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Basic Rules of Differentiation

1. Using the definition of the derivative, can be tiresome. In this lesson we
are going to learn and use some basic rules of differentiation that are
derived from the definition. For these rules, let’s assume that we are

discussing differentiable functions.

1.1'(x)
df (x)
- dx

2. These are two ways to denote derivative

2




Rule 1: Derivative of a constant

d(c) _

—~2 =0 forany constantc
dx

This rule states that the derivative of a constant is zero.

For example,

f(x)=5
f'(x)=0

Note: The constant function is a horizontal
line with a constant slope of 0.




Rule 2: The Power Rule

n
LX) =nx"* , where nisany real number
dx

This rule states that the derivative of x raised to a power is the
power times x raised to a power one less or n-1.

For example, /
()= =2 |r

=X

f'(x)="5x"




Rule 3: Derivative of a Constant Multiple of a Function

%[Cf (x)]= c%[f (x)] , Where c Is a constant

This rule states that the derivative of a constant times a function is the constant
times the derivative of the function.

For example, find the derivative of  f(x)=>5x"

L (100)=2-(5x)

dx




Rule 4: Derivative of a Sum or Difference

S LF (0% 0(x) )= S £ 09]= [g0]

This rule states that the derivative of a sum or difference is the sum or
difference of the derivatives.

For example, find the derivative of f(x) = x? +2x -3




Continue ...

f(x)= (x8 +12x° —4x* +10x° — 6x+5)

Solution

100 = (€ )+ & (126 ) & (4x° )+ £ 10x° )~ & (6%) + £ (5)
= (*)+128 ()44 (x* )+ 104 (x*)- 6 4 (x)+ & (5)

=8x*1+12.5x°1 —4-4x*1 +10-3x*t—-6-1x** +0

=8x’ +60x* —-16%> +30x* —6

___________________________________________________________________________________________________________________]




More Examples: Find i(\/} )
dx

You’ll notice none of the basic rules specifically mention radicals, so you
should convert the radical to its exponential form, x¥2 and then use the
power rule.

Solution f (x) =/




Find derivative
1
f(x)= (—2)
X

Again, you need to rewrite the expression so that you can use one of the
basic rules for differentiation. If we rewrite the fraction as x2,then we can

use the power rule.
d(1
f'(X)=—| —
%) dx(xzj

f'(x) = %(xz): 22X

f'(x)=-2x"°= ;—32




Find derivative

f (%) =(4x3—2x+7]

X

Rewrite the expression so that you can use the basic rules of differentiation.

4X° —2x+7 4x° 2x 7

+—=4X* —2+7x"
X X X X
Solution 3
d(4x° —2X+7 =1(4x2—2+7x‘1)
dx X dx
d d d
=—(4x°)——(2)+—I(7x7"
- (ax? )= (2)+ — (7x7)
=4-2X—0+7-—1x**
=8X—7X°
V4
:8X—7




APPLICATIONS
Q: The position of a particle is given by the equation s(t) =1 —61>+9¢
where t i1s measured in seconds and s in meters.

(a) Find the velocity at time t.

Solution

S()=v(t)=5( -6 +91)
NOTE: T.h.e derivat.ive .of V(t) - % (t3 )_ % (6t2 )+ % (9 ! )
thewdoctytonction. V()= ()-6%(2)+94 (")
v(t)=3t>"—6-2t*" +9.t""
v(t)=3t>—12t+9




Continue ...

(b) What is the velocity after 2 seconds?

v(2) =3(2) -12(2)+9
v(2)=-3m/s

(c) What is the speed after 2 seconds?
v(2) =-3m/s
IV(2)|=3m/s

(d) When is the particle at rest?

v(t)=3t"-12t+9

Note: The particle is at 0=3t>-12t+9
rest when the velocity 0— 3(,[ _1) (t _3)

is 0.
t=13

After 1 second
and 3 seconds
velocity will be
Zero




Continue ...

Q; Find the slope and equation of the following tangent line to the curve at the point (1,3).
y=2x°+1

» Step 1: The derivative gives the slope of the tangent to the curve. So we
will need to find the derivative and evaluate it at x = 1 to find the slope at
the point (1,3).

» Step 2: Then we’ll use the slope and the point to write the equation of the
tangent line using the point slope form.

Step 1

Now, evaluate the derivative at x = 1

to find the sl t (1,3).
ﬂ=1(2x2+1)=i(2x2)+i(1) o find the slope (m) at (1,3)
dx dx dx dx

=2.2x1+0
=4x

m=4.1=4




Continue ...

Step 2: Start with the point slope form and use the slope, 4 and the point (1,3).

m = Y=Y
X — X The graph below shows the curve y =2x° +1
! in blue and the tangent line at the point (1,3),
y—y1=m(x—x1) y =4x—1 Inred.
y—3=4(x-1)
y—3=4x—-4

y=4x-1




Q1. Find the slope (m) of f (x) atx =3, x =-2

Solutions f(x)=3x% —4x+7
f'(x)=6x-4
f'(3)=6(3)-4=14
f'(-2)=6(-2)-4=-16

Q2: Write the equation of the tangent line at x =-2 for above function

Solutions m = y=h
X — X%

Y=Y =M(X—X%)

f(—2) =3(—2)? —4(-2) + 7 =27
y—27=-16(X+2)

y =27+ —-16(X+ 2)
y=—16X—5




Continue ...

Q: Find all the x values where Y= X°+2X° +X has a horizontal tangent line.

Solutions
Step 1: Find the derivative.

di(X3 +2Xx° +x)=3x2 +4x+1
X

Step 2: Since horizontal lines have a slope of 0, set the derivative equal to O
and solve for x.

3X° +4x+1=0
(3x+1)(x+1)=0
3Xx+1=0 or x+1=0

X=— 0or x=-1
3

Therefore, the x values where the function has horizontal tangentsisatx = -1,
-1/3.




Continue ...

Q: Find the horizontal tangents of: y = x4 — 2x2 + 2

Solution
y=X"—2x*+2

dy _ Ax® —4x
dx

Horizontal tangents occur when slope = zero.

3
4x° —4x =0 Plugging the x values into the original equation,
X3 — % — o) we get:
x(x? ~1)=0 y=2,y=1y=1

We got two horizontal tangents.
X(x+1)(x—1)=0

x=0,—-1 1 (<11, (1,1




Differentiation Rules: Product Rule

d dv  du
—(uv)=u— v—
dx dx  dx

Example
f(X) = (x3 + 2x+5)(3x7 —8x° +1)

f'(x) = (3x2 + 2)(3x7 —8x° +1)+(x3 + 2x+5)(21x6 —16x)

T T

Derivative of Derivative of
the first the second
function function

f'(x) =30x° +48x" +105x° —40x* —45x* —80x + 2



Q: Find derivative of the following function

Solution

f (x) :(x2+3)(2x3+5x)

f'(X) = (x2 +3)%[2x3 +5x} +(2%° +5x)%[x2 +3]

f'(x) = (x2 +3)(6x2 +5)+ (2x* +5x)(2x+0)
= 6X" +5X° +18x° +15+4x"* +10x°

f'(x) =10x" +33x° +15

___________________________________________________________________________________________________________________]




Differentiation Rules: Quotient Rule

S
d(“j dx  dx

dx v Va

Example: Find derivative of the following function

f (%) :[2x3+5x]

X° +3
Solution
d (2x3+5xj (x2+3)(6x2+5)—(2x3+5x)(2x)
dx| x*+3 | ~

(x2 +3)2

___________________________________________________________________________________________________________________]




Q: Find derivative of the following function
3X+5
F(X)=—
X®—2

Solution

Derivative of
the denominator

Derivative of

the numerator \S(Xz _ 2) _ 2@
f'(x) =
) (xz——Z)2
_ —3x*-10x-6
ef




Q: Find derivative of the following functions

f (X) = (BXx — 2X2)(5+ 4X)

Solution

f'(x) = (3x— 2x2)%(5 +4%) + (5+ 4x)%(3x —2%%)
= (38X — 2x2)4 + (5+ 4xX)(3— 4x)

= —24x° +4x+15
£ (x) = 5X —2
Solution ] X~ +1 ’
(X% +1)— (65X —2) — (5% — 2) — (x° +1)
F/(x) = dx dx
(X% +1)°
_(X®+D5-(5x—2)2x _ (5x° +5)— (10x* —4x) _ —5x" +4x+5
(X% +1)° (X% +1)° (X% +1)°

___________________________________________________________________________________________________________________]




Differentiation Rules: Chain Rule

If h(x)=[f(x)]" (n, real) then

h'(x)=n[ f ()] - f(x)

Q: Find derivative of the following function

f(X) = 3X% +4x = (3x2 + 4x)]/2

f'(x)== (3x +4x)_]/2 (6x+4)
£ /(%) = 3X+2

T .




Q: Find derivative of the following function

\
621

Solution

G'(X) = 7(2)(_1)6 (3x+5)2-(2x-1)3
3x+5 3% +5)°
N ) B
G'(X) =7(2X_1j6 13 91(2x-1)]
3x+5) (3x+5)°  (3x+5)



Q: Find derivative of the following function
y=u?, u=7x%+3x?

Solution dy - dy | du
dx du dx

dy 5 3/2 7 :
& — E . (56X + 6X) Sub in for u

= g(7x8 +3x° )3/2 -(56x7 + 6x)

— (140x7 +15x)(7x8 +3x2)

3/2



Derivatives of Trigonometric functions

d d — t
9 iy — cosx — CSC X =—CSC X - COt X

dx dx
d _ d
— COS X =—Sin X —Sec X =Secx-tan X
dx dx
itanx=seczx iCOtX=—CSCZX
dx dx

cosecant @ (csc)is the reciprocal of sine @
secant @ (sec) is the reciprocal of cosine ¢
cotangent @ (cot) is the reciprocal of tangent




Q: Find derivative of tan(X) by using the quotient rule.

Solution _
fan x SIn X
= — 2 =2
f (x) =tan x COS™ X
Sin X 1
d(——) =——
f'(x) = —LOSX cos’® X
dx

| | f '(X) =sec’® x
~ COSX-COS X—Sin x-(—sm x)

COS° X




Find the derivatives of (a) y = x2sinx (b) y = In(x2sinx) (c) COS X

~ 1—sinx

Solution: Using product rule which we have already studied

(a) y = x3sinx (b) y = In(x3sinx)
q q q y':%(ln(xzsin x))x%(xzsin X)
—y=x2><—(sinx)+sinx><—x2 1, "
dx dx dx _XZSinXX(X c0s X+2xsin X
= X* X COS X +Sin X x (2X) _ x‘cosx  2xsinx
, _ x“sinx  x’sinx
= X“ COS X + 2XSIN X _cosx 2
sinx X
2
= Z +tanx

X



: COS X
Solution (c) y = L sinx

Using quotient rule which we have already studied

dy (1-sin x)x%cosx—cosxx%(l—sin X)

dx (1-sin x)2
_ (1=sinx)(-sinx)—cos x(0—cos x)
B (1-sin x)2
_ —sinx+sin® x+cos” x
B (1-sin x)2
1-sinx

(1-sin x)2
_ 1-sinx

(1-sinx)




Q: Find the derivatives of the following functions

f () =55inx—%secx+xtanx—7x2 +3

A
f'(X) =5cosx — %secxtan X + Xsec? X + tan x(1) —14x
B f(x) = 1+sin X
X + COS X

(x+cosx)ix(1+sin X) — (1+sin x)%(x+cosx)

£/(x) =

(X +cos x)2

) = (X +cosx)(cosx) —(L+sinx)(1—sinx)

F'(x

(X +cos x)

2 2

X—14+sIn“ X

£(x) = (xcosx+cos X) —(L—sin x) X COS X + COS

(X +cos x) (X +cos x)
X COS X

ﬁ



Higher Order Derivatives

y' = % is the first derivative of y with respect to x.
X
v’ = dy’ B d dy B d2y is the second derivative.
dx dxdx dx° (y double prime)
"
y" = C(Ijl is the third derivative.
X
y = ] — y" is the fourth derivative.
X




Example of Higher Derivatives

Given f(x)=3x>-2x>+14 find f"(x).

f'(x) =15x* — 6x°
f"(x) = 60x> —12x

f"(x) =180x° —12




Continue ... 2X n 1

Given f(x):3 —  find f"(2).
, 2(3x—2)—3(2x+1) —7 P
%0 (3x—2)° (3x-2)° (-2
£7(x) =14(3x—2) ° (3) = — 4
W -14(3-2) ' 0)= -

a2 42 2
(32)-2)° 4 32

£7(2) =




Q:Find y” if y=secx

y=secx
y =secxtanx
. d

LR — m
y dx(secx X)

= secxi(tnn X) + (anxi(sec x)
- dx dx

= sec x (sec? x) + tan x (sec x tan x)

= seC3xy + secxtan?x





