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Abstract. In this paper we study a generalized Polya urn with balls of two
colors and a random triangular replacement matrix. We extend some results
of Svante Janson [11, 12| to the case when the largest eigenvalue of the mean
of the replacement matrix is not in the dominant class. Using some useful
martingales and the embedding method introduced in Athreya and Karlin
[2], we describe the asymptotic composition of the urn after the n'* draw,
for large n.

1 Introduction

We consider a generalized Polya urn with balls of two colors, say "white"
(W) and "black" (B). The urn is initially non empty. At each time n, a
ball in the urn is drawn uniformly at random, its color is observed (thus
the ball is drawn, looked at and then placed back into the urn): if it is
white then we add in the urn X,, white balls ; if it is a black one then Y,
white and Z,, black balls are inserted. The random variables X,,, Y,, and Z,
are independent copies respectively of some nonnegative and integer-valued
random variables X,Y and Z.

The evolution rule in time n is then summarized by a 2 x 2 random matrix

defined by:

Drawn| | Added —
W B
W X, 0
B Y, Zy

Thus, the composition of the urn after n draws is represented as a vector
(W, By,), where W,, (resp. B,,) is the number of white [resp. black| balls in
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the urn. The urn starts with a given vector (Wy, By), which we assume is
non-random.

The assumption that X, Y, Z are nonnegative integer-valued random
variables, guarantee the non-extinction of the urn. Furthermore, in order
to avoid any explosion of the urn we suppose that X, Y and Z have finite
variances. We define

jx = B(X), py = B(Y), pz = B(Z),0% = V(X),03 = V(Y), 0% = V(2),

and for every integer n, the ball addition matrix or the replacement matrix

is v 0
R(n) = ( Y: Z, ) :

One of the first studies is developped in Eggenberger and Pdlya [7], which
deals with the fixed schemata 8 2 . This urn is known as the Polya
Eggenberger urn. In 1931 this model was discussed by Poélya [17|. Next,
Bernstein [6], Savkevich [18| generalizes this model, to the case where s balls

of the same color and a balls of the antithecal color are added:

(a%)

These two models have been studied and generalized in later papers (see
[5, 9, 4, 15, 16]).

Several Polya urn models with various settings for the ball addition matrix
have been studied by many authors. In particular, when the mean of the
replacement matrix is irreducible, Janson [11] carries out a study in which
he characterizes the number of balls of each colors. When the replacement
matrix is triangular, not irreducible and non random, Janson [12] character-
izes the limit law and the almost sure limits of the numbers of balls of each
colors.

The aim of this paper is to extend these results to the case when the replace-
ment matrix is assumed to be random.

To attempt our goal, we will use the embedding method of Athreya and
Karlin |2, 3| and study the urn process by embedding it into a multitype
continuous time Markov branching process X (t) = (W (t), B(t)) with initial
condition X'(0) = (W(0), B(0)) = (Wy, Bp). In the continuous process we
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assume that every ball of type i (type 1: white balls, type 2: black balls) has
an exponentially distributed lifetime with mean 1, i.e. it dies with intensity
1, and when it dies, it is replaced by a set of balls with distribution (J; ;);=1,2,
where, if we note by L the distribution

010 = L(X +1), 612 =L(0), 021 = L(Y), da0 = L(Z+1).

We shall assume that all life times and offspring compositions are indepen-
dent.

Let 0 =19 <7 <7 <--- <7, <---be the splitting times of the process
X. Athreya and Karlin [2| proved that the process (X (7,))n>0 has the same
law as ((W,, By))n>0 ; hence since 7, 22, 400 limit theorems for (W, B,)
can be derived from limit theorems for X ().

In order to study the process X (t) = (W(t), B(t)), we define a suitable
martingale ) (¢). The martingale that we use, is a standard one in branching
process theory.

Let A :=E(R"(n)) = ( “g ZY ) and define Y(t) = e~*AX (¢)T. Here, M7
Z

denotes the transpose of the matrix M.

Using the Markov property, we extend a fundamental well-known result
|[Lemma 9.8 [11], Theorem V.7.2 [3]|. Let F; be the o-algebra generated
by the family {(W(s), B(s)), s <t}. Theorem 1 is proved in section 3.

Theorem 1 If ux > pyz, the Martingale {Y(t), F;, t > 0} is an L?* bounded
martingale, and hence converges almost surely and in L*. Moreover, Y(t) =

E(V/F).
Where Y := ( Ig ) is the almost sure and L* limit of Y(t).
Remarks:

(1) T think that we still get an almost sure and L' convergence of the
martingale )(t) if we relax this assumption on X, Y and Z and to
replace it by

EXhX)+EYhY)+E(ZInZ) < cc.
But, for our main results we need the L? assumption.

(2) Theorem 1 proves that,



o if wx > Uz

a.s 2

et (1) + —Y(emtnx _etnzyp(ry 2B W)
Kx — pz

¢ (a.s, L?)
e ™ B(t) ——=' B. (2
As proved in Theorem 3.1 [11], we have the fonctionnel limit
Theorem. In DJ0, 00), the space of all right-continuous functions

[0,00) — C with left-hand limits,
¢TIV (f) + —(e7tx — ez B(tr) s W,

Bx — pz
e "1z B(xt) £, B
o if uy =pz
e XV (t) — pyte "X B(t) e , (3)
ex B(r) 5 B, (4)
and, in D0, 00)

e XY (xt) — py ate” X B(xt) oW,
e "X B(xt) £, B.

(3) By Theorem 1, B is a nonnegative random variable with E(B) = By.
From [3] (Theorems II1.4.1 and II1.7.2), we deduce that

P(B=0)=0 .
(4) Let gz(s) = sE(s?) be the probability generating function of Z+ 1 and
op(u) = E(eP). Then |10, 13]

1o "
5(v)=(1- / [ ——+Z |ds, 0<v<L
vp (v) =(1—wv)exp {0 St e s s, 0<v<

(5) In this paper we have not enable to characterize the distribution of W
in all cases.

Theorem 1 is the basis of all our results for the branching process and
generalized Polya urns.

The paper is organized as follows. In Section 2 we give our main re-
sults after having specified the notations. Section 3 deals with the proof of
Theorem 1. Finally, the proofs of the main results are given in section 4.
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2 Main results

In the following, P()) denotes a Poisson random variable variable with pa-
rameter A and N'(u, 0?) a normal law with mean p and variance o%. Let B,
[resp. W] be the number of black [resp. white| balls after n draws, B and
W denotes the limiting random variables defined in Theorem 1. For n > 1
we denote by S, the total number of balls in the urn after the nt* draws.
We have S, = W, + B,, and Sy = W, + By. The quantities N}V (resp. NP)
denote the number of splits of white (resp. black) balls among the first n
splits, then N7 + N3V =n. Let 7{"" < -+ < 70 (vesp. 7 < --- < 775) be
the split times, before 7,,, of the NV (resp. NZ) white (resp. black) balls.
The basic hypothesis of this section is:

Hypothesis H

(H1) X,Y and Z are nonnegative independent integer-valued random vari-
ables satisfying

(*) ox + oy + 0z < o0,
(**) px > pz,
(***) px(py + pz) > 0.
(H2) The initial composition of the urn is (W, By), with By > 0.
Our main results are the following ones

Theorem 2 Consider a generalized Polya urn with two colors having a tri-
angular random replacement matriz

(v 7).

. —p
1. if px > pz >0, letp:f:—f( and K:(MX)pB<W+_Lux—YuzB) 7

assume H and py > 0. Then,

(a) almost surely

W, = uxn+o(n), B, = Kn” + o(n”)
W K p_ K
N, = n——n+o0(n”), N, =—n"+o(n").
Kz Kz



(b) If p <3, then,

Wn —np K £
TX - M—Z(,U«Y - /JX)]I{p:%}—>N(07 Ugd’

(c)if3<p<l,

Wn —nux P K
nr VA

- (y — px).
1
2. If ux = py > 0, we have almost surely

W, = HxTL+ O(n)a

B, — M E
Lty Inn Inn

Remark : Kotz, Mahmoud and Robert [14] give exact formulas and some

asymptotics for 2-type urns. They comment that the case gives as-

10
11
ymptotics "of an essentially different character". They prove, "heuristically",
that E(B,) is of order -. This is expressed by Theorem (2.2).

An interesting exceptional case is when Z “2 0. In this case the number
of black balls remains unchanged By. The number W (t) of white balls in the
branching process is a generalized Yule-type process with immigration. We
obtain the following limit results

Theorem 3 Consider a generalized Polya urn with two colors having a tri-
angular random replacement matriz

(v o)

1. almost surely: W,, = uxn + o(n),

Under H we have,

2. if ox # 0, then we have the central limit theorem,

Wn_”XnLX/V’

T (0,0%),



3. if X = a # 0 is non random, then

1
Vinn

Remarks :

(Wn —no — MYa— aBO In n) i>J\/'(0, (052/ + (py — 04)2> %).

e The case ux < pz has been studied by S. Janson [11].

e In the case (3), if almost surely, Y = v = constant, we recover the
result of S. Janson [12](Remark TV .4).

The next result deals with the diagonal case: Y £ 0.

Theorem 4 Consider a generalized Polya urn with diagonal replacement

matris
X 0
0 Z )’

1oaf px > pz >0, let p=£2 and D = u, BW=*,
(a) almost surely as n — +o00
W, =puxn+o(n), B,=Dn"+o(n’),
- 1
(b) if 0 < p <35, we have as n — +00

Wn —Nux

Jn

(¢) if 1+ < p <1, we have as n — +o0

_ L
+\/_/¢X’:—XBW V2,1 SN (0, 0%),
Z

W, —
MHx P _MS)(#—XBW_p-
ne Uz

2. if ux = puz almost surely as n — +oo

Wi = px n+o(n),  B,=ux n+o(n).

W+ B W+ B



Remarks:

1. The branching process (W (t), B(t)) consists of two independent gen-
eralized Yule processes, thus, the limits W and B are independent and
P(B > 0)P(W > 0) > 0 (recall that px.uz > 0).

2. Let fx(s) = sE(sY) (resp. gz(s) = sE(s?)) be the probability gener-
ating function of X + 1 (resp Z + 1) and ow (u) = Ele™W], ¢p(u) =
E[e7“B]. Since conditions E[XIn X] < oo and E[ZInZ] < oo are
fulfilled we deduce by [10, 13]

go;vl(v):(l—v)exp/lv [fx(i;(_s_sil]d& 0<v<1l (5
(’pél(y):(l—v)exp/lv [gz(l;)z_s_sil]ds’ 0<v<1l. (6)

These two expressions give the characterization of W’s and B’s distri-
butions. As a consequence, in the case 2) W and B have the same law.
In the deterministic case where X and Z are constants, we find that
W and B are Beta distributed.

We present also some results about the split times (7,,),>1. It’s known
(see [3]) that 7,, tends almost surely to infinity as n — oo. We define, for all
positive integers n , the process {(T,, Gn)}n>1 by

T == S (Wir) + B(ry)) !

J=0

where G, is the o-algebra generated by 71, -+, 7,, W(71), B(71),- -+, W(T0—1)
and B(7,_1). We have the following result:

Theorem 5 Under hypothesis H, the process (T,,, Gn)n>1 18 an L* bounded
martingale, consequently, it converges almost surely, and in L* to some ran-
dom variable (Ty,Gs) € L2

Using Theorem 5, we obtain an asymptotic expansion of 7,
Proposition 1 Under H , one has, almost surely
Tn 1

—_— = — 1).
Inn uX+0()



This extends results by Athreya and Ney [3] (Theorem V.7.3) and S. Janson
[11] (Lemma 11.1).

3 Proof of Theorem 1

Let

FO=BOV0), g0 =B(B0) and Ao = (1)) =B,

Markov property and Chapman-Kolmogorov equation imply, this is a classi-

cal result, that
d

H(D) = SH(t) = AM() )
and that )(t) is an Fi-martingale. By integration, equation (7) implies
H(t) = exp (tA)H(0) = exp (tA) (W, Bo)" (8)

Case when pux > uy

Consider the process {B(s), s > 0} (resp. {W(s), s > 0}) at time t + 0t,
where 6t is an infinitesimal increment of time. Given B(t) and W (t), the
number of black (resp. white) balls at time ¢t + ¢ is what it was at time
t, plus the number of black (resp. white) balls added during the infinitesi-
mal period (¢, 4 dt). For each ball among the S(t) := B(t) + W (t) black
and white ones, the number of splittings that happen in the time interval
(t,t + ot) follows a P(0t) distribution; some of the resulting children may
themselves give additional children but their number has O(dt)? average and
square mean. Further more, any two different balls have independent birth
processes. Therefore, given B(t) and W (t), B(t + dt) and W (t + ot) satisfy:

B(t) P
B(t + 6t) = +ZZZ,”+O& (9)
j=1 k=1
and
W (t) P;(dt) B(t) P;(dt)
W(t 4 t) = Z Xpj+ Y)Yy +0(6t)?  (10)
j=1 k=1 j=1 k=1



where P;(dt) are iid random variables that have P(dt) distribution, all Zj ;,
X j, Yi,; are iid r.v. that have respectively Z’s, X’s, Y’s distribution and
independent of B(t), W (t). Squaring equations (9) and (10) we obtain equa-
tions of the conditional second moments:

E(B*(t +6t)|B(t)) = B*(t) +2B*(t)dtuy
Vg B(8)5t + p%StB(t) ((5tB(t) - 1) +O((51)?).
and

E(W2(t + 6t)|B(t), W(t)) = WQ(t)+2[W2(t),ux+W(t)B(t)uy]5t

+ [W(pxs + Bty ot

+0((dt)?).
Take expectations, and let 6t — 0 to get the differential equations:
d
590(75) = 2uz6(t) + g(t)oy (11)
and p
X0 = 200X () + 2y (8) + pxa £ () + pov29(2) (12)

where p(t) = E(B(t)),x(t) = E(W?(t)) and ¢(t) = E(B(t)W(t)). The
solution of (11) is easily seen to be

AR o
o(t) = By <1 + M—Z>e wat Bou—ze“zt. (13)

We prove similarly that ¢ (t) satisfies the following differential equation

%Wt) = (pz + px)Y(t) + pyp(t).

After computation of ¢ (¢) and x(¢), we easily conclude that (Y(¢), ¢ > 0) is
L? bounded.

Case when ux = pyz:

By (13), also available in this case, the process (e7*XB(t), t > 0) is L?
bounded.
As in the first case, we prove that, the process

M(t) == e "XW (t) — pyte "X B(t)
is L? bounded.
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4 Proofs of the main results

4.1 Proof of Theorem 5

For all integer n > 1, let v, = 7, — 7,_1: be the holding time between the
(n — 1)-st and the n-th splits and vy = 0, S, = W,, + B,,. Given G,_1, v, is
an exponential random variable with mean (S,_;)~'. But, for all integer n,
we can write 7, = Z;:o vj, this yields the martingale property.

On other hand, we have , E(T;) = 37~ T E(S;7?) (see [3]).
Define for each i € N, R; = min{X;, Y + Z} The random variables
{R;}{i>1y are independent with the same law as R = min{X, Y + Z}.
By (H1), P(R > 0) =P(X > 0)P(Y + Z > 0) > 0.
Then pr =E(R) >0 (P(R=0) < 1).
From [3] (Theorem II1.9.4) and the strong law of large numbers

n? ) 1
(So+ > Ri)?/ g

But, since the initial total number of balls equals Sy, one gets S,, > Sy +
>y Ri, so that

limE<

5(q) <Bmren )

is bounded above. As a matter of consequence, the sequence E(T?) converges.
O

Proof of Proposition 1: We prove this Proposition in two steps, assuming
at first pux > pz, then pux = py.

(i) Case when px > pz: It follows from Theorem 1 and the almost-sure
limit: lim,, 2 NE = 1z that

Lemma 1 If ux > pz > 0, almost surely,

K
NB = —n” 4 o(n”),
Kz

where p = £2 €]0,1] and K is the random variable defined by

K = (ux)’BW + —Y_py=r,
Hx — Hz

11



For a continuous time process S and a positive real ¢y, we define AS(ty) by
AS(t) = lim [S(to te) = Slto — g)] .

It is the jump, at time ¢y, of the process (S(t)):>o.
Let S, = W,, + B,,, we can write, for n > 1

NB
Sn

== s ZAW Z(AB( F)+ AW ()

n -
=1

Sy 1 R

Using Lemma 1, and the strong law of large number, we deduce that almost
surely,

B

n

—ZX px +o(l) and %Z(Zi—l—Yi—Xi):O(npl)’

i=1
then for n large, we can write almost surely
n 1
— = —(1++o0(1)),
& = (Lt ro(D)
and, by [3] (Theorem [I11.9.4]), we conclude:
Zl(ﬁ _ L) Ee
o1 Sn - bx 7

where (' is a finite random variable. It means that, as n — +oo
n—1
1 1 a.s.
S (L) Loy

Using the fact that 7T, is an almost surely convergent martingale, and putting
T, as the corresponding limit, it follows that, almost surely

n—1
1 Inn
j=1 S] hx

12



(ii) Case when uy = pz: From (3) and (4) we prove that

—pxt
lim W) £ uy B. (14)

t——4o00 t
When replacing ¢ by 7,,, the quotient of (14) by (4) gives
WTL a.s

li = . 15

N )
Then Equation (23), implies

lim — % Y (16)

n—+oo 7, B, KX .

Again, using (4), we conclude lim,,_, o, 2=2C#x™) &2 Buy Thig means that

Tn 1254
) Tn as 1
4.2 Proof of Theorem 2
Proof of claim 1)
1-a) By (1) and (2), we can write
W (t _EX L W
O Bt — ) - DBy = W
(B(t))uz Hx — Uz (B) hz
(18)

Replacing in (18) t by 7, ; since (W,,, B,) = (W(r,), B(1,)) almost surely
and since 7, tends almost surely to infinity as n tends to infinity (see [3]),
we obtain

Wn Ky 1—EX

G T g (R — ) — (B
s, W (19)
(B)*

But, it’s known (see [3, 11]) that 2 = ;v | then

n HZ—HX “HX
fa- s Y pURT swpr

(Biz) P
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this proves 1 — a) second equation. The rest of proofs of 1 — a) is immediate
using the last equation and the fact that

Wn a.s. Bn a.s.
Nw O HX NE 2% gy and NV + NB =n.

n

1-h) We have W, = Wy + SN X,w + ¥ ¥,5, then

Wn —Nux 1 W(]

NW 1 NB
- N (X — N (Vs — .
\/ﬁ n;( ™ :UX)"{'\/H;( B :UX)"{'\/H
Because NV =n + o(n) and by the central limit Theorem we deduce

NW

1 n
Tn > (Xow — ix) =N (0, 0%).

=1

On the other hand, from (1 — a),

if p < %,
NB NB
1 n NB 1 n
=SV —px) = A > (Ver — px)
\/ﬁjzl vn Ni ~
=5 0% (py — px) =0
if p= %,

% i(YTf — px) — k (by —px) = [i ZH(YTF — uy) + NB(py — ux)]

mz

and we conclude using the fact that

NB K 1 o 0.
(% - m—Z) — 0, and WZ(YQB — py) = 0.
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1-c) if 3 < p <1, We decompose W, as in 1 — b)

NV NE
W, —nux 1 1 & NP Wo
=D (K — )+ (Vo — ) + (i — ) + 2
=1 7j=1

The first term in the right hand side tends in L? to 0, in fact,

w

I ¢ 2 2w N 2 1-2p
E(np 3 (X - ux)> = XE(—%) < okn' ™ 0. (20)
=1

On the other hand, by the strong law of large numbers and (1 — a), we
conclude

NB NB
1 N 1 <& NB as K
s 2 I(Y B — [ly) " NE Eﬁ (Y B iy ) an (,uy ) .

Proof of claim 2) It follows from equations (3) and (4), that

Wn a.sS. W
px - My In(B,) — px g~ My In(B). (21)

This leads to:

Lemma 2 Under the conditions of Theorem 2(2.), almost surely,

W,
hrf —" = 400, NV =n+o(n) and N? = o(n).
Proof : Because of Equation (2), B(t) ~ Be'Z when t tends to 400, so that
B, tends to infinity when n tends to infinity. Thus Equation (21) implies
that W, /B, tends almost surely to infinity as n tends to infinity. But, for
n>1

N NB NB
Wo=Wo+ ) Xow+Y Yoo, and By=Bo+ ) Z.s, (22)
i=1 j=1 Jj=1

SO ]]\3,2,, 2% pz and the first assertion of this Lemma, yields Wz *% too.

N7
This implies that
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the result of Lemma 2 follows using the identity: N + NB =n.
By the strong law of large numbers and Lemma 2, we conclude, almost surely
Wy

lim — = ux. 2
Wl Ty = (23)

Asymptotic of B,, can be, easily, obtained using Equations (16) and (17) .

4.3 Proof of Theorem 3
From Theorem 1 we deduce that:

Corollary 1 The process (e "** (W (t) + £2))=0) is a positive martingale.
Let
lim e "H (W () + 20y = w4+ 22 (24)
=00 Hx 15'¢
In particular
E(W (1)) = Ky T HX s _ B
Hx Hx

claim 1): Let, for ¢t > 0, N(t) := #{k : 7,7 <t} the number of splits of
black balls up to time ¢, and let 7,, be the time of the n'* draw. Then

n—N(Tn) N (1)
W(r,) =W, =Wy + Z Xow + Z Vs (25)
J=1 i=1

Since (N (t))u>0) is a Poisson process with intensity By, hence

N t a.s.
# — By, when t — +00. (26)

In particular, e *¥'N(t) == 0, and (24) and (25) yield, since 7, == +o0,

lime "X™W, = W+ A (27)
n /'I’X
lign pxe *Xmn = W+ Z—; (28)

Equation (27) can be written as

I n a.s.
) JRESREN ‘/‘/ _|_ /IL_Y.
npLx

eﬂxTan — <n“X€—MxTn> (
Hx

16



Consequently, by equation (28), we conclude that

Wn a.s.
— 1.
nitx

claim 2): Using Equations (28) and (26), we deduce that

Lemma 3
N (7, B
lim (72) = =2 a.s., and
n Inn 15
1
o= —L00).
X

We have the following representation of W,

N(7n)

W, = Wy + ixk + Y (Vo= X,p),

k=1 j=1

where (X;)1<i<n (vesp. (Y;)j>1) are mutually independent and identically
distributed as X (resp. Y) and 77, . .. ,Tﬁ(m) are the orders of the black ball
splits up to time 7,.

Let A(t) = ﬁ Z;y:(?(YTjB — XTJB) which by Lemma 3 and the strong law
of large numbers, converges almost surely to: uy — px. Now, observe the
identity

n

Wy —npux — Wy = Z(Xk: — px) + N(72) A7)

k=1
By virtue of the central limit Theorem, Lemma 3 and Slutsky’s Theorem,
the result of 2) follows.

claim 3): Since (N(t))@>0) is a Poisson process with intensity B, and
T, — +00 when n — +00, we have

N(Tn) — By, c
—\/T_n N(0, Byp). (29)
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Consider

1 —
K, = (Wn—na—'uy aBolnn>
Inn «
L (N — o)~ B Byt 3 (v — )
= Tn —a) — nn B —
Vinn Hy a 0 i Hy
(n)
N(Tn)—ﬂlnn> 1
= -« = + Y 5 — .
(1 — ) (= o 2 (=)

Define, for t € (=1,1), ¢,(t) = E(e7*5") (resp. ¢(t) = E(e " Y=#v))) the
Laplace transform of K,, (resp of Y — uy). We have

onlt) E:exp<—t(MY—Oz)(N<Tn3/1_n—?lnn)>exp<— &i)mjs—uy))]
= e (=t = (M) (o)™
— Bfexp (-~ tay a>(N<T">¢jn_?1“”))exp (N m(o(—=))]
= Blow (MR (Vi) - )]
X exp (—lnnln(qﬁ(\/;_n)))

Since, for n large,

t t 12 1
= E|l - Y — Y — 2 —
QS(\/m) |: \/m( 'LLY>+21HTL( MY) +0(1nn)]
I S
a 21nn0y © Inn

we conclude that, as n large,

Bo InnIn(¢(

(6% ln n 200

then




On the other hand, using Equation (29), we have from Lemma 3,

N(r,) — 2 n N () = Bora | Bo(ra — %)

Vinn Inn Vinn
_ N(m) — Bor | Ta N Bo(7, — h;”)
B N Inn Inn
B
— N(0,22),
«

and, when n — 400, we have

— t 2, 1
lnnln(qb(\/m)) = lnn(may + O(E)> —0
Finally, we conclude that
B B
On(t) — exp (Soluy — )t + 2ot t?)

4.4 Proof of Theorem 4

We study the asymptotic behavior of the number of black balls B(t) and
white balls W (t). We see that (B(t))u>0) and (W(t))u>0) are independent
Yule-type branching processes. Let F}V (resp. FP) the sigma fields generated
by the process (W (u),0 <u <t) (resp. (B(u),0 <wu <t)). We deduce from
Theorem 1 that:

E(B(t)) = 2t | E(W(t)) = etx? (30)
and
E(W(t +s)|FY) = "W (t), (31)
E(B(t + 5)|FP) = e"2*B(t), (32)
eV (1) 25 W, e M2'B(t) X5 B. (33)

In order to prove claim (1) of Theorem 4, we need the following lemma

Lemma 4 If pux x pz > 0 then :

WTL B?’L a.s
— + — =n+o(n), (n— +00).
Hx Mz
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NW NE
Proof: We have W,, =Wy + 3. Xow and By, = Bo + .7 Z.5.
By the strong law of large numbers, and the fact that almost surely,

lim N = 400, lim N? = 400,

we deduce
Wi as. By as.
NW — HX, NB — Mz
This implies, almost surely, that
Wi, B,
—2~ NY 4 0(n), == ~NB4on). (34)
mx bz
But NP + NW = n, then, by equation (34), we conclude
Wn By as
— 4+ —"=n+o(n), (n— +cx0).
mx bz
By (33), we conclude that:
Wp as WP
Then from (35) and Lemma (4) we deduce 1 — a).
To prove 1 — b) observe from (34) and 1 — a) that
D
N,=n+o(n), N7 =—n"+on"). (36)

Kz
For n > 1, we can decompose W,, as

n NB
W, — nix Wo 1 1 -
) S0 RTI R  r

NP> VIR
By the central limit Theorem we have
LS (x £, N(0,0?
WZ( K — Hx) — N(0,0%).
k=1

In the other hand using (36) and the strong law of large numbers
11 NB 1 &
ifp<§’ﬁZXTB = ——ZXB—>OX/LX:O

NE NEB
1 D 1 «— D NB 1 & a.s
== = __EX - = __H_E:x 2500
e 2 MXMZ Vn 4 i ,UXM Vn N} &
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We conclude 1 — b) using Slutsky’s Theorem.
In the case 1 — ¢) observe that

n

NB
W, —n W 1 1 &
—M:_0+_§ (Xk_,UX)__E XTJB'

7j=1

nre nr ne ne 4
k=1 —

from (20), # o (X — px) N 0, and by (36), #Z;\z X, 5 &5, Dux

wz
Proof of claim 2: Since 7,, — +00 when n — +o0, we deduce from (33), that
Wn a.s. W

Using the relation N + NB = n and that NP — 400, NV — 400, we
deduce from (37) that, almost surely

B

NP =
s B+Wn—|—0(n)
NV = BYWn—i-O(n),

wich concludes the result of claim 2).
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