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1 the basic facts concerning definite integrals of functions
of a single variable. If f(x) is defined for a<x<h, we start by dividing the
interval [a,b] into n subintervals X, X, of equal width Ax=b% and we

’ | ints x;* 1in these subintervals. Then we form the Riemann sum
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| In a similar way we consider a function of t

. ngle
R=[a,b]x[c,d]={(x,y):asx<b,c<sy=d]

i

WO \nfafliébles. defined on a closed recta
and we first suppose that f(x,y)=0. The graph of f is a surface with equation z=

: Let S be thye solid that lies above R and under the gfaphof f, that 1s,
' S={(x,3,2):0=sz=< f(x,), (x,)ER
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The first step is to divide the rectangle R into subrectangles. We accomplish this by
dividing the interval [a,b] into m subintervals [xi-1,xi] of equal width
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If we choose a sample point( xjj, y:j) in each R, thenwe can approximate the part
of § that lies above each R by a thin rectangular box with base R;; and height
f(x; ;,y, ) as shown in the opposite figure. The volume of this box is the height
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If we follow this procedure for all the rectangle and add the volumes of the
corresponding boxes, we get an approximation to the total volume of S:
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Propemes of double mte grals _

ff f(x y>+g<x y)dA ff / <x y>dA +ffg<x y)dA-**
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ffc f( X y)d f f (X )/)dA where c lS a consfant
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Fubini’s Theorem: If / is continuous on the rectangle ,

R={(x,y):asx<bc=sy=d}
[[7Cexdaa=[ [ fex v = [ [ f(x,y)dxdy
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Example: Evaluate the double integral ff( x=3y)dA >
R={(x,y):0=sx<2, l<sy<2l °
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Solutionl: Fubini’s Theorem gives
=1
[[x=3y7)dA = [ [ x=3y7)avax = [[ -3 | Jax
R

=2

SRR

i
O oy bl
I

758

2 X

=f2(x—7)dx= B o 1 oy e
0 2

e e e S s e SRR : _
Solution2: Again applying Fubini’s Theorem, but this time integrating w.r.t. x
_ first we have

Sl

2 x=1 -w&
ff(x—3y2)dA =jfjj(x—3y2)dxdy=f %—3xy2 dy
R 2o

—((2-6y?hy =[2y-2)°]7 =-12 .
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If we first integrate with respect to x, we get
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f f ysin(xy)dA = j J ysin(xy) dxdy —cos(xy)|%Z4
R 0o J1
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0
T Y=

2
(—cos(2y) + cosy)dy = [—Esin 2y + sin y]
0 y

T
— —sinm + sin— ——=sin0+sin0 ) =1.
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If we reverse the order of integration, we get
VA

ffR ysin(xy)dA = flz fOzy sin(xy) dydx .
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To evaluate the inner integral fOE ysin(xy) dy, we use integration

v =sin(xy)dy = du = dy,
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| Propertles of double mtegrals .

L fff(x y)+g(x y)dA fff(xy)dA+ffg(x y)dA

ffc f(x y)dA _Cff f (x Z )dA : Where c 1s a constant‘

———l S — - ———l S — ———l S — . - ———l S — . - ———l S — . - ———l S —

f If f (x y) e y) for al (x y) S D
. = ff f (x ) )‘M ff g (x y )dA '
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Let f(x,v) < g(x,v) for (x, y) in D and let E be the set of all points in space
such that

(x,y) €D: f(x,y) <z<g(xy).
The volume of E is

f fD (x,y) — f(x,y)dA

V is called the volume over D between the surfacesz = f(x,y) and z =
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'Example 1: Find the volume of the solid that lies under the parabolid valuate
z = x* + y? and above the region D in the xy — plane bounded by the line y
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A closed region in space, or solid region, is a set E of points given by inequalities
a, < x < a,, bi(x) <y < by(x), c1(x,y) <z<c,(x,y),
here the functions b; (x), b, (x) and c;(x,y), c,(x,y) are continuous.
The boundary of E is the part of E on the following surfaces:
The

SIS TR T A TeraTat ¢t
ST ety EARRIRGGI AN

b(x)

P Sae ] inl g erns s Yagit S H ey 1T sRe s BN v
oadisas et 34kl T i ol Fhraraenl > . sl tle % 1 o
e s stetdideial it ety ¥ ‘el rprosidlatiiaitag it

The simplest type of closed region is a rectangular
olid, or rectangular box,




B ST SR Lr v o R L T SRR S S R TR S st : we St : R A RO SR E AR B D 7 7 ' =
SRR R SR - e : SrsdRaRERE 1600 o Gouultict.
SERRRE i GghR R G 3 : £ 5 ;! : : Rt ol 342
s Dt N R oY at

‘%ﬁﬁ}:%ﬁ:’? 5 : SR T SR B TR % o, "‘7 i
Y & : ) IR0 P i LR L i adin i e A.m ol AR atout. : f 311';" ! ’ ; /’ '/’f" "I{aw
enever we refer to a function f(x, y,z) and a solid region E, we assume that = /'( A
(x, vy, z) is continuous on some open region containing E. The triple integral of

(x,y,z) over E is denoted by

A

£ s,
¥ .Jt‘“k %3

it 51 RS R R Ll e
ses R B SN S SR 15 eyt
s T R

3 e it e e rgs, o

5 e, R R A ) : e B :
EEE BRGNS ‘42 o e P B R ORE ol SR R L e e e
R b8 : 5 : : R

3

MO

<

R

4
ot
s
TR
20

3
0]1'
;

Iterated Integral Theore
If E is the region =
a_.r; Flti e A “,}_,:. : ‘.
<y < by(x), c1(x,y) S z< (%, y),

o
az rba(x) rca2(xy) .
_[ j (X,_'y,Z) dz dy dx. e
SR s i
a; “bi(x) Jci1(xy) e e

T PRSI S S A T T eI e h s Bisaising SIS LT
BERURRE PR EHEINE st e I
b ePesety BB S %

Ry

Sl
15 O
el

afy

o

TR
3 RS
BEREESENAL SRRttt

15l re it i1 QTR AR,

iaEel
L

e b, rc; Ay rCy rby
(x,v,z)dzdy dx (x,y,z)dy dzdx

b; Jcq C1 Jb1
a; rC> Cx rQy

(x,y,z)dzdx dy (x,y,z)dx dzdy

aq

(x,v,z)dy dx dz (x,y,z)dx dydz

SR SCe et T ey
G

) j%e///% 0t
2 of W

Yy
Saud U

£o2 3t

AT A TR 5 : Bt Sl e A RS e



58 ‘,:}}: 3«.' 4
e
e

S e :

g Example 1 Evaluate ||| xy?z3dV where E is the rectangular box T

S
e e E e
e .
.. 0<x<2, 0<y<1l 0<z<4 -
PR 1= i : _ i - S — R T TG A 2 . SR SRR ITGP LTI B SE
SERRRE 3’}%&& RIS SR b R R R SRR e e e e
S 5 i o

b
(3bga8 1008
5 s

Fa
st
Lot +le 4 T
SR
EeRia i
5 hﬂ: mi

. 2 (1 4
vi';:fi b 4;-‘(:5)"‘_‘,“:  f—— .
. FirstSolution ||| xy?z3dV =f J J xy?z>dz dy dx
o o Jo Jo

i
<] "j‘ 83
i . B "‘J
et ~'4:§‘_“§’J¢‘? B iai ‘:ziﬁ'
SR A
i3 .ﬁ 3?1:-;4' :,;.’.%" : }{i.ﬁfa’g
yasiI g

{33
s 22
His

=
S

S
s

: E
8 TR t " . . .
- The inside integral is
o : 4 2
xy2z3dz = |22
yezidz = |—
0
‘The second integral is

1 ROl et st i

1 64 3 64‘ -}4‘3}2&??:' { R ;?igé:ﬁc S

Xy X B e
4 RS TR s 2 . — i e - 35 'Tﬁ 45 e .‘“”7: T
- 64xy?dy = — -
1 R ettt i
o 3 3

: ek 0
b3 Eties

i 0
SR

414

Z

' 4
— 2 :
. AL
Bt
S

5%

0 3;;1:‘.
14 i

3.

¥y

Y
?

’;’;_’

e
4

st
5]

i

£
it el
HNIS
e Tatas)

xy?z3dy dx dz

0 Y0

o (7 xy®z%]"
The inside integralis | xy?z3dy = =—.

0 3 ], 3

- FUSNY sz3d _ [x2Z? 2_423_223
e second integral is 3 x=|— O— == o

The final answer is L

4223d B 2244_ |

0

e

S
1L

AL

2
z

B Sae oy

St sinne

r
r

a3t

e

stsaie

SEg .}f«;» UHATR
PR 408 F A el

SRR
S




ort ;‘ _1,-:,‘;‘ r i s { F:‘ et w i 285 ‘?_' : 3 3 : Al R e - ; :;y;,:é:-_. ._ . . — 1 , e > d g ‘Z.
o s T s
Sl SRR ¥ ‘""?»tv G : o i SR R S _ ]

i Wii’g ,._;gi},aiglr ‘ a‘{

AT
i3 4 . 3 o -
i REEH e T R L R e e 3 : : efediale 8 1 T R e R R '/ <
SR e e e , e R & S
Welats *.":1}* & i . g 1 ¥ " T4Y. vt 3 - : Tterst vl
i alh £ i ety . s ! et RIESBCO LT

Example 2 Evaluate J f f y + zdV where E is the region
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Let E be the cylindrical reglon

a(@) <r < b(0), c,(0,r) <z<c,(O,r).

The triple integral of f (x,y,z) overE is

b(0) c,(0,1)
J J (rcos@,rsin@,z)rdz dr db.
(9) 01(9,r) |
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Example 1 Find the moment of inertia of a cylinder of height h, base
a circle of radius b, and constant density 1, about its axe.
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Solution Draw the region and
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Solution Draw the region and write the given solid in cylindrical
coordinates as
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To express a point P(x, y,z) in Spherwal Coordmates we let p be the distance from the
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a; <0 < ay, p1(8) < ¢ < [,(0), c1(0,9) <p <c(0,9),
0<0<2nr, 0<¢p<mand 0 <p,
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t E be a spherical region

| a; <0 < ay, p1(0) < ¢ < B,(0), c1(0,¢) < p < c,(6,9).
The triple integral of f(x,y,z) overE is

. ay +r(0) c;(0,4)
%Hff(x;y,z)dV=f f f f(x,y,z)p*sin¢pdp de dé.
E aq 1(9) C1(9,¢)

a, B2(0) (cy(0,9)
f(psin¢ cos@,psinpsinb,pcosep)p?sing dp do db.
ﬁl%gé)' c1(6,9)
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% The triple integral for volume V = f j f dv,
s J

gives us iterated integral formulas for volume in rectangular, cylindrical, and
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Solution The region is given
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0 <6< 2m,
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o 0<6 <2m, 0<¢ <cos -], b<p<acos¢
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two spheres p =acos¢ and p = b. They intersectat ¢ =cos™?

2m ~cos ! g a cos ¢
f f p?sinpdp do do
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Put u = cos ¢, du = —sin ¢. Then
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Example 5 Find the mass of a sphere of radius ¢ whose density is equal to the distance from the
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surface.
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Solution The region is given by
£

0 <6 <2m, 0<¢<m, | P

. The density at (0,¢,p) is density =c —p.
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2T 0T pC
m=j j J(c—p)pzsinqbdp d¢ do
o Jo Jo
2T ,T rC
=j j fcpz—p3sinqbdp do do
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V= [[f, zyx?+y2dV, E isthe cylinder x*+y? <1, 0<z<2.

V= x? + zdV, E isthe cylinder x?2+y2<9,0<z <
E

V= Il

V=[ff, 4 ++zdV, E is the cone x* +y* < 1,
V=[fJ, (x+y)zdV, E is the region 0 < x < 2,0

Find the mass of an object in the shape of a cylinder of radius b and height h whose densityis equal to
the distance from the axis.
Find the mass of an object in the shape of a cylinder of radius b and height h whose density is equal to
the distance from the base.
Find the mass of an object in the shape of a cone of radius b and height h whose density is equal to the
i square of the distance from the axis. .
. 10. Find the mass of an object in the shape of a cone of radius b and height h whose density is equal to the
o sum of the distance from the base and of the distance from the axis.
11. Find the centroid of an object filling the region above the paraboloid z = x? + y? and below the
' plane z = 1.
1. Find the centroid of an object filling the regionx? + y? < b, 0 < z < \/x2 + yZ2.
2. Find the moment of inertia about the x -axis of an object of constant density k in the cylinder
0<r<b —c<z<c.
Find the moment of inertia about the z-axis of an object of constant density k in the cylindrical shell
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. 15. Find the moment of inertia of an object of constant density k in a cone of radius b and height h abou ‘ o
tits axis. ﬁ%ﬁr
- In Problems 16-24, evaluate the integral using spherical coordinates. E
16. V= [[[. x* +y*+ z*dV, E isthe sphere x* +y? + z* < b, -
17, V= [[f; Vx?+y%+22dV, E is the sphere x? + y2 + z% < b, -
i i it,,l.
18, V= [[[, x*dV, E is the sphere x* +y* +z* < 1. e

19. V = [ff, z*dV, E is the sphere x* +y* +z* < 1.

' 20. V = [[[, zdV, E is the sphere p < 2bcos¢.

3

21, V= [ff, (x* +y* + z*)2dV, E is the intersection of the spheres p < 2bcos¢,p < b.

- 1

22, V= [ff, z(x* +y* + z*)2dV, E isthe region above the cone ¢ = a and inside the sphere p = b.
; 1 . .

23, V= JIf; P dV, E isthe spherical shella < p < b.

24, Find the volume of the spherical shella < p < b.
_ 25. Find the volume of the sphericalbox a1 < 0 < a3,51 < ¢ < fr,¢1 < p < c3.
. 26. Find the volume of the region above the cone ¢ = 8 and inside the sphere p = b cos¢ .

27. Find the volume of the sphericalregion0 <0 <2m, 0<¢p <m, 0 <p <sing.

nwy Sand Univensity e e e

28. Find the mass of an object in the shape of a sphere of radius ¢ whose densityis equal to the distance
from the center.

' 16. Find the massofa spherical shell a < p < b whose densityis equal to the reciprocal of the distance

from the center.

of the sphere.
17. Find the momentof inertia of a spherical shella < p < b of constantdensity k about any diameter.

- 18. Find the centroid of a hemisphere of radius b.
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16. Find the momentof inertia of a spherical object of radius b and constant density k about a diameter ;



