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Solutions to Exercises on Random Variables and their distributions

1. An urn contains N bulls numbered from 1 to N. We pick a randomly a bull (all the bulls are
equally likely to be extracted) and define the r.v. X by the number of the extracted bull.

(a) Calculate the expectation and the variance of X.

Remark fist that X is a uniform discrete random variable on {1,2,3,..., N}.
N N
1 (1+N)N 1+N
K= 3kpx == 3= Y1
k=1 k=1
and
al 1 & N (2N +1) (N +1)
E[X?] =) FPPX=k==) kK= :
X =Y er- - Ly 2

Hence

2N+1)(N+1) (1+N)* N2-1
412

Var(X) = E [X?] — (E[X])* =

4
2. Let X be a r.v. with values in N such that: Vn € N*, P(X =n)=—-P(X =n—1).

(a) Find P(X =0)

We have
4 4 4 44
P(X = = —PX=n—-1)=— o —=P(X =
( n) n( " ) nn—1 21( 0)
47’L
= —P(X=0) VneN".
n!
We know that
o0 OO4TL
Y P(X=n) = 1<=>P(X:0)+ZHP(X:O):1
n=0 n=1
P(X=0 il =1
— (X =0) E%H =

— P(X=0)=¢"
(b) Find the distribution of X and calculate its expectation and its variance.

3. Two players are tossing fair coins. A tosses (n + 1) times the coin and B tosses n times the
coin (n € N*). Let X and Y be the number of “heads” got respectively by the player A and the

player B.
(a) Calculate the probability of the following events {X —Y =k}, k€ Z, {X =Y}, {X > Y}

4. We toss n times a fair coin and define the r.v. X to be the number of tails got after n tosses
X

and define the r.v. Y = C;—n, (a € RY). Calculate E[Y].
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5. Let X be a Poison r.v. with parameter A and define the r.v. Y by

2

- X if X iseven
10 if X isodd.

(a) Find the distribution Y, and calculate its expectation and its variance.

6. Let X and Y be two independent r.v. taking values in N: such that X follows the Bernoulli
distribution with parameter p and Y follows a Poisson distribution of parameter A\. Now define
the r.v. Z by Z = XY.

(a) Calculate the distribution of Z.

(b) Find the moment generating function (MGF) of Z.
(¢) Deduce E[Z] and Var[Z].

(d) Calculate P(X =11] Z =0).

a

7. Let X; and X5 be two i.i.d. r.v. with values in N such that :

1

(a) Find the distribution and calculate the expectation of ¥ = max (X7, X»).
Solution. i) V() =N, ii) Vk € N p(k) = P(Y = k).
We have Y (2) =N, ii) Vk € N p(k) = P(Y = k). We have

PY =k = Pmax(X1,Xs)=k)
Xz—k‘ X1<X2)+P(X1—]€X1>X2)
Xo=k X, <k)+P(Xy1=k Xy <k)

P
(
(
(Xo=k)P (X <k)+P (X, =k)P(Xo < k)
(
(
1

Xy = k) [P (X1 < k) + P (Xo < k)] (since P(X; = k) = P (X5 = k))
Xi=k)[2P (X1 < k)= P (X1 =k)]

o9 1 1 [1—92-(k+D) 1
= 9kt1 Z 9itl  ok+l | — okt1 \ 1 _9-1 | 92ki2
1 1 11 3

~ 9ok 1 - ok+1 | 7 92k+2 — 9k 92k+2

where we have used the relation P (X, < k) = P (X, <k)— P(X; =k))

Il
e Alaciiiaviiia v Biav

8. Let X and Y be two r.v. taking values in N such that:

VméeN and VneN P({X:m}ﬁ{Y:n})zen—' X S
(a) Find the distributions of X and Y.
i) X(©2) =N*and Y(2) =N, ii) V. m € N* we have

P(X=m) = f:P(X:m,Y:n)

n=0
[o¢]

el 1 1 et
= 2?2—7% = om (because ;F =1)

n=0



Hence X — G(3). And

m=1
et 1 e =1
= mz:l Tom = T (because 7;12_’“ =1)

Then Y — P(1).

(b) Are X and Y independent ?
We have Vm € N*and Vn e N

P(X=mY=n=P(X=m)P(Y =n)

therefore X and Y are independent.

(c) Find their expectation and their variance.

EX]=-=2 and Var(X)=

rol| =

and

EY]=1 and Var(Y)=1

9. Let f be a function defined by:

0 if <O,
flz) = 1if 0<z<l.
0if z>1

(a) show that f is a probability density function of a r.v. X.
fis ap.d.f. because f(z) >0 foe all z € R, and [, f(z)dz = fol ldx =1

(b) Find the c.d.f. of X.
The c.d.f. is given by

x 0 it <0 0 if <0
FX(iL‘):/ fOydt=< [Fldt if 0<az<l =4z if 0<z<l
- 1 it z>1. 1 it z>1.

(c) Calculate E[X] and its variance.

We have
—+o00 1 1
E[X] :/ tf(t)dt:/ tt =
—0c0 0
and
2 0 r 1
E[X?] = Ef@)dt = | dt =2
—0o0 0
Then
Var(x) - B[x?) - (B [x)f - 1 - (1) = 2
= —3 \2) 12
10. Let X be r.v. having a p.d.f. f given by:
0 if <0
) oa(z+1) if 0<2<2
F@ =9 -1 if 2<z<4
0 if >4



(a) Find the value of the constant a

2 2 4
/ f(x)da::1<:>/ a(:z:—l—l)da:—l—/ alr —ldr=1<=8a=1
0 0 2

hence a = %

(b) Give the c.d.f Fx of X

/

0 if <0
.1 .
Fx(z) = f(t)dt = 9 21
oo fo g(t+1)dt+f2 g(z&—l)olzf if 2<x<4
1 it >4

but we have

1 1
= )dt = — 2
/0 S 1)t = oo (a+2)
and
2 z ] 1
—(t+ 1)dt + —(t—1)dt=—z(r—2)+ =
0 5 8 16
Therefore
(0 if <0
1 :
Ex(w—l—Q) if 0<x<2
- 1 1
_ _ Z g <
16:E(:E 2)+2 if 2<z<d4
! if x>4
(¢) Deduce the value P[1 < X < 3].
We have
1 1 1 1
= — —2)+-——=1(1+2)=—
163<3 )+2 16(+) 2
(d) Calculate E'[X] and Var [X]
We have
oo 21 ‘1 13
E[X] = tf®ydt = [ t=(t+D)dt+ [ t=(t —1)dt = —
o 0 8 5 8 6
and
+o0 2 4 4
E[X?] :/ tzf(t)dt:/ t2§(t+1)dt+/ tzg(t—l)dt:6
—00 0 2
Then

Var(X)=E[X?] — (E[X])* =6 — <%) = ;L—Z

11. Let X be a continuous r.v. with p.d.f. f such that

o) = clnz if O<ax<l
V=Y 0 if  otherwise

(a) Find the true value of c.
fol cIn () dz = [c(xIn(z) — x)]} = —c = 1 hence ¢ = —1
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(b) Give the c.d.f Fx of X

Fx(z) = / f@dt =< [F—In(t)dt if O0<z<1
- 1 if z>1.
Hence the c.d.f. is given by
0 if <0
Fx(z)=¢ z—xzln(z) if 0<z<1
1 it z»>1.
(c) Calculate E'[X] and Var [X]
! 1, 1 b
E[X]:/ —zIn(z)dr = |~2* — ~2°lnz| =-
0 1T .4
and
! 1, 1 !
E[X?] = /0 —2°In (z) dv = [5363 — gx?’lnx}o =3
and then {1 -
Var[X]|== - —=—
X =57 16 7 1w
(d) Let X be a continuous r.v. with c.d.f. F' given by
0 if <z
F(z) = K
l—— if zo<z <400
x

(e) Find the p.d.f. f of X and find the value of K.

2K
The p.df. f of X is given f(z) = F'(r) = —-. To find K we solve the equation
x

+00 +002 K
f(x)dx:1<:>K/ —dr=1+= 5 =1+ K =1}
L) o Z o
22
Hencef(x):%
x

12. Let X be standard normal r.v. that is X < AN(0,1).

(a) Find the distribution of the r.v. Y = X;
We have Y (©2) = RT then Fy(y) =0 and fy(y) =0, for y < 0. For y > 0,

Fy(y) = P(X*<2y)
(V) -5 (VB

Fely) = Fyy) = X V20) B (2v20)

Hence

V2y
But remember that
Fi(z) L e ( x2>
p— X —_—— .
X o p 9
hence . (—y)
exp (—y
_ _ —y))=——"forally >0
fY(y) \/M (exp( y) + eXp( y)) \/y_ﬂ' or all'y 5



(b) Deduce E[X?] and Var[X?].

E[X? = E[2Y] —2/ ve %/Om\/geydy:%F @)

where [(p) = [;" e ttr~Ldt.
And

E[XY] = E4Y?) = 4/00 Ve gy [T revay = Ar (Z)
0 VYT VT Jo vro\2/)

Var[X?] = E[X*] - (E[X?)* = % (r <;> _ %r @)2) |

13. Find the MGF of the following distributions and deduce their expectation and their variance

Consequently

(a) 1. Bernoulli distribution, 2. Binomial distribution, 3. Poisson distribution, 4. Geometric
distribution, 5. Normal distribution with mean p and variance o

14. Let X be a r.v. taking values in {—b, —a,a,b} (where a and b are real numbers such that
0<a<b). Set Y = X2

(a) Find the distribution of ¥ and the distribution of the couple (X,Y).
We have Y(Q) = {a?, b*} and

P(Y=d) =

Consequently

P((X,Y)=(-bb") = P(X=-bY =0")=P( :—b):i,
P((X,Y)= (b)) = P(X:b,Y:b2)_P(X:b):i
P((X,Y)=(~a,a®) = P(Xz—a,Y_cﬂ):P(X:_a):i
P((X,Y)=(a,a®) = P(X:a,Y:aQ):p(X:a):%L

(b) Show that Covar(X,Y’) = 0.
By definition we have

Covar(X,Y) = E[XY]-

But

E[X]:}L(—b—a+a+b)=0andE[X3] :i(_bg_a3+a3+53)zo

Therefore Covar(X,Y) = 0.



(c) Are X and Y independent. We have Y = X? (Y is a function of X) hence they are
dependent.

15. Let X; and X5, be two independent r.v. such that:
1
X(Q) =X(Q) ={-1,1} and P({X; =1}) =P({X2=1}) = 7

(a) Set X3 = X;X5. Are the r.v. X, Xy and X3 mutually independent ?
We calculate

P(Xlzl,XQI—l,ng—l) == P(Xlzl,XQI—l)

1 1 1
= PXi=1)P(Xo=-1)==x=-=-.
(X1 =1) P (X, ) 5%571
On the other hand
1 1 1
P(Xlzl)P(XQ—_l)P(X3—_1>:—X—X—
2 2 2
because X3(Q2) = {—1,1}
P(X;3=1) = P(X;=-1,X=-1)+P(X;1=1,Xo=1)
1 " 1 n 1 " 11
272 272 2
Therefore
X1, X5 and X3 are not mutually independent.
16. Let X and Y be two r.v. with the following distribution:
1 1
X(Q2) ={-1,1} such that P(X =-1)= 1 and Y (Q2) ={1,2} such that P(Y =1)= 3

Denote by p the probability of the event {X = —1} N {Y = 1}.

Y

(a) Find the joint probability distribution of the couple (X,Y) in terms of p.
We have (X,Y)(Q2) = (X(©2),Y(R2)) = {(—1,1);(—1,2);(1,1);(1,2)}. Moreover we know

that .
P(X=-1Y =1)+P(X=-1Y =2) = P(X = —1) =
and .
P(X=-LY=1+P(X=LY=1)=P(Y=1)=z.
and 5
P(X=-1Y=2)+P(X=1Y=2)=P(Y=2)=
Then 1
P(X=-1Y=1)=p and P(Xz—l,YzQ):Z—p
and
P(X=1Y=1)=2—p and P(X=1,Y =2) =22 4p—" 4
e B I B I R TR



(b) What the required conditions of p?
The parameter p should satisfy 0 < p <1, 0 < i—p< 1, 0<%—p< 1 and %+p< 1
that is 0 < p < ;11
(c) Find the values of p in such away that X and Y become independent.
If X and Y are independent then we should have
1 31

1
P X=1Y=1)=-—-p=P(X=1)P(Y=1 -
(X=1Y=1)=3-p=P(X=D)P¥ =1)="3=

which implies that p = 1—12 And

1 12 1
PX=-1Y=2=2-p=PX=-1)P(Y =2)=3=¢
which implies that p = 1—12 And
P(X=-1Y=1)=p=P(X = -1)P(Y =1)= s = .
S T N IR T)
And
P(X=1Y=2)= > 4p—P(X=1)P(Y=2)—22-1
TR - TV T a3 T 2

which implies that p = % So X and Y are independent is and only if p = 1—12
(d) Find in this case the distributions of the following r.v.:

Z=XY; S=X+4Y; D=X-Y; M=max(X,Y); [=min(X,Y).
Solutions.

i. We have p =12,i. Z(Q) = {—2,—1,1,2} and ii. Probability mass function:

P@z—m::PM:—LY:%:é P(Z—-1)=P(X=-1Y =1)= —

12

P(Z=2) = P(X=1Y=2)=_ P(Z=1)=P(X=1Y=1)=

ii. We have i. S(2) = {0,1,2,3} and ii. Probability mass function:
_MS:m::PM:—LY:D:%,}%&:U:PM:—LY:m:é
P(S=2) zsz:LY:u:%,zuszazqu:LY:m:%

ili. We have i. D(Q2) = {—3,—2,—1,0,1} and ii. Probability mass function:
P(D=-3) = P(X=-1Y=2=¢, P(D=-2)=P(X=-1Y=1)=,
Pw:—D::PM:LY:m:;}ND:m:PM:LY:U:i

iv. We have i. M () = {1,2} and ii. Probability mass function:

PM=1) = P(X=-1Y=lor X=1,Y =1)

— P(X=-1Y=1)+P(X=1Y=1)
_ 1,11
12 43
P(M=2) :1-%:%
8



v. We have i. I(Q) = {—1,1} and ii. Probability mass function:

P(I=1 = P(X=1Y=lor X=1Y =2)
PX=1Y=1)+P(X=1Y =2)

17. Let X and Z be two r.v. with integer values. Assume that Z is a Poisson r.v. with parameter
A such that

X<Z and Yn>0, Vk<n, PX=k/Z=n)=C*1-p"F0<p<l).

(a) Show that X and Y = Z — X are two independent Poisson r.v.
We can write

P(X=kY=j) = P(X=kZ=j+k)
P(X=k/Z=j+k)P(Z=]+F)
ko k j— NHE

eV

k! 5!

—Ap (pA)* e A\1-p) (1 =p)A)
k! 4! '

= e

Now, by taking the summation over j we get

and by taking the summation over k£ we get
P(Y=j) = Y P(X=kY =)
k=0

o~ A1-p) (1 =p)N) o P i (pA)*

1 |
! o k!

o~ A1-p) (- p))\)j
it

Consequently X < P(pA), Y — P((1 —p)A) and
PX=kY=§)=P(X=kP(Y =j).

Which means that X and Y are independent Poisson random variable.



18. Consider the following joint probability density function p.d.f. of X and Y :

f4xy it O<y<1, O0<x <],
f,y) = { 0 otherwise
(a) Findi. P(0 < X <0.5,0.25 <Y < 0.5),ii. P(0<Y < 1),
i) We have
0.5 0.
P(0<X <05,025<Y <0.5) = / / drydrdy
0.2
0.5
= / 2:17d:v/ 2ydy
0.2
= }o x [y ]025
_ 52 (5 (5
© 102 \ 102 1002
_ (Y3
104 102) 64
ii) We have

PO<Y <1 = —00 < X < +00,0<Y <1)

= //4xydxdy—/ 2xdx/ 2ydy

= [y}o

(b) Find the joint cumulative distribution function c.d.f. of X and Y | ie., Fixy)(z,y) =

P(X <z,Y <y).
By definition of the c.d.f.

x oy

Fixyy(z,y) = / / duvdudv
PR

= / 2udu/ 2udv

F(X,Y) (3:7 y) = 07 F(X,Y) (-737 y) = 07

i. if x <0 ory <0, then

ii. if0<z<land0<y<1,then
z v
Fixyy)(z,y) = / 2udu/ 2vdv
0 0
22y

iii. if0 <2z <1 and y > 1, then

T 1
Fixyy(z,y) = /OZudu/O 2vdv

= {L’Q

iv. if 0 <y <1and x> 1, then

1 Yy
Fixy)(z,y) = /2udu/ 2udv

0 0

= y2
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v. ify > 1 and z > 1, then
Fixyy(zr,y) =1.
(¢) Findi. P(X =Y),ii. P(X <Y),iii. P(X =Y >1/2)

19. Consider the following joint p.d.f of X and Y :

f(z.y) :{

cle+3y) if 0<y<l1l, 0<x<l,
0 otherwise

(a) Find the value of ¢
(b) Find the marginal density function of X
(c¢) Find the joint c.d.f. of X and Y
(d) Find P(0< X <1/2,0<Y <1/2)
)

(e) Find P(X <Y) and P(X +Y < 1/2)

20. Suppose X and Y are continuous random variables with joint c.d.f. given by F(x,y). For each
of the following, find the answer in terms of F'(x,y).

(a) P(X <a,Y <c¢)=F(a,c)

(b) P(X <b) = lim, 400 F(b,y), P(Y < d) = lim,_, o0 F(a,d)

(¢c) Pla< X <bc<Y <d)=F(b,d)— F(b,c)— F(a,d) + F(a,c)

(d) P(X >a,Y <d)=Pla< X < 400,—00 <Y <d)
= F(+00,d)—F(+00, —c0)—F(a,d)+F(a, —0) = F(+00,d)—F(a,d) (since F(+00, —00) =
F(a,—o0) =0)

() P(X>bY >d)=Pb< X <+4+00,d <Y < +00) =
=1— F(+o0,d) — F(b,+00) + F(b,d)

21. Suppose the joint c.d.f. of two random variables X and Y is given by

1= —eV+e ™Y, for 2,y >0
Flz,y) = { 0, otherwise.

(a) Find P(X <2,Y < 2),
By definition of the c.d.f.

= 1-2%+4e

(b) Find P(X < 5),
P(X <5) = P(X<5Y <+o0)= lim F(5,y)
= 1—¢
(c) Find P(1 < X <3,2<Y <4):
P(1<X<3,2<Y<4)=F(3,4) —F(3,2)— F(1,4) + F(1,2)
(d) Find the joint p.d.f. fixy)(z,y)

O?F e *v for x,y>0
f(X7Y) (z,y) = m(%y) = { 0, otherwise.

11



(e) Find the p.d.f fx(x) of X and the p.d.f fy(y) of Y.

fx(x) = / fox(@,y)dy =e™" / e Vdy
0 0
pr— eiw

and

fr(z) = / f(X,y)(iU,y)daC:ey/ e “dx
0 0
e Y
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