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Dr. Mohamed El-Shazly
CALCULUS FOR ENGINEERS
MATH 1110

Revision problems

A-power Series

1-

a0

Y (—1)"nx"
m=1
If a, = (—1)"nz™, then

(=)™ + D
| (—1)7 nz"

n—*oa 'I'I.—l-ﬁltl

‘ An4l

= lim !( 1]— ,sﬂuﬂn (1+1)|¢|] — |a|. By the Ratio Test, the

series E{ 1)"nz" mnvcrgmwhen |z| < 1, so the radius of convergence R = 1. Hcrwwcllc:l'rnckﬂwmdpumu,mntm

x = +1. Both series ﬁ (=1)*n{£l)" = ﬁ{;l}"ndhreryhrtﬁg'lhtfm Dimshm: lim |{$1]"n1 = co. Thus,
n=1 M

nml

the interval of convergence is [ = (—1,1).
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gt 2n-—-1
2n+1 zn

Qn41

n—oo

lfan=—z—- then lim

2n—1’ n—oc

<= B 2n — 1 R 2—-1/n _
_nh-—xololo (_2n+1 lxl) _nl..u.lgg (2+1/n |$i) — I.’tl. By

oo n o0
the Ratio Test, the series ) - convergeswhatlx{<1,soR=l.Whenx=1,thescricsE—L—divugesby
ﬂ'=l2n—1 n=12n_l\
: ox -k P 1 1 1:&1 . s & i 3
comparison with 3 — since > — and = )~ — diverges since it is a constant multiple of the harmonic series.
n=1 2n 2n—1 271 anlﬂ

o (1"
When z = —1, the series % converges by the Alternating Series Test. Thus, the interval of convergence is [—1, 1).
n=l e
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o n

X

o 1!

41

Q41 Z

z" : all _ . T s .

NAfan = n'thennli.rxg’a = = lim (n_-i-l—)'_ —nllm n+1l—|x|"11‘n3°n—_‘_—l—lzl~0—\0<lforallreal:z.
So, by the Ratio Test, R = oc and I = (—00,00).
a-
i( " n*x"
m=1 2”

niz™
Ifan = (-1)" 5n , then
U e N (VS i il z!n-|~l)2 2 Iml & [ P
“}in‘:° Gn -"l’l& 2+l n2z"| n-oo 2n? . h—-lv%o 2 l+n - 2(1) _%'IL By.the
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: 2 n
Ratio Test, the series 2( 1)""

When z = £2, both series Z( 1)“11{2)— Z(q:l)"n’ diverge by the Test for Divergence since

n=1

lim |(F1)" n®| = co. Thus, the interval of convergence is I = (—2,2).

Th OG0

5-
§ o
=1 Il 1

(__3)1;1,»
lfa,, = —'WT—, then

ey (_‘3)n+1xn+1 : n®/? - b n \/? L . 1 3/2
s W oy gy et gl W e el M el B ey
= 3|z| (1) = 3|z

By the Ratio Test, the series i (—';_—:;‘/%z“convergcswhenm:tl <1 & |z| < 3,50 R= 3. Whenz = 3, the series
1

oo (1 ' o0
. (nal/ )2 converges by the Alternating Series Test. When z = —%, the series gl n_”l/? is'a convergent p-series

nel

(pz g > 1), Thus, the interval of convergence is [—%,i]
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converges when 3 |z <1 <3 |z} < 2, so the radius of convergence is R = 2.

Revision problems



6-

E(—)”

H

— 4" In n
” n+41 n
gl I z A"lan| 7| . _I_[
Ifan = ( l) ln M nl_’oo Qn o ll.n:alo 4n+1 ln(n + 1) Tm = 4 nl-l'EEO ln(n + l) 4 :

[by 'Hospital’s Rule] = l%l- By the Ratio Test, the series converges when -I%' <1 & |z| <4,50R=4. When

- a2 RIEDE” . e k18 1y
= —4, nz‘:?( )" ———— = "_2 g Smoelnn <nforn > 2, s and':?;2 - is the
m 1
divergent harmonic series (without the n = 1 term), lnl is divergent by the Comparison Test. When z = 4;
neld
E (-1 I 7 which converges by the Alternating Series Test. Thus, / I=(—4,4).
n=2 n-2
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- (x—2)"
= mn+ 1
=2 . asn|_ | =2 aiid T
Ifae = E-2 s ] ~ i Lk 2 U]
f'ﬂ- 1‘12+1 ﬂﬁ]ﬂ]ﬂ in Tl.l—n-n-:ln: {-ﬂ.+1}2+1 (I’—i::l“‘ |I ElnIlErcl;j {ﬂ+1]z+l ‘Iﬂf E.I E-}"thc

fa"a] . n
Ratio Test, the series 3 ot

- converges when |z — 2| <1 [R=1] & -1<z-2<1 & 1<z <3 When
mi=I0

converges by the Alternating Series Test; when = = 3, the series ijj n21+ 7 converges by
n=0 . e

(=]
= 1, the seri 1™
=L B L T

=]

comparison with the p-series % ;113 [p s 1]. Thus, the interval of convergence is I = [1, 3].

% 3(x + 4)"
2 v
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L _ @) o (awa| g [SHEr)™ Va |
lfa,.————\/r_l .then"ango = —nl.lzl;lo. e Tt 3|z+4|"1£g°\/.—== =3z +4|.
BytheRahoTest.ﬂlescnesZ—S-z-\/-t—‘t)—convctgwwhen3lz+4|<l & |lz+4 <3 [R=3] &
n=1
~1<z+4<} & -2 <z< -4 Whenz = -1} the series 2( 1)"7converg5bythcAltcmtmgScrm
n=1
Test; when x = — 22 the series Z —-dlverges [p= % < 1]. Ths, the interval of convergence is I = [—42, —11).
n=1

“ (x—2)°
n

{"“'HE} then tim §/[an] = lim I= ;2| — 0, 50 the series converges for all  (by the Root Test).

Ta—+0

B . =

R =ocand I = (—oc, 00).

Dr. Mohamed Elshazly Calculus for Engineering Revision problems



10-

oo

n
E—n(x—a)”, b>0
n]b

an = %(z—a)“,wha‘eb>0.

am-(»-l
an

lim

N0

_ aintl n = S
lun(n-{-l)l:r: a , b ~=lim(1+-'l;)|z al _ |z a!‘

it 0O bﬂ+l n |Z i alﬂ Cr e =

b b
lz—af

b
a—b<z<a+b Whenlz - al =b,nliu°1°|an|=nlin:°n=oo,sotheseriesdivergcs.'lhus,1=(a—b,a+b).

Byﬂ\cRattoTcst.thesemsconvergeswhen <1l & |z—a|l<b [soR=b & -b<z—-a<b &

11-

o0

Y nl(2x — 1)”

n=1

§n + 1)1 (2z — 1)

n—-oo n!(2z — 1)»

On41

If an = n! (2z — 1)™, then lim
an

n-—+oc

= lim(n+1)|22—1| - c0casn — oo
n-—+00

forall z # 3. Since the series diverges forall z # §, R=0and I = {}}.
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i (5x — 4)"

n=1 n
_ (bz —4)"

Ifa, = 3 , then
BT N [0 ) R A Ry )3_. B 1y
nllon:n @n | n—oe| (n+1)3 (52 —4)" —-“lingol&t 4 n+1 —"lingol5z 4 1+1/n

= |5z — 4| - 1 = |5z — 4 i

BytheRntit;‘l‘est,z:(—sx—nl_g—“LconvergeswhcnISx—4|<l & |lz-¢2| <t & —t<z-$<i &

n=]

o R R y .
%<:1:<l,soR=%.When:z:=l,lhesermngl;;;wacomergmtp-scnes(p=3>l).Whma::%,tl;esenes

B f__;la) converges by the Alternating Series Test. Thus, the interval of convergence is I = [2,1].

n=]l
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B- Taylor and Maclaurin series

Find the Taylor series for the following problems:

fixx=x"—3x"+1. a=1

F)(z) = 0for n > 5, so f has a finite series expansion about a = 1.

n f(")(:l‘) f(")(l)
— T Y - i )
0]lz*-32+1| -1 f(z)=2" - 3% + _EOT(:C— )
1| 4z°—6z -2 . 9 6"
2| 122 -6 6 =u C-Utge-Ttge-3
3 24z 24 24 24
4 24 24 talE-DAgle-n
i 5 P = —1-2a—1) 43— 1) +4z -1+ (- 1)*
6

A finite series converges for all z, so R = oc.
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2

(—1)"+2(2 = 2)n+1

s
f(z) =Inz = ngof—n—!‘i‘_’l(z—m"

In2
=W(x—-2)°+1,21(x 2)* + m,(z 2)2 4 3,23(x 2)
+-‘i,_?(z—2)‘+§!-§(z—2)°+

=2+ (- 1)"“(" )(a: 2)"

n=1

—In2+ 3 (—1)"“;15; (@—-2)"

n=1

n2" (~1)(z — 2)n

f(xx=lnx, a=
n | f™(=) | £™(2)
0| Inz In2
1 1/z 1/2
2 | -1/22 | -1/22
3| 2/s° 2/23
4| —6/2* | —6/2%
5| 24/x° | 24/2°
An+1 .
Jan [ TR

. — n \ |x—2|
'(—1)"“(x—2>"|‘n—~m (m+ 12 ‘n‘i"ﬂo(nw) 2

=J_:z_;ll < 1 for convergence,so |z — 2| < 2and R = 2.
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_ X —_
flx) =e a=
n f(”)(x) (")(3)
0 62: es
1 262:. 236
9 22 2z 488
3 23 2z 866
4 24 2z 1668

Gn41

2"+186(z - 3)n+l

3

co f(n)
== f—,;.@ (23"

(:x: 3)° + (a: 3+ ,6 (z —3)%
(.r gty 20 16"6 (x—-3)*+

= 2" =
a8 n;() —-7-1—!— (I B 3)

n! 2|z — 3|

= lim

Ti—+ 00

lim
n—oo | dy

(n+1)!
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f(x) =cosx, a=m

f(z) =cosz = i -"L’:i’l)-(z — )k

n| f™z) | £ (=) kw0
0| cosz =4 =_1+(x—1r)2_(:c-w)‘+(x-1r)°_m
2n
2| —coszx 1 - f: (_1)u+1£$_:ﬂ_
. n=>0 (271-)'
3 sinx 0
4 COST -1 - anii| _ - |z — ”|2n+2 ‘ LG)!a
n-+o0 | Gn n—o | (2n+2)! lx — | »

. e — w|?
= uam
=0 (2n T 2)(2n + 1)

=0<1 forall z,s0o R = cc.
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Find the Maclaurin series for the following problems:

1-
)= (1-x"

n ™ () £™(0)

o| (1-2)"2 1

1| 2(1-=z)"3 2

2| 61-2)"1 6

3| 2401 -2)"° 24

4 |12001-2)%| 120

Dr. Mohamed Elshazly

(1-2)"2= £(0) + f'(0)z + 19D 2 4

2@ 5 LO0a

2! 3!
=1+2z+§2* + 32° + Pz + -
oC
=1+2c+32° +4z® +5z2* +.-- = S (n+1)z"
n=0
. | ansl . | (n+2)z"? . n+2
lim |—| = i | = |z| lim = |z| (1) = 1
n—ococ | dn n—oo (n+1)z'\ ' ln—won-f-l I I() lz|<

for convergence, so R = 1.
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f(x) = sin 7wx

sinwz = f(0) + f'(0)z + f';(](Da:2 + £7(0) z°

n] @ [0 3
(4) (8)
0 sin 7z 0 N 4 FUHOY s
+ al T+ T:C y S
1 T COS T T
2 o ' x> r°
2 | —w*sinwz 0 =0+1rx+0—3713+0+-g|-zs+~-
3 | —x®coswz -7 3 5 T '
4 45 0 =A% — =2 4 2% — g 4
ekl g ts m
5| n°coswz n° = L2+
= _1\" 2n+1
21 @n+ 1) "
2n+3 , 2n+43 2,2
SO [T (R | x (n+I) | .. R o g
| g (' N i~ e e ey Rl R
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f(x) =2
2* = 3 mzn_i (1112)":,:"
n| [ | £ =Y &l
0 2’ 1 lim Qnit o Q.n2)"+l:b'"+l ' n!
1| 2%(In2) In 2 n—oo| Qn n—oo (n+1)! (In2)nz™
2 | 2*(In2)* | (In2)? (n2) [a]
3 | 2°(ln2)® | (In2)? =n'_“’£‘,o—n‘1T‘ =0<1 forallz, s0oR=oc.
4| 2°(In2)* | (In2)*
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f(x) = sinh x

f™)(z) | ™)

sinh z
coshz
sinh z

cosh z

- oW - o3

sinh z

QD = O -

0

Dr. Mohamed Elshazly

f(")(O 0 ifnis even o § p2n+l

- so sinhz = —_—

) 1 ifnisodd n=o (2n + 1)!
22"+1 .

- Use the Ratio Test to find R. If a,, =

Zn )1 e

Zrt @D _ o 1
(2n+3)! g+l |7 n—oo (2n + 3)(2n + 2)

=0<1 forallz, so R = co.

An+1
Qn

lim

n—oc

00

Calculus for Engineering Revision problems



Dr. Mohamed Elshazly

Integral

1
ﬁ Tdx=7(1—3)=—14

'l;25xdx=5.l;3xdx=5[£_,"—_%_] - 10
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3 — 0,009
e ()
Fd="5-=25n
V3a /3a
f xdx—(\'—z)——‘.‘,—’=:;12
3b |
f x2 dx = (—3%’-= Op?
A

%,
[; V2dx=/2(-2-0)=-2V/2

5 5
ik .} ¥ F] .26
,l;%dx—g,l; de—g[?‘?]—m—'

Dr. Mohamed Elshazly
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‘[(‘)2(2t—3)dt=2‘llltdt—.l;’23dt=2[%—%] ~32-0)=4-6=-2
[ (v a= [a- [ vra [ -g] - va[va-q =1-2-

'I;l(l«&—-g-)dz:f;ldz+'[;§dz='[:ldz—%flzzdz=1[1—2]—§[%_12i]=_1_%(%)=_%

[er-nd=[220- [ 32=-2 [ 22— [ 3d2= 2 [£-%]-30-31=-9+9=0

[soa=s o mesfloa [ wa]=3(5-8)-[5-8]) =3[5-3] =30
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[e—

0
. f [(2x+5)dx = [x? + im]f2 = (02 +5(0)) — ((=2)* +5(-2)) =6

b
= .
e

(Y]

s

I

|

L

[

el

Il

- (£ -9)- (7 %) -
2 16 0 o 2 16 2 16 o

4. f{ﬂ ~2x+3)dx = [ - x4 3 i =(3-2+32) - (F-22+3(-2) =12

2

wn

+32)-0=1

L |—

1 i ;
]; (x* + /x) dx = [%—F%x”-’zh = (
5
6. ‘]; x:'!f? dx = [% 15,-"2]:; — %(5}53’2 0= 2[5}3.-'2 — ]Dﬁ

—y ~1/5] 32 5 :
7. fl x b dxz[—ﬁx -']1 :(_5)_(_5):

b3 | L

| 1
. [ zax= [ axtax=[-2x = (2) - (B) =1
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9. ’; sin x dx = [—cos x[§ = (—cosm) — (—cos0) = —(—=1)— (—1) =2

10. ";.(] + cos x) dx = [x + sin XJ§ = (7 + sin7) — (0 +sin0) = 7
=3 )

1. J; 2 sec’ x dx = [Ztan)-:]g'IE = (EIan (%)) —(2tan 0) =2 3—{]:2\/5
5=/6 .

12. [ ) csc? x dx = [—cot x]i:éﬁ = (—cot(Z)) — (—cot (L)) = - (_\/5) _ (_ﬁ) —2/3
Iz 4 arfd

13. f , csctcotfdf = [—csc 017, = (—esc (F)) — (—esc(3)) = —2- (_ﬁ) —0

14. J; “4secutanudu= [4 sec u]g'-m = 4 sec (%) —4sec0=42)—41)=4

0 0
15. f 2—”"2“52‘ dt = f 2(%+%c05 2t) dt = [§t+ g sin 2] i;‘z = (20 + L sin20)) — (L (%) +Lsin2(Z))

w3 =13 |
16. f 3% dt = f ;(% — Lcos2t) dt = [Tt — L sin2(] :x::ﬂ

(D -duin2(-9) —F-dsnF 4 F4dein(F) -5
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17. f ;(8}’2 +siny) dy = [8% — cos }'} i?,q = (@ — cos %) — (@ — cos (— %)) -

— —x/1 ,
18. f ; (4sec’ t+ ) dt= f , (4 sec” t+ wt™%) dt = [4tant — T] :_ji

= (4an (-3) - =) - (40 (3) - Z5) =@ +4 - (4(-V3) +3) =4v/3-3

19. fl_l{r+ 1)> dr = fl_l(r”+2r+ 1) dr = [;—‘+F+:~] 1_1 — (f—_;f+[-_1}z+(_l)) _ <|?+ 12 4 1) __3

20 ]M'Et 1) (2 4d—f1'i'* 2 paaaydi= S L p oy al”
) DEFdd= [ (e di= [T 52014

- ((‘/f) n (‘/f) +2(\/§)2+4\/§) - ((_‘f)' + (_‘f): +2(—\/§)2+4(—\/§)) —10,/3

[ D) - o5 e [ 2] - Gea) - (S ) -

1 1
2 [ (E-dav= [ o ovhav= g+ ], = (w5 o) - (z@ljs + 3(lﬂ=) =%

23, ﬁ_idsz .’TE(I+S‘3-"3) ds = [s—?]\lﬁz (ﬁ— ETF) ~(1- ) =v2-21 41
=v2-4/8+1
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Indefinite Integrals

1./5in3;rfit._, u = 3x

2. /x sin (2x3) dx, u = 2x?

3. / sec 2ftan 2t dt, w = 2t

2
t\ .t .t
4. /(1 cesz) smldr‘, u=1 co.sz

tin

9.
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10. /L,,cosz (%) dx, u
52

11. /cscz 26 cot 20 d@

a. Using u = cot 24

. / _dx
\NEx + 8

a. Usingu = 5x + 8

Dr. Mohamed Elshazly

b. Using u

b. Using u

csc 280

V5x + 8
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. Letu=3x = du=3dx = %du=dx

’ sin3xd:{=r’ %SinudUZ—%CDSU—FC:—%CDSBX—FC

2. Letu=2x" = du=4xdx = Idu=xdx

’xsin{ZxE)dxz ’quinudu: —+cosu+C =—Lcos2x?+C

3. Letu=2t = du=2dt = #du=dt

’sethtanEtdt: ’%secutanudu:ésecu—l—(‘.: sec 2t 4+ C

(]

4. Letu=1-cos3 = du= 3sin;dt = 2du=sin 3 dt

1
7 S

’ (1— cos EL)E (sin 1) dt = ’ 20 du= 2u?+C=2(1-cos %)E—FC

5. Letu=7x—2 = du=7dx = %du=dx
[ 287x—2yPdax = [ L@8)utdu= [4ufdu=—ut4C=—(Tx-2) 4 C

6. Letu=x*—-1 = du=4x*dx = x* dx

d
r[x“{x*—]}'dx:r’ lwdu= % +C= iz xt—1)’+C
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7. Letu=1—-r" = du= —3rfdr = —3du=92dr

[ = [ 3u 2 du= —3@u 4+ C = —6(1-F)

1/2

+C

8. Letu=y*+4y*+1 = du= (4y° +8y)dy = 3du=12(y* +2y)dy
[126t+4y + 17 (P +2y)dy= [ du=u?+C=(y' +4y> + 1)’ +C

LF

\/Ed:{

(%—%sin?u)—FC:

0. Lf:tu:xﬂ.fz_[ = du = %xljz dx = %du

’ ﬁ sin? (3{3-"2 — 1) dx = ’ % sin® u du =

1| b

(13-"3 — 1) — é sin (2}{3-"3 - 2) +C

lad | =

10. Letu=—1 = du= L dx

[ £eost (1) dx= [cos? (-wdu= [ cos® (w)du = (3 +]sin20) + C= — L+ sin(~2) +C

11. (a) Letu=cot2§ = du= —2csc’20df = — I du= csc?26dd
'II‘CSCEZQCDIZQCIQ:—E"%uduz—%(u?j)—l-—
(b) Letu=csc2f = du= —2csc2fcot2fdf = —%du=05028c0t28d9
rCSCEZHCDIZHdH:f—%udu:—%(%)—FC:—%—FC:—_%CSC?ZH—}—C
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12. (a) Letu=5x+8 = du=35dx = 1du=dx

" dx 11 I R N | 1/2 _ 2,12 _ 2
[ m—fg(w) du_gju Pdu=1(2u"?)+C=2u/?+C=2/5x+8+C
(b) Letu=+/5x+8 = du=1(5x+8) 35 dx = Zdu= —=

3 5x+-8
i d 42 2 2
h’ 5:+E:r.lgdu:gl]—l‘—c:g'\f.ﬁ){‘l“g‘l“c
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Evalute the folowing integrals

Double Integrals

L7+ 2 dyar 2 (" [Fxydrdy
3. [ [ Vxdray 47T -y dyx
5. 1; 1‘;”” 8 dr do 6. 1; L: VT — o2 du dv

. ﬂ‘ xXy’dA, D={(x,y)|[0=x=2, —x=y=x}

Y

D
8. || Y p- {(xy)|[1=x=20=y=2x
D

x+2

2 2v
9. H 7
D

10. [fe’da, D={xyl0=y=1,0=x=)}

D

. ([e”da, D={xy|l=y=2 y=x=y]

0o

12. “ xWyr—x*dA, D={xy|0=y=10=

D

Dr. Mohamed Elshazly

dA, D={(xy[0=x=10=y= Vx|

X =y}
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13. ﬂ xcosydA, Disboundedby y =10, y=x" x=1
E.'

14, ﬂ (x + y)dA, D isbounded by y = vx and y = x?
B.'

15. {[ y° da.
D
D is the triangular region with vertices (0, 2), (1, 1), and (3, 2)

16. ﬂ xy*dA, Disenclosedbyx = 0andx = m
D

17 [ 2x — y) da,
D
D is bounded by the circle with center the origin and radius 2

18. ﬂ 2xy dA, D is the triangular region with vertices (0, 0),
D

(1,2), and (0, 3)
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1.

1x

I

00

2

1
27y
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