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Abstract

In this paper, a perturbation expansion technique is introduced to decompose the tracking error
of a general adaptive tracking algorithm in a linear regression model. This method allow to obtain
tracking error bound but also tight approximate expressions for the moments of the tracking error.
These expressions allow to evaluate, both qualitatively and quantitatively, the impact of several
factors on the tracking error performance which have been overlooked in previous contributions.
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1. INTRODUCTION

An important issue in system identification, signal processing, automatic control is that of track-
ing the parameter variations of a linear dynamical system with observable stochastic inputs and
noise-corrupted outputs:

(1) yt:¢tT9t—|-Ut§ t>0

where {y;}+>0 and {v;}+>0 are respectively the scalar observation and noise, {¢;}:>0 and {6;}+>0
are the d-dimensional stochastic regressors and the unknown time-varying parameter. This model
encompasses many different applications, including channel equalization, time delay estimation
and echo cancelation (see Solo and Kong (1995)). To track the variations of the parameter, it
is customary to use a recursive algorithm for updating an estimate 6 of the parameter (see for
example Ljung and Soderstrom (1983), Macchi (1994), Solo and Kong (1995), Kushner and Yin
(1997) and the references therein). These algorithms may take many different forms depending on
what was is willing to assume on the observation noise and on the parameter variations and on
the amount of computations that is acceptable; e.g. standard stochastic approximation with fixed
step-size, recursive least-squares with forgetting factor, or adaptations of Kalman-Bucy filters. In
this work, we focus on fixed step-size stochastic approximation algorithm,

(2) ét-l—l =0, + L (y: — ¢tTét)-

where p is referred to as the adaptation step-size and L; is a random vector, which can be chosen
in a number of different ways. By far the most popular algorithm in that class is the Least Mean
Square algorithm (LMS), introduced in a landmark paper by Widrow and Hoff (1960). In that case,
L; = ¢;. Such an algorithm is referred to as a gradient algorithm, because the increment of the
algorithm is opposite to the (stochastic) gradient of the mean-square error, e;(6) = E(y; — ¢} 0)>.
A useful variant of the LMS, is the normalized LMS, for which

L= — 9 .

€+ [l
There is a vast literature on the analysis of algorithms of type (2). In most contributions, the main
goal is to obtain bounds on the tracking errors. Preliminary results in that directions have been
obtained by Bitmead and Anderson (1980), Eweda and Macchi (1985); see Ljung and Gunnarson
(1990) for a review of these early contributions. These results have been later significantly improved
by Guo (1994) and Guo and Ljung (1995). In this contribution a different approach is pursued.
Our goal is to obtain explicit expression and not only bounds for the tracking error. To that
purpose, we will use a technique, referred to as perturbation expansion, consisting in approximating
the process defined in (2) by a family of nested processes, with much simpler structure than the
original error process. This decomposition enables the computation of explicit expressions for the
moments of the tracking errors and other related quantities. This type of approximation technique
has been introduced independently by Priouret and Ljung (1991), who considered general fixed
step-size stochastic gradient algorithm, and Solo (1992), who used this method to get insights on
the behavior of the tracking error variance of the LMS; however, in these papers, only first order
approximations are considered. We extend this approach to obtain expansions valid up to any
given order. This decomposition will enable us to obtain (under some technical conditions) an
asymptotic expansion of the tracking error up to any given order in the step-size pu.

e>0
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To analyze any adaptive algorithm, it is usually convenient to convert it to a so-called error form;
indeed from (1) and (2), we can write

(3) Orp1 = (I — pLi] )0; + pLivy — weg,

where 0~t £ ét — 6, is the weight-error vector and w44 £ 0111 — 0, is the lag-noise. . This is a
time varying non-homogeneous difference equation. Since this equation is linear, 8,41 can further
be decomposed as

(4) 0, = "0+ u, + 6y,

(5) “Gop1 = (I — pLed? )"0, "0 = 0o = —bo,
(6) Vi1 = (I — pLidl)"0; 4+ Levs, "6 =0
(M) “Op1 = (I — pLed! )0 — wis1, “o=0

{*,} is a transient term, reflecting the way the successive estimates of the regression coefficients
forget the initial conditions. {“6;} accounts for the errors introduced by the measurement noise,
{v;}; similarly, {*6;11} accounts for the errors associated lag-noise {w;}. According to these
definitions, Y6, and 8, obey an inhomogeneous stochastic recurrence equation

(8) Sip1 = (U —pF)ée+&, d=0
t

(9) = D ®(t,9)E
s=0

where {F}};>o matrix valued random process, {&};>0 is a (d x 1) vector-valued random process,
and ®(t, s) is defined as

(= pb) (I = pbyoq) (I = plopy) t>s
O(t,s) =4 1 t=s
0 otherwise

Here, the dependence of §; upon the step-size u is implicit. Eqs (6) and (7) may be rewritten as
(8) with F; = L,;¢! and

(10) & = Livy measurement noise, & = —wy41 lag noise

2. PERTURBATION EXPANSION: THE METHOD

In this section, we concentrate on the general recurrence equation (8). We apply the results to
the lag-error term ; in the next section. Equations of the form (8) have received a considerable
attention in the literature. The first question of interest is to derive conditions upon which {4;} is
stable in L, (p > 1), in the sense that there exists some py > 0 such that, for all 0 < g < po

sup (|6, < 00, [|8ll, = E(|8:")"/?
£>0

where, for any p x ¢ matrix X = [X;;], | X| denotes the Euclidean norm: |X|= (327_; Y%, ij)l/Q.
L, stability is an obvious extension of the notion of stability for deterministic linear systems. To
our best knowledge, it was apparently first tackled by Eweda and Macchi (1985,1986), who provide

an explicit expression for the bound under very restrictive conditions (m-independence and moment
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conditions). As elaborated, e.g. in Guo (1994) and Guo and Ljung (1995) the essential key to the
analysis of (8) is to prove that the product of random matrices ®(¢, s) is exponentially stable in
L, (for ¢ sufficiently large), meaning that, there exists a constant ¢; < oo and § > 0 such that
0 < B < 1/pp verifying

12 (t, 8)lly < (1 =)'

for all t > s and all 0 < p < pg. It is easily seen that exponential stability of this product of
matrices in particular implies the L, stability of é; by application of the Holder inequality. Results
in that direction have been obtained recently by Guo (1994) and Guo and Ljung (1995), where
practical conditions guaranteeing the exponential stability of product of random matrices are given.

As explained in the introduction, the purpose of this paper is to go one step beyond : we want to
devise a general method enabling to obtain not only bounds but explicit approzimate expressions
for the moments of §;. As pointed out in Ljung and Gunnarson (1989,1990) these quantities are
essential to understand the tracking behavior of a given algorithm or / and to design algorithm
with better tracking performance. As illustrated in section 5 on a particular (simple) situation,
these approximate expressions allow to evaluate the impact, both qualitatively and quantitatively,
of different factors on the tracking performance (e.g. the dependence structure of the regressor
sequence, of the observation and the lag noise). Results in that directions have been obtained
by Ljung and Priouret (1991), who gave an exact first order approximation of the tracking error
covariance of a stochastic gradient algorithm with a fixed step-size, and by Solo (1992), who worked
out a first-order approximation of the tracking error covariance for the LMS algorithm (see also
Solo and Kong (1995)). These results were latter extended to a more general class of algorithms
(under much weaker assumptions) by Guo and Ljung (1995). However, in these works, only first
order expansions of the tracking error are considered.

The approach developed in this contribution relies upon a perturbation technique. Applied to
the recurrence equation (8), the whole procedure goes as follows. Denote Fy = F/(F) (it is admitted
at this point that this expectation exists) and Z; = F; — I;,. We may decompose (I — ul}) according
to

(11) I —ply = (I — uFy) + pZ;.

Now, decompose the recurrence equations (8) into two separate recursions:

(12) IO == pl) I v &, P =0
(13) O = (1 - k) + p2,0” . B =0
(14) 5 =JO + HY.

According to (12), Jt(o) satisfy a deterministic inhomogeneous first-order linear difference equation:

t
(15) T =3 (e, 9)8
s=0
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where, as above,

I t=s
0 otherwise

(I =) (I = pFyy) (I = pFopy) t>s
|

Under appropriate assumptions on the matrix valued sequences {£}};>0 and on the excitation {&},
it will be shown that, for some p > 0 there exists a constant C' < oo and pg > 0 such that for all
0 <p < po

(16) SupHJt Nl < /vt and SHPHH I, <c

where C' < oo is a constant depending on {F};} and {&;} (see below). Thus, Jt(o) may be considered as

the leading term in the expansion, while Ht(o) may be seen as a correction term. This decomposition
forms the basis of the first-order approximation results obtained in Priouret and Ljung (1991), Solo
(1992) and Guo and Ljung (1995) The same procedure can be iterated to obtain approximations
of increased accuracy. For that purpose, it suffices to decompose (13) using (11), and iterate
that decomposition up to order n > 1. Using this technique, the weight-error vector é; may be
decomposed as

(17) b= g b el

where the processes Jt(r) 0 <r<mnand Ht(n) are respectively defined as

(18) I == pF) a0+ & I =0

(19) IO = (1= pF)I" 4z 0 g =0, 0<t < r
(20) HY = (1= pFyH™ + 5207 5 B =0, 0<t <n

The processes Jt(r) depend linearly on & and polynomially in the error Z; = F; — F;. It is thus
feasible (examples are given below) to compute the joint moments of these processes, and to obtain

expressions for the moments of S;n) = Jt(o) 4 -—I—Jt(n). The residual term Ht(n) is, under appropriate
conditions, uniformly bounded, ¢.e., there exists some constant C' < oo and pg > 0, such that, for
all 0 < p < g, we have

(21) sup 1, < Cun2.

Upper bounds for the constant ' (dependlng upon the regression sequence, the observation noise

5(n)

and the lag noise) are given below. §;" is thus the leading term of the expansion, whereas Ht(n) is

a remainder, which is uniformly bounded in L,. By computing the moments of Slgn), on can obtain
an approximation of the moments of the tracking error d;, the error between the exact and the

approximate expressions being uniformly bounded by ,un/z.

3. MAIN RESULTS

3.1. Notations and Definitions. All the processes are assumed to be defined on the same basic
probability space (Q,.A4, P). For p > 0, and B C A, denote L,(Q, B, P) the Banach space of B-
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measurable random variables such that || X, < oo; for brevity, we set: L,(Q,A,P) = L, A

random matrix sequence {X;};>¢ is called L,-bounded if sup;q || X¢||, < co. Let X 2 {X:}iez be
a vector-valued random process. The o-field generated by the random variables X;, a <t < b is

denoted M®(X).

3.2. Assumptions on {F}}r>0. As mentionned in the previous section, the key assumption is
the exponential stability of the products of random matrices [1({ = puFy) and the corresponding
products of deterministic matrices [J(I — pFE(Fy)). After Guo (1994), define, for p > 1, p* > 0 and
0<p<1/p* S(p, B, the L, exponentially stable familly as

k

I (- pFy)

j=i+1

S(p, B, w )= F: < Kh o(F) (1= B Ve (0,p), Vk>i>0

p
Likewise, define the averaged exponentially stable familly as:

k

[T (- pE()

j=i+1

S(B,p") = {Fr

< Kpue(F) (1= Bu)"™" Ve (0,47, Vi >i> o} :

Practical criteria for checking exponential stability have been proposed by Guo (1993) and Guo
(1994). Some improvements of these results can be found in a series of papers co-authored by Guo
and Ljung (1995). Necessary and sufficient conditions for the LMS algorithm are presented in Guo
et al (1997). Alternate conditions implying exponential stability have been obtained in the case
where the matrix valued process {F}};>0 is Markovian (Priouret and Veretenikov (1996)).

In addition to L,- and averaged- exponential stability, additional moments and mixing conditions
are required. Here, mixing refers, as usual, to some kind of ‘decorrelation’ between the past and
the future of the process. It is convenient to use the notion of weak-mixing, introduced by Doukhan

and Louhichi (1997).

Definition Let ¢ > 1 and let X = {X,,},,>0 be a ({ X 1) matrix-valued process. Let § = (§(r)),en
be a sequence of positive numbers decreasing to zero at infinity. The sequence X = { X} >0 is
said to be (4, ¢)-weak dependent if there exist finite constants C' = {C4,---,C}}, such that for any
1 <m < s <gq,any m-tuple t1, -+, ¢, and any (s — m)-tuple ¢, 41, -, ¢, with t; <--- <t,, <
o + 17 <tpy1 < -- -t it holds

sup |COV(X7517i1 o 'Xtm,imv Xtm-|-17 o 'Xt57is)| < ng(r)

) ) T+l
1<ay 042 <

where X, ; denotes the i-th component of X,.

As shown in Doukhan and Louhichi (1997), weak-dependent processes encompass a large class of
models and in particular strongly mixing processes, weak shift processes or models with a Markovian
representation... Recall that the process {X;};>¢ is strongly mixing if

p up IPANB) = PLYP(B)] = ax(r) —rose 0
s€L AeM?  (X),BEMZ (X)



6 R. AGUECH , E. MOULINES , P. PRIOURET

ax (7) is referred to as the (strong) mixing coefficient. The following lemma shows that strong-
mixing processes also are weak-mixing and give the relation between the strong-mixing coefficient
ay (7) and the sequence 6(7) appearing in the definition of weak-mixing processes. We have:

Lemma 1. Assume that X = {X;};>0 is a (I X 1) strongly mizing process and that:
sup sup || Xyl < 00
>0 1<i<l

for some ¢’ > q. Then X = {X;};>¢ is (0, q)-weak dependent, with, for s € {1,---,q},

5(r) = a(r)ld=0/d >

S
Cs =12 (SUP sup HXt,iHs—I—q’—q)
>0 1<i<l

The proof is in section A.

3.3. Assumptions on the excitation sequence & = {{;};>0. In addition to the above stated
assumptions on the matrix process F' = {Fj}r>0, we need to impose some conditions on the
excitation sequence & = {&}x>0. Typically, it is required that & = {&x}r>0 is mixing (in a sense
given below) and possesses a sufficient number of finite moments. To cover the application to the
analysis of stochastic tracking algorithm, it is convenient to express these conditions in a slightly
non conventional way, by defining a subset of process verifying a kind of generalized Rosenthal’s
inequality with random weights. This construction is explicited below.

Let B be a subfield of the basic probability space (£2,.4).

e Let ¢ > p > 0 be two real numbers. For any n = {9 }r>0 (d x 1) matrix-valued sequence,
define

t 1/2
(22) N(p,¢;B) = {77 : < ppa(n) (Z HGkuﬁ) V0<s<tand
P k:S

t
> G
k=s

V G = {Gr}r>o0 (1 x d) vector-valued process € L,(Q2, B, P)}

In the previous definition, p,,(n) is a finite constant, depending upon n = {n;}r>0 but not on
s,t or on the sequence G = {G}r>0. As above, it is of interest to state conditions upon which
a process {&x}r>0 belongs to the set N(p,q; B) and to give an upper bound for the value of the
constant p, ,(¢). To deal with the applications considered in this paper (see 10), we restrict our
attention to the case where {{;}¢>o may be decomposed as

(23) ft = Me
where the processes M = {M;};>0 and € = {¢ };>0 verify

o (X1) {M;}iez is a (d x I) B-measurable matrix—valued process
o (X2) {e}iez is al x 1 vector-valued process,
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e (X3) {M;} and {¢} are independent.

Recall that, in our application, My is either equal L; (for the measurement noise) or to the identity
I (for the lag-noise) and is measurable w.r.t to the o-subfield generated by the regressor sequence
o(¢s,0 < s <t). The noise ¢ is either equal to the measurement noise v; or to the lag-noise w;.
The assumptions (X1-X3) are thus most often met in our application.

Under these assumptions, it may be shown that {&;} € N(p,q;B) if {M;} is L.-bounded (for
large enough r) and {¢} is either a martingale difference or an a-mixing process, under appro-
priate conditions on the moment and (for a-mixing processes) on the rate of decay of the mixing
coefficients. To be more specific, define the class of processes

1/2
" { <Pp (Z|Dk|2) V0<s<tand

(24)

V' D = {Dy}ren (1 X [) deterministic Vector}

Proposition 1. Assume that & = Mye; and (X1-X3) . Let ¢ > p. Assume in addition that:
A
sup | Mgl pg/(q—p) < 00 and € = {e;} € N'(p).

Then, {&:} € N (p, ¢; B) and
(25) P2.a(€) = Pp() SUD 1Ml (gp)-

Proof is given in section C. Some typical examples of processes belonging to A’(p) are given in
the proposition below.

Proposition 2. {¢} belongs to N'(p) if

(i) {et}i>0 is a Ly-bounded martingale increment: sup,sq||ei|l, < oo. In such case, py(€) in (24)
may be chosen to be B

(26) pp(€) = Bysup el
520
where B, is a universal constant that depends only on p and | (the dimension of the {¢;} ).

(i) {e}i>0 is a-mizing with mizing coefficients o (7). Moreover, there exists 6 > 0 such that:

(27) sup [[eslp+s < 0o and 3" (r) 2/ @) < oo,

T

In such case, the constant p;,(¢€) may be set to

(28) (Z ac(r)*/" p”)) SUP [|€s][p+5

where BZ’D is a universal constant which depends only on p and .
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i) is a consequence of the Burkholder inequality for martingale increments (see Hall and Heyde
g

(1980)). (ii) is a an application of Proposition 10, Corollary 11 by Kouritzin (1994). The proof is

in section C.

To conclude this section, it is worthwhile to note that A (p, ¢; B) (resp. N’(p)) are invariant by
stable linear time-varying transformation. This means that, if {n.} € N(p,q¢;B) (resp. {mx} €
N'(p)), then the process {¢;} defined as

o0

€ = Z Ak, Pm—y > s%p|A(l€,j)| < o

J=—00 j:—OO

where A(k,j) are deterministic matrices, also belongs to N (p, ¢; B) (resp. N'(p)). Moreover, the
constants are upper bounded by

(29) poa(0) < poal) ( S sup |A<k7j>|) ,

p——

(30) Pp(€) < pjy(n) ( i SuplA(kyj)l)

j=—c0

Thus, random processes generated from martingale difference or a-mixing process via an infinite
order time-varying linear filter can all be included in N'(p).

3.4. The Main Results. We may now formulate the central results of our contribution. The

first result gives condition upon which Js(r) is uniformly bounded in L, and provides an expression
for that bound.

Theorem 1. Assume that, for some integer n and real numbers g > p > 2:
o (i) I'={F}};>0 is averaged exponentially stable: F € S(f3, jo)
o (i) F is (8,q(n+ 2)) weakly dependent, and 3_(r 4 1)(a(n+2)/2
o (i) {={&G N, ¢ 1)

)=15(r) < o0,

Then, there exists a constant K < oo (depending on F' and on the numerical constants p, q,n, o, 3
but not on {&,;} or on the stepsize parameter u), such that for all 0 < p < pg, for all0 <r <n

(31) sup HJS(T)HP <K pp,q(g)ﬂ(r_l)/z-
s>1

where py, (§) is the constant defined in (22). (the precise value of constant K may be found from
the proof).

Here N (p,q; F) is a shorthand notation for A (p,q; M (F)). The proof is given in section
(n)

B. To complete our program, we need to bound the remainder term Hs . As shown below,
under appropriate conditions, Hs™ is uniformly bounded in L, as soon as JS(nH) is L, stable (for

sufficiently large r) and the bound for sup, HHs(n)Hq is proportional to sup, HJS(nH)H,,.
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Theorem 2. Let p > 2 and let a,b,c¢ > 0 such that 1/a+1/b+ 1/c = 1/p. Let n € N. Assume
that

o {I} € S(a, B, po) for some pg > 0 and 0 < 3 < 1/ o,
o supyso||Zu]l < 0 and

o sup,so || < oo

Then, there exists a constant K' < oo (depending on the numerical constants a,b,c, 3, po,n and
on the process {I;} but not on the process {&,} or on the stepsize parameter y), such that for all
0< H < Ho,

(32) sup | H{"|[, < K" sup I+l
520 520

(the precise value of K' may be found from the proof)

4. PERFORMANCE OF ADAPTIVE TRACKING ALGORITHMS

A number of useful error bounds or expressions can be drawn from the results derived in the
previous section. We use the notations introduced in section 1. Let n be a positive integer and p
be a real number p > 2. Finally, let a, b, ¢, d be positive numbers such that =" +b71 4+ ¢71 = p~!
and d > ¢. Denote: F; = Ltqth.

e (H1) F = {F;} is L, and averaged exponentially stable: F' € S(j3, o) NS (a, 3, po), for some
to > 0and 0 < 8 < 1/up.
e (H2) F'is (6,d(n+ 2))-weak dependent; in addition,

sup || Fy — E(Fy)||s < 0o and Z(r_|_ 1)d(n+2)/2—15(r) < 00.
>0
o (H3) {Lv} € N(e,d; F) and {w} € N(c,d; F).

As emphasized in proposition 2, assumption (H3) is verified when {w;} is a martingale increment or
an a-mixing processes (under appropriate conditions on the moments and on the rate of convergence
of the mixing coefficients). The parameter to track 6, follows a random walk model, perhaps with
non stationary and non independent increments. (H3) implies that [|6;]|,/v/¢ (but not [|6;]],) is
upper bounded.

Note that, under the additional assumption that the observation noise is independent from {F;},
propositions 1 and 2 give practical criteria to establish that {L;v;} € N(p, ¢; F).

~According to (4), the tracking error may be expanded as 0} =u g, + 1 g, +% 6,, where “6;, ¥8, and
"8, are respectively defined in (5), (6) and (7). The terms ¥6; and "8; may further be decomposed
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as
Uét = Z UJE‘k) + UHE‘”)

k=0
o= §2 g0 gl

k=0
where r,, and r,, are two integers (not necessarily equal) such that 0 < r, <n—1land 0 <r, <n-1.
Under (H1)-(H3), theorems 1, 2 show that there exists a constant K (depending on {F;}, the
constants a, b, ¢, d, 3, jio, but not on {v¢} , {w;} or on the stepsize p), such that, for all u € (0, uo]

sup [y < Kpea(Lop®=072, k€ 40, o and sup |H{™ |, < Kpea( Lo
sp |17y < Kpea(w)u® =072, k€ {0, ru} and sup||H™ | < K pea(w)pr'?

Summarizing these results, we have

Proposition 3. Assume that (H1-H2-H3) hold, and let ry,r, € {0,---,n—1}. Then, there exists
a constant K < oo (depending upon a,b,c,d,n, 3, o but not on {Lv¢} and {w}), such that, for
all p € (0, po] and allt >0

5 Ty Y k Tw w & _ . ” ~
10— 322 = 32 Py < K (pea(Lo)a™ 5 4 pea(w)i»/2) + |[(E, 0)doll,.
k=0 k=0

Setting r, = r,, = 0, one obtains the expansion of the tracking error bounds presented in Priouret
and Ljung (1991), and latter extended for more general algorithms by Guo and Ljung (1995), Guo
et al (1997). Higher-order expansions can be used to obtain refined approximation of the tracking
error moments (see the discussion below). Tracking error bounds can trivially be derived from
these formulas.

5. A WORKED-OUT EXAMPLE

In this section, approximate expressions of the tracking error covariance matrix for the LMS
algorithm are derived. To illustrate our findings, it is shown in this section that first order approxi-
mation of the tracking error covariance may fail, in certain situation, to capture the behavior of the
algorithm. It is argued that a second order expansion leads to significantly better approximation,
in many situations of practical interest; moreover, second order approximation reveals the impact
of certain factors which do not influence the first order approximation, in particular the dependence
between the successive regression vectors. To illustrate these effects without obscuring the presen-
tation with cumbersome notations and details, a very simple situation is considered. Theoretical
results are validated by means of a small-scale Monte-Carlo experiment. More details will be given
in a forthcoming paper.

e (M1) The regressor {¢;};>0 is a strict-sense stationary vector autoregressive process

Grq1 = KDy + Uppr
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where k (=1 < k < 1) is a scalar, {u;}/ez is a sequence of independent and identically
distributed Gaussian random vectors with zero-mean and covariance matrix o21.

e (M2) The measurement noise process {v;};>0 and the lag-noise process {w;};>¢ are two
sequences of zero-mean 1.i.d random variables (vectors), with bounded moments of order r,
where r > 2. Moreover: E(wowl) = ~v2I.

o (M3) Mg (v), M§°(¢) and M (0) are independent.

Because, our main concern in this section is the asymptotic regime, we set: 6o = 0. To apply
the results in section 4, we first need check that assumptions (M1-M3) imply (H1-H3). We set
b=c=2r,a=2r/r—2and d =r+ 4§ where 6 > 0 but is otherwise arbitrary. Note that:
a '+ b 4+ =pt, with p= 2.

It follows from Mokkadem (1988) that, under (M1), {¢;} is geometrically completely regular

(see also Davydov (1973)), so that I} 2 #:¢! is strongly mixing with exponentially decaying
strong-mixing coefficient and thus, by lemma 1 (see section A), weak-dependent with exponentially
decaying weak-dependent coefficient. Thus Z; = Iy — E(F}) verifies the assumption of proposition 6,
for any n > 1. It follows from Theorem 1 (Priouret and Veretenikov (1996)) that F; is exponentially
stable, i.e. for any p > 1 there exists up > 0 and 0 < < 1/pug such that {Fi} € S(5, o) N
S(p, B, po). Similarly, by applying propositions 1 and 2, we have: {¢v;} € N(r,r+ §;F) and
{ws} e N(r,r, F), and

(33) prrts(dv) = Be||doll,(r45)/5llvoll- and  pr - (w) = Byyp,(w)

where i, (w) is the standardized moemt of order r of {w;} and B, is a universal constant defined
in (26). Hence, (H2) and (H3) are satisfied. Because {w:};>0 and {v¢}¢>o are independent, the
processes {"0;};>0 and {*6;} are uncorrelated. Thus,

—_ 1 gl —_vp,,2 | w
F_tlggoE(Hth)_ Lp*+%T

where “T' = lim_., F(“676]) and T = limy e E(“66F). We wish to obtain approximate ex-
pressions for “I" and ™T', denoted “I" and "I" such that, for all p € (0, uo]

T =* T[] < Kp'/? and |“T =" T| < Ky2u!/?
where K < oo is some constant. To that purpose, we expand “6; and “6; to the second-order:
v, — ’UJELO) + Ung) + ’UJELQ) + UH£2)7
v, =g gyt ey ® g

Under the stated assumptions, it follows from theorems 1 and 2 that, there exists some constant
C' < o0, such that for all p € (0, po], we have

(31) sup [BCID I+ HEPNT] < Cpl st Psup |[BCTOHE)| < Cof (oo 2

(35) sup BT eT® 4 w7 < Oyl wypt! *sup BT B < Oyl (w1
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It remains to evaluate lim;_, E(”JEO)“JEi)), limyseo E(wJEO)wJEi)), ¢t =0,1,2 and E(”JEI)UJEI))
and E(wJ,(fl)ngl)). Denote: o = 02/(1 — x?%). Tedious but straightforward calculations show that
2

fim I = T
tin B0 = ) o),
tin 50" = SR o)
Jim B0 = X Z?i“?i;i‘f Hrs o
yielding the following expression for *T
(36) T = %I+a03¥1+0(u)

It is worthwhile to note that the first order correction does not depend upon the autoregressive
coeflicient k, i.e. the dependence among the successive regressors does not influence the covariance
UI" up to the second order in the stepsize . It may be shown that this results holds under much
weaker assumptions on the regression sequence {¢;} (see Perrier et al (1995) for a more general
discussion), as long as {v;} is a martingale increment and is independent from {¢,}. Similarly, it
can be shown that

2

lim B(7 010" = e

B BT 2o,

Jim By e @) _ %I +0(v*),

Am B0t = 72(14J(F1H_2),£§)+ Ui on.
yielding the following approximate expression for “I,
(37) YT = QPL—ZI + 7; (1 +(d+1) 11+_2:22) I+ O0(y2).

It is interesting to note that the first order correction depends upon the autoregressive coefficient
k @ when & is close to one, the correction term becomes large. This behavior is illustrated in figures
5 and 5, where the asymptotic tracking error variance limy_, HO}HQ is displayed as a function of the
stepsize . In both cases, we set: v = 0.05, d = 10, 02 = 3 and, for every value o x, 02 = 1 — x% (s0
that &« = 1). Two values of x are considered: x = 0 (figure 5) and x = 0.9 (figure 5)). On the figures,
the value of the asymptotic tracking error variance obtained by Monte-Carlo simulations (solid-line)
are compared with the approximate expressions obtained by (i) retaining only the first term in (36)
and (37) (dashed line) or (ii) including the two terms in (36) and (37) (dashed-dotted line). As

seen on these figures, the autoregressive coeflicient strongly affects the asymptotic tracking error
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variance, as predicted by the second-order approximation (whereas the first-order approximation
does not predict any effect with respect to the variation of the autoregressive parameter). It is
however interesting to note that the optimal value for the stepsize (the value which minimizes
the asymptotic tracking error variance) obtained by minimizing the second-order approximation
does not vary with s and is reasonably close to the one obtained by minimizing the first order
approximation.

tracking error variance
~
wn
T

I I I I I I I
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08
stepsize

FiGUure 1. k = 0. solid line: Monte-Carlo simulation. Dashed line: first order
approximation. Dashed-dotted line: second-order approximation

351

w
T

)
T

tracking error variance
~
o
T

=
- 331
T T
/
/
1
1
\
1
\
L L

o
3
T
L

I I I I I I I
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08
stepsize

FIGURE 2. Kk = 0.9. solid line: Monte-Carlo simulation. Dashed line: first order
approximation. Dashed-dotted line: second-order approximation
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APPENDIX A. ROSENTHAL’S TYPE INEQUALITIES FOR WEAK DEPENDENT SEQUENCES

In this section, some useful properties on weak dependent sequences are given. The most useful
result in this section is the proposition 6, which can be seen as an extension of Rosenthal’s inequality:
this proposition is repeatedly used in the sequel. Most of the material in this section is already
known. We have found however convenient to gather the most important results and proofs for
completness.

Proposition 4. Let G = {G}>0 be a (d x d) zero-mean matriz-valued process. Let q be an even
integer and j € N. Assume that G is (6, qj)-weak dependent. Assume in addition that

o0

(38) ST(r+ 192718 (r) < oo

r=0

Then, there exists a finite constant D, ;(G), such that:

) Y GuoGy| < Dyl@) (-

5<iy << <t

for all0 < s <t.

Proof of Proposition 4: The proof is a direct application of the following result:

Proposition 5. Let ¢ > 2 and let X = {X;}>0 be a (I x 1) be a zero-mean (E(X;) = 0) vector-
valued (5, q)-weak dependent process. Assume in addition that S0 (r + 1)27%8(r) < co. Then,
there exist finite constants v = {va,- -+, 74} such that, for all1 < s < q and all n > 1,

(40) Sup ( Z |E(Xt17i1 o 'Xt57is)|) S 75 S! n5/2

(i1, 1s) 1<ty,+,ts<n

Remark The constants v;,---,7,, can be evaluated recursively as follows. Let o, = >°72(r +
1)5/2_15(7‘), for 1 < s < q. Set y1 = 0, v9 = (209 and, evaluate, for 2 < s < ¢

s—1

(41) Vs = Z YmYs—m + (5 - 1)0505-

m=1

Proof of Proposition 5: The proof is adapted from Doukhan and Louhichi (1997). Define, for
l<s<q:

(42) I(n78):{(t17t27"'7t5)31§t1§"'§t5§n}

(43) A(n,s)= sup > |B(Xe - Xoai)l-
(i1285) I(m)

Note that

sup Z |E(X7517i1 e 'Xt57is)| < S!A(nv S)

(i1, 18s) 1<ty e ta<n
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Define for 1 <m <s—1and 0 <r <n— 1, the sets

I(n,s,m,r)={(t1,---,t5) € I(n,8) 1 tny1 — tm = r = max(ti1 — )},
n—1
I(n,s,m)= U I(n,s,m,r).
r=0
It is easily seen that
s—1 s—1 n—1
s) = U I(n,s,m)= U U I(n,s,m,r)

m=1 m=1 r=0

and the cardinal of set I(n, s, m,r) is bounded by n(r +1)*72 Let 1 < m < s — 1. Note that
E(thyil o 'Xt&is) =
E(Xthil o 'Xthm)E(Xthf

T .

'thyis) + COV(Xthil e 'Xthmv Xtm+1f

T .

Xtid)
This implies, under the weak-dependence condition, that
sup Z | E( Xy, - Xesi )] < Alnym)A(n, s — m) + Cf 25 n(r+1)°
(i17...7i5) I(n757m)

For 0 <r <mn—1, n(r41)*=2 < n¥%(r 4+ 1)*/2=1. Thus:

s— n—1
(44) (n,s) < Z A(n (n,s —m) + (s — 1)Cyn*/? Z(r +1)*/2716(r)
m=1 r=0

The proof and the expression of the constant is obtained by a straightforward induction.

a

Proposition 6. Let p > 1 and n € N. Let G = {G\};>0 be a (d x d) zero-mean matriz-valued
process. Assume that (8, p(n + 2))-weak dependent and that

(45) ST+ P15 < o
Then, there exists a finite constant D, ,,(G), such that for all j € {1,---,n} and all0 < s <t < 00,
we have
(46) S GGy < Dl 9
<ty <<y <t o/
Proof of Proposition 6: For j € {1,---,n}, denote ¢(n,j) the smallest even integer veri-

fying pn/j < q(n,j). It is easily seen that pn/j < ¢(n,j) < pn/j + 2, which implies that
max;e(q,... n} J¢(n, j) < (p+ 2)n. Under the stated assumption, Proposition 4 implies that, for
all 0 < s <t

I Y GGl < D Gy Gillggn)

5<iy <<y <t 5<iy << <t

< Dy ) (G (= 5)2

a(n,5),d
which concludes the proof.
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We conclude this section by the proof of lemma 1. This proof is directly adapted from the
Doukhan and Louhichi (1997) (see also Yokoyama (1981) for similar results and arguments).

Proof of Lemma 1: Set ( = ¢’ — ¢q. Let a,b,c > 1 be constants such that a=! + 5671 4+ ¢~ =1,
and G, F C A be two o-algebra. Suppose that & € £,(2,G, P) and n € L.(Q, F, P). It is known
that (Deo,1973),

(47) |E(&n) — B E ()] < 12(a(G, H)) /(1€ |ol 1]l

where

(G, H) = L |P(AN B) — P(A)P(B)]|.

Sets € {l,---,q},me{l,---,m—1}. Finally, let 1 <¢; <..-<t, be an arbitrary ordered s-uplet
with t,41 —t, = 7. Apply (47) with & = Xy, 5 - Xtprins 1= Xty simar - Xteier § = Min (X),
H=M (X),anda=(s+()/¢,b=(s+()/mand c= (s+()/(s—m):

tm+1
(48) |COV(X7517i1 o 'Xl‘rm Xtm+17 o 'th,is)|

im ? im+ 1

<120 Xty Xm0y m 1 X gt simas * Xl (50 f(smy () /4

Holder inequality yields

m
1 X1 X sy m < T 11X, e
=1

S
HXtm-I-lyim-I-l o 'thJsH(s-I-C)/(s—m) S H "Xt]7i] HS‘I'C
j=mt1

which, together with (48) implies

S
|cov( Xty i Xtpmims Xtongrimar * Xteiia)| < 12 (SUP sup HXt,z’Herc) afr)t/e+¢
>0 1<i<I

which concludes the proof

.

APPENDIX B. PROOF OF THEOREMS 1 AND 2

In the first part of the section, a sketch of the proof of given; technical lemmas are given at the
end of the section.

Proof of Theorem 1: Before going further, we need some additional notations. Define: Sy(¢,s) =
(t,s) for t > s and So(t,s) =0 for s > t. For k > 1, define S (¢, s) recursively as

(49) Sk(t,s) = Z Pt u) ZySk—1(u—1,s) = Z Sp—1(t,w) Zup(u—1,s).

U=Ss U=s
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Denote respectively

t

(50) Dy(t,s)=> Zy, t>s, Di(t,s)=0, s>t
t

(51) Dy(t,s) =Y Dp_y(t,u+1)Z,

Note that, by construction, for £ > 0
Sp(t,s) =0, s>t—k, and Di(t,s)=0, s>t—k+1.
From (18), (19) and (49), it is easily seen that Jt(:_)l may decomposed as

t
(52) I =Y St s)es

s=0

Let r be an integer, and ¢, po, § some real numbers such that ¢ > 0, go > 0 and 0 < 8 < 1/pp.
Consider {W (u,v;u)} a process indexed by (u,v) € N x N and p € RT. We say that W (u, v; u)
belongs to the set L£(f, po, ¢, r), if there exists a constant C'z (W) < oo, such that, for all 0 < u < v,
and 0 < p < o

(53) W (u, 03 p)lle < Ce(W)(L = Bu)* ™" (v - T/QZM (v —u)

It is easily seen that the subspaces L(/3, jio, ¢, ) are nested in the sense that for ¢ > ¢ and r’ > r,
we have L£(3, po, ¢, ) C L(B, po, ', 1').

Lemma 2. Assume that S, 2 {5.(t,s)} € L(B, 1o, q,r) and & 2 {&} € N(p,q; F). Then, there

exists a constant C(S,) < oo (depending upon [3, o, p, q,r and {Fy} but not on {&} or on the
stepsize ji) such that

sup [l < C(S:) (O ¥ € (0, ol

Proof of Lemma 2: Since {;} € N (p, ¢; F), there exists a constant p, ,(§) such that

: 1/2
15 < poa(©r (Z 15, (1, s>u§)
s=0

Under the stated assumptions, S.(t,s) € L(3, o, ¢, r): there exists a constant C'z(S,) < oo such
that, for all t > s > 0:

150t )lly < Ce(S) (1= )™t - s T/ZZM — 9 Vu e (0, .

This latter relation implies that

t
SISt 9|7 < rCE(S, Zuz’“z — B> u** T Yo € (0, o).

s=0
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The proof is concluded by noting that, for all & > 0, there exists a constant D, < oo, such that,
forall 0 < p < 1/5,

o0

> (1= pu)*u < Do /(Bp)' e

u=0

The previous lemma will allow us to conclude the proof if we are able to prove that

{Sr(t7 S)} € 'C(ﬁmuov q, T‘), for r € {17 U 771}.
In fact, we will prove a slightly stronger property: S,(t,s) € L(3, o, qn/r,r), for r € {1,---,n}.
This part is more intricate, and requires some preparatory lemmas.
Lemma 3. Let j € {1,---,r — 1}. Denote: A;(v,u) = D;(v,u) — D;(v,u+1). We have, for
t > s,
t

Z_: Pt u)A;(tuw)S,—;(u—1,s) — Z¢(t,u)Aj+1(t,u)Sr_j_1(u —1,s)=

7 Z V(t,u)Fur1 Dt u)Se—j(u—2,8) — p Z Yt u)Dj(t,u) Fyu 1S j(u — 2, 8)

U=Ss U=s

t

Z Yt WAt u)p(u—1,8) — Pt s+ 1)D,(t,s+ 1) =

u=s
t t

I Z Yt u) Fy 1 Dy (t,w)ih(u—2,8) — p Z V(t, w) D, (t, u) Fy_ b (u — 2, 5).

U=Ss U=s

Proof of Lemma 3: The proof involves only simple algebraic manipulations. First note that
¢

Z_: ¥(t, U)Aj(tv U)Sr—j(u —1,5)= Z (Ot u) = ¥(t,u—1)) Dj(tv U)Sr—j(u —2,5)

U=s

For t > s we have

¢(t7 S) - ¢(t7 §—= 1) = /“b(tv S)Fs—h

Bt = w— 1,9 = { pHIRETL >

Sk(tys) — Sk(t — 1,8) = ZuSk—1(t — 1,5) — pFySe(t — 1, 5).
The proof of this lemma is concluded by noting that
D] (t, U)Zu_l = D]‘_|_1(t7 U — 1) — D]‘_|_1(t7 u)

OConsider {V (u,v)} a process indexed by (u,v) € N x N. We say that V (u,v) belongs to the set
M(c,r), if, there exists C'aq(V) < oo, such that, for all u < v, we have

(54) IV (v, 0)lle < Caa(V) (0 = u) /2.
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Lemma 4. Letr e Nandje {1,---,r—1} and let V 2 {V(u,v)} and W 2 {W(u,v;u)} be two
processes such that V.€ M(cr/j,j) and W € L(B, po, cr/(r—j),r—j), for some ¢ > 0. Then, the
process {U(t, s; )} defined by

t—1

Uty sip) =y (6, w)V(t, )W (u, 55 p0)

U=s

belongs to the set L3, po, ¢, 7).

Proof of Lemma 4: The proof is elementary. Let ¢ > s > 0. Since {F;} € S(8, po), [ (t,s)] <
Kg o (F)(1 = Bp)'=* for all p € (0, o) and 0 < s < ¢. This implies
t

U 53 m)lle < Kp g (F)p (1= B) = IV (s ) ller s IV (1t 53 1) g -,

< Koo (F) sup (V) lerys) sup (I (50} er i/ (1= )"~ ) (6= 8) (1= )™
The proof follows by noting that, under the stated assumptions, there exist constants C'xq(V) < o0
and C'z(W) < oo such that, for all 0 < s <¢, and all 0 < p < po
sup V0,0l < CanV) (0= 5
sup. (I (055 0L/ (1 = 5" < CeW) e = ) (2 P )
By combining the two preceding lemmas, we obtain the following useful criterion

Lemma 5. Assume that {Fi} € S(B,p0). Let ¢ > 0 and r € N. Assume in addition that
{D;(t,s)} € M(cr/j,j) for 1 < j < r and {S;(t,s)} € L(B, po,cr/j,j) for 1 < j < r. Then,
{Sr(tvs)} € ﬁ(ﬁvﬂOvcv T‘).

Proof of Lemma 5: By iterated application of Lemma 3, we have for t > s > 0

t r—1
(55) Sy (t,s) = Z Pt WAt u)p(u—1,s) 4+ ZGJ(t7 s),
U=s 7=1
where the processes (¢, s) are defined, for 1 < j <r —1 as
G( ,uZthu u—1D;(t, u)S,—;(u ,uZthu L) u_ls,,_j(u—Q,s).

Under the stated assumptions, Lemma 4 shows that G (t7 s) € L(B, po,c,r), for 1 < j <r—1. The
first term on the RHS of (55) may be decomposed (Lemma 3) as

Z_: Pt WAt u)p(u—1,8) =, s+ 1)D.(t,s + 1)

T (Z G(t, u)Fymy Dot u) o (u—2,8) = Y b(t, u) Dp(t, u) Fymy o (u — 2 s))

U=Ss U=s
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Since D, (t,s) € M(c,r), there exists a constant Cyq(D,) < oo, such that || D, (¢, s)||. < Cm(D;)(t—
8)7’/2 for all t > s > 0. Since {F}} € S(8, po), we have

< Ko (FYCaa (D) (1= B0~ (¢ = ) 12(1+ psup | (0 = 5)

Z_: Pt WAt u)p(u—1,s)

C

forall t > s > 0 and all 0 < g < pg, which concludes the proof.
O

Under assumption (ii) of theorem 1, an application of proposition 6 shows that: {D,(t,s)} €
Mgn/r,r), r € {1,---,n}; lemma 5 leads us to a condition upon which S,(¢,s) belongs to

ﬁ(ﬂ,,uo,qn/r, T‘), S {17 U 771}.
Lemma 6. Under the assumptions of theorem 1, it holds that

fOT e {17 U 771}, {Sr(tvs)} € ﬁ(ﬁvﬂqun/rv T‘).

Proof of Lemma 6: The proof is by induction on r. By application of proposition 6, we have:
Dq(t,s) € M(qn,1). This implies by Lemma 5 that Si(¢,s) € L(3, o, qn,1). Assume now that
the property is verified up to order r — 1, with 1 < r < n. Set ¢ = ¢gn/r. By application of
proposition6, we have D;(t,s) € M(¢qn/j,j) = M(er/j,j). The induction hypothesis implies that
Si(t,s) € L(B,po,qn/j,j) = L(B, po,cr/j, j), for 1 < j < r. We have S,(t,s) € L(, po, ¢, 1) =
L(B, po, qn/r,r) by Lemma 5, which concludes the proof.

O
The proof of theorem 1 is concluded by applying Lemma 2 and Lemma 6.

Proof of Theorem 2: Solving recursively the difference equation (20), we may express Ht(i-ll_l) as

a linear combination of Js(n-l_l)7 with random matrix-valued weights ®(t, s)
¢
(56) HETY = p 3" 0t 9) 2,00,
5=0

Since {F;} € S(a, 3, o) we have, for all 0 < u < o, and all 0 < s < ¢, (| (2, 8)||o < K 5, (F)(1—
B)t=*, which implies

VG < K2 (F)57" sup [ Zallysup [ 70

520 520

By construction, Hs(n) may be decomposed as Hs(n) = JS(nH) + Hs(n+1); the Minkowski inequality

implies
A < 1P, 1, < (1 KL (P57 sup ) sup )
which concludes the proof.

a
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ApPENDIX C. PROOF OF PROPOSITIONS 1 AND 2

Proof of Proposition 1: Denote M§°(¢) and M (F) the o-field generated by {e:}s>0 and
{F;}+>0, respectively. Let 0 < s < t and {Gj} be a process measureable w.r.t ./\/180(]5) and
bounded in L, (but otherwise arbitrary). We have, under the stated assumptions

t

> GrMyey,

(o 1ew)).

P t p/2
|M80(F)) < [pp ()] (Z |GkMk|2)

k=s

1
Z GrpMpep
k=s

(57) E (

t
> GrMyey,
k=s

(58) E (

The proof is concluded by applying the Minkowski inequality and the Holder inequality

t p/2 t p/2
(59) E (Z |GkMk|2) < (Z HGkMkHZ) ;
k=s

k=s
+ p/2
(60) < sup M, (Z quuz)
k>0 k=s

Proof of Proposition 2: Its is assumed (without any loss of generality) that { Dy} x>0 and {ex }r>0
are scalar-valued. Assume first that {€;}r>0 is a L, stable martingale increment. According to
the Burkholder’s inequality (Hall and Heyde (1981)), there exists a universal constant B, < oo
(independent of the sequence of scalar weights {Dj}r>0 and on the process {e;}r>0) such that

t P n p/2
E|>  Drer| < B, |>_ Dier| .
k=s k=s p/2
t p/2
< Bysup|lex; (Z Di)
k=s

which concludes the proof for martingale increments. (ii) is an application of proposition 10,
Corollary 11 (p. 264) by Kouritzin (1994)

t
> Drey

k=s

2
s »/

p t p/2 t
< B (Z Oée(k)f’“’”)) sup [lex||? 5 (Z Di)
k>0 k=s

k=s

L
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APPENDIX D. DETAILED DERIVATIONS

D.1. Observation noise. For notational convenience, we set ¥.J; = J;. Straightforward applica-
tion of the definitions yield:
¢

Jt(-ll—)l = HZ(l - Oé,u)t_s_lDl(ty s+ 1)¢svs7
5=0
. ¢
T =20 - an) s,
5=0
Thus,

lim F (J( )7 ) = uazz e (Dl(u 1)¢o¢o)
t—o00

It is easily seen that, for v > 1
1 — g2

1 — K2

E(Di(u, 1) oty ) = —a*(d + 1)x”

The expression follows. Similarly, we have

t
J75(—|2—)1 = ,u2 Z(l - au)t_s_QDQ(tv 5+ 1)¢svs
Thus,
lim F (J( )J ) = ,u a, Z 25 2E(D2(5 1)¢0¢0)

t—o00
One may show that, for v > u > 0
E(ZyZudodt) = a®k2(d? + 3d + 4) + o®k2=9) (d + 1).
The proof follows. Finally,

T o]
Jim BT = o202 37 (1= ap)* 2B (Dy (u,1)é0d Di (u,1)).
—+00
w=0
We have
E(Dy(u, 1)¢odd D1 (u, 1)) = o®(d* +3d +4) 3 w7kt 4 oP(d+1) 3 k2w
v,w=1 v,w=1

and the expression follows.

D.2. Lag noise. It follows from the definition that

¢
I = i3 (1 = o) 2Dt s + L
Hence,

lim E(J( ) 0 = 'yz,uzz )22 E(Dy(s,1)).

t—00
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The proof is concluded by noting that, for v > u > 0,
E(Zy7,) = o2k (d + 1)1

Similarly,
. T > 5—
Jim BN )=t (0 = T E(D (s, ) D5, 1)
and ) )
E(Dy(s,1)Di(s,1)) = > (s = |7 E(Z; %) = o*(d+ 1) > (s — |7])x*"]
—s+1 —s5+1

which concludes the proof.

D.3. Some useful summation formulas.
Z . o2 (—a25+1 + sa25(a2 1)+ a2)
[ —

2 )
1<u<v<s (a2__ 1)

1<u<v<s

S

Z g2lv=wl — s(1 —a*) — 2a% + 942(5+1)

vaw=1 (1 _.a2)2 7
5 2
v—w| vtw __ a 2 2s 2(s+1
U%;a' la _m(l—l—a — (25 + 1)a® + (25 — 1)a* )),
> 1
1—ap)’=—
SZ:%( ) i

o0

3 (1 - ap) = (—1+ap)' (@®u? - 2ap-1)
= a?p? (=24 ap)’




