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Algebraic Properties of the
Dot Product

In the special case where u = v in Definition 4, we obtain the relationship

Vev=v{ 40+ -+ v = || (18)
This yields the following formula for expressing the length of a vector in terms of a dot
product:

Iv|| = /v - v (19)

Dot products have many of the same algebraic properties as products of real numbers.

THEOREM 3.2.2 Ifu, v, and w are vectors in R", and if k is a scalar, then:

(ﬂ) U-vy=v-u | Symmetry property |
(b)) u-(v+w)=u-v4+u-w | Distributive property |
(C} k(u - V) = (_ku} - ¥ | Homogeneity property |

(d] vev=0andv-v=0 .ﬁ"ﬂﬂd ﬂﬂf_}? If‘ir = (0 |Positivity property]



THEOREM 3.2.3 Ifu, v, and w are vectors in R", and if k is a scalar, then:
(@) O+v=v.0=0

(b)) (u+v)-w=u-w+v.w

(¢) u«(v—w)=u-v—u-w

(d) (W—Vv)-wW=u-w—v.w

(¢) k(u-.v)=mwu-(kv)



Cauchy-Schwarz Inequality
and Angles in R"
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THEOREM 2.2.4 Cauchy-Schwarz Inequality
Ifu= (uy,us,...,u,)andv = (v, va,...,v,) are vectors in R", then

- v] < fufl[v] (22)
or in terms of components

vy +uvy 4 F Uy, < @ Fus 4+ ud) P i 4 022
(23)

Geometry in R"

THEOREM 3.2.5 Ifu, v, and w are vectors in R", then:
(@) |lu4v] =< |[u] 4+ [Iv]] | Triangle inequality for vectors|
(f}) d(u,v) <d(u,w)+d(w,v) [Triangle inequality for distances]|

u

u

d(u, ¥) < d(u, w) + dw, v) [lw =+ ¥l < [fuf] + [|vi



THEOREM 32.2.6 Parallelogram Equation for Vectors

If u and v are vectors in R", then

la+v)1* + [lu—v]I* = 2 (Jlu]l® + Iv]I) (24)




THEOREM 3.2.7 Ifuand v are vectors in R" with the Euclidean inner product, then
u-v=gllu+vl?— zllu—v|? (25)

Proof
[u+v|]? = @+v) - u+v) = [[ul* +2(u-v) + ||v]]*

lu=v[I> =@=v) - (@—=v) = |lul* = 2@-v) + [v|’



Dot Products as Matrix Multiplication

Form Dot Product Example
- 57
u —3 u'v = [1 —3 3] 41 =—7
u a column 5 0
matrix and v a u-v=u'v=vlu - _
column matrix 3 1
v 4 viu=1[5 4 0]|-3]|=-7
0 5
5
u=[l =3 5] | w=[l -3 3] |:4 = —7
u a row matrix 0
and vacolumn | u-v=uv=v u’ o]
matrix v 4 1
0 viul =[5 4 0]|-3|=—-7
-
1
] vu=1[5 4 0]|-3|=-7
u a column u _3 5
matrix and v a u-v=vu=u’v’/ 5
row matrix ) 5
v=[5 4 0] v =[1 -3 5]|4|=-7
0




u a row matrix
and v a row u-v—=uv =vwu’

matrix




EXAMPLE 1

Suppose that

Verifying that Au-v=u - A'v

Then ~ L ~
[ R N I 7
Au=1| 2 4 1 2| = 10-|
-1 0 1 4 5
1 2 1] [=2" '—?'I
Alv=1]-2 4 0 ol=1 4
301 1 5 —1J

from which we obtain

Au-v="7(=2) 4 10(0) 4+ 5(5) = 11
u-Alv = (=1)(=7) +24) +4(—-1) =11

11



