 2 y=x/2 2t g? 2
x/2 0 0
23y 2 - a2
: 2 1 2 1 3 [ : 9
JI [ [ (xy+y )(ﬁ-*(fx:_[ —xy += L1f:| dx=| (9 = )(fr 9 . Hence m=6 ,
X 1 ) 2 ) V=x/2 ) 27
0 x/2 oL 0
M M o A
(; :): _ry_X)_( 22
i m’ m 4°2 )
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1 4-3y 1
6. mZ_f [ xdxdh= [|:

1 1 131 37! 10
5 (4—31) -3 i|nf1-—|:— T (4-3y) - 6V i| 3
1 31 3 1 4 1 4]t
@3 -3 :| d1=—|:— @3 -3 :| =

1

1
i| dv= (8y-12y +41 )(h
0

1 a3 1 3
2 1( _3,1") - 2 V

0y 0
14-3y 1
M=[ [ x ded=]
Yoy 0
14-3y 1
M :[ [ xvdxdy= [
Yooy 0
0 ==
Hence m=—= . (x.y)=(2.1.0.3) .

D

le 1 x | ; .
Ny D 2 p=e, 12, 1 2]t 1 2
7. m—J [ _1-(2’_1-‘0’:(—_[ |: 5 :| dx== [e" dx= rk i| =1 (e -1),

00 0
N
le 1

1
M = [ [\’1 dvdx= 3 [
Y 00 <0

x

be | !
M=] |y dvdx=| [

00 0

1 2
Hence m= 1 (e -1).

v=0 2 0

[a—

2; I [T 2r1 27!
xe ra’.=§ |:—xe 1r——e:li| —(€+1) and

(xy)=

b 4

_( A(e'-1)
| 1 2 .\ a2
nG —1) G 1) 2e =1) 9e -1)

2
e +1
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14x 1 1
. X . 302 2 sn ]t 2
mZ‘[ [ xcdh (ﬁ':[f[ﬂj Fff‘(:J.TE dx= F Tq i| ==,
- | 5T Jo s
0 0 0
1qx 1 1
. . = . 5/2 2 72 1 2
M 21[ [ x d (I;T:J.Y['l,]l ﬁd‘r—‘[x dx= —x i| =— ,and
Y %0 0 =0 0 7 o 7
14 1~ 1
at : 1 2]~ 1,2 1| 1 1]
M _:‘[ [ L‘I"T(ﬁ‘d*t‘:‘[x[ 3 :IJ tfﬁ':,—} ‘[:r dx== |: = T3:| = —
* 00 0 2 =0 2 2 3 o 6
2

0.
) (4,2)
D y=x—2
0 i1,-1) *
/ x=y
2 y+2 2
45 2. 27
m=| | 3dvdy=| (33+6-3y )= |
of .,2 . of - . . 2
-1 _ -1
}.

Calculus for Engineering

Revision problems



2 yt+2 2,
. b
M= [ [ sxdxd=] 2 [o+27" v
Yoo 5 2
¥
1 3 3 5|2 108
= - (1+2) - — =—
[ > 072 - 175 }-1 5
and
2y+2 2
M = || 3vdxdv=]| By +(1—ﬂ )(ﬁ'
" -1 2 -1
¥
(5.2 3477 27
SRR (R
27 —— 8§ 1
Hence m 5 (X,}’)Z( 55 )
T/2 cosx T/2
: : . /2 7T
10. m= | [ xdydx= [ xcos xdy=[ xsin x+cos .T]D =5 1.
0 0 0 =
T/2 cos X T2 - 2
3 2. . mia 7L
M = [ [ X (ﬁ = [ ¥ cos xdv= I:*r sin x+2xcos x—2sin x]ﬁ =7 -2 . and
T 00 0
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T/2 Ccos X T2 iy 2
Cp 1 2 1 1 2 1 . | e a1
= ,;L L xvdydy= L 5 xeos xdsz |: 17 + 7 s 2x+§ cos 2x:| ;T ,:;— -3
H 12 (—_ —~}_ ,72—8 T+2
ence m=—- . (x.y)= 2(7-2) " 16 .
/2 /2 1
11. p(x.y)=hv=krsin @ ., m= | [ fr’sin 0 dr do == ;’r [ sin@ do=- ﬂ [-cos H] =3/
0 0 0 -
T2 1 1 /2 h l
M= Hr sin@cos & drdf==k | sin8cos @ dH—— k[-cos ’"‘H] ==
Y 9 47 8
T2 1 P 1 A
M= | H*r sin 20 drdo = - ﬂr [ sin"@do=<rk[e+sin20] =—%.
X ;J ’ 8 0 16
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15.

16.

17.

18.

Dr. Mohamed Elshazly

Find the moments of inertia [, I, Iy for the lamina of
Exercise 7.

Find the moments of inertia [, [, [ for the lamina of
Exercise 12.

Find the moments of inertia [, I,, [ for the lamina of
Exercise 9.

Consider a square fan blade with sides of length 2 and the
lower left corner placed at the origin. If the density of the blade
is plx,y) = 1 + 0.1x, is it more difficult to rotate the blade
about the x-axis or the y-axis?
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15.

X

le 1 1 4 =€I 114
Ix H f)i‘{\« ) dA= H1 1(?71({T—[|:’—_j«‘:|} drz—_feldr
00 oL 4 y=0 45

1 ax 1
[48 ]:} 16(?—1)

e | - l:,-l

¥

le 1
I} =[‘ [ ,r:r X.V)d4= [ [ :rhjf'd*;-‘dﬂr:_f x |:
D 00 0
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I 21 1 P O |
R I ‘ B
|: ( ;¥ -5ty ) ¢ j| . [ mtegrate by parts twice]|

(e-1).

ol— 2l

-

1 4 _ 2
p— _ —— _ — ’ - ﬂ _‘\.
and Iﬂ =] Iy ({ l)+ ({ -1) T (e +2e -3) .

21 T2 A
| B l 1 e
-. ==k == - (28-sm 2 =—k,
16. 7 . {[ L(f SIn H)(h ); drdo 6;" _}L SN HdH - |: 4 26 —sin H):|D 24;’
T2 1 /6 1 1 7 -
=k ==k = (2 2 ==k
J {L L(r COS H)(h )F drdo i _L cos HdH 6;‘ |: 4( 28 +s1n H)]D 24;’ and
T
! {:::Ixﬂr_ T k.

Dr. Mohamed Elshazly Calculus for Engineering Revision problems



Dr. Mohamed Elshazly

2 yt2 2 3 ;
e L2 . 3 2 _ 4 3 4 33 5|~ 189
prs 2 ) — P ) ] 2 2 — - r 7 ) — = = —_——
17.1 :[1 "[z 3y dxdh :[1(:1‘1 +6v -3y )dh |: 1) +2) 5) :|_1 20
J}
PR 2 3 6 | 41 712 1269 1917
= v =S ‘ - —1 =S —_ ~—|—2 ’_ —_ :r' = —_— 7 =/ +] =
Iy :[] ‘fz 3x dxdh :[1[(1 2) ]nﬁ |: 4(1 ) 5 ) :|_1 o8 .and IO Ix_ Iy 35
}.F

18. If we find the moments of nertia about the x — and y —axes, we can determine in which direction
rotation will be more difficult. (See the explanation following Example 4.) The moment of inertia
about the x —axis is given by
J 2 e : | 1 3]r=?
= [y pxy)da=] [ v (1+0.1x)dvdy= (1+0.1x) 3 dx
00 0 -

wlco Iy

: 3 1 272 8
_J(’l+0.1x)d =3 |:x+0.1* S X :| 3 (2.2)=25.87
0 :

"
v 2
Similarly, the moment of inertia about the y —axis 1s given by

2

I = [[+py)dd=] [ (14+0.1x)dvdr=[ x (1+0.15) [ ¥] jzo d
00 0

_}' o
D
3 1 412 8 _
x +0.1- = x =2 =+04 )=~6.13
4 0 3

Ll | —

= 2[(x"+0.1x)dx=2 [
0

Since

Iyi}f _ - nore force 1s required to rotate the fan blade about the y —axis.
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