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Question 1

I. Solve Cauchy problem:

x2uxx − 2xuxy + uyy + uy = 0;

u(1, y) = y2, ux(1, y) = ey
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II. Find the general solution of

(1) x2p+ y2q = 0.

(2) 5p+ 4q + z = x3 + 2e3y.
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Question 2

I. Solve the Heat equation:
ut = 9uxx

subject to:

ux(0, t) = ux(π, t) = 0, t ≥ 0

u(x, 0) = cos 4x, 0 ≤ x ≤ π.
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II. Prove that if the following boundary value problem

∆u = f in Ω

u = g on ∂Ω

has a solution then it is unique.
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Question 3

I. Find the potential at all point of space outside of a sphere of radius R = 3, where
u(3, θ, φ) = cos3(θ).

(Hint: You may need the definition of Legendre’s function Pn(x) = 1
2nn!

dn

dxn
(x2−1)n)
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II. Find the formal series soltuion of the initial value problem

utt − c2uxx = xet

u(0, t) = 0, u(π, t) = 0, t ≥ 0

u(x, 0) = sinx, ut(x, 0) = 0, 0 ≤ x ≤ π
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Question 4

Find the general solution of ∆u = 0 inside a circle C with radius r = a s.t. u is a
single-valued and continuous on C̄.

(Hint: You may need to use that ∆u = urr + 1
r
ur + 1

r2
uθθ,∫ 2π

0

cosnθ cosmθdθ =

∫ 2π

0

sinnθ sinmθdθ =

{
0, n 6= m

π, n = m

and
∫ 2π

0
cosnθ sinmθdθ = 0, ∀ n,m)
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