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Answer the following questions:

Q1: [3+2+4]

In the reliability diagram below, the reliability of each component is constant and
independent. Assuming that each has the same reliability R, compute the system
reliability as a function of R using the following methods:

a. Decomposition using B as the keystone element.
b. The reduction method.

c. Compute the importance of each component if R, =0.85, R, =0.95,

R.=09and R_,=0.98

Q2:[5+2]
(a) If X(t) represents a size of a population where X(0) =1, using the following differential

equations:



dpo(t) _

dt —ZoD (1) (1)
ddet(t) - An_lp ”’_1(75) - ﬂ’np n (t), n:1,2,3, (2)

Prove that: X(t) ~geom (p), p=e* when 4,=0and A, =nd, and then find the mean and

variance of this process.

(b) Let X(¢) be a Yule process that is observed at a random time U, where U is uniformly
distributed over [0,1]. Show that pr{X(U)=Fk}=p"/(Bk) for k=12,.., with p=1-¢’.
Q3:[3+5]

(a) If a random variable T ~ Weibull(7, £). Compute its failure rate function and MTTF.

(b) Suppose the life distribution of an item has failure rate function A(t)=t>, 0<t<oo.

i) What is the probability the item survives to age 27
ii) What is the probability that the item’s life is between 0.4 and 1.47
iii) What is the mean life of the item?

Q4: [4+4]
(a) For the Markov process {Xt}, t=0,1,2,...,n with states Io,1,1,, ... 0 4,1

n-11"n
Prove that: Pr{X,=iy,X, =0, X, =i,, ... X, =i,}=p P, P, ... P where p, =pr{X,=i,}
(b) Consider the problem of sending a binary message, 0 or 1, through a signal
channel consisting of several stages, where transmission through each stage is subject to a fixed
probability of error « . Suppose that X, =0 is the signal that is sent and let X, be the signal
that is received at the nth stage. Assume that {X,} is a Markov chain with transition
probabilities F,=F, =1-a and F,, =F,=a, where O<a<1l.
i) Determine Pr{X;=0,X,=0,X,=0}, the probability that no error occurs up to stage n=2.

ii) Determine the probability that a correct signal is received at stage 2.

Q5: [8]
A furniture company produces chairs and tables, subject to the board-foot and man-hour
restrictions, our problem is to maximize the profit function z=$45x, +$80x, subject to

5x, +20x, <400
10x, +15x, <450
X, 20, x,20

Here, X, stands for the number of chairs and X, for the number of tables to be manufactured,

where, we have a total of 400 board-feet of wood and 450 man-hours to combine into a
manufacturing schedule for chairs and tables.




Model Answer
Q1: [3+2+4]

In the reliability diagram shown in Fig. 1. the reliability of each component is constant and
independent. Assuming that each has the same reliability R, compute the system reliability as a
function of R using the following methods:

a) Decomposition using B as the keystone element.

Fig. 1: Reliability diagram

Using B as the keystone element, we have two cases i.e., the case when B functions and the case
when it does not.

For the case when B functions, the system reduced to Fig 2.
'

Fig. 2: The case when B functions

Thus the reliability of the system depends only on the reliability of component A and D. Note that
R,=R;=R.=R,=R

Therefore,
R'=RR,=F’

For the case when B fails. the system block is as shown in Fig. 3. which is a series system.



o o
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Fig. 3: The case when B fails to work

Thus the reliability of the system depends on A, C, and D, therefore we have:
R =RR.R,=FR

Thus the reliability of the system using the two decompositions is given as:

Rem = RsR* +(1-R)R”
R....=R(R)+(1-RF
R m=2R —R*

system

b) Using the reduction method

With this method, it can be seen that components B and C are in parallel and jointly in series with
A and D. therefore the reduced system is given in Fig. 4.

Bic_ B D

Fig. 4: Reduced system

For parallel components B and C, we have

2

Ry =1-]](0-R)
i=l

R =Ry + Re — RgR¢

Rye=2R-R’

The reliability of the system is thus given as:

R =R, Ry R,

system
R em =RQR—R*)R
R =2R -R*



c)

Recall that the reliability of the system 1s given as:
Rs_rsmm = RARD (RB +RC - RBRC)

The mportance of each component is computed by taking the partial derivative with respect to
each of the component.

Thus the importance of component A is given as:

(S‘R;yﬂem _ ':S(RARD (RB + RC 7RBRC‘ ))
OR, OR,

I,=R,(R;+R.—R;R.)

The importance of component B is given as:

CS‘R;ysrem _ fS(RARD (RB + RC _RBRC' ))
(3‘RB fSR_B
I; =RR,—R,R,R.

The importance of component C 1s given as:

(SRS}'srem _ 5(RA RD (RB + RC - RBRC' ))
(SRC (S‘RC
I. =R,R, —R,R3R,

The importance of component D is given as:
(S‘Rsysrem o ':S(RA RD (RB + RC _RBRC' ))
OR, OR,
I,=R,(R;+R.—R,R.)

=1, =0.9751 1, =0.0833, I, =0.04165 and | , =0.84575

Q2: [5+2]

(a) dpo(t) _
T - iopo(t) (1)
dp(;t(t) =AoaD ()= 4,0, (1), =123, ... (2)

The initial condition is X(0)=1 = p(0)=1



0) - 1 , =1
= o )_{O , otherwise
=0 ()= —dp;t(t) =0

= po(t)=0 3

@= 2B; b 0-4p,0

- dp#t(t)-i-ﬂnpn(t):l”lpnl(t)v n=1,2,

K ﬂ’n = nﬂ,, /17171 = (n_l)i
. Ck%t(t)+n/1pn(t) = (n—l)/ipn_l(t), n=12, ...

Multiply both sides by e"*

e {dp%t(t) +nlp, (t)} =(n-DAp,_(t)e"

s %[ p. (e |=(n-Dip, ()™

= I; d[pn(x)e"“] =(n —1)/1.[; p.(z)e*dy

[p@e ] = (-0A[ p, (@) da

= p ({t)=e" [pn(O) +(n —1)2,.[:])”1(93)6”1‘”dx} ,n=12, ..

which is a recurrence relation.
at n=1

p. ()= [p,(0)+0]=e" (5)

at n=2

p,t)=e?* [p ,(0)+ ﬂ,JZ pl(x)ez’”dx]

(4)



BG)= p,(z)=e*
sop,t)=eH [/1.[; e“ez’”dx}

)= 20 [
=e " (1-e*)  (6)
Similarly as (5) and (6), we deduce that
p, ()= A-e")"
=p(l-p)"", p=e*, n=12, ..
X (t) ~ geom(p), p=e*
Mean[X(t)] =1/p=e”,

—At
1-¢
-2t
e

Variance[ X (t)] = 1—2]3 =
p

(b) For Yule process,

p, ()= e‘ﬂt(l—e_ﬁt)"_l, n>1
=

pr{X(U) = k} =|e” (- du

P X

(L—e )" Be P du

_ifa-e']
el
gy

—E[(l—e )]

k
~pr{X(U) =k}=%, k=12, ..where p=1-¢*

Ot P O

=

Q3: [3+5]

(a)
For T ~Weibull(n, ), the p.d.f. is



gt Y Y
f(t) Z—[—} exp [[—] } and the Reliability function is R (t) =exp [[—J }
nLn n n

oty =1 ®

'Mt)_R(t)

. gt

LA) == — (1)
nln

102 e (4]

B
Let, a = (lj = n_ﬁ
n

= ft)=aBt/ e
The Mean, u = I:t af t" e~ dt

Let, u =at”

= du=aft’dt, t= (u_)
a

The Mean, u = _[:(u—jﬁe “du
y:aﬂ:(u )%e‘“du
4 1
pu=a’I'(l+=)
B

u=77F(1+%), n=a’ @

(b)
i)

R(t)= exp{—j'/i(x )dx}



R(2) = exp{—j‘ﬁdt}

&
=exp| ——
4 0

:e’4
~0.0183

1I13)r(0.4 <T <1.4)=F(1.4)-F(0.4)
=R (0.4)-R (1.4)
=exp[-t*/413* —exp[t* /41"
= exp[(-1/4)(0.4)*]1—exp[(-1/ 4)(1.4)*]
=0.61088
ii)

MTTF= j: R (t)dt

w R(t)= exp[—ﬁ A(x)dx ]

t
=exp {—J‘ x %dx }
0

£
=e -
o

= MTTsz: R (t)dt

e 1.,

—IO exp(—zt )dt

1, ~3/4
Let X:Zt = dt =(4x)>"dx
= MTTF= 47 "e™ x *dx

=47 (1/ 4)
~1.2818



Q4: [4+4]
(a)
Pr{xo = iO'Xl = il’XZ = i?-’ X, = i”}

{Xo =15, X, =0;,X, =iy, 00 X =i, 4} Pr{X
{X

o =1 Xy =g, Xy =i, X, =iy, 0 X =i, )
o =10, X, =i, X, =i,, ... . X, =i, ,}.P_; Definition of Markov

By repeating this argument n —1 times

LPr{X, =i, X, =0, X, =iy, .0 X, =0,

=p;,Py.Py, - P P wherep, =Pr{X,=i,} is obtained from the initial distribution of the process.

R P PR gy P

n In

Pr
Pr

(b)
i)
Po = pI’(XO :0):1

Pr{Xo =0,X,=0,X, = 0} = poFootho
=1x(l-a)x(1-a)

=(1-a)’

ii)

Pr{X,=0,X,=0,X,=0}+Pr{X,=0,X, =1 X, =0}

= PoFooloo + PoFor o

=(l-a) +a’

=1-2a+2a*

Q5: [8]

The LP pb. is of form:

max 45z, +80x, max 45z, +80x,
5z,+20 z, <400 z,+4 z,<80
10 2, +152,<450 = 22, +3 x, <90

2,20, z,20 2,20, 2,20

The canonical form:
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max 45z, + 80z,
x, +4z,+ 2, =80

2z, +3z, +z, =90
where z, and z, are slack variables.

Let z,=2,=0 = NBVs= {z,1,} and BVs = {z,,z,}

2z, =80—-1z, -4z,
= z,=90- 22 -3z,
z =45z, +80z,

1st dictionary

Let z, be incoming variable (it has a +ve coefficient In the equation for 2 )

Ratio test
80 90
Ty:—=80, Ty:—=45
1 2

. x, —> outgoing variable

= ¥, =45-3/23,—-1/2 T,

T, =45-3/2T,-1/2 T,
=  1,=35-521,+1/2%,
Z =2025+125 T, - 225 T,

2nd dictionary

Let z, be incoming variable (it has a +ve coefficient In the equation for z )

Ratio test
45 35

Ty ——=30, Z3:——=14
3/2 5/2

". X3 —> outgoing variable

= T,=14-2/5T,+1/5%,
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T, =24+3/5T,-4/5T,
=  T,=14-252,+1/5%,
2 =12200-5 T, -20 T,

3rd dictionary

Here, we have —ve coefficients for all variables in the z equation, so we should stop.

The optimal solutionis

T, =24, T, =14, Ty =0, T, =0 Where :=2200

. max z = $2200
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