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2.6

2.2

2-1.

2-2

2-4.

2-5.

Exercises

The Language of Probability; Sets, Sample Spaces
and Events

From a standard deck of cards a single card is drawn. Let FE he
the event that the card is a red face card. List the outcomes n the
event F.

An insurance company insures buildings against loss due to fire.

(a) What is the sample space of the amount of loss?

(b)  What 1s the event that the amount of loss 1s strictly be-
tween $1,000 and $1,000,000 (i.e., the amount x is in the
open interval (1,000, 1,000,000))?

An urn contatns balls numbered from 1 to 25. A hall is selected

and its number noted.

(a)  What is the sample space for this experiment?

(b) If E is the event that the number is odd, what are the
outcomes in E?

An experiment consists of rolling a pair of fair dice, one red and
one green. An outcome is an ordered pair (r, g), where r is the
number on the red die and g 1s the number on the green die. List
all outcomes of this experiment.

Two dice are rolled. How many outcomes have a sum of (a) 7;
(b) 8; (c) 11;(d) 7 or 117

Suppose a family has 3 children. List all possible outcomes for
the sequence of births by sex in this family.
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2-7.

2-8.

2-9.

2-10.

2-11.

2-12.

2.4

2-13.

2-14.

Compound Events; Set Notation

Let 5 be the sample space for drawing a ball from an um
containing balls numbered from 1 to 25, and E be the event the
number 1s odd. What are the outcomes in ~E"7

In the sample space for drawing a card from a standard deck, let
A be the event the card 15 a face card and B be the event the
card 1s a c¢lub. List all the outcomes in AN B.

Consider the insurance company that insures against loss due to
fire. Let A be the event the loss is strictly between $1,000 and
$100,000, and B be the event the loss is strictly between
$50,000 and $5300,000. What are the events in AU B and
AnB?

An experiment consists of tossing a coin and then rolling a die.
An outcome is an ordered pair, such as (H,3). Let A be the
event the coin shows heads and B be the event the number on
the die is greater than 2. What s A N 5?

In the experiment of tossing two dice, let £ be the event the sum
of the dice 1s 6 and F' be the event both dice show the same
number. List the outcomes n the events KU Fand £ F.

In the sample space for the family with three children in Exer-
cise 2-6, let E be the event that the oldest child is a girl and F
the event that the middle child is a boy. List the outcomes in F,
F.EUFand EFnF.

Set Identities

Verify the two distributive laws by drawing the appropriate
Venn diagrams.

Verify De Morgan's laws by drawing the appropriate Venn
diagrams.



2-15.

2.5
2-16.

2-18.

2-19.

2-20.

2-21.

Let M be the set of students in a large university who are taking
a mathematics class and F be the set taking an economics class.

(a) Give a verbal statement of the identity
~(MUE)=~MnN-~E.

{b) Give a verbal statement of the identity
~(MNE)=~MU~E.

Counting

An insurance agent sells two types of insurance, life and health.
Of his clients, 38 have life policies, 29 have health policies and
21 have both. How many clients does he have?

A company has 134 employees. There are 84 who have been
with the company more than 10 years and 65 of those are college
graduates. There are 23 who do not have college degrees and
have been with the company less than 10 years. How many
employees are college graduates?

A stockbroker has 94 clients who own erther stocks or bonds. If 67
own stocks and 52 own bonds, how many own both stocks and
bonds?

In a survey of 185 university students, 91 were taking a history
course, 75 were taking a biology course, and 37 were taking both.
How many were taking a course in exactly one of these subjects?

A broker deals in stocks, bonds and commaodities. In reviewing his
chients he finds that 29 own stocks, 27 own bonds, 19 own
commodities, 11 own stocks and bonds, 9 own stocks and
commodities, 8 own bonds and commodities, 3 own all three, and
11 have no current investments. How many clients does he have?

An insurance agent sells life, health and auto insurance. During the
year she met with 85 potential clients. Of these, 42 purchased life
insurance, 40 health insurance, 24 auto insurance, 14 both life and
health, 9 both life and auto, 11 both health and auto, and 2
purchased all three. How many of these potential clients purchased
{a) no policies; (b) only health policies; (c) exactly one type of
insurance; (d) life or health but not auto insurance?



2-22.

2-23.

2-24.

2-26.

2-27.

2-29.

2-30.

If an experiment consists of tossing a coin and then rolling a die,
how many outcomes are possible?

In purchasing a car, a woman has the choice of 4 body styles, 15
color combinations, and 6 accessory packages. In how many
ways can she select her car?

A student needs a course in each of history, mathematics,
foreign languages and cconomics to graduate. In looking at the
class schedule he sees he can choose from 7 history classes, 8
mathematics classes, 4 foreign language classes and 7 economics
classes. In how many ways can he sclect the four classes he
needs to graduate?

An experiment has two stages. The first stage consists of drawing a
card from a standard deck. If the card 1s red, the second stage
consists of tossing a coin. If the card is black, the second stage
consists of rolling a die. How many outcomes are possible?

Let X be the n-element set {x,zs,...,Z,}. Show that the
number of subsets of X, including X and 0, is 2". (Hint: For
each subset A of X, define the sequence (ay.as,...,a,) such
that a; = 1 1f z; € A and 0 otherwise. Then count the number of
SEquences).

An arrangement of 4 letters from the set {A, B,C, D, E,F} is
called a (four-letter) word from that set. How many four-letter
words are possible if repetitions are allowed? How many four-
letter words are possible if repetitions are not allowed?

Suppose any 7-digit number whose first digit 15 neither 0 nor |
can be used as a telephone number. How many phone numbers
are possible if repetitions are allowed? How many are possible
if repetitions are not allowed?

A row contains 12 chairs, In how many ways can 7 people be
seated in these chairs?

At the beginning of the basketball season a sportswriter is asked
to rank the top 4 teams of the 10 teams in the PAC-10 confer-
ence. How many different rankings are possible?



2-33.

2-34.

2-35.

2-36.

2-37.

2-38.

2-39,

2-40.

A club with 30 members has three officers: president, secretary
and treasurer. In how many ways can these offices be filled?

The speaker’s table at a banquet has 10 chairs in a row. Of the
ten people to be seated at the table, 4 are left-handed and 6 are
right-handed. To avoid elbowing each other while eating, the
left-handed people are seated in the 4 chairs on the left. In how
many ways can these 10 people be seated?

Eight people are to be seated in a row of eight chairs. In how
many ways can these people be seated if two of them insist on
sitting next to each other?

A club with 30 members wants to have a 3-person governing
board. In how many ways can this board be chosen? (Compare
with Exercise 2-31.)

How many 5-card (poker) hands are possible from a deck of 52
cards?

How many of those poker hands consist of (a) all hearts; (b) all
cards in the same suit; (¢) 2 aces, 2 kings and 1 jack?

In a class of 15 boys and 13 girls, the teacher wants a cast of 4
boys and 5 girls for a play. In how many ways can she select the
cast?

The Power Ball lottery uses two sets of balls, a set of white balls
numbered 1 to 55 and a set of red balls numbered 1 to 42. To
play, you select 5 of the white balls and 1 red ball. In how many
ways can you make your sclection?

How many different ways are there to arrange the letters in the
word MISSISSIPPI?

An insurance company has offices in New York, Chicago and
Los Angeles. It hires 12 new actuaries and sends 5 to New York,
3 to Chicago, and 4 to Los Angeles. In how many ways can this
be done?



2-41.

2-42.

2-43,

2-44,

2-45.

2-46.

2’.?

2-47.

A company has 9 analysts: It has a major project which has been
divided into 3 subprojects, and it assigns 3 analysts to each task.
In how ways can this be done?

Suppose that, in Exercise 2-41, the company divides the 9
analysts into 3 teams of 3 each, and each team works on the
whole project. In how many ways can this be done?

Expand (25 — t)%.

In the expansion of (2u — 3v)*, what is the coefficient of the
term mnvolving u’v*?

Prove the Binomial Theorem. (Hint: How many ways can you
get the term =™ *y* from the product of n factors, each of which
is (z + 1)7?)

Using the Binomial Theorem, give an alternate proof that the
number of subsets of an n-element set 1s 2".

Sample Actuarial Examination Problem

An auto nsurance company has 10,000 pohicyholders. Each
policyholder is classified as

(1) young or old;
(i1) male or female; and
(ii1) married or single.

Of these policyholders, 3000 are young, 4600 are male, and
7000 are married. The policyholders can also be classified as
1320 young males, 3010 marrned males, and 1400young married
persons. Finally, 600 of the policyholders are young married
males.

How many of the company’s policyholders are young, female,
and single?
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CHAPTER 2

The red suits are hearts (H) and diamonds (), and the face cards
kings (K), queens () and jacks (J). Thus the outcomes are KH
OH, JH, KD, QD and JD.

¥

{a) The loss can be any positive rational number,

(b} The loss is any rational number in (1,000, 1,000,000).

{a) % consists of the positive integers from | 10 25

{b) E consists of the odd integers from 1 to 25,

5 consists of all ordered pairs (r,g) where r = 12,345, or 6 and
g=1234%5 or6.

Count the number of ordered pairs with the desired sum in the
list in the answer For Exercise 2-4. For example, the only two
pairs which sum to 11 are (5,60 and (6,5}, so the answer to part
fe)is 2.

5 consist of all sequences xyz where cach of x, y and z is either
B or G,

The cutcomes in ~E are the ¢ven (not odd) integers between |
and 25,



2-11.

212,

2-13,

2-15

2-16.

2-17.

The outeomes in ArB arethe club face cards.

AR is all rational numbers in (1,000, 500,000,

AnB is all rational numbers in {50,000, 100,000),

AnE requires an outcome where the coin shows a head and the
number on the die is greater than 2. It consists of the ordered
pairs (H,3), (H4), (H,5) and (H,6).
E={(L3E2H.03304.205.10)

F= (L 1)(2.2),(3,3)(4,4)}(5,5).16.6)]

EUF = {{1,500240(3,3 04,2005, L D22 04,4045, 506,6)

E~F = {(3,3)}

E = [GGG,GGB.GBG,GBB}  F = (GBG.GBB,BBG, BBB)
ELF = (GGG,GGB,GBG.GRE, BBG,BEB]

E~F = {GBG,GBB}

To verify (2.1) draw a Venn diagram for Ar(BLC) and a second
one showing (AnB) and {(A~C) and obscrve that the first is the
union of the second and the third.

Ar(BLIC) (AFBY_(ANC)

A T EB B
-
N
i \L

See verbal statements in Answers 1o the Exercises.

7

L

Let H be the set of those with health insurance and L be the set
of those with life insurance. Then (LLH) =38 + 20 - 11 = 46,

Let L be the set of those with the company mare than 10 years
and D be the set of those with college degrees. The given data
can be used to fill in the Venn diagram below, Then n(LuD) =
134 - 25 =111 Then (D)= n{LD) - 19= 111 - 19 =92

L D

Let 8 be the set of thase who own stocks and B be the set of
those who own bonds. So n{S~Bl =67 +52 — 94 = 25,

The given data can be used to fill in the Venn diagram below.
The number of students taking exactly one of these courses is

54+ 3§ =92,
H a B

To verify (2.2) draw a Venn diagram for AL{BC) and a second
one showing (AUB) and (AwC), and observe that first is the
intersection of the second and the third.

ALBACY (ABI{ALC)

A B A B
]
c c

2-14. To verify (2.3) draw a Venn diagram for ~{AB) and a second
one showing -~A and ~B, and verify thar the first is the
intersection of the second and the third.

~(ALB) ~Ar-B

-

To verify (2.4) draw a Venn diagram for ~{AnB) and a second
one showing ~A and ~B, and verify that the first is the union of

the second and the third,
~{AnB) —Au-B
L 11 I_LJ
::7’ S—
==Ri=01e
\\ \\ i I :_5 f —
s A H:

2-20.  Using the given information we get the following Venn diagram.

A B
Ay
L

The total number of clients is 1.

221, Using the given information we get the following Venn diagram.

{a) The number with no policies is 85 — 74 =11.

{b) The number with only health policies is 17.

(¢} The number with exactly one policy is 21 + 17+ 6= 44,

{d) The number with life or health but net asto is
2L+12+17=350,

2-22.  Number of outcomes is 2 - 6=12.

2-23.  Number of ways o select car is 4 - 15 - 6= 360,

2-24.  Number of ways 0 select classesis T+ 3 -4 7= 1568,



231

2-32.

Number of cutcomes is 26 - 2+ 26 - 6 = 208,

Each sobser corresponds with exactly ene sequence,  For
example the subset {x.x;} corresponds with the sequence
(1L1,0,0,...0). There are 2" sequences, so there are 2" subsets.

If repetitions are allowed, the number of words is 6 = 1296
Ifrepetitions are not allowed, the number is P(6,4) = 360,

If repetitions are allowed there are § - 10° possible numbers.
If repetitions are not allowed there are

B.9-8.7-6-5 4= 483840 numbers.

The number of seating arrangements { in order) is
POI2,T) = 3991 280,

The number of rankings (in order} is P{ 14) = 3040,
The aumber of ways to 1ill the offices is P{30,3) = 24,360,

The number of seating arrangements is P(4.4)P(6,6) = 17,280.
tArange the icfi-handers in the firsr 4 seats, and then arrange the
right-handers in the remzining 6 seats.)

2-34.

2-35,

2-36.

237

2-38,

238

First choose a pair of adjacent seats, which can be done in 7
ways, and the two people can be seated in those seats in 2 ways,
Then arrange the & remaining people in remaining & chairs. This
can be done in 6! ways, so the number of seating arrangements is
7-2- 6! =10,080.

The number of possible committees is C(30,3) = 4060, (Order is
irrelovant.}

The number of hands is ((52,5) = 2,598,960, (Order is
ierelevant.y

{a) Number of hands with all hearts is C{13,5) = 1287.

(b} Number of hands with all same suit is 4C(13,5) = 5148,
{Choose one of the 4 suits and then choose 3 cards.)

() MNumber of hands with (AAKK)} is C{4,2)C(4.2) - 4 = 144,
{Choose 2 aces and then 2 kings and then 1 jack.)

Number of ways w pick cast is C{154)C(13,5) = 1,756,755,
(Choose 4 boys and then § girls.)

Number of ways to sclect balls is C(29,5) - 42 = 80,089,128,

Number of distinguishable arrangements of MISSISSIPPL s
1184414121y = 34,650, (There are 11 slots to fill with the 11
letters. First select 4 slots for the 4 I's, and then 4 slots for the 4
5§73, and 2 slots for the 2 P's, leaving one siot left for the M.}



2-40.

2-42,

2-43.

2-44,

2-45,

2-46,

Number of ways to assign the actuarics is 1214 513140y = 27,720,
since this constitutes a partition of the group,

Number of ways to assign the analysts is 91/(31) = 1680, since
this constitutes a partition of the group,

In this case the 3 teams are not distinguishable bv 1ask. If the 9
analysts arc divided inte 3 three-man teams. A, B and C, and
have distinguishable tasks, these teams can be assigned o the 3
tasks in 3! = 6 ways, But if the tasks are all the sarme, those &
partitions constitute a single division into teams. Hence the
divisions into teams is the number of partitions divided by &
which is 68076 = 280,

(25 — 1) = (28)" + A(2s){-0) + 6{25P(~1)" + 425 —1) + ()"
Term is C{8.3)(2u)(-3v), and coefficient is — 48, 384,

An x"M* is obtained by selecting k of the (x+v) factors from
which to take y and taking x from the remaining -k factors,
This can be done in Ci{n,k) Ways.

The number of subsets of size k from a set of size n is Cink).
Then 2" ={1+1)'= EZC0n.k) = the total number of subsets,



Exercises
CHAPTER 2
2-1.  KH, QH, JH, KD, QD, JD
2.2, (a) S5 = {z|r = 0and r rational }
(b) E = {x| 1,000 < = < 1,000,000 and r rational}
2-3, (a) 5 ={1,2,3,...,25} (b) K = {1,3,5....,25}
2.4 (L DL 200,301, 4),(1,3),(1,6).02,1),(2,2),(2, 3),(2,4).(2,5).(2, 6).
(3.1).03,2),03,3),(3,4).(3,5),(3,6).(4,1),(4,2).(4, 3),(4.4),(4, 5).(4,6),
(5, 10,05, 2),(5.3),(5,4).(5,5).(5,6).(6, 1),(6, 2),(6, 3),(6,4).(6, 5),(6, 6)
2-5 (a) 6 (b) 5 (c) 2 (d) 8
2-6. BEB, BBG, BGB. BGG, GBB, GBG, GGB,GGG
2-7. ~E=1{2,406,..,24)}
2.8, KC,QC, IC
2.9, AU B = {211,000 < x < 500,000 and x rational },
AN B = {z/50,000 < z < 100,000 and z rational}
2-10.  (H,3), (H,4), (H,5), (H,06)
2-11. EuUF

Answers to the

= {1, 50(2,4).(3,3).(4, 2),(5, 1),(1, 1),(2, 2).(4, 4).(5,5).(6, 6)}
ENF = {(3,3))



2-12.

2-16.

2-17.

2-18.

2-19.

2-25.

2-27.

2-28.

E = {GGG, GGB, GBG, GBB}, F = {GBG, GBB, BBG, BBB},
E U F = {GGG,GGB, GBG, GBB, BBG, BBB},

EnfF

(a)

(b)

92

61

{a) 11
12
360
1568

208

= {GBG, GBB)

"You are not taking either a mathematics course or an
economics course’ 15 equivalent to “you are not taking a
mathematics course and you are not taking an econo-
mics course.”

“You are not taking both a mathematics course and an
economics course” is equivalent to “you are either not
taking a mathematics course or you are not taking an
economics course.”

(b) 17 (c) 44 (d) 50

1296; 3060

8,000,000; 483,840

3,991,680

5040



2-31. 24360

2-32. 17280
2-33. 10,080
2-34. 4,060

2.35.  2,598.960
2-36. (a) 1,287 (b) 5,148 (c) 144
2-37. 1,756,755

2-38. 146,107.962

2-39. 34,650
2-40. 27,720
2-41. 1,680
2-42. 280

2-43.  16s* — 325 + 24577 — 8517 + 47
244, —48.384

2-47. 880
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3-2.

3-3

3-4.

3-6.

3-7.

Exercises

Probability by Counting for Equally Likely Qutcomes

You toss a fair coin 3 times. What is the probability that you get
2 heads and 1 tail? (Note: All possible outcomes for this exper-
iment were given in a tree in Section 2.5.3.)

If a fair com 1s tossed 3 times what is the probability of getting
at least 1 head?

An urn contains 3 red balls, 7 green balls and 6 blue balls. If a
ball is selected at random from the urn, what is the probability
that it 1s (a) red; (b) not green?

A consulting company has 68 employees. Of these 21 have
degrees in mathematics, 33 have degrees in economics and 7
have degrees in both. What is the probability that an employee
chosen at random has a degree in either mathematics or econ-
omics?

[f a pair of dice 1s rolled, what is the probability that the sum of
the two dice is (a) 7; (b) 11: (c) less than 57

An insurance agent has 78 chients. Of these 45 have life insur-
ance, 32 have auto insurance, and 16 have both types. What is
the probability that a client chosen at random has neither life nor
auto insurance?

An urn contains 4 red balls and 6 green balls. Three balls are
selected at random. What is the probability (a) all 3 are red; (b)
1 i5 red and 2 are green; (c) all 3 are the same color?

A computer company has a shipment of 40 computer compo-
nents of which 5 are defective. If 4 components are chosen at
random to be tested, what is the probability that (a) all are good;
(b) 2 are good and 2 are defective?



3-9.

3-14.

3-15.

3-16.

3.2

3-17.

3-18.

Ten people, 5 men and 5 women, are to be seated in a row of
ten chairs. What 1s the probability that the men and women end
up in alternate chairs?

& people were all bom in January. What is the probability that at
least 2 of them have the same birthday?

What 1s the probability that at least 2 of a group of 4 people
were born on the same day of the week?

4 balls are picked at random from an urn containing 5 red balls
and 6 blue balls. What is the probability that you get balls of
both colors?

A 5-card poker hand is dealt from a standard deck of cards.
What 1s the probability that you get a full house (3 of one kind
plus a different pair, such as KKK55)?

If a poker hand is dealt, what is the probability that you get 2
pairs (e.g., QQ993)?

The odds for an event £ are defined as the ratio P(F) to P(~-E).
Odds are generally written as the ratio of two integers, such as
5:4, which is read “5 to 4", The odds against F are given by the
reverse ratio (i.e., 4:5). If a pair of dice are rolled, what are  (a)
the odds for a 7; (b} the odds against an 117

If the odds for £ are known, say r:s, then P(E) = v/{r + 5). If
the odds against F' are a:b, what is the P(F)?

Probability When Outcomes Are Not Equally Likely
Prove P(~E) = 1 — P(E).

Prove P(AU B) = P(A) + P(B) — P(An B) using the axioms
in Section 3.2.2, Hint: First show that

(AUB) = (AN~B)U(AN B)U(~AN B).



3-19.

3-20.

3-21.

3-22.

3.3

3-23.

3-24,

3-25.

3-26.

A four-year college has the following enrollment by class:
27.8% freshman, 26.3% sophomore, 24.4% junior and 21.5%
senior. What is the probability that a student chosen at random 1s
a Junior or senior,

An auto insurance company finds that in the past 10 years 22%
of 1ts policyholders have filed liability claims, 37% have filed
comprehensive claims, and 13% have filed both types of claims.
What is the probability that a policyholder chosen at random has
not filed a claim of either kind?

A teacher’s grade distmbution for the year is as follows: A,
13.1%; B, 27.8%; C, 31.2%; D, 8.9%: E, 9.4%: and W, 9.6%.
What 1s the probability that a student of this teacher got (a) a
grade C or better; (b) a grade of D or E?

In a survey of college students it was discovered that 37% had
received flu shots, 58% had a skin test for tuberculosis, and 21%
had received neither. What is the probability that a student
received both?

Conditional Probability

In Exercise 3-21 what is the probability that a randomly selected
student got an A, given that she got a grade of C or better?

In the first quarter of a year, a company’s records showed that
63.5% of its employees missed no work, 23.7% missed one day
of work, 8.1% missed two days, and 4.7% missed three days.
What is the probability that an employee who missed work
missed only one day?

An insurance company classifies its claims as low if they are
under $10,000, and high otherwise. During the year 79.2% of its
policyholders filed no claims, 16.9% filed low claims, and 3.9%
filed high claims. If a policyholder filed a claim, what is the
probability that it was a low ¢laim?

Two cards are drawn from a standard deck without replacement.
What 1s the probability that (a) both are hearts; (b) neither is a
heart; (c) exactly one 15 a heart?
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For the expeniment of tossing a single fair coin 3 times, what 15
the probability of getting exactly 2 heads, given that you get at
least one head?

For the experiment in Exercise 3-27 what is the probabihity of
getting exactly 2 heads, given that the first toss i1s a head?

Three cards are drawn from a standard deck. What 1s the
probability that all three are hearts, given that at least two of
them are hearts?

Independence

Let X be the experiment of drawing a single card from a deck.
Let A be the event the card 1s a spade or a heart, B be the event
it is a spade or a diamond, and C be the cvent it is a spade or a
club. Show that each of the pairs (A, B). (A,C) and (B.() is
independent. Show that P(ANBNC)# P(A)- P(B) - P(C).

Two cards are drawn from a standard deck with replacement.
Let Al be the event the first card 1s an ace and A2 be the event
the second card 1s an ace. Show that Al and A2 are independent.

Let S be the sample space for rolling a single die. Let
A= {1,2,3,4}, B =12.3,4}, and C = {3,4,5}. Which of the
pairs (A4, B), (A, C) and (B, C') is independent?

A company needs some of 1ts employees for a task that requires
that they not be color blind. In testing them it finds that 7 of the
130 men are color blind and 2 of the 170 women are color blind.
Are the events male and color blind independent or dependent?

A student is taking a history course and an English course. He
decides that the probability of passing the history course is .75
and the probability of passing the English course 1s .84, If these
events are independent, what is the probability that (a) he passes
both courses; (b) he passes exactly one of them?
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A company has three identical machines operating independent-
ly of each other. The probability of any one machine breaking
down during the next year 1s .05. What is the probability that
during the next vear there will be no breakdowns?

A machine has two parts that could fail and have to be replaced.
The probabilities of failure of parts 4 and B are .17 and .12,
respectively. If failures of these parts are independent of each
other, what is the probability that at least one of them will fail?

For the experiment of tossing a single fair coin 3 times, let E be
the event the first toss is a head and F* be the event 2 heads and
1 tail are tossed. Are E and F' independent?

Bayes’ Theorem

A manufacturing company has a fabrication plant and an
assembly line. The fabrication plant has 60% of the employees
and the assembly line 40%. During the past year 35% of the
workers in the fabrication plant sustained injuries and 20% of
the assembly line workers had injuries.
(a)  What percentage of all workers had injuries in this period?
(b) If an employee had an injury, what is the probability that
he worked on the assembly line?

Two jars contain coins. Jar [ contains 5 pennies, 4 nickels and 6
dimes. Jar II contains 6 pennies, 4 nickels and 2 dimes. A jar is
selected at random and a coin is selected from that jar. If the
coin is a nickel, what is the probability that it came from Jar 117

An insurance company divides its policyholders into low-risk

and high-risk classes. For the vear, of those in the low-risk class,

80% had no claims, 15% had one claim, and 5% had 2 claims.

Of those in the high-risk class, 50% had no claims, 30% had one

¢laim, and 20% had two claims. Of the policyholders, 60% were

in the low-risk class and 40% in the high-risk class.

(a) If a policyholder had no claims in the year, what is the
probability that he is in the low-risk class?

(b) If a policyholder had two claims in the year, what is the
probability that he is in the high-risk class?
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A manufacturer has three machines producing light bulbs.
Machine A produces 40% of the light bulbs with 1% of them
defective. Machine B produces 35% of them with 2% being
defective. Machine C produces 25% with 4% being defective. If
a light bulb 1s tested and found to be defective, what is the
probability that it was produced by machine A?

A skin test for a disease is less expensive but less accurate than

an X-ray. In a country 20% of the adult population has this

disease. For a person with the disease, the skin test 1s positive

95% of the time. If a person does not have the disease, it will be

positive 30% of the time.

(a) What is the probability that a person who tests positive
does not have the disease?

(b) What is the probability that a person who tests negative
has the disease?

A card 1s drawn from a deck, not replaced, and a second card is
drawn. What 1s the probability that the second card is a heart?

A company classifies injuries to its workers as minor if the
waorker does not have to take time off and severe if the worker
has to take time off. The company has two plants, A and B. In
plant A 60% of the workers had no injuries, 30% had minor
injuries, and 10% had severe injuries. In plant B 50% had no
injuries, 35% minor injuries, and 15% severe injuries. 70% of all
workers work in plant A and 30% n plant B. What 15 the
probability that a worker with a severe injury worked in plant A?

In Exercise 3-44, what is the probability that a worker who had
an injury worked in plant B and had a minor injury?

Sample Actuarial Examination Problems

The probability that a visit to a primary care physicians (PCP)
office results 1in neither lab work nor referral to a specialist 15
35%. Of those coming to a PCP’s office, 30% are referred to
specialists and 40% require lab work.

Determine the probability that a visit to a PCP’s office results in
both lab work and referral to a specialist.
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You are given P(A U B)=0.7 and P(4 B")=0.9,
Deternune P[A].

An insurance company examines its pool of auto insurance
customers and gathers the following information:

(1)  All customers insure at least one car.

(ii)  64% of the customers insure more than one car.

(i) 20% of the customers insure a sports car,

(iv) Of those customers who insure more than one car, 15%
Insure a sports car.

What 1s the probability that a randomly selected customer
insures exactly one car, and that car is not a sports car?

Among a large group of patients recovering from shoulder
injuries, 1t 1s found that 22% visit both a physical therapist and a
chiropractor, whereas 12% visit neither of these. The probability
that a patient visits a chiropractor exceeds by .14 the probability
that a patient visits a physical therapist.

Determine the probability that a randomly chosen member of
this group visits a physical therapist.

A survey of a group’s viewing habits over the last year revealed
the following information:

(1)  28% watched gymnastics

(i) 29% watched baseball

(i) 19% watched soccer

(iv) 14% watched gymnastics and baseball
(v)  12% watched baseball and soccer

(vi) 10% watched gymnastics and soccer
(vii}) 8% watched all three sports.

Calculate the percentage of the group that watched none of the
three sports during the last year.
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An actuary studying the insurance preferences of automobile
owners makes the following conclusions:

(i}  An automobile owner is twice as likely to purchase colli-
sion coverage as disability coverage.

(1i) The event that an automobile owner purchases collision
coverage 15 independent of the event that he or she pur-
chases disability coverage.

(i11) The probability that an automobile owner purchases both
collision and disability coverages is 0.15.

What is the probability that an automobile owner purchases
neither collision nor disability coverage?

An surance company pays hospital claims. The number of
claims that include emergency room or operating room charges
1s 85% of the total number of claims. The number of claims that
do not include emergency room charges is 25% of the total
number of claims. The occurrence of emergency room charges 1s
independent of the occurrence of operating room charges on
hospital claims.

Calculate the probability that a claim submitted to the insurance
company includes operating room charges.

The number of injury claims per month is modeled by a random

variable N with P{N=n]= where n =0,

Determine the probability of at least one claim during a
particular month, given that there have been at most four claims
during that month.

A public health researcher examines the medical records of a
group of 937 men who died in 1999 and discovers that 210 of the
men died from causes related to heart disease.

Moreover, 312 of the 937 men had at least one parent who
suffered from heart disease, and, of these 312 men, 102 died
from causes related to heart disease.

Determine the probability that a man randomly selected from
this group died of causes related to heart disease, given that
neither of his parents suffered from heart disease.
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An um contains 10 balls: 4 red and 6 blue. A second um contains
16 red balls and an unknown number of blue balls. A single ball
15 drawn from each um. The probability that both balls are the
same color is 0.44,

Calculate the number of blue balls in the second um.

An actuary is studying the prevalence of three health risk factors,
denoted by A, B, and C, within a population of women. For each
of the three factors, the probability 1s 0.1 that a woman in the
population has only this risk factor (and no others). For any two of
the three factors, the probability 1s (.12 that she has exactly these
two risk factors (but not the other). The probability that a woman
has all three risk factors, given that she has A and B, 15 1/3.

What is the probability that a woman has none of the three risk
factors, given that she does not have risk factor A?

An insurer offers a health plan to the employees of a large
company. As part of this plan, the individual employees may
choose exactly two of the supplementary coverages A, B, and C,
or they may choose no supplementary coverage. The proportions
of the company’s employees that choose coverages A, B, and C
are 1/4, 1/3, and 5/12, respectively.

Determine the probability that a randomly chosen employee will
choose no supplementary coverage.

An insurance company estimates that 40% of policyholders who
have only an auto policy will renew next year and 60% of
policyholders who have only a homeowners policy will renew
next year. The company estimates that 80% of policyholders
who have both an auto and a homeowners policy will renew at
least one of those policies next year. Company records show that
65% of policyholders have an auto policy, 50% of policyholders
have a homeowners policy, and 15% of policyholders have both
an auto and a homeowners policy.

Using the company’s estimates, calculate the percentage of
policyholders that will renew at least one policy next year.



3-59.

3-60.

3-61.

A blood test indicates the presence of a particular disease 95% of
the time when the disease is actually present. The same test
indicates the presence of the disease 0.5% of the time when the
disease is not present. One percent of the population actually has
the disease.

Calculate the probability that a person has the disease given that
the test indicates the presence of the disease.

An insurance company issues life insurance policies in three
separate categories: standard, preferred, and ultra-preferred. Of the
company’s policyholders, 50% are standard, 40% are preferred,
and 10% are ultra-preferred. Each standard policyholder has prob-
ability 0.010 of dying in the next year, each preferred policyholder
has probability 0.005 of dying in the next year, and each ultra-
preferred policyholder has probability 0.001 of dying in the next
year. A policyholder dies in the next year.

What 15 the probability that the deceased policyholder was ultra-

preferred?

Upon arrival at a hospital’s emergency room, patients are catego-
rized according to their condition as critical, serious, or stable. In
the past year:

(i)  10% of the emergency room patients were critical;
(11)  30% of the emergency room patients were serious;
(111} the rest of the emergency room patients were stable;
(iv) 40% of the critical patients died;

(vi) 10% of the serious patients died; and

(vii) 1% of the stable patients died.

Given that a patient survived, what is the probability that the
patient was categorized as serious upon arrival?
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An actuary studied the likelihood that different types of drivers
would be involved in at least one collision during any one-year
period. The results of the study are presented below.

.[ . Percentage Probability of at least
| Type of Driver of all drivers one collision
Teen 8% 0.15

Young Adult 16% 0.08

Midhfe 45% 0.04

Senior 31% 0.05

Total 00% |

Given that a driver has been involved in at least one collision in
the past year, what is the probability that the driver is a young
adult driver?

The probability that a randomly chosen male has a circulation
problem is 0.25. Males who have a circulation problem are twice
as likely to be smokers as those who do not have a circulation
problem.

What 1s the conditional probability that a male has a circulation
problem, given that he a smoker?

A health study tracked a group of persons for five years. At the
beginning of the study, 20% were classified as heavy smokers,
30% as light smokers, and 50% as nonsmokers. Results of the
study showed that light smokers were twice as likely as
nonsmokers to die during the five-year study, but only half as
likely as heavy smokers. A randomly selected participant from
the study died over the five-year period.

Calculate the probability that the participant was a heavy
smoker.
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CHAPTER 3

There are § total outeormes, 3 of which give I heads and 1 tail,

(b Piball is mot green) = P{ball is red or blue) =6 + 3W16 = 516

Mumber of emplovees with degree in either mathematics or
economics b5 21+33-7 = 47, The probability that the person

H HHT, HTH or THH. Hence P(2 heads and 1 tail) = 3/8.
3.2 Piat least 1 head) = 1 - Pine heads) = 1 — 1/ =78
33 (a) Pibail is red} = 316
34,
chosen has one of these is 4768,
3-5

There are 36 outcormes, of which 6 givea 7, Z2an 11, and 6 give a

number less that 3

{2y P(T)=636

(b) P{11}=2736

{c) Piless that 5)= 6/36

3-6. Mumber of clients with either life or auto insurance 15
45+32 - 16 = 61. The probability a client has ncither is 17/78,

3=7. {a) Plall 3 red) = C{4.30C(103) = 4/120 = 130
(b} (1 red and 2 green) = C001C06. 21200 = 60/ 20 = 172
&) Piall red or all green)y= [C{4,3p+C{6,33]120 = 241120 = 1/3

(a) P(all 4 good) = C(35,4¥C(40,4)= 5236091300 = 5279

28,800. The probability is .D079.

P(at least 2 born on same date}

Piat least 2 born on same day of week)

Piballs of both colors) = | — F{all red or all blue)

P13, 2)C04.31C(4.2) = 3744, so P(full house) = (014

doesn’t matter bere.) Nunber ol hands is

315, (a) P(7)=1/6, P(~7) = /6. Odds for a 7 arc |5
. by P(11)= 1/18, P(~11)= 17718, Odds againstan 11 are 17:1.
(b) P{2 good and 2 defective) = C(35.2)C(5,21C(40,4) ®
= 5050491390 = 065]
316, If the odds against F are ab. the odds for F are b, and
. P(F) = hiibt+a).
Totgi sedting arrangements 5 10! = 3,628 800, There are two
choices, M or W, for the first chair. This determines the 5 chairs
for tlhe 5 men and the 5 chairs for the 5 women. The number of 317, BEu-E=Sand E~-E =&, s0 BEY+ F-E) =PiS)= .
seating arrangements altemating men and women is 2{31)(5]) = ’ .
318, A =(A-BIU(AC-B) and B = (BrA ) (Br-A), so
(AUE} = (Ar-BIof AcB I ABreA),
SR N ettt
! ’ =P{{Ar=B) + P{AmB} + P(Br=A) + [F(A-B) — FLA™B))
=P(A)+ P(B) - PLARB)
=1 - P(all ba diffe day
=1- P{;,&l}ﬂl;m-o.'t"lséblmem ) 3-19. P(jumior o senior) = 24948 + 215= 459
3240, Pino claim) = | — P{liability or cnmpn_:h:nsivc}
=1~ [C(5,4) + C(6.4)YC(11,4) =1-(32+ 37 -.05) =04
=1 —20/330 = 31733
3-21.  (a) P(C orbetter) = 131 +278 + 312 =721
Number of hands 15 2,508,960 {Exercise 2-35). Number of ways
to pick the 2 ranks is P(13,2). Number of full honses is (b} P(Dor E) = 089 + 004 = 183
322, P(flushot or tuberculosis testy = | — 21 =.79
Number of ways to pick 2 suits for pairs is C{13,2) (Order :':L-?i s!;;:ti;{m;h}em;:l‘:;]tiﬁ‘}};f{ggt)]G
C(13,2)C(4,2)C(4,2 144 = 123,552, s0 Ptwo pair) = 0475
323, PLAC or bettery = 1310721 = 1817
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Pimissed | day | missed work) = 2377365 = 6493
P(low claim | claim filed) = 1697208 = 8125

(2} P(both hearts) = P{1* heart)P(2™ heart| 1" heart)
= {LMA1251)= 0588
(b} Pineither a heart)
= P{1" not a heart)P(2" not a heart | 1% not a heart)
= (34)38/31)= 5588
(€) Plexactly one heart) =1 — 0588 — 5588 = 3824

P(exactly 2 heads | at least | head) = (3B} T/R) = 347

Plexactly 2 heads | 1" is a head)
= Plexactly 2 heads and 1" 1s a head ¥P(1¥ is 4 head)
= {Z/R}{4/B) = 1/2

Let E be the event exactly 2 cards are hearts and F be the event
all three are hearts. EUF is the event at least 2 are hearts. Then
n(E) = C(13,2)(39) = 3042 and n(F} = C(13,3} = 286, so
P(F|EuF) = 286/ 286+3042) = 0859,

Let E be the event the card is a spade. P(A)} = P(B) ~ P(C) = 1/2.
P(AB) = P(ANC) = PBAC) = P(S) = 14 = PIAIP(B) =
PCAYP(C) = P(BIP(C), s each pair is independent.

PIARBAC) = P(S) = 14 = PLAIR(BIP(C)
P(A1RAZ} = 477527 and P(AZ) = 4/52 = P(A1)

P(A2] A1) = P(AIRAZYP(AL) = 4/52 = P(AZ), s0 events are
independent.

333

3-34.

33

3-39.

PIAY=23, P(B) = 172 and P({) =172

PLAMB) = /2 P(A)P(B), 0 pair is dependent.
PlA~C) = 1/3 = FAJP{C), s0 pair is independent,
P(BC) = 1/3 = PBII(C), so pair is dependent

Pieolor blind) = 9300, and P(color blind | male) = 7130,
Male and color blind are dependent.

(a) P(pass both classes) = (. 75).84) = .63
(b P(fail both elasses) = {25).16) = 04

Pipass exacily one class) =1 - {.63+.04) = 33

Pinone break down)=.95" = 8574

Plat least one fails) = | - Pneither fails) = 1- (83)(_88) = 2606

P(E) ™ 1/2 and PE}= 3/8. P(E~F}= 144, (E~F = [HHT,HTH}}

P{ERF} = P{EJP(F}, s0 events are dependent.

(2} Plimjury) = (.6).35)+ {4H.2)=.29
(k) Plassembly line worker | injury) = 08/29= 2759

Pnickel) = (120 4/15) + (1/2)(1/3) = 3410
P(jar Il [ nickel) = (1/6)(3/10) = 5/9
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PO clammns) = (60.BY + (41 (5)= 68
P(2 claims) = [ 6).05) + {4002y =11

(a) P(low risk |0 claims) = 48/.68% = 7059
(b) P(high risk | 2 claims) = 0811 = 7273

Pidefective) = (AN.001) + (35002) + { 251.04) = 021
Pimachine A | defective) = 004/ 021 = 1905

Deefine the events; [ has disease, ~I): doesn’t have disease,
Y tests positive, and N: tests negative.

P{Y) ={.2)(.95) +(.8)}.3) = .43, and
PON) = {2)(.05) + (B}.T) = .57

(a) P(-D|¥)= 24043 = 5581

(b) P(D|N)=_01157 = 0175

Lat A be event first card is a heart, and B that second is 2 heart,
FlA—B) = (1/4)12/51), and F{~AB) = (3/4){13/51).

Pisecond card is a heart} = (12 +39)/(4-517 = 1/4

Pisevere injury) = (.0 10+ (3W.15) =115

Piplant A | severe injury) = 07115 = 6087

P(injury) = | — P(no injury) = 1 - [[.7)(.6) + (.3} .3)] = .43

Piplant B and minor injlur}'l injury) = {30353 .43 = 2441

CHAPTER 3
3-1. 38
3.2, T/8

33, (a) 3/16 (b) 916
34, 47168 =~ 6912

3.5, (a) 16 (b) 118 () 1/6
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17/78 = .2179

(a) 1/30 (b) 172 (c) 1/5
(a) 5729 (b) .0651
0079

6271

63501

31/33 = 9394

L0144

0475

{a) 1:5 (b)17:1

b
a+b

459
54

(a) .721 (b) .183

16

1817

6493

8125

(a) .0588 (b) .5588 (c) .3824

3/7
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1/2

0859

(A4.C)

Dependent

(a) .63 (b) 33
8574

2696

No

(a) 29% (b} .2759
5/9

(a) 7059 (b) 7273
1905

(a) 5581 (b).0175
1/4

6087

2442

.05

.60

256

A8
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3-62.

3-63.
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A3

40

2/5

173

467

1/2

53

657

0141

2922

21955

40

42
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Exercises

The Probability Function of a Discrete Random
Variable

Let X be the random variable for the number of heads obtamned
when three fair coins are tossed. What is the probability function
for X7

Ten cards are face down in a row on a table. Exactly one of them
15 an ace. You turn the cards over one at a time, moving from
left to right. Let X be the random variable for the number of
cards turned before the ace is tumed over. What is the
probability function for X7

A fair die 1s rolled repeatedly. Let X be the random variable for

the number of times the die 1s rolled before a six appears. What
are the probability function and the cumulative distribution func-

tion for X7
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Let X be the random variable for the sum obtained by rolling
two fair dice. What are the p(x) and F(x) functions for X7

Measuring Central Tendency; Expected Value
For the X defined in Exercise 4-4, what is (X)?

The GPA (grade point average) random variable X assigns to
the letter grades A, B, C, D and E the numerical values 4, 3, 2, |
and 0. Find the expected value of X for a student selected at
random from a class in which there were 15 A grades, 33 B
grades, 51 C grades, 6 D grades, and 3 E grades. (This expected
value can be thought of as the class average GPA for the
course.)

A construction company whose workers are used on high-risk
projects insures its workers against imjury or death on the job.
One unit of insurance for an employee pays $1,000 for an injury
and $10,000 for death. Studies have shown that in a year 7.3%
of the workers suffer an injury and 0.41% are killed. What 1s the
expected unit claim amount (pure premium) for this insurance?
If the company has 10,000 employees and exactly 7.3% are
injured and exactly 0.41% are killed, what 1s the average cost
per unit of the msurance claims?

Suppose that in the above problem the administrative costs are
$50 per person insured. The company purchases 10 units of
insurance for each worker. Let X be the total of expected claim
amount and administrative costs for each worker. Find E(X).

Verify Equation (4.4b).

et X be the random variable for the number of times a fair die
is tossed before a six appears (Exercise 4-3). Find E(X).

The mode of a probability function does not have to be unique.
Find the mode of the probability function in Exercise 4-1, for the
random variable for the number of heads obtained when three
fair coins are tossed.



4.4

4-12.

4-13.

4-14.

4.5

4-16.

4-17.

Variance and Standard Deviation

If X is the random variable for the sum obtained by rolling two
fair dice (Exercise 4-4), what is V(X)?

For the insurance policy that pays $1,000 for an injury and
$10,000 for death (Exercise 4-7), what is the standard deviation
for the claim amount on 5 units of nsurance? (Note: Some
employees receive $0 of claim payment. This value of the
random variable must be included in your calculation.)

Verify Equation (4.5b). (Hint: It is sufficient to show that
VX +b)=V(X). I Y =X+b and E(X) = p,, what is
YV — j1y,?)

Let X be the random variable for the sum obtained by rolling

two fair dice (Exercise 4-4).

(a) Using Chebychev’s Theorem, what 15 a lower bound for
the probability that the value of X i1s within 2 standard
deviations of the mean of X7

(b)  What 15 the exact probability that this sum is within this
range?

Population and Sample Statistics

An auto insurance company has 15,000 policyholders with
comprehensive automobile coverage. In the past year 11,425
filed no ¢laims, 3,100 filed one claim, 385 filed two claims, and
90 filed three claims. What are the mean and the standard
deviation for the number of claims filed by a policyholder?

A marketing company polled 50 people at a mall about the
number of movies they had seen in the previous month. The
results of this poll are as follows:

" Numberofmovies |0 1]2]3] 4 |56 78
Mumberofviewers | 3 | 5|6 |9 11753} 1

What are the sample mean and sample standard deviation for the
number of movies seen by an individual in a month?



4.7 Sample Actuarial Examination Problems

4-18. A probability distribution of the claim sizes for an auto insurance
policy 1s given in the table below:

Claim Size | Probability |
20 0.15
30 0.10
40 0.05
50 020
60 0.10
70 0.10
80 0.30

What percentage of the claims are within one standard deviation of
the mean claim size?

4-19. A recent study indicates that the annual cost of maintaining and
repairing a car in a town in Ontario averages 200 with a variance
of 260,

If a tax of 20% is introduced on all items associated with the
maintenance and repair of cars (1.e., everything is made 20% more
expensive), what will be the wvariance of the annual cost of
maintaining and repairing a car?

4-20. A tour operator has a bus that can accommodate 20 tourists. The
operator knows that tourists may not show up, so he sells 21
tickets. The probability that an individual tourist will not show up
is 0.02, independent of all other tourists.

Each ticket costs 50, and is non-refundable if a tounst fails to
show up. If a tourist shows up and a seat is not available, the tour

operator has to pay 100 (ticket cost + 50 penalty) to the tourist.

What is the expected revenue of the tour operator?
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Using the tree on page 26 we get the following table

Mumber of heads {x) 1] | 2 3
MNumber of outcomes i 3 3 I
P(X) 18 |38 (38 | U8

P{X = 0= Pifirst card is the ace) = 1710,

P(X = 1}= Pisecond card is the ace | first was not the ace)

=910 - 19 = 1110,

P(X = 2} = Pithird card is the ace | neither the first nor the
second was the ace) =910 &% 178 = 1/H), e,

P(X = x) = (S/6)(1/6), x=0,12,...

FOO= 16+ 106 - 56 + ...+ {1/6)(5/6)"

={1/aN1 + 506+ ..+ (38 ={1/6)[]

=1-{5m) x=0,1,2 _

— {361 - 578)

X Number of Cutcomes pixd Fix)
2 1 1736 136
3 2 2736 3736
4 3 3736 6/36
5 1 436 10736
G 5 536 1536
7 fr 636 21/38
B 5 5036 26/36
@ 4 4/38 J36
1i} 3 336 33434
11 P 2036 35336
12 | 1736 3636
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4-B.

4-10.

4-11.

4-12.

Chapter 4

E(X) = Sxpl) = (2+ 32443+ 5.4+ 6.5+ 76+ 85 +9.4
+ 103+ 11-2 +12¥36=7

E(X)=(#15+333+ 251 +61 + 300108 =2.47

E(X) = 0(.9929) + $1000{.073) + $10,000{ 0041} = $114
Average eost per claim = (130($1000) + 4 1{$10,000)1'10 000
= 5114

I Y is the claim amount for one unit, then X = 10Y + 50,
From Exercise 4-7 we have E(Y) = 8114,
E(X)=E{10% + 50} = 10E(Y) + 50 = 51140 + 50 = §1 190

E{aX +b) = Z(ax+b)pyvlaxth)
= aBxpu(x) + bEpu(x)
=aB(X)+b

E(X)= " x(5/6)" (1/6)

welh

= (sxa)ufé)i X(5/6)"

K|
={5/6H 1/6)(1 —5/6Y
= (5/6M(1/6)=5

Three outcomes yield 1 head and three ouwtcomes yield 2 heads
Thus either 1 or 2 is a mode.

V(X) = E0x— T¥pix) = (25 + 2(16) + 3(9) + 4(4) + 5(1)= 6(0)
+5(1) + 44} + 3(9) + 216) + 25)/36 = 210136

CHAPTER 4

Chapier £ 17

413, V)= (10,000 - 114)5.0041) + (1000 — 114)°(073)
+ (0= 114)(.9229) = 470,004
For 5 units, o4y = Soy =3427.84

414 Y =X+b E(Y)= py=FE(X)+b=px+b.
Yooy =X b= (ux by = X -
VIY) = E(y - pe¥ = S(x - o’ = V(X)

4-15. (a) Lower bound is 1 —(1/2)¢ = 75,
(b) Two standard deviations equals 2(5.8333)"7 = 4,8105,
P(7-48305 <X <7 +4.8305) =PR <X = 11)
=34/36= 9444

4160 p={0- 11,425+ 13100 + 2 - 385 + 3. 90)/15,000 = 276
o = [1L425(0-276) + 3100(1-.276)" + 385(2-.276)°
+90(3-276¥]/15,000 = 0287157
o= 53387

4170 X = {03+ 15426439 +411+57 + 65+ 73+ 81)50
364
5= [Zf{n— 364491 = | 9667

4-1. Number of heads (z) | 0 1

(B8]
fatd

p(x)

1/8 | 3/8 | 3/8 | I/8

42, plx)=110 z=0,1,...,9

4-3.  plz) = (1/6)(5/6)
F(z)=1- (567" z=0,1,

2,...

r=0,1,2,
1



4-4.

4-20.

x | plx) | Fix)

2 | 1/36 | 1/36

3 V18] 112
4 112 16
/ 5| 19| 518
L6 | 536 512
17 ] w6 | 712
| 8 |5/36| 1318
9 L 19| 576
L10 | 1/12 ] 1112
11| 1/18 | 35/36
[12] 136 1

2
267/108 = 2.47

$114; $114

$1190

5

Modes are | and 2
210/36 =~ 5.8333

3,427 84

(a) .75 (b).9444
=276, o= 53587

T =23.64; s=1.9607

45%
3744

984.58
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5-3.

5-4.

5-5.

5-6.

5-7.

Exercises

The Binomial Distribution

A student takes a 10 question true-false test. He has not attended
class nor studied the material, and so he guesses on every
question. What is the probability that he gets (a) exactly 5
questions correct; (b) he gets 8 or more correct?

A single fair die is rolled 10 times. What is the probability of
getting (a) exactly 2 sixes; (b) at least 2 sixes?

An insurance agent has 12 policyholders who are considered
high risk. The probability that one of these clients will file a
major claim in the next year is .023. What 1s the probability that
exactly 3 of them will file major claims in the next year?

A company produces light bulbs of which 2% are defective.

(a) If 50 bulbs are selected for testing, what is the probability
that exactly 2 are defective?

(b) If a distributor gets a shipment of 1,000 bulbs, what are
the mean and the variance of the number of defective
bulbs?

In the game of craps (dice table) the simplest bet is the pass line.
The probability of winning such a bet 15 .493 and the payoff is
even money, i.€., if you win you receive $1 more for each dollar
that you bet. A gambler makes a series of 100 $10 bets on the
pass line. What is his expected gain or loss at the end of this
sequence of bets?

In a large population 10% of the people have type B+ blood. At
a blood donation center 20 people donate blood. What is the
probability that (a) exactly 4 of these have B+ blood; (b) at most
3 have B+ blood?

In the population of Exercise 5-6, 50,000 pints of blood are
donated. What is the expected number of pints of B+ blood?
What is the vanance of the number of pints of B+ blood?



5-8.

5-10.

5-12.

An experiment consists of picking a card at random from a
standard deck and replacing it. If this experiment is performed
12 times, what is the probability that you get (a) exactly 2 aces;
(b) exactly 3 hearts; (¢) more than 1 heart?

Suppose that 5% of the individuals in a large population have a
certain disease. If 15 individuals are selected at random, what is
the probability that no more than 3 have the disease?

For a binomial random variable X with n = 2 and P(5) = p,
show that (a) E(X')} = 2p; (b) V(X) = 2p(1 — p).

The Hypergeometric Distribution

There are 10 cards lying face down on a table, and 2 of them are
aces. If 5 of these cards are selected at random, what is the
probability that 2 of them are aces?

In a hospital ward there are 16 patients, 4 of whom have AIDS.
A doctor is assigned to 6 of these patients at random. What is the
probability that he gets 2 of the AIDS patients?

A baseball team has 16 non-pitchers on its roster. Of these, 6 bat

lefi-handed and 10 right-handed. The manager, having already

selected the pitcher for the game, randomly selects 8§ players for

the remaining positions.

(a)  What s the probability that he selects 4 left-handed batters
and 4 right-handed batters?

(b} What is the expected number of left-handed batters
chosen?

The United States Senate has 100 members. Suppose there are

54 Republicans and 46 Democrats.

(a) I a committee of 15 is selected at random, what is the
expected number of Republicans on this committee?

(b}  What is the variance of the number of Republicans?



5.3

5-16.

5-18.

5-19.

5-20.

A bridge hand consists of 13 cards. If X is the random variable
for the number of spades in a bridge hand, what are E(X) and
V(X)?

The Poisson Distribution

An auto insurance company has determined that the average
number of claims against the comprehensive coverage of a
policy 1s 0.6 per year. What is the probablity that a policyholder
will file (a) I ¢laim in a year; (b) more than 1 claim in a year?

A city has an intersection where accidents have occurred at an
average rate of 1.5 per year. What is the probability that in a
vear there will be (a) O (b) 1: (c) 2 accidents in a year?

Policyholders of an insurance company file claims at an average
rate of 0.38 per vear. If the company pays $5,000 for each claim,
what is the mean claim amount for a policyholder in a year?

An insurance company has 5,000 policyholders who have had

policies for at least 10 years. Over this period there have been a

total of 12,200 claims on these policies. Assuming a Poisson

distribution for these claims, answer each of the following,.

(a) What is A, the average number of claims per policy per
year?

(b) What is the probability that a policyholder will file less
than 2 claims in a year?

(c¢) Ifall claims are for $1.000, what is the mean claim amount
for a policyholder in a year?

Claims filed in a year by a policyholder of an insurance company
have a Poisson distribution with A = .40. The number of claims
filed by two different policyholders are independent events.

(a) If two policyholders are selected at random, what is the
probability that each of them will file one claim during the
vear?

(b)  What is the probability that at least one of them will file no
claims?



5-21.

3-22.

5.4

5-23.

5-24.

5-26.

Show that a Poisson distribution with parameter A = k (an inte-
ger) has two modes, & — 1 and .

Show that V(X) = M\ for a Poisson random varable X with
parameter A. Hint:  Show V(X) = E(X?)+ E{=2)X + A?)
and E(X%) = A2+ A\,

The Geometric Distribution

If you roll a pair of fair dice, the probability of getting an 11 1s
1/18. (See Exercise 4-4.) If you roll the dice repeatedly, what is
the probability that the first 11 occurs on the eighth roll?

An experiment consists of drawing a card at random from a
standard deck and replacing it. If this experiment is done
repeatedly, what is the probability that (a) the first heart appears
on the fifth draw; (b) the first ace appears on the tenth draw?

For the expenment in Exercise 5-24, let X be the random varia-
ble for the number of unsuccessful draws before the first ace is
drawn. Find E(X) and V(X).

At a medical clhinic, patients are given X-rays to test for tubercu-

losis,

(a) If 15% of these patients have the disease, what is the
probability that on a given day the first patient to have the
disease will be the fifth one tested?

(b) What is the probability that the first with the disease will
be the tenth one tested?

The Negative Binomial Distribution

Consider the experiment of drawing from a deck of cards with

replacement (Exercise 5-24).

(a)  What 15 the probability that the third heart appears on the
tenth draw?

(k)  What 15 the mean number of non-hearts drawn before the
fifth heart 1s drawn?



5-28,

5-29.

5-30.

5-31.

5-32.

5.6

5-33.

5-34.

5-35.

A single fair die is rolled repeatedly.

(a) What is the probability that the fourth six appears on the
twentieth roll?

{(b) What is the mean number of total rolls needed to get 4
sixes?

For the experiment in Exercise 5-28, let X be the random
variable for the number of non-sixes roiled before the fifth six is
rolled. What are F(X) and V(X)?

A telemarketer makes successful calls with probability .20, What
1s the probability that her fifth sale will be on her sixteenth call?

If each sale made by the person in Exercise 5-30 is for $250,
what is the mean number of total calls she will have to make to
reach $2,000 in total sales?

Consider the clinic in Exercise 5-26, where 15% of the patients

have tuberculosis.

(a) What is the probability that the fifteenth patient tested will
be the third with tuberculosis?

(b)  What is the mean number of patients without tuberculosis
tested before the sixth patient with tuberculosis 1s tested?

The Discrete Uniform Distribution

Verify the results of Example 5.25 by direct calculation using the
definitions of E(X) and V(X).

A contestent on a game show selects a ball from an urn containing
25 balls numbered from 1 to 25. His prize 1s $1,000 times the
number of the ball selected. If X is the random variable for the
amount he wins, find the mean and standard dewviation of X.

Derive the formulas for E(X) and V(X) for the discrete uniform

distribution. (Recall that 142434 .. 4n="U"FD anq

2422 432 4o g2 = U 12:2”'* Dy
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5-37.

5-38.

5-39.

Sample Actuarial Examination Problems

A company prices its hurricane insurance using the following

asSUMpLions:

(i) In any calendar vear, there can be at most one hurricane.

(i1) In any calendar year, the probability of a hurricane is 0.05.

(i11) The number of hurricanes in any calendar year is indepen-
dent of the number of hurricanes in any other calendar year.

Using the company’s assumptions, calculate the probability that
there are fewer than 3 hurricanes in a 20-year period.

A study is being conducted in which the health of two indepen-
dent groups of ten policyholders 1s being monitored over a one-
year period of time. Individual participants in the study drop out
before the end of the study with probability 0.2 (independently
of the other participants).

What is the probability that at least 9 participants complete the
study in one of the two groups, but not in both groups?

A hospital receives [/5 of its flu vaccine shipments from
Company X and the remainder of its shipments from other
companies. Each shipment contains a very large number of
vaceine vials,

For Company X's shipments, 10% of the vials are ineffective.
For every other company, 2% of the wvials are ineffective. The
hospital tests 30 randomly selected vials from a shipment and
finds that one wial is ineffective.

What is the probability that this shipment came from Company
X?

An actuary has discovered that policyholders are three times as
likely to file two claims as to file four claims. If the number of
claims filed has a Poisson distnbution, what is the vanance of
the number of ¢laims filed?
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5-5.
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5-41.

(a) P(X = 5)= CL105Y 12Y{ 112 = 2461 (p=q="14)

i) POY = B) = COO8Y 1" + o108 + Conoo 172)'"
= 03467

A company buys a policy to insure 1ts revenue in the event of
major snowstorms that shut down business. The policy pays
nothing for the first such snowstorm of the year and 10,000 for
each one thereafter, until the end of the year. The number of
major snowstorms per year that shut down business is assumed
to have a Poisson distribution with mean 1.5.

What 1s the expected amount paid to the company under this
policy during a one-year period?

In modeling the number of claims filed by an individual under
an automobile policy during a three-year period, an actuary
makes the simplifying assumption that for all integersn > 0,
Prsl = é P, Where p, represents the probability that the policy-
holder files n claims during the period.

Under this assumption, what is the probability that a
policyholder files more than one claim during the period?

Chapter § 19

5-6.  (a) P(d have B+ blood) = C{20.4).10)%.90)" = 0898
(b} Plat most 3 have B+ blood) = ((90)™ +C(20, 1) 10) 90"
CHAPTER 5 +C(20,2)(. 10 (.90)"™
+ OO LOF(MY = 8670

5-7.  Let X be the number of pints of B+ blood donated.,
E(X) = 50,000(.10) = 5000; V{X) = 50,000(.1 0)(.90) = 4500

58 (a) P2 aces) = CLI2201/13¥ (121130 = 1754

{b) P(3 hearts) = C(12,3)1/47°(3/4)" = 2581

{a) P(X = 2) = COW2N V6V (56 = 2907

(¢} Pimore than | heart) = | — [(3/4)" + 12(1/443/4)""] = 8416

) B(X 22 = 1 -BX <2)=1-[(56)" + L0{L/6I56)]

= 5155
59, P(no more than 3) = (.95 + C{15,1)( 05 95)"
+ C(15,2)0050°(95)" + C15.3) 0517 95)" = 9945

Pithree file claims) = C(12,3( 02377 977)" = 00217

{a) Plexactly 2 defective) = C{50.2)(.02)(98)* = 1858

5-10.  Fora binomial random variable with n =2 and P(S) = p we have

|k|0|lI2|

(b) p= 1000(.02) = 20; o = 1000(.02)(.98)}= 19.6 [P | (i-pF [ 200-py | ¢

{a) B(X)=01-pF + 12p)1 - p}+2p° = 2p

Let X be the random variable for the number of wins. and Y =

100 — X be the random variable for the number of losses. The

{B) V(X)=(0 - 2pF(1 —pF +(1 - 2p)°(2pK(L —p) +(2— 2p7p

expected amount of gain = E(L0X) = 10{100%.493} = 493 and, = 2p(1-pa{2p( -l + (1-2p)" + 2pf1-p)] = 2p(l — )
the expected amount of loss = E(10Y) = 100100} 507) = 507.
The expected end result is 493 — 507 = —14 (a loss of §14).

5-11. P(2aces) = C(2.2)C(8.3¥CM10.5) = 29

512, P2 with AIDS) = C{4,2)C(124VC(16.6) = 3709
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5.14.

5-17.

3-18.

5-19,

S-20.

5-24.

525,

5-26,

5-27.

Chapter §

(a) P(4 of each) = C(10,3)C(64)VC(16,8) = 2448
(b} If X is number of left-handed batters, E(X) = 8(6/16) = 3

Let X be the number of Republicans on committes
{a) E(X)=15(54/100) = 8.]
ViX) = 15(54/100)(46/100)(85/99) = 3.199

E{X) = 13(1/4) = 3.25: V(X)= 13(1/4)}3/4)3%51) = 1.864

(a) P(X = 1)=.6e""= 3293
() PX>1}=1—e*~ 6e5= 1210

(a) P(X=0)=¢""= 2231
(b) PX =1)=15"= 13347
(d) PLX=2)=1.5% "2 = 2510

If X is the number of claims per year, S000X is the claim
amount. E(S000X) = 5000E({X) = 5000(.38) = 1900

{a) The rate of claims per policy per year is A = 12,200/50,000 =244,
(b) P(X =00r l)=e "1+ 244) = 9747

(e} E(1000X) = 1000ECX) = 1000( 244) = 244

Let X and Y be the number of claims filed by two policyholders.
(a) P{X =land Y = 1)=(0.de %% = 0719
PX=00rY=0)= P(X=0) + P(Y =0}~ P(X = 0 and Y = 0)
= 2¢7 -t = 8913,

Chapter 5

If the first 11 occurs on the eighth roll, there are 7 failures first,
and p=1/18 and q = 1718,

PIX = T)=(11/18Y(1/18) = 0372
(a} The number of initial failurcs is 4. and p = 44, g = %
PX =) = (34 1/4) = 079
(b} The number of initial failures is 9, and p>1/13.q=1213.
PO =91 = (12413771113 = 0374
Probability of an ace is p = 1/13. 50 g = 12/13.
E(X) = ¢/p = {(12/13)(1/13) = 12
VEX) = a/p® = (1241330 1/13) = 156
{a} If the fifth patient is the first one with the disease, then there
are 4 initial failures,
PO = ) =(.85)'(.15) = .0783
{b) For the second part there arc @ initial failures.
POX =03 = {85)C.15) = 0347
(a) If the third heart appears on the tenth draw, there are 7
failures,
PIX =71 = CO7T43=13-1)g p" = (0,20 3/4) (1149 = 0751

(b} If X is the number of non-hearts drawn before the fifth heart,
then

E(X) = rgfp = 5343174y = 15

Chapter §
kl—l -k k kk—le-k kke—k
<21 N=k-1)* ——=—-——=——— =P(X=k)
e ek o w
n_ -~k -k
Fc»l'nak‘l:‘(x-njﬂkc = k Ke
n! n+l !
erl -k
=K px—ash
(n+1y
Hence for n > k. the probabilities get smaller as n gets larger.
.-k 0ok
Farn(-kf].P(X'n}‘ke _kKe
n! n+l ul
krw'le—lz
= =PFX=n+1
e PO =n+ 1}

Henece for n <k — 1, the probabilities get larger as n gets larger.
Therefore the largest probability occurs whenn =k~ Lor k.

522, In Sectfon 5.3.4 it was shown that E(X) = & for the Poisson

random variable. i
VIX)=E[(X — 2] = E(X" - 20X + 1%

o N 2 ke

=¥ (K- 20k
k!
ey
= L = k=4 i gk A
Sy AT s pdte gt dAle

; k! ; I? = k!
The second term is —2AE(X) = —227, and the last term is
zpix) =3 1).
& k-t = K-l

p? et gy de
§ k! E (k-1
Ifweletn=k—1,then k=n + | and this sum becomes
= A“”e"‘ oy = ﬁl"e"‘ = At
P ORI
SAE(K) + 1] =R+
Hence V(X) =A%+ L - 207+ 3P =%
Chaprer § 23
428, (a) If the fourth & appears on the twentieth roli, there are 16

5-29

530

initial failures
P(X = 16) = C(19.3)(5/6) °(176)" = 0404
(b) If X is the number of failures before the fourth 6, then
E(X) = rgfp = H{3/6)(1/6) = 20,

The expected total number of rolls is 20+ 4 = 24.

Let X be the number of failures before the fifth 6,

E(X) = ra/p = S(S/6)(1/6) = 25

V(X = rfpt = SCS6N(LBY = 150
If the fifth suceess occurs on the sixteenth call, there are 11
initial farlures.

P(X = L1) = C{IS. 48 "(2) = 0375
Mumber of successes peeded is 2000/250 = 8. ¥ X is the number
of failures before the sighth success, then
E(X) = BLEM(.2) = 32,

The total expected number of calls is 32 + § =40

21



24 Chapter 5

5-32.  (a) There would be 12 failyres before the third success.

P(X = 12) = Q{1420 857150 = 0437

(k) If X i the number patients without the discase tested before
the sixth with, then

E{X) = 6(.85)/(,15) = 34.
The outcome X is a discrete uniform random variable with
PI=1/6,x= 12,3456,
B =(1+243+4+5+6)6=21/6=35
V0 = [(1-3.5) +(2-3.5F + (3-3.5 4+ (4-3.5) + (5351

AB-35F)/6 = (625 +2.25 + 23+ 25+ 2.25 + 6.25)6
= 17.5/6=35/12

5-34. Let Y be the number on the ball chosen, Y is a diserete uniform

random variable, with n= 25 and p(n) = 1/25. n=1,2,....25. and
X = 1000Y.

E(X)= 1000E(Y) = 1000(26Y2 = $13,000
VIX) = 1000°V(Y)= 1000325 112 = 1000°(52) = o
= $§721110

Chaprer §

5-33.

25

Let X be the discrete uniform random variable with p(x)= U/n for
x=123...n

ECX) = Exp{x) = 142+ 4

L

n

VX = EIX - )] = BOC - 20K+ 00 = 500 20k + whhpli)
= Zk'p(k) - 2pZkp(k) + wEp(k)

The second term is - 2p(X} = 24", and the last term is °. The

L 1’
sumofthesetwmsfp‘=(i%—)ﬁ-
2 T . 1
Ekzp(k)'i #2440’ 1 nim+1M2n+1)
n n 6
_ 2n® +3n+1
&
Vixy= 2n +3n+1 nT+2n+1
6 4
_8||1+iln+4—6n:—1211—6_n -
24 h




CHAPTER S

5-1.  (a) 0.2461 (b) 0.05469

5-2. (a) 0.2907 (b) 0.5155

53, 0.,00217

5-4.  (a) 0.1858 (b) p=120; ¢’ =196
5-5. Loss of 514

5-6.  (a) .0898 (b) .8670

5-7. 5.000; 4,500

58 (a) .1754 (b) 2581 (c) .8416
3-9, 9945

5-11. 2/9 == 2222

5-12. 3709

5-13. (a).2448 (h)3

5-14. (a)8.1 (b)3.199

5-15. 325, 1.864

5-16. (2) 3293 (b) .1219

5-17. (a) 2231 (b) 3347 (¢) 2510
5-18. 1,900

5-19. (a) 244 (b) 9747 (c) 244
520, (a).0719 (b).8913

5-23. 0372

5-24. (a) .0791 (b) .0374



5-28.

5-29.

5-30.

5-31.

5-32.

5-34.

5-36.

5-37.

5-38.

5-39

5-40

5-41.

E(X)=12; V(X)=156

(a) 0783 (b) .0347

(a) 0751 (b) 15

(a) .0404 (b) 24 (20 failures and 4 successes)
E(X) =125 V(X)=150
0375

40 (32 failures and 8 successes)
(a) 0437 (b) 34

po= 513,000, ¢ = $7,211.10
52452

469

0955

2

7,231

04
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6.5

6.1

6-1.

6-2.

6-3.

Exercises
Functions of Random Variables and Their Expectations

In a year, a policyholder with an insurance company has no
claims with probability .69, 1 claim with probability .23, 2
claims with probability .07, and 3 claims with probability .01, If
X is the random variable for the number of claims, find
(a) E(500X + 50); (b) E(X?); (c) E(X?).

Let X be the random variable for the sum obtained by rolling a
pair of fair dice (see Exercise 4-4). Find V(X) by using the
alternate formula V(X) = E(X?) — E(X).

Rework Example 6.2 using the logorithmic utility function
u(w) = In(w + 1). What are E[u(W;)] and E[u(W3)] for this
utility function?



6.2

6-5.

6-6.

6-8.

6-9.

Overflow problems occur when you exceed the precision of the
computer or calculator you are using. Consider the distribution
whose wvalues of z are 1,000,000,000.1, 1,000,000,000 and
999,999,999.9, each with probability 1/3. The variance for this
distribution is .00666. If you try to compute the variance using
Equation (6.2), the value you get will depend on the precision of
your computer or calculator and may not be correct. Use your
calculator to find E(X?) and E(X). Then use Equation (6.2) and
determine whether or not vou found the correct value of V(X).

Moments and the Moment Generating Function

Show that the moment generating function for the binommal
distribution is (g + pe')". Hint: Expand (g + p)" using the bino-
mial theorem and use if to get the moment generating function.

Use the moment generating function for the Poisson distribution
to verify that E(X) = V(X)) = A

Use the moment generating function for the geometric distribu-
tion to obtain its mean and variance.

Use the moment generating function for the negative binomial
distribution to obtain its mean and variance.

Let X be a discrete random wariable with p(z) ’*.'1_1 for

z=1,...,n (X is a discrete uniform random variable.)
{(a) Show that the moment generating function for X is

My() = 1y e,
=1
(v  Find £(X) and V(X).

Let X be a random variable whose probability function is given
below.

c o1 [2]3
plxy | .42 0 .30 .17 | .11

Find M (1) and use its derivatives to find E(X) and F(X?).



6-11.

6-12.

6.4

6-14.

6-15.

6-16.

Prove M,y (1) = &' - My (at).

If X is a binomial random vanable with p = .60 and n = §, and
if ¥V = 3X + 4, what is My (1)?

If My(t) = [.70/(1 — .3¢')]°, what is the distribution of X

Simulation of Discrete Distributions

Using the linear congruence y = 9r + 11 (mod 16), with seed
xy, = 0, find x1, T3, ..., Ti4.

For Exercises 6-15 and 6-16, use the following sequence of
random numbers from [0, 1).

1..5619 6. 9983 I1. 7855 16. 3729
2. .4500 7. 0225 12. 9955 17. 1326
3..3560 8. .8026 13. .6558 18. 9246
4. 5844 9. 3516 14. 1280 19. 6867
5..8638 10. .4584 15. 3908 20. 9638

Random numbers from [{), 1} are used to simulate a binomial
distribution with n = 20 and p = .40. If the random number x is
less than 40 on a trial, then a success has occurred. Count the
number of successes in the 20 trials.

Random numbers from [0, 1) are used to simulate repeated trials
of the experiment of tossing 5 fair coins. The first five numbers
represent the first trial, the second five numbers the second, and
50 on. If the random number = is less than .50, the coin is a head.
How many heads appear on each of the first four repetitions of
this experiment?



6-18.

6-1.

Sample Actuarial Examination Problems

A baseball team has scheduled its opening game for April 1. If it
rains on April 1, the game is postponed and will be played on the
next day that it does not rain. The team purchases insurance
against rain. The policy will pay 1000 for each day, up to 2 days,
that the opening game is postponed.

The insurance company determines that the number of con-
secutive days of rain beginning on April | is a Poisson random
variable with mean 0.6.

What 15 the standard deviation of the amount the insurance

company will have to pay?

Let X;, X7, X3 be a random sample from a discrete distribution
with probability function

% for =0
plz) = ¢ % for z=1
0 otherwise

Determine the moment generating function, M (t), of
Y =X 1 X-g X 3-

6-3.  Using the wtility function u{x) = In{x+1} we have the following:

Method |
Wealth w 0 10,000
CHAPTER 6 u(w) = Infw+1) [i In(10,001}
o) 10 90
Method 2
I B S N S Wealth w i 9,025
Ty = 7,
m) [ & [ 23 o o | u._\\}p{:§w+1} 3’, lllf';l;{:‘.é)
(@) BX)= 0.69) 1 1(:23) +2(07) + 3(.01) = 40 E[u(W )] = -10(0) + 90In(10.001) = 8.289

E{500X + 50} = S00E(X) + 30 =250

E[u({W.)] = .02(0) + .DRIn(9,026) = §.926

(b)Y (X7 = 0(.69) + 1(.23) + 4(.07) + 901} = &0
(e} BOX) = 07.69) + 1023) + $(.07)+ 27001} = 1 06 Method 2 gives a higher expected utility.
The followi i i
,Teup(:;m t::(]:)rclatcs_lo “;a rolling of a pair of dice. 6-4.  This 1s primarily an excrcise for the reader to observe the
X ol precision of his or her particular computer or calculator.
2 1/36 236 4/36
3| 236 | a36 1836 E(X) = 1,000,000,000 = p
4 | 336 | 1236 | 4876 VX = B[(X - wr'] = (13001 + 0+ 01) = .0066
S5 | 436 | 20436 104/36
6 | 5/36 | 30/36 | 15036 The value you get using V(X) = E(X") - E(X)® will vary from
7 | 636 | 4236 | 204736 calculator to calculator.
B | 536 | 40736 32036
9 | 436 | 3656 | 324136 6-5.  Let X be the binomial random variable with n trals and P(S) = p,
10 | 3/36 | 3036 | 30036
11} 2436 | 2236 242736 Miyit) = B(e™) = Ze"pix) = Ze"Cinx)p g™ = EC{nx i g™
12 | 1436 | 12736 144136 :

E(X) = Exp(x)=252136= 7

(g +p) =ZC(nx)p* g™

If we replace p with pe', we get My(t)=(q + pe')".

EQX) = Zxp{x) = 1974/36 = 54 8333

V() = E(X") - E(X) = 54.8333 — 49 = 5 8333



66

6-7.

=14

6-11.

For the Poisson random variable with rate 3,
Mgty = ete -

MYt = de'e T M () =A{1X1)= A = E(X)
My =e™ V(e +(de')7), ME(0)=4+ 2 = (X2

VIX) =EX)-E(X)y =1

For the geometric random variable with P(S)=p,

P , —pl-ge’y
Mydt)= —E— and My (=P )
1-ge' Oy
. Pq__pa_49
E(X) = M} (0) = =P,
(X) %(0) -9 P
T aet e degle®
M) =P (1-qe’)+1Ipa’e
(1-qe'y
. (1-q)+2pa° _pla+2pq’
EOC)= My (0= BEC LI - P4 o
Q p
_pg+2g’

) 2 2
ViXp=EQc)-pxy = BES 9 _para

p P
_9p+q) 9
Pt pl
PP & S
() Mﬂl)—;%x&
E(X)= M} (n)=Lix=l.M=&
H n n 2 2

M3 (0= 3 x'e®
w=]

n{n+1K2n+1)
_ A 1n+D)
6
_ (n+[](2n+]}_{n+1):
f 4
nt -1
12

B =M =L

V(X)) = E(XY) - E(X)

My(t) = Ee"p(xy = 42 +.30c"+ 17" + . 11e”

MY {t) = 30e' 1 1R Zpe™ 4+ 11(3)e™
EiX)= M} (0)=30+3d4+.33=97

M) =30e" + 17(4)1e” + 1 1{9)e"

E(XY) = M7 (0) =30 + .68 + .99 =1.97

My(ar) = Ete*™) = Ze*p(x)

Mueslth = E(ctax‘u].) e '"p(x) - e“}".c“‘p(x)

= "My fat)

6-8.

6-9.

6-12.

613

=14,

For the negative binomial random variable with P(S) = p and X
the number of failures before r successes,
'
My (= —2 .
. (1-qe"y’
r 1
MY (1) = TP ge
X (- qer)ml

B0~ Myoy- L
(1-qy P P

M0 = e’ (1—qge' )+ (e l)piqle”

(1-ge")™
B0 = My (o) = RO il D'’
(] _q)r-!
g+ e+ Dt
P!
V) = BOE) - Bry - POt Datr'a’
P =
_ma+rqt _rglp+q) g
» PR

For the discrete uniform random variable, p(x) = I/n,
forx=1,2,...n

L3 ]l\ el(i__em}
Myl = )= BTl 1z 0
(a) My(t) E.f Py ,,‘E_]e O

For the binomial random variable with n trigls and P(S) = p,
Miit) = (qtpe’)’

Ifn =8 and p = 6. then My(t) ={.4 + .6

IfY = 3X +4, then Myit) = ¢'( 4 + 6™

The moment generating function for the negative binomial

I v
distribution is Mx{tj:l P ] .
J-ae’
' 70 5
Therefore [ T - 3 '] is the moment generating of the negative
A —oe

binomial distribution with £ =5 and p= .70,

Successive appiications of the linear congruence
=92+ 11 {mod 16) vields the following able

k T Yxy + 11
(mod 16}

1 6 635 1

2 1 20 4

3 4 47 13

4 13 146 2

5 2 29 13

6 13 128 0

7 0 11 11

8 il 301 14

Bl 14 137 E B

10 9 92 12

11 12 1o 7

12 7 74 10

13 10 101 s

14 5 36 8

[H 8 83 i 3

16 3 38 | 6




The following table is for the simulations m Exercises 6-15 and 6-16. In
Exercise 6-15, if the random number x < .40, the result was 3 success.
Otherwise it was a fatlure.  In Exercise 6-16, 1f the random number
X =50, the result was a head, Otherwise it was a tail.

Trial Eandom Mumber SorF Hor T
1 LAB19 F T
2 AS00 F H
i 566 s H
4 LaB44 F T
5 JBhiR F T
& L0983 F T
7 D2Z5 5 H
i JRO2G F T
9 3516 ; 5 H
10 4584 i F H
11 JT855 : F T
12 9935 F T
13 JH538 F T
14 1280 5 H
13 J908 5 H
16 3729 5 H
17 326 5 H
18 G246 F T
19 AHEAT F T

20 Q638 F T

6-1%  Inthese 20 trials therc arc 7 successes,

6-16.  The first trial {first set of § numbers} yields 2 heads, the second
trial yields 3 heads, the third trial vields 2 heads, and the fourth
trial yields 2 heads.

CHAPTER 6

6-1.  (a) 250 (b) 0.6 (c) 1.06

6-2.  5.8333

6-3.  E[u(W))] = 8.289; E[u(W>)] = 8.926

6-9. (b)) EX)=(n+1V2;, V(X)=(n’-1)12



My(t) = .42 + 30e' + .17 + .11e';
E(X)= 97 E(X°)=1097

Edf[14 L Iﬁeif}i'
Negative bimomial with p = Jand r = 5

1,4, 15,2, 13,0, 11, 14,9, 12,7, 10,5, 8, 3
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7.4

7.1

7-2.

7-3

7.2

7-5.

Exercises

Defining a Continuous Random Variable

Let f(z) = 1.5z + .25, for 0 < z < 1, and f(z) = 0 elsewhere.
(a) Show that f(z) is a probability density function.

(b} What is the cumulative distribution function?

(¢) FindP(0< X < 3)and P(; < X < 3).

Let f(z) = a(e™® — e ), for z > 0, and f(z) = 0 elsewhere.
(a) Find a so that f{z) is a probability density function.
(b) Whatis P(X < 1)?

Let

25z 0<a<.20
flz) =4 1.5625(1 —xz) 20<z<1.

0 elsewhere
Find P(.10 < X < .60).
Let f(z) = a/(1 + z%), forx > 0, and f(x) = 0 elsewhere.
(a) Find a so that f(z) 1s a probability density function.
(b) Whatis P(X < 1)?
The Mode, the Median, and Percentiles
For the density function in Exercise 7-1, find z 75, x5 and z 7s.
Let f(x) = e*, for 0 < x < [n2, and f(z) = 0 elsewhere.
(a) Find z 5 and x .

(b) What is the mode of this distribution?

For the density function in Exercise 7-3, find the median and
I %0



7-8.

7-9.

7-10.

7-11.

7.5

7-12.

7-13.

The Mean and Variance of a
Continuous Random Variable

If X is the random variable whose density function is defined in
Exercise 7-1, what are £E(X') and V(X)?

If X 1s the random variable whose density function is defined in
Exercise 7-3, what1s E(X)?

For the random variable in Example 7.1 whose density function
is f(x)=.75(1-x"), for -1<x<1, and f(x)=0 elsewhere,
show that both the mean and the median are equal to 0.

Let X be a random variable whose density function is ?]?jx—z},

for x=0, and 0 elsewhere (Exercise 7-4). Show that E(X)
does not exist.

Sample Actuarial Examination Problems

The lifetime of a machine part has a continuous distribution on
the interval (0,40) with probability density function f, where

JS(x) is proportional to (10 + x)"z .

Calculate the probability that the hifetime of the machine part 1s
less than 6.

An insurer’s annual weather-related loss, .Y, 1s a random variable
with density function

2.5(200)>° for x>200
fl)=5 53

0 otherwise

Calculate the difference between the 30™ and 70" percentiles of X



7-14. An insurance company’s monthly claims are modeled by a

7-15.

7-16.

7-17.

continuous, positive random variable X, whose probability
density function is proportional to (1+x)™ where 0 < x <o,

Determine the company’s expected monthly claims.

Let .Y be a continuous random variable with density function

L
f@x) =110

0 otherwise

for -2=x<4
Calculate the expected value of X.

The loss due to a fire in a commercial building is modeled by a
random variable X with density function

005(20-x) for O<x<20
fx) = .
0 otherwise

Given that a fire loss exceeds 8, what 1s the probability that it
exceeds 167

An insurance company insures a large number of homes. The
insured value, X, of a randomly selected home is assumed to
follow a distribution with density function

3 for x=1
0 otherwise

f(x}={

Given that a randomly selected home is insured for at least 1.5,
what is the probability that it is insured for less than 27



CHAPTER 7

7-1. The function f{x) = 1.5x + .25, for 0 < x = 1, and 0 elsewhere.

{(a) Clearly f(x) = 0 for all x, so we only need to show that the
arca under the curve is 1.

1
{ foodx = [[(1.5x + 25)dx = (75x* +.25%) i
=75+ 25=1

Hence f(x) is a probability density function.
(b) F(x)=P(X < x) = _[0'7(1.5:‘ +.25)dt =(.75x> + 25x) for
0=x=<1 F(x)=0forx<0,and F(x)=1for x> 1.

(©) P(O0<X =1/2)

F(.5) - F(0) = [.75(.5)> + 25(.5)] — [0 + 0]
3125

P(174 < X < 3/4) = F(.75) — F(.25)
[-75(.75)°+.25(. 7)) 75(25)*+.25(25)]
600375 — 109375 = .50

It

I

7-2. {a) We need to find a so that the area under the curve is 1.
7 feodx = J':a(e"zx —e Pdx =al—(i2)e™ + (1/3)e ]

= a(0) —a(~1/2 + 1/3) — a/6
For this to be a probability density function 2/6 — 1, and a — 6.

. 1, 3 . :
(b) P(X <1)= 6."0(3 B e ydx = (3 w207 ||
=(-3¢7 +2e ) — (-3 +2)=-3064 + | = 6936

ib) The mode of this distribution 15 the value of x for which the
density function, f{x), is a maximum. Since & is
increasing, the maximum occurs at the right hand endpoint,
x=In2.

& I X
73, PLI0=X s 60)= Ilflx)dx = IIZSxd-n- }'_1 562501 — x)dx
= 12.Sx‘|f —.78125(1 -x12|'f
=375+ 378= 75
-7 For the density function in Exercise 7-3, if 0 £ x = 2, then
Foxy= L‘:sm =12.5x% . and F(.2) = .50,
Hence the median is 20

@ fodes [

1+x?
For this to be a probability density function, a(m/2) must
equal 1, s0a= 2/t

b} PIX < 1)=(2m) j:ﬁ—d\( = (@)[tan’ (1} - tan"(0)]
=

= atan"(.\(}|: = a(n/2}

For2<x<l, Fx)=S+ 1 sszs[}l-um

= (T A— 0y =172 -
Gt 0y =1 =.:=+|sr325(t—t’r:)[Z

. L . N i =5+ 1562500 - X2 = 18)
7-5. For the density function in Exercise 7-1, F{x) = 732" + .25x !

Ta find x, we need to solve Fix) = p. i = 5+ 1.5625% - 78125x" — 28125,

Forp = 25 we have 755" +.25x = 26, or 3¢’ + x = | Solving F(x) = .8 we get
‘The positive solution of this equation is x = 4343 =x ..
o2 N FBL25%7 - 15625 + 58125 =0
Forp= 50 we have 735"+ 25x = S or3x +x =12,
The positive selution of this squation is X =2/3 = X.a. The solutien to this equation in{ 2,115 x = 4940 = e
Forp = 75 we have 75x° + 25x = 75, or 3"+ x = 3,
The positive solution of the equation is x = 8471 =x ;.

-8 For the density function in Exercise 7-1:

7-6.

Iffixp=e" for 0 <x <lnl, then
P = [etdt =eo1
{a) Solving F(x) = p when p = .50 we get
e'—i =50, 0re" =15
The solution of this equation isx =Inl.5 = 4055 = x5,
Solving F(x) = p when p = .90 we get
€ —1=290, 0re" =19

The solution of this equation 15 x =In1.9 = 6419 = xap,

1 1 3
B0 = Lx(l Sx+ 25)dx = j{u Sxt+ 25x)de

\
=05+ .125¢°)|| =625

EOC) = [ (L5x 0 29 = [{1.5 + 2557k

= (1.5 + (.2sr3)x5]1: = 45833

VIX)= E(X) - E(X)Y = 45833 — 6257 = 0677



79, EGO= [ x@sndx+ j; 1.5625%(1 - x}dx

. . 1 .
i 4 -
IDISx dx +1.5625 j_}{x x* idx

= {25;31;;*[3 + 15625012 — /3

1
1

= 0666 + 2333 = 30

7-1¢.  For the density function fix) = 75(1 - x') if=l =x = | and

elzewhere,

ECX) = .75 ]"iuu C = 75052 — x i) L = 0.

Fog = [750- e = 75— 0]
=75 — 25 + 50

To find the median we have 1o solve Fix) = .50,

Tax— 255 + S0 50
25(3x—-x=0

The only solution in [-1, 1] is 0, so the median is 0, and the mean
and the median are the same,

7-11. For the density function fix) = L’z forx=10,
7l + %)

EX)= = [ s = Umingl + 5
Al ex” i

This does not have a finite value, so E{3X) does not exist.
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8.10 Exercises

8.1 The Uniform Distribution

8-1. Derive Equation (8.5b).

8-2.  If T isthe random variable in Example 8.3 whose distribution 1s
uniform on [0, 100], find £(T) and V(T).

2-3, In a hospital the time of birth of a baby within an hour interval
(e.g. between 5:00 and 6:00 in the moming) is uniformly
distributed over that hour. What 1s the probability that a baby is
born between 5:15 and 5:25, given that it was born between 5:00
and 6:007

8-4.  On a large construction site the lengths of pieces of lumber are
rounded off to the nearest centimeter. Let X be the rounding
error random variable (the actual length of a piece of lumber
minus the rounded-off value). Suppose that X is unmiformly
distributed over [—.50,.50]. Find (a) P(—.10 < X < 20);
(b) V(X).

8-5. A professor gives a test to a large class. The time limit for the

test is S0 minutes, and the first student to finish is done in 35

minutes. The professor assumes that the random variable 1" for

the time it takes a student to finish the test is uniformly

distributed over [35, 50].

(a) Find £(T") and V(T').

(b) At what time 7 will 60 percent of the students be fin-
ished?



8-8.

3.2
8-9.

Let T" be a random variable whose distribution is uniform on
[a,b] and a < ¢ < d < b. Suppose you are given that the value
of T falls in the interval [c, d]. Let ¥ be the conditional random
variable for those values of T that are in [e, d]. Show that the
distribution of ¥ is uniform over [c, d].

Suppose you consider the subset of the population in Example

8.3 who survive to age 40. If T is the random variable for the

age at time of death of these survivors, T has a uniform distribu-

tion over [40, 100].

(a) Find E(T) and V(T).

(b)  What s P(T = 57) for this group? (Compare this with the
result in Example 8.3.)

For the population in Example 8.3 where the time until death

random variable T' 1s uniform over [0, 100], consider a couple

whose ages are 45 and 50. Assume that their deaths are indepen-

dent events.

(a) What is the probability that they both hive at least 20 more
years!

(b)  What is the probability that both die in the next 20 years?

The Exponential Distribution

Tests on a certain machine part have determined that the mean

time until failure of this part is 500 hours. Assume that the time

7" until failure of this part is exponentially distributed.

(a) What 1s the probability that one of these parts will fail
within 300 hours?

(b)  What is the probability that one of these parts will still be
working after 900 hours?

If T has an exponential distribution with parameter A, what is
the median of T7

For a certain population the time until death random wvariable T

has an exponential distribution with mean 60 years.

(a) What is the probability that a member of this population
will die by age 507

(b)  What is the probability that a member of this population
will live to be 1007



8-12.

8-13.

8-14.

8-15.

8-16.

8-17.

B-18.

8-19.

If 7" is uniformly distributed over [a, b], what is its fatlure rate?

Researchers at a medical facility have discovered a virus whose

mean incubation period ({time from being infected until symp-

toms appear) is 38 days. Assume the incubation period has an

exponential distribution

(a) What is the probability that a patient who has just been
infected will show symptoms in 25 days?

{(b) What 1s the probability that a patient who has just been
infected will not show symptoms for at least 30 days?

If T" has an exponential distribution, show that P[T < E(T'}] i1s
FIE(T=1-e' = 632

A city engineer has studied the frequency of accidents at two

busy intersections. He has determined that the time 7" in months

between accidents at each intersection has an exponential distri-

bution. The parameters for these two distributions are 2 and 2.5.

Assume that the occurrence of accidents at these intersections is

independent.

(a) What is the probability that there are no accidents at either
intersection in the next month?

(b)  What 1s the probability that there will be no accidents for
at least one of these intersections in the next month?

If T" has an exponential distribution with parameter .15, what are
the 25 and 75" percentiles for T'?

Using Equation (8.8) and integration by parts, derive the identity
Mn)y=(n-1)-I'(n — 1).

Let 7" be a random variable whose distribution is exponential
with parameter A. Show that P(T = a + b|T = a) = P(T = b).

Consider the population in Exercise 8-11.

(a) What is the probability that a member of this populanon
who lives to age 40 will die by age 507

(b)  What 1s the probability that a person who lives to age 40
will then live to age 1007



8.3

8-20.

8-21.

8-22.

8-23.

8-24,

8-25.

8.4

8-27.

The Gamma Distribution

Using Equation (8.10) and the result in Exercise 8.17, show that
the mean of the gamma distribution with parameters « and 7 1s

/3.

Use Equation (8.10) and Exercise 8.17 to show if X has a gamma
distribution with parameters o and 4, then E{X?) = a{a + 1)/3*
and hence V(X) = a/[7°.

At a dangerous intersection accidents occur at a rate of 2.5 per
month, and the time between accidents is exponentially
distributed. Let T be the random wvariable for the waiting time
from the beginning of observation until the third accident. Find
E(T)yand V(T).

Suppose a company hires new people at a rate of 8 per year and
the time between new hires 1s exponentially distributed. What
are the mean and variance of the time until the company hires its
12!" new employee?

A gamma distribution has a mean of 18 and a vanance of 27.
What are «v and [ for this distribution?

A gamma distribution has parameters « = 2 and & = 3. Find
(a) Fz);(b) P(0< X <3)(c) P(1= X <2).

The length of stay X in a hospital for a certain disease has a
gamma distribution with parameters o = 2 and 7 = 1/3. The

cost of treatment in the hospital is €' = 500X + 50X?. What is
the expected cost of a hospital treatment for this disease?

The Normal Distribution
Using the z-table in Appendix A, find the following probabilities:

() P(-1.15<Z<156) (b) P(0.15< Z < 2.13)
(c) P(lZ] < 1.0) (dy P(Z] = 1.65).



8-28.

8-29.

8-30.

B-31.

8-32.

8-33.

Using the z-tables in Appendix A, find the value of =z that satis-
fies the following probabilities:

(a) P(Z < z) = .8238 (b) P(Z < z) = .0287
(c) P(Z>z)= 9115 (d) P(Z > z)=.1660
(¢) P(Z| = z)=.10 (H P(Z] < z)=.95

Let z be the standard normal random wvariable. If z = 0 and
Fe(z) = o, what are Fy(—z)and P(—z < 2 < z)?

If X is a normal random wvariable with a mean of 17.1 and a
standard deviation of 3.2, what is P(14 < X < 25)7

An insurance company has 5000 policies and assumes these
policies are all independent. Each policy 1s governed by the
same distribution with a mean of $495 and a variance of
$30,000. What is the probability that the total claims for the year
will be less than $2,500,0007

A company manufactures engines. Specifications require that the
length of a certain rod in this engine be between 7.48 cm. and
7.52 em. The lengths of the rods produced by their supplier have
a normal distribution with a mean of 7.505 cm. and a standard
deviation of .01 cm.

(a) What is the probability that one of these rods meets these
specifications’

(b) If a worker selects 4 of these rods at random, what 15 the
probability that at least 3 of them meet these specifica-
tions?

The lifetimes of light bulbs produced by a company are normally
distributed with mean 1500 hours and standard dewviation 125
hours.

(a) What is the probability that a bulb will last at least 1400
hours?

(b) If 3 new bulbs are installed at the same time, what 1s the
probability that they will all still be burning after 1400
hours?



8-34.

8-35.

8.5

8-36.

8-37.

8-38.

8-39.

8-40,

g-41.

If a number is selected at random from the interval [0, 1], its
value has a uniform distribution over that interval. Let S be the

random variable for the sum of 50 numbers selected at random
from [0, 1]. What is P(24 < § < 27)?

Let X have a normal distribution with mean 25 and unknown
standard deviation, If P(X < 29.9) = .9192, what is o?

The Lognormal Distribution

If ¥ =¥, where X is a normal random variable with g = 5
and o = .40, what are (YY) and V(Y')?

If ¥ 1s lognormal and X, the normally distributed exponent, has
parameters p = 5.2 and & = .80, what is P(100 < Y < 500)?

The claim severity random variable for an insurance company 1s
lognormal, and the normally distributed exponent has mean 6.8
and standard dewviation 0.6. What 1s the probability that a claim
1s greater than $17507

If ¥ is a lognormal random variable, and the normally distribu-
ted exponent has parameters g and o, what 1s the median of Y7

For the stock in Example 8.24, whose value in one year is
Y = 100e* where X is normal with parameters g = .10 and
o = .03, what 1s the probability that the value of the stock in one
year will be (a) greater than 112.50; (b) less than 107.50,

If Y = e¥ is a lognormal random variable with E(Y) = 2,500
and V(Y') = 1,000,000, what are the parameters p and o for X?
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8-42.

8-43.

8-44,

8.7

8-45.

£-46.

8-47.

8-48.

5-449,

The Pareto Distribution

Let X be the Pareto random variable with parameters o and /3,
a>2andx = 49> 0.

(a) Vernfythat F(x)=1— (3/x)*.

(b)  Verify that E(X) = af/{a— 1).

(c)  Verify that F(X?) = a/#/(a — 2), and use this result to
obtain V'(X).

For the Pareto random variable with o = 3.5 and 4 = 4, find
(a) E(XY); (b) V(X); (¢) the median of X; (d) P(6 < X < 12).

A comprehensive insurance policy on commercial trucks has a
deductible of $500. The random variable for the loss amount
{before deductible) on claims filed has a Pareto distribution with
a failure rate of 3.5/z (z measured in hundreds of dollars). Find
{a) the mean loss amount; (b) the expected value of the amount
paid on a single claim; and (c) the variance of the amount of a
single loss.

The Weibull Distribution

It can be shown (although beyond the scope of this text) that
I'(1/2) = 7', Using this and the result of Exercise 8-17, find (a)
T'(3/2); (b) I'(5/2); (¢) ['(7/2). (Can you see a pattern?)

Let X be the Weibull random variable with @ = 3 and 4 = 3.5.
Find (a) P(X < 0.4); (b) P(X = 0.8).

What is the failure rate for the random wvariable in Exercise
8-467

For the Weibull random variable X with o =2 and 3 = 3.5,
find (a) E(X); (b) V(X); (c) P(.25 < X < .75).

Using Equation (8.10), yerif}f that the mean of a Weibull distri-
bution is T'(1 + 1/a)/3Y%. (Hint: Transform the integral using
the substitution u = x%.)
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8-51.

8-32.

8-53.

8-54.

8-55.

8.11

8-56.

8-57.

The Beta Distribution

Find the density function for the beta distribution with @ =4 and
f=1.5. (Hint: Use the results of Exercise 8.17.)

Find the value of & so that f(x]:kx“(l--sz for 0<x<] isa
beta density function.

A meter measuring the volume of a liquid put into a bottle has an
accuracy of = 1 em’. The absolute value of the error has a beta
distribution with =3 and /=2, What are the mean and
variance for this error?

In Exercise 8-52, what is the probability that the error is no more
than 0.5¢m™?

A company markets a new product and surveys customers on
their satisfaction with this product. The fraction of customers
who are dissatisfied has a beta distnbution with @ =2 and
fi=4. What is the probhability that no more than 30 percent of
the customers are dissatisfied?

Using Equation (8.33), verify that the mean of the beta distribu-
tion is a /(a+ 7).

Sample Actuarial Examination Problems

The time to failure of a component in an electronic device has an
exponential distribution with a median of four hours.

Calculate the probability that the component will work without
failing for at least five hours.

The waiting time for the first ¢laim from a good driver and the
waiting time for the first claim from a bad driver are independent
and follow exponential distributions with 6 years and 3 vears, re-
spectively.

What is the probability that the first claim from a good driver
will be filed within 3 years and the first claim from a bad driver
will be filed within 2 years?



8-38.

8-59.

8-00.

8-61.

The lifetime of a printer costing 200 is exponentially distributed
with mean 2 years. The manufacturer agrees to pay a full refund
to a buyer 1f the printer fails during the first year following its
purchase, and a one-half refund if it fails during the second vear.

It the manufacturer sells 100 printers, how much should it expect
to pay in refunds?

The number of days that elapse between the beginning of a
calendar year and the moment a high-risk driver is involved in an
accident is exponentially distributed. An insurance company
expects that 30% of high-risk drivers will be involved in an
accident during the first 50 days of a calendar year.

What portion of high-risk drivers are expected to be involved in
an accident during the first 80 days of a calendar year?

An insurance policy reimburses dental expense, X, up w a
maximum benefit of 250. The probability density function for X
is:

ce R far x20

{ otherwise

f(x) ={

where ¢ 1s a constant.
Calculate the median benefit for this policy.

You are given the following information about N, the annual
number of claims for a randomly selected insured:

pN=0)=1  pv=p =1 pvep =1

Let S denote the total annual claim amount for an insured. When
N =1, §is exponentially distributed with mean 5. When N =1,

& is exponentially distributed with mean 8.

Determine P(4 < 5 <8).



8-62.

8-63.

An insurance company issues 1250 vision care insurance
policies. The number of claims filed by a policyholder under a
vision care insurance policy during one year is a Poisson random
variable with mean 2. Assume the numbers of claims filed by
distinct policyholders are independent of one another.

What is the approximate probability that there 1s a total of
between 2450 and 2600 claims during a one-year period?

The total claim amount for a health insurance policy follows a
distribution with density function

fi(x) :T-Dlﬁﬁe_m for xz0.

The premium for the policy is set at 100 over the expected total
claim amount.

If 100 policies are sold, what is the approximate probability that
the insurance company will have claims exceeding the premiums
collected?

A city has just added 100 new female recruits to its police force.
The city will provide a pension to each new hire who remains
with the force until retirement. In addition, if the new hire 1s
married at the time of her retirement, a second pension will be
provided for her husband. A consulting actuary makes the
following assumptions:

(i) Each new recruit has a 0.4 probability of remaining with the
police force until retirement.

(i) Given that a new recruit reaches retirement with the police
force, the probability that she is not married at the time of
retirement 1s 0,25,

(i1i) The number of pensions that the city will provide on behalf
of each new hire is independent of the number of pensions it
will provide on behalf of any other new hire.

Determine the probability that the city will provide at most 90
pensions to the 100 new hires and their husbands,
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8-66.

8-1.

8-3.

-4,

In an analysis of healthcare data, ages have been rounded to the
nearest multiple of 5 years. The difference between the true age
and the rounded age is assumed to be uniformly distributed on
the interval from —2.5 years to 2.5 years. The healthcare data are
based on a random sample of 48 people.

What is the approximate probability that the mean of the rounded
ages is within 0.25 years of the mean of the true ages?

A charity receives 2025 contributions. Contributions are assumed
to be independent and identically distributed with mean 3125 and
standard deviation 250,

Calculate the approximate 90" percentile for the distribution of
the total contributions received.

CHAPTER 8

For the wnifonn distribution on [a. b, fix) = b - a).

s 2 3_ .3 ,
By = [ g =y B +ab+ o)

b —a)

VOO = EQC) - E(XY ]
= (1/3}b" +ab +a’) - (114}b° + 2ab + a’)
={b'=2ab +a’}¥12 = (b —a}"/12
If T is uniformly distributed on [0, 100];
E(T)= {100+ 0)2 = 50
ViT)= {100 - %12 = 833.33
Let T be the time {in minutes from 5:00) that the baby is bomn;
then T is uniformly distributed on [0,60].
Fit)y=HT =t)= /b

B(i5<T<25) =F{(25) - F(153}=25/60 - 15/60 = 146

Since X is umiform on [-.50, .50).
® —(—. 50}
Flxl= —————=x+.50.
= S s ~"

(@) P(—10=X= .20)=F(20)—F(-10)=.70 — 40= 30

(b VIX) =[50 =(=350P12= 1712
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B-14.
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(a) T is uniform on (35,50). so
E(T)=(50+35)2=425
VITy=(50-35//12= 1512 = 1875

{b) The time at which 60 percent will be finished. t., is the
solution of F(t) = .60,

F(ty=(t - 35)/15, 50 we solve
(E=35)15 = a0
t=44,

For ¥ in [¢.d] and T uniform on [ab]

PY = 9 )=PT=yle=T=h)
_ PlesTs=y)
Pc=Tcd)
(y—cl/
- /(h —a) _¥y-¢
fd—c)/ d-
b=z
Hence Y has a uniferm distribution over [c.d].

o

(a) Since T is uniform on [40,100] we have
E(T) = (100 + 4002 = 70
V(T)={100 — 40512 = 300

(b) P(T>57)=1-P(T 257 =1 =176l = 7167

For the uniform distribution on [a,b],
F(tj= ti{b — a)and S{t) = (b - 1){(b—a).

The failure rate is

(O
M7 5T

Let T be the random variable of the incubation period. Tis
exponential with & = 1738,

(a) F(T=25)=F(25)=| - ¥ = 482)

() P(T>30)=5(30)=¢™"" = 454

Let T have an exponential distribution with parameter &, Then
E(T) =1/

Fity=1-e™
FIET =F{lik) = | — "= | el o g32

Let X and Y be the random variables for the time between

dents at these int Each is exponentially distribu-
ted with parameters 2 and 2.5, respectively. Let S, and S, be
their respective survival functions. No aceident in a month at an
intersection means X {or ¥) = 1,

(@ PX>1and Y > 1) =5,(1)Sy(1) = (W = 0111

by POC=DorY = 1)=8(1) + 5413 - S,(1)54(1)
=+ o (e Tye ) = 2063

88,

8-9.

514

Let X and Y be the random variables of the ages at time of death
for the 45-year-old and the 50-year-old, respectively, Then X is
uniform on [435.100] and Y is uniform on [50.100].

The probability that the 45-year-old dies in the nexi 20 years is
P(X = 65) = (65 - 45)(100 — 45) = 20/35 = 41 1.
The prebability that the 50-vear-old dies in the next 20 vears is
POY < 70) = 20750 = 2/5.

(&) P(X> 65 and Y > 70) = (1 - 4/11)(1 - 2/5) = 3818
() P(X = 65and Y < 70} = (4/11)(25) = 1455

T has an expenential distribution with mean 1/3 = 500, or
=002,

PTsn=Fa=1-¢""

(T 1) = 5{1) = & "
(a) PT=300y=1 ¢ ™0 =) o f=a512
(b)  P(T=900)=e ™™ =g "= 16353

To find the median of the exponential distribution we selve
Fity= 1 =™ = 50, arc™ = 350,
Then —ht = In{.5} = —In2. and the median is (1/5)in2
For the exponential distribution with mean 60, A = 1760,
(@) PIT=50)=1-e™"=5654

(b PIT=> 100 = ™% = 1880

8-16. [f T hasan exgponemial distribution with & = .13, then
1

E(t) = 1—¢ ", To find t,, solve F{t) =p.
Ifp=.25 1-¢ =25
elf= 75
—15t=1n.75
t=19179

p=.75 1-¢ =73
o JL 1. 23
—15t=n.25
1= 0.2420

8-17. Tin}= I:x"'lc"dx (See Equation 8.8}

letu =" ) dv = e “dx
du={n-1"“dx v=—-"

el ETY P
[ny= —ex |0+(n IJjnn e dx
o> 1, then — e xt |: = 0. {See Equation 8.6)

T(ny=in - nfx‘"'“"e"dx
=@m-Dfn-1)

RB-18.  If T is an exponential random variable with psrameter 1, then

P(Tza+h)
MT za)

—déa=1}

P(Tza+h|Tza)=

€ —dn




8-19.

§-20.

8-21.

£.22

8-27.

8-28.

8-29,

For the population in Exercise 8-11, T (the time until death) was
expencntial with & = 1/60.

(a)  P(T=50[Tz40)=1-P(T = 50T = 40)
=1=PT20)=1-¢""= 1535

(b)  P(Tz 00| Tzd40)=PT = 60) = ¢ = 3679

A U8 e
For the gamma distribution fix) = %x ¢
and wa"e'”dp;:@.
il a™

- BT e m

E(X) = fo{x}dx= @ f"x e Mdx

- ﬂlf{a+l)=arfa’)=
Dlery gt flla)

alfl

1, =2 LT e
B = [ ﬂ"’d"’_r(a}.[a" e Pax

F* Te+2) (a+Di{a+1)

CT@) T T@p”

=(e+ D
VX = BOXT) - BXY = oo + 1V — 03/ = o’
If the accidents occur at the rate of 2.5 per month, the waiting
time between accidents is exponential with 3 = 2.5, The waiting
time from the beginning of observation until the third aceident,

T, has a gamma distribution with . = 3 and f = 2.5.

E(T)=aB=325=12
VIT) = /3 = 342.57 = 48
() F1.56) - Fz— 1.15) = 9406 — 125] = 8155

(b) F(2.13)— F,(0.15) = 9834 5596 = 423§
{c) FALD}—Fa(- 1.0} = 8413 — 1587 = 6826

(d) 1= Fz{1.65)+ Fz{- 1.65)= | — 9505 + 0495 = 0990

(a) Fz{z)= 8238, s0z=0093

(b} Fzz)= 0287, s02=—1.90

te) 1-Fdz)= 9115, s0Fyiz) = 0885 and 2 = — 1 35
(d) 1 —Fzz)= 1660, s0 Fz{z)= B340 and z = 0,97

(e} By symmetry of the standard normal density function.
P(Zzz)=P(Z = -z).

P(Z|22)=PZz2)+ P(Z 5~ 1) = 2P(Z > 2)
=21 - Fz{z)) = .10

Falz}= 9500, soz=1.645
(Note that 9500 falls between two z-values, and we
haven’t done any interpolation. But this is a very
important z-value to know.)

iy PUZI < 2)=1-P(Z|z 2) =1 - 2{1-Fzz))
95

=2z -1 =
Fof2)=.9750, s0 2 = 1 96

Lotz = 0 and Fp(z) = a = P(Z < 7). By symmetry of standard
density normal density function:
Fr-2)=PZ<-25)=P(Z2z)=1-PZ=<2)=1-a

P{—ZSZEZ):P(ZEZ}‘-P(ZS—Z}=E— {l=o}=2a-1

823

8-24.

B-25.

B-26.

The waiting time T until the 12® new employee is hired has a
gamma distribution with @ = |2 and 3 = 8.
EM=aP=128=15
V(T) = c/ff? = 1264 = 1875

Let T be a gamma distribution with a mean of 18 and a variance
of 27.

HD _ @l 5 ignr=25
ViTy arg*

o= BE(T)=(23)18 = 12

Let X he a gamma distribution with =2 and 3 =3,

Then fix} = T%ﬁ'c'-‘*.

(@  Fix)=9 J.Ille""‘dl {integrating by parts)
=901 3 —e )| = 1= < TBx+ 1)
(b)  BO<X=3=F3)=1-c"(10)= 9988

(€} PO=X==F@)-Fl={1-Te)—{1-4 ")
=.1818

X has a gamma distribution with =2 and = 1/3.

E(X) = 6. and B = oo+ 1/ =354
E(C) = E(500X + 50%7%)
= [(500x + 50x*)ftx)dx

= 500 j"'a fodx + 50 I:x Mfx)dx
= SOOE(X) + S0E(X") = 3270

In subsequent problems involving probabilities of the normal random
variable, the z-values will be rounded to 2 decimal places to make use of
the z-table in Appendix A. If you are using the TI-83 or other calculator,
this will not be necessary. The solutions here will only be those using
the z-table,

8-30.

8-32,

Xis a normal random variable with p= 17,1 and @ = 3,2,

P(l4 < X £ 25) = ['41;—-“5252—57;—”]

=(l4-17.7 25-17.1
( iz 225 3z ]

=(- 97 =Z=247)= 9932 — 1660
= 8272

Let § be the tota! claims on the 5000 policie§. Then S has a
normal distribution with p = 500{((495) and o° = S000(30,000)
and g = [2,247 44,

P(S 52,500,000) = | 2 £ 250000 - 2:475.000 2‘”5‘000]

12,247.44
=PZ <2.04)= 9793

Let X be the length of the rod. X is normally distributed with
mean of 7.505 and standard deviation of .01,

@ P48 X 2 7.52)=p[ LB 1505 . 5 . 752 = 1.503)
.M 0] J

=P(-23sZ5 1.5 = 9270
(b} I 4 rods, let ¥ be the number that meet the specifications.

PY 2 3} =4(.927)(.073) + (927 = 9711



8-33. Let X be the lifetime of a light bulb, and = 1500 and & = 125, 838, Let¥=e", where X is normal with n=63%and o= 60,

. ol 7214001500 PIY 2 1750) = | - P(X < In1750)
@) PX 2 1400) P(Zz 125 ] =1~ P(X < In1750)
=HZ2-8)=|-KZc- 8)=788] =1 - P(Z = (Inl 750 6.8.6)

) i =1-PZ<111)= 1335
(B P(all three burning afier 1400 hes) = (.7881)° = 4895

i 8-39. To find the median of Y we solve the equation

PiY <¥)= 50
P(X < Inv)= 50
PZ = {Iny — pwa) = 50

8-34. If X is a number picked from [0,1], x is uniformly distributed
with mean .5 and variance 1/12. Let S be the sum of 50 such !
numbers, Then S is approximately normal with p = $0(.5) = 25

and o= V50/12 =2.0412. i (iny — o=
. \ ; ty =p.
P(24<S<2my=p[24-25 5 27-25 i Then y =¢* is the median.

L2042 T T 20412 )
=PH=49=Z g 0B)=.5244 .
B-40. Y = 100¢™ , where X is normal with 1 = .10 an & = 03.

835, P(X<209)= 9102 ' (@ P(L00Y = 112.50) =1~ P{100Y< 112.5)
P(Z < (29.9 28)m) = 9192 = Fof1 4 : =1-P(Y < ).125)
49/5=14, =35 ; = 1- P(X< In1.125)

= 1=P(Z £ (Inl 125 — 10).03)
=1-P(Z= 59) =.2776
836, LetY =¢*, where X is nommal with p = 5 and o = 40, (b)  POLOOY < 107.5) = P(Z < (In].075 — . 17.03)
t =PZ<~-92)=1788
E(Y)=e""T =% 150,77

VIYy = E(YF(e” —1) =" = 1) = 4,484.96 f 841, Let ¥ be Tognormal with ECY) = 2,500 and V() = 1,000,000,
Note that V(Y can be written as
837, Let Y =e”, where X is normal with p= 5.2 and o = 80 ViY)=E(YP(e™ ~1).
eT —1 = 1,000,000/2,500)° = 16
F(I00 < Y = 500) = P{In100 <X < In500) & =Inl.16
:P[rnluos-s.stS|nsous—5.2] a=.3853
=P~ Mg X=127)= 6684 ' In(E(Y)) = p+ /2 = 1n2500
W=1n2500 - (38332 = 7.7498
8-42,  Rewrite the Pareto density function as fix) = af™™". 8-44.  Because of the deductible, only claims for Jasses of more than §
{hundreds of dollars) are filed. Hence f=3. Since the Failure
R P T T2 S rate is 3.5/, ¢ = 3.5,
@ Fe = a® [ = apt |
=P - F) = 1" | {a) Mean loss amount is E(X) = (3.55)2.5 = 7. ($700)
|
= T i (b} Expected amount of a single elaim is loss — deductible =
) B0 = [ xitodx=ap™ [ % ax i $200.
e LA SN [ (e} V{I00X) = 100°[(3.5%25¥1.5 - 7] =93.333 33
—ex+1 & —(a-1) i

= ol -1, (1) i .
| B-45.  Weare given I(1/2) = ', and we know Cix + 1) = xl{x).

- ] g [T sl )
{c) E(XH= L'x () = afd Lx dx @ TR = (1K) = (12

- —Of+ TR :=_$s_ 2)"0"’81‘2’ , (b} I(5/2) = (WD(3/2) = (34a)n

= b= @>2 | () TCI2) = (5/200(5/2) = (15/8)'?

VOX) = BOC) — B = “—ﬂ;—[ﬂ)

a=2 lo-] 8-46.  For the Weibull distribution Fx) = 1— ¢ ®" .

[Fou=3and p= 3.5, then F(x) =~ 1 e

8-43. Let X be a Pareto random variable with e = 3.5 and f= 4. (8 POXE D) = FOA) = 1=~ 200

(@) E(X)=affu— 1)=4(1.502.5=56 i »

, (b) P(X > 0.8) =1 —F(D.8)= ¢ = 1566

(b) V(X = ap(o—2) ~ [afila - DT =3.5(16¥1.5-5.6°
=5.9733

"’ 8-47.  The failure rate for the Wetbull distribution is A{x) = cfix"",
() To find the median solve Fix) =1 - (450" = .50, i Ifa=3and f~3.5 then Lix) = 10.5x°,
@t = 50 i
x= 45 = 48761

d) P(6 <X =12)=F(12)- F(6 i
¢ =t -(4(13)”}]_“ —(416)*°) i
= 97862 - 75808 = 22054 :



8-48,

8-49.

8-50.

Let X be a Weibull distribation with o = 2 and = 3.5,

_ Dl e Vel L(32) (12"
E(X)= il e = 4737
{a} (X) e s ms

by V(X)= E,'T[rmzm) ~T{l+ 1 e}

=(1/3. 5){1‘(4] C(32)F] = (153,51 - nid)
= 0613

(&) P(2S=X < .75)=(1- e (o g taanty
=(1-.13963) - (1 - .80352)
= 66380

The Weibull density function is f{x) = ok ® e "
E(X)= I:xﬂx)dx =] f:r"e"‘“ dx

Letu=x" x=yu'" dx = (e du
2% ™ dx = P e du = (17 e P du

E(X)= aﬂj:um)u““e"’“du=ﬁ%+«.'$ - m—;{a‘)

Let X be a beta distribution with o =4 and f = 1.5,

oy L@ =) r(s.5)
T{e)( &) {5
_ODORERGGD L
GITG2) x{1-x)
= 315701 - 032

A5 =xp T = xH1-x)*

8-52.

8-53.

8-54.

)
We need to find k so that ka‘(l —x) dx =1,

1 . N
L{x" 20 P dx = (5 —2x 6+ x 1Ty L
=S ~1/3+1/7= 1105

Hence k = 105,
For the beta distribution with e =3 and = 2:

EX)=ale+f)=36=06

VX = —gL_Lzo_m
(a+ @y (x+f+1) 256)

P(X 5 0.5) = rmrfz)f" - x)dx_uj' (%7~ )dx

= 12(x s_x‘mL: 12[(U3H.57 = (1743051
= 3125

For a beta distribution with & = 2 and = 4;

_rey
L)) &

= ZOL{A—BX +3x7 —xPudx

PX=03)= ) _ _[ (1 %) dx

N 3
200x712 =% 4324 —x’a'S]L)

SMCIZNIY — (37 = (B33 - (175)(.3))
47178

B-35.  Let X have a beta distribution with parameters « and .

E(X) = j Cf{x)dx = %+ 5

Ma Jl“{ﬂ]
{and using Equation §.33)

C(a+f) Cla+N(F)_

— 0 dx

&

Ml F) Tle+ g +1)

a+ 7



CHAPTER 8

8-2.

8-3.

8-4,

8-5.

8-7.

8-8.

8-9.

8-10.

8-15.

8-16.

8-19.

50; 83333
1/6
(a) 3/10 (b) 1/12
(a)42.5; 18.75 (b) 44 minutes
(a) 70; 300 (b).7167
(a) .3818 (b).1455
(a) 4512 (b).1653
L2
(a) .5654 (b).1889
-

t
(a) 4821 (b) 4541
(a) 0111 (b).2063

1.9179;, 92420

(a) .1535 (b).3679



8-22.

8-23.

8-24.

8-25.

2-26.

8-27.

8-28.

3-29.

B-30.

8-31.

83-32.

8-33.

8-34.

8-35.

8-30.

8-37.

8-38.

8-39.

1.20; 48

1.50; 1875

a=12; F=2/3

(@)1 —e **(3z+1) (b).9988 (c).1818

3270

(a) 8155 (b) 4238 (c) .6826 (d) .0990

(a) 0.93 (b) —1.90 (c¢) —1.35 (d) 0.97 (e) 1.645 (O 1.96

1 — o 200 — |

8272 (Table), .B2689 (TI-83)

9793 (Table), 97939 (TI-83)

(a) .9270 (Table), .92698 (TI-83)

(b) .9711 (Using Table answer in binomial probability),
97104 (using TI-83 answer)

(a) .7881 (Table), .78815(TI-83)

(b) 4895 (Using Table answer in binomal probability),
AR957 (using T1-83 answer)

5244 (Table), .524304 (TI-83)

35

E(Y)=100.77, V(Y)= 448496

6684 (Table), 6691 (TI-83)

1335 (Table), .1330 (TI-83)

e-“'



8-40. (a).2776(Table), .276668(TI-83)
(b) .1788(Table), .178096(TI-83)

8-41. p=7.7498; o = 3853

8-43. (a) 5.6 (b) 59733 (c) 4.8761 (d) .22054
8-44. (a) 700 (b) 200 (c) 93,333.33

8-45. (a) (1/2)x'? (b) (34)r"? (¢) (15/8)x'"?
8-46. (a) .2007 (b) .1666

8-47. 10.52%

8-48. (a) 4737 (b).0613 (c) 66389

8-50. 315231 — 2)'"?/32

8-51. 105
8-52. .60; .04
8-53. .3125
8-54. 47178
8-56. 42045
8-57. .1915
8-58. 10,256
8-59. 4348
8-60 1733
8-61. .123

8-62. 8185



8-63.

8-04.

8-65.

8-66.

A587
98R7
7698

6,342.547.5
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9.7
9.1

9-1.

9-2.

9-3.

9.2

9-5.

9-6.

9-7.

9-8.

Exercises

Expected Value of a Function of a Random Variable

Suppose the amount of a single loss for an insurance policy has
density function f(x) = .001e "9'* for x = 0. If this policy has
a $300 per claim deductible, what is the expected amount of a
single claim for this policy?

If the policy in Exercise 9-1 also has a payment cap of $1500 per
claim, what is the expected amount of a single claim?

Work Example 9.4 using the utility function u(w) = In(w).
What are E{u(W))] and E[u(W5)]?

Moment Generating Functions of Continuous Random
Variables

Let X be the random variable which is uniformly distributed
over the interval [a, b]. Find M ¢ ().

Find E(X) for the random variable in Exercise 9-4 using its
moment generating function.

Let X be the random variable whose density function is given by
flz)=2(1 —x), for 0 <z < 1, and fi(z) = 0 elsewhere. Find
Il’f'{(”

Fmd E(X) for the random variable in Exercise 9-6 using its
moment generating function. (Note: the derivative of M (t) 15 not
defined at (0, but you can take the limit as ¢ approaches 0 to find
E(X). This is a much more difficult way to find £(X) than
direct integration for this particular density function.)

5
If the moment generating function of X 1s (ﬁ—t) , identify the

random varable X



9-9.

9-11.

9-14.

9-15.

If X' is an exponential random variable with A = 3, what is the
moment generating function of ¥ = 2.X + 57

Let X be the random variable whose moment generating func-
tion is ¢!, Find £(X) and V(X).

Let X be a normal random variable with parameters p and o.
Use the moment generating function for X to find E(X?). Then
show that V(X)) = o2,

The Distribution of ¥ = g(X)

Let X be uniformly distributed over [0, 1] and Y = . Find (a)
Fy(y), (b) fy(w).

Let X be a random variable with density function given by
fx(x) =3z~*, for x > 1 (Pareto with n =3, = 1), and let
Y = In X. Find Fy (y).

If X 1s the random wvariable defined in Exercise 9-13 and

Y = /X, find (a) Fy (). (b) fy(y).

The monthly maintenance cost X of a machine 1s an exponential
random wvariable with unknown parameter. Studies have deter-
mined that (X = 100) = .64, For a second machine the cost ¥
is a random vanable such that ¥ = 2X. Find P(Y = 100).

Simulation of Continuous Distributions

For a continuous random variable X, show that F(X) is uni-
formly distributed over [0, 1]. (1.e., show F[F(X) < x| = x, for
D<x<1.



For Exercises 9-17 and 9-18, use the following sequence of random
numbers in [0, 1).

9.5

9-19.

9-20.

9-21.

o

90463 6. 81008 11. 15533 16. 31239
17842 7. .49660 12. .29701 17. .68995
55660 8. .92602 13. 82751 18, 77787
55071 9. 71729 14, .67490 19. .66928
96216 10..39443 15. .68556 20. 53100

Let X be uniformly distributed over [0, 4], and use the above
random numbers to simulate F(z). How many of the trans-
formed values # = F'~'(u) are in each subinterval [0, 1), [1,2),
[2,3)and [3,4)?

Let X have a Pareto distribution with &« = 3 and 3 = 3, and use
the above random numbers to simulate F(x). How many of the
transformed values = = F~'(u) are in each subinterval [3,4),

[4,5), [5,6) and [6, oc).

Mixed Distributions

For a certain type of policy, an insurance company divides its
claims into two classes, minor and major. Last year 90 percent
of the policyholders filed no claims, 9 percent filed minor
claims, and 1 percent filed major claims. The amounts of the
minor claims were uniformly distributed over (0, 1,000], and the
major claims were uniformly distributed over (1,000, 10,000].
Find F(z), for 0 < z < 10,000.

Find F(X) for the insurance policy in Exercise 9-19.

An auto insurance company issues a comprehensive policy with
a 5200 deductible. Last year 90 percent of the policyholders
filed no claims (either no damage or damage less than the
deductible). For the 10 percent who filed claims, the claim
amount had a Pareto distribution with o« = 3 and 4 = 200, If X
1s the random variable of the amount paid by the insurer, what is

F(z), for x = 07




9.6

9-22.

9-24.

9-25.

9.8

9-26.

9-27.

Two Useful Identities

Let X be a random vanable with hazard rate A(x) =~—~E—;, for

x=0. Find 5(x).

Let X be a random variable with hazard rate A(x)= mdfx, for

D<x <100 Find S{x)

Let X be the random variable defined in Exercise 9-22. Use
Equation (9.7) to find E(X).

Let X be a random variable whose survival function 1s given

hy.ﬂxyzﬁaf,fhrugxwﬂnm and S(x)=0 for x=100.

Use Equation (9.7) to find E{X).

Sample Exam Problems

An insurance policy pays for a random loss X subject to a
deductible of C, where 0 < <1. The loss amount is modeled
as a continuous random variable with density function
. 2x for D<x<l

Jlx) =« .
{0 otherwise
Given a random loss X, the probability that the insurance payment
15 less than 0.5 15 equal to 0.64.

Calculate

A manufacturer’s annual losses follow a distribution with density
function
{2.5(0.6)2°

fx) =4

{) otherwise

for x=0.06

To cover its losses, the manufacturer purchases an insurance
policy with an annual deductible of 2.

What 15 the mean of the manufacturer’s annual losses not paid by
the insurance policy?



9-28.

9-29.

9-30.

9-31.

9-32.

An nsurance policy is written to cover a loss, X, where X has a
uniform distribution on [0, 1000].

At what level must a deductible be set in order for the expected
payment to be 25% of what it would be with no deductible?

A piece of equipment 1s being insured against early failure, The
time from purchase until failure of the equipment 1s exponentially
distributed with mean 10 years. The insurance will pay an amount
x if the equipment fails during the first year, and it will pay 0.5x if
failure occurs during the second or third year. If failure occurs
after the first three years, no payment will be made.

At what level must x be set if the expected payment made under
this insurance is to be 10007

A device that continuously measures and records seismic activity
1s placed in a remote region. The time, 7, to failure of this device
1s exponentially distributed with mean 3 years. Since the device
will not be monitored during its first two years of service, the
time to discovery of its failure is X = max(T,2).

Determine E| X
An insurance policy reimburses a loss up to a benefit limit of 10.

The policyholder's loss, ¥, follows a distribution with density
function:

2
= =]
oy =17 7
] otherwise

What is the expected value of the benefit paid under the insurance
policy?

The warranty on a machine specifies that it will be replaced at

failure or age 4, whichever occurs first. The machine’s age at
failure, X, has density function

_ 1

f(x) =143

{] otherwise

for Dex<b

Let ¥ be the age of the machine at the time of replacement.
Determine the variance of Y.



9-33.

9-34.

9-35.

9-36.

9-37.

The owner of an automobile insures it against damage by
purchasing an insurance policy with a deductible of 250. In the
event that the automobile is damaged, repair costs can be
modeled by a uniform random vanable on the interval (0,1500).

Determine the standard deviation of the insurance payment in the
event that the automobile 1s damaged.

An insurance company sells an auto insurance policy that covers
losses incurred by a policyholder, subject to a deductible of 100.
Losses incurred follow an exponential distribution with mean 300.

What is the 95" percentile of actual losses that exceed the
deductible?

The time, T, that a manufacturing system is out of operation has
cumulative distribution function

2 2
F(f} ~ l—(?] for t=2

] otherwise

The resulting cost to the company is } = T2

Determine the density function of ¥, for y > 4.

An investment account eams an annual interest rate R that
follows a uniform distribution on the interval (0.04,0.08). The

value of a 10,000 mnitial investment in this account after one year
is given by V' = ]ﬂ,{m(}e'q.

Determine the cumulative distribution function, F(v), of V for
values of v that satisfy 0 < F(v) <1.

An actuary models the hifetime of a device using the random
variable ¥ =10X*, where X is an exponential random variable
with mean 1 year.

Determine the probability density function f(y), for y >0, of
the random variable Y.



9-38.

9-39.

9-40.

Let T denote the time in minutes for a customer service represen-
tative to respond to 10 telephone inguiries. T is umiformly
distributed on the interval with endpoints 8 minutes and 12
minutes. et R denote the average rate, in customers per minute,
at which the representative responds to inquines.

Find the density function of the random wvariable R on the
interval (E‘_i ‘Em)
interval {35 <r<-g

The monthly profit of Company [ can be modeled by a continu-
ous random variable with density function f. Company II has a
monthly profit that is twice that of Company L

Determine the probability density function of the monthly profit
of Company 11

A random variable X has the cumulative distribution function

0 for x <1
Fix) = i_—.%_.nz for 1=sx<2
| for x=2

Calculate the variance of X,
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9-1.

9-2.

0-3.

9-4.

9-5.

9-6.

9-8.

740.82

375.52

Elu(W))] = 2.3009; Efu{lV>)] = 2.2574
(e — e )[t(h — a)]ift # 0, 1ift = 0.
(b+ a)2

(2e' =2t = 2yt7ift £ 0, Lift =0

1/3

Gamma witha = Sand 7 = 2

e [3/(3 — 21)]

E{X)y=1, V(X)y=2

E(X?) = p2 + o

(a) Iny (b) 'y (bothon [l,e])

1 —e ¥ fory >0

(a)y’ (b3, for0 <y < |

.80

2,4,8,6



9-18. 9.6,2,3

9-19. F(0) = .90

F(z) = .90 + .092/1000, for 0 < = < 1000

F(z) = .99 + .01(z— 1000)/9000, for 1000 < = < 10,000
9-20. 100

9-21. F(0) = .90
F(z) = .90 + .10[1 — (200/(z+200))*]. for z > 0

922 ¢ ]—f?}; >0

9-23. 100 0 <2 < 100
9.24. 1

9-25. 50

9.26. .3

9.27. 93427

9-28. 500

9-29.  5644.30

9-30. 24 3733

9-31. 1.9
9-32.  1.7067
9-33. 403.436
9-34. 998.72

4
9-35. 7
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10.6

10.1

10-1.

10-2.

10-3,
10-4.

10-5.

10.2

10-6.

10-7.

10-8.

10-9.

10-10.

Exercises
Joint Distributions for Discrete Random Variables

Let p(x,y) = (xy + y)/27, for £ = 1,2,3 and y = 1,2, be the
joint probability for the random variables X and Y. Construct a
table of the joint probabilities of X and ¥ and the marginal
probabilities of A and Y.

A company has 5 CPA’s, 3 actuaries, and 2 economists. Two of
these 10 professionals are selected at random to prepare a report.
Let X be the random variable for the number of CPA’s chosen
and let ¥ be the random variable for the number of actuaries
chosen. Construct a table of the joint probabilities for X and ¥
and the marginal probabilities of X and V.

For the random wvariables in Exercise 10-1, find F(X) and E(Y),
For the random variables in Exercise 10-2, find E(X) and E(Y').

For the random variables in Exercise 10-2, find V(X)) and V(Y.

Joint Distributions for Continuous Random Variables

Show that the function f(x,y)= ;} + % + g + xy, for
0<z<land0 < y < 1,15 a joint probability density function.
Find P(0 < X < 50, 50 <Y < 1}.

For the joint density function in Exercise 10-6, find (a) fx(z);

(b) fr(w).

Let f(z,y)=2x*+3y, for 0 <y <z <1 Find (a) fx(z);
(b) fy(w).

For the joint density function in Exercise 10-8, use the marginal
distributions to find (a) P(X > .50); (b) P(Y = .50).

For the joint density function in Exercise 10-6, find E(X).



10-11.

10-12.

10-13.

10-14.

10-15.

10.3

For the joint density function in Exercise 10-6, find P(X > V).

For the joint density function in Exercise 10-8, find E(X) and
E(Y).

An auto insurance company separates its comprehensive claims
mto two parts: losses due to glass breakage and losses due to
other damage. If X is the random variable for losses due to glass
breakage and Y the random variable for other damage,
Fle, ) =30 —z — 1875, for 0 < = < 5,0 < y < 25, where
x and y are in hundreds of dollars. Find P(X = 4, Y = 20).

For the random wvariables in Exercise 10-13, find (a) [x(z);

(b) fr ().

For the random wvariables in Exercise 10-13, find F{(X) and
E(Y).

Conditional Distributions

Exercises 10-16, 10-17 and 10-18 refer to Exercise 10-1.

10-16.

10-17.

10-18.

10-19.

10-20.

10-21.

10-22.

Find P(X|Y = 1).
Find P(Y|X = 1).
Find BE(X|Y = 1).
For the joint density function in Exercise 10-6, find f(z | y).
For the joint density function in Exercise 10-8, find f(y|x).

For the conditional density function in Exercise 10-20, find

(a) f(y|.50) (b) E(Y | X = .50).

If flr,y)="6x, for 0 <x <y <1 and 0 elsewhere, find
(a) fyr(w) () flz |y () E(X|Y = y); (d) E(X|Y = .50).



10.4

10-23.

10-24.

10-25.

10-26.

10.7

10-27.

10-28.

Independence for Random Variables

Determine if the random variables in Exercise 10-1 are depend-
ent or independent.

Determine 1f the random variables in Exercise 10-2 are depend-
ent or independent.

Determine if the random vaniables 1n Exercise 10-6 are depend-
ent or independent.

Determine if the random variables in Exercise 10-8 are depend-
ent or independent.

Sample Actuarial Examination Problems

A doctor 1s studying the relationship between blood pressure and
heartbeat abnormalities in her patients. She tests a random sample
of her patients and notes their blood pressures (high, low, or
normal) and their heartbeats (regular or wrregular). She finds that:

(1) 14% have high blood pressure.

(1) 22% have low blood pressure.

(1i1) 15% have an irregular heartbeat,

(1v) Of those with an irregular heartbeat, one-third have high blood
pressure,

(v) Of those with normal blood pressure, one-eighth have an
irregular heartbeat,

What portion of the patients selected have a regular heartbeat and
low blood pressure?

A large pool of adults earning their first driver’s license includes
50% low-risk drivers, 30% moderate-risk drivers, and 20% high-
risk drivers. Because these drivers have no prior driving record, an
insurance company considers each driver to be randomly selected
from the pool. This month, the insurance company writes 4 new
policies for adults earning their first dniver’s license.

What is the probability that these 4 will contain at least two more
high-rnisk drivers than low-risk drivers?



10-29.

10-30.

10-31.

10-32.

A device runs until either of two components fails, at which
point the device stops running. The joint density function of the
lifetimes of the two components, both measured in hours, is

f{x,y]:HTy for 0<x<2 and O<y<2

What is the probability that the device fails during its first hour
of operation?

A device runs until either of two components fails, at which

point the device stops running. The joint density function of the

lifetimes of the two components, both measured in hours, is
flx,y) = E% for O<x<3 and O<y<3

Calculate the probability that the device fails during its first hour

of operation.

A device contains two components. The device fails if either
component fails. The joint density function of the lifetimes of the
components, measured in hours, 15 f(s,f), where 0<s <] and

D<t<l.

Express the probability that the device fails during the first half
hour of operation as a double integral.

The future lifetimes (in months) of two components of a machine
have the following joint density function:

1 ) {ﬁ[ﬁﬂ—x—y'} for O0<x<50—y<50
N .r‘}:' = 4 +
Jﬁ otherwise

What is the probability that both components are still functioning
20 months from now"’ Express your answer as a double integral,
but do not evaluate it.



10-33.

10-34,

10-35.

An insurance company sells two types of auto insurance policies:
Basic and Deluxe. The time until the next Basic Policy claim is
an exponential random variable with mean two days. The time
until the next Deluxe Policy claim is an independent exponential
random variable with mean three days.

What 15 the probability that the next claim will be a Deluxe
Policy claim?

Two insurers provide bids on an insurance policy to a large com-
pany. The bids must be between 2000 and 2200. The company
decides to accept the lower bid if the two bids differ by 20 or
more. Otherwise, the company will consider the two bids further.

Assume that the two bids are independent and are both uniformly
distributed on the interval from 2000 to 2200.

Determine the probability that the company considers the two
bids further.

A car dealership sells 0, 1, or 2 luxury cars on any day. When
selling a car, the dealer also tries to persuade the customer to buy
an extended warranty for the car.

Let X denote the number of luxury cars sold in a given day, and
let ¥ denote the number of extended warranties sold.

P(X=0,Y=0)=1/6
P(X=1,Y=0)=1/12
PX=1Y=1)=1/6
P(XY=2,Y=0)=1/12
P(X=2Y=1)=103
P(X=2Y=2)=1/6

What is the variance of X7



10-36.

10-37.

10-38.

Let X and ¥ be continuous random variables with joint density
function

24xy for O<x<l and O<y<l-x
flx,y) =

L1 otherwise.

Find P(Yf,X|X=%]

Once a fire 1s reported to a fire insurance company, the company
makes an initial estimate, X, of the amount it will pay to the
claimant for the fire loss. When the claim is finally settled, the
company pays an amount, Y, to the claimant. The company has
determined that X and ¥ have the joint density function

i 2 -{lxvfl:].f[:.:—lj 1 1
f{—r,}’] xz(x—l]y , x=ly>

Given that the initial claim estimated by the company is 2,
determine the probability that the final settlement amount is
between 1 and 3.

A company offers a basic life insurance policy to its employees,
as well as a supplemental life insurance policy. To purchase the
supplemental policy, an employee must first purchase the basic

policy.

Let X denote the proportion of employees who purchase the
basic policy, and Y the proportion of employees who purchase
the supplemental policy. Let X and Y have the joint density
function f(x,y)=2(x+y) on the region where the density is

positive.

Given that 10% of the employees buy the basic policy, what 1s
the probability that fewer than 5% buy the supplemental policy?



10-39.

Two life insurance policies, each with a death benefit of 10,000
and a one-time premium of 500, are sold to a couple, one for
each person. The policies will expire at the end of the tenth year.
The probability that only the wife will survive at least ten years
is 0.025, the probability that only the husband will survive at
least ten years is (.01, and the probability that both of them will
survive at least ten vears 1s 0.96.

What 1s the expected excess of premiums over claims, given that
the husband survives at least ten years?

10-40. A diagnostic test for the presence of a disease has two possible

10-41.

outcomes: 1 for disease present and 0 for disease not present. Let
X denote the disease state of a patient, and let ¥ denote the
outcome of the diagnostic test. The joint probability function of
Aand Yis given by:

P(X=10,Y=0)=0.800

P(X=1,Y=10)=0.050

P(X=0,Y=1)=0.025

PX=1,Y=1)=0.125

Calculate Var(Y | X =1).

The stock prices of two companies at the end of any given year
are modeled with random variables X and Y that follow a
distribution with joint density function

2x  for O<x<l and x<y<x+l

flxy) = {

0 otherwise

What is the conditional variance of ¥ given that X = x?



10-42.

10-43.

10-44.

An actuary determines that the annual numbers of tomadoes in
counties P and Q are jointly distributed as follows:

e 1=

Annual numberinQf 0 | I 2 3
Annual number in P ? |
0 012006005002

1 0.13 | 0.15 | 0.12 | 0.03
2 0.05 [ 0.15 ] 0.10 | 0.02

Calculate the conditional wvariance of the annual number of
tormmadoes in county O, given that there are no tornadoees in
caunty P.

A company 15 reviewing tomado damage claims under a farm
insurance policy. Let X be the portion of a claim representing
damage to the house and let ¥ be the portion of the same claim
representing damage to the rest of the property. The joint density
function of X'and ¥ 1s

6[1-(x+y)] for x>0,y>0 and x+y<I

0 otherwise

flx,y) = {

Determine the probability that the portion of a claim representing
damage to the house is less than (0.2,

Let A" and ¥ be continuous random variables with joint density
function

15y for ¥*<v<x
f(X-y}={ i’ ?

0 otherwise

Find g, the marginal density function of Y.



10-45,

10-46.

10-47.

An auto insurance policy will pay for damage to both the
policyholder’s car and the other driver’s car in the event that the
policyholder is responsible for an accident. The size of the
payment for damage to the policyholder’s car, X, has a marginal
density function of 1 for 0 <x<1. Given X = x, the size of the
payment for damage to the other driver’s car, ¥, has conditional
density of 1 for x < y < x+1.

If the policyholder is responsible for an accident, what is the
probability that the payment for damage to the other driver’s car
will be greater than 0.5007

An insurance policy is written to cover a loss X where X has
density function

3x? for 0=x<2
f(x) =4 8 -
0 otherwise

The time (in hours) to process a claim of size x, where 0< x< 2,
1s uniformly distributed on the interval from x to 2x.

Calculate the probability that a randomly chosen claim on this
policy is processed in three hours or more.

Let X represent the age of an insured automobile involved in an
accident. Let Y represent the length of time the owner has
insured the automobile at the time of the accident.

X and Y have joint probability density function

oy  [#300-07)  for 25x510 and 0<y<]

otherwise

Calculate the expected age of an insured automobile involved in
an accident.



10-48.

10-49.

A device contains two circuits. The second circuit is a backup for
the first, so the second is used only when the first has failed. The
device fails when and only when the second circuit fails.

Let X and Y be the times at which the first and second circuits
fail, respectively. X and ¥ have joint probability density function.

e e for O<x<y<m
flxy) = e
0 otherwise

What is the expected time at which the device fails?

A study of automobile accidents produced the following data:

An automobile from one of the model years 1997, 1998, and
1999 was involved in an accident.

Probability of )
Proportion of | Involvement
Model | All Vehicles | in an Accident |

1997 | 016 | 005 |
1998 | 0.18 002 |
1999 0.20 0.03 ]
Other 0.46 0.04 ’

S| S—-——— E |

Determine the probability that the model year of this automobile
is 1997.
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11, The values of pixy) can be found by direct substitution, e.p.
plL =X =1Y =1)=[i1)1y+ 1}727=2/27.
The marginal probabilities can be found by adding the entries in
the columns to get p{x) and the row entries to get p(y).

PIX =1=p(1 1)+ p{1,2) =227 + 42T =219
POY = 1) = p(1.1) + p(2,1) + p(3,1) = 227 +3/27 + 427 = 113

i0-2. Since the tcam consists of 2 professionals the possible values of
Xand Y are 0= X+ Y <2 (2 CPA’s and | actuary would be
impossible), The event (X = 2. Y = ¥}, denotes a team of x
CPA’s, y actuaries, and 2 — (X + ¥} accountants.

PX =0,Y = ) = p(0,0) = (5,000,002, 20C(10.2) = 1445
BX =0Y =1} = p{0,1) = C(5,00C(3,1)C(2,1 145 = 6/45
PEX=1,Y =0) = p(1,00 = C(5,1)C{3,0C(2,1¥/45 = 10/45

PO 1LY = 1) =p{1,13 = C(5,13C(2,1)C(2,0%45 = 15/45, cte.

The marginal probabilities can be found by obtaining row sums
and column sums as in L0-1.

POX = 0) = p(0.0) + p{0.1) + p{0,2) = 1/45 + 645 + H45 = 10/45

10-3.  Using the table obtained in Exercise 10-1;

E(X)= 3 xpy (x) = 29+ 2(319) + 3(4/9) = 20/9

E(Y)= 3 ypy (v) = {(1/3) + 2273} =513

10-4.  Using the table obtained in Exercize 10-2: Therefore fx.y) is a joint probability density function.

{4
E(X)= ZXPX(") =0+ 2545 + 2(10045) = 1 P=sX =212, 102=2Y=21) = J J [ + 2 +- Ny }.I\d)'

E(Y)= 3 ypy () =0 + 20445 + 2345} = 27045 = 3/5

- [’ [ 3
10-5.  Using the table from Exercise 10-2: [ER NI
EQC)= 3 xPpy ) = 0+ 17(25/45) + 2(1045) =}¥+3]’ ] v
| .

=65/43 = 13/9

VX =EXY - BX) =139 1 =49

E(Y)= 3 ¥y (vh= 0+ P21145) + 2°(3/45)
=3345= 11415

VOV = 1115 — (3/5) = (55 - 2775 = 28/75

10-6.  Clearly the function fix,y) = +; + ;4- xy L, 0=x= ) and

U2y =1, is greater than or equal to 0 on this range, so we only
need to show that the volume under the surface is 1.
J'J"[I+x y \id“d Vaxt,wy iy
hlo (2o foxdy= [ 50200 2y TJ &
=l
1
= [z yay

=2y =1

107 @ Reo= [ ioty= [ Hﬁ%w\lﬂx

ERN
[§+‘—“+‘T~%1 =(12+x), D2x=1
2 I

(k) futy) = jﬂxv}dx i+:+:2’+,,)};|

1
z 2
XX L )f] - -
= raE 22 S{Z+y), 0=vs]
\4 4 a=0

2 2

10-8.  The density function f(x,y) = 2x* + 3y is defined on the region
bounded by the X-axis and the lines y = x and x = 1.

(a) el = l:{ZJ(: +3ydy =| a7y = % |
=% 32, Dsxsl
8|

® R = j'(z\ <y = [———-+3u

=3+ -3 ("-’3_!3 ShzZy=i



10-9.  Using the marginal distributions from Cxercise |0-8:

@ P 12)= | 2n 4 3n e

1
b) P(Y # 1/2) = J'mll.-’3+3y-3yz -2 )y

o 2 'Y
S N AR S
5 + 5 y 6][_‘ 41/%6

10-10. From Exercise 10-6, fiy(x) =% +x forQ<x < 1.

E(X) = jx(muapj'(mﬂ }d,‘_[: Ju_mq

1011, If flxy)= 14+ x/2+y/2 + xy, for 0<x <1 and O=y=1,then

Trex
PX=Y)= JI (144 %2 + 32 + xy)dydx

30-x- 30’ xy’
10-14. (b) fuly)= I:( Es;:; y}"{a - 1’;?5 “]
4l

_ 60—x2—2xy}j 27510y
3750 I

= (53 = 2y)/750, for 0 2 v < 25

10-15. For the random variables in Exercise 10-13:

5 5_ 2
E(X) = fxf“x)dn=(1fl$0)[135x—2x Jdx

Ijsx 21 Poans_gs
150 :,n 900 36

25
B~ [ 0y =07750) [ 55y -2y

k2
=[_|_‘(555'2 2;“' _ 90625 325
3

7508 2 3 6750

o

10-16. Using the data from the table obtained in Exercise 10-1:
=Y = p(LIN 207
POX=1Y=1)= FTRT] =249
1)

e _P( 9
PX=2Y=1) R SR

iy =1y = PGU_ 407
P =3Y=1)= NORRT =4/

10.17. Using the data from the table obtained in Exercise 10-1:
—ix=1y= P
PY=1X=1 Pl ,'}? 7113

syy= POED) aray
PY - 2/X =1)= ERRST]

10-12. From Exercise 10-8, fu(x) =2x" + 3232 for 0 2x < |

E(Xy= jle (x1dx = j‘l{lx‘ + 372 )dx

- A
[s ] 3140

Also fily) = 23 + 3y - 3y" - 2v3, for 0 v = 1,
v =3y -2y ¥

i |
E(Y)= Lﬂv()]‘d)f: L(Zyv’Bq-S_\-" =3y s 2yt ady

F PR
=[3' ER _i_] =920
']

3 4 15

10-13, %0 = (30— n—y)1875, for 0sx=Sand <y < 25,

10-14. (a) fu(x)} =

H0-18.

10-19.

10-20.

10-21.

14
PO 24, Y 2 20) =(1/1875) LEJO—x—}}dxd_\-
= {1/1875 J'um 212 -xy)| dy
= V[0 wTz x| dy
15
= (13750 _[mf51 —2vidy
= (17S0K51y - Y = 3003750 = 11125

30 X-¥ 30y —xy—y'2 *
«\ 87 7 1875

(et —amy Y s?s-:o
3750 373

= (35— 250150, for 0 < % = 50
Using the data obtained in Exercise 10-16

EGY=1)= 3 xPX =x]¥=1)
= 1(2/9) + 2(1/3) + 3(4¢9) = 2009

For the joint density function in Exercise 10-6:

ﬁt ¥ LA 4 52+ yi2 + xy
) i2+y
_(2+x(12+
T {12+
=Uz+x,0=xs1

fixly) =

For the joint density function in Exercise 10-8:

fixy) 27+

V)= =—g—— Jdord<y=x=]
R frixd 2x" +3x%2 .
- 1, . T
@ fiy|112) = 21/2) + 3y _ =-1+5.4)r eysiz

U2 = (3N 2Y

B ECYIX=12)= [ty |12)dy
1z 5
= nfs)j‘o (dy + 24y 7y
=usy + 8 =310



10-22.

10-23.

10-24,

10-25.

10-26.

Let fix,y} = 6x, for 0 <x <y < 1, and  elsewhere.

{a) fy{y)= .[:f{x, vidx = J‘;Emdx =3y’ forfi<y<]

(b} fix|y)= %=§%=2§ Mord=x <y«

© BOY =)= [ty 1) vt L 2 2oy
(d) E(X[Y = 1/2) = 201/2)3 = 13

Let X and ¥ be the random variables in Exercise 10-1. From the
table obtained in that exercise it can be seen that
pOx,x) = px(x)pv(y) for all possible choices of x and y, ez,

P(1,1) = 227 = (29)(1/3) = py( 1 }py 1}
M2 1) =19= {IH}{]G}ZFI{E]N{I], ete,

Hence X and Y are independent.

Using the tables obtained for the random variables in Fxercise
10-2,
plO0) = 1/45 = (10/45)21/45) = py(0)pyd D).

Hence X and Y are dependent.

I Exercise 10-6 the joint density function is
) = 1A+ 2 + 302 + 0y = (L2 X012 + y) = fulx)fy(y).
Hence X and ¥ are independent.

For the joint density function f{x,y) in Exercise 10-8.

fixy) = 2%7 + 3y = (2x° 4 3223 + 3y - 37 - 293
= F00f(v).
Hence X and Y are dependent.
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10-1. vyl 12 3 | py
[ 227 19427 ] 113
[ 2 4/27 | 2/9| 827 | 273
oz) | 29 |13 4/9
10-2. y " 0 1 2 p(y)
0 1/45 | 10/45 | 10/45 | 21/45
1 | eds [ 1545 0 | 21445
2 3745 0 0 | 3/45

p(x) | 10/45 | 25/45 | 10/45 |

10-3.  E(X)=20/9; E(Y)=5/3
104, E(X)=1; E(Y)=3/5

10-5. V(X)=4/9; V(V)=28/75

10-6.  15/64

107, (@) 12+z 0<z<1 (b) 124y 0<y<1

10-8.  (a) 22" +(3/2)z°, 0 < x < 1
(b) 23 +3y— (23 — 3%, 0<y<1



10-9. (a) 29/32 (b) 41/96

10-10. 7/12

10-11. 1/2

10-12. E(X) = 31/40; E(Y) = 9/20

10-13. 1/125

10-14. (a) (35— 22)/150,0 < x < 5 (b) (55 — 2y)/750,0 < y < 25
10-15. E(X) = 85/36; E(Y) = 325/36

10-16. xz |1 ] 213

o) [ 29 1/3 | a9

10-17. |y lJ 2
p(y[1) | 1/3 |23

10-18. 20/9

10-19. 1724z, 0<x <1

10-20. (22 + 3V 2z + ((3/2)x°), O <y < < |

10-21. (a) 454 (24/5)y, 0 <y < 1/2 (b} 3/10

1022, (a) 35,0 <y<1 (b) 2z/y", 0 <z <y<1 (c) 2y/3
(d) 1/3

10-23. Independent

10-24. Dependent

10-25. Independent

10-26. Dependent

10-27. 20%

10-28. 0488



10-29. 625

10-30. .41

0.5
10-31. f f fis,t) dsd!—'—/ flf*i t)dsdt

a—r
1032, 15 [m[ / (50 — z — y) dy da

10.33. 2/5
10-34. .19
10-35. .576
10-36. 1/4
10-37. 8/9
10-38. 4167
10-39. B96.91
10-40. 204
10-41. 1/12
10-42. 9856
10-43. 488
10-44. 15)%2(1 — 17
10-45, 7/8
10-46. 172
10-47. 5.78
10.48. 833

10-49. 45474
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11-2.

11-4.

11-5.

Exercises

Distributions of Functions of Two Random Variables

Let p(x,y) be the joint probability function of Exercise 10-1,
and let § = X + Y. Find the probability function p.(s}).

Let floy =222 for 0<z <1, 0<y< 1. Find
P(X +Y < 1).

Let X and Y be independent random variables with marginal
distribution  functions  fx(z) = 2¢7?*, for x >0, and
fir(y) =3e %, fory = 0,and let S = X + Y. Find fs(s).

For the joint density function given in Example 11.3, find
P(X +¥ < 1.5). Hint: Find P(X + ¥ = 1.5) first.

Let f(x,y) be the joint density function given in Example 11.4,
and let § = X + Y. Use a double integral to find F5(s), take the
derivative of this to get fg(s), and compare with Example 11.4.

Let X and Y be the independent random variables in Exercise
10-6. Find P(min(X.Y) > t), for 0 <t < 1. Note: X and Y
are not exponential random vanables.



11-9.

11-10.

11-11.

11-12.

11-15.

Expected Values of Functions of Random Variables

For the random variables in Exercise 10-1, find E{X + Y') using
the joint probabilities in the table. Then find E(X + ¥') using
the function p.(s) found in Exercise 11-1. Show that each of

these is equal to E(X) + E(Y), as found in Exercise 10-3,

Let f(x,y}—--‘m—_‘—xﬂ, for0<z<land 0<y<1, as in

Exercise 11-2. Find E(X +Y) using the joint density function.
Show that this is equal to E(X) + E(Y).

Prove that E(X + V) = E(X) + E(Y) for continuous random
variables.

For the random variables in Example 11.11, find E{XY") directly.

For the random variables in Exercise 11-8, find (a) E(XY);
(b) E(X) - E(Y); (c) Cov(X.,Y).

For the random vanables in Exercise 11-8, find (a) V(X);

{b) V(Y); (c) V(X + Y.

. For the random variables in Exercise 10-1, find V(X + Y.

Let X and Y be random variables whose joint probability distri-
bution and marginal distributions are given below.

y " 1 2 P Y)
1 A5 25 .40
2 35 25 .60
py(T) S50 50

Find (a) E(X); (b) E(Y); (¢) V(X); (d) V(Y); (e) Couv(X,Y),
() V(X +Y).

[et X and Y be the random wvariables in Exercise 10-22 with
joint density function f(z,y) =06z, for 0 <z <y <1, and
flx,y) = 0 elsewhere. Find (a) V(X); (b) V(YY) (c) E(XY),
(d) V(X + 1.



11-16.

11-17.

11-18.

11-19.

11.3

11-20.

11-21.

11.4

11-22.

11-23.

For the random variables given in Exercise 11-14, find the
correlation coefficient.

For the random wvanables given in Exercise 11-15, find the
correlation coefficient.

Let X and Y be random variables with joint density function
flz,yy=z+y for0<xr<land 0 <y <1, and f(x,y)=0

-

elsewhere. Find the correlation coefficient.

Let X and Y be random variables whose joint density function

2 2
is f(z,y) = 3“#"’3—}, for -1 <z < land —1 <y < 1, and

flz, y) = 0 elsewhere,

(a) Find fy(x) and fy(y), and show that X and Y are not
independent.

(b) Find E(X), E(Y), E(XY)and Cou(X,Y).

Moment Generating Functions for Sums of
Independent Random Variables

Let X and Y be independent random variables with joint proba-
bility function f(x, ¥} = x(y + 1)V15, forz = 1,2 and y = 1, 2.
Flt’]d J?i".ir_x'.| Id I[t]'

Let X and ¥ be independent random variables, each uniformly
distributed over [0, 2]. Find My +(1).

The Sum of More Than Two Random Variables

The random variable S representing the sum of n fair dice is the
sum of n independent random wvariables, X;, i =1,2,...,n,
where X; represents the number of dots on the toss of the i'* die.
Find E(5)and V{5).

Let X, X, X; and X be random variables such that for each i,
V(X)) =13/162, and for 1 # 3, Cow(X,, X;)= —1/81. Find
VX + X+ X3+ Xy).



11-24.

11-25.

11.5

Let § =X, + X;+ -+ Xy be the sum of random variables
such that V(S5) = 500/9, V(X,)=25/3 for each i, and all
covariances, for ¢ # j, are the same. Find Cov(X;, X;).

Let S = Xy 4+ Xa+ -+« + Xqpp, where the X; are independent

and identically distributed with mean .50 and variance .25. Use
the Central Limit Theorem to find P(235 < 5§ < 265).

Double Expectation Theorems

Exercises 11-26 through 11-30 refer to the random variables and distri-
butions in Examples 11.30 and 11.32,

11-26.

11-27.

11-28.

11-29.

11-30.

11-31.

Find (a) £(Y|X = 90); (b) E(Y|X = 100); (¢) E(Y|X = 110).
Find E[E(Y|X)].
Find (a) V(Y|X = 90); (b) V(Y|X = 100); (¢) V(Y| X = 110).
Find E[V (Y |X)].
Find V[ E(Y|X)], and verify the identity

EV(YVX)] + VIE(Y|X)] = V(Y).
The probability that a claim is filed on an insurance policy is
07, and at most one claim is filed in a year. Claim amounts are
for either $500, $1000 or $2000. Given that a claim is filed, the
distribution of claim amounts i1s P(500) = .60, P{1000) = .30
and F(2000) = .10. Find the variance of the claim amount paid

to a randomly selected policyholder. (Recall that some policy-
holders do not file a claim and are paid nothing.)

Exercises 11-32 through 11-36 refer to the random variables in Exercise
10-24, whose joint density function is f(z,y) = 6z, for 0 <z < y < 1.
and f(z,y) = 0 elsewhere.

11-32.

Find (a) fx(x): (b) E(X); () VI(X).



11-33. Find E[E(X]Y)]. (This should be equal to E(X).)
11-34. Find V(XY = y).
11-35. Find E[V(X]Y)].

11-36. Find V[E(X|V)]. Verify that E[V(X|Y)] + V[E(X[¥)]} = V(X).

11.6 Applying the Double Expectation Theorem;
The Compound Poisson Distribution

11-37. The number of claims received by an insurance company in a
month 15 a Poisson random variable with A = 20. The claim
amounts are independent of each other, and each is uniformly
distributed over [0,500]. S is the random variable for the total
amount of claims paid. Find (a) E(S); (b) V(S).

11-38. Let the claim amounts in Exercise 11-37 have a lognormal distri-
bution, whose underlying normal distribution has p =35 and
o = 40. Find () E(S); (B)V(S).

Use the normal approximation to the compound Poisson distribution in
Exercises 11-39 and 11-40.

11-39. The number of claims received in a year by an insurance
company is a Poisson random variable with A = 500. The claim
amounts are independent and uniformly distributed over
[0,500]. If the company has $140,000 available to pay claims,
what is the probability that it will have enough to pay all the
claims that come in?

11-40, The number of claims received m a year by an insurance
company is a Poisson random variable with A = 500. The claim
amount distribution has mean FE(X)= 600 and variance
V(X) = 12,000, What is the minimum amount the company
would need so that it would have a 95 probability of being able
to pay all claims? (Use the fact that Fiz(1.645) = 95.)



11.8

11-41.

11-42.

11.43.

Sample Actuarial Examination Problems

An insurance company determines that &, the number of claims
1

-:uu+| ¥

received in a week, is a random variable with P[N=n]=

where n = 0. The company also determines that the number of
claims received in a given week 15 independent of the number of
claims received in any other week.

Deternmne the probability that exactly seven claims will be
recelved during a given two-week period.

A company agrees to accept the highest of four sealed bids on a
property. The four bids are regarded as four independent random
variables with common cumulative distribution function

3 < B}
2 5 F3
Which of the following represents the expected value of the

accepted bid?

F(x) = é(l +sinax) for

. 502 132 . 3
(A) H-I-JIE xcosmxdx (D) EH-LEZ cosax(l+sinax) dx
B LI 1+s1 Y (E) 1 J'j;2 cosx(l+sinmT ]:”af,
( }ﬁ m{ sinTx) dx 47T Jyq ¥COST: x) dx

(©) % 1”‘ (1 +sin7x)* dx

Claim amounts for wind damage to insured homes are
independent random variables with common density function

-

3
f(x) =4+
0 otherwise

for x=1

where x 15 the amount of a claim 1n thousands.

Suppose 3 such claims will be made. What 1s the expected value
of the largest of the three claims?



11-44.

11-45.

1 1-46.

11-47.

An insurance company insures a large number of drivers. Let X
be the random variable representing the company’s losses under
collision msurance, and let }V represent the company’s losses
under liability insurance. X and ¥ have joint density function

2x+2-y forO<x<land O<y<2

S(x) = 4

0 otherwise

What is the probability that the total loss is at least 17

A family buys two policies from the same insurance company.
Losses under the two policies are independent and have continu-
ous uniform distributions on the interval from 0 to 10. One
policy has a deductible of 1 and the other has a deductible of 2.
The family experiences exactly one loss under each policy.

Calculate the probability that the total benefit paid to the family
does not exceed 3.

Let 1) be the time between a car accident and reporting a claim

to the insurance company. Let T3 be the time between the report
of the claim and payment of the claim. The joint density function
of Ty and T5, f(#.12), 1s constant over the region 0<p <6,

0<tz <6, f +1; <10, and zero otherwise.

Determine E[T, + T3], the expected ime between a car accident
and payment of the claim.

Let 7, and 75 represent the lifetimes in hours of two linked
components in an electronic device. The joint density function
for 77 and T: is uniform over the region defined by

0=t =1 <L where L 15 a positive constant.

Determine the expected value of the sum of the squares of ¥

and Ts.



11-48.

11-49.

In a small metropolitan area, annual losses due to storm, fire, and
theft are assumed to be independent, exponentially distributed
random variabies with respective means 1.0, 1.5, and 2.4.

Determine the probability that the maximum of these losses
exceeds 3.

A company offers earthquake insurance. Annual premiums are
modeled by an exponential random variable with mean 2.
Annual claims are modeled by an exponential random variable
with mean 1. Premiums and claims are independent.

Let X denote the ratio of claims to premiums.

‘What 1s the density function of X7

11-50. Let X and Y be the number of hours that a randomly selected

I1-51.

person watches movies and sporting events, respectively, during
a three-month period. The following information is known about
Aand V.

E(X)=50 Var(X)=50 E(Y)=20
Var(Y)=30 Cov(X,Y)=10

One hundred people are randomly selected and observed for
these three months. Let T be the total number of hours that these
one hundred people watch mowvies or sporting events during this
three-month period.

Approximate the value of P(T <7100).

The profit for a new product 1s given by Z =3X-Y-5. Xand V¥
are independent random variables with Var(X)=1 and Var(}')
= 2. What is the variance of Z?



11-52.

11-53.

A company has two electric generators. The time until failure for
each generator follows an exponential distribution with mean 10.
The company will begin using the second generator immediately
after the first one fails.

What 1s the variance of the total time that the generators produce
electricity?
A joint density function is given by

fxy) = ;ﬁ:t for 0<x<l, O<y<l

k{] otherwise

where kis a constant. What 1s Cov(X,Y)?

11-54. Let X and Y be continuous random variables with joint density

11-55.

function
Flay) = %I_}f for Dsx=l, x=y<x
o 0 otherwise

Calculate the covariance of XYand Y.

Let X and ¥ denote the values of two stocks at the end of a {ive-
year period. X is uniformly distributed on the interval (0.12).

Given X = x, Yis uniformly distributed on the interval (0, x).

Determine Cov(X,}Y) according to this model.



11-56.

11-57.

I11-58.

An actuary determines that the claim size for a certain class of
accidents 1s a random variable, X, with moment generating
function

I
;"rir {!) - —
' (1-25007)°

Determine the standard deviation of the claim size for this class
of accidents.

A company insures homes in three cities, J, K, and L. Since
sufficient distance separates the cities, it is reasonable to assume
that the losses occurring in these cities are independent.

The moment generating functions for the loss distributions of the
cities are:

Mi(ty=(1-207 Mg()=(1-200" M (1)=(1-2r)"*"

Let X represent the combined losses from the three cities.
Calculate E(X7)

An insurance policy pays a total medical benefit consisting of
two parts for each claim.

Let X represent the part of the benefit that is paid to the surgeon,
and let } represent the part that is paid to the hospital. The
variance of X is 5000, the variance of ¥ is 10,000, and the
variance of the total benefit, X + ¥, 15 17,000,

Due to increasing medical costs, the company that issues the
policy decides to increase X by a flat amount of 100 per claim
and to increase ¥ by 10% per claim.

Calculate the variance of the total benefit after these revisions
have been made.



11-59.

1 1-60.

11-61.

11-62.

Let X denote the size of a surgical claim and let ¥ denote the size
of the associated hospital claim. An actuary is using a model in
which E(X)=5, E(X?)=274, E(¥)=7, E(Y?)=51.4, and
Var(X+Y)=8.

Let C, = X + ¥ denote the size of the combined claims before the
application of a 20% surcharge on the hospital portion of the
claim, and let 5 denote the size of the combined claims after
the application of that surcharge.

Caleulate Cov(C,,C3).

Claims filed under auto insurance policies follow a normal distri-
bution with mean 19,400 and standard deviation 5,000.

What is the probability that the average of 25 randomly selected
claims exceeds 20,0007

A company manufactures a brand of light bulb with a lifetime n
months that is normally distributed with mean 3 and variance 1.
A consumer buys a number of these bulbs with the mtention of
replacing them successively as they burn out. The light bulbs
have independent lifetimes.

What is the smallest number of bulbs to be purchased so that the
succession of light bulbs produces light for at least 40 months
with probability at least 0.97727

An insurance company sells a one-year automobile policy with a
deductible of 2.

The probability that the insured will incur a loss is .05. If there 1s
a loss, the probability of a loss of amount N is K/N, for
N =1,,...,5 and K a constant. These are the only possible loss

amounts and no more than one loss can occur.

Determine the net premium for this policy.



11-63. An auto imsurance company insures an automobile worth 15,000
for one year under a policy with a 1,000 deductible. During the
policy year there i1s a .04 chance of partial damage to the car and
a .02 chance of a total loss of the car, If there 1s partial damage to
the car, the amount X of damage (in thousands) follows a
distribution with density function

e

1 s003e7 't for D<x <15
70 {ﬂ otherwise

What 1s the expected claim payment?

CHAPTER 11

LI-1. 1 X and Y are the random variables in Exercise [0-1, the
possible values of X are 1, 2 and 3, and of ¥ are | and 2. The
possible values of S = X + Y are 2, 3, 4 and 5. Since X and ¥
are independent,

Ps(8) = 3 Py (R)py (5~ %)
pe(2) = prel Diprd 1) = (2090 1:3} =227
Ps(3) = Pl 1pv(2) + puf 20p {11 = (290273 + (113K 1/3) = 727
Ps(4) = Pl 2)pe(2) + pal3iprl 1} = (1213 + (49K 1/3) = 10027

Ps(5) = pul3)pe{2) = (4/9)(2/3) = 8/27

-2, IRV = (35K —xy) , 0sx=<land 0=y = I

POX+ Y < 1)= j: _{:"ﬁ:x,y xdy
_ P el-y
= LL_ (43H] - x)dxdy
- ! : o
= (4/3) jn(x —xiwi )L_qd}
1 4
= @3 fa-3v+2yt -y

= {232y - W2+ 2" -y,
= 11718



11-3.

11-4.

11-5.

11-8.

19

If fefx) = 267 for x = 0 and £i(v) = 3¢ for y =0, and
S=X+Y:
fels1 = ]:fx (XM (s—xjdx=6 J:e g gy

= e J:e"dx =6e " (e* - 1)

=6 ™), 520

From Example 113, fixy)=2 - 1.2k~ 8y, 0<x < IL0<y=!
PX+Y=Z 1.5 =] —P(X+Y>1.5)

1l
PX+Y> 15 = LFLH(Z—].E.N ~ Sy)dxdy

1 1
- l_| —_6.'1 -, .
IJ( x X Sxy}L_[ 5—!'6}
=25y +3v - 2y = 04168
POCHY £ 1.5) = 1- 04166 =,05873

From Example 11.4, flxy) = e ™'Y x50, y20, fS=X+ v

Fs(s)=P(S<s)=P(X+Y =5)
< L1y
- [l e
- fler e

= (e —;fa"Jl; =1 el

To compare fa(s) with Example 11.4,

Fls)=Fglsh=e™ —e ' 45e " =5e .

For the joint density function fix,y) = (#/3)(] — x¥h 0 =x < 1, and
Dzy=l:

1
B+ W)= [ ffxs )t yhdndy
= [ [y - x7y - xy Py
=(413) J'D'(x’fz +xy =%y - x2y i) :=°d3-'
= (4} j‘;{ L2+ 243 - yii)dy

= @3N+ Y3 -y, = 1618 = R0

)= [y )y =045 f 1~ ey
=9ty = x| = 43)1 - x2)

1
()= Jaf (e =(a3) [ (x - x*12)dx
=@ = /9
A similar calewlation will show that E(Y) = 4/9,

50 E(X + ¥} = E[X) + E(Y),

Let X and Y be random variables with joint density function
fixy).

EX+Y)= I:j_i(x + WK,y )dvedy
I:n _r:f(x, yidvdx + I_ :y ]:(( . ¥)ixdy

[ coniax [t oy
= E(X)+ F{Y}

11-6.

11-7.

B1-19.

11-11.

1-i2

For the independent random variables in Exercise 10-6, we
found that fu(x) = 1/2 +x, for & <x = 1. and fy(v) = 2 + v, for
F=y=1

Pmin(X.Y) > ) =P(X > tand Y > 1)
=PX=DP(Y 21

- f ﬁh‘l + x)dx]{ ﬁh'2+ ¥y |

{Mote that both integrals give the same value)
. 1
= {2+ ximm
]
=(1 -2 -y

Using the table obtained in Exercise 10-1:

EX+Y)= 3% (x+ ypla.y)
¥
=L IN22T) (2 INE2T+ (3 + 16427y
{1+ 2PATTY + (2 + 2HGDTY + (ZHIN BT
= 10527 =35/9
Using the probabilitv distribution fi{s) from Exercise 11-1:
E(S)=E(X +Y)= Esfs(g)
= 2227+ HT2TH+ AN2T) + 5(8/27) = 35/9
From Exercise 10-3, E(X) = 2069 and E(Y) = 5/3 = [5/9, 50

E(X) + E(Y) =20/ + 15/9 =35/8 = E(X + ¥).

For the random variables {independent) in Example i 1.9:
E(XY) = 303 xypley) = 3 5 xypsc (00ps )
[ yon

The enly non-zero terms occur when both x = 0 and y = 0, i.e.
when (xy) = (1,1} (L2), €21y or (2,2)

ECXY) = LLAN14) + 2 (14X 1/4) + 2 (14014 + 40143 Lid)
=916

For the random variables in Exercise 11-8, fasd = (43)(1- xy),
forfsx<landDgyv<l,

L >
(@) EXY)= Ljnlh)f[‘.)‘)dxd}f':('l.'ﬁll; L'(xy — 'y pddy
- (41’3}Jal(x:)‘fl—x:y:."3l|l4,d}

- (473 I;(yfz ~ ¥ My = (@3 - vy :
- (4/3)(5176) = 5127

(b} E(X)= E(Y) = 4/9 from Exercise 11-8, so E(X)E(Y} = 16/81

(c) Cov{X.Y) = E(XY ) — B(X)E(Y ) = 5727 - 16/81 = —1/81

For the random variables in Exercise 11-8;
fab  flx) = (4301 -2 for D= x = |
E(XH= _lezf (e = le,"])l’;(x: —x " 2hdx
= (43} ix 73— x‘fﬁ)';=(4,'3}(5f2,4] - 518
V(X) = BOC) - (XY = 518 - 16/81 = 13/162
(b} A similar caloulation will show V(Y= 13162

ic) VOO 1Y) = VXD + VY 2C0vEX,Y)
= 13162 + 13/162 - 2/81 = | 1/81



L1-13. For the random variables in Exercise 10-1 we have already
shown (see Exercise 10-3) that E(X)= 20/9 and E(Y)=5/3,

E(X) = 3 x"py (x)= 102090 +4(1/3) + 9049 = 509
V(X = Efx‘) — E(X)° = 50/9 — (2019 = 50481
E(Yh = 3 v pe o) = 133+ 4(23) = 3
V(Y)= E{!Yz}— E(YF =3~ (53 ~2/9
Since X and Y are independent (see Exercise 10-23),

V(X + Y= V(X) + V(Y)= 50/81 + 29 = 6§/8].

11-14. (a) E(X)= 1(.5)+2(.5) =13
by E(Y)=1{4)+2(.6) =146

(o) E(X) =105 +4(.5) =25
ViXp=25-(1.5F =25

() E(Y) =104) + 46} =28
VIY) = 2.8 - (1.6)' =24

(e) E(XY)=1(.15)+ 2(25) + 2(.35)  4{.25) = 2,35
Cov(X,Y) = E(XY) - ECOE(Y) = 235 — (1.5 1.6)
=-05

() VIX+Y)=V({X) + V(Y)+ 2Cov(X,Y)
=254 .24-.10= 39

11-16. Faor the random variables in Exercise 11-14, V(X) = 25,
V{Y) = 24 and Cov(X,Y) = -.05, Hence

_ CoviXY)  _gs - 2041

A = VROV 252

11-17. For the random variables in Exercise 1 1-15, V(X)= 120,
V(Y)=3/80 and Cov(X,¥)= 1/40. Hence

Cov(}.Y) 140

P LN (1/20)(3/80)

= 3774

11-18. Let X and Y be random variables whose joint density function is
fiy) =x+y, forOsxzlandf 2y =1

i 1 3 1
foixl= _Lﬁx-,v)d)'= L(x +yidy =y + ¥ Q]L-o
=xt+ /2 forfl=x=1

1 1
EX)= IIJfo(X)dx= J;I(x) +x/2ydx = (3 4 x '1’4)[; =7z

BOX)= [ xhe(xdx = [0 xtyan = gt + xre =52
V(X) =512 = (712§ = 11/144
A similar caleulation will show that E(Y) = 7/12 and V{Y)= 11/144,
11 tel
E(XY)= Ljuxy(x + y)dxdy = Jnjn(xzy + xy? ey
1 7 il 1 1
= f“(x“yr’l iy dy= L(yf3+ ¥ 2y
= {6}y +y’)|; =114
Cov(X,Y) = E(XY )~ BCXE(Y) = 1/3 — (W12)7/12) = —1/144
CoviXY) 44

Py = L) 17144
TNV Jaaraa?

==1/1

11-13. For the random variables in Exercise 10-22, we have already
shown fu(v)=2y% for D=y = 1.

fxlX}=jlﬂx)d_v=6rkdy=6x(]—x),forosxsl
. .
Iy _ e ez
E(X) Lusx){r x}dh-éL{x x* Jx
=63 -y, = 112
Exh = j'l:x’{o.m - x)dx:ﬁj;(xj - %)y
= (x4 - x5 = 3110

1 1
E(V) = J-u.})"‘dy =~y =3
B0 = [hytdy= Qy's)] =31s

(a} V{X)=3/10-(172¥ = 1520

(b V(Y)Y =35 — (34F = 350

{6) B(XY) = j;j;xmx__ sty = ['[ o yaxay
Javol - oo

=@y =25

(d) Cov(20,¥) = E(XY) - BE(X)E(Y) = 205 — (1/2%3/4) = 140
VX 4 Y= V(X + V{Y) + 2Cov(X,Y)
=120+ 380+ 240 = 11/80

11-19. Let fix,y) = (3/8)(x*+ ), for - <x < land -T2y <],

. . g 3 3 P
@ £,00=08) [ (7 ¢y ky=Em)xdy +y B,

= (VBN + w3 =+ 1, for L < x< |
L, .
Fo =B (e oy = 14+ 3y for -1 5y < |

Fel0fely) = (1 + 314 + 374) = (40 = fixgy)

Hence X and Y are not independent.

by EO = | flex (x}dx = ff!(y4+ i)

= (x*8 +3x‘116>\'_l =10
By a similar caleulation, E(Y) = 0.

ECey) = [ vty idndy =) | [ avtn” + vy
=38 J.l‘(x‘yfa +xyi) ' dy =0

S

Cov(X.Y} = E(XY} - EQOE(Y) = 0



11-20. The joint probability function yields the following table.

X
¥ ! 21 Py
i 15 | 415 25
2 315 | 65 35
palx) | 13 | 23

X and Y are clearly independent.
Mlty = E(™) = D e"p{x)=(1/3)e' +(2/3)e"
Melty = B(e™) = 3 e piy)=(/5e’ + (35)e™
Y
By independence: My.(t) = MytM(t)
= (1/1502e™ + 7™ + 6™y
11-21. If X and y arc each uniformly distributed over [0, 2], then
Mylt) = Myft) = (" — )21, (Exercise 2-4)
Since X and Y are independent,
Ml 0 = MidOM(1) = (€% — 15747
11-22. By Example 5.25 and Exercise 5-33, for each i, E{X;) = 7/2 and
VX)) =312
E(S)=EX)+EX+ .+ EX) =n(T2)
Since the X;'s are independent,

V(S)= VX + VX)L VXG) = n(35/12).

11-26. (a) E(Y|X =90} =0p(0/90y + 10p( 1090 =0+ 7.5=7.5

(b} E(¥|X = 100)=0p{0[100) + 10p( 10100} = 5.5

() E(Y[X = 110) = 0p(0[1 10} + 10p(10{1 10} =1
11-27. E[ECY|X)] = ECY|X = 90)py(90) + ECY|X = 100)p( 100}

+E(Y|X = 110)px(100)
=T.5(.200+ 5.5(.60) + 1(20) = 5 = E(Y)
11-28. (a) E(Y'|X = 903 =0(25) + 100(.75) = 75
V(Y[X =90)=75 - (757 = 18.75

(k) E(Y'|X = 100) =0(45) + 10(.5) = 35
VIY|X = L00) = 55— (5.5) = 24.75

(e) E(YX =110y = 0(90) +100(.10) = 10
VIYX=110)=10-1=9

11-29. E[VCYIX)] = VOY[X = 90)px(20) + V(Y |X = [00)py(100)
+ V(Y[X = | 10px(110)
= 18.75(.20) + 24.75(.60) + 9(.20) = 20.4

1130, VIECY[X)] = 3 (EQY| X =)~ E(Y))py ()
=(R5 =SR2+ (5.5 = 57060+ (1 - 5F1.2)
=46

VIECY[X)] + EIV(Y[X)] = 4.6 + 20.4 =25 = V(Y)

.
U230 WG+ X+ X+ Xy = DTV )+ 23 Covi X )
= i

= 4(13/162) =2(6) —1/81) = 14/8]

T1-240 168 =X+ X+ L+ X, V(81 = 30009, V(X)) = 25/3 for each i,
and all covariances Cov{X,.X;) for i = } are the same, then

i
NS = D VX, )+ 23 Cov(X, X )
= =)
(The number of terms in the covariance sum is | +2+ . +9
=45.)

SU0/9 = 10(25/3) + 2(45)Cov(X, X))
Cov(X,X;) = ~25/81

11-25. 5 i3 the sum of 500 independent and identically distributed
random variables each with mean .50 and variance 25, Then S
is approximately normal with w= 500{.5) and & = S00§.25).

.
235-250 . 265-250
P(235 < § < 265) = P [—su—J
L Vizs J1zs

=P(-134 =¥ = 1.34) = 5198

For Exercises | 1-26 to 11-30, we make the following table of conditional
probabalities from the table in Example 11.28, e.g.,

PLO{90) = B(Y = 0[X = 90) = p(90,03py(90) = 05720 = 25

v o [ 10
pLieny | 25 | s
pOy[100] | 45 | 53
p(y[110) [ 90 | 10

11-31. Let S be the random wariable indicating whether a claim has
been filed (3 = 1) or not (S = (), Then P(S = 0} = 93 and
P(S =1} = 07. Let X be the random variable of the claim
amount paid.

P{X = 500|S =1} = .60
P = 10008 = 1) = 30
PX =20001S =1y = .10

E(X|S=0)= 0 and V(X|S = 0)= 0

E(X[S = 1)~ S00{.60) + 1000{.30} + 2000{.10) = 800
E[E(X|S)] = ECX) = 0(.93) + B00{.07) = 56

ECXAS = 1) = S00°CA00 + 10007 30) + 2060°.10) = 850,000
V(X[S = 1) = §50,000 — 800% = 210,000
E[V(Xj5)] = 0{.93) + 210,000(.07) = 14,700

VIE(X|S)] = (E{X[S = 03 - E(N}F'B(S = 0}
HE(X[S = 1) - EQOYPS = 1)
= {0 - 3693} + (800 — 56)°(.0T) = 41.664

V(X) = VIE(X[S)] + E[V{X[S)] = 41,664 + 14,700 = 56364

11-32. For fix.y) = 6%, 0 < x <y < 1 and 0 elsewhera:

1
(a) fu(= j:éxdy:éx[] =y, for < x <]
®) B0 =[x -~ lax=112

© B = I:{GX’ —6x*)x = 310
VX =310 = (1727 = 120

{Note: All these were caleulated in Exercise 11-15.)



11-33. In Exercise 10-22 we showed that f,(v) = 33", <y < |

ﬁx[y):ft")')_ﬂ=2—“z‘ Dex<y

) 3y
E(X[Y=y) = J"“su{x Iy =]”"i,z—dx S oy
o oyt 3),-2 x=ib
1 S
E[EQIV)] = [ EX| Y=yt (vdy= [} 237 iy

=(2y'})],=1/2 (This equals E(X))

134 EQC Y my)= j’:z(z_?; dx
"oyt

VXY = y)= y%2 - (2937 =v'/18

_ 37:; r': vin
4y

R
11-35. E[V{XjY)] = J':wxw: VIF (¥)dy = jn' %dy

:
=Y.
30'« 130

I O 4y
1136 BEQX|VY]= | (TJ (3" My = | =401

VIE(X]Y)] = 415 — (122 = 160

E[V(XY)] + VIE(X]Y)] = 1730 + 1/60 = 1720 = V{X)

11-37.

11-38

11-39.

The number of ciaims N is a Poisson random variable, so
E(N) = V(N) =2 = 20. The amounts of claim randorn variable X
is uniform over [, 500, so E{X) =250 and V(X) = 500%12.

(ay  E(5)= E(N)E(X) = 200250) = 5000
(b)  V(8) = E(N)V(X}+ V(N)E(X)
=20(500412 + 250%) = | 66666667

if the amount of claim random variable X is lognormal whose
underiying normal distribution has p = 5 and o = 40:

;(e"= =™ e a1y

{a) E(5)=20e"™ = 3215.48

(hy Wis)=20[e" e~ 13+ ") = 606,665.15

The claim amount $ 1 approximately normal, with
= B(NJE(X} = 5004’25?) = 125000 and
a’ = SOBS0012 + 250°), s0 0 = 6454.97.

_ 140,000 - 125,000
P(S = 140,000 P[Ziiﬂﬁuw J

=P(Z < 232)= 9898

L1-40. If E(X) = 600 and V{(X} = 12,000, then S is approximately
normal with p = 5000600) = 300,000 and
a’ = 500(12,000 + 600°), 50 5 = 13,638.18

We need to find 8, so that P{S < §,) = 95 From the z-tahles we

know that Fx(1.645) = 95, Hence

P(7 < 1.645) = P[

8 — 200,000
13,638.18

51.645)3.95 .

Therefore 5, = 300,000 + 1.645(13.638.18) = 322,434 81,
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11-1. s 2 3 4 5 |
ps(s) | 2271 7727 | 1027 | 8127 |

11-2. 11718

113, 6(e ¥ — e )

11-4. 95833

11-5. Fs(s)=1—e (1+s)

11-6. (1 —#2 — 272y

11-7. E(X 4 Y)=135/9=20/9+15/9 = E(X)+ E(Y)
11-8. E(X+Y)=28/9 E(X)=EY)=4/9

11-11. (a) 5/27 (b) 16/81 (c) —1/81

11-12. (a) 13/162 (b) 13/162 (¢) 11/81

11-13. 68/81

11-14. (a) 1.5 (b) 1.6 (c) 25 (d) 24 (¢) —.05 (f) .39

11-15. (a) 1720 (b) 3/80 (c) 2/5 (d) 11/80

11-16. —.2041
11-17. 5774

1
11-18. “1I

11-19. (@) fx(@)=§+ 325 i) = 3 + 30%,
fx(x) - frly) # fla.y)

(b} E(X)=E(Y)=FEXY)=Cou(X,Y)=0



11-20.

11-21.

11-22.

11-23.

11-24.

11-25.

11-26.

11-27.

11-28.

11-29.

11-30.

11-31.

11-32.

11-33.

11-35.

11-36.

11-37.

11-3%.

11-39.

11-40.

(2e + T’ + 6e*)/15

[(e* — 1)/(41%)]

E(S) = n(7/2); V(S) = n(35/12)
14/81

—25/81

8198 (Table), .82029 (T1-83)

(@ 7.5 (b) 55 (¢) 1

5

(a) 1875 (b) 2475 (c) 9
204

4.0

56,304

(@) 62(1 -x), forO<z<1 (b) 1/2 (c) 1120

1/2

. 18

1/30
1/60
(2) 5000 (b) 1.666,666.67
(a) 321548 (b) 606,665.15
[9898(Table), .98993(TI-83)

322,434 .81



11-41.

11-42.

1143,

11-44.

11-45.

11-46.

11-47.

11-48,

11-54.

11-55.

11-56.

11-57.

11-58.

11-59.

1/64

1 a2
Eﬂ‘/ xeos rx(l + sinwzx)® dr
312

2025
Tl
295

572

m i‘nr I = 0

. 8413

11

. 200

041
6
5,000
10,560
19,300

8.80



11-61.

11-62

11-63.

. 2743

16
03139

328
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12.6 Exercises

12.1 Simulation Examples

For Exercises 12-1 through 12-3, use the following sequence of random
numbers.

57230 6. 82496 11. 02480 16. 78322
85472 7. 52184 12, 99954 17. .00067
37282 B, 49837 13, BI708 18, 24844

JT7133 9. 76729 14, 90535 19. 14118
20525 10, 50986 15, 76227 20, 47417

|
)5“:"—‘5*—‘?‘-':—'

12-1.  For the two gamblers in Example 12.1, suppose A has 3 coins
and B has 5 coms, and the game is played as described in the
example. Use the random numbers given above to simulate the
game. Which player would win the game, and how many coin
tosses were needed to decide the winner?

12-2.  For an employee in the pension plan in Example 12.2, the
probabilities for staying in a fund or switching funds are given in
the following table.

End in
| Start in 0 1
{ 0 .65 [ .35
| 1 25175

Use the decision-making process for switching funds described
in the example and the random numbers given above to simulate
the progress of an employee who is initially in Fund 0. How
many times in the next 20 months would he switch to, or stay in,
Fund 1?7

12-3.  Suppose the waiting time in months between accidents at an
intersection is exponential with A = 3. Use the method in
Example 12.3 and the random numbers given above 1o simulate
the time between accidents. How many accidents occur in each
of the first three months at this intersection?



12.2

12-4,

12-5.

12-6.

12-7.

Finite Markov Chains

For members 1n a pension plan, the transition matrix of probabil-
ities of switching funds 1s

p_[65 33
125 5|

If the initial probability distribution is p® = [.50, .50], find
(a) p'"; (0) .

The transition matrix for a Markov process with 2 states 1s

72 28
PZ[.B& .m}'

and the initial probability distribution is p"' = [.40, .60]. Find
(a) p'V; (b) p@.

The transition matrix for a Markov process with 3 states is

4 2 4
P= |2 5 3|,
d 3 6

and the initial probability distribution is p = [.30, .30, .40].
Find p'".

A mutual fund investor has the choice of a stock fund (Fund 0),
a bond fund (Fund 1), and a money market fund (Fund 2). At the
end of each quarter she can move her money from fund to fund.
The probability that she stays in Fund 0 is .60, in Fund 1, .50,
and in Fund 2, .40. If she switches funds, she will move to each
of the other funds with equal probability. If she starts with all of
her money in the stock fund, what is the probability distribution
after two quarters?



12.3

12-8.

12-10.

12-14.

Regular Markov Processes

For the transition matrix in Exercise 12-4, find the limiting dis-
tribution.

What 1s the limiting distribution for the Markov process in
Exercise 12-57

What 1s the limiting distribution for the Markov process in
Exercise 12-67

What is the limiting distribution for the investor in Exercise
12-77

Prove that if P 15 the transition matrix of a regular finite Markov
process and £ is its limiting distribution, then £P = £. Hint:
Write £P" = (£P" )P and take the limit of both sides.

Absorbing Markov Chains

In the gambler’s ruin example, suppose the game 1s rngged so
that the probability that A wins is 1/3 and the probability that B
wins 1s 2/3. Let the states represent the number of coins that A
has at any time, and let the total number of coins between both
players be 3.

(a) Find the matrix N.

(b)  Find the matrix A.

{c) If A starts with 2 coins, what is the probability that he will

lose (end 1n State 017

Let the gamblers in Exercise 12-13 start with 4 coins between

them.

(a)  Find the matrix N.

(b)  Find the matrix A.

(¢) If A starts with 2 coins, what i5 the probability that he will
lose?



CHAPTER 12

The dara in the table below 15 for the simulations in Exercises
12-1 and 12-2. The third column shows the number of coins
playver A has in 12-1 and the fourth shows which fund the
employee in 12-2 15 in at the end of each month.

Trial | Random | A has | Fund
Mumber

Start 3 o
1 AT230 4 1]
2 B54T2 5 i I
3 37282 4 11
4 JT133 5 I
5 L0525 4 1]
[i] B2496 3 i
7 G218 f I
8 AQR3T 3 1
g JET29 £ |
10 S0986 7 |
11 JZ4R0 f 1]
12 809954 7 1
13 A1T08 ] 1
14 0535 I
13 6227 I
1 78322 1
17 L0067 [
1% 24844 0
19 4118 L]
20 A7417 0




12-1.

12-2.

12-3.

Player A wins a toss if the random number is in [.5,1} and loses
otherwise. The game ends when A has all 8 coins (he wins the
game) or when he has ¢ coins (he loses the game). From the
table, A wins in 13 tosses.

If the employee is in Fund O, he remains there if the random
number is in [0,.65) and switches otherwise. If ke is in Fund 1,
he switches if the random number is in [0,.25) and stavs there
otherwise. From the table he is in Fund | thirteen times.

The waiting time X bebween accidents 15 exponentially
distributed with 2 = 3. 20 F(x) = | — ¢ To simulate waiting
times, x = F"{ u) = —In{l —up’3. The following tahle simulates
the waiting time between accidents and the cumulative time to
the n” accident. From the table you count the number of
aceidents in the first few months.

Random Flu)

Trial MNumber Waiting Time Total Timne
1 (.57230 028311 028311
2 085472 0ad4303 92614
3 1.37282 .15551 1 Q8165
[ 1.77133 049183 1.57347
3 {1.20525 .07658 | 65005
& 0. 82406 {58091 223006
7 .52]184 .24504 247690
5 049837 ), 229454 20686
o 0. 76729 048500 319285
10 050986 0.23769 343054
i1 002450 000837 3.4389]
[2 994054 236143 6000234
13 081708 0, 56624 6.56657
14 0.90535 (.78586 735243
15 0.76227 047887 7 EIII0
& 078327 0. 50/62 B.24003
17 00067 0022 834115
1% 024844 005520 843635
o 14118 005073 BARTOE

20 047417 0.21426 B.T0134




12-5,

(a) p'=p"P =[50, .50][’2? '35]=[.45, 35]

75
N (65 35 i
i ey - _
() p*=p P = [45. .55]_:q 7] [43. .57]
. [72 28]
W= ptp = f40, . =504, 406
() p"'=p"P=[40 ﬁt"]L_36 ] [s ]

(by p*'=p""P =504, .49{,]{3; 'zﬂ]=[.54144ﬁ 45856 |
26 b4

A
31=l22, 33 43
6

= BB = [30, .30, .40]

—_ bd
[T

For this Markov pracess the transition matrix is

6020 .20
P=|25 50 25 andp™=1, 0, 0]
30030 40

pl = pp = [ﬁg‘ 20, _20]

60 20 20
pP=pUP=[60, 20, 20]|25 .50 25|=[47. 28, .25]
30 30 40}



12-8.  To find the limiting distribution for the transition matrix in
Pxercise 12-4, we have to solve the following svstem of
equations.

. ] [.65 3]

25 95)° b +]

XKt+tv=]
or b5+ 28y =y
35x+ TSy =y
xt y=1|

which can be rewritten as

=35+ 25y =1
A - L5y =1)
¥+ y=1

The solution is [5/12, 7/12).

12-9. The limiting distribution for Exercise 12-5 is the solution of the
following system of equations.

ke ] [.?2 .23} .

S5 64
X*+y=1
This can be rewritten as
—28x + 36y =0
28x - 36y =0

xt ¥=1

The solution is [9/16, 7/16),



12-10. The limiting distribution tor Exercise 12-6 is the solution of the
following system of equations.

4 2 4]

[x. . z] 2 05 3 =[x, v, z]
d 3 .EJ
xt+ty+tz=1

This can be rewritten as

-G+ 2v+ lz=0
A —Sw+ 3z=0
Ax+ 3y —dz=40

x+y + z=1]

The solution is [IIIS'I-'. 20057, 26.’5?].

12-11. The limiting distribution for Exercise 12 —7 is the solution of the
foilowing system of cguations.,

B 20 )
[x= v, z] 25 50 2% =[:~:. ¥. T
200 30 40

nty+tze=1
This can be rewritten as
—dx+ 25y + 3z=10
2X% — Sy + dz=10
2xt 25y —bz=1

X+ y 4+ 2= ]

The solution is [15/37, 1237, 10/37].



12-12. Let F be the transition matrix of a regular Markov process and
let ¥ beits limiting distribation.

EP = PP
Taking the limit of both sides,
tim p* = (7 limp™'yp
FL={{L)P

F=ip
{Recall that for any vectorv, vL = £.)

12-13. The transition matrix for the states for player A, after rewriting
the matrix with the absorbing states first, is

10 0 ¢

010 0
P=l2a ¢ o 15

0 323 0]

@ I_Q=[I -m]

- 273 |
NPSRL L
v 617 91
o7 37723 0] [67 17
® ﬁ'm_[ﬁn 0.-7][0 wa]:[m m}

(e} The probability that if player A starts in state 2 (2 coins)
he ends in state § (he loses) is a;, = 4¢7. Recall thar the
rows in A refer 10 states 1 and 2 and the columns 1o
states 0 and 3,



12-14. The transition matnix for the states for plaver A, after revrriting
the matrix with the absorbing states first, is

I 0 0 1t 0
1 S R B (R
P=123 0 0 13 0
|0 0 23 0 113
Lo 13 0 23 uJ
I -3 0
@ I[-Q=|-23 1 -1/3
0 -2/ 1
EL T T P
(I—-Qy'=|6/5 95 ¥5|=N
45 8is NS

(75 s WSy 23 0
(b A=NRw= |45 95 3580 ¢
|45 65 TS0 L3

1415 1715
=| 45 15
| 8115 715

{c) The probability that if plaver A starts in state 2 (2 coins)
he will end in statc 0 (he loses) is ax = 45,



CHAPTER 12

12-1. A would win in 13 tosses
12-2. 13

12-3. 2,3,3

12-4.  {a) [45, .55] (b) [43, .57]
12-5.  (a) [.504, 496] (b) [.54144, .45856]
12-6. [.22, .33, 45]

12-7.  [.47, .28, .25]

12-8.  [5/12, 7/12]

12-9.  [9/16, 7/16]

12-10. [11/57, 20/57, 26/57]

12-11. [15/37, 12/37, 10/37]

9/7 /7 67 7] ..
12-13. (a]{ﬁf? f?l (b) [4,-"; :m] (c) 417

S 35S 1/5 14/15  1/15
12-14. (@) 6/5 95 ¥s| )| 45 15| ()45

4/5 6/5 TS &M15 15



