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¥

Answer the following questions:

Q1:[5+3]

e x|

and Var(&)=c?, Var(N)=7°

0 if N=0
E+&E+ L +E If N>O

} be a random sum and assume that E(&,)=u, E(N)=v

Prove that E(X)= uv and Var(X)= vo? + y°7r°

b) Let us model the daily stock price change as Z=¢ +¢& +..+&,, where

&,&,-, &y are independent normally distributed random variables with common

mean zero and variance 0.5, and N is the number of transactions during the day

which has a Poisson distribution with mean 1.

(i) Determine the mean and variance of 7.

(i) What is the distribution of Z?

Q2: [5+4]

a) Given the following joint distribution.

0 1
Y
0 0.1 0.4
1 0.3 0.2

Compute p(X)Y).



b) Let X have a binomial distribution with parameters p and N, where N has a

binomial distribution with parameters ¢ and M . What is the marginal distribution
of X7

Q3:[1.5+1.545]
a) If T ~exp(1) prove that: pfr’(T>t+s|T>s) =pr(T'>t) Vt s=0

b) The lifetime T of a certain component has an exponential distribution with
parameter 3=0.02. Find pr (7' <130|T >100)

c) Let X have a probability density function defined as

cx? for0<x<3
f(X)=
0 elsewhere

(i) Find the value of ¢

(ii) Determine the distribution function, mean, variance, and median.




Q1: [5+3]
a)

(i) To prove that E(X)=uv

E(X)ZZ E[X|N =n]Py (n) Def. of Total Expectation

E(X):g E[&+&+ . &N =n]Py (n) Def. of Random Sum

E(X):g E[5 +&, + ... +&, [N =n]Py (n) Prop. of Conditional Expectation

E(X):i E[E+& + ... +& 1P, (n) where N is independent of &, &,, ...
 E(E)=p k=12, .0

- E(X)=Y Py (n)

- E)=1> 0Py (n)

o B(X) = uE(N) = uv
(ii) To prove that Var(X)=vc’ + i’z

Var(X)=E[(X - u0)°]
=E[X - Nu+ N pu-oul?
Var(X)=E[(X — N u1)*1+ E[* (N = 0)*]+ 2E[u(X - Np)(N =v)] (1)

- E[(X~ N1 = Y E[X - N[N = P, (n)
=Y EIE +&+ - +E, —np)? [N =Py (n)

CEIK N EY B+t ot~ IRy (1)

3



wVar(E) =E(E, - )’ =0, k=12,.,n

- EX-Nu)?1=Y no?P, (n)

n=1

=o’ Z nPy(n)
n=1

L E[(X-Nu)]=ve?, where S Py () =0 (2)

E[u* (N —0)* ] E[(N ~v)’]
s E[ (N =v)?]= p’Var(N) =u’c? 3)

Also,

E[ﬂ(X—Nﬂ)(N—U)]zﬂi E[(X ~nu)(n-0)|N =n]Py (n)

=43 (n - VEX )|V =]P (n)
~0 @)

where E[(X —nu)|N =n]=E(X-nu) independent prop.

=E(G + &+ o+, —np)
=nu—nu=0

Substitute (2), (3)and (4) in (1), we get
Var(X)= vo? + u’r?

b)

E(&,)=u=0, Var(gk):o-z =05
E(N)=v=1, Var(N)=r>=1

vl =85+E 4.+ Ey

S E(Z)=u(v+1)=0(2) =0 and
Var(Z2) = (v+)o? + 1’r* =2(0.5) =1

= Z~N(0,0)

. Z hasthe standard normal distribution.



Q2: [5+4]

P, (¥)

0.1 0.4

0.5

1 0.3 0.2

0.5

P, (X) 0.4 0.6

Sum=1

E(X) =0.6, E(X2) = 0.6, Var(X)=0.24
E(Y)=0.5, E(Y2)=0.5, Var(Y)=0.25
E(XY) = 0.2, Cov(X,Y) =-0.10, p(X,Y)=-0.4

b)
-+ X ~ Bin(p,N) and N ~ Bin(g, M),

We have the conditional prob. mass function

n
pX‘N(X|n) =[ijx(l—p)"x, x=012,..,n

and the marginal prob. mass function

M e
py(n)= y ¢"@-¢9)" ", n=012,...M

Apply the law of total prob. as follows

prX=x) =3 p (X[) py (0)

n=0

< n! X n—x
=) ———"(L-p)"

1= X =x)! 'n!(M;n)!

¢"@-g)""




_MY (pg) @-g)" A (M -x) g )T
T XM —x)! Z( j(l p) (qu

n=x\ 10— X

_ MY (pg) @-9)" KM =X ((J(l—p)jnx
X 1—q

X(M-x)! =S\ n-—

r=mn-X

_M! (pQ)X(l-Q)M‘XMi M=\ o 9@=p) |
X(M-x)! = 1-¢ )

(X =) = ML @) (H g(L-p) jM‘*
xI(M -x)! 1-q

_M! (pg)*@-pg)"
XI(M —x)!

M X
Sopr(X=X) =( J(pq) (1-pg)"™, x=0,1,2,..., M is the marginal prob. mass function of X
X

- X ~Bin(M, pq)

Q3:[1.54+1.5+5]

a) If T ~exp(4) provethat: pr(T >t+s|T>s)=pr(T>t) Yt s=0
Proof:

_pr(T>t+s,T>s)
)= pr(T > s)
_pr(T>t+s)

- pr(T > s)

pr(T>t+5|T>s

T~ exp(4)
—A(t+s)

sopr(T>t+s|T>s)=

e—ls

= =R(t)
=pr(T > 1)



b)

pr(T <130|T >100) =1~ pr(T >130|T >100)
=1-pr(T >30+100|T >100)
=1-pr(T >30)
=pr(T <30)
=1-e ¥
:1_9—0-02(30)

<. pr(T <130|T >100)=1—¢°® = 0.45

(ii) Mean is

U= Js‘l x%dx

59
473
1| X
= {—} =2.25
9 4 |,
To get variance
3

E(X?) = ;x“dx

0

5 3
9 5 |,



-
JZ :E(XZ) _ #2
=5.4-2.25*=0.3375

The distribution function (CDF) is given by
F(X) = j f(t) dt
:Jltzdt

29

1
= = x* 0<x<3
27

To get the median m, solve the equation

F(m)=0.5
. 27
> m=—
2
m=— ~23811

g/z




