54 f"(.\')=6~(—‘4 12 = y O
: y=211X =
d2y=3 sinx—4cosxt V= 7 and )
o 3ifx="m
) = iHx=
6 fiiy:2cosx——55inx: y=2+67randy
% o

moving on a coordinate line

_58: If a point i e .
E?(ti: tlfe7 ggven acceleration a(?) and initial conditions,
wi

find s(9)-
57 a) =2~ 61 1(0)= =5 sO=4
58 a(t) = 3t p(0)=20; s(0)= 5

59 A projectile is fired vertically upward f‘rom groupd level
with a velocity of 1600 ft/sec. Disregarding air resistance,

find
{a) its distance s(t) above ground at time ¢

(b} its maximum height
60 An object is dropped from a height of 1000 feet. Disre-
garding air resistance, find
(a) the distance it falls in ¢ seconds
{b) its velocity at the end of 3 seconds
(c) when it strikes the ground
61 A stone is thrown directly downward from a height of
96 feet with an initial velocity of 16 ft/sec. Find
(a) its distance above the ground after ¢ seconds
{b) when it strikes the ground
[c] the velocity at which it strikes the ground

62 A gravitational constant for ob;
objects near the sur
the moon is 5.3 ft/sec?. face of

(a) If an astronaut on the moon throws a stone directly

upward with an initial velogit f .
maximum altitude, Y of 60 ft/sec, find its

64

65

66

67

68

69

70
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turning to Earth, th('a astronayt throy,
directly upward with the same ;...

(b) If, after re
the maximum altitude.

same stone
locity, find

ey ¢
nllla] Ve

L e d vertically upward frop, , , .

. projectile 18 fire ‘ . 2 b
If a pfee{ above the groun.d V\{Ith a velocl.ty of v, ft/ihl
at if air resistance 18 dlSregarqed’ s distan, SC’
pove the ground after ¢ seconds is given by s t
‘ =

_1g1? + vol + So» where g 1s a gravitational COnstan;

ball rolls down an inclined plane with an acce] eratiog

Of So
prove th

A 2
of 2 ft/sec”. o .
(a) If the ball is given no initial velocity, how fa; will

roll in t seconds?
(b) What initial velocity must be given for the ba] ¢, -
100 feet in 5 seconds?

If an automobile starts from rest, what constant accel.
eration will enable it to travel 500 feet in 10 seconds?

If a car is traveling at a speed of 60 mi/hr, what constang
(negative) acceleration will enable it to stop in 9 seconds?

A small country has natural gas reserves of 10( billion
ft3. If A(t) denotes the total amount of natural gas cop.
sumed after ¢ years, then dA/dt is the rate of consumbtiOn'
If the rate of consumption is predicted to be § + 0.01¢
billion ft*/year, in approximately how many years will
the country’s natural gas reserves be depleted?

Refer to Exercise 67. Based on U.S. Department of Ep.
ergy statistics, the rate of consumption of gasoline in the
United States (in billions of gallons per year) is approxi-
mated by dA/dt = 2.74 — 0.11¢ — 0.01¢2, with ¢ = 0 cor-
responding to the year 1980. Estimate the number of
gallons of gasoline consumed in the United States be-
tween 1980 and 1984,

A sportswear manufacturer determines that the marginal
cost in dollars of producing x warm-up suits is given by
20 — 0.015x. If the cost of producing one suit is $25, find
the cost function and the cost of producing 50 suits.

:sz/ t?g marginal cost function of a product is given by
th: and if the cost of producing § units is $20, find
cost function and the cost of producing 64 units.

Cgration gq that these i

Integrals (and many others) ¢a
able (5.4).




5

OF
] CHANGE

Method of substitution {5.7)

VARIABLES IN INDEFINT,
E INTEG
RALS

251

To justify (:
¥ this
a . meth
C:m_POSl_le function V\(I)g » We shall apply formula (i) of Theorem (5.5) to
> SO 1t wif] Simplify ouy N 'tend to consider several functions f, g, and
as follows: ork if we state the formula in terms of a function

J.[Dx h(x)] dx = h(x) + €

an antiderivative of a function f and that g is a
such that g(x) is in the domain of F for every x

we let h denote th : .
o G > g, then
and hence omposite function F o g

Suppos

' € that F ig
filt’ferentlable function
In some interval, If

]’l(X) = F(g(x))

f[Dx F(g(x))] dx = F(g(x)) + C.

Applying the ch

fact that F’ — an rule (3.33) to the integrand D, F(g(x)) and using the

f, we obtain
D, F(g(x)) = F'(g(x))g'(x) = f(g(x))g'(x).

Substitution in the preceding indefinite integral gives us

) [ g ) ax = Fgtn) + .

We can employ the following device to help remember this formula:
Let u=g(x) and du= g'(x)dx.

Note th.at once we have introduced the variable u = g(x), the differential
du of u is determined by using (i) of Definition (3.28). If we formally sub-
stitute into the last integration formula, we obtain

f f(u) du = Fu) + C.

This has the same form as the integral in Definition (5.3); however, u rep-
resents a function, not an independent variable x, as before. This indicates
that ¢'(x) dx in (x) may be regarded as the product of g'(x) and dx. Since
the variable x has been replaced by a new variable u, finding indefinite
integrals in this way is referred to as a change of variable, or as the method
of substitution. We may summarize our discussion as follows, where we
assume that f and g have the properties described previously.

If F is an antiderivative of f, then
[ g dx = Flgte) + €.
If u = g(x) and du = g'(x) dx, then
f f(u) du = Fw) + C.

L”/’__’

After making the substitution u = g(x) as ipdicated ip (5.7), it may .be

ssary to insert a constant factor k into the mtegrapd in order to arrive
ntei;e proper form f f(u) du. We must then also multiply by 1/k to main-
a

tain equality, as dlustrated in the following examples.
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) 5x + 7 dx.
1 Evaluate f\/
ExAMPLE

N Weletu= 5x + 7 and calculate du:
O

I
SOLUT "y = 5% + 7’ du =5 dx

the factor 5, the integral is not in the proper form
sb (5.7). However, we can introduce the factor § into
: d we also multiply by 5. Doing this and using (j)

Since du con?ain
[ f(u) du required b)
the integrand, proylde
of Theorem (5.6) gives us

f 5.\<+7dx=f\/5x+7(%)5 dx
=%f«/5x+75dx.

We now substitute and use the power rule for integration:

Ve aTax=4 [Vun

1 1/2
=§fu du

=50Gx+ 7+ C

In the future, after inserting a factor k into an integrand, as in Exam-
ple 1, we shall simply multiply the integral by 1/k, skipping the interme-
diate steps of first writing (1/k)k and then bringing 1/k outside—that is,
to the left of—the integral sign.

EXAMPLE 2 Evaluate f cos 4x dx.

SOLUTION  We make the substitution
u=4x, du=4dx.

Since du contains the factor 4, we adjust the integrand by multiplying by
4 and compensate by multiplying the integral by 4 before substituting:

fcos dx dx =1 f(cos 4x)4 dx

=ifcosudu

=%sinu+C
=zsindx + C

Iti -
transfésn?loatl always €asy to decide what substitution i = g(x) is needed to
I indefinite integra) into a form that can be readily evaluated.

AT
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es for changing variables
indefinite integrals (5.8)

253

It
Su::j))lf be negessary to try severa]
. € substitytj n. In most ¢y
. se
Properly, The following guizi

different possibilities before ﬁndipgta_
no substitution will simplify the 1nte
clines may be helpful.

—

Decide On a reason

able substitution u = g(x).

2 Calculate du = g'(x) dx

3 i .
i[flsmlg 1 and 2, try to transform the integral into a form that
; Volves only the variable 4. 1t necessary, introduce a constant
factor k into the integrand and compensate by multiplying t.he
mtegral by 1/k. If any part of the resulting integrand contains
the variable x, yse 5 different substitution in 1.

4 Evaluate the integral obtained in 3, obtaining an antiderivative
involving u.

5

Replace u in the antiderivative obtained in guideline 4 by g(x)-
The final result should contain only the variable x.

The following examples illustrate the use of the guidelines.

EXAMPLE 3  Evaluate j (2% + 1)x? dx.

SOLUTION  If an integrand involves an expression ra_ised tc;1 a p;)gfl:;,t
such as (2x* + 1)7, we often substitute u for the expression. Thus,

u=2x3+1, du=6x*dx.

Comparing du = 6x? dx with x? dx in the integra.l suggests that we intrtc))-
duce the factor 6 into the integrand..Doing this gnd. compensating by
multiplying the integral by L we obtain the following:

f @ + 132 dx =4 [ (@3 + 1)76x7 dx

=2+ 1P+ C

. . . .

i Toi
different ways. :
;311 irll Example 3 is to consider

2
u=2x>+1, du = 6x% dx, +du=x*dx.

2
We then substitute L du for x* dx,

[ 4+ 17 dx = furgan=4 fu du,

before.

and integrate as

llustrate, another method for evaluating the inte-
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uate f—“ W dx.

EXAMPLE 4 Eval
: d contains the term x ¢
that the integrand ¢© X Ifthe .
SoLUTlON NOF? ¢ were raise to a hlgher power, the probler}:le factq,
0 hat involve a radical, we of Woylq

¢ were missing L - tegrands t
; Jicated. For it g . . e
b?tmtorfoiot?é) expression under the radical sign. Thus, we let 1 Sup.
stitutc
u:7“6x2’ du = —12x dx.
or — 12 into the integrand, compensate by
Mmyl.

proceed as follows:

introduce the fact
Next we -

tiplying the integral by —12°

[xgf7T= 657 4= s [V 67 (1D dx
= ——ﬁ—f{/ﬁdu = —1 fum du

1 u4/3 1

_ L6+ C

We could also have written

o= T —OR 1

du= —12xdx, —izdu=xdx
tuted directly for x dx. Thus,

The remainder of the solution would proceed exactly as before

and substi

x2—1

EXAMPLE 5 Evaluate f
—————dx
x3—=3x+1)°

SOLUTION  Let
= 3 _
u=x"—=3x4+1, du=3x>—3)dx =3(x*>—1)dx

and proceed as follows:

2
-1
I sl 30—

3 A T redx=s|-—F—"1—"
X*—3x + 1)° 30 6 Z3x 1 1y dx
_1r1 1
—3 u?duzgfu—6du
1<u_5
= 1 1
+C= ——
! 1

15m+c

EXAMPLE
6 Evaluate J’ CO\S\/i ;
X.
X

T e




RGN

Tl R S B R B g A e

5.2

(a8
T
Loy
RV

255

SOLUT[ON

Us make the sub € wish tq

. use
Stitution the formula {cosudu=sinu+ C,s0 let

U= /x =12 1
X -
s du=_x"12 gy dx.

1
Ifl\ye introduce the factor 1 2
. or = 1 . .
Ping the integra] by 2 rwzelrolgi the integrand and compensate by multi-
> am

de:zf 11

\/>E cos x(i--\/—;>dx
=2ycosudu=2sinu+c
=2sin /x + C.

EXAMPLE 7  Evaluate j cos® 5x sin 5x dx.

SOLUT|3ON 1The form of the integrand suggests that we use the power
rule { u? du = Lu* + C. Thus, we let

u=cos 5x, du= —>5sin Sxdx.
The form of du indicates that we should introduce the factor
integrand, multiply the integral by —%, and then integrate as follows:

jcos3 5x sin Sx dx = —3% jcos3 5x(—5 sin 5x) dx

—5into the

S

EXERCISES 5.2

Exer. 1-8: Evaluate th .
fion, and express the answer 10

! fx(sz +3)1%dx;

. 3 . = 3
e integral using the given substi- 7 f\/; cos \/; dx; u=X
= tan x

fx. .
terms O .8 jtan x sec? x dx;

942
A Exer. 9-48: Evaluate the integral.
u=x2+5 9j\/3§’.f'2dx 105‘de
P
= B2 7 11J\38t+5dt j.\/Z—ISI
2 _ Wzd
u=x>—3 /13‘J‘(3Z+1)4dz 1 5(22 Yz
16 gvm dv

15 j‘UZ 03—-1(11)

- -
X
N e

18 [(3 —x¥x" dx

u=5x’4
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X
zo/'f(3,53)25ds 55 f(”f'”‘dx 56 f(1+;> ;dx
19 f(52+ 1 ds 1\ /1 ) icle is moving on a coordi
; — ) dx A charged particle 15 ~a coordinate |ipg ;
' 4 > _ 57 . . €1
21 f(,‘/,\,_ﬁ—)— dx 22 f (1 - x) <‘2) magnetic field SuCl;l t.hat 1ts vflocuy (in cm/sec) a1 tinl\]eat ‘
: Jx . is given by v(t) =2 sin (3t — 4m). Show that the motig
b2y 24 f _/——[/Zi’,,/s)i d is simple harmonic (see page 223). n
- t 4 — 317 — 2t : . .
/23 fm ( sg The acceleration of a particle that is moving on g &0
in 4x dx 26 f4 cos Sx dx ordinate line is given by‘a(t) = !ccos (ot + ¢) for o,
25 f 3sindxd- stants k, o, and ¢ and time ¢ (in seconds). Shoy that
28 f sin (1 + 6x) dx the motion is simple harmonic (see page 223).

27 fcos (4x — 3)dx
A reservoir supplies water to a community. In sump,,

cos 3 g, 59 toa
29 f psin (v7) dv 30 f I the demand A for water (in ft*/day) C}}anges according
: to the formula dA/dt = 4000 + 2900 sin (gg7t) for i
‘ 3/sin 3x dx 32 f Ji/z—lf/ dx t (in days), with t = 0 corresponding to the beginning of
3r f cos 3x ¥/sin 3x dx J1 —cos 2x summer. Estimate the total water consumption during
. 90 days of summer.
| (si 2 Hint: sin 20 = 2 sin 0 cos 0) |
33 f (sin x + cos X) dx ( 60 The pumping action of the heart consists of the systolic
: i i i from the left ventricle ;
sin 4x S — 0 cos 0 phase, in which blood.rushf.:s ricle intg
3% f = dx (Hint:sin20=2sin0c ) the aorta, and the diastolic phase, during which the
heart muscle relaxes. The graph shown in the figure is

in3 x dx .
34 f I Xe08 X sometimes used to model one complete cycle of the pro.

35/fsin x(1 + cos x)* dx
— cess. For a particular individual, the systolic phase lasts

37 f S’n4x dx 38 fSin 2x sec® 2x dx 1second and has a maximum flow rate dV/dt of 8 L/min,
cos™ X where V is the volume of blood in the heart at time ¢,
cost (a) Show that dV/dt = 8 sin (240nt) L/min.

o AR a0 [(2+ 5cost)sintdt
/”f(l—sinr)l It

(b) Estimate the total amount of blood pumped into the

csc 2x . - ;
o fsec" (3x — 4) dx 42 J‘ = A aorta during a systolic phase.
EXERCISE 60
. 1 av
2 d - d, ‘ . 5
43 f sec? 3x tan 3x dx 44 f o A sim A { ar (liter/min)

— = gsin bt
dt

A

a1 X
?/f dx 46 fmdx

d
sin? 5x :
47 f x cot (x?) csc (x?) dx 48 f sec (g) tan (—?) dx
Exer. 49-52: Solve the differential equation subject to
the given conditions.
0.25

49 f'(x)=</3x+2; f2)=9

| t (seconds)

dy
50 - =xVi +5; y=12ifx =2 ! |
D e
51 f'(x)=16cos2x —3sinx; f(0)= —2; f'(0)=4 Sy}s]tolic Diz;lstolic Systolic
1" . a
52 f'(x)=4sin2x + 16cosdx; f(0)=6;  f(0)=1 phase  phase  phase

Exer. 53-56: Evaluate the integral by (a) the method of 61 The rhythmic process of breathing consists of alternating

:;bst;tutil:m and (o) expanding the integrand. In what periods of inhaling and exhaling. For an adult, one c0™

y do the constants of integration differ? plete cycle normally takes place every 5 seconds. If

53 2 denotes the vol ir i ime t, then
f (x +4)% dx 54 j'(xz + 42 dx dV/dt s the ﬁo;r;ieOf air in the lungs at time

;




