part 2

Vectorsand

Vector Valued Functions

By
KHAWAJA ZAFAR ELAHI

Department of mathematics
King Saud University



10.1 Vectors in the plane

10.2 Vectors in space

10.3 The dot product of two vectors
10.4 The cross product of two vectors
10.5 Lines and Planes

10.6 Surfaces in space

Vectors

and

The Geometry of space



$)

Chapter 10

Vectors and Surfaces

10.1 Vectors in Two dimensions

Vector is a quantity that is used by scientist to define a quantity that has size(
magnitude) and direction. Example for vectors are displacement, velocity,
acceleration, force, weight, momentum, and moment of inertia.

In geometry it is show by directed line. The directed line PQ has initial point P and
terminal point Q.

Q

Terminal Point

P
Initial Point

Scalar is a quantity that has only magnitide but no direction. Examples for scalars are
distance, speed, mass, temperature, length, area and volume. Scalars are denoted by real
numbers with appropriate unit.
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If P (x3,y1) and Q (x,,y,) are points in xy- plane, then

PO =<x,=x,y,-)>
e, —F
Vector OA = <a,,a, > has initial position at the origin O, is called position
vector. a, and a, are called components of vector a.

Magnitude of a vector

o =+

Let a= <a,,a,> and b = <b.b, > be vectorsin two dimensions
(i) Addition: a+b= <a,+b,a,+b, >

(ii ) Scalar multiplication ka = k< a,,a, >= <ka,,ka, >

(iii ) Equality of Vectors a =b ifanly if a,=b, and a, =b,

Unit Vector, u, A vector that has magnitude “one * is called unit vector

a
T =y
Ja

_<apa, >

U = —
2 2
\/a, +a,



10.2 Vectors in Three Dimensions

P(xy, y1» z))
B

Figure

DEFINITION
vectors in 3-space.

(@)
(i0)
(iii)
(v)
)
()
(vii)

a point P(xy, Y1,
is the origin O and whose terminal point is P. See Figure
The component definitions of addition, subtraction, scalar multiplication,

and so on, are natural generalizations of those given for vectors in 2-space.

A vector a in 3-space is any ordered trip% of real numbers

a = (a, a, as)

where a,, a,, and a; are the components of the vector. The position vector of

z,) in space is the vector OP = {(xy, y1, z1) whose initial point

Let a = (a1, ay, 43) and b =

Addition: a + b = {a; + by, a2'f+'b2;"‘d3,"‘-}-fb3
Scalar multiplication:- ka = (ka,, kaz,ka3)
Equality: a = b if and only if a; = bl, a2 b,
Negative: —b = (=Db = (—-bl,—bz, —b3)
Subtraction: a — b = a + (—b)= ik
Zero vector: 0 = (0, 0, 0) ‘
Magnitude: |a| = \/m'

If 5?’_; and —O—P; are the position vectors of the points Py(xy, Y1, Z1) and

Py(x3, Y25

As in 2-space P\ P,
whose terminal point is P;
P(x, — X1, Y2

C’n’vtn

e

z,), then the vector P,P, is given by

‘P1P2:OP2—OP1=<x2—x1,)’2_)’1,22"21>

can be drawn either as a vector whose, initial point is Py and
or as a position vector OP with terminal point

—y,, 2 — z). See Figure

Pz(xz, )’2,22)

oP,
P(x, — X1, Y2~ Y1, 22 —zy)

P (5,6,-2) and P(-3.8.7 , find

0P
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<4005 + A2 <o, 4,0) + 43 <o 0, 4>
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Q) axb- <-2,6,45 + < 3,-3 1>
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v
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EXERCISES FOR VECTORS SECTION: VECTORS

In Exercise 1 — 4 , Find the vector FQ,

10.

1.

I. PG3,2,-1), Q(-1,2,3)
2. P(3.3,-2), Q(2,1,0)
3. P(-2, 1,0), Q(0,2.3)
4. P(0,0,0), Q(1,2.1)

Determine whether the points P ( 3,-4,2),Q(4, -2, 1)and R(6, 1, -1) lie on the

same line.

Determine whether the points P ( 3, 2,-2), Q( 4,4, -4)and R( 2, 0, -1) lie on the

same line.

Find terminal point of the vector if v = 5i -2j —k , initial point is (3,-2 1).

Find initial point of the vector v =< -2, 0, 3>, if the terminal point is (5, 0, -2).

Find the vector a ,

given u=<2,-1,0>,v=<3,2 1>andw=<3,0,4 >

i. a=u-v
ii. a=u+tv-w
iii. a=2u+3v-w
iv. 3a-2v+w=0.
Determine which of the vectors are parallel to z = <3, -1, 2>

(a) <-6, 2, -4>
(b) <1,5,2

37323

(c) 4i+2)+6k
(d) 2i—2j+4k

Find the magnitude of the vector a, hence find the unit vector

i
ii.
iii.
iv.

a=2i-3j+k
a=<2,43>
a=i—j

a=<-1,1,1>



a

12.  Letu=<1,-3,2>,v=<1,0,1> w=<3,1,2>, find

a. 2u+tv,

b. 3u-5v

c. |

d. [|-2u]

e. [u+v

f. Hu -v “
)

*

T s
[+

i. ”2u —-v+ 3w”

13. Determine the value of k that satisfies Hkv” =6,where v=<1, 3, 5>.
14. Find the vector a with magnitude twice magnitude of vector u = 3i + 2j — k.

15. Find the vector which is two-third of vector from P(3, 2, 1) and Q(-2,1,0).

16. Find the sides of triangle in the form of vectors with vertices P(2, 1, 3), Q(-2, 0, 2)
and R(3, 2, 1).
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10.3 Dot Product / Scalar Product / Inner Product

1ti = U bx 3 y\c‘
Definition 1 . g preduct a.p 4 = <Gufndsa

b= <bibabyy I8
a.b = Cllbl"’a?'bl* 0‘5‘33

E&am‘zle Fiud a-b .‘i
= < %_‘—24 ‘7

U) O\=<1134L‘5 ~ b -
UU o = {+1&—3"LJ S = ll'-tj*h

Su\\,\\'\'d\/\ L\J o \0 - <2J BJ L‘> s <3J -7_/ 4)

= (D(3) + (3)(-2) + t)1)

= b6-6+Y
.. = L' | & .
() o (Cx2j-3k) (2U)xk)

=02 + 20 o=

= 242-3
= 4-3
= 1

Properties of dot product

(i) a~b=01fa=00rb=0\
oYy B = 'SL_

(iiy a*b=Db-a (Commutative law)

(iiiy a-(b+c)=a-b+a-c (Distributive law)

(iv) a - (kb) = (ka) - b = k(a - b), k a scalar

(vy a-a=0

(vi) a-a=[alf

Definition 2 Tre dot Pradyed

The dot product of two vectors a and b is the scalar
a-b=|al|bcos 6

where 6 is the angle between the vectors such that 0 < 6 < .

TS -
::) Ces B = 2 = G:COS\Q"5
all I by Wall Al
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S 4-150 v+ 42 = S1-1S0 =499
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DIRECTION ANGLES / DIRECTION COSINES

The direction angles of a non- zero vector a = <al ,az,a3> are the angles o, # and y

with the base vector i,/ and k respectively.

e

o/ !
Y

o e
3

) ’/

R Vg

"

The cosine of these angles cosa,cos 8 and cosy, are called direction cosine of

vector «a and are defined as

cosa:—ci:ﬂ'
lalli|

cos,b’:ﬂza—2 and
lal|j|  fa]’

cosyz——a'k )
lal[k] a]

a . j .
Because H 1s a unit vector, it follows that
a

cos” a+cos’ f+cos’ y =1
Example: 1.

Find the direction cosines and direction angles of the vector a = 2i + 3j + 4k

and also show that cos® @ +cos” f+cos’ y =1

Solution:
=35
cosa=ﬁ=i = a=~682°
la] 29
a, 3 0
cosff=—r=—1—re ~ 56.1
SR g
3 4 0
cos;/:’;—’:\/—z_g— = y~42.0
9 16 29
andc052a+cos2ﬂ+c0527:5§+5+52521



EXERCISES | FOR SCALAR PRODUCT SECTION: SCALAR PRODUCT

1. Givenvectoru=<3,-2,2>, v=<4,5,6 >andw=<-1,2,-3>, find
i wv, vw
ii. u(v+tw),

iii. comp®,
v
s v
iv. comp_,
v. comp**V,
v
: w
vi. com
P,

vii. Find angle between u and v,
viii. Find angle between u and w,
ix. Find angle between v and w.
2. Determine whether u and v are perpendicular to each other,
i. u=j, : v=Kk,
ii. u=2i-3j-5k,  v=3i+2j
fii. u=3i-5+7%, v=2i+4+2k

3. Which of the vectors u, v and w are mutually perpendicular
u=4i+j-k, v=3i+7j+13kand w=20i -29; + 11k
4. Find value of m such that uand v are orthogonal ,

i, u=<2m,2>, v=<2,3,2>.
ii. u=i+j+k , v=3i-2j+mk.
5. Find the scalar m so that the vector <2, 1, m> is perpendicular to the sum of the
vectors<1,-1,2>and <3,2,1>.

6. Show that <3,-2,1>,<1,-3,5>and <2, 1, -4 > form a right angle triangle.

7. Find the angle between E’@ and RS where P(2,3,-1),Q(2, 1,3),R(1,2, 1)
and S(2,1,1).

8. A constant force F moves an object along a straight line form th point P to the
point Q . Find the work done when F, P and Q are :

i. F=3i+2j , P(L,5), Q(-1, 4),
ii. F=i+j-2k, PO L 1), Q(0,1,-2),
iii. F=-5i-3j+k, P(3,-4,5), Q(1,-3,6).
9. The constant forces 2i +j — 3k, -i +2j—k and 2i + 5k act on a particle which is
displaced from point (4,-3,-2) to (6,7,-3). Find the total work done.

4%



5 .

10.

i1,

12
13.

39

Forces of magnitudes 5 and 3 units are acting on the direction a=6i +2j+3 k
and b=-2i+3j + 6k respectively act on a body which is displaced from point
P(2,2,1)to Q ( 3,4,2). Find the total work done by the forces.

Find the three angles of triangle with vertices P(2, 1, 3), Q(-2, 0, 2) and

R(3, 2513

Determine whether points P(1,-2,3), Q(2,1,0) and R(4,7,-6) lie on the same line.
Find a vector ai+bj+ck which is orthogonal to both2i+j-k and3i+j-k
and satisfies (ai+bj+ck).(i+j+k)=1.

Fen divechm @Sines and Avvecbiam awt\lt- -:‘ VtoEY a

WMoa - 20 .3+ 6k
o S £3,-1, &)

(“‘;) 4:' <2—,4' _17

A"¢¢.M )
Aso @ Roat  Squave £} cSihes o 4.




Review

@ |7* b b
=a - a
a b, b, 712 20
a a a
b, b b, b
(b) by b, b3| =q 2 —a it
€ C3 ¢ €3
€1 € C3

()

* determinant is the negative of the original.

b,
as

fuios

Since knowledge of determinants of order 2 and order 3 is important to'w
the discussion that follows, we recall the following facts:

b,
(4]

€1

This is called expanding the determinant by cofactors of the first row. ;

When two rows of a determinant are interchanged, the resultmg

See Appendix I for a review of the properties of determinants,

10.4 Vector Product / Cross Product

DeﬁlllthIl 1 TRQ VLd’oy (:Yu:lut" (by Cyoss F*{oclu.c'(’
as <a, a;, a5, b= <bi,ybz; by) (s
axbe |\ J R
a a, az
.b| bL bj
- Gy 43 1 . \ A Qg ] : \ A
- L - J =
\ o, bs Bu by b,

Definition 2

Cross Product of Two Vectors*

The cross product of two vectors a and b is the vector

a X b = (|a||b] sin O)n

|00

) oxb ox

where 6 is the angle between the vectors such that 0 = § < 7 and n is a"
unit vector perpendicular to the plane of a and b with direction given by -
the right-hand rule. {

N ote . A Y b v o“c'H\oat,b\»Q to
bs Tk A awd l>_
(Axb)~ a =o»
(axb). b=o
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(-3,2,11)

The vector u x v is orthogonal to both u
and v.
Figure 10.37

The area of the parallelogram is approxi-
mately 32.19.
Figure 10.38

é EXAMPLE 2 Using the Cross Product
s g

Find a unit vector that is orthogonal to both

u=i—4j+k and v=2i+ 3j

Solution  The cross product u x v, as shown in Figure 10.37, is orthogonal to both u
and v.

i Jj k
uxv=|1 -4 1
2 3 0
= —3i+2j + 11k
Because [u x v|| = </(—3)2 + 22 + 112 = /134, a unit vector orthogonal to both
u and v is
uxy _ 3 o, 1 "
““ X V” \/ 134 ~/ 13 ¥ V1 i RS

NOTE In Example 2, note that you could have used the cross product v x u to form a unit
vector that is orthogonal to both u and v. With that choice, you would have obtained the
negative of the unit vector found in the example.

EXAMPLE 3 Geometric Application of the Cross Product
o sasna i

Show that the quadrilateral with vertices at the following points is a parallelogram,
and find its area.

=(5,20 B=(261)
=(2,4,7 D=(5,006)

Solution From Figure 10.38 you can see that the sides of the quadrilateral correspond
to the following four vectors.

AB=-3i+4+k CD=3i-4j—k=—4AB

AD =0i—2j+ 6k  CB =0i+2j—6k=—AD
Thus, AB is parallel to CD and AD is is parallel to CB and you can conclude that the
quadrilateral is a parallelogram with AB and AD as adjacent sides. Moreover, because

i j kK
ABxAD = |-3 4 1
0 -2 6

26i + 18j + 6k

the area of the parallelogram is

|AB x AD| = /1036 ~ 32.19.
Is the parallelogram a rectangle? You can tell whether it is by finding the angle
between the vectors AB and AD. I




The moment of F about P
Figure 10.39

A vertical force of 50 pounds is applied at
point Q.
Figure 10.40

NOTE The value of a determinant is
multiplied by —1 if two rows are
interchanged. After two such
interchanges, the value of the
determinant will be unchanged. Thus,
the following triple scalar products are
equivalent.

u-(vxw =
v-(wxu) =

w - (uxv)

| oY

In physics, the cross product can be used to measure torque—the moment M of
a force F about a point P, as shown in Figure 10.39. If the point of application of the
force is O, the moment of F about P is given by

—
M = PO x F. Moment of F about P.

The magnitude of the moment M measures the tendency of the vector P@ to rotate
counterclockwise (using the right-hand rule) about an axis directed along the vector

M.

EXAMPLE 2 An Application of the Cross Product
Puses ety

A vertical force of 50 pounds is applied to the end of a 1-foot lever that is attached to
an axle at point P, as shown in Figure 10.40. Find the moment of this force about the

point P when 6 = 60°.

Solution If you represent the 50-pound force as F = — 50k and the lever as
— 1

PO = cos(60°)j + sin(60°)k = E‘j 3, ?k

the moment of F about P is given by

i j k
- 13
= = — — | = =25i
M=P0O xF=|0 N Si
0 0-50
The magnitude of this moment is 25 foot-pounds. T

NOTE  In Example 4, note that the moment (the tendency of the lever to rotate about its axle)
is dependent on the angle 6. When 6 = /2, the moment is 0. The moment is greatest when

6=0.

The Triple Scalar Product
For vectors u, v, and w in space, the dot product of u and v x w
u-(vxw

is called the triple scalar product. The proof of this theorem is left as an exercise (see
Exercise 53).

: THEDR:M 109 The Tnpie Scaiar Pmduct

,Foru— uii +uj kv =i+ + v3k, andw = = Wil =+ wjj + w3k, the

* “triple scalarproduct is given by

Ui dleg 5 ls
=y oxw) = e b s




Scalar Triple Product

(AxbY). € = a. (Liey

_ | a, AL
\ b,
<, G
(axb).c =(@&a-bY)x ¢ = ¢ Carb) =
Nele - Vectoxs G ,b and C wio U L QDP\‘“"‘:‘D{ \&
2.

Distance of a point R to line?

C3

d=IPRL svne - VPSWIPRI sine R
\Pall i
L d
5 :
~— —) P . l
( >
4. "PQ XPR | ’ 7
el

3. Volume of a box

|10S

b.Ccta)

a.(bx() =o,

Voluwm e "4 @ ‘;w«aﬂdFI‘Fe vt i eo&ats A, b and ¢
& Volume ] & bey

\J = (“YCA q l>‘~$€ )( L\Q(‘gk*’ )
=(la x bl Nel o g )

= | (exb) . ¢
= <1,-2
E"' Let ax= <2)D;—‘$ , be =3, \,0Y and < JL‘,)
Find ax(bxc)
C . .
SD\M b’\C _ N 3 ‘]_ ;
R ) = 4 ! ax(bxe) «
\-3 Ve | T AV a gy L e
B 1z 5
\ bx a = _ (aib)
Note F’zro‘:efﬁts L.
‘ 2. axlbrey = (aa -e) b — (a-b)¢

aLlb+ce)

= advlh + avc
(oaxb).c =

a. (bxe) .
)=k jak=d Y
J x( = -k h&j‘_c Sl

Cox _—_jx_i:\é.xla_:D,

A"(l« JL b w¢e

laxpy

=120 —14jt2hk



Ex.

Su\u\\‘w\

Flnd Hhe d\‘a{'ﬂkle %’(b\v\ F(3,1J-7—J t ﬁ‘-’— zl'vm H\Yaua\,\ lOé
&(Z,‘SJ() and R (_‘JL/,Z.)

S —  —
oS0

v

— a = p

A “é—afx @é”

| @@l
QP = {3-2 ,\=S,-L-\7 = <1,-4,-3>
.ébe): <-\-7- ,A-S,l—n) = <=3, -1, '3
_ =) : J e . N

2 @ ~
S by 4 -y =3 | - tE)

-3 =1 | .
\ Sheapll= Jua+eustba < [2e2 = (6.79
\\a“ by !q-\-\-\-\ :’W = 3.3

A UOTIS)U‘Q_E“ _ N>.'q = g.oc‘.()\l\.lk
T \agl 3.3

Frnd the veluwme s) by hawu'nj d.AjACebd svdey AB, A and

A D whave  AC(21,-1), B(3,0,2),  (4,-2,1) D(s -3

Seluhivon o = m L <4)_\) 3>
b A2 < <1,-30y
——
C = AP = < 34“1, \>
V lxn).c] = | 2 %3 =% 7 3
bl \)L \)3 p . -3 > 0 = g-'\i—S
¢ 3 -y |
¢ €3 A =4 unit?
Note: l¥ vo\ume box w zexe , vecbvys Aig tw

Sdawme %\U\V\Q. LCO "\D\U\INNL‘()




[0

EXERCISES FOR VECTOR PRODUCT SECTION: VECTOR PRODUCT

1. Find Vector product /Cross product, ux v of vectors uand v
i. u=<2,1,3> v=<2,2,1>
ii. u=<2,02> v=<5,4,-6>
iii. u= 4 v=13]
iv. u=i+j-k, v=j+k
v. u=6i+3)+4k v=2i--k
vi. u=itk v=j+2k
2. Find a unit vector orthogonal to

i. u=<3,2,-1> v=<2,1,3>
ii. u=i1i-j+k, v=3i+j-k

3 Given points P, Q and R, find

(a) A unit vector perpendicular to the plane determined by P, Q and R,
(b) The area of the triangle PQR,

(¢) The angle between @ and PR

(d) The component of P_Q' along PR and
(e) The distance from R to the line through P and Q

i, P(1,-1,0), Q2, 1, 1)and R(-1, 1,2)
ii. PG5, 3,3), Q6,0,1)andR( 7,4, 1)
ii. P(2,-1.1), Q(-3,2.,0)and R( 4,-5.3)

4. Find a vector orthogonal to the plane determined by the points P, Q and R and
also find the area of triangle PQR where P,Q and R are as follow:

i, P(-1,2,0),0Q(0,2,-3)and R( 4,1 ,-1)
i, P(1,-2,-2),Q(1,2,-2) and R(3,-2, 1)
iii. P(0,0,0), Q(2.1,3) and R(3,-1,-3)

iv. P@4,0.4), Q0,3,2) and R(3,1,0)

e e

5. Find the volume of the parallelepiped having adjacent sides AB, AC and AD,

where

1.

ii.
iii.
1v.

A (0,0,0), B(2,-2,3),C(1,1,-1)and D (4,-1,-1)
A (1,-1,1), B(3,4,-5), C(-2,1,1)and D (1, 2, 4)
A (1,0 -1), B(2,3,5), C0,-1,-2)and D (4, 1,-1)
A(1,1,1), B(2,0,3), C4, 1, 7)and D(3,-1,-2)



10.

11.

| 0

Find a.(b x ¢), where

i a=<1,2,0>, b=<20,1> and c=<1,2,1>
ii. a=i+j+k b=2i+3j-k and c=i-j+k

Determine the volume of the parallelepiped having adjacent sides formed by the
vectors

i. a=2i-3j , b=i+3j-k and c=3i+2j+k
. a=<2,-1,5>, b=<4,6,0> and ¢=<0,0,3>
iii. a=3j . b=-2i+4j and c=-i+j+k

iv. a=3i—4j+k, b=4i+7j+2k and c=i-2k

Show that the quadrilateral with vertices at points P, Q, R and S is a parallelogram
and find its area:

i. P4, 1,-1), Q(,5,0), R(1,3,6) and S®,-1,5)
ii. P3,0,2), Q6,2,5. R(1,2,2) and S(4,4,5)

Use cross product to find the distance between point P(2, 1, 3) to the line through
points R(3, 2, 1) and S(1, 2, 3).

Use dot product to find the distance between point P(2, 1, 3) to the line through
points R(3, 2, 1) and S(1, 2, 3).

Given three points A(1, 1, 1), B(0, 3, 0) and C(2, 3, 1), find
(a) A vector orthogonal to E,
(b) The projection of AB in the direction of Ac,
(c) The angle between AB and A_c:,
(d) A unit vector orthogonal to both AB and Ac g

(e) The area of the parallelogram formed by 4B and Ac and

(f) The area of the triangle ABC.
A force F =2i+ 3j—k is applied at the point A (2, 1, -1 ). Find moment of the
force about the point B (3, 1, -2). Note: moment of the force M = AB x F

Find the vector X' and scalar A which satisfy the equations
AxX =B + 44 and 4 . X =4

where 4 =2i+j -k ,B =i -2j +3k
Prove that the vectors are coplaner a=<2,3,1>,b=<1,0,2>

and ¢=<0, 3, -3>.
Ifa=<-1,1,1>,b=<2,3,-1> and c=<1, -1, +2 >, find the following
(i) (2a)xb (ii) (atb) x ¢ (iii)) (axb)xc (iv) a.(bxc) (v) Ba+b-2¢c)x ¢
Determine if the three vectors
a=<1,4,-7>, b=<2,-1,4> and ¢=<0,-9,18> lie in the same plane .



10.5 Line and._Plane
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Equation of a line 4 gt
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Equations of the Line through the point P1(x1,y1z1) and parallel to
vector a = <ay,a3,a3> 18

Parametric Form

x=x; +ast
y=y1t+ax
z =z;+ast, teR.

Symmetric Form

x—xl _y—yl _Z—Zl —¢
Bx . s eq_u.ah‘m a_& $e i FuSst‘& Point ; P(4 i) an 4
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EXAMPLE 7  Finding the Distance Between a Point and a Line
fooas s g

Find the distance between the point O(3, —1, 4) and the line given by

x=-=2+3t, y=-2¢ and z=1+ 4z.

Seiution Using the direction numbers 3, =2, and 4, you know that the direction
vector for the line is

u = (3, —2, 4). Direction vector for line

To find a point on the line, let # = 0 and obtain

P=(-20, 1). Point on the line
Thus,

p@‘=<3—(—2),—1—0,4—1>=<5,—1,3>

and you can form the cross product

Q=(3,‘—1, 4

x ‘ i j ok
PO xu=|[5 -1 3/ =2i—11j - 7k = (2, —11, —7).
, 3 -2 4 .

Finally, using Theorem 10.14, you can find the distance to be
The distance between the point Q and the

line is /6 ~ 2.5, _IPO xu| _ 174 _ .~ .
Figare 10.55 D= Wl = - V6 = 245, (See Figure 10.55.)
frasdaii s ol
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EXERCISES 3 Vector,Line and Plane

FOR LINE

1. Find equation of the line through the point P(3,-1,4) and parallel to vector
A=< T

2. Find equation of the line through the point P(2,1,5) and parallel to vector
a=23i+3j-5k.

it Find equation of the line through the point P(0,1,2) and parallel to vector
a=<2,0,3>.

4. Find equation of the line passing through the points P(2,1,-3) and Q(5,-1,4) .

3 Find distance from the point P to the line /

i. P(3,-1,2) line: x =-2+3t,y=2, z=-1+2t
i. P@2,1,-1) line: x=3t, y=1+2tz=-5-t
iii. P(1,2,3) line: 3 =45 =5°

6. Find the shortest distance between lines;

X,

Vi -

3

Il

(I

s 2L
3 2

x=1
2

(ST

Find the distance of the point (1,2,0) from the line joining the points (0,1,-1)
and (2,0,-2).

8. Find the parametric equations of the line I, through the point (3,3,5) an
intersecting at right angle the line I whose parametric equations are i
- x=4+3t,y=1+tand z=-3t.

9. Find the perpendicular distance between the skew lines :
L;:  through points A(-2,1,-1) and B(0,4,-2)
L,; through points C(1,-1,2) and D(0,1,6).

1,2,3) and let L; be the line

Let L; be the line through points A(2,1,5) and B(
distance between the two skew

through C(2,0,1) and D(4,-3,0), find the shortest

lines L] and Lz_

11. Determine whether the following line are p

then find the point of intersection:

(1) Linel: x=3 +t,
Line2: x=2+v,

arallel or they intersect. If they intersect

y=o2-4
y=3-2v, z=-1+3v.
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\| b

(it) Linel: x =4 +t, y=5+t, z=-1+2t.
Line2: x=5+2v, y=11+4y, z=3+v.
(iii) Linel: x=5+2t, y=3-t, z=1-2t
Line2: x=11+7v, y=38v, z=8-2v.

(iv) Linelix=t+2 y=2t-1, z=3t+3

Line2: x = 3s +35, y=2s5+1], z=s5+4
Find the distance from the point ( 1, 0, 2) to the line through the point (1,-1,1)
in the direction of the vector i-2j - 2k.
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EXERCISES FOR PLANE SECTION: PLANE

Find the equation of the plane containing point P(3,6,1) and a vector
perpendicular to plane is a = 2i + 8j - 3k.

Find the equation of the plane containing point P(2,0,3) and a vector
perpendicular to plane is a=<2,5 - 1>

Find the equation of the plane containing point P(2,0,-5) and perpendicular to the
line x=2+4t,y=3,z=-1+.

Find the equation of the plane containing point P(1,-1,2) and
the line x=-2+t,y=-1+t, z=-5+2t.

Find the equation of the plane containing linex =4t + 1,y =-61+3 , 2= 4 and is
perpendicular to the plane 2x +3y 4z =3.

6.  Find the equation of the plane containing point P(2,5,0) and perpendicular to the
il
e P=5t=5L

T Given points P,Q and R,

(a) Find the equation of the plane containing these points,
(b) Find the equation of the orthogonal line to the plane and
(¢) If T(2,3,1) is a point not on the plane then find its distance from the

plane:

i, P22,1), QG,1,5) and R(3.34).
i P(2,1,1), Q(-3,1,5 and R(3,2,0).

8. Given point P(2,2,1), and linex=2+t, y=3-2t,z=4,

(2) Find the equation of the plane containing the point and the line,
(b) Find the equation of the line orthogonal to the plane and
(d) If T(4,3,-1) is a point not on the plane then find its distance from the

plane.

In Exercise 9 to 14 , find the equation of the plane :

x_l——l:Lﬂ

s a . X=l — x+1 _ y2 z-1
9. containing lines 3 1 S e e

. Plew e, v I

10. passing through the points (1,0,2), (-1,3,4) and (3,5,7).

11. passing through the points (-1,1,2), (1,-2,1) and (2,2,4).
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13.

14.

15.

16.

1%

18.

19.

20.

2L

22

24.

25.

|24

Passing through the point P( 1,4,2) and is parallel to the plane z=3.

Passing through the points (2,1 ,2) and (1,-1 ,0) and is perpendicular to the plane

x-2y+z=4
Passing through the points (2,3,5) and (0,0,1) and is parallel to y — axis.

Find the equation of the plane passing through the point (1,2,3) and parallel to the
planex +y+z=1. Also find the distance between these two parallel planes.

Given the planes pi: 3X — By +lz=17
p2: 2x+ y=-2z=35
(a) Find a vector parallel to the line of intersection of the planes,
(b) Find the angle between of the planes, and
(c) Findthe equation of the plane passing through the line of intersection

of the above planes and through the point (0,0,1)
Find the distance of the point P(2,3,-1) from the plane 3x+y~ 5z =12.
'Find the distance of the poiﬁt P(2,-1,3) from the plane 3x 4y +5z2=-6.
Consider the line L with the parametri; equations x=0,y=t27 &

i, Show that L lies in the plane 6x +4y-4z= 0,
ii. Show that L is parallel to the plane 5x —3y + 32 =1, and also find whether L

lies above or below the plane.

Find the distance between the planes:
pi: ox—dy+8z=17
TR 8T ) 4z=0.

Find the angle between the planes:
pi: 2x-5y-3z=8
p2: 3x+2y—-4z=T7.

Find the point intersection and angle of intersection of the plane
g ol
===

x + 2y +z=2and line 5 ‘5—1 .

Find the parametric equations of the line of intersection of the planes:
x =2y +4z =2, x+y-2z=5.

Find the parametric equations of the line of intersection of the planes: .
2x +3y—4z-6=0, Ix-y+2z+4=0.

Show that the line x=1-+2t, ¥= J1+2t, z=2+4tis parallel to the plane
x-2y+2z2=6.
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26.  Determine whether the line x =3 + 8t y = 4 + 5t z=-3-t and the plane
x=3y+3z=12 are parallel, if the above line and the plane are not parallel find
their point of intersection.

27.  Let the equation of the plane P; be 3x-y-z=2
{)Find the equation of the line orthogonal to the plane Py and passing through the
point (2,-3,6), _
i))Find the equation of the plane P passing through the point (2,-1,2) and parallel
to plane P;.
{ii)Find the distance between the planes P; and P».

78.  Find the equation of the plane passing through the point ( 1, 2, 3) and parallel to
plane x +y+z=1. Also find the distance between these planes.

29, Show that the line x=1+2t,y=-1+ 6t, z =73 - 8t is parallel to
the plane x + 3y —4z = 5.

30.  Find the equation of the line through the origin and perpendicular to
the plane x +y +z =1.

-

31. Find the point, if any, at which the line
x=2+3, y=—4t, z=5+1, 1 eR
intersects the plane 4x+5y—2z= 18.
32. Find the point, if any, at which the line

intersects the plane x—y+2z = 18.

X 24

33. If the line —= % = 5 is perpendicular to a plane which contains the line
x=1-4t, y=3t, z=2-1, find the equation of that plane.

34. Find the equation of the line that passes through the point (1,2,-3) and 1s
perpendicular to the plane x+3y-2z= 4.
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Figure 10.50

‘Plane: 2x+z =1

0,0,1)

| 2F

Sketching Planes in Space

If a plane in space intersects one of the coordinate planes, we call the line of inter-
section the trace of the given plane in the coordinate plane. To sketch a plane in space,
it is helpful to find its points of intersection with the coordinate axes and its traces in
the coordinate planes. For example, consider the plane given by

3x + 2y + 4z = 12. Equation of plane
We find the xy-trace by letting z = 0 and sketching the line
3x+2y=12 xy-trace

in the xy-plane. This line intersects the x-axis at (4, 0, 0) and the y-axis at (0, 6, 0). In
Figure 10.49, we continue this process by finding the yz-trace and the xz-trace, and
then shading in the triangular region lying in the first octant.

z

Fs
A

(0, 6, 0)
y

(4,0,0)
X
Xy-trace (z = 0): yz-trace (x = 0): xz-trace (y = 0):
X+2y=12 2y + 4z =12 X+ 4z=12
Traces of the plane 3x + 2y + 4z = 12
Figure 10.49

If the equation of a plane has a missing variable such as 2x + z = 1, the plane
must be parallel to the axis represented by the missing variable, as shown in Figure
10.50. If two variables are missing from the equation of a plane, it is parallel to the
coordinate plane represented by the missing variables, as shown in Figure 10.51.

Planeax + d = 0is Planeby + d = 0is Planecz + d = 0is
parallel to yz-plane. parallel to xz-plane. parallel to xy-plane.
Figure 10.51




Quadric Surface
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Equation . | Description Sketch
Trace of trace ~of trace of trace ‘
| ‘ w
%2 2
Xxy-trace ; + Z—z =1 | Ellipse
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Hyperbolid of One Sheet

Coordinate
Trace
plane
‘ 22
xy (z=0) ellipse:  — + pi = —— \
2 2 vz-trace
=0 = —-= =
xz (y ) hyperbola pro 1
_ P2
yz (x = 0) hyperbola: B2 1
Xz-trace
(a) (b)
EXAMPLE® Skeich the graph of 16x* — 9y* + 367> = 144, and

identify the surface.

SOLUTION Dividing both sides of the equation by 144 leads to

) 7) o)
x> y- oz
— e =1
9 16 4

where the negative y-term indicates that the axis of this hyperboloid of one

sheet is the y-axis. Traces in coordinate planes are as follows.

r T
|

| Trace | Equation of trace Description of trace
3 2 2
| -pla | — == | Hyperbola
! xy-plane | T | yP
| -2 )2 |
| yz-pl ——==1 | Hyperbol
|z plane | yRRkT ‘ yperbola
‘ 22 2
xz-plane T + ”X =1 Ellipse

The graph of the equation is sketched in Figure 10.70. Traces in planes
parallel to the xz-plane are ellipses, and traces in planes parallel to the xy-
or yz-planes are hyperbolas.

|30



Hyperbolid of Two Sheets

121

, a graph of
2 2 22
_g_2+_i_2_§=1, a>0,b>0,c>0

is appropriately called a hyperboloid of two sheets.

Coordinate T
plane race :
vz-trace
2 2
xy (z=0) hyperbola: —-g—z + % =1
xz (y =0) no locus
2 ZZ
yz (x =0) hyperbola: o2 =1
(a) (b)
N T ) L
For |yo| > b the equation . + 2= 1 describes the elliptical curve of
intersection of the surface with the plane y = yj.
Ex Skekel, e . SEPRL Sy 3 bhe
. ete Cf-a—&l)h b—‘i 3N -4yt 25212, nawe
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Cone The graph bf an equation of the form
2y g2
2t =@
is called an elliptical (or circular if a = b) cone.
Coordinate
Trace
plane
xy(z=0) point: (0, 0)
xz (y=0) lines: z = iix
c
yz (x = 0) lines: z = i;y
(a)
Ex Nam e The /S“Y*me xx
q
tvoce, | skotch  te
g’o L\-\,‘\ e
P Tw. )
X ! L AD P COV\Q
P[‘i"\e £‘\, : T"\’lu.e
Y (R=w) (/) PU(\\«»\'
XE (Sr0) 2= 2y
3
$2 (xo) -~ +Y A wies

1==%, awne tho @Ux‘fm.

a>0,b>0,c>0

f3 0

(14.58)

Z { ‘
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w]v'\ the ox » A,L‘IVL% the Z—ax.,
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ParabOlOid The graph of an equation of the form

(8]
(8]

X y
=13
a

=i G2

S
[S)

is called a paraboloid. In Figure 14.77(b) we see that for 4 > 0, plz'me
z =z > 0, parallel to the xy-plane, slice the surface in ellipses whose equation

are 2 2
X Y _
a— + ﬁ = czg
xz-trace
Coordinate
Trace
plane
xy (z=0) point: ©, 0)
22
xz (y = 0) parabola: Z -
y?
yz (x = 0) parabola: b -2

(a)

EXAMPLE®5  Sketch the graph of y® 4+ 472 = x, and identify the

surface.
Figure 10.71 SOLUTION Traces are as follows.
y2 +472 =« y
{ Trace ’ Equation of trace [ Description of trace
f xy-plane ]‘ y=x I Parabola |
| yeplane | 24472 =0 | Origin |
I xz-plane J 42 =x ‘ Parabola ’\

I

{

The trace in a plane x = k parallel to the yz-plane has an equation
of the form y* + 47> = k, which is an ellipse if k > 0. Traces in planes
parallel to the xz- or xy-planes are parabolas. The surface, a paraboloid
having the x-axis as its axis, is sketched in Figure 10.71.

circle yg > 0

133

Solw lt » PAﬂ*w%alavﬂ‘ wilk  axn A.QAWS Y~ aXw



|
!
i
¥
b
b
i

3 Y

EXAMPLE 2 Sketching a Quadric Surface

froncumisain s i i
i

Classify and sketch the surface given by 4x? — 3y? + 1222 + 12 = (.

Solution Begin by writing the equation in standard form. w

From the table on pages 750 and 751, you can conclude that the surface is a hyper-
boloid of two sheets with the y-axis as its axis. To sketch the graph of this surface, it ‘
helps to find the traces in the coordinate planes.

4x2 =3y + 1222+ 12=0 Original equation \

2 2 \

x y :

—+==-22-1=0 Divide by —12. «

3 1 ivide by ‘t

2 g2 z y2 x* 2

Vow ol : L .t [
TR s b » i x_2 ) 4 3 1 1 Standard form L
3 &5 30 |

2 2
xy-trace (z = 0): L pe. P 1 Hyperbola ;
4 3 ‘
SRR V- o X 2 {
‘Hyperboloid of two sheets:. xz-trace (y = 0): El + 1" 1 No trace “‘
SRS e ’
i e R aieant 2 2 i
4 33 7 b yz-trace (x = 0): )*;‘ - il— =1 Hyperbola i
Figure 10.59 The graph is shown in Figure 10.59. R
Elliptic paraboloid: EXAMPLE 3 Sketching a Quadric Surface
x=yPeds? . T

Classify and sketch the surface given by x — y? — 4z2 = (.
Sofution Because x is raised only to the first power, the surface is a paraboloid. The
axis of the paraboloid is the x-axis. In the standard form, the equation is

x = y* + 422 Standard form

Some convenient traces are as follows.

2

xy-trace (z = 0): x=y Parabola ;

xz-trace (y = 0): x = 472 Parabola

2 52 |

parallel to yz-plane (x = 4): yz + ~T =1 Ellipse iw

i

|

Figure 10.60 The surface is an elliptic paraboloid, as shown in Figure 10.60. e f

Some second-degree equations in x, y, and z do not represent one of the basic
types of quadric surfaces. Here are two examples.

2 + yz +z22=0 Single point

x*+y?=1 Right circular cylinder



Hyvperbolic Paraboloid

EY

The last quadric surface we shall consider, known as a hyperbolic paraboloid,
is the graph of any equation of the form

= - — = ¢z, a>0,b>0 (14.59)

Note that for « >0, planes z = z;, parallel to the xy-plane, cut the surface in
hyperbolas whose equations are

Q~|><
[SS1I S )
Il
2
N
o

¥
2

Q

Coordinate
plane

Trace

vz-trace

xy (z = 0) lines: y= tl—;x
x
xz (y=0) parabola: =z

yz (x = 0) .| parabola: §= cz

2
2

2

Xxz-trace

(a)

E:cth ‘M‘AH te étnf\.ace Y = L

50103’\‘6”‘ @ The

%/YAJ'\DL\ qf - 2%= K v ije—" baltc F:a’mb%(o{'o‘

2
Wy - pleuwe W= - arve '
KN 3 Parva belas
%

w2 -b\“\-a W=32TZ a4awe Z“WM

F\c\v\u (;a:rd-uoq bv= — Q{a\nes AR ‘/\jpef\l%lw)
jz_ —K)io\\q -Zz’:uj ave P“'}”b‘/qj

4

hyperbola y; < 0]

hyperbola y, > 0

y=x— 22
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Ellipsoid

x?. y? 22
_+—+—E=l
C

a*>  b?
Trace Plane
Ellipse Parallel to xy-plane
Ellipse Parallel to xz-plane
Ellipse Parallel to yz-plane

The surface is a sphere if
a=b=c#0

Hyperboloid of One Sheet

2 2

o y'*’_z_=1

a?  b* c?

Trace Plane

Ellipse Parallel to xy-plane
Hyperbola  Parallel to xz-plane

1T . Hyperbola  Parallel to yz-plane 5
The axis of the hyperboloid
corresponds to the variable whose
coefficient is negative.
xz-trace yz-trace
Hyperboloid of Two Sheets
N 2 x2 P
_____ = -yz-trace xz-trace
¢ @ b !
Trace Plane
Ellipse Parallel to xy-plane

Hyperbola  Parallel to xz-plane
Hyperbola  Parallel to yz-plane

The axis of the hyperboloid
corresponds to the variable whose
coefficient is positive. There is

no trace in the coordinate plane
perpendicular to this axis.

no xy-trace

R

—_
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Elliptic Cone

x2  y* z

2 p e’
Trace Plane
Ellipse Parallel to xy-plane
Hyperbola  Parallel to xz-plane
Hyperbola  Parallel to yz-plane

The axis of the cone corresponds

to the variable whose coefficient is
negative. The traces in the coordinate
planes parallel to this axis are
intersecting lines.

Xz-trace

» / Xy-trace
‘(one point)

yz-trace

Elliptic Paraboloid
B 2y
e e
Trace Plane
Ellipse " Parallel to xy-plane
Parabola Parallel to xz-plane
Parabola Parallel to yz-plane

The axis of the paraboloid corresponds

yz-trace xz-trace

to the variable raised to the first power. x xy-trace
(one-point)
Hyperbolic Paraboloid "
5 9 ‘yz-trace
_y _Zx

z= 'b-g = ;2‘ xy-trace
Trace Plane
Hyperbola  Parallel to xy-plane
Parabola Parallel to xz-plane *
Parabola Parallel to yz-plane

The axis of the paraboloid corresponds
to the variable raised to the first power.

xz-trace
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SECTION: SURFCES IN SPACE

EXERCISES FOR SURFACES IN SPACE

Exercise 1 — 7, Sketch the graph of cylinder in xyz- coordinate system:

1 x*+yr=1

2 z=4x*

3 2=y

4. YV +z2=9

5 y=sinx 0<x<2r
6. x=3

7 xX+y=2

Exercise 8 — 18 , identify and sketch the graph. Find its traces in the coordinate planes:

8. 2Z2+y=x2+1=0.

. 20x> -8y’ -z +1=0.

10. 4x* +2y* - 2* =16.

11. 36z = y* +9x>.

12. 422 +)* +4x* =4.

13. 36y =4z +9x’.

14. 9x* +25y% =1442°.

15. x* =9y* + 27,

16. 4x* -4y +2* =0.

17. x*+9y* +4z* —2x+18y +16z = 10.
18.  16x% —4y* —(z-2)* =100.
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Arithmetic
a+b a b
= -4 -

C & (]
2 , E e ad + be
Fod - bd
(%) d ad
w=(8) (8)=1
(5) ¢ be
Factoring

oy =(z-y)(z+v)

L
z* —3® = (z — y)(@?+zy +¢7)
23+ 93 = (¢ +y)(e®—zy +?)
-yt =(z-y)(z+y) (£ +°)

(x +v)? = r°+2zy+y°

(z +y)° = 28 + 3z2y+3xy+y°

Triangle

Area = 3bh

c2 = a® + b%> — 2abcosh C =2nr

Sphere

Volume = $773
Surface Area = 47r?

Area = 7r?

Exponents

™ = :L.n+m

_ 1

z "‘—‘F

zy)" = y"
(zy) y

() -7

y)

In/m_ v/ pn
VEY = VEYY

\/@i
TIRR ]

GEOMETRY

Slope m of line through

(z0, o) and (z1.71)
Y1—Yo
m= ——
T1—T0

Through (z,yo), slope m

Y — yo = m(z—10)

Slope m, y-intercept b
y=mzr+b

Quadratic Formula

If az?+bzx+c=0

—b £ Vb? — dac
2a

Distance]

Distance d between
(z1.y1) and (x2. y2)

d= \/(Iz - 171)2 = (= yl)z

then z =

 Sector of a Circle]

Trapezoid

Area = 3720

s=r6
(for @ in radians only)

Volume = inr2h

3

Surface Area = 7rv/r= — A2

Area = l{a+b)h

Cylinder

Volume = =r2h
Surface Area = 27rh



AL o

DERIVATIVE FORMULAS

General Rules

£ [f(2) +9(@) = f'(2) + 4 (=)

& [cf(@)] =cf'(z)

2 "(z) g(z) — f(z)g’
L@ @) = F@)o) + @5 & [4g] = TOLA=LHrE)
d (.1 n—1 d
2 = d(e)=0
deleli=he & (©) £ [e%] =€” £ [a®] =a"Ina
1
E(ez)=c =(Vz) = oW £ [ev®)] = (=) o/ (z) L [T =rem™
Trigonometric
L (sinz) = cosz £ (cosz) = —sinz £ (tanz) = sec’ x
£ (cotz) = —csc’x £ (secz) =secz tanz £ (cscx) = —cscx cotx
Inverse Trigonometric
L(sin"'z) = - 4 (cos™lz) = e 4 (tan~lz) = :
VL i Vv1-—2z? - 1+ 22
1 1 1
T s U TR A Pl 3 T B
£ (cot™" z) e < (sec™" 1) 2V =1 +(cac™ z) = PR g
Hyperbolic
£ (sinh z) = coshz £ (coshz) =sinhz £ (tanh z) =sech’z
£ (cothz) = —csch®x £ (sechz) = —sechz tanh £ (cschz) = —cschz cothz
Inverse Hyperbolic
L (sinh™' z) = - L (cosh™'z) = . < (tanh™z) = i
V14272 - va? -1 i 1—z2
j‘;—(coth'1 z) = : = £ (sech™lz) = — - < (csch~lz) = RERE e 0]
l-=zx = zvV/1— 172 i ¢ lz| V22 +1
g ¢
sHev A (\w) oo g ) Stahw= £ o ¢l
| A¥ K ! 3 ‘ :

d
dz
a
dz

[f(z) = g(z)] = f'(z) — ¢'(2)
[flg(2)] = f'(9(2)) &' (=)
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INTEGRAL FORMULAS

rGeneral Rules

u/ﬂﬂ+ﬂﬂhh=/f@wm+/ﬂﬂ¢r

/. cf(z))dz=c /f(x) dz

| Power Rules
(. /.c"dxz_::,:ll +c (n#-1)

/ld:rzln]zi-f-c
.

Trigonometric

/sin:z:dx = —CcoST+¢C
/csczrd:r =—cotz +¢

/canxdxz —In|cosz|+c

Inverse Trigonometric

de =sin 'z +c

[

Hyperbolic

/sinhxd:r =coshz+¢

Inverse Hyperbolic

dr =sinh 'z +c¢

[ =

/wamedz=/fwwm—/&uux

/U@M%Hw=ﬂwﬂ@—/ﬂ@MﬂM

/admzam+c

/\/Edm =282+ ¢

cosrdr =sinz +c¢

/

secr tanrdzr =secx + ¢

—

cotrdr =In|sinz|+¢

/

1 -1
/1+r2dx=ta.n T+

/cosh:cdx =sinhz +¢

dzr =cosh™'z

7=

Exponential

/exd:cze”-i-c

1
/a’"‘dr:—h:;a”-i-c

/sec%:dx =tanz +c

/
/

cscz cotrzdr = —cscx +cC

secxdr =In|secz +tanz| +c

=sec”lz+c

1
c ——
/ lz|vz2 —1

/sechzr dz =tanhz +c

dr =tanh™ 'z +c¢

+c

1
1—22



