
Chapter 2: Multiple Integrals
• 2.1 Double Integrals
Review of the definite integral:

First let us recall the basic facts concerning definite integrals of functions 
of a single variable. If f(x) is defined for  a≤x≤b, we start by dividing the
interval [a,b] into n subintervals               of equal width                and we 
choose  sample points xi* in these subintervals. Then we form the Riemann sum
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and  take the limit of such sums as to obtain the definite integral of f from a  to b:
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• 2.1 Double Integrals
In a similar way we consider a function of two variables defined on a closed recta
ngle 

and we first suppose that                   The graph of  f is a surface with equation  z=
f(x,y).
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Let S be thye solid that lies above R and under the graph of f, that is,
}),(),,(0:),,{( RyxyxfzzyxS ∈≤≤=
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The first step is to divide the rectangle R into subrectangles. We accomplish this by
dividing the interval [a,b] into m subintervals [xi-1,xi] of equal  width                 and 
by dividing the interval [c,d] into n subintervals [yi-1,yi] of equal width

mabx /)( −=Δ

ncdy /)( −=Δ
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If we choose a sample point                in each      , thenwe can approximate the part 
of S that lies above each       by a thin rectangular box with base      and height  

as shown in the  opposite figure.  The volume of this box is the height 
of the box times the area of the base rectangle: 
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If we follow this procedure for all the rectangle and add the volumes of the 
corresponding boxes, we get an approximation to the total volume of S:
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Definition : The double integral of f  over the rectangle R is

if this limit exists.

∑∑∫∫
= =

∞→
Δ=

m

i

n

j
jiji

R
nm

AyxfdAyxf
1 1

*
,

*
,,

),(lim),(

Prof. Messaoud Bounkhel
Department of Mathematics

King Saud University

Prof. Messaoud Bounkhel
Department of Mathematics

King Saud University



Properties of double integrals
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Example:  Evaluate the double integral , where

Fubini’s Theorem:  If f is continuous on the rectangle , 

then
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Solution1:  Fubini’s Theorem gives 
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Solution2:  Again applying Fubini’s Theorem, but this time integrating w.r.t. x
first we have  
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Example	
  3: 	
  	
  	
  	
  Evaluate	
  . 𝑦
0

sin(𝑥𝑦)𝑑𝐴, where	
  	
  𝑅 = 1,2 × 0,
𝜋
2
	
  

Solution	
  1: 	
  	
  	
  	
  If	
  we	
  first	
  integrate	
  with	
  respect	
  to	
  𝑥, 	
  we	
  get

. 𝑦
0

sin(𝑥𝑦)𝑑𝐴	
   = J J 𝑦
K

L
sin(𝑥𝑦)𝑑𝑥𝑑𝑦

M
K

N
= J −cos 𝑥𝑦 PQL

PQK𝑑𝑦	
  
M
K

N

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  = J −cos 2𝑦 + cos 𝑦 𝑑𝑦	
  
M
K

N
= −

1
2
sin 2𝑦 + sin𝑦

SQN

SQMK

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  = −
1
2
sin𝜋 + sin

𝜋
2

− −
1
2
sin 0 + sin 0 = 1.

Solution	
  2: 	
  	
  	
  	
  If	
  we	
  reverse	
  the	
  order	
  of	
  integration, 	
  we	
  get

. 𝑦
0

sin(𝑥𝑦)𝑑𝐴	
   = J J 𝑦
M
K

N
sin(𝑥𝑦)𝑑𝑦𝑑𝑥

K

L
.

To	
  evaluate	
  the	
  inner	
  integral	
  ∫ 𝑦
X
Y
N sin(𝑥𝑦)𝑑𝑦,	
  we	
  use	
  integration	
  by	
  parts	
  with

𝑢 = 𝑦, 𝑑𝑣 = sin(𝑥𝑦)𝑑𝑦 ⟹ 	
  	
  	
  	
  𝑑𝑢 = 𝑑𝑦, 	
  𝑣 = −
cos 𝑥𝑦

𝑥
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and	
  so

= J 𝑦 sin(𝑥𝑦)𝑑𝑦	
  
M
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N
= −
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SQMK
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  = −
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2𝑥
cos
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2

+
1
𝑥K
sin

𝑥𝜋
2

and	
  so

J J 𝑦
M
K

N
sin(𝑥𝑦)𝑑𝑦𝑑𝑥

K

L
= J −

𝜋
2𝑥
cos

𝑥𝜋
2

+
1
𝑥K
sin

𝑥𝜋
2

𝑑𝑥
K

L

= −
1
𝑥
sin

𝑥𝜋
2 PQL

PQK

= −
1
2
sin 𝜋 + sin

𝜋
2

= 1.
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Double	
  integrals	
  over	
  general	
  regions

A plane 𝐷 is said to be of type I if	
  it	
  lies	
  between	
  the	
  graphs	
  of	
  two	
  continuous
	
  functions	
  of	
  𝑥, that	
  is,	
  

𝐷 = 𝑥, 𝑦 : 𝑎 ≤ 𝑥 ≤ 𝑏, 𝑔L 𝑥 ≤ 𝑦 ≤ 𝑔K 𝑥 .	
  

If 𝑓	
  is continuous on a type I region	
  𝐷	
  such	
  that,	
  
𝐷 = 𝑥, 𝑦 : 𝑎 ≤ 𝑥 ≤ 𝑏, 𝑔L 𝑥 ≤ 𝑦 ≤ 𝑔K 𝑥 ;

then	
  

.𝑓 𝑥, 𝑦 𝑑𝐴
g

= J J 𝑓 𝑥, 𝑦 𝑑𝑦𝑑𝑥
hY(P)

hi(P)

j

k
.
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We also consider plane regions of type II, which can be expressed as
𝐷 = 𝑥, 𝑦 : 𝑐 ≤ 𝑦 ≤ 𝑑, ℎL 𝑦 ≤ 𝑥 ≤ ℎK 𝑦 ;

where ℎL and ℎK are continuous. 	
  

If 𝑓	
  is continuous on a type II region	
  𝐷,	
  then	
  

.𝑓 𝑥, 𝑦 𝑑𝐴
g

= J J 𝑓 𝑥, 𝑦 𝑑𝑥𝑑𝑦
nY(P)

ni(P)

o

p
.

Example	
  1: 	
  	
  	
  	
  Evaluate	
  ∬ (𝑥 + 2𝑦)0 𝑑𝐴, where	
  	
  𝐷 = 1,2 × 0, MK 	
  , is	
  the	
  region	
  bounded	
  by	
  
the	
  parabolas	
  𝑦 = 2𝑥K	
  and	
  𝑦 = 1 + 𝑥K.
Solution: The	
  parabolas	
  intersect	
  when	
  2𝑥K = 1 + 𝑥K, that	
  is, 𝑥K = 1, so	
  𝑥 = ±1.

𝐷 = 𝑥, 𝑦 :−1 ≤ 𝑥 ≤ 1, 2𝑥K ≤ 𝑦 ≤ 1 + 𝑥K ;

.(𝑥 + 2𝑦)𝑑𝐴
g

= J J (𝑥 + 2𝑦)𝑑𝑦𝑑𝑥
LsPY

KPY

L

tL
= J 𝑥𝑦 + 𝑦K KPY

LsPY𝑑𝑥
L

tL

= J 𝑥 1+ 𝑥K + 1+ 𝑥K K − 𝑥 2𝑥K + 2𝑥K K 𝑑𝑥
L

tL

= J −3𝑥u− 𝑥v + 2𝑥K + 𝑥 + 1 𝑑𝑥
L

tL

= −v
w
𝑥w − Px

u
+ KPy

v
+ PY

K
+ 𝑥

tL

L
= vK

Lw
.
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Example	
  2: 	
  	
  	
  	
  Evaluate	
  ∬ 𝑥𝑦0 𝑑𝐴, where	
  	
  𝐷 is	
  the	
  region	
  bounded	
  by	
  the	
  line	
  𝑦 = 𝑥 − 1	
  
and	
  the	
  parabola	
  𝑦K = 2𝑥 + 6.

𝐷 = 𝑥, 𝑦 :−2 ≤ 𝑦 ≤ 4, 	
  
1
2𝑦

K − 3 ≤ 𝑥 ≤ 𝑦 + 1 ;

.𝑥𝑦𝑑𝐴
g

= J J 𝑥𝑦𝑑𝑥𝑑𝑦
SsL

L
KS

Ytv

u

tK
= J 𝑦𝑥K L

KS
Ytv

SsL 𝑑𝑦
u

tK

= J 𝑦 𝑦 + 1 K − 𝑦
𝑦K

2 − 3
K

𝑑𝑦
u

tK

= J −
𝑦w

4 + 4𝑦v + 2𝑦K − 8𝑦	
   𝑑𝑦
u

tK

=
1
2 −

𝑦}

24 + 𝑦
u +

2𝑦v

3 − 4𝑦K
tK

u
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Example	
  3: 	
  	
  	
  	
  EvaluateJ J sin(𝑦K) 𝑑𝑦𝑑𝑥
L

P

L

N
.

Solution: 	
  	
  	
  	
  J J sin(𝑦K) 𝑑𝑦𝑑𝑥
L

P
=.sin(𝑦K) 𝑑𝐴

g

,
L

N
	
  𝑤𝑖𝑡ℎ	
  

𝐷 = 𝑥, 𝑦 : 0 ≤ 𝑥 ≤ 1, 𝑥 ≤ 𝑦 ≤ 1 , 	
  so
𝐷 = 𝑥, 𝑦 : 0 ≤ 𝑦 ≤ 1, 0 ≤ 𝑥 ≤ 𝑦 ;

J J sin(𝑦K) 𝑑𝑦𝑑𝑥
L

P
=.sin(𝑦K) 𝑑𝐴

g

L

N
= J J sin(𝑦K) 𝑑𝑥𝑑𝑦

S

N

L

N

= J J sin(𝑦K) 𝑑𝑥𝑑𝑦
S

N

L

N
= J 𝑥 sin(𝑦K)	
   PQN

PQS
L

N
𝑑𝑦 = J 𝑦 sin(𝑦K)

L

N
𝑑𝑦

=− L
K
cos 𝑦K 	
   SQN

SQL = Lt��� L
K

.
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Properties of double integrals
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The next property of double integrals says that  if we integrate the constant 
function f(x,y)=1over a region D, we get the area of D: 

)(.1 DAreadA
D
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boundariestheironperhepsexceptoverlapetdon'andand
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21

21

 
,
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21
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Our first application is to the volume between two surfaces

Let	
  𝑓 𝑥, 𝑦 ≤ 𝑔 𝑥, 𝑦 	
  for	
   𝑥, 𝑦 	
  in	
  𝐷	
  and	
  let	
  𝐸	
  be	
  the	
  set	
  of	
  all	
  points	
  in	
  space
	
  such	
  that

𝑥, 𝑦 ∈ 𝐷: 	
  	
  	
  	
  	
  	
  𝑓 𝑥, 𝑦 ≤ 𝑧 ≤ 𝑔 𝑥, 𝑦 .
The volume of 𝐸 is 

𝑉 = . 𝑔 𝑥, 𝑦 − 𝑓 𝑥, 𝑦 𝑑𝐴
g

.

𝑉 is called the volume over 𝐷 between the surfaces 𝑧 = 𝑓 𝑥, 𝑦 and 𝑧 = 𝑔 𝑥, 𝑦 .
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Example	
  1: 	
  	
  	
  	
  Find	
  the	
  volume	
  of	
  the	
  solid	
  that	
  lies	
  under	
  the	
  parabolid	
  valuate
	
  𝑧 = 𝑥K + 𝑦K	
  	
  and	
  above	
  the	
  region	
  𝐷 in	
  the	
  𝑥𝑦 − plane	
  bounded	
  by	
  the	
  line	
  𝑦
= 2𝑥	
  and	
  the	
  parabola	
  𝑦 = 𝑥K.
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formulanintegratioPolar

isoverof integraldoubleThe

regionpolarthebeLet

b

a

b

aD

rdrdrrfrdrdyxfdAyxf

Dyxf
braD

A	
  𝒑𝒐𝒍𝒂𝒓	
  𝒓𝒆𝒈𝒊𝒐𝒏	
  is	
  a	
  region	
  𝐷	
  in	
  the	
  𝑥𝑦 − plane	
  given	
  by	
  polar	
  coordinate
	
  inequalities:	
  

𝛼 ≤ 𝜃 ≤ 𝛽, 𝑎 𝜃 ≤ 𝑟 ≤ 𝑏 𝜃 ,
Where	
  𝑎 𝜃 	
  and	
  𝑏 𝜃 	
  are	
  continuous. To	
  avoid	
  overlaps,we	
  also	
  require	
  
that	
  for	
  all	
   𝜃, 𝑟 ∈ 𝐷,	
  

0 ≤ 𝜃 ≤ 2𝜋	
  and	
  0 ≤ 𝑟.

𝐷𝑜𝑢𝑏𝑙𝑒	
  𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙𝑠	
  𝑖𝑛	
  𝑝𝑜𝑙𝑎𝑟	
  𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒𝑠
A	
  point	
  with	
  polar	
  coordinate 𝜃, 𝑟 	
  has	
  rectangular	
  coordinates:	
  

𝑥, 𝑦 = 𝑟 cos 𝜃 , 𝑟 sin 𝜃	
   .

The	
  simplest	
  polar	
  regions	
  are	
  the	
  polar	
  rectangles:	
  
𝛼 ≤ 𝜃 ≤ 𝛽, 𝑎 ≤ 𝑟 ≤ 𝑏.
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Example	
  1: 	
  Find	
  the	
  volume	
  over	
  the	
  unit	
  circle	
  between	
  the	
  surfaces	
  𝑧 = 0	
  and	
  𝑧
= 𝑥K.	
  	
  	
  

Solution.	
  
Step	
  1: 	
  Sketch	
  𝐷	
  and	
  the	
  solid,
	
  

Step	
  3:	
  

	
  𝑉 =.𝑥K𝑑𝐴
g

= J J 𝑟 cos𝜃 K𝑟𝑑𝑟𝑑𝜃
L

N
= J J 𝑟v cosK 𝜃 𝑑𝑟𝑑𝜃

L

N

KM

N

KM

N

= J
𝑟u

4 cos
K 𝜃

N

L

𝑑𝜃
KM

N
=
1
4J cosK 𝜃 𝑑𝜃 =

KM

N

1
4J

1 + cos(2𝜃)
2 𝑑𝜃

KM

N

=
1
8 𝜃 +

1
2 sin(2𝜃) N

KM
=
1
8 2𝜋 − 0 N

KM =
𝜋
4 .

Step	
  2: 	
  𝐷	
  is	
  the	
  polar	
  region 0 ≤ 𝜃 ≤ 2𝜋, 0 ≤ 𝑟 ≤ 1.

Prof. Messaoud Bounkhel
Department of Mathematics

King Saud University

Prof. Messaoud Bounkhel
Department of Mathematics

King Saud University
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D

yx dAffS 1][][ 22

𝑆𝑢𝑟𝑓𝑎𝑐𝑒	
  𝐴𝑟𝑒𝑎:

Here	
  we	
  are	
  going	
  to	
  find	
  the	
  surface	
  area	
  of	
  the	
  surface	
  gven	
  by	
  𝑧 = 𝑓 𝑥, 𝑦 	
  
where	
   𝑥, 𝑦 	
  is	
  	
  	
  	
  	
   a	
  point	
  from	
  the	
  region	
  𝐷	
  in	
  the	
  𝑥𝑦	
  -­‐‑plane.	
  In	
  this	
  case	
  the	
  
surface	
  is	
  given	
  by	
  :
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Example	
  1	
  Find	
  the	
  surface	
  area	
  of	
  the	
  part	
  of	
  the	
  plane	
  3𝑥 + 2𝑦+ 𝑧 = 6
that	
  lies	
  in	
  the	
  first	
  octant.	
  

Solution. 	
  Remember	
  that	
  the	
  first	
  octant	
  is	
  the	
  portion	
  of	
  the	
  𝑥𝑦𝑧	
  system	
  
in	
  which	
  all	
  three	
  variables	
  are	
  positive. 	
  Let	
  us	
  first	
  get	
  a	
  sketch	
  of	
  the	
  
part	
  of	
  the	
  plane	
  that	
  we	
  are	
  interested	
  in.	
  

We	
  will	
  also	
  need	
  a	
  sketch	
  of	
  the	
  region	
  𝐷.
3

2
3

+−= xy
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Notice	
  that	
  in	
  order	
  to	
  use	
  the	
  surface	
  	
  area	
  formula	
  we	
  need	
  to	
  have	
  the	
  
function	
  in	
  the	
  form	
  𝑧 = 𝑓(𝑥, 𝑦) and	
  so	
  solving	
  for	
  and	
  taking	
  the	
  partial	
  
derivatives	
  gives.	
  

𝑧 = 6 − 3𝑥 − 2𝑦, 	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
   𝑓P = −3, 	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
   𝑓S = −2.
The	
  limits	
  defining	
  𝐷	
  are,	
  

0 ≤ 𝑥 ≤ 2, 	
  	
  	
  	
  0 ≤ 𝑦 ≤ −
3
2
𝑥 + 3.

The	
  surface	
  are	
  is	
  then,	
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π
θ

θ

θ

π

π

π

d

dr

drdrrdAyxS
D

Here are the partial derivatives 

The integral for the surface area is, 

Given that D is a disk it makes sense to do this integral in polar coordinates

∫∫ ++=
D

dAyxS 122

xfyf yx == ,

.1bygivencylindertheinlies
thatofparttheofareasurfacetheDetermine2

22 =+

=

yx
xyzΕxample

xyyxfz == ),(Solution

}.10,20:),{( ≤≤≤≤= rrD πθθ
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Mass, center of mass, and moment of inertia.

∫∫=
D

dAyxm

yxD
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density  continuous has andregion afillsobjectplaneaIf

ρ

ρ

Applications to physics:
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0

1

0
22 dydxxydAxym

D
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2
12

2
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1

0
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0
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⎦
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3

2
12

2
1 1

0

21

0
=⎥⎦

⎤
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⎡ +=+= ∫ xxdxxm

axis.-  the todistance  the twiceand axis-  the todistance  theof sum  theis 

density  whosesquareunit  a of shape in theobject an  of mass  theFind

yx

1Example

Solution

,2),(density  The xyyx +=ρ

The	
  region	
  𝐷 = 𝑥, 𝑦 :0 ≤ 𝑥 ≤ 1, 	
  0 ≤ 𝑦 ≤ 1 ;
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 has 1,,0 lines by the bounded plate A triangle
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Sketch	
  the	
  region	
  	
  𝐷 𝐷 = {0 ≤ 𝑥 ≤ 1, 	
  0 ≤ 𝑦 ≤ 1.

Setup	
  and	
  evaluate	
  the	
  interated	
  integrals	
  for	
  the	
  mass	
  𝑚	
  and	
  moments	
  𝑀P	
  and	
  𝑀S.	
  



∫ ∫∫∫ +==
1

0

1 2),(
x

D
y xydydxxdAyxxM ρ

2
3

2

)
2

()
2

(

]
2

[

3
2

3
32

1 1
2

22

xxx

xxxx

yxyxxydyx
x x

−+

=+−+

=+=+∫

24
5]

8
3

43
[

2
3

2
1
0

4231

0

3
2 =−+=−+= ∫

xxxdxxxxM y

24
5

=yM24
9

=xM

4
3

2
1
24
9

===
m
My x

12
5

2
1
24
5

===
m
M

x y

.
4
3

,
12
5

),(point   theisobject given   thefo mass ofcenter   theThus ⎟
⎠
⎞

⎜
⎝
⎛

=yx

Prof. Messaoud Bounkhel
Department of Mathematics

King Saud University

Prof. Messaoud Bounkhel
Department of Mathematics

King Saud University



∫∫ +=
D

dAyxyxI

yxD

))(,(

),(

22

 isorigin  about the  the

density  continuous has andregion afillsobjectplane aGiven 

ρ
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2
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- square  thecovers which 1density  

constant h object witan  oforigin  about the inertia ofmoment   theFind
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Solution
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.density  constant   with and  radiush origin wit 

at the centered circle a oforigin  about the inertia ofmoment   theFind

ρb

5Example

Solution

}.0,20:),{( brrD ≤≤≤≤= πθθ
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b

D
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2

0

42

0
0

42

0 0

3

44
dbdrdrdr

b
b

2

4πρb
=

𝑥K + 𝑦K = 𝑟K, so

	
  Draw	
  the	
  region	
  
𝐷
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Triple	
  integrals

The	
  cylinders	
  	
  	
  	
  	
  	
  𝑦 = 𝑏L(𝑥)	
  , 𝑦 = 𝑏K(𝑥).
The	
  surfaces	
  𝑧 = 𝑐L(𝑥, 𝑦)	
  , 𝑧 = 𝑐K(𝑥, 𝑦).

A	
  closed	
  region	
  in	
  space, or	
  solid	
  region, is	
  a	
  set	
  𝐸	
  of	
  points	
  given	
  by	
  inequalities	
  
𝑎L ≤ 𝑥 ≤ 𝑎K, 	
  	
  	
  	
   𝑏L 𝑥 ≤ 𝑦 ≤ 𝑏K 𝑥 , 	
   𝑐L 𝑥, 𝑦 ≤ 𝑧 ≤ 𝑐K 𝑥, 𝑦 ,

where	
  the	
  functions	
  	
  𝑏L 𝑥 , 𝑏K 𝑥 	
  and	
  	
  𝑐L 𝑥, 𝑦 , 𝑐K 𝑥, 𝑦 	
  are	
  continuous.
The	
  𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦	
  of	
  𝐸	
  is	
  the	
  part	
  of	
  𝐸	
  on	
  the	
  following	
  surfaces:

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  The	
  planes	
  𝑥 = 𝑎L	
  ,𝑥 = 𝑎K.

The	
  simplest	
  	
  type	
  of	
  closed	
  	
  region	
  is	
  a	
  rectangular	
  
solid,or	
  rectangular	
  box,	
  
𝑎L ≤ 𝑥 ≤ 𝑎K, 	
  	
  	
  	
   𝑏L ≤ 𝑦 ≤ 𝑏K, 	
   𝑐L ≤ 𝑧 ≤ 𝑐K.
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Whenever	
  we	
  refer	
  to	
  a	
  function	
  𝑓 𝑥, 𝑦, 𝑧 	
  and	
  a	
  solid	
  region	
  𝐸,we	
  assume	
  that	
  
𝑓 𝑥, 𝑦, 𝑧 	
  is	
  continuous	
  on	
  some	
  open	
  region	
  containing	
  𝐸. The	
  triple	
  integral	
  of	
  
𝑓 𝑥, 𝑦, 𝑧 	
  over	
  𝐸	
  is	
  denoted	
  by

©𝑓 𝑥,𝑦, 𝑧
ª

𝑑𝑉

𝐈𝐭𝐞𝐫𝐚𝐭𝐞𝐝	
  𝐈𝐧𝐭𝐞𝐠𝐫𝐚𝐥	
  𝐓𝐡𝐞𝐨𝐫𝐞𝐦	
  
If	
  𝐸	
  is	
  the	
  region

𝑎L ≤ 𝑥 ≤ 𝑎K, 	
  	
  	
  	
   𝑏L 𝑥 ≤ 𝑦 ≤ 𝑏K 𝑥 , 	
   𝑐L 𝑥, 𝑦 ≤ 𝑧 ≤ 𝑐K 𝑥, 𝑦 ,
then

©𝑓 𝑥, 𝑦, 𝑧
ª

𝑑𝑉 = J J J 𝑓 𝑥, 𝑦, 𝑧
pY(P,S)

pi(P,S)

jY(P)

ji(P)

kY

ki
𝑑𝑧	
  𝑑𝑦	
  𝑑𝑥.

If	
  the	
  region	
  𝐸	
  is	
  a	
  rectangular	
  box,	
  
𝑎L ≤ 𝑥 ≤ 𝑎K, 	
  	
  	
  	
   𝑏L ≤ 𝑦 ≤ 𝑏K, 	
   𝑐L ≤ 𝑧 ≤ 𝑐K,

there are six different iterated integrals over 𝐸, corresponding	
  to	
  six	
  different	
  orders	
  integration.
Here	
  they	
  are	
  

1 	
  J J J 𝑓 𝑥, 𝑦, 𝑧
pY

pi

jY

ji

kY

ki
𝑑𝑧	
  𝑑𝑦	
  𝑑𝑥	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
   2 J J J 𝑓 𝑥, 𝑦, 𝑧

jY

ji

pY

pi

kY

ki
𝑑𝑦	
  𝑑𝑧𝑑𝑥

3 	
  J J J 𝑓 𝑥, 𝑦, 𝑧
pY

pi

kY

ki

jY

ji
𝑑𝑧	
  𝑑𝑥	
  𝑑𝑦	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
   4 J J J 𝑓 𝑥, 𝑦, 𝑧

kY

ki

pY

pi

jY

ji
𝑑𝑥	
  𝑑𝑧𝑑𝑦

5 	
  J J J 𝑓 𝑥, 𝑦, 𝑧
jY

ji

kY

ki

pY

pi
𝑑𝑦	
  𝑑𝑥	
  𝑑𝑧	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
   6 J J J 𝑓 𝑥, 𝑦, 𝑧

kY

ki

jY

ji

pY

pi
𝑑𝑥	
  𝑑𝑦𝑑𝑧

The	
  Iterated	
  Integral	
  Theore	
  shows	
  that	
  each	
  of	
  these	
  six	
  iterated	
  integrals	
  is	
  

equal	
  to	
  the	
  triple	
  integral	
  ©𝑓 𝑥,𝑦, 𝑧
ª
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Example	
  1	
  Evaluate©𝑥𝑦K𝑧v

ª

𝑑𝑉	
  where	
  𝐸	
  is	
  the	
  rectangular	
  box	
  

0 ≤ 𝑥 ≤ 2, 	
  0 ≤ 𝑦 ≤ 1, 0 ≤ 𝑧 ≤ 4.

First	
  Solution	
  ©𝑥𝑦K𝑧v

ª

𝑑𝑉 = J J J 𝑥𝑦K𝑧v𝑑𝑧
u

N

L

N

K

N
	
  𝑑𝑦	
  𝑑𝑥	
  

The	
  inside	
  integral	
  is	
  	
  

J 𝑥𝑦K𝑧v
u

N
𝑑𝑧 =

𝑥𝑦K𝑧u

4 N

u

= 64𝑥𝑦K.

The	
  second	
  integral	
  is	
  	
  

J 64𝑥𝑦K
L

N
𝑑𝑦 =

64𝑥𝑦v

3 N

L

=
64𝑥
3 .

The	
  final	
  answer	
  	
  is	
  	
  

J
64𝑥
3

K

N
𝑑𝑥 =

64𝑥K

6 N

K

=
256
6 =

128
3 	
  .

Second	
  Solution	
  ©𝑥𝑦K𝑧v

ª

𝑑𝑉 = J J J 𝑥𝑦K𝑧v𝑑𝑦
L

N

K

N

u

N
	
  𝑑𝑥	
  𝑑𝑧	
  

The	
  inside	
  integral	
  is	
  	
  J 𝑥𝑦K𝑧v
L

N
𝑑𝑦 =

𝑥𝑦v𝑧v

3 N

L

=
𝑥𝑧v

3 .

The	
  second	
  integral	
  is	
  	
  J
𝑥𝑧v

3

K

N
𝑑𝑥 =

𝑥K𝑧v

6 N

K

=
4𝑧v

6 =
2𝑧v

3 .

The	
  final	
  answer	
  	
  is	
  	
  

J
2𝑧v

3

u

N
𝑑𝑧 =

2𝑧u

12 N

u

=
𝑧u

6 N

u

=
256
6 =

128
3 	
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Example	
  2	
  Evaluate©𝑦 + 𝑧
ª

𝑑𝑉	
  where	
  𝐸	
  is	
  the	
  region

0 ≤ 𝑥 ≤
𝜋
2 , 	
  0 ≤ 𝑦 ≤ sin𝑥 , 0 ≤ 𝑧 ≤ 𝑦 cos𝑥 .

Solution	
  ©𝑦 + 𝑧
ª

𝑑𝑉 = J J J 𝑦 + 𝑧	
  𝑑𝑧
S ���P

N

�¹º P

N

M
K

N
	
  𝑑𝑦	
  𝑑𝑥	
  

We	
  first	
  evaluate	
  the	
  inside	
  integral	
  

J 𝑦 + 𝑧	
  𝑑𝑧
S ��� P

N
= 𝑦𝑧 +

𝑧K

2 N

S��� P

= 𝑦K cos 𝑥 +
1
2𝑦

K cosK 𝑥 .

Now	
  we	
  evaluate	
  the	
  second	
  integral

J 𝑦K cos𝑥 +
1
2 𝑦

K cosK𝑥
�¹º P

N
𝑑𝑦 =

𝑦v

3 cos𝑥 +
1
6 𝑦

v cosK 𝑥
N

�¹ºP

=
sinv 𝑥
3 cos𝑥 +

sinv 𝑥
6 cosK𝑥 .

Finally	
  we	
  evaluate	
  the	
  outside	
  integral

©𝑦 + 𝑧
ª

𝑑𝑉 = J
sinv 𝑥
3 cos 𝑥 +

sinv 𝑥
6 cosK 𝑥

M
K

N
𝑑𝑥 =	
  J

sinK 𝑥
3 cos 𝑥 +

sinK 𝑥
6 cosK 𝑥 sin𝑥 𝑑𝑥

M
K

N

= −J
1 − cosK 𝑥

3 cos𝑥 +
1 − cosK 𝑥

6 cosK𝑥 −sin𝑥 𝑑𝑥 	
  = −J
1 − 𝑢K

3 𝑢 +
1 − 𝑢K

6 𝑢K 𝑑𝑢 =
N

L

M
K

N

= J
1
3 𝑢 − 𝑢v +

1
6 𝑢K − 𝑢u 𝑑𝑢

L

N
=

1
3
𝑢K

2 −
𝑢u

4 +
1
6
𝑢v

3 −
𝑢w

5 N

L

=
1
3
1
2 −

1
4 +

1
6
1
3−

1
5 =

19
180 .
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The	
  volume	
  	
  𝑉	
  of	
  a	
  region	
  𝐸	
  in	
  space is	
  equal	
  to	
  the	
  triple	
  integral	
  of	
  the	
  constant	
  1 over	
  𝐸 as	
  

𝑉 =©𝑑𝑉
ª

.

The	
  𝒎𝒂𝒔𝒔	
  of	
  an	
  object	
  filling	
  a	
  solid	
  region	
  𝐸	
  	
  with	
  continuous	
  density	
  𝜌 𝑥, 𝑦, 𝑧 	
  is	
  

𝑚 =©𝜌 𝑥,𝑦, 𝑧
ª

𝑑𝑉.

If	
  an	
  object	
  in	
  space	
  fills	
  a	
  region	
  	
  𝐸	
  	
  and	
  continuous	
  density	
  𝜌 𝑥, 𝑦, 𝑧 , its	
  moments	
  about	
  the	
  
cordinate	
  planes	
  are	
  	
  

𝑀PS =©𝑧𝜌 𝑥, 𝑦, 𝑧
ª

𝑑𝑉,

𝑀PÀ =©𝑦𝜌 𝑥, 𝑦, 𝑧
ª

𝑑𝑉,

𝑀SÀ =©𝑥𝜌 𝑥, 𝑦, 𝑧
ª

𝑑𝑉.

The	
  𝒄𝒆𝒏𝒕𝒆𝒓	
  𝒐𝒇	
  𝒎𝒂𝒔𝒔	
  of	
  the	
  object	
  is	
  the	
  point	
  	
   𝑥̅, 𝑦Å, 𝑧̅ , where	
  𝑚	
  is	
  mass	
  and	
  	
  

𝑥̅ =
𝑀SÀ
𝑚 , 	
   𝑦Å =

𝑀PÀ
𝑚 , 𝑧̅ =

𝑀PS
𝑚 .
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Example	
  4	
  An	
  object	
  has	
  constant	
  density	
  and	
  the	
  shape	
  of	
  a	
  tetrahedron	
  with	
  vertices	
  at	
  the	
  
four	
  points

0,0,0 , 1,0,0 , 0,1,0 , 0,0,1 .
Find	
  the	
  center	
  of	
  mass.

Solution	
  The	
  region	
  𝐸	
  	
  is	
  the	
  solid	
  bounded	
  by	
  the	
  coordinate	
  planes	
  and	
  the	
  
plane	
  	
  𝑥 + 𝑦 + 𝑧 = 1	
  which	
  passes	
  through	
   1,0,0 , 0,1,0 , 0,0,1 .	
  
Solving	
  for	
  𝑧, the	
  plane	
  is	
  

𝑧 = 1 − 𝑥 − 𝑦.
This	
  plane	
  meets	
  the	
  plane	
  	
  𝑧 = 0	
  at	
  the	
  line	
  	
  1 − 𝑥 − 𝑦 = 0, or	
  𝑦 = 1− 𝑥.
Therefore 	
  the	
  Therefore	
  	
  𝐸	
  is	
  the	
  region	
  	
  

0 ≤ 𝑥 ≤ 1, 0 ≤ 𝑦 ≤ 1 − 𝑥, 0 ≤ 𝑧 ≤ 1− 𝑥 − 𝑦.

If	
  an	
  object	
  in	
  space	
  fills	
  a	
  region	
  	
  𝐸	
  	
  and	
  continuous	
  density	
  𝜌 𝑥, 𝑦, 𝑧 , its	
  𝒎𝒐𝒎𝒆𝒏𝒕𝒔	
  	
  𝒐𝒇	
  𝒊𝒏𝒆𝒓𝒕𝒊𝒂	
  about	
  the
	
  cordinate	
  axes	
  are	
  	
  

𝐼P =© 𝑦K + 𝑧K 𝜌 𝑥, 𝑦, 𝑧
ª

𝑑𝑉,	
  	
  

𝐼S =© 𝑥K + 𝑧K 𝜌 𝑥, 𝑦, 𝑧
ª

𝑑𝑉,	
  

𝐼À =© 𝑥K + 𝑦K 𝜌 𝑥, 𝑦, 𝑧
ª

𝑑𝑉.

Remark	
  	
  When	
  the	
  density	
  is	
  constant, the	
  center	
  of	
  mass	
  is	
  called	
  𝒄𝒆𝒏𝒕𝒓𝒐𝒊𝒅.
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Let	
  the	
  density	
  be	
  𝜌 = 1	
  ,

𝑚 =©𝑑𝑉
ª

= J J J 𝑑𝑧
LtPtS

N

LtP

N

L

N
	
  𝑑𝑦	
  𝑑𝑥 = J J 1 − 𝑥 − 𝑦

LtP

N

L

N
	
  𝑑𝑦	
  𝑑𝑥

= J 1 − 𝑥 𝑦 −
𝑦K

2 N

LtPL

N
	
  𝑑𝑥 = J 1− 𝑥 K −

1− 𝑥 K

2

L

N
	
  𝑑𝑥 =

1
2J 1 − 𝑥 K

L

N
	
  𝑑𝑥

=
1
2
− 1 − 𝑥 v

3 N

L

=
1
2
1
3 =

1
6 .

𝑀SÀ =©𝑥𝑑𝑉
ª

= J J J 𝑥𝑑𝑧
LtPtS

N

LtP

N

L

N
	
  𝑑𝑦	
  𝑑𝑥 = J J 𝑥 − 𝑥K − 𝑥𝑦

LtP

N

L

N
	
  𝑑𝑦	
  𝑑𝑥

	
  
1
2J 𝑥 1 − 𝑥 K

L

N
	
  𝑑𝑥 =

1
24

𝑥̅ =
𝑀SÀ
𝑚 =

1
24
1
6
=
1
4	
  .

Similarly,	
  we	
  obtain	
  	
  𝑦Å = L
u , 𝑧̅ =

L
u .	
   Then,	
  the	
  centroid	
  	
  is	
   𝑥,È 𝑦,È 	
  𝑧̅ =

L
u ,
L
u ,
L
u .
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Example	
  5	
  	
  	
  Find	
  the	
  moments	
  of	
  inertia	
  about	
  the	
  three	
  axes	
  of	
  an	
  object	
  with	
  constant	
  density	
  1	
  filling	
  the	
  
cube	
  

0 ≤ 𝑥 ≤ 𝑎, 0 ≤ 𝑦 ≤ 𝑎, 0 ≤ 𝑧 ≤ 𝑎.	
  

Solution	
  

𝐼P =© 𝑦K + 𝑧K 𝜌 𝑥, 𝑦, 𝑧
ª

𝑑𝑉

=© 𝑦K + 𝑧K

ª

𝑑𝑉

= J J J 𝑦K + 𝑧K 𝑑𝑧
k

N

k

N

k

N
	
  𝑑𝑦	
  𝑑𝑥

= J J 𝑧𝑦K +
𝑧v

3 N

k

𝑑𝑦
k

N

k

N
𝑑𝑥

= J J 𝑎𝑦K +
𝑎v

3 𝑑𝑦
k

N

k

N
𝑑𝑥

= J
𝑎𝑦v

3 +
𝑎v

3 𝑦
N

kk

N
𝑑𝑥 = J

2𝑎u

3

k

N
𝑑𝑥 =

2𝑎w

3 .

Similarly,	
  we	
  obtain

	
  𝐼S =
2𝑎w

3 , 𝐼À =
2𝑎w

3 .

Prof. Messaoud Bounkhel
Department of Mathematics

King Saud University

Prof. Messaoud Bounkhel
Department of Mathematics

King Saud University



Cylindrical	
  and	
  spherical	
  coordinates

A	
  point	
   𝑥, 𝑦, 𝑧 	
  has	
  cylindrical	
  coordinates	
   𝜃, 𝑟, 𝑧 	
  if	
  	
  
𝑥 = 𝑟 cos𝜃, 𝑦 = 𝑟 sin 𝜃, 𝑧 = 𝑧,

where
0 ≤ 𝜃 ≤ 2𝜋 and	
  	
  	
  	
  0 ≤ 𝑟.

In	
  evaluating	
  triple	
  integrals	
  it	
  is	
  sometimes	
  easier	
  to	
  use	
  cylindrical
	
  or	
  spherical	
  coordinates	
  instead	
  of	
  rectngular	
  coordinates.

A	
  𝒄𝒚𝒍𝒊𝒏𝒅𝒓𝒊𝒄𝒂𝒍	
  𝒓𝒆𝒈𝒊𝒐𝒏	
  is	
  a	
  region	
  𝐸	
  in	
   𝑥, 𝑦, 𝑧 	
  space	
  given	
  by	
  
cylindrical	
  coordinate	
  inequalities,	
  
𝛼 ≤ 𝜃 ≤ 𝛽, 	
  	
  	
  	
  𝑎 𝜃 ≤ 𝑟 ≤ 𝑏 𝜃 , 	
   𝑐L 𝜃, 𝑟 ≤ 𝑧 ≤ 𝑐K 𝜃, 𝑟 ,

0 ≤ 𝜃 ≤ 2𝜋 and	
   0 ≤ 𝑟.

The	
  simplest	
  kind	
  of	
  	
  cylindrical	
  region	
  is	
  the	
  𝑐𝑦𝑙𝑖𝑛𝑑𝑟𝑖𝑐𝑎𝑙	
  𝑏𝑜𝑥	
  
𝛼 ≤ 𝜃 ≤ 𝛽, 	
  	
  	
  	
  𝑎 ≤ 𝑟 ≤ 𝑏, 	
   𝑐L ≤ 𝑧 ≤ 𝑐K,

If	
  0 ≤ 𝜃 ≤ 2𝜋,	
  the	
  𝑐𝑦𝑙𝑖𝑛𝑑𝑟𝑖𝑐𝑎𝑙	
  𝑏𝑜𝑥	
   has	
  the	
  form
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Let	
  𝐸	
  be	
  	
  the	
  cylindrical	
  region	
  
𝛼 ≤ 𝜃 ≤ 𝛽, 	
  	
  	
  	
  𝑎 𝜃 ≤ 𝑟 ≤ 𝑏 𝜃 , 	
   𝑐L 𝜃, 𝑟 ≤ 𝑧 ≤ 𝑐K 𝜃, 𝑟 .
The	
  triple	
  integral	
  of	
  𝑓(𝑥, 𝑦, 𝑧)	
   over	
  𝐸	
   is	
  

©𝑓(𝑥,𝑦, 𝑧)
ª

𝑑𝑉 = J J J 𝑓 𝑟 cos𝜃 , 𝑟 sin𝜃 , 𝑧 𝑟𝑑𝑧
pY Ë,Ì

pi Ë,Ì

j(Ë)

k(Ë)	
  

Í

Î
	
  𝑑𝑟	
  𝑑𝜃.	
  

Example	
  1	
  	
  	
  Find	
  the	
  moment	
  of	
  inertia	
  of	
  a	
  cylinder	
  of	
  height	
  ℎ, base
	
  a	
  circle	
  of	
  radius	
  𝑏, and	
  	
  constant	
  density	
  1, about	
  its	
  axe.	
  

Solution	
  	
  	
  Draw	
  the	
  region	
  and	
  write	
  the	
  given	
  cylinder	
  in	
  cylindrical
	
  coordinates	
  as

0 ≤ 𝜃 ≤ 2𝜋, 	
  	
  	
  	
  0 ≤ 𝑟 ≤ 𝑏, 	
  0 ≤ 𝑧 ≤ ℎ.

𝐼À =©𝑥K + 𝑦K

ª

𝑑𝑉 = J J J 𝑟K𝑟𝑑𝑧
n

N

j

N	
  

KM

N
	
  𝑑𝑟	
  𝑑𝜃

= J J J 𝑟v𝑑𝑧
n

N

j

N	
  

KM

N
	
  𝑑𝑟	
  𝑑𝜃 = J J 𝑟vℎ

j

N	
  

KM

N
	
  𝑑𝑟	
  𝑑𝜃

= J
𝑟u

4 ℎ N

jKM

N
	
  𝑑𝜃 = J

ℎ𝑏u

4

KM

N
	
  𝑑𝜃 =

2𝜋ℎ𝑏u

4 =
𝜋ℎ𝑏u

2 .
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Example	
  2	
  	
  	
  Find	
  the	
  centroid	
  of	
  the	
  positive	
  part	
  of	
  the	
  cone	
  𝑧 = ℎ −
ℎ
𝑏 𝑥K + 𝑦K 	
  .

Solution	
  	
  	
  Draw	
  the	
  region	
  and	
  write	
  the	
  given	
  solid	
  in	
  cylindrical	
  
coordinates	
  as

0 ≤ 𝜃 ≤ 2𝜋, 	
  	
  	
  	
  0 ≤ 𝑟 ≤ 𝑏, 	
  0 ≤ 𝑧 ≤ ℎ −
ℎ𝑟
𝑏 .

Let	
  the	
  density	
  be	
  1.	
  

𝑚 =©𝑑𝑉
ª

= J J J 𝑟𝑑𝑧
ntnÌj

N

j

N	
  

KM

N
	
  𝑑𝑟	
  𝑑𝜃 = J J ℎ −

ℎ𝑟
𝑏

j

N	
  
𝑟

KM

N
	
  𝑑𝑟	
  𝑑𝜃

= J J ℎ𝑟 −
ℎ𝑟K

𝑏

j

N	
  

KM

N
	
  𝑑𝑟	
  𝑑𝜃 = J

ℎ𝑟K

2 −
ℎ𝑟v

3𝑏 N

jKM

N
	
  𝑑𝜃

= J
ℎ𝑏K

2 −
ℎ𝑏v

3𝑏

KM

N
	
  𝑑𝜃 = J

ℎ𝑏K

2 −
ℎ𝑏K

3

KM

N
	
  𝑑𝜃 = J

ℎ𝑏K

6

KM

N
	
  𝑑𝜃 =

2𝜋ℎ𝑏K

6

=
𝜋ℎ𝑏K

3 .
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𝑀PS =©𝑧𝑑𝑉
ª

= J J J 𝑧𝑟𝑑𝑧
ntnÌj

N

j

N	
  

KM

N
	
  𝑑𝑟	
  𝑑𝜃 = J J

1
2 ℎ −

ℎ𝑟
𝑏

Kj

N	
  
𝑟

KM

N
	
  𝑑𝑟	
  𝑑𝜃

=
ℎK

2 J J 𝑟 −
2𝑟K

𝑏 +
𝑟v

𝑏K
j

N	
  

KM

N
𝑑𝑟	
  𝑑𝜃 =

ℎK

2 J
𝑟K

2 −
2𝑟v

3𝑏 +
𝑟u

4𝑏K N

jKM

N
	
  𝑑𝜃

=
ℎK

2 J
𝑏K

2 −
2𝑏K

3 +
𝑏K

4

KM

N
	
  𝑑𝜃 =

ℎK

2 J
𝑏K

12

KM

N
	
  𝑑𝜃 =

ℎK

2
2𝜋𝑏K

12 =
𝜋ℎK𝑏K

12 .

Since	
  the	
  cone	
  is	
  symetric	
  about	
  the	
  𝑧 − axis, so	
  	
  𝑥̅ = 0	
  𝑎𝑛𝑑	
  𝑦Å = 0.	
  

𝑧̅ = ÏÐÑ
Ò =

XÓYÔY

iY
XÓÔY
y

= n
u .

Then the	
  centroid	
   𝑥̅, 𝑦Å, 𝑧̅ = 0,0, nu .
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A	
  point	
   𝑥, 𝑦, 𝑧 	
  has	
  𝑠𝑝ℎ𝑒𝑟𝑖𝑐𝑎𝑙	
  𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒𝑠	
   𝜙, 𝜃, 𝜌 	
  if	
  	
  
𝑥 = 𝜌 sin 𝜙cos𝜃, 𝑦 = 𝜌 sin𝜙 sin 𝜃, 𝑧 = 𝜌 cos𝜙 ,

where
0 ≤ 𝜃 ≤ 2𝜋, 0 ≤ 𝜙 ≤ 𝜋, and	
  	
  	
  	
  0 ≤ 𝜌.

To	
  express	
  a	
  point	
  𝑃 𝑥, 𝑦, 𝑧 	
  in	
  𝑠𝑝ℎ𝑒𝑟𝑖𝑐𝑎𝑙	
  𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒𝑠	
  we	
  let	
  𝜌	
  	
  be	
  the	
  distance	
  from	
  the	
  origin
	
  to	
  𝑃, let	
  𝜃	
  	
  be	
  the	
  same	
  angle	
  as	
  in	
  𝑐𝑦𝑙𝑖𝑛𝑑𝑟𝑖𝑐𝑎𝑙	
  𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒𝑠, and	
  let	
  𝜙	
  	
  be	
  the	
  angle	
  between	
  
the	
  positive	
  𝑧 − axis	
  and	
  the	
  line	
  𝑂𝑃. 	
  	
  Note	
  that	
  𝜙	
  can	
  always	
  be	
  chosen	
  between	
  0	
  and	
  𝜋.

The	
  graph	
  of	
  the	
  equation	
  𝜃 = constant	
  is	
  a	
  half − plane	
  through	
  the	
  𝑧 − axis.

The	
  graph	
  of	
  the	
  equation	
  𝜙 = constant	
  is	
  a	
  vertical	
  cone	
  with	
  vertex	
  at	
  the	
  origin.

The	
  graph	
  of	
  the	
  equation	
  𝜌 = constant	
  	
  is	
  a	
  sphere	
  with	
  center	
  at	
  the	
  origin.	
  

Prof. Messaoud Bounkhel
Department of Mathematics

King Saud University

Prof. Messaoud Bounkhel
Department of Mathematics

King Saud University



A	
  𝒔𝒑𝒉𝒆𝒓𝒊𝒄𝒂𝒍	
  𝒓𝒆𝒈𝒊𝒐𝒏	
  is	
  a	
  region	
  𝐸	
  in	
   𝑥, 𝑦, 𝑧 	
  space	
  given	
  by	
  spherical	
  coordinate	
  
inequalities,	
  

𝛼L ≤ 𝜃 ≤ 𝛼K, 	
  	
  	
  	
   𝛽L 𝜃 ≤ 𝜙 ≤ 𝛽K 𝜃 , 	
   𝑐L 𝜃, 𝜙 ≤ 𝜌 ≤ 𝑐K 𝜃, 𝜙 ,
0 ≤ 𝜃 ≤ 2𝜋, 	
  	
  	
  0 ≤ 𝜙 ≤ 𝜋,	
  and	
   0 ≤ 𝜌,	
  

where	
  all	
  the	
  functions	
  are	
  continuous.

0 ≤ 𝜃 ≤ 2𝜋, 	
  	
  	
  	
  0 ≤ 𝜙 ≤ 𝜋, 	
  0 ≤ 𝜌 ≤ 𝑐.

0 ≤ 𝜃 ≤ 2𝜋, 	
  	
  	
  	
  0 ≤ 𝜙 ≤ 𝛽, 	
  0 ≤ 𝜌 ≤ 𝑐.
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Let	
  𝐸	
  be	
  	
  a	
  spherical	
  region	
  
𝛼L ≤ 𝜃 ≤ 𝛼K, 	
  	
  	
  	
   𝛽L 𝜃 ≤ 𝜙 ≤ 𝛽K 𝜃 , 	
   𝑐L 𝜃, 𝜙 ≤ 𝜌 ≤ 𝑐K 𝜃, 𝜙 .

The	
  triple	
  integral	
  of	
  𝑓(𝑥, 𝑦, 𝑧)	
   over	
  𝐸	
   is	
  

©𝑓(𝑥, 𝑦, 𝑧)
ª

𝑑𝑉 = J J J 𝑓 𝑥, 𝑦, 𝑧 𝜌K sin 𝜙 𝑑𝜌
pY Ë,Ù

pi Ë,Ù

ÍY(Ë)

Íi(Ë)	
  

ÎY

Îi
	
  𝑑𝜙	
  𝑑𝜃.

= J J J 𝑓 𝜌sin 𝜙 cos𝜃 ,𝜌 sin 𝜙 sin 𝜃 , 𝜌 cos𝜙 𝜌K sin 𝜙 𝑑𝜌
pY Ë,Ù

pi Ë,Ù

ÍY(Ë)

Íi(Ë)	
  

ÎY

Îi
	
  𝑑𝜙	
  𝑑𝜃.	
  

The	
  triple	
  integral	
  for	
  volume	
  𝑉 =©𝑑𝑉
ª

,	
  

gives	
  us	
  iterated	
  integral	
  formulas	
  for	
  volume	
  in	
  rectangular,	
  cylindrical,	
  and	
  
spherical	
  coordinates

Rectangular	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  𝑉 = J J J 𝑑𝑧
pY P,S

pi P,S

jY(P)

ji(P)	
  

kY

ki
	
  𝑑𝑦	
  𝑑𝑥

Cylindrical	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  𝑉 = J J J 𝑟𝑑𝑧
pY Ë,Ì

pi Ë,Ì

j(Ë)

k(Ë)	
  

Í

Î
	
  𝑑𝑟	
  𝑑𝜃

Spherical	
  	
  	
  	
  	
  𝑉 = J J J 𝜌K sin𝜙 𝑑𝜌
pY Ë,Ù

pi Ë,Ù

ÍY(Ë)

Íi(Ë)	
  

ÎY

Îi
	
  𝑑𝜙	
  𝑑𝜃.Prof. Messaoud Bounkhel
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Example	
  3	
  	
  	
  Find	
  the	
  volume	
  of	
  the	
  region	
  above	
  the	
  cone	
  𝜙 = 𝛽	
  and	
  inside	
  the	
  sphere	
  𝜌 = 𝑐.

Solution	
  	
  	
  The	
  region	
  is	
  given	
  by	
  

0 ≤ 𝜃 ≤ 2𝜋, 	
  	
  	
  	
  0 ≤ 𝜙 ≤ 𝛽, 	
  0 ≤ 𝜌 ≤ 𝑐.

Then	
  

𝑉 = J J J 𝜌K sin 𝜙 𝑑𝜌
p

N

Í

N

KM

N
	
  𝑑𝜙	
  𝑑𝜃

= J J
𝑐v

3 sin𝜙
Í

N

KM

N
	
  𝑑𝜙	
  𝑑𝜃

= J
𝑐v

3 − cos𝜙 N
Í

KM

N
	
  𝑑𝜃

= J
𝑐v

3 1 − cos𝛽
KM

N
	
  𝑑𝜃 =

2𝜋𝑐v

3 1 − cos𝛽 .
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Example	
  4	
  	
  	
  A	
  sphere	
  of	
  diameter	
  𝑎	
  passes	
  through	
  the	
  center	
  of	
  a	
  sphere	
  of	
  radius	
  𝑏, and	
  	
  𝑎 > 𝑏. 	
  Find	
  
the	
  volume	
  of	
  the	
  region	
  inside	
  the	
  sphere	
  of	
  diameter	
  𝑎 and	
  outside	
  the	
  sphere	
  of	
  radius	
  𝑏.
Solution	
  	
  	
  The	
  region	
  is	
  given	
  by	
  

0 ≤ 𝜃 ≤ 2𝜋, 	
  	
  	
  	
  0 ≤ 𝜙 ≤ costL
𝑏
𝑎
, 	
  𝑏 ≤ 𝜌 ≤ a	
  cos𝜙 .

The	
  two	
  spheres	
  	
  	
   𝜌 = a	
  cos𝜙	
  and	
  𝜌 = 𝑏. 	
  	
  They	
  intersect	
  at	
  	
   𝜙 = costL
𝑏
𝑎
.

𝑉 = J J J 𝜌K sin 𝜙 𝑑𝜌
Û	
  ��� Ù

N

���Üi j
k

N

KM

N
	
  𝑑𝜙	
  𝑑𝜃

= J J
𝜌v

3
sin𝜙

j

Û	
  ��� Ù���Üi j
k

N

KM

N
	
  𝑑𝜙	
  𝑑𝜃

Prof. Messaoud Bounkhel
Department of Mathematics

King Saud University

Prof. Messaoud Bounkhel
Department of Mathematics

King Saud University

= J J
𝑎v 	
  cosv 𝜙

3
−
𝑏v

3
sin𝜙

���Üi j
k

N

KM

N
	
  𝑑𝜙	
  𝑑𝜃.	
  	
  	
  

Put	
  𝑢 = cos𝜙, 𝑑𝑢 = −sin𝜙. 	
  Then	
  

𝑉 = −
1
3
J J 𝑎v𝑢v − 𝑏v 𝑑𝑢

j
k

L

KM

N
	
  𝑑𝜃 = −

1
3
J

𝑎v𝑢u

4
− 𝑢𝑏v

L

j
k
𝑑𝜃

KM

N

= −
1
3
J

𝑎v 𝑏
𝑎

u

4
−
𝑏
𝑎
𝑏v −

𝑎v

4
− 𝑏v 𝑑𝜃

KM

N

=
1
3
J

3𝑏u

4𝑎
− 𝑏v +

𝑎v

4
𝑑𝜃 =

𝜋
6

3𝑏u

𝑎
− 4𝑏v + 𝑎v

KM

N
.



Example	
  5	
  	
  	
  Find	
  the	
  mass	
  of	
  a	
  sphere	
  of	
  radius	
  𝑐	
  whose	
  density	
  is	
  equal	
  to	
  the	
  distance	
  from	
  the	
  
surface.	
  	
  	
  

Solution	
  	
  	
  The	
  region	
  is	
  given	
  by	
  
0 ≤ 𝜃 ≤ 2𝜋, 	
  	
  	
  	
  0 ≤ 𝜙 ≤ 𝜋, 	
  0 ≤ 𝜌 ≤ 𝑐.

The	
  density	
  at	
   (𝜃, 𝜙, 𝜌) 	
  is	
  	
  	
  density	
   = 𝑐 − 𝜌.	
  

The	
  mass	
  is

𝑚 = J J J 𝑐 − 𝜌 𝜌K sin𝜙 𝑑𝜌
p

N

M

N

KM

N
	
  𝑑𝜙	
  𝑑𝜃

= J J J 𝑐𝜌K − 𝜌v sin 𝜙 𝑑𝜌
p

N

M

N

KM

N
	
  𝑑𝜙	
  𝑑𝜃

= J J
𝑐𝜌v

3
−
𝜌u

4 N

pM

N

KM

N
sin𝜙 𝑑𝜙	
  𝑑𝜃 =

𝑐u

12
J −cos𝜙 N

M
KM

N
	
  𝑑𝜃

=
𝑐u

12
J −cos𝜋 + cos 0
KM

N
	
  𝑑𝜃 =

4𝜋𝑐u

12
=
𝜋𝑐u

3
.
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Problems  on Chapter 2: 
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In Problems 1-6, evaluate the integral using cylindrical coordinates. 

1. 𝑉 =∭ 𝑧 𝑥K + 𝑦K𝑑𝑉ª , E is	
  the	
  cylinder	
  	
  𝑥K + 𝑦K ≤ 1, 	
  0 ≤ 𝑧 ≤ 2.

2. 𝑉 =∭ 𝑥K + 𝑧𝑑𝑉ª , E is	
  the	
  cylinder	
  	
  𝑥K + 𝑦K ≤ 9, 0 ≤ 𝑧 ≤ 6.

3. 𝑉 =∭ 𝑥K + 𝑦K𝑑𝑉ª , E	
  	
  is	
  the	
  cone	
  	
  𝑥K + 𝑦K ≤ 1, 	
  0 ≤ 𝑧 ≤ 1 − 𝑥K + 𝑦K.

4. 𝑉 =∭ 4 + 𝑧𝑑𝑉ª , E	
  	
  is	
  the	
  cone	
  	
  𝑥K + 𝑦K ≤ 1, 𝑥K + 𝑦K ≤ 𝑧 ≤ 1.

5. 𝑉 =∭ 𝑥 + 𝑦 𝑧𝑑𝑉ª , E	
  	
  is	
  the	
  region	
  0 ≤ 𝑥 ≤ 2, 0 ≤ 𝑦 ≤ 4 − 𝑥K, 0 ≤ 𝑧 ≤ 𝑥K + 𝑦K.

6. 𝑉 =∭ À
PYsSY

𝑑𝑉ª , E	
  	
  is	
  the	
  region	
  0 ≤ 𝑥K + 𝑦K ≤ 4, 0 ≤ 𝑧 ≤ 𝑥 .

7. Find the	
  mass	
  of	
  an	
  object	
  in	
  the	
  shape	
  of	
  a	
  cylinder	
  of	
  radius	
  𝑏	
  and	
  height	
  ℎ whose	
  density	
  is	
  equal	
  to	
  
the	
  distance	
  from	
  the	
  axis.

8. Find the	
  mass	
  of	
  an	
  object	
  in	
  the	
  shape	
  of	
  a	
  cylinder	
  of	
  radius	
  𝑏	
  and	
  height	
  ℎ whose	
  density	
  is	
  equal	
  to	
  
the	
  distance	
  from	
  the	
  base.

9. Find the	
  mass	
  of	
  an	
  object	
  in	
  the	
  shape	
  of	
  a	
  cone	
  of	
  radius	
  𝑏	
  and	
  height	
  ℎ whose	
  density	
  is	
  equal	
  to	
  the	
  
square	
  of	
  the	
  distance	
  from	
  the	
  axis.

10. Find the	
  mass	
  of	
  an	
  object	
  in	
  the	
  shape	
  of	
  a	
  cone	
  of	
  radius	
  𝑏	
  and	
  height	
  ℎ whose	
  density	
  is	
  equal	
  to	
  the	
  
sum	
  of	
  the	
  distance	
  from	
  the	
  base	
  and	
  of	
  the	
  distance	
  from	
  the	
  axis.

11. Find the	
  centroid	
  	
  of	
  an	
  object	
  filling	
  the	
  region	
  above	
  the	
  paraboloid 𝑧 = 𝑥K + 𝑦K and	
  below	
  the	
  
plane	
  𝑧 = 1.	
  
1. Find the	
  centroid	
  	
  of	
  an	
  object	
  filling	
  the	
  region	
  𝑥K + 𝑦K ≤ 𝑏, 0 ≤ 𝑧 ≤ 𝑥K + 𝑦K.
2. Find the	
  moment	
  of	
  inertia	
  about	
  the	
  𝑥	
  -­‐‑axis	
  of	
  an	
  object	
  of	
  constant	
  density	
  𝑘	
   in	
  the	
  cylinder
0 ≤ 𝑟 ≤ 𝑏, −𝑐 ≤ 𝑧 ≤ 𝑐.
1. Find the	
  moment	
  of	
  inertia	
  about	
  the	
  z-­‐‑axis	
  of	
  an	
  object	
  of	
  constant	
  density	
  𝑘	
   in	
  the	
  cylindrical	
  shell
𝑎 ≤ 𝑟 ≤ 𝑏, −𝑐 ≤ 𝑧 ≤ 𝑐.



15. Find the	
  moment	
  of	
  inertia	
  of	
  an	
  object	
  of	
  constant	
  density	
  𝑘	
   in	
  a	
  cone	
  of	
  radius	
  𝑏	
  and	
  height	
  ℎ abou
t	
  its	
  axis.	
  

In Problems 16-24, evaluate the integral using spherical coordinates. 
16. 𝑉 =∭ 𝑥K + 𝑦K + 𝑧K𝑑𝑉ª , E is	
  the	
  sphere	
  	
  𝑥K + 𝑦K + 𝑧K ≤ 𝑏K.

17. 𝑉 =∭ 𝑥K + 𝑦K + 𝑧K𝑑𝑉ª , E	
  	
  is	
  the	
  sphere	
  	
  𝑥K + 𝑦K + 𝑧K ≤ 𝑏K.

18. 𝑉 =∭ 𝑥K𝑑𝑉ª , E	
  	
  is	
  the	
  sphere	
  	
  𝑥K + 𝑦K + 𝑧K ≤ 1.

19. 𝑉 =∭ 𝑧K𝑑𝑉ª , E	
  	
  is	
  the	
  sphere	
  	
  𝑥K + 𝑦K + 𝑧K ≤ 1.

20. 𝑉 =∭ 𝑧𝑑𝑉ª , E	
  	
  is	
  the	
  	
  sphere	
  	
  𝜌 ≤ 2𝑏 cos𝜙 .

21. 𝑉 =∭ 𝑥K + 𝑦K + 𝑧K
y
Y𝑑𝑉ª , E is	
  the	
  intersection	
  of	
  the	
  spheres	
  	
  	
  𝜌 ≤ 2𝑏 cos𝜙 , 𝜌 ≤ 𝑏.

22. 𝑉 =∭ 𝑧 𝑥K + 𝑦K + 𝑧K
i
Y𝑑𝑉ª , E is	
  the	
  region	
  above	
  the	
  cone	
  𝜙 = 𝛼	
  and	
  inside	
  the	
  sphere	
  	
  𝜌 = 𝑏.

23. 𝑉 =∭ L
PYsSYsÀY 𝑑𝑉ª , E is	
  the	
  spherical shell a ≤ 𝜌 ≤ 𝑏.

24. Find the	
  volume	
  of	
  the	
  spherical shell 𝑎 ≤ 𝜌 ≤ 𝑏.
25. Find the	
  volume	
  of	
  the	
  spherical box 𝛼L ≤ 𝜃 ≤ 𝛼K,𝛽L ≤ 𝜙 ≤ 𝛽K,𝑐L ≤ 𝜌 ≤ 𝑐K.
26. Find the	
  volume	
  of	
  the	
  region	
  above	
  the	
  cone	
  𝜙 = 𝛽	
  and	
  inside	
  the	
  sphere	
  	
  𝜌 = 𝑏 cos𝜙 .
27. Find the	
  volume	
  of	
  the	
  spherical region 0 ≤ 𝜃 ≤ 2𝜋, 	
  0 ≤ 𝜙 ≤ 𝜋, 0 ≤ 𝜌 ≤ sin𝜙 .
28. Find the	
  mass	
  of	
  an	
  object	
  in	
  the	
  shape	
  of	
  a	
  sphere	
  of	
  radius	
  𝑐	
  whose	
  density	
  is	
  equal	
  to	
  the	
  distance
from	
  the	
  center.
16. Find the	
  mass	
  of	
  a	
  spherical	
  shell	
  𝑎 ≤ 𝜌 ≤ 𝑏	
  whose	
  density	
  is	
  equal	
  to	
  the	
  reciprocal	
  of	
  the	
  distance	
  
from	
  the	
  center.
16. Find the	
  moment	
  of	
  inertia	
  of	
  a	
  spherical	
   object	
  of	
  radius	
  𝑏	
  and	
  constant	
  density	
  𝑘	
   about	
  a	
  diameter	
  

of	
  the	
  sphere.
17. Find the	
  moment	
  of	
  inertia	
  of	
  a	
  spherical	
  	
  shell	
  𝑎 ≤ 𝜌 ≤ 𝑏	
  of	
  constant	
  density	
  𝑘	
   about	
  any	
  diameter	
  .
18. Find the	
  centroid	
  of	
  a	
  hemisphere	
  of	
  radius	
  𝑏.
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