¢ o
b maximum flow rate is 0.6 L/sec, fing 257
s = s bt that s the given informaion ™2 —
art (a) to estimate the amo " Pulation after 5 years jg oyt i
) Use p | unt of ajr inha] find a formula fo s 1s estimated to be 3000 rabbits,
P Juring one cycie: ed population I N at time t and estimate the maximum

‘e lations fluct 6
animal popy uate over 1(. 3 Show, b o
yany o that the rate of growth of a rabbityear cycles. ¥ evaluating in three different ways, that

PP "N/t = 1000 cos (4 .- Population i
> en bY ) sTt) rabbit SIn x cos x dx = 1 sin?
i glves he umber in the populati S/yr, where N f xdx =3sin®> x+ C

te on at time ¢ (; _
gen0™ o corresponds to the beginning of ¢ t(in years) = —Jcos’x+D
nd 1= acycle. If the = —lcos2x + E.

Ho
W can all three answers be correct?

¢

MTION NOTATION AND AREA

In this sectio
. n we ]
integral. shall lay the foundation for the definition of the definite

At the outset, it is vi i
tween definite ity :t,l it is v1'rtua11y impossible to see any connection be-
we show that thereg iz; s and 1niieﬁn1te integrals. In Section 5.6, however,
a very close relationship: ite i b
usedI to evaluate definite integrals. e niegrey <
n ou ite i
many nurrn Sevelopment of the definite integral we shall employ sums of
s o ers. To express such sums compactly, it is convenient to use
" a 10!: notation. Given a collection of numbers {a,, a,, - - -» a,y, the
symbol Y%_ | a, represents their sum as follows.

summation notation (5.9)

n
L =0ttt

The Greek capital letter = (sigma) indicates a sum, and a, represents
the kth term of the sum. The letter k is the index of summation, or the
summation variable, and assumes successive integer values. The integers 1
and n indicate the extreme values of the summation variable.

4
EXAMPLE 1 Evaluate ), k2(k — 3).
k=1

SOLUTION Comparing the sum with (5.9), we see that g, = k2(k — 3)

and n = 4. To find the sum, we substitute 1,2, 3, and 4 for k and add the

resulting terms. Thus,

k-3 =103 22— 3) + 33— 3) + 444 - 3)
k=1

_ (=) +(—H+0+16=10.

Letters other than k can be used for the summation variable. To
ette

illustrate,

i=1

4
& -9 $ 3= Y i-3)=10
i=1
K=1
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k,
_ ¢ for every - c
" i a; +427 +c=26 kZl
a =

k=1 =

3 ya,ta —ctete=d= ZC

Z a, = a 2

k=1 . true for every positive integer p,

In gEIlEIEll, th: ICHC lllg IESi.llt 1S t

Theorem (5-10)

. g hav i
The domain of the summation variable does not have to begin at | For
Cxample’

ak=a4+as+a6+a7+a8'

I
1M

3 2k
EXAMPLE 2 Evatuate 3, =)

SOLUTION
3 2k 20 N 21 N 22 N 23
kzo(k+1)—(0-|—1) 1+1) 2+ (B+1

Theorem (5.11)

If n is any positive integer and {ay, a,, ..., a,} and {b, b,,. .., bnﬂ
are sets of real numbers, then

n

(i k; (@ + b) = kz U + z":
(ii) i ca, = c<
k=1

M=

1 ak) for every real number ¢

1

(i) Z(ak-—b =§

~ 2 b
k=1

PROOF  To prove (1), we begin with

}n_: ak+b
= =@+ by) + @2+ b)) + (ay + by) + -+ + (a, + by

=(q +
1 a2+a3+~..+an)+(b1+b2+b3+...+bn)
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For (ij), 259

kg‘l (cay)

&= Cq .
1+(a2+ca3+"'+ca
n

=cla; +aq n
2 + a3 + - + a ) - ( ‘>
n) = C Z Ay |-

To .
Prove (iii), write 4 e
k

- b =
k= a + (—1)b, and use (i) and (ii). ==

The fOI‘

. mulas j

t n th .

10n. The ¢ following theorem will be useful later in this sec-

! pro :
1 Theorem (5.12) ved by mathematical induction (see Appendix I).

_nn+1)
2

_nn s Cn+ 1)
6

nin+ 1P

") n _
kz'1k 1+2+‘..+n

+22+...+n2

100 20

EXAMPLE 3 Evaluate Y kand k2.
k=1 k=1

SOLUTION  Using (i) and (ii) of Theorem (5.12), we obtain
Aol 100(101)

Zk=1+2+-'~+100= = 5050
K=1 2
and
20 20(21
Z k2=12+22+...+202=_96)/(49._—_2870.
k=1

EXAMPLE 4  Express ‘Z (k* — 4k + 3) in terms of n.
k=1

SOLUTION We use Theorems (5.11), (5.12), and (5.10):

i(k2,4k+3)= Y, k-4 k+ Y, 3
=i =1 K=1 k=1
UESIEL N R

nd —3n* +

|

n

a2

(e

. .

Jculate the area ift

the areas of cert :
he region is bo

=

L e

given in Section 5.4) is

unded by lines. For example,

oduct of its length and width. The area




FIGURE 5.3 Region un
y

der the graph of /

y = fx)
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GRay,
S

altitude and the correg ;
f an altitude anc He c Ponq
he producte ?ound by subdividingit into triangizsg

. is O ies inv :
s o S o ETAT 0 g
se. a aa : . §
babm ordﬁki’oto ﬁ:d, we utiliZ: folrlfs?gé?i region bR ltI;l ea ;_c;Ofdmate plan(;,
funcuoﬂs’n articulars let us x=d and x = b, by 5 51% and by the
caleult®, y the vertical llﬂ?s continuous ‘and nongega ;:V.e on the clogey
boundeC . | ction /. that; s type is illustrate 1,‘“ blglure 5.3. Singe
graph %7 1 A region OLF 7 Sart of the graph lies below the g
interval [a, ory x in [@ b], n R as the region under the graph of f from
flx) = 0 for & we shall refer 0 (R
For coﬂvemence’to define the arcd Qg Lo

ish
atob. We wis cg 54 An inscribed rectangular polygon

FIGU

} / y = f()
AT N

X

b

To arrive at a satisfactory definition of A, we shall consider many rect-
angles of equal width such that each rectangle lies Colmplete.ly under tl'le
graph of f and intersects the graph in at least one point, as 111ustrated in
Figure 5.4. The boundary of the region formed by the totality of these
rectangles is called an inscribed rectangular polygon. We shall use the fol-

lowing notation:
Ap = area of an inscribed rectangular polygon

If the width of the rectangles in Figure 5.4 is small, then it appears that
Ap ~ A.

This suggests .that. we let the width of the rectangles approach zero and

define 4 as a limiting value of the areas Ayp of the corresponding inscribed

rectangular polygons. The notation discussed next will allow us to carry

out this procedure rigorously.

y 111f 1S any positive integer, divide the interval [a, b] into n subintervals,

numgz;lsg; the same length Ax = (b — a)/n. We can do this by choosing
0 X0 X Xy, With a = xo, b = X,, and

b —
X=Xy = ¢ = Ax
fOr k = 1 . g
225 - ne s ", as indicated ip Figure 5.5 Note that
XO =

a’ x1=a+Ax’

x2‘=a+2Ax’ X3=a+3Ax,

W=a+kAx, ..., x,=a+nhAx=b
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Ay
% Y= flx)

S a= ||

XoX1X,x, |

S

The function £ ;
hence, b fis continuous on -
some nu};ntk})l:rei trieme value theorem (4;;1’0}1 tastlli:;ncfir;i;igl)':rkr;ulr;xx\g’luin;t
width Ax = X k— I; Lxees, xk]-.FOr each k, let us construct a rectangle of
from the x-axis tokt—hle and height equal to the minimum distance f(1)
rectangle is fu) Ax Tf;aph of f (see Figure 5.5). The area of the kth
polygon i the & ;)f k area Ap of the resulting inscribed rectangular
¢ areas of the n rectangles; that is,

. A = f(uy) Ax + fluy) Ax + -+ + flu,) Ax.
Using summation notation, we may write

n

Ap = kzl flu) Ax,
where f (uk) is the minimum value of f on [X, -, Xi]-

If n is very large, or, equivalently, if Ax is very small, then the sum
Ayp of the rectangular areas should approximate the area of the region R.
Intuitively we know that if there exists a number A such that Y5 f(u) Ax
gets closer to A as Ax gets closer to 0 (but Ax # 0), we can call A4 the area

of R and write

A= lim Ap= lim Y f) Ax.

Ax—0 Ax—0 k=1

limit of sums is not the same as that of the limit of a
in Chapter 2. To climinate the word closer and arrive
tion of 4, let us take a slightly different point of view.
of the region R, then the difference

The meaning of this
function, introduced
at a satisfactory defini
If A denotes the arca

A=Y flu) Ax
k=1

. i Fi 5 that lies under the graph of f and
. he portion 11 Figure 5.5 thal
is the aréas‘éii;e diectangulaf polygon. This number may be regarded as
over the 10 1o the area of the inscribed rectangular polygon to approxi-
the error 111 uSlhilﬂ d be able to make this error as small as desired by

mate A We s th Ax of the rectangles sufficiently small. This is the mo-
e widt  the area 4 of R. The notation is the

choosing th " definition 0
: ng ac nitt .
e follow’ 2 eding discussion.

d in the prec
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jve on La, b]. Let A be ™,

at Al
v : nd value of f on [x,_ eal | |
~ ‘ atin m . -1 %] The |
Definition (5131 | Let {) elr?eai‘zi et () the m W) The |
num_ ’
notatlon 4= {im Z f(uk) AX
AX"O k= 1
fi vey€>0thereisa5>OSUCh thatlf()<Ax<6 |
e , |
means that 10
then »
A— Z f(”k)Ax <€
K=1
L -9 ,
. dicated limit and we let € = 1077, then Definition (5.13)

; f sufficiently small width Ax, we ca

s that by lll:)sltn‘seierftangllles tohe area of Fhe inscri—blezd polygon | e‘;g“:ﬁiz

the dl'ﬁe_rence fea quare unit. Similarly. ife= 10712, we can make ;g
one-billionth © {lionth of a square unit. In general, the differep,,
ssigned €. ¢
s on [a, b]. 1t is shown in more advanced texts thaty |

qumber A satisfying Definition (5.13) actually exists. We shall call 4 g,

area under the graph of f from a 'to b. .
The area A may also be obtained by means of circumscribed recta.

gular polygons of the type lustrated in Figure 5.6. In this case we select
the number v 10 each interval [Xg—1 x,] such that f(v,) is the maximun

value of f on [Xk-1 Xi)-

can be made ‘
If f is continuou

FIGURE 5.6 A circumscribed rectangular polygon \

AY
77 y = fx)
7 N
f(wr) 7 T
a = Xy XX, xk{:)"\xk _).E |l x,=b >x
A
Let x

AC 1

p = area o i

e | f a circumscribed rectangular polygon.
U mmation notation, we have

" ACP = kz‘l f(vk) Ax,

ere f(v,) is th : =

k ¢ Maximum valye of f on [x . Note that
k—1> xk . (¢}

if(u)A n
M) Ax < 4 < k; f(vy) Ax.

L
J
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FIGURE 5.7

|y
16 y = 16 — x?

,J.—-a >

< 11 2 2 3 3 x
2 2 2
FIGURE 5.8
A}Y
6 o
: y =16 — x~

o —

S

263

The limit
of 4 .
We use P S Ax - 0 is defined as in (5.13). The only change is that

kz fw) Ax — A < e,
=1

Since we want this d
Same number 4 is
rectangles.

1Fferen.ce to be nonnegative. It can be proved that the
obtained using either inscribed or circumscribed

EXAM
graph O?E’Ef > Let f(x) =16 — x?, and let R be the region under the
(a : .rom 0 to 3. Approximate the area A of R using
) an 'lnscrlbed rectangular polygon with Ax = 4
(b) a circumscribed rectangular polygon with Ax = 1

SOLUTION

(a) The graph of f and the inscribed rectangular polygon with Ax = Lare
SketChf?d in Figure 5.7 (with different scales on the x- and y-axes). Note
that f 18 decreasing on [0, 3], and hence the minimum value f(u) on the
kth subinterval occurs at the right-hand endpoint of the subinterval. Since
there are six rectangles to consider, the formula for A is

A]p = z f(uk) Ax

k=1

DA+ D) 1+1Q) 1+ Q-5+ f6)
.15 L4585+ 12: 5+ 3+ T
= 433 = 36.625.

Il
=

(%)

(b) The graph of f and the circumscribed rectangular polygon are
sketched in Figure 5.8. Since f is decreasing on [0, 3], the maximum value
f(v,) occurs at the left-hand endpoint of the kth subinterval. Hence

6
Acp = kZ1 fvy) Ax
=f(0)-%+f(%)-%+f(1)‘%+f(%)~%+f(2)-%+f(%)-%
1614824+ 15 3+ 3+ 125+ %3
— 329 = 41.125.

¥

It follows that 36.625 < 4 < 41.125. In the next example we prove that
A =39.

EXAMPLE 6 If f(x)=16— x2, find the area of the region under the

graph of f from 0 to 3.

e region was considered in Example 5 and is resketched

. Figure 5.9, 0N the following page. If the interval [0, 3] is divided into
n lgal suBiI;terValsa then the length Ax of each subinterval is 3/n. Em-
nlg?/?ng the notation used in Figure 5.5, with a = 0 and b = 3, we have
p

%, = A%, X, =24Mx, ..., % =LAK, .oy x,=nAx=3.

soLuTioN  Th

XO=07

o 3 g ARSI T
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Since Ax = 3/”7 3k
X = k Ax = k —n—

S| w

FIGURE 5.9

0, 3], the numbe{ w in [x,_ g, xk]‘ at which
Ew is] always the right-hand endpoint x, of the
= 3k/n. Thus,

Since f 18 decreasing on1
takes on its minimum va
nterval; that is, t = X«

2
3k 2122216_&,
f(uk)=f<7>= 16'(}1) n?

mmation in Definition (5.13) is

n 9k%\ 3
S flw) Ax = ) [(16 - ;2‘) ' ;}

subi

and the su

. ii) of Theorem (5.11). (Note that 3/,
the last equality follows from. (i1) o
ggl:;iot contain the summation variable k.) We next use Theorems (5.11),

(5.10), and (5.12) to obtain

n 3 n 9 =n 5
£ o= (8 16 5 v
3 9 nn+1D2n+1)
ZE["'M_F 6 |
248_2(n+1)(2n+1)- |

2 n?

To find the area of the region, we let Ax approach 0. Since Ax = 3/n,
we can accomplish this by letting n increase without bound. Although our
discussion of limits involving infinity in Section 2.4 was concerned with a
real variable x, a similar discussion can be given if the variable is an in-
teger n. Assuming that this is true and that we can replace Ax — 0 by
n — o0, we obtain

lim > f(u) Ax = lim [48 —r Dent 1)}

Ax—>Q k=1 =5 n2

=48-3-2=39.

Thus, the area of the region is 39 square units.

ygons. In this case we select, in each\subinterval

Ez'f;é %l the number U = (k — 1)(3/n) at which f takes on its maximum

EXAMPLE 7 If f(x) = x3
tObforanyb>O. '

» find the areq under the graph of f from 0
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SOLUT|O
N .
Fi Subdivig :
;gliri) 310), we obt"clllicr]:];g the interval [0,b] into n equal parts (see
= /n and X =k Ax rcumscribed rectangular polygon such that f
FIGURE 51

Ay

~

f(y)

‘ X1 Xk x,=b .
L
—>~ Axf—

Xo X, xz‘
|

Since f is an increasing function, the maximum value f(v,) in the inter-
val [x,_,, x,] occurs at the right-hand endpoint; that is,

b bk
vk=xk=kAx=kﬁ=7.

The sum of the areas of the circumscribed rectangles is

b\* b & bt
[(“) ;]—k;n?"

g =g[n(n ¥ 1)]2
L 2

3. 000 Ax =

=

Il

S 3"“@

k= n*
4 . n2(n + 1)2

n4

FIGURE 5.11
y

Il

»|

/ where we have used Theorem (5.12)(iii). ‘If we let Ax approach 0, then n
increases without bound and the expression involving n approaches 1. It
follows that the area under the graph is

4

" b
lim ), flo) Ax =7

Ax—=0 k=1 4

— 3, find the area 4 of the region under the

EXAMPLE 8  1f /(¥
graph of f from o2

L

P in Fi A1,
2 *  sOLUTION The region 18 sketched in Figure 5

l



EXERCISES 5.3

Exer. 1-8: Evaluate the sum.

4 .
. i(f“f“ 2,-; @ +1)
J;l i
k—2)(k—3)
? kZO k(k—l) ! k;()( )(
10 4 . 1
50 1000
7Y 10 8 ) 2
i k=1

I
—_

Exer. 9-12: Express the sum in terms of n (see Exam-

ple 4).

9 Y (k2 +3k+5)
k=1

nk; (k3 +2%*—k +4) 12 k; (3k* + k)
Exer. 13-18: Express in summation notation.
131+5+9+13+17
142+54+8+11+14
Bi+i+d+it
161+3+5+1

24 =
[c] 24 /(%) =

10 Y (3k2 — 2k + 1)
k=1

ph of f from O to
ph of f from O to 2,
A, from A,:

o A can be [0 =A,— 4

under the graph of j _ .
and b =2 for 4, vields % rgm(}

1

s 04— ~398

A=73""4

at the area
— 1 for A

Let A be the area under the gra
from a to b. Approximate 4 by diof de
Vidiy,
§
using

Exer. 19-22:

given function f
[a, b] intO subintervals of equal length Ay and

(a) Aip and (b) Ace-
19 f(x) = 3 —Xx; a
20 f)=x+2 a=

2—2’ b:23 Ax:l
-1, b=4, Ax =1

21 fg=x"+1 a=Ll b=3 Ax<y
22 f)=4—x% a=0, b=2 Ax=l
2

23 f(x) = +/sin Xx; a=0, b=1.5; Ax =015

1

a 0’ b=3’ Ax=03

Exer. 25-30: Refer to Examples 6 and 7. Find the
under the graph of the given funcion / from 0o g
(a) inscribed rectangles and (b) circumscribed rectallll;:sg

25 f()=2x+3; b=4
26 f(x)=8—3x; b=2
27 f)=9—x% b=3
28 f(x) = x?; b=5
29 fo=x>+1; b=2
30 f)=4x+x3 b=2

17 1 _ x_ X4 6 2n
: P S el Vi - Exer. 31-32: R
18 1 4 XX " the graph 0% fefzr fa Exafflple 7. Find the area under
Lkt AT = and (b) [a, b]. rresponding to the interval (a) [1,]]
31 f(x = 33
i~ 32 f(x) = x* +2
5.4
5:4_THE DEFINITE INTEGRA,
e

In Section 5.3 v
@10 b as a limjt

-

¢ deﬁned the
of the form

area under the graph of a function f from

n

lim Z fwy) Ax.

Ax—0 k=1




