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Abstract

The Bergman space is the Hilbert subspace of the Lebesgue space of square summable func-
tions on the unit disk consisting of the analytic ones. A Toeplitz operator on the Bergman
space is a multiplication by a fixed function (called the symbol) followed by a projection
onto the Bergman space. A theorem is called of Brown-Halmos type if it answers the fol-
lowing question: When the product of two Toeplitz operators is again a Toeplitz operator?

The original Brown-Halmos theorem was discovered by themselves in the Hardy space set-
ting by 1963. Very recently, in their excellent paper [A theorem of Brown-Halmos type for
Bergman space Toeplitz operators. Journal of Functional Analysis, 187 (2001), 200-210.], P.
Ahern and Z. Cuckovié, have established a Brown-Halmos type theorem for Bergman space
Toeplitz operators with bounded harmonic symbols. In a subsequent paper, namely [Some
Examples related to the Brown-Halmos Theorem for the Bergman Space. Acta. Sci. Math.
(Szeged) 70 (1-2), (2004), 373-378.], they have discussed the case of radial symbols. P. Ah-
ern in [On the range of the Berezin transform. Journal of Functional Analysis, 215 (1), (2004),
206- -216.], has somewhat generalized the results of the first paper. The aim of this thesis
is to present their results in a significantly detailed framework. Our contribution consists

of the following:
e Collecting various background elements and surrounding the underlying concepts.
e Detailing the proofs and commenting on the results.
e Extracting perspectives and suggesting affordable questions for further research.
e Establishing generalizations of some of their results and pointing out new corollaries.

The main outcomes of this work consist of: a deep initiation to the theory of operators on

function spaces and a contribution in establishing more Brown-Halmos type theorems.

AMS 2000 Subject Classification: Primary: 47B35, Secondary: 47B38, 47B47.
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Introduction

Let D be the unit disk in the complex plane C and let @D be its boundary. Denote by
dA the normalized Lebesgue measure on D. L?(D,dA) is the well-known Lebesgue space
of square summable functions in D. The Bergman space L? is the Hilbert subspace of
L*(D,dA) consisting of analytic functions. Denote by T the Toeplitz operator with symbol
f, (a priori, such symbol is supposed to be an L'—function). Tt is defined, on L2, to be
a multiplication by f followed by a projection onto L2. A related operator is the Hankel
operator Hy, which is defined on L? to be a multiplication by f followed by a projection

onto (Lg)L , the orthogonal complement of L2, instead.

The study of Toeplitz and Hankel operators on the Bergman space has begun by the eighties.
The main concerns of such studies are related to the characterization of symbols giving rise
to bounded, compact, finite rank and certain Schatten class operators. In addition to the
problem of products of such operators and so many other questions.

In particular, the following question represents our main task in this thesis: how to charac-
terize the product of two Toeplitz operators in order to be again a Toeplitz operator? In the
classical case, namely in the framework of the Hardy space, various aspects of such problem
become nowadays well understood. The main contribution in this direction is the work of
Brown and Halmos in their fascinating paper [2]. As a matter of fact, this paper is acknowl-
edged by experts to be the pillar of this area. Among the famous Brown-Halmos results,
the one answering the above question. Precisely speaking, it asserts that a necessary and
sufficient condition for the product 1T, of two Hardy space Toeplitz operators T and T,
to be again a Toeplitz operator is that either g be holomorphic or f be co-holomorphic; in
either case T;yTy; = Ty,. This solves the problem completely in the Hardy space case.

However, unlike the Hardy space case, the Bergman space situation is still less understood
despite the heavy efforts done mainly by P. Ahern and Z. Cuckovié. Indeed, only very
recently, P. Ahern and Z. Cuckovic in [3] have started the study of the Brown-Halmos
conjecture, (i.e. the Bergman space analog of the latter assertion), for Bergman space
Toeplitz operators. In that nice piece of work they considered the problem for bounded
harmonic symbols with bounded harmonic conjugates. Namely, they assumed that f =
fi+ f2, 9= g1+ and h = hy + hy with f;, g; and h; are bounded and holomorphic on D.
Then they gave several necessary conditions for TyT, = T}, to hold in a non-trivial way, (by



non-trivial way it is meant here that it is not the case that both f and g are holomorphic,
or that both conjugate holomorphic or that f or g is constant). Actually, if one of these
four situations takes place, one sees immediately that T(T, = Tt,. They mentioned also
that they don’t know any example of such harmonic f, g and h such that T;T, = T}, holds
in a non-trivial way. As a matter of fact it turns out, as we will see later, that their feeling
was pretty exact, namely there is no such f, g and h such that T;T, = T}, in the above
meaning of non-trivial way! They have given, in particular, some necessary conditions for
TyTy =Ty, to hold in a non-trivial way, namely

1. fi; and g3 lie in the Zygmund class A..

2. There is no subset E C 9D of positive measure such that both f) and ¢} have
continuous extensions to each point of E.

3. fg is not harmonic.
4. The function ¢ = fg — h extends continuously to D and vanishes on dD.
5. T, is in the Schatten class S, for all r > %

6. If h =0, then f1, f2, g1 and go are cyclic vectors for the backward shift on the Hardy
space H?.

The elegant and exciting techniques used in that paper are very useful and completely new.
This makes that significantly rich paper, in our opinion of course, the key to the solution
of the Brown-Halmos conjecture in the subsequent papers by P. Ahern and Z. Cuckovi¢
themselves [1, 2, 4]. Although it turns out that the set of such triples (f,g,h) satisfying
T¢Ty = T) in the above meaning of non-trivial way is an empty set, (and thus the above
necessary conditions, or any other arbitrary necessary condition, must be trivially satisfied),
the techniques introduced in that paper give insight on the adequate approach towards the
solution of the relevant problem, and we did enjoy it.

Having concluded that this first attempt to define the non-trivial way in the relevant context
seems to be inadequate, P. Ahern and Z. Cuckovi¢ have corrected it in their subsequent
excellent paper [2]. It turns out therefore that the right notion of non-trivial way should be
simply either g be holomorphic or f be co-holomorphic. In this paper they showed that a
Brown-Halmos type theorem holds under some additional hypothesis on the symbols f and
g but fails in general. More precisely they showed the following: if f and g are bounded
harmonic and A is bounded C? with bounded invariant Laplacian, then TyT, = Ty, holds
if and only if either f or ¢ is holomorphic, and then fg = h. An important special case is
the one when f, g and h are bounded harmonic; then T;T; = T}, holds if and only if both
f and g are holomorphic, or both f and g are conjugate holomorphic or f or g is constant.
This shows that indeed there are no such triple (f, g, h) satisfying TyT, = T}, in the original
sense of non-trivial way.



It should be fairly convenient to mention that the celebrated paper [2] by P. Ahern and Z.
Cuckovic opens the gate to at least two additional research directions. The first one is the
problem of characterizing symbols giving rise to finite rank Toeplitz operators. Actually,
they proved an auxiliary lemma asserting that there is no non-zero rank one operators with
bounded symbols. In the perspectives, by the end of this thesis, we are going to formulate
the question properly. The second research direction suggested implicitly by that work is
the problem of characterization of the range of the Berezin transform. They addressed this
problem in its simplest form, namely: does there exist a function u € L' (D, dA) such that
2Z = Bu(z)? It turns out that the answer is positive with « () = 1 —log # P. Ahern in [1]

pursued the investigation of such characterization of non-constant holomorphic functions
f, g with fg = Bu. He proved that a few of such couples exist, namely f and g must be
polynomials, of lower orders, in disk automorphisms. Such characterization proves useful
in establishing a more general Brown-Halmos type theorem.

As we have already mentioned, a Brown-Halmos type theorem can be obtained for bounded
harmonic symbols but fails in general. Accordingly, P. Ahern and Z. Cuckovic in [4] have
given several examples on some classes of symbols where a Brown-Halmos type theorem
can be obtained and other cases where it fails. The particularly important class considered
in that paper is the class of radial symbols. A powerful technique is well explored in that
work, in addition to the Berezin transform, namely the Mellin transform. Among integral
transforms, the Mellin transforms proves to be extremely useful whenever it is about radial
functions. Note that the use of such technique in Toeplitz operators was initiated by Z.
Cuckovi¢ and N. V. Rao in [23].

The study of the commutativity problem related to Toeplitz operators with bounded har-
monic symbols was initiated by Cuckovi¢ in his dissertation [22], where the construction of
the fundamental elements of the theory was established. A series of related work, namely
[12] and [21] were subsequently published. It is remarkable that, unlike the Brown-Halmos
conjecture, the techniques used in this direction are not relied on the Berezin transform. It
is one of our contributions to make use of the Berezin transform to re-establish some of the
results obtained in [13, 21], and to see whether one can go further in this direction using
this pioneering tool.

Having given an idea on the main recent developments regarding these two directions, we
now return to the description of our contribution in this topic. Our thesis mainly hinges on
the work of Z. Cuckovi¢ and his collaborators S. Axler, P. Ahern and N. P. Rao, namely
1, 2, 3, 4, 12, 13, 21], and it consists of two rather distinct parts. The first part is the
main one. It hinges on the results of Z. Cuckovi¢ and P. Ahern [1], [2], and [4], which
are our source of inspiration throughout this thesis. Actually, unless mentioned, most
of the assertions are due to them by default. We present their results in a significantly
detailed way through our own comprehension of the subject with no claim of originality.
The main concern of this part is to establish a Brown-Halmos type theorem for Bergman
space Toeplitz operators with bounded harmonic symbols using a powerful tool, namely the



Berezin transform. Taking into account the challenging difficulties that may be encountered
when dealing with the weighted Bergman space Toeplitz operators, we address however such
a case. Fortunately, we have established most of the assertions yielding a satisfactory answer
to the weighted Brown-Halmos conjecture analog, except some remaining steps that seem
to be somewhat resistant. Precisely speaking, for the weighted Bergman space situation,
the following assertions are new: Remark 1.1.36, Theorem 2.3.3 and Section 3.4. Part (3)
of Remark 4.1.2 on the diagonal Toeplitz operators with radial symbols and Remark 4.2.7
which characterizes radial Toeplitz operators can also be considered as new contributions.
Among our contributions we have suggested proofs to many facts that are probably familiar
to experts but we could not localize any corresponding reference, namely: Lemma 2.2.2,
Lemma 2.4.2, part (1) of Proposition 3.1.3 and Lemma 3.1.5. Also we have proved some well
known results by our own methods just as Proposition 2.1.3, Corollary 3.1.17 and Theorem
5.1.2. Another interesting assertion, which is considered as one of our main contributions,
namely Lemma 4.2.10. Actually it is the converse of Proposition 0.2. of [68] for Toeplitz
operators and it proves to be of great help subsequently. We have also extracted some
questions and perspectives for further research in this exciting topic that interplays operator
theory with complex function theory.

Our thesis is organized as follows: in Chapter 1 we give some preparatory material needed
for the rest of the thesis. First we survey the results obtained in both Hardy space and
Bergman space settings from a wide point of view. We collect some facts from various
areas serving our own purpose. Most importantly are the main results obtained so far,
regarding Toeplitz and Hankel operators on both Bergman and Hardy spaces, that we
supply in details and in a well organized framework. This gives a good initiation to the
theory of operators on analytic function spaces. The material of this part is mostly taken
from [16, 17, 24, 38, 48, 49, 64, 67].

Chapter 2 is devoted to the pioneering tool used in this approach, namely the Berezin
transform. We collect various aspects of the Berezin transform and its main properties. Our
source for such purpose are the following papers and monographs [1, 2, 14, 15, 51, 53, 57, 67].
Interested people are advised to consult them for details. In this chapter we have included
one of our main contributions, namely Theorem 2.3.3 and the original proof of Lemma 2.4.4.

Chapter 3 includes the heart of the matter. In fact, the problem of products of Toeplitz
operators on the Bergman space is well established there, and the pivot of this thesis, namely
Brown-Halmos type theorems related to the case of bounded harmonic symbols, is studied in
details from various points of view with sufficiently numerous comments. The zero product
problem, as a corollary of the Brown-Halmos theorem, is also discussed. The results of this
chapter hinge on the excellent work of Z. Cuckovic and P. Ahern [1, 2], which is our source
of inspiration. The generalization of the Brown-Halmos conjecture to the weighted case has
been initiated here. Although the obtained results are far from being complete, but it is a
promising contribution towards a weighted Brown-Halmos type theorem.



Chapter 4 mainly concerns the case of radial symbols. Although this situation is not
completely studied, but Brown-Halmos type theorems related to some special cases are
discussed through several examples. The main tool exploited in the investigation of this
situation is the Mellin transform. The results of this chapter rely on the nice paper [4] by
Cuckovi¢ and Ahern.

Chapter 5 is devoted to the commutativity problem for Bergman space Toeplitz operators.
It represents the second part of this thesis. The main references used in this chapter are:
the excellent paper by S. Axler and Z. Cuckovic [13], Cuckovic’s dissertation [22], and the
one by S. Axler, Z. Cuckovié and N. P. Rao [12]. We have collected, in a well organized
way, various results in this direction with detailed explanation. We contribute, equally, here
by supplying different proofs to certain assertions in order to give insight on the use of the
Berezin transform to tackle the commutativity problem.

We conclude our thesis by some remarks and perspectives in the form of questions for
further research. Some of them are more or less affordable. The investigation of certain
ones is in progress.



List of Symbols

A(D), disk algebra

A? | weighted Bergman space

a,(f), Fourier coefficient of f

B, Bloch space of D

B;,, harmonic Bloch space

By, little Bloch space

B(u), Berezin transform of u

B, (u), weighted Berezin transform of u

BMO, space of functions on 0D with bounded mean oscillation
BMOA, space of analytic functions in BMQO

C, complex plane

C, extended complex plane

C™, n-dimensional complex vector space.

C(92), space of all complex-valued continuous functions on a domain €
Cy(D), continuous functions on D vanishing on the boundary
D, open unit disk in the complex plane

D, closed unit disk in the complex plane

D,, open Euclidian disk with center 0 and radius r



D(. ry, open Euclidian disk with center z and radius R
D (R?), space of test functions on R?
df, arc-length measure on 0D

dA, normalized area measure on D
dAa, weighted area measure on D

0, the delta function of Dirac

@, direct sum

©, direct substraction

E, algebra

F', numerical field

f, conjugate of f

f ® g, rank one operator for f and ¢
fr, mean of f over an interval I

f * g, convolution of f and g¢

f, Poisson extension of f

F(f), Fourier transform of f

f, Mellin transform of f

V, gradient

‘H, Hilbert space

H®>_ space of bounded analytic functions on D or 0D
H,, Hankel operator with symbol u
HP?, Hardy space

(HP?)*, dual of H?

H*, orthogonal complement of H



(.,.), inner product

ﬁ, invariant Laplacian

K, ideal of all compact operators

ker T', kernel of the mapping T’

k., normalized kernel function in L?

kq(ﬂa), normalized kernel function in A?

K., kernel function in L?

Kq(ua), kernel function in Ai

L', Lebesgue space of functions which are integrable with respect to dA
L?, Lebesgue space of square integrable functions with respect to dA
L, Lebesgue space of bounded functions

L?, subspace of L? consisting of holomorphic functions (Bergman space)
L?, subspace of L? consisting of harmonic functions

Lp°, subspace of harmonic functions in L*

L'(D,dA,), space of integrable functions on D with respect to dA,
L?*(D,dA,), space of square integrable functions on D with respect to dA,
L(#), algebra of all bounded linear operators on a Hilbert space H

A, Laplacian

M, the maximal ideal space of H>®

M, the multiplicative operator with symbol ¢

©¥a, Mobius transformation

I|-Il, norm

0

PTL normal derivative

P, orthogonal projection from L? onto L?



Py, orthogonal projection from L' onto L}

Pg, Szego projection

P, orthogonal projection from L?(D,dA,) onto A?
IT, natural projection

I1, the half plane {z : Re(z) > 1}

o, the set of trigonometric polynomials

o+, the set of analytic trigonometric polynomials
rad(f), radialization of a function f

Rad(A), radialization of an operator A

S, Szego kernel

S’, commutant of the operator S

S, unilateral shift

T*, adjoint of an operator T’

T., Toeplitz operator with symbol u

T, norm closed subalgebra of L(L?) generated by Toeplitz operators



Chapter 1

Hardy Spaces, Bergman Spaces
and Haplitz Operators

At the beginning of this chapter we give some basic aspects of real, complex and
functional analysis in preparation to our study in the subsequent chapters. Then
we talk about Hardy, Bergman, Weighted-Bergman spaces and operators defined on
them, namely the multiplication (or Laurent), Toeplitz and Hankel operators. J.
Peetre has matched both kinds of operators, (Toeplitz and Hankel), together in one
curious name: Ha-plitz operators! The results exhibited in this chapter are rather
classical and most of them are well-known with a few exceptions. The background on
Hardy spaces and their operators is taken mostly from the famous paper by Brown
and Halmos [16] and the common text books [24, 25, 32, 38, 49, 67]. Whereas the
material on Bergman spaces and their operators is taken from various recent papers
in addition to Axler’s paper [9] and Stroethoff’s nice notes [57] as well as well-known
textbooks such as [40, 67]. The material on the Weighted-Bergman space is taken
from [60, 51] as well as [67]. For the sake of completeness, we include a historical
survey, where we describe recent development in the subject. The reader who is

familiar to the basic concepts may skip this chapter.
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First, recall some very basic facts from complex function theory, functional analysis
and integral transforms. Such facts are directly involved in our analysis along the
whole thesis. Then we supply some words connected to introductory preliminaries
that help understanding the general framework of reproducing kernel Hilbert spaces

and their operators.

1.1 Preliminaries

1.1.1 Some facts from complex function theory

Let C" denote the n-dimensional complex vector space. A point in C" is written

as z = (#1,%2," ", %1, 2n) Where z; = x; + iy; are complex numbers. We write
5_4 = %(% - 'aiyj) f for the complex partial derivatives of a function f : C* — C. We
also use the notation for m = (my,...,my) € N*, 2 € C* :

olml f o™ omn

_ 2), |ml=mi+ -+ my.

Definition 1.1.1. [Holomorphic functions in several variables]

Let DC C" be an open set. A continuous function f : D — C is called holomorphic
in D if for all z € D and 1 < j < n, the complex partial derivatives 2L exist and are

0z;
finite.

Remark 1.1.2. In other words, a function f : D — C is holomorphic if it is contin-
wous and holomorphic in each of its variables.

Actually, it is not necessary to assume that f is continuous, a theorem of Hartogs
asserts that the continuity assumption is redundant in the definition of analyticity.

Lemma 1.1.3. If f is holomorphic, then % s holomorphic. Moreover, all partial
J
derivatives (gnfn erist.
%)

Definition 1.1.4. Let DC C. A function f on D is said to be radial if it depends
only on |z|.
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Theorem 1.1.5. [The principle of analytic continuation]
Assume that f is analytic in an open connected subset of C*. If f wvanishes on an
open subset of D, then f =0 on D.

Theorem 1.1.6. [The maximum principle] B
Let Q be a bounded domain in C* and let f be analytic on Q and continuous on Q.
Then |f(z)| takes its maxzimum on the boundary of Q.

Theorem 1.1.7. [Liouville'sTheorem]
If f is both entire and bounded, then f is a constant function.

Definition 1.1.8. [19] [Mébius transformation]
A Mobius transformation, or a bilinear transformation, is a rational function

T:C—C
of the form
az +b
T =
(2) cz+d

where a,b,c,d € C are fized and ad — be # 0. We write formally T(—%) = 0o and
T(x) = 2.

C

Remark 1.1.9. [19] The only one-to-one conformal mappings that map the unit disk
D onto itself are the Mobius transformations of the form

zZ—a

T(z) = A

1—az

where a € D and X\ € C with |\| = 1. They are called ”disk automorphisms”. Here
A\ =€ is an extra rotation about the origin .

Definition 1.1.10. [19] Let f be an entire function. The order of f is defined by

) log(log M (r
r—00 logr

where M(r) = M(r, f) = max|f(2)|,0 <r < R.

|2|=r
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Theorem 1.1.11. [19] [Hadamard’s factorization theorem]
Let f be a non-constant entire function of finite order p. Then f admits a canonical
product representation :

f(z) = 2"e®p(2)
where m > 0 is the multiplicity of the zero at the origin, q is a polynomial of degree
v < p. and p is the canonical product associated to the zeros {ay} of f in C.

Definition 1.1.12. Let u be a continuously differentiable complex valued function in
D, the gradient of u is the map R? — C? defined by

Vu = (agfj), algf) = (Qu(z) + du(2),i(Qu(z) — du(2))).

Definition 1.1.13. A sequence {c;} in D is called a Blaschke sequence if

Z(l — lej]) < o0

J

Example 1.1.14. The sequence {2k + 2} is not Blaschke since

-2k +2)) =) (-2k-1)

k k

18 not convergent.

Remark 1.1.15. We know that a Blaschke sequence gives rise to a function

’"H{ 1 _ajg}ﬂz), (1.1.1)

with F' is zero free and aj # 0, which is analytic. So that, if a function f vanishes
on a Blaschke sequence {c;}, this does not mean that f = 0, because it can have the
form of Formula (1.1.1).

The following helpful proposition plays an important role in the proofs of many results.
It is some kind of analytic continuation principle. To clarify things, first let us remark

the following
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Remark 1.1.16. If f is holomorphic in a neighborhood of the origin in C" then in

the absolutely convergent power series » coz® of f(z) around 0, we may collect terms
«
of the same degree

f(2) = Py(2) + Pi(2) + Pa(2) +

where P;(z) = Y caz® is homogeneous in zy, . .., z, of degree j.
la|=j

Proposition 1.1.17. If F' is holomorphic in D x D and F(z,Z) = 0,Yz € D, then
F=0.

Proof: Let 0 < p <1, then F' can be written in the following form

F= m on D, x D
» s

m=0

where each f,, is a homogeneous polynomial of degree m on C x C, and D, is the

disk of radius p around the origin. For —1 <t <1,z € D, and m > 0 we have

funlt2,82) = 7 fn(2,2).
Thus
me 2,Z)t me (tz,1Z) = F(tz,1z) = 0.

Which means that fm(z,z) = O,Vm Z 0, whence it suffices to prove the proposi-
tion for homogeneous polynomials of degree m on C x C. Suppose that f,,(z,w) =
S "agzFw™ satisfies f(2,Z) = 0,Vz € D,. Taking 0 < r < p and # € R and

k=0

putting z = re'

, we obtain

§ :CL 7"2k 2ik6 7zm0 —0.

Which implies that

m

Zake2ik0 =0,Vh e R
k=0

Since the system {e?*?} is linearly independent, we conclude that ay = a; = ... =

Gy, = 0. Thus f,, = 0 and the proof is complete. B
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1.1.2 Some basic facts about Banach algebras

Theorem 1.1.18. [Hahn-Banach theorem]
Let H be a normed space, M a subspace of H and f a bounded linear functional on
M. Then there exists a bounded linear functional F' on H such that

1. F(x) = f(x),Vx € M,
2 F =1

In other words, there exists an extension F of f which is also bounded linear and
preserves the norm.

Theorem 1.1.19. [Riesz representation theorem]|
If f is a bounded linear functional on a Hilbert space H, then there exists a unique
vector y € ‘H such that f(x) = (x,y),Yx € H and ||f] = ||y -

In the following we give some basic results on Banach algebras which are needed in
the sequel.

Definition 1.1.20.

1. A wvector space E over the field F is called an algebra if for every pair (z,y) €
E x E a unique product xy is defined with the properties:

(a) (xy)z = 2(y2),

(b) 2y +2) = xy + vz,

(c) (x+y)z=xz+yz,

(d) Mzy) = (A\x)y = x(A\y), for all z,y,z € E and scalar .

2. E is an algebra with identity if it contains an element e such that ex = xe,
Vr € E.

3. A normed algebra is a normed space which is an algebra such that
eyl < =l llyll,Vz,y € E,

and if B has an identity e, then |le|| = 1.
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4. A Banach algebra is a normed algebra which is complete, considered as a normed
space.

5. A Banach algebra E whose elements satisfy xy = yx,Vr,y € E is called a
commutative Banach algebra.

Definition 1.1.21. The disk algebra A(D) is the set of all continuous functions on
the closure of the unit disk D, which are analytic in D.

Definition 1.1.22. A mapping x — x* of an algebra E into itself is called an
involution if it has the following properties for all x,y € E and oll o, 5 € F:

1. (ax + By)* = az* + By*.

Definition 1.1.23. A Banach algebra E with an involution satisfying the identity
|z*z|| = ||z||* for all z € K,
s called a C*—algebra.

Example 1.1.24. For a Hilbert space H, L(H) is the algebra of all bounded linear
operators on H.

Definition 1.1.25. An ideal in a Banach algebra E is a closed linear subspace J C E
such that A € J implies AB € J, VB € E.

1.1.3 Some facts from operator theory

Definition 1.1.26. An operator A : H — H 1is called a diagonal operator if Ae; is
a scalar multiple of e;, i.e. Ae; = aye; for all j. Here {e;} is the basis of the Hilbert
space H.
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Remark 1.1.27.

1. The family {a;} is called the diagonal of A =diag(ag, s, .. .).

2. The spectrum of a diagonal operator is the closure of the set of its diagonal
terms.

3. The norm of a diagonal operator A is just || A]| = sup |ay] .
J

Definition 1.1.28. An isometry is a linear operator U on a Hilbert space H such
that

IUFII =[£I, for all f € H.

Theorem 1.1.29. For a linear operator U on a Hilbert space H, the following con-
ditions are equivalent:

LAULIP = Nf11?, for all f.
2. (U*UF, fy = (f, f), for all f.

3. (U*Uf,q9) = ([, qg), for all f and g.
4. UU = 1.

Remark 1.1.30. [t is obvious from the previous theorem that a necessary and suf-
ficient condition that a linear operator U be an isometry is that U*U = 1.

Definition 1.1.31. For f and ¢ in L?, define the rank one operator f ® g by

fg: L — IL?
h — (f®g)(h)=(h,g)f

Remark 1.1.32. Actually, we have a worth stressing observation regarding this
definition: from the above definition we see that its range is at most one-dimensional.
In particular, if f and g are in L?, then {f} constitutes a basis of the range of
f ® g. Therefore, in our opinion, the original definition should be simply: a rank
one operator is an operator with one-dimensional range. So that the above definition
becomes a property which can be deduced from Riesz representation theorem as follows:
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denote this operator by p and let the corresponding range be generated by f. Then for
any h € L?, there exists some ay, satisfying u(h) = apf. The correspondence h — ay,
s a bounded linear functional A say, whence by Riesz representation theorem there
exists some g € L? satisfying A\(h) = oy, = (h, g). Thus u(h) = anf = (h,g)f. So that
the rank one operator is defined by two L?>—functions f, g and is denoted customarily

by (f @ g)(h) = (h,9)f.

Now, we introduce some basic results concerning fundamental solutions, in the sense

of distributions, which are going to be used later. For further details we refer to [33].

Definition 1.1.33. F is called the fundamental solution of the operator equation
Au = f, where A is a differential operator, if AE = 6 where 6 is the delta function of
Dirac.

Definition 1.1.34. We define the convolution of two L' functions f and g on R by

fro= [ sa- g

Lemma 1.1.35. If A is a differential operator and E is its fundamental solution,
then
A(f«FE) = f«* AFE.

Remark 1.1.36. If A is a differential operator then the solution of the operator
equation Au = f is f*F = u. Indeed, since AE = ¢§ and 0 is the convolution algebra
unit, we see that A(f *x E) = f« AE = fx0 = f.

Example 1.1.37. [6] The fundamental solution of the Cauchy-Riemann operator 0

in C is given by i Since |—i| = % € L}, (R?), % defines a distribution in R? of order

0. For any ¢ € ® (R?), where ® (R?) is the space of test functions on R?, (see [6])

A N2 T | 1 (98¢ .09
<32’¢> = <z’a¢> - ‘5/W Ty (a—x “a@) .

Changing to polar coordinates, we see that

0 _ o _
e —cosﬁar

sinf o0

r 00’

o _ 0 cosf O
a—y—smﬁar—i— o
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Hence

Jyp dp
_ 0 19
< ;¢> / / i [ —i— 7" 89} rdrdf,

where p(r,0) = ¢(x,y). By Fubini’s theorem,

<5%,¢> - ——/ / a*”d de——z/ool/%a*”ded

= 5 (~2mp(0)) ~ 0, (since o(r,2m) = (1, 0),

= 7¢(0).

Therefore 5(%) = 6. Moreover, any fundamental solution E of 0 in the space of
distributions in R? is of the form E(z) = = + h(z), where h is an entire function.

1.1.4 Some facts about certain integral transforms
Definition 1.1.38. [5/] If f € L', then

fﬁﬂﬂzéfammteR

is the Fourier transform of f, where e;(x) = '®

Theorem 1.1.39. [5/] [Plancherel’s theorem]
One can associate to each f € L? a function F (f) € L? so that the following proper-
ties hold:

1. If f € L' N L2, then F (f)is the Fourier transform of f.
2. For every f € L*, we have || F (f)|l, = I/, -
3. The mapping f — F (f) is a Hilbert space isomorphism of L* onto L.

4. The following symmetric relation exists between f and F (f) : If

/ f(x)e ™ dm(z) and Vu(x / F(f) (t)e™dm(t),
then, as A — 0o, we have

[@a = F ()l =0 and [[Vs—=F(H)ll, = 0.



Definition 1.1.40.
1. If f € LY0,1) then its Mellin transform is defined to be

= /01 f(r)r*tdr.

2. For f and g in L*, the Mellin convolution of f and g is defined by
! t\ ds
s = [ 16 ()%
' s) s

Remark 1.1.41.
1. f is bounded and holomorphic in the half plane IL = {z : Re(z) > 1} as

1 1
ry z—1 z—1
i) < /0|f<r>|\r i < sup | \/0|f<r>|dr

< /01 F(r)|dr < 00, (as f € LM0,1)).

2. fxg€ L' Indeed, since f01f0t|f (s)] g (£)| Ldt > 0, we see that

el = [ ][ 0 (2) Elar< [ [ rrols (1) L
= [ [l (§)] Ta- [ [werls (5%
[ [ 1sfo (2] 2
Now, if we make the variable change r = L then dt = sdr, we see that
[ Lerls (5 S = [uon([ ] (5)])
= /Ollf |< |dr>a;$
([
dr

IN

< [wor( [ slowar) ©
= [t [ 1)1

= N/l gl

20
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Thus
1f*glly < NfIly gl < oo

e~

3. (f*9)(2) = F(2)3(2).

4. The Mellin transform is one-to-one.

1.1.5 Reproducing kernel Hilbert spaces

Let H := {f : Q C C— C} be a Hilbert space of functions equipped with inner

product (.,.). For each z € Q a map pu, from H into C can be defined as follows:

p,:H — C

f — sz:f(z)

It is called the point evaluation map. If such a functional is bounded, by Riesz
representation theorem, there exists some representative element, denoted K, € H,
satisfying

p(f) = fz) = (f, K2).

K, is called the reproducing kernel of H, (or kernel function), because it reproduces
the value of the function f at the point z. Such a Hilbert space is called, in this case,
a reproducing kernel Hilbert space, (or sometimes a functional Hilbert space). The
reproducing kernel K,(.) = K(., z) satisfies some properties such as:

e For every z € Q, one has f(z) = (f,K,), Vf € H.

o K(z,w) = K(w, z).

o |K(w,2)| < [ Kull |||

o If 74 admits a basis {e, }n, then K(w,z) =Y ey(2)en(w).
025\;1 Z;VZI ci¢; K (zi,2)) > 0,Vey,...,ey € C, Vzy, ..., 2n € Q.
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An important concept providing a powerful tool in the investigation of functions as
well as operators on # is the so called Berezin transform. Let k, = ﬁ be the
normalized reproducing kernel. The Berezin transform of a function ¢ € H is defined

to be the function

B(yp): Q@ — C

z — B(p)(2) = (pk,, k).

For a bounded operator S on #, the Berezin transform of S is defined to be the
function

B(S) = (Sk., k.), 2 € Q.

Now, let D be the unit disk in the complex plane C and let 9D be its boundary
(the unit circle). Denote by dA the Lebesgue area measure on D and by df the
Lebesgue measure on 0D. Recall the familiar Lebesgue space of square summable
(class of) functions: L?*(D,dA) and L?*(dD); they are both known to be separable
Hilbert spaces. An interesting class of such function spaces is the class of holomor-
phic functions. So, let us denote by H? the Hardy space which is a closed subspace
of L?(OD) consisting of those functions having analytic extensions to D. Similarly,
denote by L? the Bergman space which is the subspace of L?(D, dA) consisting of an-
alytic functions in the unit disk. Fortunately, both spaces H? and L? are reproducing
kernel Hilbert spaces. We shall give the explicit expression of their kernel functions
in Sections 1.2 and 1.3 respectively. For simplicity let H denotes either L2 or H? and
let I denotes either L?(D,dA) or L*(0D), respectively.

On L a well-known operator is defined, namely the multiplication operator M, (or
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Laurent operator), with bounded symbol ¢ defined as follows:

M,:L — L

fo— My(f):=ef.

Since H is a closed subspace of L, there exists an orthogonal projection P from L to
H. Denote by H* the orthogonal complement of H in L; it is also a closed subspace.
Moreover, since H is a proper non-dense subspace of L, H" is non-trivial; and there
is an orthogonal projection I — P from L onto H*.

Now, if on H one considers a multiplication followed by a projection, a new operator

T, is then defined. Tt is called customarily the Toeplitz operator, namely

T,:H — H

f— T,(f) = (PMy)(f) = P(¢f).

In particular, the Berezin transform of the Toeplitz operator T, is given by

B(Tw)(z) = <kaza k.) = (P(pk.), kz) = (0k., k2) = B(p)(2).

Thus, the Berezin transform of a Toeplitz operator is the Berezin transform of its
symbol.
By analogy, another operator H,, can be defined as a multiplication on H followed by

a projection onto H™*. It is called the Hankel operator and it is defined by

H,:H — H'

o= Hy(f) = (I = P)YMy(f) = (I = P)(¢f).



24

Now we turn to the most classical space, namely

1.2 Hardy spaces and their operators

Regarding the Hardy space, Subsection 1.2.1 is devoted to its main properties; for
further details we refer to [24, 25, 38, 49, 67]. Hankel operators, (in the form of
matrices), were considered quite earlier by the middle of the 19th century, by Hankel
himself and Kronecker. In the fifties of the 20th century, Nehari and Hartman have
done a great progress in the study of Hankel operators on the Hardy space. Since
then, the theory of Hardy space Hankel operators has been in development. For more
details, we refer to the widely used textbooks [49, 50, 52, 67]; see also Subsection
1.2.2. Also for the recent work, we refer to [43, 44, 45, 65, 66].

Toeplitz matrices, (that are constants along diagonals parallel to the main one), have
been known for a while. Actually, they define a class of operators called Toeplitz
operators. Such theory was less understood till 1963, when the famous paper by
A. Brown and P. R. Halmos [16] appeared. In that paper, the modern theory of
Hardy space Toeplitz operators was elaborated, namely they have given the most
important properties of such operators and they have even established a strategy with.
This is why that paper is acknowledged by specialists to be the pillar of this area.
Hardy space Toeplitz operators are by now well understood and a large corresponding
bibliography is available; we refer for example to [16, 24, 38, 49, 64, 67| for basics
and to [11, 16, 34, 35, 38, 55, 63, 65, 66] for products and commutativity, as well as
to [16, 24] for their spectral properties and to [24, 28] for C*—algebras generated by
them. Now, let us establish the main results obtained so far regarding the material

just described.
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1.2.1 Hardy spaces

Let C be the complex plane, and let D = {z € C: |z| < 1} and 0D = {z € C :
|z| = 1} be the open unit disk and its boundary in C, respectively, and df be the
arc-length measure on dD. For 1 < p < oo, LP(0D) denotes the Banach space of

Lebesgue measurable functions f on 0D with

11, = [i / | f(9)|”d9]p <.

2T

L>°(0D) denotes the Banach space of bounded measurable functions f on D with
[1fllo = ess.sup{|f(6)[,0 € [0, 2]} < oco.

Since df is o—finite, L?(0D) C L%(dD) for all p > ¢ > 1. Given f € L'(9D), the

Fourier coefficients of f are given by

27
an(f) = %/0 fO)e ™do, nez,

where Z is the set of all integers.

First, we give the definition of Hardy spaces.

Definition 1.2.1. For 1 < p < oo, the Hardy space of 0D, denoted by HP, is the
subspace of LP(0D) consisting of functions f with a,(f) =0 for all negative integers
n.

Proposition 1.2.2. For 1 < p < oo, H? is a closed subspace of LP(0D).

Remark 1.2.3.
1. For1 < p < o0, H? is a Banach space.

2. L*(0D) is a Hilbert space with the inner product

() =5 | 1O0)ds. for f.g € (0D
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3. In particular, H? is a closed subspace of the Hilbert space L*(0D), and we have
L*(dD) = H> @ (H?)"
where (H?)" is the orthogonal complement of H2.
4. The set of trigonometric polynomials o = {Zg:_N a2, oy € (C} s a self-
adjoint algebra of C(0D). The uniform closure of p is C'(0D).
The set of analytic trigonometric polynomials o, = {ZT]LV:O 2", oy, € (C} 18
dense in H?. Accordingly H*® is dense in H?.

5. In fact there is an intimate relation between the spaces introduced so far and
their analogs defined on the disk. This relation is confirmed by the well-known
reverse procedures we are going to see later, namely the Poisson extension and
radial limits.

6. L?(OD) is a separable Hilbert space and so is H?. The corresponding generic
orthonormal basis is given in the following proposition.

Proposition 1.2.4. Let e,(0) = €™ where 6 € [0,27] and n € Z. Then, {e,}*,
is an orthonormal basis of L*(0D). In particular, {e,} for n € {0,1,2,...} is an
orthonormal basis of the Hardy space H?.

Now, we define the Hardy space of the unit disk.
Definition 1.2.5. For 1 < p < oo, we shall let HP(D) denote the space of analytic

functions f on D with
1 2w o P
s o | f(re?)["d ) < o0,
0

0<r<1 m

and H® (D) denotes the space of bounded analytic functions on D.

Remark 1.2.6. For1 < p < oo, by 3.2 in [49], we have that HP(D) is a normed
space with norm defined by

1 2 P 1_1,
||f||,,—{08§ggl (g [ 1) de)} < oo,

and for H*(D), we have ||f|| =sup|f(2)].
2€D
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The reproducing kernel of H?(D)

Let us first verify that point evaluation is a bounded linear functional on H?(D),
which means that it is a functional Hilbert space. The main tool we are using is
Cauchy’s formula. For z € D and |z| < r < 1, let I, be the circle centered at the

origin and with radius 7. Then for any f in H” we have

L[ 9y

2mi Jp, (— 2
1 [ f(re?)

2mi J, re —z

riewdﬁ‘

< /27r f(re®y | do
.
— Jo |r—ze | 27
Holder’s inequality implies that
r
< Frllin || — =4 .

For any z € D, —'—5 converges uniformly, as 7 — 1, to the bounded function
——7 on 0D. Thus the point evaluation is a bounded linear functional on H?(D).
The boundedness of the point evaluation functional implies, (by Riesz representation
theorem), the existence of a reproducing kernel at each point of the disk, which means
that H?(D) is a reproducing kernel Hilbert space. In other words, for each z € D

there exists a unique function K, in H?(D) such that

f(z) =(f, K.) ! /Un;f(ew)de.

o 1 — ze ¥

This kernel is called the Szego kernel and is given by
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Let us show that indeed this kernel function reproduces the value of an H?—function

f at a point z. Let z € D and consider the expansion

If f € H*(D) admits a Taylor series expansion, say » o a,z", we infer that

o0

o0
<f7 Kz> = anEn = Z(ann = f(Z)
n=0 n=0

In order to normalize the reproducing kernel, we compute its norm
9 1

K = (K KL) = Ko (2) = ——-

1—z]

Therefore, the normalized reproducing kernel takes the form

K(w) \1-Iz

k. (w) = — .
(w) 1K 1- 2w

Poisson extension

~

Given f € L'(0D), the harmonic extension of f to D, denoted by f(z), is defined by

1 2T

fz)=5= [OP.(0)dD, = €D,

:27r0

1.2 i0
P.(0) = &—Re (e. +Z>,

1=zt el — 2z

is the Poisson kernel of D. Being the real part of an analytic function, P,(f) is

where

-~

harmonic in z for any fixed 6 € [0, 27]. It follows that f(z) is harmonic in D. Clearly,
by Poisson extension one can go from HP(90D) to HP(D). The reverse sense is also
true but it is less trivial. In fact, in a non-trivial way it was proved that for f € H?

the radial limit

f(e) = lim f(re”),

r—1-

exists for almost all # and defines a function from H?(D) into H?(0D).
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Theorem 1.2.7. For 1 < p < oo, there is an isometric isomorphism between HP (D)
and HP.

Proof: See Theorem 3.4.1 in [49]. W

In particular, H?(D) can be viewed as the Hilbert space of square summable analytic

functions, which is a subspace of L?(D, dA) and one has

L*(D,dA) = H*(D) @ (H*(D))".

Proposition 1.2.8. The Banach space H*® is in fact a Banach algebra.

Proof: See Section 6.3 of [24]. W

Remark 1.2.9. By Proposition 1.2.8 and from identifying H*(D) and H*, we see
that H*(D) is a Banach algebra too. It is called the algebra of bounded analytic
functions.

Duals of H?-Spaces and BMOA

Let 1 < p < oo and let ¢ be such that %+% =1, then the dual of the space H? under
the duality pairing
1 2w
= — 0)g(0)do
(fi9) =5 i f(0)g(8)de,
is given by

(HP)* = HY.

With regard to the dual of H', let us first introduce the space BMOA.

For a function f and an interval I contained in 0D, define the mean of f over I by

1
f=1r /, £(6)do,
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where |I] is the length of I. The space BMO, of functions with bounded mean oscil-

lation, is defined by
BMO = {f € L*(0D) : |l syso < 5},

with norm 1
o =su0 (7 [ 110~ s o)
I |[| I
Next, we define the space BMOA to be BMOA = BMO N H?. So that a function
fis in BMOA if and only if it is analytic and has bounded mean oscillation (i.e.
|l garo < 00). It turns out that the dual of H' is the space just defined, in other

words

(H")* = BMOA.

Note also that L>*(0D) ¢ BMO and BMO = BMOA + BMOA, that is, f is in
BMO if and only if f = f; + fo with f; and f, both in BMOA. Moreover, this

decomposition is unique if we require that f»(0) = 0.

1.2.2 Haplitz operators on the Hardy space

It is customary that the main component of operator theory on both Hardy and

Bergman spaces is the orthogonal projection; so we might start with
The orthogonal projection on H?(0D)

Since H?(OD) is a closed subspace of the Hilbert space L?(0D), there exists an or-

thogonal projection from L?*(0D) onto H?(0D) denoted by P, i.e.

P:I?=H*® (H) — H?

f — P(f)=Ps(fi + f2) = f1.
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Let P be the composition of P with the harmonic extension, i.e.
P(f) = Pf, ¥f € L*(0D).

P maps L?(0D) onto H?(D) and it is a projection in the sense that when applied to

f € H*(D) gives its Poisson extension. It is in fact an integral operator:

Pf(z) = ! /Oﬂlfﬁde, f e L*(0D).

T or — ze 0
It is called the Szego projection and the underlying kernel, namely m, is called

the Szegd kernel.
The multiplication operator M, on L?(0D)

For ¢ € L*(0D), define the multiplication operator, (or Laurent operator according
to [16]), M, as follows
M, : I}@D) — L2(dD)
f— My(f)=of
The multiplication here is to be understood in the obvious sense, namely it is the
pointwise one: ¢ f(e”?) = p(e¥) f(e?), for all § € [0, 27].

Remark 1.2.10. Clearly the multiplication operator is bounded, since p € L*(0D),
then

1Mo (D)l = e flly < llllog 1f Il for all f € L*(OD).

Now we are in the position to introduce the concept of Toeplitz operators.
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Toeplitz operators on H?(0D)

Given f € L*(0D), a linear operator Ty can be defined on H*(9D) as follows

T;: H> — H?

g — Ti(g) = P(f9).

This definition makes sense since Ty can be defined first on H°° which is dense in
H?(dD). Ty is called the Toeplitz operator with symbol f. It is in fact a multiplication

followed by projection.

Remark 1.2.11.

1. For any z € D , the vector

1— |z
k,(t) = Y———r,
(*) 1 — Zett

is the normalized reproducing kernel of H?.

2. The harmonic extension of f to D is given also by

F(2) = (Tyk., k.), = € D.

Which corresponds to the Berezin transform as we are going to see in Chapter 2.
In other words, on H? the Berezin transform coincides with Poisson extension.

3. Since P is bounded and has norm one, we clearly have that for f € L>*(9D)
that

1T (N, = 1Py < 1P fgll,
< fally < W fllc llglly, for all g € H*.

Thus | T¢|l < 1fll -

4. If p € H*®, then T, coincides with the multiplication operator M, on H? and
in this case it is called the analytic Toeplitz operator.
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The following result shows that the boundedness of f is necessary and sufficient for
T to be bounded.

Proposition 1.2.12. [67] The Toeplitz operator Ty is bounded if and only if f is in
L>(0D). Moreover, || T|| = || f|l -

The following result states that there is no non-zero compact Toeplitz operators on
the Hardy space.

Theorem 1.2.13. [67] Suppose that ¢ € L>°(0D), Then Ty is compact if and only if
»=0.

Matrix of the Toeplitz operator on H?(9D)

By a Toeplitz matrix it is meant a matrix which is constant along diagonals parallel
to the main one. In fact, Toeplitz matrices were known for a while and extensive
studies have been done on them; and only by the sixties, the operator theoretic
approach was introduced by Brown and Halmos [16] to study them from another
point of view. Since then people speak about Toeplitz operators rather than Toeplitz
matrices. The relationship between such matrices and the modern theory of Toeplitz
operators on the Hardy space is explained as follows: Let ¢ € L*>°(0D), and recall
that {e,(0) = e™ n € {0,1,2,.....}} is the generic orthonormal basis of the Hardy
space HZ. Since T, defined from H?(9D) into H*(OD) is a linear operator, then it

has the form

00 )
Tnpen — § Aypn€m = E <T4pena €m> €m,
m=0 m=0

where (a,,) is the matrix of T,.

Now, as ¢ € L®(dD) C L?(0D), we have also

v = Z brex,

k=—o00
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where b, € C and {e, }>, is the orthonormal basis of L?(0D). Thus

T,e, = P(ype,) =P ( Z bkeken> = Z biChin-

k=—o0 n+k=0
So that
0 o0
amn = (Tpen, €m) = < Z bkek+n,em> = Z bi {€ksns €m) = bm—n.
n+k=0 n+k=0

Hence @mn = bm—n,s Gmt1n41 = Omony coeeeereenn. , forallm,n € {0,1,2,...... }. Therefore,
we infer that the matrix of T, reads as

Qoo QAp1 Qo2 - - by b1 b_o

ajp apx agz . . by by b

(@mn) = | asp as1 az . . | =] b b by

Remark 1.2.14. According to Theorem 4.1.4 of [49] we see that this matriz actually
characterizes Toeplitz operators. In particular, if T is any linear operator on H? with
the above matriz under the standard basis, then T" = T}y with

FO) =" bue™.

n=—oo

Denote by S the Toeplitz operator T,. It is called the unilateral shift operator and it
plays a capital role in the theory of Toeplitz operators. For instance, besides the above
matricial criterion, we have the following characterization of Hardy space Toeplitz
operators

Theorem 1.2.15. A bounded linear operator T on H? is a Toeplitz operator if and
only if

S*TS=T.
Some immediate algebraic properties of Hardy space Toeplitz operators can be listed

in the following
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Proposition 1.2.16. If f and g are bounded on 0D and X\ is a complex number.
Then the Hardy space Toeplitz operator has the following properties:

1. To=0and T, =1.
Tring =T+ NT,.
T =Ty
Ty is self-adjoint if and only if f is real.
Ty =0 if and only if f = 0.

If fis in H™, then TyTy = Tyy.

NS &

If [ is in H>, then T5T, = T,
Products of Hardy space Toeplitz operators:

The set of all Toeplitz operators on H? is not commutative and not closed under

multiplication. Indeed, the unilateral shift and its adjoint are Toeplitz operators
Tz = Teit = S and Tz* = Te—it =S*.

The product S*S = T; = I is a Toeplitz operator. But SS* is not a Toeplitz operator

because

S*(SS*)S = (S*S)(S*S) = (I) (I) = I # SS*.

From one hand the underlying set is not closed under multiplication since SS* is not

Toeplitz, on the other hand it is not commutative since SS* # S*S.

Accordingly, it will be interesting to know when the product of Toeplitz operators is
a Toeplitz one and when a couple of Toeplitz operators commute. Because Brown-
Halmos’ approach to Toeplitz operators was based on matrices, most of their results
based on them. In particular, the following ” product matrix formula” was particularly

important in their work [16].
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Lemma 1.2.17. Let T, and Ty be Toeplitz operators with matrices (a;—;) , (Bi—;)
respectively and (c;_;) be the matriz of T, Ty, then we have the product matriz formula

Clrn)G+1) = Cij + QipiBj 1.

Proof: We have
o0
Cij = E ik Pr—j-
k=0

Thus
o o
Cli+1)(j+1) = E Qi1 Br—j1 = Qg1 fj_1 + E ik 1Be—j1
k=0 k=1

o0
= ai1f_j1+ Z i kP = Cij + @ip1B-j-1.
k=0

Which ends the proof. l

The following theorem for commuting Toeplitz operators on the Hardy space H? is
due to Brown and Halmos [16]. The original proof is based on matrices. Modern
proofs based on recent advanced techniques can also be given. But still we keep the
original proof in order to exhibit various methods.

Theorem 1.2.18. A necessary and sufficient condition that two Toeplitz operators
commute s that either both be holomorphic, or both be co-holomorphic or one be a
linear function of the other.

Proof: Sufficiency: Let f,g € L*(0D) and T},T, be the corresponding Toeplitz

operators. If f, g are holomorphic, then by (6) of Proposition 1.2.16, we have
T,T; = Tj, = Ty T,
Similarly, if f, g are co-holomorphic, then

T,Ty = Ty, = T4 T,.
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If f=ag+p, a,p€C, then
Tf = Tag+,8 = CYTg + B

So that

TyT, = aT? + BT, = T, T;.

Necessity: regarding the necessity, it is less trivial. It relies on the above product
matrix formula. Suppose that

TyTy = T,Ty,
where f,g € L*(0D), with f = i a;e; and g = i bje;. Recall the matrix product
formula: - -
Cit1,j+1 = Cij + Qip1b_j_1,
with (c;;) denotes the matrix of 7;T,. Apply this formula for both 74T, and T, T}, we

obtain via the identity T}T, = T,T} :
Qip1b_j1 = bip1a_j_q, (1.2.1)
whenever i, 5 > 0. We distinguish several cases
1. If f =0 (or g = 0), the assertion is trivially satisfied.
2. Ifb_j_1 =a_j—y =0 for all j > 0, then f and g are holomorphic functions.
3. fa;1 = by =0 for all 2 > 0, then f and g are co-holomorphic.

4. If non of the above cases occurs, then there exist non-negative integers i, and

Jo, such that a;, 1 # 0 and b_;,_; # 0. Then put

b*jofl _ bio+1 — )\

Aj,—1 Gip41
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Thus by Equation (1.2.1), we obtain b_;_; = Aa_;_; for j > 0, and b,y = Aa;4, for
i > 0. Hence for all £ # 0, we have by = Aag. And g becomes
g = szez = bgeo + )\Zaiei + )\ao - )\CLO.
i=0 i=1
Therefore

g=Af+ (by — Aay),

i.e., there are constants «, 3 € C such tat ¢ = af + . In other words:
Tg—bgz)\(Tf—CLO).
and the proof is complete l

Now, we give one of the most important results in the theory of Toeplitz operators
on the Hardy space. This theorem is due to Brown-Halmos [16]. Since then, any
theorem of this kind is called a Brown-Halmos type theorem.

Definition 1.2.19. A theorem is called a Brown-Halmos type theorem if it answers
the following question: when is the product of two Toeplitz operators a Toeplitz oper-
ator?

The original Brown-Halmos theorem is the following:

Theorem 1.2.20. Let p,¢p € L>®(0D). A necessary and sufficient condition that
the product T, Ty, of two Toeplitz operators be a Toeplitz operator is that either ¢ be
co-holomorphic or 1 be holomorphic, in which case T,Ty = T,y.

Proof: The sufficiency: if 1 is holomorphic, then for any f € H? we have

T,Ty(f) = To(P(Wf)) = To(bf) = Pev f) = P((e) f) = Tou (f)-

Thus TLPT,‘/, = TLP@Z"
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If ¢ is co-holomorphic, then
T,Ty = (T5T7)" = (T515)" = (Typ)" = Tpy-

The necessity: suppose 1,,T is Toeplitz operator, then the matrix (¢;;) of 7,7} is the
Toeplitz matrix, i.e. ( ¢;; = cuv1)j+1))- Let (ai;) and (B;;) be the Toeplitz matrices

of T, and T}, respectively, then from Lemma 1.2.17 we have

Clit1)(j+1) = Cij + QiyjP—j-1,

thus a;116-;-1 = 0, for all 7,5 > 0. Then ;41 = 0 for all + > 0, or B_;_; = 0 for all
j >0 ( since if there is £ > 0, such that a4y # 0, then f_;_; = 0 for all j > 0, as

ak+16—j—1 = (0 for all] 2 0) Thus

1=0 [
Y= Zaiei or Y= Zﬁiez’-
—00 1=0

Hence ¢ is co-holomorphic or ¢ is holomorphic. Il
Corollary 1.2.21. A necessary and sufficient condition that the product T, T, of

two Toeplitz operators on the Hardy space H* be zero is that at least one factor be
zero. In other words, among the class of Toeplitz operators there are no zero divisors.

Proof: Clearly if T, = 0 or T}, = 0, then 7,7}, = 0. Now, suppose 1,7, = 0, then
T, T, is a Toeplitz operator as its matrix is a Toeplitz matrix. And by Theorem 1.2.20
we see that either ¢ is co-holomorphic or 1 is holomorphic and T, Ty, = T, = 0. Thus

e =0 a.e. on D. We have several cases:

1. If ¢ or ¢ is zero, then the problem is solved.

2. If ¢ # 0 and ¢ # 0, then

(a) If pp =0 and ¢ is holomorphic, then ¢ = 0.
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(b) If pp = 0 and ¢ is co-holomorphic, then 1% = 0 and % is holomorphic.

Thus p = 0, that is ¢ = 0.
Hence we infer that either T, =0 or 7}, = 0. W

Yet, two more corollaries of Brown-Halmos theorem

Corollary 1.2.22. A Toeplitz operator Ty is an isometry if and only if f is constant
of modulus 1.

Proof: If Ty is an isometry, then Remark 1.1.30 tells us that T;Ty = I, i.e.
15Ty =Ty T5 = Th.

This implies, by Theorem 1.2.20, that both f and f are holomorphic. Hence f is

constant and ff =1, i.e.
fIP=1.
Hence

[fl=1.

Conversely if f is a constant function of modulus 1 then it is clear that
Ty =Ty =Typ =H =1,
and hence, by Remark 1.1.30, T is an isometry and the proof is complete. B

Corollary 1.2.23. The only idempotent Toeplitz operators are the trivial ones, i.e.
0 and I.

Proof: If T} = Ty, then
T2 Ty = Ty(Ty — I) = Ty(Ty — Ty) = TyTy ; = 0.

So by Corollary 1.2.21, we have Ty =0or Ty 1 =0. Thus Ty =0or Ty =T, = 1. &
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Corollary 1.2.24. If a Toeplitz operator T is invertible, then Tf_1 1s a Toeplitz
operator if and only if f is analytic or f is co-analytic.
Proof: If f is analytic then, by Theorem 1.2.20, we have
STy =T8S,
which implies that
TN (ST =T Y (TS)T;

Hence, we have

-1q _ -1
T;'S = ST, },

and we conclude, from Theorem 1.2.15, that Tf_1 is a Toeplitz operator. If f is

co-analytic then, by Theorem 1.2.20, we have
S*T'y = T4S",
which implies that
Tf—ls* — S*T_l,

and we conclude, from Theorem 1.2.15, that TJZI is a Toeplitz operator. For the other

direction, suppose that TJT1 is a Toeplitz operator say T,. Since
Tjile =T,Ty=1=T,

which is a Toeplitz operator, Theorem 1.2.20 implies that either f or g is analytic.
On the other hand
TiT; ' =TT, =1="T,

which implies, again by Theorem 1.2.20, that either ¢ or f is analytic. Now, if f is

analytic then the prove is complete. But if f is not analytic then g must be analytic
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and non-constant (because if ¢ is constant then T, = T ! = ¢I which means that
Ty=1lie f= % and f = % which is analytic). Thus g is not analytic and hence

e

f is analytic which completes the proof. B

Hankel operators for the Hardy space
For f € L*(0D), define the Hankel operator as follows
Hy: H> — (H*)*
g — Hs(g)=UT—-P)(f9),

where P is the orthogonal projection from L?(0D) onto H? and (H?)" is the orthog-
onal complement of H? in L?(0D), i.e. the closed subspace spanned by the basis

vectors of negative index e, (e) = " n < 0.

Remark 1.2.25.

1. If f is bounded on 0D, then Hy is bounded as well and ||Hy|| < ||f|l -

2. The operator Hy is densely defined and its domain contains H*. So the above
definition makes sense.

3. Hy(g) = (I — P)My(g), that is My = T¢ + Hy in the obvious sense.

1.3 Bergman spaces and their operators

While the Hardy space case is well understood, the Bergman space situation seems
to be more involved. So many questions related to Bergman space operators are
still very open. Nevertheless, plenty of results in the former case can be generalized
somehow to the latter one. Let us describe certain cases to some extent:

Hankel operators on the Bergman space are by now more transparent and a rich

corresponding bibliography is available. Unfortunately, we will not study them in
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details here since they are not directly involved in our progress. Nevertheless, the
interested reader is advised to consult for example [8, 9, 10, 31, 42, 58, 67].
Probably the most elementary question in operator theory to be asked during dealing
with a specific operator is whether it is bounded. Unlike the Hardy space case, a
non-bounded symbol can give rise to a bounded, (or even compact), Toeplitz operator
on the Bergman space. The great paper by Cima and Cuckovi¢ [17] confirms such
pretences. A little bit earlier, Axler and Zheng in [14] showed, in particular, that
a Bergman space Toeplitz operator with bounded symbol is compact if and only if
the Berezin transform of its symbol tends to zero when approaching the boundary
(the unit circle). Miao and Zheng in [48] have generalized such results to unbounded
symbols. They established also a sufficient conditions on the symbols to produce a
bounded Toeplitz operator, see Subsection 1.3.2. Actually the results of [14, 48] don’t
concern only a single operator, but includes even products of several operators.

The celebrated Brown-Halmos type theorem for the Bergman space is still in progress.
Ahern and Cuckovié [2] are the leaders of this direction. In case of harmonic symbols
a lot is done by them. In fact, a series or recent excellent papers become already very
popular; we mention for example two of them [1, 2].

Sarason’s conjecture [55] on the boundedness of Toeplitz products has been considered
by Stroethoff and Zheng [58]. Very recently, in [59] they have studied the invertibility
of such products. Also more recently they addressed the several variable case [61].
The zero product problem seems to be curiously resistant; it occurs for the case of two
operators as a corollary from Brown-Halmos theorem [16] in the Hardy space setting.
We learned that S. Axler has proved it for three operators by the same method as in

[16], but unfortunately we ignore the exact reference. In the Hardy space case, some
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progress has been done by C. Gu in [34] for five operators. K. Y. Guo in [35] has gener-
alized the results of the latter to the product of six operators. For arbitrary products,
the conjecture is believed to be true but without any satisfactory proof till now. The
Bergman space case is certainly terribly complicated. The case of two Toeplitz op-
erators with harmonic symbols is a simple corollary of the celebrated Brown-Halmos
type theorem of Ahern-Cuckovic [2]. While for general symbols, the matter is very
delicate; even the case of two operators is still open. Toeplitz algebras are studied by
many authors [18, 28, 47, 62| and so many deep results have been established. The
spectral theory of Bergman space Toeplitz operators is less investigated. Only very

few results are known [41, 47]. So this problem remains very open.

1.3.1 Bergman spaces

In this subsection we introduce the Bergman spaces and focus on their general aspects.
This brief account on these spaces concerns their structure, basis and reproducing
kernels.

Let D be the open unit disk in C and dA denote the normalized usual two-dimensional

normalized area measure on D. In rectangular and polar coordinates, it reads as

_dxdy  rdrd

™ ™

dA(z)

For 1 < p < oo, the Lebesgue space LP(D, dA), which will be denoted by LP through-

out this thesis, is the Banach space of Lebesgue measurable functions f on D satisfying

><oo,

while L>(D, dA), which will be denoted by L, is defined similarly with

™=

i1, = ([ 17 a4

1flloc = ess-sup{|f(2)],z € D} < oo.
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Definition 1.3.1. For 1 < p < oo, the Bergman space L is the subspace of L?
consisting of analytic functions on D.

We have the following immediate crucial result.

Theorem 1.3.2. For 1 <p < oo, L? is a closed subspace of L”.

Proof: See for example Proposition 4.1.3 of [67]. B

Remark 1.3.3.

1. For1 <p < oo, L? is a Banach space.
2. The set of analytic polynomials, and thus H*(D) as well, is dense in LP.
3. The set of polynomials in z and Z is dense in LP.

4. Recall that L? is a separable Hilbert space with inner product
() = | 1@a)d46), Vg€ I
D

5. In particular, L? is a closed subspace of the Hilbert space L?. Then
L* =Ly & (L))",

where (L)% is the orthogonal complement of L?.

Since L? is a separable Hilbert space, L2 has this property as well and an orthonormal
basis is given in the following assertion.

Lemma 1.3.4. The functions e,(z) = v/n+12",n = 0,1,2,... form the standard

orthonormal basis of L2, where z € D.
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Proof: First for n # m compute (2", 2™) :

1
(2" 2™ = —/z”?mdxdy

T Jp
1 1 27 )

= —// prtmeif(n=m) . qp.49 — .
™ Jo Jo

So that { z, }52, is an orthogonal system. Let us normalize it, put A, = ||2"]|, then

1
1 3
An = (—/ |z”|dxdy>
T JbD
1 Lo 5
= — s drd@)
7
1
1 1 2w 2
S / b
VT \2n+2 J,

Vn+1

So let e, = “or = v/n + 12". Then we obtain an orthonormal system. To see that

R

N

o
this system is complete, let f € L? with Taylor series Y 2", then
n=0

1
Q.
vn+1
Suppose that (f,e,) = 0 for all n € {0,1,.....}, Then a,, = 0 for all n € {0,1,.....}.

<fa 6n> =

Which implies that f = 0. Hence {\/n + 1z"}20:0 is a complete orthonormal system,

i.e. it forms an orthonormal basis of LZ. B

Certainly, the most important fact in this theory is that L? is a reproducing kernel

Hilbert space. Its kernel function has a very friendly form.

The reproducing kernel for the Bergman space 1.2

First, let us show that the point evaluation functional is bounded on the Bergman

space. For f € L2, z € D and 0 < r < R, where R = dist(z,0D) is the distance from
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z to the boundary of D, Cauchy’s formula yields

' 7T
(n) — i 10y,.—n ,—nb
" (z) 57 /Trf(z +re)r~"e™"d6.

1

Taking the absolute value, multiplying by 7"*! and then integrating the latter from

0 to R, we obtain
Rn+2
n+2

() E
PO < g [ 15 ey

Applying Cauchy-Schwarz inequality to the right hand side, we obtain

(n) n+2 nl 9 2
o) < SR () wera)

nl(n + 2) 1

S T3 (dist(z oD (/D (7P dA(Z))>

Thus we get

(n) nl(n+2) || fll,
@ < Gtz oD

Hence for n = 0, we obtain

1

£l

which means that the point evaluation is bounded on LZ.

Now, the boundedness of the point evaluation functional implies, (by Riesz repre-
sentation theorem), the existence of a reproducing kernel for the Bergman space. In
other words for fixed w € D, there is a function K,, € L2 such that f(w) = (f, K,)

for all f € L2. To establish a formula for K,,, consider the power series expansion:

Ky(z) = i by 2"
n=0
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Fixing m and taking f(z) = 2™, we obtain

w™ = (Z" K, / (Zb z”) dA(z
= / / m1 gimf ( b,r eme> drdf
=0

m—l—l

Then b,, = (m + 1) w™, and hence

oo

K@@y:§:m+4X@@V:ai%§?.

n=0

So that the Bergman space L? has the reproducing kernel K,, given by

1
Ky(?) = —— ,2€D. 1.3.1
(2) 1 —w2) w,z € ( )
In particular
1 1 1
[ Kwlly = (Ku, Ku)? = [Ky(w)] = ——.
1 —|w]
Thus
. e Uy (13.2)
w\?) = 77— o> 9.
(1 —wz)?

is the normalized reproducing kernel of L2.
Proposition 1.3.5. Let f € L2 and w € D. Then

fw) =5 = [ #M( )

1 — wz)?

Remark 1.3.6. There is another kernel function that will rise in our arguments later
in Chapter 2 which is given by

2(1— |2°)

kl(2) = T (1.3.3)

It is well-known that the operator Py associated to k. maps L' to Ll. For further
details we refer to Section 7.1 in [53].
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The following result is needed in the sequel.

Remark 1.3.7. A crucial decomposition of L? is given by

L= @ ™R
keZ ’

where R={u : D — C radial and folr lu(r)[>dr < co}. Thus every f € L? can be
written componentwise in its polar form as follows

f (rew) = Z fu(r)e*? f e R.

k=—00

Duals of Bergman spaces and the Bloch space

For 1 < p < oo, the dual of L? can be identified with L4, where ]lg + % = 1. In other
words (LP)* = L4,

More precisely every bounded linear functional on L? is of the form:

f— /D fgdA, for some unique g € L.
Furthermore, the norm of the linear functional on L? induced by g € L4 is comparable
to [lgll, -
The Bloch space B of D is defined to be the space of analytic functions f on D such
that
£l = sup{(1 —[2[*) |F'(2)], 2 € D} < oc.
||l.||g is a complete semi-norm on B. Moreover, B can be made into a Banach space
by introducing the norm
1= 1O+ 1flls-
Similarly, we can define the little Bloch space denoted by By. It is the subspace of B

consisting of functions f on D for which

(1—12")f'(2) = 0as |z| — 1.
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The dual of L} can be identified with the Bloch space, i.e. (L})* = B. While the
dual of By can be identified to L}, i.e. (Bg)* = L..

Besides, H* is contained in B and ||f||g < ||f||,, for all f in H*. The harmonic
Bergman space L? is defined to be the subspace of L? consisting of harmonic functions

on D. Moreover, it admits the decomposition L? = L2 @ zL2; or equivalently L? =

a)

2L @ L2

Similarly, the harmonic Bloch space is the set of harmonic functions on D such that

lull, = sup{(1 — [2[") [Vu(2)]} < oo,

where

Vu(z) = (0u(z) + 0u(2),i(0u(z) — du(z))), (1.3.4)
is the gradient of wu.
The harmonic Bloch space By, can be written as a sum of B and B. Namely, for every
f € By, there exist f, fo» € B such that f = f; + f,. This decomposition becomes
unique if we require f»(0) = 0.
Since we have H* C B C L2 and L° C By, C L} , we conclude that if f € L3°, (i.e.
a bounded harmonic function), then there exist fi, fo € B such that f = f, + fo.

However, if we require that f>(0) = 0 then this decomposition is unique.

Before we turn to another topic, we notice the following:

Remark 1.3.8. For z € D, we consider the modulus of the gradient:

Vu(z)]” = |0u(z) + du( )‘2—1—‘81&(2’)—51&(2’)‘2
and we deduce the estzmates
ou(2)| < — and |Ou(z Vu
|Ou(2)| (2) |0u(z)| < f Vu(2)],

\/_ |Vu

as well as

7 (10u(2)] + [Bu(=)]) < Vu(2)] < V2(10u(2)] + [Pu(=)])
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1.3.2 Haplitz operators on the Bergman space

In this subsection, we are interested in the analog of Hardy space Toeplitz operators.
Since the basis of the Bergman space is of weighted character, we cannot suspect that
such operators will possess friendly matrices. In fact, it turns out that Bergman space
Toeplitz operators do not correspond to Toeplitz matrices anymore. So we substitute
matrix theory by complex function theory in addition to the Berezin transform. Since
a Toeplitz operator is a multiplication followed by a projection, we start with such

concepts
The orthogonal projection on 72

Since L? is a closed subspace of the Hilbert space L?, there exists an orthogonal
projection, called Bergman projection, from L? onto L? denoted by P and is defined

as follows
P:I*=120 (L))" — L2

[ — P(f)=P(fi+ f2) = fi.
Remark 1.3.9.

1. For f € L? and w € D we use the reproducing kernel K,, to give an explicit
integral formula for Pf, namely:

PO =1 = 0K = [ LEaae)

2. From the above characterization, the projection P is an integral operator. So
that the integral makes sense whenever f € L' and so P can be extended to

felLt:
f(2) 1
P = | ————— L D.
i = [ T rerwe
Moreover, since we can differentiate under the integral sign, clearly Pf is ana-

lytic on D for each f € L'. Besides, since K, is the reproducing kernel of L},
we have that Pf = f,Vf € LL.
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Besides, we have the following assertion whose proof can be found in [10].

Theorem 1.3.10. Let 1 < p < oo. Then, P is a bounded projection of L” onto LP.

The multiplication operator M, on L?

For ¢ € L™, define the multiplication operator M, as follows

M,: I? — IL?

f — an(f) =pf.
The multiplication here is the pointwise one, i.e. pf(z) = ¢(2)f(2), for all z € D.

Remark 1.3.11. Note that the multiplication operator is bounded. Indeed, since
p € L™ then

1Mo (D, = lleflly < el 1£]l, . VF € L2

Now, we are in the position to introduce the concept of Bergman space Toeplitz

operators:
Toeplitz operators on L2

For ¢ € L?, the Toeplitz operator with symbol ¢ is the operator T, from L? to L2
defined by
p(w) f(w

70 = Plen) = [ S daw), vr ez

Actually we first define T, on the set of analytic polynomials g, and for symbols in
L%. Then we observe that the integral representation of T}, makes sense for a larger
class of symbols, namely L', and that @, is dense in L2. So that, the above definition

makes sense.
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Remark 1.3.12.

1. For ¢ € L™, it is clear that T, is bounded. In fact,

ITo(NNl, = I1PeNly < 1P Iefll,
< lleflly < el 11l for all f € L.

2. Note that for ¢ € H*, the Toeplitz operator T, coincides with the multiplication
operator M, on L2; and in this case it is called the analytic Toeplitz operator
T,.

Proposition 1.3.13. Suppose that a and b are complex numbers, ¢ and 1 are L*
functions. Then we have the following basic algebraic properties of Toeplitz operators:

1. Tanp+bw == CI,TLP + bT,‘/,
2. Tt =T

Proof: (1) For h € L2 we have
(aT, + 0T,)(h) = aT,(h) + bT,(h)
= aP(ph) + bP(h) = P(aph) + P(byh)
— Pl(ap + b)) = Tupu ().
Hence aT, + bTy = Topipy.
(2) For any h, f € L2,
(Toh, f) = (hT,f)
= (h, P(of)) = (h, of)
= (@h, f) = (P(@h), f)
= (Tyh, ).

Hence T; =T 1
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Theorem 1.3.14. If ¢ € L' is harmonic, then T, is bounded if and only if ¢ is
bounded. Besides, T, is compact if and only if ¢ = 0.

Proof: See for example Corollary 6.1.5 of [67] B

The problem of boundedness of Toeplitz operators, with more general symbols, on
the Bergman space is still open. However, very recently J. Miao and D. Zheng have
presented some progress in that direction. The problem of compactness and bound-
edness of such operators relies heavily on the concept of the Berezin transform, which

will be studied in details in Chapter 2.

Products of Bergman space Toeplitz operators

We know from Brown-Halmos theorem that a necessary and sufficient condition for
the product T,,T), of two Hardy space Toeplitz operators to be a Toeplitz operator
is that either ¢ is co-analytic or @ is analytic. If the condition is satisfied then
T,Ty = T,y. We conclude that among the Hardy space Toeplitz operators there are

no zero divisors.

Throughout this thesis we consider the problem of determining when the product
of two Bergman space Toeplitz operators is a Toeplitz operator. We show that the
Brown-Halmos theorem fails for general symbols but when we restrict ourselves to the
case of bounded harmonic or radial symbols, we do have theorems of Brown-Halmos

type.

Hankel operators on L?

For ¢ € L, the Hankel operator with symbol ¢, denoted by H,, is the operator from
L? to (L2)* defined by

Hyf = (I-P)(¢f), Vfe L,
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where I — P is the orthogonal projection from L? onto (L?)+, while P is the Bergman

projection introduced in Subsection 1.3.2.

The following result about Hankel operators is needed in the sequel.

Lemma 1.3.15. Let f € L'. Then

1. Hy is bounded on L if and only if f € B.

2. Hy is compact on L? if and only if f € By.

In the next lemma, we introduce a well-known identity that relates Toeplitz and
Hankel operators together.

Lemma 1.3.16. T,,)7, - T,T, =T,, - T,T, = H;H,, where ¢ € L*.

Proof: Since z is an analytic function, we have that 7,7, - T,T, = T,, — T,T,. But
T, — T.T, = P(M.,) — (PM)(PM,),

where M, is the multiplication operator with symbol ¢. Thus

— PM.(M, — PM,)

= PM,((I — P)M,).
But it is not difficult to show that H; = PM,. Thus we have
T.,—T.T,=H;H,,

which completes the proof. H
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1.4 Weighted Bergman spaces and their operators

The (weighted) Bergman space A2 is the Hilbert space consisting of analytic functions

on D which are square integrable with respect to the weighted measure
dAa(2) = (0 + 1)(1 = [2[*)*dA(2),

where dA denotes the normalized Lebesgue area measure on D and a > —1.

The inner product of f and g in A2 is

(f. 9o = /D F(2)3(2)dAa(2).

The norm of f in A2 is

1= 50000 = ([ IfIQdAa>; .

Remark 1.4.1.
1. The monomials form an orthogonal basis for A%.[51].
2. The set of all polynomials is dense in A2.([67], page 120).
3. The space A2 is a reproducing kernel Hilbert space on D with reproducing kernel

given by
1

K@ (5) = ‘
w (Z) (1 _ wz)2+a

Proposition 1.4.2. For every h € A% and w € D, we have h(w) = (h, Kq(uo‘)>a.

Orthogonal projection on 42

The orthogonal projection P, of L?>(D,dA,) onto A2 is given by

(Png)(w) = (g, K&O‘)M = /D %cﬁla(z), for g € L?(D,dA,) and w € D.



Toeplitz operator on 42

For f € L*(D), the Toeplitz operator T} is defined on A2 by
T;h = Pa(fh).
More explicitly, it reads as

(Trh)(w) = /D (;[(zﬂdfla(z), for h € A2 and w € D.

S7



Chapter 2

The Berezin Transform and the
Invariant Laplacian

The reproducing property of the Bergman space yields a pioneering tool in the theory

2

5, namely the Berezin transform. It plays the same role played by

of operators on L
Poisson extension in the Hardy space case. Actually, according to the definition
below Poisson extension is nothing else but the Hardy space Berezin transform. This
concept is, in our opinion, the most useful one in the theory, especially that it has an
intimate relation with harmonic functions. In this chapter, we introduce the concept
of Berezin transform and we exhibit its main properties. Probably the most deep
result is the fact that the only functions invariant under its action are the harmonic
ones. This result was proved independently by Ahern, Flores and Rudin [5] and by
Englis [29]. Other results on the Berezin transform can be found in Englis thesis
[28], Ahern’s recent paper [1], Stroethoff’s valuable notes [57], Ahern and Cuckovic
marvelous work [2] and the paper of Axler and Zheng [15] as well as the indispensable

textbooks by Zhu et al. [40, 67]. Another important result in this chapter is Theorem
2.4.5, which was proved in 2004 by P. Ahern [1].

o8



99

2.1 Definition and main properties

Definition 2.1.1. Let H be a reproducing kernel functional Hilbert space on an open
subset 2 of C. If S is a bounded linear operator on H, then the Berezin transform of
S is defined by

B(S)(w) = (Sky, ky), for w € Q,

where k,, 1s the normalized kernel function of H.
So, in particular if H is the Bergman space L? then for any function f € L' and any
z € D, the Berezin transform of f reads as

B(f)(Z):<sz,kz>=/Df(w) |kz(w)|2dA(w):/DLM)Ef(w)dA(w). (2.1.1)

|1 — Zw|

In terms of disk automorphisms it has another form.

Proposition 2.1.2. The Berezin transform of the function f € L' is given by

B(f) (z) = / (f 0 ¢.)(w)dA(w), =z € D. (2.1.2)

D

Where ¢, is the Mobius transformation.

Proof: Recall the famous Mobius transformation

Z—w
= , weD.
?=(w) 1—zw "

It is a disk automorphism and moreover it is equal to its own inverse, i.e. ;' = ,.

Indeed, put ( = ¢,(w) = Z=2. Then, we obtain w(1 — (Z) = z — (, whence

1-zZw"

w =

Now, for any w € D, we have

oy —(-zw) 4 —w)(@) | -1
ex(w) = (1 —zw)? T (1-zw)?

So that the change of variable ( = ¢, (w) has real Jacobian equals to

ot = e = S
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Thus dA(w) = |¢.(w)|* dA(C), whence

/D (f o p2)(w)dA(w) = /D F(O) 12O dAQ).

So that by Formula (2.1.1), the crucial identity (2.1.2) holds, namely

B(f) () = /D (f 0 p2) (w)dA(w),

which completes the proof. B

Now, we give some properties of Berezin transform whose proofs can be found in [67].
For an extensive study of Berezin transform and its applications on spaces of analytic
functions, we refer to the excellent notes of Stroethoff [57] as well as [40]. A first
property of the Berezin transform asserts that it commutes with the Mobius group
and we will give our own explicit proof of it that depends on direct calculations:
Proposition 2.1.3. For any u € L' and any a € D : B(uo ¢,) = (B(u)) o ¢,.
Proof: We have to show that B(uo ¢,) = (B(u)) o ¢4, Yo, € Aut(D). Any disk

automorphism ¢, of Aut(D) has the form

Using Formula (2.1.1), we get

Bluop(z) = (1— | /D (02a) () 440y

‘l—zd

uewaig)
= (1-|2)? < T GA(C),
(-l [ g e

and

(B(w)opa) () = B(u) (;_)
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Let w = ¢, (¢) = € 2=5 | then we get dA(w) = (17‘a|2)2dA(C), and we have that

1—a¢’ 1-acl*
pa—2z| a—z > |af* —2Re(@z) + |2
e _ - | — — .
1 —az l—-az 1 — 2Re(a@z) + |a|* |2|?
This means that
2 2
I X et e Sl D Gl )
1—az |1 —az|
On the other hand, we have
04— Z a — Z a—z
1 — we" = 1- >
we 1—az 1—aCl—az

1—az—al+|a]’Cz —|a|* +az 4+ al — Cz
(1-aC)(1 -a2)

(1—laf)(1 = ¢2)

(1—al)(1 —az)

Hence, we arrive at

o _ Q= PRPa—faP? o w1 =)
(B(u) o @a)(2) = 1 /D<1—a|2>4|1_zz|4 1 acf dA(Q)
|17aZ|4\lfﬁz\4
(e 15%)
= (- [ S s
( |z|>/D‘1_M4 (©
= B(uoy,)(z), for all z € D.

Thus we see that (B(u) o ¢, = B(uo ¢,). B

The following assertion concerns the injectivity of this transform and it will be proved
in a more general situation later in this chapter, (see Proposition 2.3.1).

Proposition 2.1.4. The Berezin transform is injective on L.

Probably the deepest result about the Berezin transform is the fact that the only

invariant functions under the Berezin transform are the harmonic ones. The necessity
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is easier and it was known for a while, see for instance [28]. However, the sufficiency
is extremely subtle. It was proved independently by Englis in [29] and by Ahern,

Flores and Rudin in [5]. A good exposition of this result can be found in [40].
Theorem 2.1.5. Let f € L'. Then f is harmonic if and only if B(f) = f.

The details of the following remark can be found in [2, 67]:
Remark 2.1.6.

1. Note that the function B(S) is bounded on Q and is called the Berezin symbol
of the operator S.

2. B(f) is an infinitely differentiable function on D.

3. The Berezin transform is not a projection onto the harmonic functions, that is
B(u) is not always harmonic. Even rather more is true, namely B(u)can not be
harmonic unless u is. In fact, if v = B(u) is harmonic, then B(u) = v = B(v)
as B reproduces harmonic functions. Therefore B(u—v) = 0. By the injectivity
of B, we infer that w = v. In other words, B(u) is harmonic if and only if u is
harmonic.

4. B(f)(z) = B(f)(2). Indeed, we have
B(f)(2) = (fkss k) = (k2 fho) = (Fhs, k) = B(f)(2).

5. For a Toeplitz operator Ty, we have that B(Ty) = B(f).

2.2 The Laplacian and the invariant Laplacian

In dealing with harmonic functions on the unit disk, we find it more convenient to
use the invariant Laplacian A instead of the usual Laplacian A. We shall use the

operator

0? 1 [ 0? 0?
A = =-|=+=,
020z 4 \0x?2 0Oy?
where z = x + iy, to denote the ”complex” Laplacian (this is quarter of the standard

Laplacian). This normalization has the advantage that certain formulae assume a
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particularly attractive form; for instance, if f is a holomorphic function, then A |f|* =
2
L7

Now we define the invariant Laplacian.
Definition 2.2.1. The invariant Laplacian A is defined by
A, = (1- 24,

where A = %% 1s the usual Laplacian. In other words, the invariant Laplacian is

defined by
Af(z) = (1= 2")°Af(2).

As its name suggests, the invariant Laplacian is Mo6bius invariant, namely we have
the following characterization of it. Note that, this property is well-known. However
we were not able to find a corresponding proof. Here we propose our own elegant

direct proof of it.

Lemma 2.2.2. Let f be in L? and let ¢, be the Mébius transformation given in
Remark 1.1.9. Then we have

A(f 0 pa)(2) = (Af)(pal2)).
Proof: By definition 2.2.1, we have
A(fowa)(z) = (1= |2]*)2A(f 0 0a) (2), (2.1.3)
and
(Af)(pa(2) = (1~ a(2)?)* Af (ga(2). (2.1.4)

From one hand, we have

-y = (1- 2 EZY

1—az1—az

2
_ (4 la|” — 2Re(az) + |2|°
11 —az|?

(L= Jaf)* (1 — |2[*)*

11 —azl*
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On the other hand, we have

0 0 9 0 —
agere) = g (1(#1))
9 (Of ((ea—2) la*—1
T 0z %(6 1—az> 11— azf?

a’—1 8 (0 90— 2
= ||1|—76z|2% (3_J; (ezgl—iﬁz>>+0
o =1 &f [ ga—z\ lo—1
T L azf 020z <6 1—az>|
(1~ |af)?

= —— 2 Af(p.(2)).
ATl

1 —az|?

Hence, from Equations (2.1.3) and (2.1.4), we have that

Afopa() = Al BDR \p

1 —az

| 4
= (1= lpu(2)P)’ Af(2a(2))

= (Af)(pa(2))-
Which completes the proof B

We end this subsection by a powerful result which shows that the Berezin transform
commutes with the invariant Laplacian.

Lemma 2.2.3. Suppose that u is twice continuously differentiable in D and suppose
that both u and Au are in L'. Then

ABu = B(Au).

Proof: We fix 0 <r <1 and z € D and consider the integral

[ty g,

11 —wz|*
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where D, is the disk of radius r centered at the origin. By Green’s theorem we have

that

(r? — |w|2)2 ou o (r*— |w|2)2
= ~ 7 — —u ds.
/ap, { 11— w2 o0 on O |1 —wz oo

Concerning the boundary values in the last integrand of the right hand side of the

latter, we have

2 2\2
% —0 as w— 9D,
|1 — wz|
and also
o 2 2y2
(r |w|4) —0 as w— 0D,.
OMw |1 — w2l
So that

/ MAu(w)dA(w):/ a(w) A0 ),

11— w2 Y —w!

T

Now, observe that
|(r* — |w|2)2Au‘ <|1- |w|2)2Au‘ in D,,

so we may take the limit as » — 1 under the integral sign in the first integral. For each

fixed z € D, A, (“27'“"2)2) converges pointwise and boundedly to A,, (M) as

|1—wz|* |1—wz|*

r — 1. So we obtain

/u(w)A A=l sy = [ 25 ), (2.1.5)

YN —walt p |1 —wz|*
In the first integral we use the symmety identity

(L—[wl)? _ Q=)

“N—wt T L —wet
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If we multiply (2.1.5) by (1 — |z|*)2, we obtain

(1~ |w[*)”

YN —wzl

(1 J2P)? /D u(w)A dA(w) = (1— |22

Hence we infer that

(1- |z|2)2/Du(w)A Q=1 s (w) = B(Ru) (o).

1 —wet

This implies that
2\2 2\2 u(w) — n(A
a=lPpac{a -y [ ) = 50 o)

Hence we conclude that A(Bu) = B(Au) and the lemma is proved. B

2.3 The weighted Berezin transform

For a function u € L'(D,dA,), the Berezin transform is the function on D defined

by
(1= w[*)>*
442

B, [u](w) :/Du(z) dA,(2).

The Berezin transform of a bounded linear operator S on A2 is the function B,[S]

|1 — wz|

which is defined on D by
Ba[S](w) = (Sk{Y, k), for w e D,

where
(1 — Jw]*)?+

M) = o m e

w

is the normalized reproducing kernel in AZ2.

The following result concerns the injectivity of the weighted Berezin transform. i.e.

the analog of Proposition 2.1.4 and as we promised we include a corresponding proof.
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Proposition 2.3.1. [/0] For each o with —1 < @ < 00, the operator By, is one-to-one
on the space L*(D,dA,).

Proof: Suppose that f € L'(D,dA,) and B,f = 0. Let

F(z) = /D f(w)dAq (w) z€D.

(1 — 2w)2te(1 — zw)2t+e’

Since

B.f(2)
F(z) = 2Nora
(1 = [2]7)+e
we have F'(z) = 0 throughout D, and hence

ovtmEp
02"0z7™ (0) =0,

for all nonnegative integers n and m. Differentiating under the integral sign, we find

that
/ T fw)d A (w) = 0,
D

for all nonnegative integers n and m. This clearly implies that f = 0. B

In the following proposition we exhibit some properties of the weighted Berezin trans-
form and we refer to [40] for details.

Proposition 2.3.2.

1. If -1 < a < oo and ¢ is a disk automorphism, then for every f € L'(D,dA,),
we have

(Baf) oCp = Ba(f © 90)'

2. If -1 <a<oo, =1 <p<oo, and f € R, then B, is bounded on LP(D,dAp)
if and only if —(a+2)p<f+1<(a+1)p

3. If-1 <a<ooandf € C(D), then we have Bof € C(D) and f—Baf € Co(D).
4. If =1 < B < a < 00, then B,Bs = BgB, on L*(D,dAg).
5. If -1 <a<ooand f € L'(D,dA,), then Bgf — f in L'(D,dA,) as 8 — .



68

Among our main contributions in this thesis the following result which is the weighted

Bergman space analog of Lemma 2.2.3.

Theorem 2.3.3. Suppose that u € C*(D) and that both of u and Au are in
L'(D,dA,). Then the invariant Laplacian Au commutes with the weighted Berezin

transform Byu, i.e. B N
AB,u = B,Au.

Proof: Fix 0 <r <1 and z € D and consider the integral

[ (2 = )t duw) )

11— w2

where D, is the disk of center at the origin and radius r. Green’s formula yields

/ {infﬂ2§§Aumu—uuwA 931&52§§}dAuw

11— wz| Y1 — w2
/ (r2 _ |w|2)2+a | ou | o (7“2 _ |w|2)2+a ;
= - — —u S.
op, | |1 — w2 1P oy P o 1 —we

Concerning the boundary values in the integrand of the right hand side of the latter,

we have:
(2 — o)

o — 0 as w — 0D,.

|1 — wz|
This is clear since w — dD, means that |w| — r, whence (r? — |w|*)2t® — 0. With

regard to the normal derivative

0 (2~ )

a,’,]w |1 _wz|4+2a )

(2.1.6)
the things are less trivial. Let us compute this quantity: we know that

0

—uz?u-ﬁ:Vu-n.

on
The normal vector on 0D, is the normalized radius vector, i.e.

z
==
r
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On the other hand, as we have seen in Definition 1.1.12, the gradient of a function
u(z) is given by:
Vu(z) = (Ou + du,i(Ou — du)),

with 9 = 2, 0 = 2. Hence the normal derivative of u(2) is:

ou _ _ vy
5_77(2) = Vu-n=(0u+ du,i(0u — Jdu)) - (?}F)
_ xou n xou n Z,y8u B zyau
T T r r
1 . 1- ,
= ;3u(x +iy) + ;ﬁu(x —iy)
= E3u + Zgu
r r

Thus the normal derivative in this case is given by

0 =z0 zZ0

o ros  roE
In particular on 0D, we have:

) o
— =Z— +tZ .

on 0z 0z

In order to compute the normal derivative in (2.1.6), we must first compute:

o (2 — |w|2)2+a . (r? — ww)2te
ow 1 —wz"™ Ow (1 —wz)*te(1 — wz)>te
2+ a)(~m)(r? - wm)' |l -
|1 - @Z|8+4a
+—(2 +a)(=2)(1 — wz)* (1 — wz)'" T (r? — ww)?*t®
11— w2t
(2+0)(? — Jw[) " {z(1 — w2)(r® — uw[’) — @ [1 — e[}

|1 —@Z|6+2a )
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and
o (r2 . |w|2)2+a B o (r2 - wm)2+o¢
0w |1 —wz|"? 0w (1 —wz)?te(l — wz)2te
+a)(—w)(r°— |w —wz
2+ a)(w)(? = jw) e e
|1 - wz|8+4a
—(2+ a)(=2)(1 —w2) (1 — wz)?>T(r? — |w|2)2+a
11— Ez|8+4a
2+ = w1l —wR) (= wl’) — w1 - w2’}
|1 . @Z|6+2a .
Thus,

0 (" = Jwl)** _ 2+a)(r® — Juw[*)* { wz(1 = w2)(r* — wl’) = |w]* |1 - @z } _

O |1 —wz[*™ 1 —wz|f +wz(1 — wz)(r2 — |w)?) — |w|* |1 — w2
(2.1.7)

Now, clearly
0 (r”— Jufy

a,',]w |1 . @Z|4+2a

—0 as w— 9D,

provided that

wz(1 —w2)(r2 — |w|?) — Jw)* 1 — @z + Wz(1 — w2)(r? — |w|?) — |w |1 — 2|
4+2a )

(2.1.8)

|1 — wz|

is bounded. Since |wz| < |w||Z| < r, (2 — |w|*) < 72, we have

O<l—r<l-—|wz|<|l—wz|<1+wz|<1+47r<2.

Hence, we get
1 1

|1 . mZ|6+2a < (1 _ T)6+2a'

Thus

wz(1 —W2)(r? — |wl®) + W2(1 — w?)(r? — jw|’) — 2 |w|* |1 — Tz|? < 2r3 + 8r?
|1 - @Z|4+2a — (1 _ ,,a)6+2a'
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Whence (2.1.8) is bounded. Hence, from (2.1.7), we see that

0 (* — [wlyr

— 0 as w — 0D,.

anw |1 - mZ|4+20¢
Now, we must show that
2 2
(2 = ) (= fwyre
UL — et U -t

We know that

1— w2 2+a)(1 - |w)* {2 +a)(w]+ |2 - wz — zw) — |1 —§w|2}‘

YN —wT 11— zw/t?
While
( — 12 2 — 12 )
— |l —wz|"+ 2+ ) |w|” |1 —we|
(= [wl)* _ @+a)(r?—w) ) —Q2+a)wEl - w2) (1~ |w])
"t - +(2+a) I (2 = fu)?
_ — 2 2
—2+a)zw(l —wz)(r® — [w])

(2+a)(r?*— |w|2)0‘{(2 + oz)(|w|2 +rt |z|2 —r’zw — r*wz) — |1 — wz|2}

|1 _ @Z|6+2a

For each z, as r — 1, the latter expression goes to

2+ )1~ [w) {2+ a)(lwf + |2 — wz — 2w) — |1 — Zw|} (L~ [w/’)*
=612 = Ay — [2a -
|1 — Zw| |1 — wz|

Thus we obtain:

/DWM(M)M@U):/ a(w)a, D ). (219)

) |1 _EZ|4+20¢ w |1 —@Z|4+2a

T

Now, by the uniform boundedness, (since r < 1), we have

(72 — |w]?)?> * Au(w)| < (1 - [w[*)>**Au| in D,.
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Therefore, we are able to pass to the limit as » — 1 under the integral sign in the left
hand side of Equation (2.1.9). On the other hand for fixed z € D, we see that

(r2 = |w[*)**e (1 — |wl
v dza A iea
|1 — wz| |1 —wz|

2)2+a
asr — 1.

So, we obtain from Equation (2.1.9) that
1 — 2\2+a 1 — 2\24a
/ u(w)Aw%dA(w) = / %Au(w)dfl(w).
D |1 — wz| p |1 —wz|
Multiplying both sides by (a + 1)(1 — |2|*)%*®, we obtain for the second integral:

(L~ wl?)>*

o (1=l [ S e Au(u)dAw)

— /D%(l - |w|2)2Au(w)(a+ 1)(1 — |w|2)°‘dA(w)

(1= o) < X

= raa Au(w)dAg(w) = Bo(Au)(2).
D |1 — EZ|

Whereas concerning the first integral, we use the identity

(L —[w[*)* (L~ |2+

1—Z2aAw—:1_w aAz—a
(= P Ay 2 i = (= ) Ay

and we obtain

- 2\24a
@+ =[P [ ua,
D |1 — @Z|

= [t - p2py {(1 - |z|2>aAw%} (@ + 1A )

11

dA(w)

= /Du(w)(l — |2*)? {(1 —~ |w|2)“AZ%} (a+ 1)dA(w). (2.3.1)

I
But the right hand side of Equation (2.1.10) can be written as

[ wtw)a - |z|2>2Az%<a 1)1 - fuf)*dA(w)

- [ud S v = 5, [
I |1 | +2« 1 —wz| 1 —_|4+f2a

= A,Bau= A(Byu)(2).
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Thus, we obtain

Bo(Au) = A(Bgu).

This ends the proof l

2.4 Remarks to the range of the Berezin transform

In this section we introduce the following question: Can we characterize all triples
(f,g,u) where f and g are non-constant holomorphic functions on the unit disc D
and u is integrable on D such that fg = Bu? The answer was given recently in 2004
by Patrick Ahern as we are going to see in Theorem 2.4.5.

Definition 2.4.1. For holomorphic functions f and g on D and u € L', we say that
fg = B(u) holds in a non-trivial way if neither f nor g is constant.

Non-trivial examples will be given later, Example 2.4.3 as well as Lemma 2.4.4. First
of all, we show that the area measure is rotation invariant. This property is certainly
known and widely used by specialists. However, we cannot localize any reference
giving a proof. So we have decided to provide our own proof.

Lemma 2.4.2. The area measure is rotation invariant. i.e. if w = ez then dA(z) =
dA(w).

Proof: Let 2 = z + iy and let w = ze? = u + iv. We want to show that dA(z) =

dA(w), i.e. we need to show that dm—:y = 24 We have that

w = ze" = z(cosf+isinf) = zcosh +izsinf
= (v +iy)cosf+i(x +iy)sind

= (xcosf —ysinf) + i(ycosf + zsinh).



Hence u = xcosf — ysinf and v = ycos f + xsinf. By differentiation, we obtain
du = cos fdx — sin fdy and dv = sin Odx + cos Ody.
Such equations can be rewritten in terms of a matrix system as follows:
du \ [ cosl —sinf dx
dv sinf}  cosf dy .
But this transformation has real Jacobian equals to

cosf) —sinf . .
=cos“ 0 +sin“f =1.

sinf cosf

Thus dudv = dxdy, which implies that @ = dfrﬂ and the lemma is proved. W
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Probably, the simplest question one could ask here is: Does there exist a function

u € L' such that 2z = B(u)(z)? It turns out that the answer is yes, as can be seen

through the following

Lemma 2.4.3. The Berezin transform of the function

1
=1 —log —
u(() 0g P

15 given by

B(u)(z) = #Z.

Proof: To see this we need to show that if v({) = log ﬁ, then B(v)(z) =1 — |2|°.

First we have that
2 2 log |C|2
B(log|z[") = (1 = [2[")* | ——=—5dA(C).
D ‘1 — Cz‘
And since
1 1 1
1-C" (-2 (1—-¢2)?
= Y (n+ 1)) (k+1)(¢)

n k

= > (n+ 1)k +1)(C2)"(¢2)",

n,k




7

we see that

%M(C) z/ log [¢[? (Z(n +1)(k + 1)?"(’“2”?’“) dA(Q).

n,k
But
=n 2 ! 2m ; drdf ;
/ C Ck 10g|c| dA(C) _ / / TTTlﬁHcezH(kfn) 10g7"2 ;”C — Tewn
D 0 Jo ™
1 2m
= / rr" ¥ log r2dr / ew(k_”)d—e,
0 0 ™
and

/27r eig(kfn)@ _ 0, lf k % n,
0 m 2, if k =n.

That is to say

n 0, if k& # n,
k1 2dA(C) =
/DCC o8 |<I" dA(C) { [, 1 log |¢? dA(C), if k = n.
Hence
lOg|C|2 dA _ 12 in 2dA 2n 291
i A0 = 1 [P oglcPaAQ . @2y
Now

1 por 1
/ 1CI*" log [¢]” dA(C) :/ / r2n logrQM = 2/ 2" log r’rdr.
D o Jo m 0

Let v = r2, then du = 2rdr. So

/|C|2nlog|C|2dA(C) - /lunlogudu:lim loguunJr1 1 _/1 u” du
p 0 a—0 n_|_1 0 ’]’L_|_1

a

- [‘%E:‘mim

Thus, the right hand side of Equation (2.2.1) becomes

_(n+1)2zgn:_ Z2n:— 1
Xn: (n+1)2| | ;' | (1—|z|2>'
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Hence
1 2
-l [ %dmo = (- P =P - 1,
and
log L,
B)(z) = (- JoP [ —EF qa(0)
D ‘1 - Cz‘
l 2
= ey L8l g = ey =1
D ‘1 — Cz‘
and

u(@)=1-0() = B(u) =1-B) =1— (1~ [z]") = |2 = 2=

This ends the proof. B

P. Ahern in [1] has proved that the image under the Berezin transform of the function
2( — % is 2z2. His elegant proof uses some facts from distribution theory together with
the Formula (2.1.2) of the Berezin transform. He mentioned that a direct calculation
using Formula (2.1.1) could so work. We have done such hard calculation by our own
methods, and we have obtained the same results. For convenience we give the two

fairly different proofs of this result.

Lemma 2.4.4. The Berezin transform of the function

u(¢) = 2 - %

18 given by
B(u)(z) = 27°.

Proof: The first proof: [using the direct calculation]
Let us first observe that 2¢ is a harmonic function. Since the Berezin transform

reproduces harmonic functions as we have seen in Theorem 2.1.5, we infer that

B(20)(2) = 22. (2.2.2)
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On the other hand, in order to calculate B ( ) , we make use of the Formula (2.1.1).

1
¢
We have

1 2\ 2 1
B - = (1- ————dA
(F)e = o, o
o 2 1 2T 1
(1—|z|)/0/0 rei9|1—zre—i9|4rdrd9
1 2T do

1- 22/ (/ )d.
( |Z| ) 0 0 ei9|1—zre_i9|4 r

Using the substitution ¢t = € in the latter integral we obtain

B(%)@):%ia—pﬁf[Tﬁdﬂi?;F. (2.2.3)

Let us denote the inside integral by

dt
A g
=1 12 |t — zr|

and notice that |t — zr|* = (|t — zr|2)2 = ((t—2r)(t— Er))2 = (1—zrt—zrt+ |z|2r2)2.

I

Now, setting a = Zrt in I, we obtain

zrda
IQ = / 2
lal=lrz| ¢*(1 = (a +@) + 72 z]")?

_ / da
= Zr — 5o
jal=lrz| 2(1 — (a +@) + 72 [2]")?

In order to evaluate I, set

da
Is = 2 = 21,12)2°
jal=tr| @*(1 = (a +@) + 72 |2[)
Using the substitution a = r|z|e?, 0 < # < 27, we see that da = iadf and a +@ =

2r |z| cos §. Thus, we obtain

I /2” 7|z e?df i /2” db
3 =1 = .
0 r2|z|?e2? (1 —27“|z|(:089+r2|z|2)2 rlzl Jo e (1—2T|Z|COS9+T2|Z|2)2
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Again, put w = €, then cosf = %(w + i) Using either residues or Cauchy’s

theorem, I3 reduces to:

1 dw
M )
Tz \w|:1w2(1—r|z| (w+5)+7“2|z|)
1 dw
72| Jjwj=1 (w—r|z|wQ—r|z|—H“2|z|2w)2
1 dw
N r |Z| lw|=1 1 2
(=rlel w=rah) (w - 5))
1 dw

3 3
P wl=t (g — g |22 (w _ L)

r|2|

2m d 1
r3 |Z|3w%r|z| dw (U} o L\) 9

Thus, we get
2mi —2 4

Iy = 3 3 = 3
PP (= ) (1= r1eP)

We conclude that

dmizr
I, = 3 (2.2.4)
(1 —r2|z| )

Substituting (2.2.4) in (2.2.3), we see that

B<%> () = 45(1—|z|2)2/01mdr

4z A
= —22 (1- |z|2)2/ 7u3’ where u = 72 |2|?,
z o (1—u)

= 2Py (ﬁ—i)

(L= =) 1= 14202 — |4
: (1= [)’

2 (0 _ |2
= —|Z| (z |Z| ) =927 — 272,




79

Combining the latter with (2.2.2), we infer that

B (22— %) (2) = 2z — 2z + 272°.

This ends the first proof.ll
The second proof: [due to P. Ahern [1]]. According to P. Ahern in [1], this lemma has

a more interesting proof if we use Proposition 2.1.2 to calculate B (v) (z), where

First recall that the fundamental solution of 0 operator is given by %, as we have

seen in Example 1.1.37. By Lemma 1.1.35, we have

0 1 0 1
£<1*E>_1*£<E>_1*5—

Denote again by 1 the constant function 1. So we have

1% LI // (¢)dxdy
nz

myerD

_ // 1 dxdy /DzigdA(o'

,yEDxD

Hence, we see that

0 1 0 1
£<I*E> =5 DZ_CdA(C)—l, for all z € D.

Integrating both sides of the latter with respect to zZ we get

1 _
/DZ _CdA(() =Z+ h(z2)

where h is holomorphic in D.
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Now, remark that % is a locally integrable function in C. And consider the bounded

function with compact support, namely

1, if z € D,
1(2) = _
0, if z € C\ D.

The function [, ﬁdA(C ) is the convolution of the latter two functions. Then it is
continuous on the entire plane. Hence h is continuous up to the boundary of D. So

we have
1 i i0
/D T CdA(C) =e " + h(e”).

Now, by Lemma 2.4.2, the area measure is rotation invariant, thus we have

| i) = e [ s meaa© = [ )
But the integral on the R.H.S. of the latter is finite, i.e. ¢ = [}, 1TICalA(C) < 00, SO We
infer that e ¢ = e~ +h(e') for some constant c. In other words ¢ = 1+e?h(e?), i.e.
14+zh(z)—c = 0 on OD. Hence by the maximum principle we see that. 14+zh(z)—c =0
for all z € D. Letting z = 0 in the latter, we see that ¢ = 1 and hence h(z) = 0. We

conclude that

1 _
/DZ_CdA(C)—z for z € D.

s = [o(575) a0 = [ (L) ao

Now,
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Finally, we obtain
= 1 e =2
B 2C_E (2) =22 — 22+ 27" = 27"
which completes the second proof. B

Now we state and prove the main result of this section. It characterizes all triples
(f,g,u) where f and g are non-constant and v € L' such that fg = B(u). This
significantly deep result is due to P. Ahern [1]. The proof is hard and long, so that
we present it in several steps. This nice piece of work has prodigious applications in
establishing more general Brown-Halmos type theorems as we are going to see in the

next chapter.

Theorem 2.4.5. If f and g are holomorphic in D and neither is constant and
fg = B(u) for some u € L', then there are non-constant polynomials p and q with
deg (pq) < 3 and an a € D such that f =po ¢, and g = qo ¢,, where ¢,(z) = L=.

1-az

Proof:

Step 1: Starting with fg = B(u), taking the Laplacian of both sides, we see that

Axfg = Ay(B(u)).

Using the definition of A, and the differentiation rules, we obtain

5 (sh+ ) = AT o

Since f is holomorphic, we infer that

% @ f> _A /D (1‘—1 'i'?;(i“) JA(C).

Fag)+ = [ CA‘I_M‘) 4A(0).

Hence we obtain
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But A,g =0, as g is holomorphic, and if we use the symmetry identity

R R 35

ST N TN
we arrive at
/ - _ (1 B |C|2)2
f(2)g(z) = | w(Q)A———=—7dA((). (2.2.5)
D ‘1 — Cz‘
Now, we complexify the above equation to get
(1—[¢Py?

f'(2)g (w) = / u(Q)A¢ dA(Q). (2.2.6)

D (1= ¢2)?(1 = Cw)?
Note that the functions on either sides of Equation (2.2.6) are holomorphic in the
bidisk {(z,w) : |z| < 1, |w| < 1} and by (2.2.5) they are equal on the subset {(z,%) :
|z| < 1}. Hence by Proposition 1.1.17, they are equal on the whole bidisk.
Now, differentiating both sides of Equation (2.2.6) with respect to w and then letting

w = 0, we get

DGO Mo = ( [ woa. (((11__'2))5 2(41(1_25);‘1)) dA(C)) o

Hence we obtain

o) — C(L—[¢P)
c1f'(2) —/DU(C)ACWd

Differentiate again with respect to w and then let w = 0, we get

o C(1=¢1))?¢(1 = Cw)?
caf'(2) = (/D u(C)A ( (1—C2)2 (1—Cw)s ) dA(C)) lw=o-

Thus, we get

A(Q)-

. ¢ —IcP)
c2f'(2) —/DU(C)ACWCZA(C)-

Continuing in this manner, we arrive at

. ¢h(1 - [¢*)?
() = [ ul©)A e O, (2.2.7)
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for some constants ¢, k=1,2,---

Step 2: If p is a bounded holomorphic function in D, then we have

APOO—P? _ 8 [ 9 p(Q)01— |<|2>2]
C(1=Cxr | (1-Cep
9 [ (=222 — 1K) (=€) = pO) (L = [¢P2(—22(1 — {2))
oc (1- o)t
El [ 9¢(1 - T — ) + 22(Q) (1 — ¢
a¢ | (1—C2)3
9 (—2¢ +2¢C2) (1 — [¢°) + 22(1 — [¢[*)?
0 {p@[ el ]}
P(Q) (=26 +2¢C2) (1= [¢P) +22 (1 - [P)]
(1—C2)3
PO [(=2+2¢2) (1 - ICP) + (—2¢ +2¢C2) () — 4Cz (1 = [¢)]
(1—Cz)?
—2¢p/ (Q)(1 = C2) (1 = [¢*) +22p/(C) (1 = [¢P)”
(1—Cz)?
2O - Cz) (1= 1CP) + 211 p(Q) (1 = Cz) — 4Czp(¢) (1 = [¢I)
(1—Cz)3
—2¢p'(¢) (1 = [¢1?) = 2p(O) (1 — [¢[*) +2[¢1*p(Q)
(1—C2)?
L 227/(Q0 = [¢P)? — 41 - ¢
(1—Cz)?
~2p (0 = ICF) +2( Q=1+ 21¢P) |, (1 =[¢P) B
1=z +(1—<)( (' (€)1 — [¢[*) = 2¢p(C)).

Now if p is a bounded holomorphic function in D, then it is a Bloch function as

H* C B, whence

Sup [p'(Q)] (1 — [¢*) < eSup|p(¢)],
D D
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where ¢ is independent of p. So we have

PO —I¢P)
(1~ C2)?

¢ = b1(C) K¢ (2) + 2b2(Q) k¢ (2),

where
bi(C) = =2 (O)(1 — [¢[*) + 2p(O)(21¢)* — 1),
and

b2(Q) = /(L = [¢*) = 2¢p(C)-

Now again since H* C B, we see that:

bille = Sup|bi(¢)] < Sup |-2¢p' () (1 = [¢P)] + 2Sup |p()(2[¢]* — 1)

IN

erSup [p'(€)(1 = [¢1*)| + c2Sup [p(C)|, for ¢ € D.

< cSup |p(Q)]

¢lplls -
By a similar way we obtain
162/l o0 < ¢l -

We conclude that

16illo < € lIPllso »

for 5 = 1,2, and for some constant ¢ independent of p. Now, we have

PO —I¢P)
(1~ C2)?

¢ = b1 () K¢(2) + 2b2(Q)kg (2).

Then, we get

/ u(oAgp(C()l(l_glff) a4©) = [ wOWOK(AQ + [ 2u(OBOREAQ)
= Fi(2) + 2F5(2),
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where Fy = Pvy, vi = ub; € L' and Fy = Pyvs, vy = uby € L'. Moreover, we have

[villy = flubill, < flully bille < ellpllo [lull; -

It follows that Fy, = Pyvy and hence F3 = zF lie in L!. In other words we now see

that

[ woa U aa = pace)

where H(z) = vi(z) + F3(z) € L'. For simplicity let us denote the integral in the

L.H.S. of the latter by

[ w0 =R a0 = 5. 02

Step 3: Since we are assuming that ¢ is not constant it follows from Equation (2.2.7)

that not all ¢, are 0. According to (2.2.7), this means that f’ is a constant times
Sy (C*) for some k. Hence f' = ¢;,S,(C*) = PH, for some H € L'. It now follows that

for any holomorphic polynomial p, p(¢) = Y “ax(*, we have
k=0

Su(p(C)) = Su <Zooakck)

k=0

_ Yoo arCH (1 [¢*)
_ /Du(g)AC TR L9

= [woX mat = i

k=0 (1 - 62)2

= D @S¢

k=0
00

= Z agerf'(2).

k=0

Hence S,p = L(p)f' where L is a linear mapping from the set of all holomorphic

polynomials into the field of complex numbers, that is given by

Lp(Q) =1 (Z c) -3 aa.



86

Step 4: Since we are assuming that f is not constant, f’ is not identically zero. We

pick z € D with f’(z) is not identically zero, then we have
L(p)f'(z) = Fi(2) + zF3(2).
Hence, since F} = Pv; and Fy, = P,vy, we obtain

L) f'(2)] < |[Fi(2)] + |[Fa(2)]

IN

¢ (lfodlly +lleally)

AN

< cllully Pl -

Hence

L)) < e .

since f’(2) is not identically zero. That is to say |L(p)| < c||p||,, for some constant ¢

that depends on z but not on p; whence L is bounded. Now Hahn-Banach Theorem

1.1.18 implies that L can be extended to the disk algebra A(D) and that we have

Sup(2) = L(p) f'(2)-

Since L is continuous on A(D), Riesz representation Theorem 1.1.19 implies that

there is a unique A € A(D) such that

L(p) = (p, A) = / P(OMC)(C), for all p € A(D),

In other words, there is a finite Borel measure p on D, with d,(¢) = A(¢)d(), such

that
L) = [ pQ)4,(0). torall p € AD),

From now on, we will denote f’ by F. So F' = PH where H € L.
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Step 5: We will need some information about the Taylor coefficients of the projection

of an L' function. Accordingly, let us observe that

F(z) = (F K:)=(PH, K) = (H, K)

_ / (111_7% i<n+1) /D H(C)Z"dA(o)z

n=

A necessary condition for the convergence of this series reads as

lim (n+1 /CH ¢)dA(¢) =0,

’I’L—)OO
which yields that
lim [ ("H(¢)dA(C) =

n—o0 D
In other words, if F(z) = > 2, F,2" then F, = o(n). From this information we
conclude that F is not in L' but lim [ F (2)dA(z) exists for some G € H™.
r— r

Here

D, ={z:]z| <r}.

In fact, if G(z) =2, G,2" then we have
lim [ F(2)G(:)dA(z) = / (Z P2 ) (Z Gz )dA(z)

Dy
! — dadf ,
= / / ZFnGna2”a a ., where z = ae”,
0o Jo m

Since F,, = o(n), (as— — 0), this integral have limit

i G_n asr — 1,

n:O
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if Y0 o |G| < 00. In fact we will only use G which are entire.

Step 6: Now, consider the equality

2O,
(1-C2)?

Lp)F(z) = /D u(Q)A A(0).

Multiplying by G(z), we obtain

LOFEIEE) =Ge) [ uga_l "

b ¢ (1 — 62)2 A(C)

Then we integrate over D,, we obtain

| toreEEaAc) = [ ( [ noaOE=t )QdA«)) G(:)A:).

T

According to Step 5, this can be rewritten as

L) S RG / ( / u()a 2O )QdA«)) G()dA(2).

"nl (1—(2)?

Now, consider the integral of the R.H.S. of the latter. Since r < 1 everything but

u(C) is bounded and so we can interchange the order of integration to obtain
G
() ~dA(2))dA(C). (2.2.8)

[uoscpoun- i [ EL

In the inner integral let z = rw. If 2 = x + 4y and w = u + v then rw = ru + irv

and dA(z) = 2% = (rdu)(rdv) _ ’"Qd;‘d” = r?dA(w). Thus,

™

G(2) _2 [ G ) = 2T (r0) = 2T
/L)demz)_r/r(l__ SdA(w) = r*G(r(rQ)) = °G(r*C).

So that (2.2.8) reduces to

/D W(OA (OB (1 — 1C[2)2) dA().

From this point we will always assume that p and G are entire functions. Relying on

the fact that G is continuous, (as it is entire), we clearly see that A¢ (p(¢)r?G(r2¢)(1 — [C[*)?)
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converges uniformly to A¢(p(Q)G(¢)(1 — |¢|*)?) as 7 — 1. Since u € L', we can take

the limit under the integral sign and finally obtain

DY 2~ [ QA OTON - GF) dA)

n:U

Step 7: At this stage we apply the discussion in the previous steps to the functions

p(¢)=e¥¢ and G(¢) = e¢. First, observe that the sum > > nfln becomes
i Fy (-w)" i (-1)"F,w"
“~n+1 nl —~ (n+1)!
Let
_ i nﬁwn.
— (n+1)!

Since F,, = o(n) we see that J is an entire function. Moreover, since F,, = o(n), we

see that LF—J:LI‘ — 0, and hence we have the estimate

o0 o0

—C€

for some constant c.
Note that L(p) = [€“*d,(¢) = K(w) is also an entire function. Since we deduce
that K satisfies the estimate |K(w)| < ce®! for some constant ¢, as[ e“d,(¢) =

S o [ ¢"d,(€). This implies that

[ o] -1 fj ol?_ et

Now we handle the integral

/D WA (POTO)(1 = [CP)?) dA(©).
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Calculate the Laplacian of the function that is under the integral sign:

Ac (o - IcPP) =

= —[w e e (1 = [¢[*)” + 2mCe e (1 ()

[—we e (1 — ¢ — 2 (1~ |¢P)

+e ™ (—2e"C — 2w(e™) (1 — [¢[*) - 2¢e ()
= —Jwl® e (1~ [¢[*)? + 2mCe (1 — [¢[)

+2 |7 €4 — 2emCT (1 — () — 2wCe (1 — ()
— [w]? (1 = [¢]*)? + 2wC(1 - [¢])

— ew¢—wC
—2w((1 - |¢[*) +2(2|¢[* - 1)

Now if w = u + 7w and ( = = + iy, then
w( —w¢ = 2i(zv + yu).
The Fourier transform in R? is given by:
F(f) (z,y) = / e @& £ p)dQ), where f e LY,
R2

with the inner product

(z,y)(z,w) = 22 + yw.

Hence we obtain
/ ewcfwza(odA(g) = F (o) (2v,2u), for o € L.
D

So from the fact that C ~ R?, we might assume w = u+iv ~ (u,v) and ( = x +iy ~

(x,y) which implies that

wl — wl = (u+ ) (z +iy) — (u—iv)(z —iy) = 2i(zv + yu) = 2i(v,u)(z,y).
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In particular for the function o, we have

F (o) (v,u) = /D W@ 5 (2, ) dA(C)

e

M

e ((dAQ)

Thus we get

F,G,
n+1

K(w)J(w) = L(p) )

n=0

_ /D u(Q)A (€774 (1 = [¢)?) dA(Q)

I —|w|2(1—|C|2)2—2wC(1—|C|2)]dA
/D © vt - Py <2020 -1 |

= —|w]’ F (o) (20,2u) + wF (02) (20, 2u) + TF (03) (20, 2u) + F (04) (20, 2u),

where o1(C) = u(Q)(1 = [€)?, 02(¢) = =2Cu(Q)(1 = [C), 3(¢) = 2¢u(O)(1 = <)
and 04(¢) = 2u(¢)(2|¢)* — 1). Here clearly we have o; € L, for all i = 1,2, 3, 4. From
this we obtain
K (w)J(w)| = [K(w)J(w)|
= |wF (02) (20,2u) — \w|* F (1) (20, 2u) + WF (03) (2v, 2u) + F (04) (20, 2u)| .

Since the Fourier transform of an L' function tends to zero at infinity, we conclude

that W — 0 if w — 0o, whence
K (w)J (w)| = o(|w]*).

Note that K .J is entire. So, it can be written as a power series. But since | K (w)J(w)| =

o(|w[?), we see that K (w).J(w) = Aw + B for some constants A and B. This means
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that one of the two functions K and J is Aw + B times a non-vanishing function and
that the other is non-vanishing. It follows from Hadamard’s factorization theorem
1.1.11 that a non-vanishing function of order 1 is of the form ve?™), where ¢ is a
polynomial of degree< 1, i.e. a non-vanishing function of order 1 is of the form ~e®"”

So we may conclude that one of these two functions, say K, is of the form
K(w) = (aw + b)e™
and the other one takes the form
J(w) = ye= ™.

First, we turn our attention to .J. On one hand J(w) = ve~* and on the other hand

it is written as > - % So we obtain
i )" F,uw" o i y(=1)"a"w"
= (& = _—
— (n+1)! i — n!

Equating coefficients we see that F,, = v(n + 1)a", i.e. F, =7%(n + 1)a". Now, recall
that F' = f’ and that we are assuming that f’ is not identically zero, which means
that F,, is not identically zero. This implies that v # 0. Also, we have seen that
F, = o(n) and since ) a" — 0, we see that |a| < 1. Hence

:Zan §n+1 ﬁ,

with v # 0 and |a| < 1.



93

Now, since
i( —7 a—w) B -7 —(1 —aw)+a(a — w)
dw\( =Py T—aw) = (=jaf) (-
B 5 —l4aw+ |a]’ —aw
(=) (Q-aw)?

7~ =)
(1= JaP) (1 aw)?

- T
(1 —aw)?
= F(w) = f'(w),
we can write this as
d -y  a—w
! = — . 2.2.9
r =g (=) (229
Integrating both sides of Equation (2.2.9) with respect to w, we get
a—w
fw) = oy =+t
where ¢; and c; are constants. We conclude that f = po ¢,, where ¢,(w) = {=+ and

p(w) = qw + .

Step 8: Now, we turn our attention to K, which reads as

K(w) = / e"Cd,(C) = (aw + B)e™.

Differentiating this identity with respect to w and then letting w = 0, we see that

/ €™, (C) o= ac™ (aw + B) + ae™ |y .
Hence, we obtain
[ o =pa+a
Now differentiating again with respect to w and letting w = 0, we have

d? w d?
—— [ €"du(¢) = dw?

T ((aw + B)e™),
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and then

(/ CQ@wgdu(O) oo = (a°€™ (aw + B) + ace™ + ace™) |, -

Hence, we obtain
/ ¢*d,(¢) = Ba’® + 2aa.

Continuing in this manner, we get

/ ¢*d,(¢) = Ba* + aka*".

Now, note that if z € D and if we put p,(¢) = then p, € A(D) and as above

1 ZCQ?
we obtain
Sup.(2) = /Du 1igz|)C| ) dA(Q)
- [woals =D 10 00) = P,
T

So that, since L(p,)f'(z) = S, (p(2)), we have that
f'(2)g'(2) = L(p.) f'(2),
and, since f' is not identically zero, we see that

7(z) = / p2(C)d,(C),

where L(p) = [ p(¢
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From this we may conclude that

7() = / (%du(o

1 —7%()?
- / (Z( >cn—") )
= n+1 /C” ()z" = (n+1)(5a + ana™ t)z"

=0

= ZB n+1)a"z" +az n+1)a""'z"
n=0 n=1

5 - = n—1lzn—

— m—l—azZn(n—l—l)a Izn1
n=1
15} 20z

—az)?  (I—azp

Note that in this series of equalities we have used the fact that

Z an = Z n+1)z" and Zn (n+1)x
n=0 n=0 n=1
Finally, we conclude that
B 2az

9'(z) = (

a2 | (1—a)

Now it is easy to see that ¢ has the form required by Theorem 2.4.5, as well. To
conclude the proof, note that in principle we must consider the case that J(w) =
(aw+P)e™ and K (w) = ve **, But this case is very similar to the one just discussed.

This achieves the proof. l



Chapter 3

Theorems of Brown-Halmos Type
for Bergman Space Toeplitz
Operators

The original Brown-Halmos theorem [16] asserts that for two Toeplitz operators T,
T, on the Hardy space, the product 7,7, is again a Toeplitz operator if and only if
either & or v is holomorphic and in such a case T, T, = T,,. An interesting corollary
is the so-called the zero product problem asserts that T, T, = 0 if and only if v or v
vanishes identically. Surprisingly, the Bergman space analog of the celebrated Brown-
Halmos theorem appeared only very recently, but only in some particular cases. In a
series of excellent papers, [1, 2, 4], P. Ahern and Z. Cuckovi¢ has proved that in the
case of bounded harmonic symbols a Brown-Halmos type theorem holds. They have
discussed also the case of radial symbols. Unfortunately, for general symbols it fails.
In this chapter we investigate the case of bounded harmonic symbols in the light of
the paper [2]. We believe that a weighted Bergman space analog should be equally
true. Although we were enable to prove it completely, nevertheless we have made

some progress in this direction.

96
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3.1 A theorem of Brown-Halmos type

Definition 3.1.1. If f, g and h are functions, we say that TyT, = T), in a non-trivial
way if neither f nor g is holomorphic.

Remark 3.1.2. Fxample 3.2.2 illustrates that such triples exist.

Now, we start with the following technical results. Such results are known for experts.
However, for the sake of completeness, we provide our own corresponding proofs.
Notice that the first property was stated explicitly for a first time in [3] as follows: If
T, = 0 then u is orthogonal to all polynomials in z and z. By the Stone Weirstrass
theorem such polynomials are dense in L2. Hence u = 0 almost every where. Here we
even prove that exactly 7;, = 0 implies u = 0 by a very short and convincing proof.
Proposition 3.1.3. Bergman space Toeplitz operators have the following properties:

1. If T,, = 0, then u = 0.

2. If f is holomorphic, then T, Ty = T,y and T¢T,, = T, for any u.

3. If f is holomorphic and is not identically zero, then Ty is one-to-one.

4. If g € L2 and w € D, then P(gK,) = g(w)K,.
Proof: (1) If 7, = 0 then T}k, = 0 and so we have that
(Tukw, k) = B(T,) = B(u) = 0

By Proposition 2.3.1 the Berezin transform is injective, hence we infer that v = 0.
(2) If f is holomorphic, then for any g € L? we have:
(i) TuTr(g9) = Tu(P(f9)) = Tu(fg) = P(ufg) = Tus(g). Hence T, Ty = Ty,
(ii) T7Tu = (TuTy)" = (Tuy)* = T,
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(3) Let u € kerTy. Then, since f is holomorphic, we see that T;(u) = fu = 0.
But the product of two analytic functions can be zero only in the case when one of
them is zero. But f is not identically zero, whence u = 0. Thus we conclude that
ker Ty = {0}.

(4) If g € L?, w € D, then

P(gK,)(z) = (P(gK.),K.),z€D

Hence P(gK,) =g(w)K,. R

Definition 3.1.4. If F is an L' function which can be written in the form Fy + F
where Fy is a function with compact support, (namely |z| < s), and Fy is a bounded
function on {z : s < |z| < 1} for some 0 < s < 1, then F is said to be nearly bounded.

The following easy and useful fact was used in [3]. Since we could not localize any
corresponding reference, we propose our own proof, which is very close in spirit to

the idea we have used to prove the first fact of Proposition 3.1.3.

Lemma 3.1.5. If f, g and h are L? functions. Then we have the following easy and
useful fact:

TiT, =T, if and only if TyT,K,, =T, K,,Yw € D.
Proof: It is clear that T}T, = T}, implies that T/T,K,, = T} K,,Vw € D. With
regard to the other implication, suppose that

TiT, K, = ThK.,Yw € D.

Then, we see that

(T, Ko o) = (DKo, Ko,
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which can be rewritten as
(TyT, — Ty) ku, k) = 0.
In terms of the Berezin transform it reads as
B(TyT,—1T)) = 0.
By the injectivity of the Berezin transform, Proposition 2.3.1, we infer that
TiT, =T,.

Hence the conclusion of the Lemma follows. B

Proposition 3.1.6. Suppose that f = fi + fo, g = g1 + G2 are bounded harmonic
functions with f;, g; holomorphic and h is in L. Then the following are equivalent :

1. T/T, = T,.
2. [1(2)g1(2) + f2(2)35(2) + f1(2)G2(2) = B(h — fo91)(2), for all z € D.
3. For all (z,w) € D x D, we have

R+ P + ACI(®) = (== [ HOEG0Eaa0)

Proof: First, let us prove that (1)< (3): using part (4) of Proposition 3.1.3, we see

that

T,K, = P(g:K, + K,) = g1 K, + T(w)K,.
Another application of part (4) of Proposition 3.1.3 shows that
TT,K = P(f(9iKu+5(0)Ky)
= P((fi + ) (91 Ky + G2(w) Ky)
= P(figiKy + [12(w) Ky + fog1 Ky + foga(w)K,)
= fig1 Ky + Ga(w) 1w + P(f201Ky) + G2(w) P(f2K )

= [11Kw + R (0) LKy + P(fog1Ky) + T2 (w) f2(w) Ky
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Using Lemma 3.1.5, we see that 1T, = T}, is equivalent to
flgle + E(w)fle + E(U))E(U))Kw + P(Egle) - P(th),Vw €D.

Dividing the latter by K, we obtain for all (z,w) € D x D

f1(2)01(2) + 1(2)g2(w) + G2(w) f2(w) +

Using the form of the reproducing kernel, we get for all (z,w) € D x D :
[1(2)g1(2)+ f1(2) G2 (w) + G2 (w) fo(w) +(1=w2) (P(fog1 Ku), K.) = (1-02)*(P(hKy), Kz).

Since the range of P lies in L2, we see that for all (z,w) € D x D

[1(2)91(2) + fi(2) G2 (w) + @a(w) fo(w) + (1 = W2)*(fogi Ku, Kz) = (1= W2)*(hKy, K2),

which can be rewritten as

£1(2)1(2) + Fo(2)72(w) + Tow) Fa(w) + (1 — zi)? / ESIACEETS

b (1= 202(1 - k)
o ) o eDs
= (- [ e, Ve € D x D,

which is just equation (3) with w replaced by .

Now, we show that (2)< (3) :
In order to see that (3)= (2), apply (3) to (2,Z) € D x D and obtain (2). To show
that (2)= (3), we consider the holomorphic function defined in the bi-disk by the

formula

F(z,w) = fiz)gi(2) + fz(_@)éz(@) + f1(2)g2(w)
2 fz(C)gl(C) - h(f) dA

1—zw =
* ) D (1 —20)%(1 — wz)?

In fact, F' is holomorphic as it is holomorphic in each of its variables.
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Assuming (2), F' is identically zero on the set {(z,Z) : z € D} and by Proposition
1.1.17 we see that FF' =0 in D. Thus F(z,w) = 0, which is exactly the statement (3).

This ends the proof. B

Remark 3.1.7. If f is any function from L>(OD), then we can write f = fi + f
where fi and fy are in BMOA as we noticed in Subsection 1.2.2. Recall that S,(e"?) =
m denotes the Szeqo kernel and Ps denotes the Szeqo projection from L?(0D)
onto H?. Then the application of the method of Proposition 3.1.6 leads to the fact
that

[0 (2) + Bo(2)T5(2) + h(2)7a(2) + f@Ps@glsz)(z) —h(z).  (311)

But for the last term of the L.H.S. of the latter, we have

11 (7 uS.(0)
Ps(usS, = 2 df
S(US )(Z) 1_122 o 0 1— Zefw

L2 (=2
= — [ =—ElJys,(0)d0
27r/0 1-— ze*wus (6)

1 [ 11—z
= Bl I )

21 Jy 11— ze i

N
S, (2)

which is the harmonic extension of any u that is integrable on 0D. Hence every term
in Equality (3.1.1) is obviously harmonic except f1Gs. It follows that figs is harmonic
too which implies that

0 0% _,
0z 0z '
Since % s analytic, we see that either % =0 or % = 0, ’whence f| is constant or

go 1s constant. In other words either f is conjugate holomorphic or g is holomorphic.

In the Bergman space case the Berezin transform appears rather than the harmonic
extension. Since the Berezin transform does not always yield harmonic functions,
(according to part (3) of Remark 2.1.6), some more work should be done. In order
to establish a Brown-Halmos type theorem, some preparatory assertions are needed.

The first one gives us an important identity.
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Lemma 3.1.8. If f and g are holomorphic in D and fg = Bu where u € L*NC?(D)
and Au € L', then we have

NI (—\ zU(C)
FErm = [ A (3.12)

Proof: Let us start with the equality fg = Bu.

Taking the invariant Laplacian of both sides, by Lemma 2.2.3, we see that

(1—[2")°A(f9) = B(Auw),

i.e.

Bu@ o,
D‘I—ZZ‘4 ()

Dividing both sides of the latter by (1 — |z|*)2, we arrive at

A(fg) = 862 (f%) = D%dﬁl(().

(L= 2I)*A(fg) = (1 = |2*)?

Thus, we obtain

/ A(Q). (3.1.3)
] —zc\

Next, we complexify this identity to obtain the identity (3.1.2). Note that the func-

tions on both sides of Equation (3.1.2) are holomorphic in the bidisk
{(z,w) 1 2] < 1, |w| < 1},

(as they are holomorphic in each of their variables), and from Equation (3.1.3) they
are equal on the subset {(z,%) : |z| < 1}. Hence, by Proposition 1.1.17 they are equal

on the whole bidisk. This proves the lemma. H

The second lemma shows that there is no rank one Toeplitz operators with a bounded
symbol except the trivial one T,. Here, we believe that much more is true, namely

that even there is no finite rank Toeplitz operators.
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Lemma 3.1.9. If 0 is a bounded (not necessarily harmonic) function in D and
dimT,L% < 1,
then o = 0.

Proof: As we have seen in the Tth step of the proof of Theorem 2.4.5, the Fourier

transform in R? is given by:
F () (@) = [ e o0 f (e wyas
R2

With the inner product (z,y)(z,w) = xz + yw. So that from the fact that C ~ R?

we might assume w = u +iv = (u,v) and ( = x + iy = (z,y). Thus we have that
wl — wl = (u+ ) (r+iy) — (u—iv)(z —iy) = 2i(zv + yu) = 2i(v,u)(z,y).
In particular for the function o, we have
F@) o) = [ e o0eioa)aa
= [ e

= / e’%ce
D

Put e, (¢) = e*S, we get e™2¢ = e_x(¢) and e3¢ = ew (). Hence, we obtain:

F(o)(v,u) = /De

= <e,%a,e%> = <P(e,%0),e%>, as ew € L? and o is bounded

gl

o (¢)dA(C).

odA

w|g
o]

= <Tg€_%, €%> .
Now as dimT,L? < 1, by Definition 1.1.31 of rank one operator, we have T, f =
(f,o)F for some o, F € L2. So, we see that
‘7:(0.) (’U,U) = <<6*%7(p> F16%>

= (e-z,9)(Frey)

= G(w)H(w).
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where G and H are entire functions. Indeed, since G(w) = (e_u, @) = [}, e~ 2%p(2)dA(2),

we see that G is differentiable with respect to all w € C and hence it is entire, and

the same is true for H. Hence
|F (0)| = |GH| = |GH].

But F (o) is continuous and goes to 0 at oo, as F (o) (w) = <T(,e_%, e%> is continuous
and if w — oo then e_» — 0 and GH is entire which, by Theorem 1.1.7, implies that
G H is identically zero.

Thus, we have F (o) = 0. Now, Theorem 1.1.39 tells us that o must be identically

zero, i.e. 0 = 0. This completes the proof of the lemma. W

Now, we are in the position to prove the following strong result using Lemmas 3.1.8

and 3.1.9.
Proposition 3.1.10. Suppose that f and g are holomorphic in D and fg = Bu
where uw € L' N C?*(D) and Au € L'. Then either f is constant or g is constant.

Proof: Differentiate Identity (3.1.2) with respect to w and then let w = 0. Thus we

CrCIC) I ( [ dA@)) -

So we obtain N
o [ B
70 = [ G

Again differentiate Identity (3.1.2) with respect to w and then let w = 0, we get

oo CAu(¢) ¢(1 - Cw)?
c2f (z)‘</D (1=Cop (1-Cu)d dA(O) u=o

obtain

That is to say

o [ CAu(Q)
of) = [ SEERAAQ)
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Continuing in this manner, we arrive at

oy ¢*a(¢)
()= [ A0,
for some constants ¢, k =1,2,---, where o(¢) = Ku(g)

Now, consider the Toeplitz operator T, with the possibly non-harmonic bounded

symbol 0. The latter identity shows that

ky U(C)Ck =c IZ
(¢4 = [ TEESAAQ) = s )

That is T,(¢C*) is a multiple of f’ for all non-negative integers k. There are two
possibilities: either T,(¢*) = 0 for all k or not. If the first holds then T,p = 0 for
all polynomials and hence T, = 0 on L? which by (3) of Remark 1.3.3 implies that
o = 0. In the other case, there exists k such that T, (¢*) # 0. That is, there is some
cr # 0. Now, since it is a multiple of T, (¢*) for some k, we see that f’ € L2. Hence,
if 0 # 0 then T, is a rank one Toeplitz operator. But Lemma 3.1.9 says that there is
no rank one Toeplitz operator with bounded symbol except T, whence o = 0 in all
cases. Thus Au = 0. Now, since

o Au(¢)

fl(2)d'(z) = | ——=5dA(C),
e = [ a0

we see that f'(2)¢’(2) = 0 for all z € D. This implies that either f is constant or g

is constant which finishes the proof of Proposition 3.1.10. W

Now we are able to state and prove Ahern-Cuékovié’s theorem, which is of Brown-
Halmos type, for Bergman space Toeplitz operators with bounded harmonic symbols.

Its proof relies heavily on Proposition 3.1.10.

Theorem 3.1.11. Suppose that f and g are bounded harmonic functions and that h
is a bounded C?—function with the property that Ah is also bounded in D. Assume
that T¢T, =T}, , then one of the following holds:
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1. f s conjugate holomorphic.

2. g is holomorphic.

In either case h = fg.

Proof: From (2) of Proposition 3.1.6 we know that fig; + f292 + f152 = B(h— fag1).
Since fig» and f,gz are harmonic and B reproduces harmonic functions, the latter
can be rewritten as f,gz = B(u), where u = h — foq1 — fig1 — [200.

Notice that Au= A (h — fogi — figi — foiz) = (1= |2I*)?A(h — fag1) = Ah— Afog

is bounded. This is so because Ah is bounded by assumption and

A(ho) = (=12PPAGRg)
= - by (B + B

0z \ 0z 0z
4 =7
= (=125 (7))

= (-2 afs

ie. A (faqn) = (1= 12)*)2f3(2) g, (2) is bounded since f, and g, are Bloch functions.
We note also that as h is a bounded C?*(D) function then h € L*® C L' ie. h €
L' N C%*(D). Similarly since fy,g1 € BC L? C L%, we see that fo,9; € L?. So by
Cauchy-Schwarz inequality, we get fog1 € L'. Also ¢y is analytic implies that ¢; is
harmonic and hence g, € C?(D). Similarly f, is analytic implies that f; is harmonic
and hence f, € C?(D). Thus h — fog; € C?(D) and therefore h — fog; € L' N C?*(D).
Now, by Proposition 3.1.10, we conclude that either f; is constant or g, is constant.
But f; is constant implies that f is conjugate holomorphic and ¢, is constant implies

that ¢ is holomorphic. Hence, we conclude that

Tng = ng =T,
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with fg = h, which completes the proof of the Theorem. W

An important particular case of the above theorem is the case when h is also bounded
and harmonic.

Corollary 3.1.12. If f, g and h are bounded harmonic functions and T¢T, = T,
then one of the following holds:

1. f and g are holomorphic.
2. f and g are conjugate holomorphic.
3. f is constant.

4. g s constant.

Proof: As h is bounded and harmonic, h is a bounded C?— function with the
property that Ah is also bounded in D.
Now, Theorem 3.1.11 asserts that either f is conjugate holomorphic or g is holomor-
phic and in either case h = fg and hence A (fg) = Ah = 0. Explicitly, we have

o (0f dg

— | = — ] =0.

9z <azg i az>

If ¢ is holomorphic then

dg
2 = 0
ag ’
and hence
9 (9F \_y
oz \oz7) ~ 7
In other words, we get
af dg
A ——==0
which implies, since f is harmonic, that ‘?—é% = 0. Hence ¢ is constant or f is

holomorphic.
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If f is holomorphic then g—g = 0 and, since fg = h, we have

fg=h.
That is to say
A(fg) =0,
whence
0 (09\ _
a ( f£> 0.
So, we obtain
orog _
0z 027

This implies that f is constant, (and hence f is constant), or g is holomorphic. This

completes the proof. B

Probably the most important consequence of Theorem 3.1.11 is the so called zero
product problem, namely we have the following

Corollary 3.1.13. There is no zero divisors among Toeplitz operators with bounded
harmonic symbols.

Proof: We want to show that if f and ¢ are bounded harmonic functions and
TyT, =0, then either f =0 or g = 0.
By Theorem 3.1.11, we see that fg = 0, (with the function h = 0 satisfies the

assumptions of the theorem), and by Corollary 3.1.12 we have one of the following:
1. f and g are both holomorphic and hence fg =0, i.e. f =0 or g =0.
2. f and g are both conjugate holomorphic and fg = 0, whence f =0 or g = 0.

3. f is constant, say c¢, if ¢ # 0 then cg =0, i.e. ¢ =0.
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4. g is constant, say a, if a # 0 then af =0, i.e. f =0.

Thus if f and g are bounded harmonic functions and 74T, = 0, then either f =0 or

g = 0 and the proof is complete. l

A slight generalization of the above zero-product corollary is given in the following
Corollary 3.1.14. If f, g and h are bounded harmonic symbols such that T¢T, =
T¢Ty and f is not identically zero, then g = h.

Proof: If TyT, = Ty}, then T¢(T, — 1},) = 0. So, T4T,_;, = 0, which implies, by
Corollary 3.1.13, that f =0 or ¢ — h = 0. But as f is assumed not to be identically

zero, we should have that ¢ = h and the proof is complete. B

The next corollary says that if the inverse of a Toeplitz operator with bounded har-
monic symbol is also a Toeplitz operator with bounded harmonic symbol then this
can only happen in the most trivial way.

Corollary 3.1.15. If f and g are bounded and harmonic and TyT, = I, then either
f and g are both holomorphic or they are both conjugate holomorphic and in either

case f = é.

Proof: By Theorem 3.1.11, we have TyT, = T} and fg = 1. Since fg = 1, we see
that f is not identically zero and g is not identically zero. If f is constant, say c,
then ¢ # 0 and 74T, = T., = T}, i.e. cg =1 and hence g = % In other words, if f is
constant then ¢ is also constant (that is f and g are both holomorphic) and f = é.
The case if ¢ is constant is similar.

Hence, using Corollary 3.1.12, we see that if f and ¢ are bounded and harmonic
and TyT, = I, then either f and g are both holomorphic or they are both conjugate

holomorphic and in either case fg=1. B
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The next corollary says that there are no idempotent Toeplitz operators with bounded
harmonic symbols other than 0 and /. Notice that this result is the Bergman space
counterpart of Corollary 1.2.23.

Corollary 3.1.16. If f is bounded and harmonic and T? = Ty, then f =0 or f = 1.

Proof: If T7 — Ty = 0, then Ty(T; — T1) = 0, i.e. TyT;_; = 0. Hence, by Corollary
3.1.13, we infer that f =0or f —1=0,ie. f=0or f=1. 1

The next result is the Bergman space analog of Corollary 1.2.22. Probably it is worth
stressing that this result was proved earlier by Cuckovic in [21] using Banach algebra
techniques and this original proof was long and rather complicated. Here, we give a
shorter simple proof using Theorem 3.1.11 with no claim of originality.

Corollary 3.1.17. Suppose that f € L™ is harmonic. Then T} is an isometry if and
only if f is a constant function of modulus 1.

Proof: If Ty is an isometry, then by Remark 1.1.30 77Ty = I, i.e. 151y = T¢T7 =
T,. This in its turn implies, by Theorem 3.1.11, that f is holomorphic and f is
holomorphic. Hence f is constant and ff =1, i.e. |f|2 = 1. Thus | f| = 1. Conversely,

if f is a constant function of modulus 1, then it is clear that
Ty =TTy =T5; =Ty =Ty = 1.

Hence T is an isometry, by Remark 1.1.30, which completes the proof. l

Corollary 3.1.18. If f and g are bounded harmonic functions and TyT, = Ty,, then
either g is holomorphic or f is conjugate holomorphic.

Proof: The fact that f and ¢ are harmonic implies that they are of class C?, and

thus fg € C?*(D). In order to apply Theorem 3.1.11, we need only to check that
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ﬁfg €L® As f=fi+ f, and g = g, + g3 with fi, g; € B as we have seen in page
51, we see that

fg=figi + /1% + fo01 + folo.

Introducing the 0 operator on both sides, we obtain

0 9, 0 9, 72 9, 0
gfg = flﬂ‘i‘ 1%+g2%+f1 +f2ﬂ+91%+f2—+_2§i
0 0 Of,
= f1—+ 1$+f2ﬂ+ 28{2

So, as f;, ¢g; are harmonic and A is holomorphic, we obtain

ggf _ afl 992 f 3292 8gla_ﬁ+ 32E
9z0z" 9 92 0z a0z T 0z 0z V9002
af2 g2 0? g2 8Eafz _32E
55 55 T Poar T s 5 T P oz
af 392

_ 1T
= f192+91f2+928 +f23
Thus, we infer that

(1= Py -2 fg| < (1= 121D (0~ 1) o)
(1= =) latl) (= el 172

= ) (- 120 |52))
+((1 =11 1£0) ((1 — 2% % ) . (3.1.1)

Since f;, g; are Bloch functions, we obtain the boundedness of all terms except (1 —
ER ‘%—T; € B implies that

fo € By. Thus, using Remark 1.3.8 as well as the definition of Bj,, we obtain

and (1 [2f?) |22],

3f2 } TSUP{ 1—|Z| ‘va‘} < 00,

sup{ (1~ 12P
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and

2y | 992 1 i
_ 9| o L - |
Sgp{(l 121%) |5, } < ﬂSgp{(l 122) [Vga]} < oo

So that, all terms of the right hand side of Equality (3.1.4) are bounded. Thus,

we obtain ‘&fg‘ = ‘(1— |z|2)2%3%fg‘ < oco. This means that Afg € L®. Now,

Theorem 3.1.11 tells us that, in this case, either ¢ is holomorphic or f is conjugate

holomorphic, which completes the proof. B

Remark 3.1.19. Fven though we are interested primarily in Toeplitz operators with
bounded symbols, operators with unbounded symbols arise naturally. In contrast to
the Hardy space case, unbounded symbols can give rise to bounded Toeplitz operators
on the Bergman space.

For example if F € L' and has compact support K in D, then we can define

_ [ Ff©)
Tr f(2) —/DmdA(C)-

Then, using the fact that ﬁ 15 bounded on K, we see that
—(z

L(STItSIPym
D ‘1 — ZZ‘Z

cSup|f| / F|dA
K K

< el [ IFlda
K

Trf(2)] <

IN

N

The last inequality is obtained from the fact that f € L? and the L*—norm dominates
the sup norm over any compact set K because f(w) = (f, Ky). Indeed, on any compact
K € D, we have

Flw) = /K F T (2)dA(2).
Thus, we get

)| < /K ) [Fa(2)| dA()

1

< e ([ e aa)
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Hence, since K, is bounded on K, we obtain
Sup|f(w)| < ¢ fl,-

So, we have that the sup norm of Tpf is dominated by a constant times | f||,, and
hence || Tr f|l, < c||fl], for some constant c. More generally, if F is nearly bounded,
in the sense of Definition 3.1.4, then Tr is bounded on L? because F' can be written
as an L'— function with compact support plus a bounded function.

3.2 Examples

In this section we provide some examples that show that the Brown-Halmos type the-

orem 3.1.11 fails for general symbols, even for symbols continuous up to the boundary.

Example 3.2.1. Recall the equivalence of (1) and (2) of Proposition 3.1.6 and take
f(2) =2=2+0,9(2) =2=0+4+7% and h(z) = u(z) =1 — log ﬁ Since we showed
in Example 2.4.3 that 2Z = B(u), we have

Remark that u is nearly bounded which can be seen as follows: for any s, with 0 <
s <1, |z| < s we have that |2|* < s%. Then # > 5 so that 1 — log# <1—log 5,

whence u; = 1 — log# is integrable and with compact support namely D(0,s). On
the other hand on Dy = {z : s < |z| < 1}, u is bounded, as ‘lim (1—log #) =1. We

z]—1
conclude that u can be written as u; + uy where u, is an L'—function with compact
support D(0,s) and usy is a bounded function on Dj.

The following example tells us that the Brown-Halmos theorem 3.1.11 is not true for
the Bergman space Toeplitz operators unless we make restrictions on the symbols.

Example 3.2.2. Let us start with T,T; = Ty, with u(¢) = 1—log ﬁ If we compose
both sides of the above display on the right by T,, we get (I,T5)T, = Ty»)T,. Since
the symbol z is analytic, by part (2) of Proposition 3.1.6, we see that T, Ty, = Touz)
1.€.

T.T,52 = Touga).
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The last equation is of the form TyT, = Ty, where f, g and h are continuous on
the closed unit disk, (%irr&( log# = 0), but neither f = Z nor g = |z|2 = 27 is
_)

holomorphic because Cauchy-Riemann equations are not satisfied.

Remark 3.2.3. Example 3.2.2 shows that the condition Ah € L= in Theorem 3.1.11
can not be dropped as h(z) = zu(z) has unbounded invariant Laplacian. Indeed, we
have

Ah = Az — zlog —)

2P
= (1- ]PPAG + 2log ) = i |>§Z(”>

2z
0 z

= (=L C)=0- R

which s not bounded in D.

t\zII

The following example tells us that Theorem 3.1.11 does not remain true if we just
require that the functions f, ¢ and h have their invariant Laplacian bounded in D.

Example 3.2.4. If we start with T, TZZ = T,u(z) and we compose on the right again
by T,2, we get T, Tz,5 = Tyay(s), (as 2* is holomorphic).

In the latter equation, whzch zs of the form T¢T, = T}, all three symbols have bounded
invariant Laplacian which can be seen as follows:

1. Since f(z) = z, we have Az = 0 and Az = 0 which is bounded.

2. For g(z) =223, we have AZ2% = 22 (723) = 2(2%) = 32%. So that

which is clearly bounded.
3. With regard to h(z) = 2%u(z), we have Ah = (1 — |2|*)?A(z3u(z)). But

0 2%z o 23 22

2 0 5 L B
Au=———(*+ 2 logzz)—&(g —a(g)—fi

0z 0z

5
Thus we get
Rh=3(1— 222,
z
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whence
X 2 |Z|2 2
An| =301 P =30 = Ll o] < oo,
z

But neither f nor g is holomorphic.

Example 3.2.5. T, T, = T,,, where u({) = (, v(¢) = ZQC and w(¢) = 2¢C—1. In fact,
by Lemma 2.4.4, We have that 22> = B(f)(z) where f(¢) = 2¢ — % Since z =z +0

and 22 = 0 + 22, then the equivalence of (1) and (2) in Proposition 3.1.6 implies that
T.T =T,

z— L
z

Now if we compose both sides of the last equation on the right by T, we see that, since
2 1s holomorphic, 1T, = Ts2, and T%%TZ =Ty, 1, whence we obtain:

TZTEQZ - TZEZ*I'

3.3 A stronger Brown-Halmos type theorem

In this section we use the characterization of all triples (f, g, u) where f and g are
non-constant holomorphic functions on the unit disk D and wu is integrable on D such
that fg = Bu, namely Theorem 2.4.5, to give an improvement of Theorem 3.1.11.

The next corollary can be viewed as a fairly considerable improvement of Theorem
3.1.11. Tt asserts that, under some reasonable conditions, a necessary and sufficient
condition for T}T, = T}, to hold is that the analytic and coanalytic components of the
symbols f and g respectively have certain specific form, namely they are compositions
of analytic polynomials with disk automorphisms and that h has certain form given

in the assertion.

Corollary 3.3.1. Suppose that f1, f2,91 and g are holomorphic in D and that f =
fi + fo as well as ¢ = ¢, + Gz are bounded in D and that h € L' and neither f
nor g is holomorphic. Then TyT, = T), if and only if the following holds: there are
non-constant holomorphic polynomials p and q with deg (pq) < 3 and an a € D such
that fi = po¢, and gs = qo . Here, fo and g, can be arbitrary bounded holomorphic
functions in D and h must be of the form h = w o ¢g + fog1 + frg1 + f202, where
p7 = B(u).
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Proof: It was shown in Proposition 3.1.6 that T}T, = T}, if and only if

[ige = B(h — fagi — figi — o%2).

Notice that the statement that neither f nor g is holomorphic is equivalent to the
statement that neither f; nor g, is constant. Indeed, if f; is constant then f =c+ f
and f is holomorphic and if g, is constant then ¢ = ¢; + ¢ which is holomorphic.
Now, suppose that neither f nor g is holomorphic and T¢T, = T}. Then it follows
from Theorem 2.4.5 that f; = po ¢, and gy = q o ¢, for non-constant polynomials p

and ¢ with deg (pg) < 3. This implies that

PO a0 ¢a = B(h — fogi — fig1 — f252)-

But since
B(U o ¢a) = (B(U)) o ¢a - (pq) o ¢a =po ¢a-qo ¢aa
we see that

B(uo ¢,) = B(h— fa01 — fig1 — [202)-

Hence, by the injectivity of the Berezin transform, we obtain

wo ¢, =h— fogi — frg1 — fola,

and
h=uod,+ fogi + fro1 + 202,
Next suppose that p and ¢ are non-constant polynomials with deg (pq) < 3, fi = pog,,

g2 = qo ¢, and f5 as well as ¢g; are bounded holomorphic functions and

h=1wuod,+ fogi + figi + foGo.
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Then, we see that

B(h_ﬁgl_flgl_ﬁﬁ) :B(UOd)a) :P0¢a-§0¢a=f1ﬁ-

Therefore, by Proposition 3.1.6, we might have T}T, = T},. This concludes the proof

of this corollary. W

The next Corollary is a theorem of Brown-Halmos type in the sense of Definition
1.2.19. Tt states that if f and ¢ are bounded harmonic functions and h € L' is
locally bounded, then T}T, = T}, implies that f or g is holomorphic. Which gives
an improvement of Theorem 3.1.11, where it is only assumed that h is a bounded
C?—function with the property that Ah is also bounded in D. The fact that this
result is a generalization of Theorem 3.1.11 is more transparent than Corollary 3.3.1
does.

Corollary 3.3.2. Suppose that f1, f2, 91 and g2 are holomorphic in D and that f =
fi + fo and g = g1 + g3 are bounded in D and that h € L* is bounded on D, or even
bounded on compact subsets of D. Then TyT, = T}, implies that f or g is holomorphic.

Proof: Let us suppose that TyT, = T} with neither f nor g is holomorphic. By
Corollary 3.3.1, we should have pg = B(u) where p and ¢ are bounded holomorphic

polynomials with deg (pg) < 3 and
h=uods+ fagr + fro1 + [2T2.
If p(z) = Az + B and q(z) = az® + bz + ¢, then
(pq)(2) = €122* + 22Z + 32 + c4Z° + ¢5Z + cs,

where ¢; are constants. Taking the Berezin transform of both sides and using the fact

that the Berezin transform reproduces harmonic functions and that, by Lemma 2.4.4,
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we have B <QZ - %) (z) = 2z* and that B (1 + log |C|2) (2) = 2Z as we have seen in

Example 2.4.3, we arrive at

u(C) = <QZ - %) + c2(1 + log |C|2) + e3¢ + 0462 + ¢5C + cs.

This means that u differs by a bounded function, namely 02+2clz+03C+c4ZQ+c5Z+cﬁ,
from ¢, log |C[” + 2.

Similarly, if p(z) = A2? + Bz + ¢ and q(z) = az + b, then we get
(p9)(2) = c1Z2° + c22® + €327 + 4z + €57 + 5.
Arguing in the same manner as above and using part (4) of Remark 2.1.6, we obtain

u(C) = <2C - %) + (% + e3(1 +10g|C|2) + csl + e5C + ¢

We conclude that u differs by a bounded function, namely 2¢;(4c2¢%4c3+caC+c5C+cs,

from ¢ log |C|* + %3 Hence we infer that u differs by a bounded function from

Co C3
J— _|_ =,
¢ ¢

where at least one of the ¢; must differ from zero. But the latter expression can be

c1 log |C|2 +

bounded near zero only if all the ¢; are zero. Thus u is not bounded near zero and
hence u o ¢, is not bounded near a. This means that A is not bounded and there
exists a compact subset 2y of D containing a on which A is not bounded . Thus, if h
is bounded or even bounded on compact subsets of D, then T;T, = T}, implies that

f or ¢ is holomorphic. W

3.4 The case of weighted Bergman space

In this section, we are interested in the analog of Theorem 3.1.11 in the case of

weighted Bergman space Toeplitz operators. In fact, we are trying here to follow the
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steps that have been introduced in Section 3.1. Unfortunately we could not reach
the final step, but we prove some powerful results which can be considered as a good
contribution in this direction.

Proposition 3.4.1. The weighted Bergman space Toeplitz operators have the follow-
ing properties:

1. If T, = 0 then u = 0.

2. Tr =Tg.

3. If [ is holomorphic, then T, Ty = Ty and T¥T, = T%, for any u.

4. If f is holomorphic and not identically zero, then Tt is one-to-one.
5

. Ifg € A2 and w € D then Po(gK,) = g(w) K.
Proof: (1) If T, = 0 then T, K\ =0 which implies that
(T,KM, K = By[T,](w) = Ba[u](w) = 0,Yw € D.

Thus v = 0, as B, is one-to-one.

(2) For any h, f € A2,

<T;h, f>a = <h, Tuf>a = (h, Pa(uf)>a = (h,uf>a

= <ﬂha f>a = <Pa(ﬂh)a f>a = <Tﬂha f >a-

Hence T, = T5.

(3) If f is holomorphic, then for any g € A2 we have:

(1) Tqu(g) = Tu(Pa(fg)) = Tu(fg) = Pa(ufg) = Tuf(g)a whence Tqu = Tuf.

(ii) T5T, = (TaTy)* = (Tap)* = T},

(4) Let u € ker Ty, then Ty(u) = P,(fu) = 0. Since f is holomorphic, we obtain

fu = 0. But the product of two analytic functions is zero only in the case when one

of them is zero. Since f is not identically zero then u = 0. Hence ker Ty = {0}.
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(5) If g € A2, w € D, then

P, (g5 (z) = (P.(GKWY),KW) ,z€D

Thus P, (gK,(Ua)> = y(w)K,(Ua) and the proof is complete. W

The following result is just the analog of Lemma 3.1.5.

Lemma 3.4.2. If f,g and h are in L*°(D). Then we have the following easy and
useful fact:

TiT, =T, if and only if TngKq(UO‘) = Tth(f),vw e D.

Proof: It is clear that 7,7, = T}, implies that 7T, K\ = T, K{* ,\Vw € D. For the
other implication, if

TiT, K = T, K% Yw € D,

then

<TngK1(U°‘), K(a)>a — <ThK(°‘), K(a)>a :

w

In other words, we have

1 — |wl?)et+2 TTK(O‘),K(O‘) = (1 — |w]?)**+? ThK(a)aK(a) :
fLgBw w v Y

« «

So, we obtain

B, |TyT, — Ty)(w) = 0,Yw € D.

Thus, by the injectivity of the Berezin transform, we get 177, = 1},. B
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Proposition 3.4.3. Suppose that f = fi + fo and g = g1 + g2 are bounded harmonic
functions with f;, g; holomorphic in D and o > —1. Then the following are equivalent:

1. TyT, = T,Ty.
2. [1(2)72(2) — 91(2) f2(2) = Ba( 192 — 91.f2)(2), for all z € D.
8. M(T) — (T 0) = (1 - w2 [, LRG0l gy )

for all (z,w) € D x D
Proof: (1)< (3): By Lemma 3.4.2, we have
T, =T,T; & T;T,K = T,T; K.
This is equivalent to
Ty (Po (K5 + ®E(Y)) = Ty (Pa (ALK + RKY))
which in its turn equivalent to
Tr (1 K + G(w)KM) = T, (KD + fo(w)K) .
The last equality is exactly the following

Po ((Fi+ ) (K5 + B(w)KY)) = Pa (910 +5) (HEL + H(w)KY)).

The last is also equivalent to

fign K +g2( )fqu(U (fzgl )+g2( ) a(EK&a))

= g HhKY + fo(w)g K + P, (ﬁfl a)+f2( )Pa (92K(a))

which can be rewritten as

1
K(z)

f(2)32(w) — g1(2) fo(w) = [Pa(ﬁﬁKfﬂa)) - Pa(ﬁglef‘))] (2), for all z € D
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The latter is equivalent to

- (1 . ZE)a-}-Q/D (fl(C)E(C) - gl(C)E(C) dAa(C),

Fi(T(0) = 01 () o) = P T

which is just equation (3) with w replaced by w.
(3)=(2): Applying (3) to (2,Z) € D x D, we see that (3)=(2). To show that (2)

implies (3), consider the holomorphic function defined in the bi-disk by the formula:

910 7o) = HOB(Q)
(1= 2)+2(1 = we)e+?

Flzyw) = ()5 ®@) — 01 () o (@) + (1 — )0+ /D dAL(0).

Assuming (2), F' is identically zero on the set {(z,Z) : z € D} and Proposition 1.1.17
implies that 7 = 0 in D x D. So F(z,w) = 0, which is the statement (3) and the

proof is complete. B



Chapter 4

Some Examples on Products of
Bergman Space Toeplitz Operators

In this chapter we introduce several examples related to products of the Bergman
space Toeplitz operators with radial symbols using the Mellin transform and the
concept of radialization. In fact, these examples inspire a lot of ideas about the
restrictions on the symbols of Toeplitz operators in order to have a theorem of Brown-
Halmos type, in the sense of Definition 1.2.19, for Bergman space Toeplitz operators.
Despite that the main purpose of this chapter is to give a method that enables us
to do the calculus of Toeplitz operators, we give an important result concerning the
zero product problem among Bergman space Toeplitz operators. Unless mentioned,

all the results in this chapter are due to Ahern and Cuckovic [4].

4.1 Mellin transform and Toeplitz operators

First, let us do some computations:

Lemma 4.1.1. If f € L'(0,1) then TyzF = cx2" where ¢, = (2k + 2) f(2k + 2), where
f stands for the Mellin transform of f introduced in Definition 1.1.40.
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Proof: If f € L'(0,1), then f is clearly radial.

Tpok(w) = /D %M(w)

— i(j+1)zj/l)wk@jf(w)dA(w)

0

e

o0

1 2T
— (] + I)Zj / / rk+j+1€i(k—j)9f(7a)
0 o Jo

dfdr
—

e

In the inside integral, observe that
27 : ;o
/ Lilk=1)0 g — 2m, if j=kF.
0 0, if j#k.

1
T2 (w) = 2(k + 1)2'“/ r2 L (1) dr.
0

Hence, we obtain

On the other hand, we have

1 1 ~
/ r”““f(r)dr _ / f(r)r(%“)_ldr = f(2k +2).
0 0

Whence, we conclude that TyzF = (2k + 2) f(2k + 2)2F. &

Recall Definitions 1.1.4, 1.1.13, 1.1.26 and remark the following:
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Remark 4.1.2. The previous lemma shows, in particular, that Ty is a diagonal op-

erator when f is radial. This observation yields the following facts:

1. Ty is bounded if and only if {c} is bounded. This is due to the fact that

| T¢|| = sup |ck |-

2. Ty is invertible if and only if {c;} is bounded and also bounded away from 0 as
the spectrum of Ty is o, = {c}. So that, if ¢, — 0 then 0 € op, and Ty is not

invertible and if {c,} is bounded away from 0 then Ty is invertible.
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3. Ty s compact if and only if ¢, — 0 when k — oo. Indeed, if ¢, - 0 as k — oo
then 0 is not the only limit point of or,, thus or, can not be the spectrum of
a compact operator. Conversely, if ¢, — 0 as k — oo; consider the finite rank
diagonal operators Ty defined on L? by

k .
v ez if K <N,
TNZ_{O if k>N.

Then || Ty —Ty|| < suplex| = 0 as N — oo; i.e. Ty is a norm limit of a
k>N

sequence of finite rank operators. Hence T} is compact.
Lemma 4.1.3. If f, g and h are in L*(0,1), then T;T,(z*) = Ty(2*) for all k =
0,1,..., if and only if

(f*g)(t)z/t h(9) % = (hx 1) (2).

S

Proof: First, we have
TiT,(2%) = Ti(erz®) = Tr((2k + 2)g(2k + 2)2%)
= (2k +2)g(2k + 2)T;(*)
= (2k+2)2f(2k + 2)§(2k + 2)2",
and
T)(2*) = (2k + 2)h(2k + 2)2*.

So, we see that

Tng(Zk) = Th(zk)a
is equivalent to the fact that
(2k 4 2) F(2k + 2)g(2k 4 2) = h(2k + 2), for all k.

The latter holds if and only if the bounded holomorphic functions zf(2)§(z) and h(z)

agree on the non-Blaschke sequence {2k +2} in IT, which means that the holomorphic
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function zf(2)g(z) — h(z) = 0 on the non-Blaschke sequence {2k + 2} in II, (sce

Remark 1.1.15 and Example 1.1.14). Thus,

2f(2)9(2) = h(z),

by the principle of analytic continuation. So, we have that T;T,(z*) = Tj,(2¥) if and

only if f(2)g(z) = h(2).

But since the Mellin transform 1 of the constant function 1 reads as

i(2) = /Oll(r)rz_ldr _ {T—Z]l _ 1

“ 1o
we see that é =1. Hence, by the injectivity of the Mellin transform, we infer that:

e~ e~

Tng(zk):Th(zk)<:>f’gvzl~ﬁ<:>(f*g):(h*1)<:>f*g:h*1,

which is equivalent to

(f *9) () =/t h(s) %,

S

This completes the proof of the lemma. H

4.2 Radialization of functions and operators

Definition 4.2.1. [68] Let f be a function in L' and let rad(f) be the function
defined by

rad(f)(z) = = [ f(eit2)dt.

:270

We say that rad(f) is the radialization of f.

Remark 4.2.2. Let f be a function in L'. From Definition 1.1.4 and Definition 4.2.1,
we see that f is radial if and only if it is equal to its radialization.

Generalizing the idea of radialization to operators, we obtain the following definition



127

Definition 4.2.3. [68] For a bounded operator A on L%, we define the radialization
Rad(A) of A to be the operator

1 2T
Rad(A) = 2—/ Ut*AUtdt,
0

™

where Uy is the unitary operator (U, f)(z) = f(e™™2) for f in L? and z in D. Accord-
ingly, we will say that the operator A is radial whenever A = Rad(A).

Remark 4.2.4. [68] The definition of Rad(A) means that for f and g in L?, we have

a’

1 2
umaMﬁm=§;A (U AULS, g)dt.

The following result tells us that the radialization of functions commutes with the

Berezin transform.

Lemma 4.2.5. [68] Let f € L*. Then we have
B(rad(f))(z) = rad(B(f))(2)-
Proof: Using the substitution u = we® and the fact that k,(w) = ki, (e"w) as well

as Lemma 2.4.2, we obtain for z € D:
B(rad(f))(z) = /Dmd(f)(w) k2 (w)[* dA(w)
- ; (/0 Wf(we”)dt) e (w) [ dA(w)

_ %(ﬁ(ﬁﬂwﬂwmm%mm)w

1 2 it it V|2
= 5% </Df(we ) |Keits (€™ w)| dA(w)) dt

_ % Oﬂ</Df(u) |keitz(u)|2dA(u)> dt
= L [ B(p)(et)dt = rad(B(f)(2).

27 Jo

This completes the proof. B

The following result is a slight generalization of the latter.
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Proposition 4.2.6. [68]

1. For all z in D, we have

B(Rad(A))(2) = rad(B(A))(2).

2. An operator A is radial if and only if its Berezin transform function is radial.
Proof: 1. Since Uik, (w) = k,(e "w) = ki, (w), we have that

B (Rad(A)) (2) = (Rad(A)k, k)

1 2
- /0 (AU,k,, Uk, dt

1 2w

= — (Akgity, kit )dt

21 J,

1 2 )

= — B(A)(e"2)dt = rad(B(A))(z).

21 Jo
Thus B(Rad(A))(z) = rad(B(A))(z) for all z € D.
2. From (1) we see that if A is a radial operator, then its Berezin transform must
be a radial function. Because rad(B(A)) = B(Rad(A)) = B(A), as A is radial.
Conversely, suppose that B(A) is radial. Then B(RadA) = rad(B(A)) = B(A). By
the injectivity of the Berezin transform we infer that RadA = A. Thus, if the Berezin

transform of an operator A is radial then A is radial and the proof is complete. ll
Remark 4.2.7. From Lemma 4.2.5 we have that f is radial if and only if B(f) is

radial and so, by Proposition 4.2.6, the Toeplitz operator Ty is radial if and only if f
is radial, (as B(Ty) = B(f) by part (5) of Remark 2.1.6).

Lemma 4.2.8. [68] Let A be a radial bounded operator on L. Then A is a diagonal
operator with respect to the standard basis {e,} of L>.
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Proof: It is easy to see that

(Ae,,em) = (RadA e, en)
1 27 1 27

= (U AUen, ey dt (AUen, Uen,) dt

21 J, ~ o
—— " (A (e7™ey), e ™ ey ) dt = L " (e7" A (en), e ey, ) dt
27T 0 nj)-» m 27T 0 nj)o m
1 2T )
= — e Mnmmt (Ae, e,,) dt = 0, whenever n # m.
2 Jo

Thus A is a diagonal operator. B

Remark 4.2.9. From Lemma 4.2.8, we see that if Ty is a bounded radial Toeplitz
operator on L2 then Ty is diagonal. Indeed, we are certain that the converse is also
true in this case as we are going to see in the next lemma which is needed in the
sequel.

Note that this lemma is among our contributions, so it is completely new.

Lemma 4.2.10. If T is diagonal, then T is radial and hence f is also radial.

Proof: If T} is diagonal, then T2* = ¢2%, ¢ is constant.

For any h,g € L%, we have

(Rad(T) hog) = o= [ Wi TsUim,g)at

Since h € L2 it can be rewritten as h(z) = >, , axz*. Then, we obtain

Uih(z) = h(e™"2) = Zake_iktzk.

k=0

In order to find U} we should write

(Uih, g) = (h, U g).
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Thus, we see that

(h, U g) = /D Uh(2)5(2)dA(2) = /D h(e2)5(2)dA(2).

Let w = e 2, then 2 = we® and, by Lemma 2.4.2, dA(w) = dA(z). Thus, we obtain

(hUsg) = /D h(w)g (e w) dA(w).

Hence U} g(w) = g(e"w). Now, since Ty2* = ¢x2*, we obtain

(RadTg) = 5o [ (0T (S awe24) o)

[ e —ikt k
= 5 i <Ut (;ckake 20,9 )dt

1 2w o0 .
= — crapz”,q ) dt
2m J, ;

1 2w
= (Trh, g)dt = (Trh, g).

27 Jo

Hence we see that Rad(Ty) = T. In other words, T} is radial and hence, by Remark

4.2.7, we infer that f is radial B

4.3 Non-trivial examples of radial f and g ensuring
T¢T, =T,

Lemma 4.1.3 gives a general method of constructing non-trivial examples, in the sense
of Definition 3.1.1, of radial f and g such that TyT, = T}, for some h. In this section

we introduce some of them.

The following result is a corollary of Lemma 4.1.3.

Corollary 4.3.1. Suppose that f and g are bounded radial functions on (0,1) and
that f x g € C'[0,1], if we just define h(t) = —t(f % g)'(t) then TyT, = T),.
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Proof: If we put
then we obtain

So by integration, we see that

/t M8 g5 — / (f*9)(s)ds = = (f+9) (1) + (f * ) (2).

s
Now if f and g are bounded, we see that (f x ¢g)(1) = fll f(s)g(3)% =0, whence

[ s = (5000

S

Now, by Lemma 4.1.3, we have that 7,7, = 7,. B

A concrete example can be given as follows:

Example 4.3.2. If f(t) = t* and g(t) = t° with o, 3 > 0 and o # B then we have
TyT, =T}, where

Indeed, from one hand, we have

1 tﬁ d 1
(fxg)t) = / - tﬁ/ s P
t t

On the other hand, we have

/I@ds = /170[806_686§
t 5 t —-p s

o
1 ! LsB
B a—5<at Sds_ﬁ t ?d8>
1 5ot s87"
N a_ﬁ({a_}t_{ﬁg}t)
1 th—t




132

So that the condition of Lemma 4.1.3 is satisfied, whence TyT, = T},. A simpler way
to see this is to just apply Corollary 4.3.1. The functions f(t) = t* and g(t) =

!
t? are bounded on (0,1) as radial functions and h(t) = La:gtﬂ = —t (tZ:t;) =

—t(f % g)' (t). So that by Corollary 4.5.1, we infer that T;T, =T, M

Remark 4.3.3. It is not true that for every radial f, g € L™ there is h € L'(0,1)
such that T¢T, = T},. The reason is that in case TyT, = T}, we have by Lemma 4.1.3

Feyitz) ="
In particular B
7256 <

In other words ‘z~(z)'§(z)‘ < ¢ which is not true in general because |z| is not bounded
in IL

Now, we give an example of a continuous function f with compact support in (0,1)
such that f x f is not O (|—i|) and hence TyT; # Ty, for any h € L'(0,1).

Example 4.3.4. Let us calculate
~ 1 .,
F2+i2m) = / F(r)r " dr.
0

In the right hand side of the latter we make the variable change r = e, (and so
dr = —rdt), to obtain

1 0
/ f(r)r1+i2” dr = — / f(e—t)e—Zt—itQ" dt
0

o0

— / f(eft)ef2t7it2” dt.
0
Now, we choose the function f in such a way that

ok .
fletye = [ a0+ Ty e, if 2w <t <
0, otherwise.
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Here aq 1s chosen so that the series vanishes at 2w and at 4w, and consequently f is
continuous. Interchanging the integral and the sum in latter on [0, 00), we obtain

47[' o0
f2+i2") = / (aoe” b4 E = ei2tei2 t) dt
2 k=1

™

il B R j1(2k —2m)
= |:a,0_Z2n:| +Zp/2ﬂ- € dt

2 k=1
o 4 .
- XE ) el gL
Thus, we conclude that
— ~ ~ 472

frf@+i2") = f2+i2")f2+i2") = —,

which is not O (2%) )

4.4 Non-trivial examples of bounded f and g with
1T, = Ty,

In this section we give examples of bounded radial functions f and g such that 74T, =
Tty with neither £ nor ¢ is holomorphic. This means that the Bergman space analog
of the original Brown-Halmos theorem [16] does not hold in the case of radial symbols.
To proceed, fix g as follows:

g(t)Z{ 1’?f?<t<%’

0,if 5 <t <1

our main task is to find infinitely many bounded f such that 7T, = T}, in a non-
trivial way.
As we have seen in Lemma 4.1.3, the fact that 7T, = T}y, is equivalent to the fact
that

frg=T[fgxl
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So, let us show that f x g = fg * 1. From one hand, we have

1
t\ ds
s = [ 1o (1)
. s) s
<t> Lifo<t<g,

gl - =

s 0,if ; <t<1
[ s>
0,if2>2>1
B 1, if s > 2t,
0,if 2t > s > t.

(f*g)(t)Z{ 0 ’

, ﬁ§<t<L

with

In other words,

On the other hand, we have

ds,if 0 <t <1
et = [ 560 {f”“ ’

0, ﬁ§<t<L

Since T§T, = T}y, is equivalent to f x g = fg* 1, we infer that
TyTy = Tyy,
holds if and only if
1 1
> 1
/ ﬁds = / ﬁds, for all ¢ such that 0 < t < —.
s P 2
Now, put s = 2u in the right hand side of the latter then ds = 2du and

1
%<S<1$t<u<§

Hence, we obtain
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So that, we get

/% ﬁds = /% f(QU)du,

JRC Ty

i.e.

which is equivalent to

1
f(s) = f(2s), for all s such that 0 < s < 3"

So if we have a bounded function f defined originally only on (%, 1) and we define
f(s) = f(2%s) for 77 < s < 3¢, then we have a function satisfying f(s) = f(2s) for
all s < %, (an explicit example on such function will be given later on, namely Example

4.4.1). In other words Vf € L* (3,1), 3f defined on (0, 3) such that j(s) = f(2"s).

' 2
In fact, this construction gives a one-to-one linear mapping from L (%, 1) onto the

set of all radial functions f such that T}T, = T},, namely the mapping
1
L <§a 1) — {f € L>(0,1): fisradial and T;T, = Ty,}
=

where
f(s), if % <s<l,

/ (8):{ f(2ks),if2k%<s<2ik.

Example 4.4.1. If f(r) =r for § <r <1, then

2r, if 55 <1 < 1,
2%r, if 55 <71 < 55,

f(r) =

k ; 1 1
27",wa<7"<2—;€,
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and
r, if%<r<1,
2r, if s <1 < 3,
fr(r) =
2k, ifﬁ<r<2ik.

It is clear that f*(r) = f*(2r) for allr < i and Ty Ty = Ty-,. M

4.5 Non-trivial examples of 7)1, = I without re-
strictions

It was shown in Corollary 3.1.15 that if f and g are bounded and harmonic and
TyT, = I, then either f and g are both holomorphic or they are both conjugate
holomorphic and in either case f = %.

In this section we show that there are non-trivial examples of T;T, = I without
restrictions on f and g.

From Lemma 4.1.3, we see that the condition 74T, = I = T; holds if and only if

f * g =1x%1 which is equivalent to the fact that

To find examples, we take an f and then look for g.

Example 4.5.1. If f(r) = r* with 0 < «, then

ZTQ 1
f(z)Z/Olf(r)rzldr:/01r°‘+Z1dr: [r | ] _

z+al, z+a

In order to obtain T¢T, = I, we assume that

1 - 1

Z+ ag(z) Bz
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Then, we get
3(2) z+a 1 n «
Z) = _— — J—
g 22 z 22’

taking the inverse Mellin transform, we obtain

g(r)y=1—alogr.

Indeed, if g(r) =1 — alogr, then
1
g9(z) = / (r*=' — ar* tlogr)dr
0

r? L ‘ r? 1 1 rz—1
= —|,—a| lim |—logr —/ dr
z a0t | z . Jo oz

1+ r2 1! 1+a
— — o— — — —_—
z 22, z 22

This g is not bounded but it does give rise to a bounded T, (as g is nearly bounded). R

To get an example with both f and g are bounded, it seems to work a little more.
The idea is to replace the unbounded part logr with the bounded function rlogr.

Example 4.5.2. If f(r) =1+2rlogr and g(r) = 1+ 2sin(logr), then TyT, = I as
f(2)9(z) = 5. To see this, compute

flz) = /01(1 + 2rlogr)r® tdr

1 1
= / r*dr + 2/ r* log rdr
0 0
1 z+1 1 1 1
= —42| lim r logr| — / rédr
z a—0t+ | 241 . 2t+1Jg

1 2

z  (z+1)¥

as well as

g(z) = /0(1—25in(logr))rZ1dr

1 1
= / r*dr — 2/ r*~sin(log r)dr.
0 0
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For the second integral in the R.H.S of the latter, we have

1 1 1
z 1
/ r*~!sin(logr)dr = lim [r_ sin(logr)] - —/ r*~! cos(log r)dr
0 0

a—0t | 2 a y4
1 r Log ot
= — | N — cos(lo + - *lsin(logr)d
2z <ag(l)q+ [z ( gr)L z/o " in(log ) T)
1 1 [t
= 5T i r*~!sin(log r)dr.

This implies that

1 1 2 1 1
(1+ —2)/ r*~!sin(log r)dr = S / r*~!sin(logr)dr = —-.
== Jo 0

22

The latter yields

Lo _ 1
/0 r*= " sin(log r)dr = i
Hence, we obtain
1 2
9(2) PRACIEE
and therefore
~ 1 2 1 2
7= (3~ ) (3 71)
1 2 2 4

22 T 2241) 2(z+12  (z+12(2+1)
1 2(z4+1)—2(22+1)— 42

2T @ )ty

1 22244242222 -2 4z 1

- S
22 2(224+1)(z + 1)? 22

Remark 4.5.3. If f € L'(0,1) and Ty is bounded and invertible, then it is rarely
true that the inverse of Tt is again a Toeplitz operator. As we have seen in Remark
4.1.2 that T is both bounded and invertible is equivalent to the condition that {(2k +

2)f(2k +2)} should be both bounded and bounded away from zero. On the other hand
suppose that Tf_1 =T, for some g € L*. Since T,(2*) € L2, we see that T;T,(z*) =
TH(Ty(2%) = Tr (3 djz") = 3o diTy(2) = Yo dje;o’.

Hence, we get dgcy, = 1 and djc; = 0 for j # k, i.e. T,2F = di2F = izk Then
TiT,(2%) = 2% means that T,(z*) = dy2"* for some constant dy. By Lemma 4.2.10, it
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follows that g is radial. But, from Lemma 4.1.3, for radial g we know that TyT, = I

is equivalent to f(2)g(z) = Z% for all = € II. In particular for such g to exist it is

necessary that f has no zeros in II; otherwise f(2)g(z) # % in IL, which is not true

in general as the next example shows.

Example 4.5.4. Let f(r) = 2r> — 1. Then

f(z) = /01(27“5 —1)r*tdr = [2 e - T—Z]

z4+5 z
2 1 z—5H

2+5 2z  z2(z+5)

0

Thus, we infer that

~ (2k +2)(2k +2—5) 2k —3

2k +2)f(2k +2) = = 1 k :
(2k+2)f(2k +2) (2k +2)(2k +2 +5) k7 o T

Which is both bounded and bounded away from zero but f(5) = 0. Hence Tf_1 cannot
be a Toeplitz operator. A

4.6 The zero product problem for radial Toeplitz
operators

We have seen in Corollary 3.1.13 that if f and g are bounded harmonic functions
and TyT, = 0 then either f = 0 or g = 0. It is still not known if this zero product
theorem holds without restrictions on the symbols. Actually the only known case is
the just mentioned one. Ahern and Cuckovi¢ have proved even more, namely: if one
of the symbols is radial and the other is arbitrary then there is no zero divisors for

such Toeplitz operators.

Theorem 4.6.1. [4] If TyT, = 0 and one of the functions f or g is radial then one
of them must be identically zero.

Proof: First, we may assume that ¢ is radial and not identically zero and we show

that f = 0.
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According to Remark 1.3.7, write f(re®) = Y°° _ f,(r)e™’. Thus, the fact that

TyT, = 0 implies
(TyT,2*, 2"y = 0 for all k,1 > 0.

Hence, we see that

(Ty((2k 4+ 2)g(2k + 2)2"), 2') =0,
which can be written as
(P(f(2k + 2)g(2k +2)2%), 21) = 0.

This means that

(f(2k 4 2)g(2k + 2)2%, 2 = 0.

Consequently, we get

> (falr)e™ (2K + 2)g(2k + 2)2F, 2 = 0,
which yields
> 2k + 2)7(2k + 2) (fu(r)e™2F, 2y = 0.

For fixed n and any k, choose [ such that n + k£ = [. Then we have
(2k + 2)G(2k + 2)(fu(r)e™? ¥ 2y = 0.

The latter can be written as

™

1 2T
(2k +2)g(2k + 2) / / fo(r)emOpketklple=ild
o Jo
which implies that

1
2(2k + 2)g(2k + 2) / fu(r)r* T drdd = 0.
0

drdf
rdrdd _

Y
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Hence, we obtain
(2k +2)§(2k + 2) fu(k +1+2) =0, with [ = n + k.
If n > 0, the latter equality reads as
(2k + 2)§(2k + 2) fu(n + 2k +2) = 0. (4.6.1)

But, by definition of the Mellin transform, we see that

foln+2k+2) = /1 fa(r)rm 22—ty
0
= /1 Falr)yr™ e = forn(2k + 2).
0
Combining the two latter identities, we obtain
(2k + 2)§(2k + 2) furn(2k + 2) = 0.

Arguing in the same manner as in the proof of Lemma 4.1.3, since the analytic
function 2g(z)f,r"(z) vanishes on the non-Blaschke sequence {2k + 2} in II, we see
that

2G(2) fur™(z) = 0 on II.

Now, as ¢ is not identically zero and the Mellin transform is one-to-one, we infer that
g is not identically zero. This implies that f:;"/” = 0, whence f,r” = 0. So, f, =0 for

n > 0. Now, if n < 0, from Equation (4.6.1) and the fact that k = [ — n we see that
(20 — 2n 4 2)§(20 — 20+ 2) [ (20 + 2 — n) = 0.
Since 2l —2n+2 #0, [ > 0 and n < 0, we obtain

G20 —2n+2)f, (21 +2 —n) = 0.
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Hence, we arrive to

(/Olg(r)r—QnTQlHdr) (/01 fn(T)T_"r2l+1dr> o

From which we conclude that

e~

gr—2(20 + 2) far—(20 + 2) = 0.

e~~~ —

Again, since the analytic function gr=2" f,r—" vanishes on the non-Blaschke sequence

{20 + 2} in II, we see that

—_

gr—Q”(z)f/nﬁ(z) =0 on II.

—2n

Now, since ¢ is not identically zero, also gr is not identically zero. So by the

injectivity of the Mellin transform, we see that ﬁ is not identically zero. Hence
we conclude that f/n;*/” = 0, which implies that f, = 0 if n < 0. So far, we have
proved that if g is radial and not identically zero and 77T, = 0 then f = 0.

Now, if the other case occurs, namely if f is radial not identically zero and 1T, = 0
then we see that (7;7)* = T,TF = 0 and f is also radial and not identically zero.

Arguing in the same manner as above, we see that the latter implies that g = 0,

whence g = 0, and the theorem is proved. W



Chapter 5

Commutants of Bergman Space
Toeplitz Operators

In this chapter we present one of the most important results about Toeplitz operators
on the Bergman space. This result turns around the problem of commutativity of
those operators. Its Hardy space analog, namely Theorem 1.2.18, was proved by
Brown and Halmos [16]; while the Bergman space analog which will be given in
Section 5.1, is due to Axler and Cuckovic [13]. It is remarkable that the relevant
necessary and sufficient conditions are the same for all cases; unless that for the
Bergman space case the harmonicity of symbols is imposed in addition. In Section
5.2, we describe the commutants of certain analytic Toeplitz operators. In the last
section we study the commutants of analytic Toeplitz operators and we conclude with

a theorem of Brown-Halmos type.

5.1 Commuting Toeplitz operators with harmonic
symbols

In their nice paper, Axler and Cuckovi¢ [13] have proved an invariant mean value

property and have deduced the forthcoming theorem. At that time it was not known

143
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that the only invariant functions under the Berezin transform are the harmonic ones.
As we have seen in Chapter 2, namely Theorem 2.1.5, this latter fact becomes a
powerful tool in the theory of Bergman space Toeplitz operators. We use this deep
result to provide a different proof of Axler-Cuckovié’s theorem but first we need the
following proposition which is just Proposition 3.1.6 with a slight modification.

Proposition 5.1.1. Suppose that f = fi + f2, g = g1 + Gz are bounded harmonic
functions with holomorphic components f; and g;, 1 = 1,2. Then the following are
equivalent:

1. TyT, = T,T;.

2. [i(2)52(2) — g1(2) fo(2) = B(f192 — g1.f2) (), for all z € D.
3. For all (z,w) € D x D,

) = o) = (1= sp? [ HOPOMORO 3

Proof: (1)< (3): By Lemma 3.1.5, we have
TyT, = T,T; if and only if T;T,K, = T,T1K,.
Thus we see that
Ti(P(1 Kuw + 72K0)) = Ty(P(f1Kw + [2Ky)),

that is

Tr(g1 K + T2(w) Ky) = Ty(fLEKw + f2(w)Ky),

which is equivalent to



145

The latter can be rewritten as

fi91kw + @ (w) fikw + P(f291k0) + 52(w) P(f2kw)

= glflkw +E(w)glkw + P(%flkw) + ﬁ(w)P(%kw)a

that is
FEN() = (o) = 1 [P@fik) = P(Fanka)] (2). for all = € D.
Which is equivalent to
AE) = 0 () = (1= am)? [ FEG MO )

This is just the identity (3) above with w replaced by w, whence we are done.
(3)=(2): Applying (3) to (2,Z) € D x D, we see that (3)=(2).
(2)=-(3): To show that (2) implies (3), consider the holomorphic function defined in

the bi-disk by the formula:

Plevn) = Fi()(0) — () Faw) + (1 = 2w [ PG 0OR D)

Assuming (2), F is identically zero on the set {(z,%) : z € D} and Proposition 1.1.17
then implies that F' = 0 in D x D. Hence F(z,w) = 0; which is the statement (3).

This completes the proof. B

Now, we are in the position to provide a different proof to Axler-Cuékovié’s theorem

Theorem 5.1.2. Suppose that f and g are bounded harmonic functions on D. Then
TyTy = T,Ty,
if and only if one of the following conditions holds

1. f and g are both holomorphic in D.
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2. f and G are both holomorphic in D.
3. there exist constants a,b € C, not both 0, such that af + bg is constant on D.

Proof: If (1), (2) or (3) holds then it is easy to see that T;T, = T,Tf. Now if

TT, = T,T then the equivalence of (1) and (2) in the previous proposition yields
fi92 — g1fa = B(fi32 — 91./2),
which means that f,g3—g f» is harmonic, (by Theorem 2.1.5 as the harmonic functions

are the only functions which are invariant under the Berezin transform). Hence, we

see that
A(figz2 — g1.f2) = 0,
ie.
Afi7z = Agi fo-

In other words

This reduces to

{7 =g\f2 on D. (5.1.1)
We finish the proof by showing that Equation (5.1.1) implies that (1), (2) or (3) holds.
If g} is identically 0 on D, then Equation (5.1.1) shows that either g/ is identically 0
on D, which implies that g is constant on D and (3) would hold with a = 0,b # 0, or
fi is identically 0 on D so both f and § would be holomorphic on D and (2) holds.
Similarly, if g} is identically 0 on D, then Equation (5.1.1) shows that either (3) or
(1) would hold. Thus we may assume that neither gi nor g} is identically 0 on D,

and so Equation (5.1.1) shows that

! !

1 2
(L) 5.1.2
91 <9’2> (5.1.2)
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at all points of D except the countable set consisting of the zeros of ¢{g). The left
hand side of Equation (5.1.2) is a holomorphic function, (on D with the zeros of
g1g5 deleted), and the right hand side is the complex conjugate of a holomorphic
function on the same domain. So, both sides must be equal to a constant ¢ € C.
Thus f! = cg} and f} = ¢g, on D. Hence f; — cg; and f, — cgp are constant on D,
and so fi —cgy + fo — ¢Gz = f — cg is constant on D. i.e. (3) holds and the proof is

complete. B

5.2 Commutants of T'»

Writing L(L?) for the algebra of all bounded linear operators on L2. Let T denote the
norm closed subalgebra of L(L2) generated by Toeplitz operators. In this section we
show that, for each positive integer n, the intersection of the commutants of 7,» and
T is the set of all analytic Toeplitz operators. In addition, we prove the analogous

result for T;», where u is a disk automorphism.

Definition 5.2.1. For a Hilbert space H, if S C L(H), then
{SY ={B € L(H) : AB = BA, for all A€ S},

s the commutant of S.

Denote by II the natural projection from L(LZ) onto L(L2)/k, where K is the ideal
of all compact operators. That is
m:L(L;) — L(Lo)/x,
A — A+ K

Which is linear and multiplicative. In the proof of the main result of this section, we

need the following lemma, which is interesting in its own right.
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Lemma 5.2.2. If S € T, then ST, —T,S € K where K denotes the ideal of all
compact operators.

Proof: First let us assume that S =T, ¢ € L. From Lemma 1.3.16 we have that
T,7,-11,=1,, -1, T, = H;H,.

Since z € By, the operator H} is compact by Lemma 1.3.15. So that, T,,7, — T,T, is

compact. Now, since IT : L(L?) — L(L?)/k denotes the natural projection, then
(T,T, — T.T,) = T(H:H,) = 0,
which implies that
(T ,)INT,) = II(T,)II(T,), for every ¢ € L. (5.2.1)

In fact, an arbitrary operator S in 7 is the limit of sums of operators of the form

T, ...T,, ie. S =1imS; where each S; is of the form ) T, ...T,,. So, we have
ST, —T,S =lim(S,T, —T,S)). (5.2.2)
But if S =1T,, ...T,, then Equation (5.2.1) leads to
(ST, —T,5) = 0.

Hence ST, — T,S € K, which means that the right hand side of Equation (5.2.2)

belongs to K. This completes the proof. B

Now, we are able to introduce the main result of this Section, namely Theorem 5.2.3.
It asserts that {T,»}' N T is the set of all analytic Toeplitz operators.

Theorem 5.2.3. Suppose that S € T commutes with Ton, n € N. Then S =T, for
some Y € H*®.
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Proof: The equation ST,» = T,»S gives us the following:

Let g; = Sz', for i = 0,1,...,n — 1. Then, for any such i, we have that
Sz = SP(2") = STynz' = TnS2'
= Pg) =
Continuing in this manner, we obtain
Spknti = kng. for k=0,1,2,...

Let

Xo = span{eg,, k=0,1,2,...},

X, = span{egni1, k=0,1,2,...},

Xno1 = span{ernim-1), k=0,1,2,...}.
Then, we see that the Bergman space can be written as
L2=X0X:0...0 X,
i.e. each f € L? can be written as

f=fi+fit+.. .+ faor,

where f; € X;,:=0,1,2,...,n— 1.

We know that each f, € X, has Fourier series expansion given by

o0

fo= Z<f07 €kn) Chny

k=0
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putting o, = > - (fo, €kn)ern, the latter can be seen as follows

fg = lim Om-
m—+00

Since the point evaluation functional is bounded on L2, (as we have seen in Subsection
1.3.1), we have

fo(z) = lim 0,,(z), for each z € D.

m—00

So that, we get

(fogo)(2) = %i_gio(amgo)(z), for each z € D. (5.2.3)

Since SzF" = zF7gy, k =0,1,2,..., it follows that
S(0m) = omgo, for every m € N.

By continuity of S, we have

(Sfo) =S ( lim am> =lim S (0,,) = lim (0m90)-
So, we obtain
(Sfo)(2) = lim (o,90)(2), for each z € D. (5.2.4)
m—00

Comparing Equations (5.2.3) and (5.2.4) we conclude that
S fo = gofo, for each fy € X.

Since f; € X; has Fourier series expansion given by

o0

hi= Z<f1’ Chnt1)Chnt1 = lim oy,
k=0 m— o0

where 0, = Y 1 (f1, €knt1)€knt1, Tepeating the above reasoning we obtain

Sf = 917fl, for f, € X,.
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Since the point evaluation functional is bounded on L2, (as we have seen in Subsection
1.3.1), we have

fi(z) = lim 0,,(z), for each z € D.

m—»00
So, we get

(fig91)(2) = lim (04,91)(2), for each z € D. (5.2.5)
m—00
Since SzFnt!l = 2kng, £ =0,1,2,..., it follows that

S(om) = U";gl, for every m € N.

By continuity of S, we have

(Sfi)=S (nlgr;oam> =lim S (o,,) = lim (Umgl) :

m—o0 m—o0 z

So that

(Sf)(2) = lim (“mgl) (2), for each z € D. (5.2.6)

m—o0 z

Comparing Equations (5.2.5) and (5.2.6), we conclude that

1
Sf= ;(glfl)a for each f; € X7;

and so on. Thus the operator S can be described as follows:

Sf:gofo—l—%fl—F%fQ—i‘"""%fnfl- (5.2.7)

Now, express ST, — TS in terms of Equation (5.2.7). It is easy to see that
92 g3
SLf=gfo+ —h+ 5t 4200 fut

From this and Equation (5.2.7), we have that

(ST,—-T,9)f = 91f0+%f1+%f2+' : '+290fn—1_ZQOfO_glfl_%fQ_' : '_%fn—l-
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It follows that

(ST, =T.5)f = folg1—290) + 1 (— —91>+f2 (@—@)+ A ot (zgg gZ ;)

Now, Lemma 5.2.2 tells us that (ST, —T.5) |x,= is a compact map from X

gl 290

into L2. Putting ¢ = g; — 29y, we obtain

My |x;= M (M [x,) (M- |x;)-

The latter hinges on the fact that the operators on both sides are defined on X; and

for each f; € X; we have that

M.y (M, |x0) (M |x;) fi = M (Mg |x,) (277 f5)
= M.i((g1 — 290)277 ;) = (91 — 290) [
= (M, |x;)f;
It immediately, follows that M, |Xj is compact for all j —1,...,n — 1, whence M, is

compact on Xo@® X; ®...® X,,_; = L2. By Theorem 1.3.14 we conclude that ¢ = 0.
Therefore go = £. Similarly, (ST — T..S) |x,= Mz _, :+ X1 — L7 is a compact
operator. Thus Ms>_, M, |x,= My,_.4, : Xo — L7 is compact. Arguing in the same
manner as above, we see that g, — 291 = 0. So g1 = £, and therefore gy = 4. If we

continue in this manner, Equation(5.2.7) shows that

Sf=gofo+gofi +g0fo+ -+ gofn1=90f =Ty f, forevery f € LZ-

But as gof = Sf € L2 for each f € L?, the function gy must be in H*. To conclude

the proof, just take ¢ = g,. B
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Theorem 5.2.3 is also valid for the Hardy space. In fact, from its proof we notice the
following

Remark 5.2.4.

1. We can replace the assumption that S € T by the weaker assumption

ST, -T,S € K.

2. Slightly modified arguments give a proof for the Hardy space case.

The next result is the analog of Theorem 5.2.3 for T,,» where u is a disk automorphism.

Corollary 5.2.5. Let u be a disk automorphism and let S € T commute with Tyn,
for some n € N. Then, S is an analytic Toeplitz operator.

Proof: Let u be a disk automorphism, i.e. u(z) = ew% where a € D. It is easy

to see that u™'(z) = e7" 2t Define an operator V' : L? — L2 by
Vf=fou
It is clear that V' is a bounded linear operator with inverse operator given by

Vif=fou.

We are going to show that T,V = VT, :

From one hand, we have
TVf=T,(fou")=Pz(fou™))=z2(fou™").
From the other hand, we see that

VT.f =V (P(uf)) =V(uf) =ufou?, forall fe L2
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But

and

(heut)e) = uf (e )

1+az
_ e_wz—ira f e_wz—ira
1+az 1+az
+
_ %_a f(e—i6‘2+a’>
- — 2+4a —
1 —afs; 1+az
24a—a—|afz f<_wz+a>
= e _
1 +az—az— |af 1 +az
(A=) onire)
1—|al? 1+az

B L ita
= & <6 1—|—62>'

T,V =VT,. (5.2.8)

Hence, we obtain

Therefore, by mathematical induction, we get
T,nV =V Tyn, for every n € N. (5.2.9)

Indeed, for n = 2, compose both sides of Equation (5.2.8) on the left by T, we get
T,(T,V)=T,(VT,) = (I,V)T, = (VT,)T,. Since both z and u are analytic functions,

part(2) of Proposition 3.1.3 leads to the fact that
T,V =T,(T,V)=(VT,)T, = VT,.

Then we assume that T,.V = VT, for some integer £ > 2. Now, we can show that

T,k V = VT, k11 by the same argument of the case n = 2.
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Now, suppose that S € T and STy» = Ty»S for some n € N. Formula (5.2.9) implies
that

SV TV =SV WTyn =STyn =TypnS =V T,.VS.

So, we obtain

VSV T,V =T,.VS.

Thus, we get
VSViszn — Tznvsvil,

ie. VSVt € {T,»} . Since u is analytic and

1 —az+az — |al”)

(1—12P(z) = (1- |Z|2)ei0(

(1—1az)?
_ 2 (1= laf’)
= (1—1z[)e A=a

which clearly has the limit 0 as |z| — 1, we infer that u € By. whence, using the
same argument as in the proof of Lemma 5.2.2, we have that T, T, — T, T, € K for
all i =1,---n. Thus we conclude that ST, — T,S € K.

Now, let us observe that the operator B = V.SV ! has the property that BT, — T, B

is in K. Indeed, we have
BT, —-T.B=VSV~'T,-T,VSV~.
So making use of Equation (5.2.8), we obtain
BT, -T,.B=VSV T, - VT, SV ' =V(SV T, - T, SV ).
Again from Equation (5.2.8), we have that V1T, = T,V !. Hence, we obtain

BT, -T,B=V(ST,V '~ T,SV Y =V(ST, - T,5)V !,
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which belongs to K. Hence, by Remark 5.2.4, we should have B = T,, for some

¢ € H*. Thus S =V 'T,V. If we let ¢) = p o u, then we obtain

Sf = VﬁlTw(fouil)
= (p(fou™))ou

= (pou)f=Tyf, for every f € L2.

This means that S = T, for some ¢ € H*, and the proof is complete. H

5.3 Commutants of analytic Toeplitz operators

Recall that the general problem we are interested in during this chapter is: If two
Toeplitz operators commute, what is the relationship between their symbols? If we were
working on the Hardy space of 0D, then Theorem 1.2.18 answers such question. On
the Bergman space, the situation is more complicated and Theorem 1.2.18 fails. For
example, any two Toeplitz operators with radial symbols commute. Indeed, Lemma
4.1.1 shows that every Toeplitz operator with radial symbol has a diagonal matrix
with respect to the usual orthonormal basis; and it is well-known that two diagonal
matrices commute.

Despite the difficulty of the general problem, we have some nice results in some

particular cases, namely:

1. Axler-Cuckovié’s theorem on the commutativity of Toeplitz operators with

bounded harmonic symbols, namely Theorem 5.1.2.

2. Cuckovie’s theorem on characterization of the commutants of T,», namely The-

orem 5.2.3.
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3. Cuckovié-Rao’s results [23], on the radial case, namely: if 7, and T}, commute

and ¢ is radial, then v is radial.

4. Cuékovic-Rao’s results [23], on the monomial case, namely: if T}, and T}, com-
mute and ¢ = 27z, then ¢(re”) = 3720 ;(r)e”’, where {1} are some

functions depending upon m, n.

In the sequel we show that if two Toeplitz operators on the Bergman space commute
and one of them is analytic and non constant, then the other one is also analytic.
The proof of this result hinges on the following approximation theorem due to C. J.

Bishop [20]:

Theorem 5.3.1. Let ¢ be a non constant bounded analytic function on a bounded
open domain 2. Then, the norm closed subalgebra of L>(Q,dA) generated by B and
the bounded analytic functions on Q0 contains C(€2).

The following result is due to Axler, Cuckovi¢ and Rao:

Theorem 5.3.2. If © is a non constant bounded analytic function on D and 1) is a
bounded measurable function on D such that T, and T, commute, then 1) is analytic.

Proof: Suppose that ¢ is a nonconstant bounded analytic function on the open unit
disk D and ¢ is a bounded measurable function on D such that T, T, = T,,T,,. Write
Y= f+uwith f € L? and u € L? & L2. If n is a nonnegative integer, then
T Ty(1) = Ty P(f +u) = T f = 7, (5.3.1
and
TyTypn(1) = P(Yg") = P(f¢" +up") = fo" + P(up"). (5.3.2)
But since we have supposed that 7,7, = T,T,, we can show by induction that

TnTy = TyT,n since @ is analytic. Thus Equations (5.3.1) and (5.3.2) imply that
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whence, we get
fe" + Plug™) — " f =0.

That is to say P(ug™) = 0. Hence if h € L%, we have

0 = (P(h), Plug™)) = (h, ug") = /D ThFdA,

Since the latter holds for every bounded analytic function h on D and every nonneg-

ative integer n, Theorem 5.3.1 implies that
/ uwdA = 0, for every w € C(D).
D

But C(D) is dense in L?; it follows that (w,u) = 0 for all w € C'(D). Hence u = 0.

Thus ¢ = f; which means that 1 is analytic and the proof is complete. B

Remark 5.3.3. Theorem 5.3.2 is still valid if we replace D by a bounded open domain
Q.

We conclude this section by a theorem of Brown-Halmos type in the sense of Definition
1.2.19. It can be viewed as a corollary of Theorem 5.3.2. It says that if TyT, = T},
with either f or g is harmonic then TyT, = T, holds only in the trivial way. Theorem
5.3.4 is still valid if we assume that f € L and g € L}°.

Theorem 5.3.4. If f = fi + fo where fi and fy are in H®and g € L™ and T;T, =
Ty,, then either f or g is in H™.

Proof: It is clear that

TiTy = Ty, 75)Ty = Ty, Ty + T51,

and

Trg =Tt g17g = Thg + Thy
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Hence T4T, = T}, implies that
Ty Ty +TrTy =Ty + 1,
But since f; and f, are analytic, part (2) of Proposition 3.1.3 tells us that

Tflg = Tng1 and Eg = Tf_zTg

Thus we obtain

Tfng = Tngl'

Now, if f; is constant then f is holomorphic. Also, if f; is non-constant, then Theorem

5.3.2 implies that ¢ is holomorphic, which completes the proof. B



Concluding Remarks and
Perspectives

Having spent a relatively short time in the framework of this master thesis, we realized
how fertile this area is. Accordingly, hereafter we exhibit some perspectives in the form of
remarks and questions for further research. The investigation of some of them is in progress.

Question 1: Regarding the weighted analog of the above results, an attempt has been
done in the framework of this thesis, namely we tempt to establish a Brown-Halmos type
theorem for Toeplitz operators on the weighted Bergman space with radial weight. Serious
difficulties occur at once. A lot has been already done namely Theorem 2.3.3, Proposition
3.4.1, Lemma 3.4.2, Proposition 3.4.3 and we are still working on. Note that the weighted
Bergman space Toeplitz operators were studied by several authors, we mention for example
[51, 60]

Question 2: The zero product problem seems to be curiously resistant; it occurs for the
case of two operators as a corollary to Brown-Halmos theorem [16] in the Hardy space
setting. We learned that S. Axler has proved it for three operators by the same method
of [16], but unfortunately we ignore the exact reference. Always, in the Hardy space case,
some progress has been done by C. Gu in [34] for five operators. K. Y. Guo in [35] has
generalized the results of the latter to the product of six operators. For arbitrary prod-
ucts, the conjecture is believed to be true but without any convincing proof till now. The
Bergman space case is certainly terribly complicated. The case of two Toeplitz operators
with harmonic symbols is a simple corollary of the celebrated Brown-Halmos type theorem
of Ahern and Cuékovic [2]. While for general symbols, the matter is very delicate; even the
case of two operators is still open.

Question 3: An immediate corollary of Brown-Halmos theorem in the Hardy space setting
asserts that: If T is invertible, then Tf_ Lig again a Toeplitz operator if and only if f is
analytic or f is co-analytic. The proof uses the fact that T is a Toeplitz operator <
S*T'S =T, S is the unilateral shift. This fact for Bergman space Toeplitz operators is
known to be false [27]. Then, a corresponding proof needs another approach. For instance,
if one can prove that T is invertible = f is invertible, the result follows immediately.

Question4: P. Halmos in [36] posed ten problems; the fifth one reads as: is every subnormal

160
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Toeplitz operator either analytic or normal? The question in its high generality seems to be
delicate, but some work have been done on a weaker version of it, namely subnormality is
replaced by normality. The Hardy space case was discussed again in [37] and the references
are therein; and completely solved by Amemiya, Ito and Wong in [7]. While the Bergman
space case is still pending; nevertheless Faour in [30] has discussed this problem and made
some progress. Can we go further?

Question 5: The second research direction that the celebrated paper by P. Ahern and
Z. Cuckovi¢ [2] concerns the range of the Berezin transform. More precisely Example
2.4.3 solves the equation Bu(z) = 2z and gives u ({) = 1 — log #; whereas Lemma, 2.4.4

characterizes the solution of the equation Bu(z) = 2%z% and shows that u must be of the
form u(¢) = 2¢ — % P. Ahern proves rather more, namely he characterizes all solutions of
Bu = fg with f and g are holomorphic in D and neither is constant and u € L'. Tt should
be interesting to seek for solutions of such a problem for other classes of symbols and in
more general situations.

Question 6: Lemma 3.1.9 asserts that there is no rank one Toeplitz operator with bounded
symbol except Tp. It is, then, fairly believed that there are no finite rank Toeplitz operators.
Such conjecture seems to be hard and equally interesting.

Question 7: What about the kernel of a Bergman space Toeplitz operator Ty? The Hardy
space case is more transparent. Indeed, Coburn’s Lemma, see [24], states that a Hardy space
Toeplitz operator is either injective or has dense range. This result is no longer true for
Bergman space Toeplitz operators. On the other hand, different aspects related to kernels
of Hardy space Toeplitz operators were considered by Dyakonov [26], Gu [34], Hayashi [39]
and Sarason [56]. It will be interesting, however, to think about such research direction for
the Bergman space Toeplitz operators in the light of the latter references.

Question 8: Fredholm theory related to Hardy space Toeplitz operators is by now well
understood [18, 24]. The Bergman space case is less understood. A few related results
can be found in [46]. It sounds interesting to investigate the Fredholm properties to more
extent.

Question 9: Spectral properties of Hardy space Toeplitz operators is nowadays more
transparent. Very deep results in this direction can be found in Douglas’ book [24]. However
the spectral study of Bergman space Toeplitz operators has not attracted the attention it
deserves. Again in [47] and [41] some light has been shed on such direction. Though,
this situation is still less understood. It might be interesting to investigate more spectral
properties of Bergman space Toeplitz operators.

Question 10: Theorem 5.2.3 asserts that: Let S € L(L2) with the property that ST, —
T,S € K. Then if ST,n — T,»nS = 0 for some positive integer n, S must be an analytic
Toeplitz operator. Accordingly, Z. Cuckovic [21] asks what is the set of all functions f such
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that STy — TyS = 0 implies that S is an analytic Toeplitz operator? So his question is
reported here again.

Question 11: S. Axler, Z. Cuckovic and N. V. Rao in [12] posed three problems. For the
sake of completeness, we report them here again

1. If an operator S is in the algebra generated by the Toeplitz operators commutes
with a nonconstant analytic Toeplitz operator,then is S itself Toeplitz and hence (by
Theorem 5.3.2) analytic?

2. Suppose ¢ is a bounded harmonic function on the unit disk D that is neither analytic
nor co-analytic. If ¢ is a bounded measurable function on the disk such that T, and
Ty commute, must ¢ be of the form ay + b for some constants a, b7 This question
would have a negative answer if the disk were replaced by an annulus centered at the
origin because Tjug),| commutes with every Toeplitz operator with radial symbol.

3. What is the situation on Bergman spaces in higher dimensions?

Question 12: [t is very well-known that Hardy space Toeplitz operators are characterized
by the interwining relation S*T'S = T as Theorem 1.2.15 asserts. However, Bergman space
Toeplitz operators fail to satisfy such kind of characterizations as asserted by Englis [27].

In this context, a related problem is worth stressing, namely: R. Martinez-Avendano in [43,
44, 45] has generalized the concept of Hardy space Hankel operators through the interwining
relations they satisfy. N. Faour in [31] established an interwining relation for Bergman
space little Hankel operators. Accordingly, it might be interesting to think about further

generalizations of Bergman space Hankel operators.
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