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ON A PERTURBATION APPROACH FOR THE ANALYSIS OF STOCHASTIC TRACKING ALGORITHMS 11. IntroductionAn important issue in system identi�cation, signal processing, automatic control is that of track-ing the parameter variations of a linear dynamical system with observable stochastic inputs andnoise-corrupted outputs: yt = �Tt �t + vt ; t � 0(1)where fytgt�0 and fvtgt�0 are respectively the scalar observation and noise, f�tgt�0 and f�tgt�0are the d-dimensional stochastic regressors and the unknown time-varying parameter. This modelencompasses many di�erent applications, including channel equalization, time delay estimationand echo cancelation (see Solo and Kong (1995)). To track the variations of the parameter, itis customary to use a recursive algorithm for updating an estimate �̂t of the parameter (see forexample Ljung and Soderstrom (1983), Macchi (1994), Solo and Kong (1995), Kushner and Yin(1997) and the references therein). These algorithms may take many di�erent forms depending onwhat was is willing to assume on the observation noise and on the parameter variations and onthe amount of computations that is acceptable; e.g. standard stochastic approximation with �xedstep-size, recursive least-squares with forgetting factor, or adaptations of Kalman-Bucy �lters. Inthis work, we focus on �xed step-size stochastic approximation algorithm,�̂t+1 = �̂t + �Lt(yt � �Tt �̂t):(2)where � is referred to as the adaptation step-size and Lt is a random vector, which can be chosenin a number of di�erent ways. By far the most popular algorithm in that class is the Least MeanSquare algorithm (LMS), introduced in a landmark paper by Widrow and Ho� (1960). In that case,Lt = �t. Such an algorithm is referred to as a gradient algorithm, because the increment of thealgorithm is opposite to the (stochastic) gradient of the mean-square error, et(�) = E(yt � �Tt �)2.A useful variant of the LMS, is the normalized LMS, for whichLt = �t�+ k�tk2 ; � > 0There is a vast literature on the analysis of algorithms of type (2). In most contributions, the maingoal is to obtain bounds on the tracking errors. Preliminary results in that directions have beenobtained by Bitmead and Anderson (1980), Eweda and Macchi (1985); see Ljung and Gunnarson(1990) for a review of these early contributions. These results have been later signi�cantly improvedby Guo (1994) and Guo and Ljung (1995). In this contribution a di�erent approach is pursued.Our goal is to obtain explicit expression and not only bounds for the tracking error. To thatpurpose, we will use a technique, referred to as perturbation expansion, consisting in approximatingthe process de�ned in (2) by a family of nested processes, with much simpler structure than theoriginal error process. This decomposition enables the computation of explicit expressions for themoments of the tracking errors and other related quantities. This type of approximation techniquehas been introduced independently by Priouret and Ljung (1991), who considered general �xedstep-size stochastic gradient algorithm, and Solo (1992), who used this method to get insights onthe behavior of the tracking error variance of the LMS; however, in these papers, only �rst orderapproximations are considered. We extend this approach to obtain expansions valid up to anygiven order. This decomposition will enable us to obtain (under some technical conditions) anasymptotic expansion of the tracking error up to any given order in the step-size �.



2 R. AGUECH , E. MOULINES , P. PRIOURETTo analyze any adaptive algorithm, it is usually convenient to convert it to a so-called error form;indeed from (1) and (2), we can write~�t+1 = (I � �Lt�Tt )~�t + �Ltvt � wt+1;(3)where ~�t , �̂t � �t is the weight-error vector and wt+1 , �t+1 � �t is the lag-noise. . This is atime varying non-homogeneous di�erence equation. Since this equation is linear, ~�t+1 can furtherbe decomposed as ~�t = u~�t + �v ~�t +w ~�t;(4) u~�t+1 = (I � �Lt�Tt )u~�t u ~�0 = ~�0 = ��0;(5) v ~�t+1 = (I � �Lt�Tt )v~�t + Ltvt; v ~�0 = 0(6) w ~�t+1 = (I � �Lt�Tt )w~�t � wt+1; w ~�0 = 0(7)fu~�tg is a transient term, re
ecting the way the successive estimates of the regression coe�cientsforget the initial conditions. fv ~�tg accounts for the errors introduced by the measurement noise,fvtg; similarly, fw ~�t+1g accounts for the errors associated lag-noise fwtg. According to thesede�nitions, v ~�t and w ~�t obey an inhomogeneous stochastic recurrence equation�t+1 = (I � �Ft)�t + �t; �0 = 0(8) = tXs=0�(t; s)�s(9)where fFtgt�0 matrix valued random process, f�tgt�0 is a (d� 1) vector-valued random process,and �(t; s) is de�ned as�(t; s) = 8<: (I � �Ft)(I � �Ft�1) � � �(I � �Fs+1) t > sI t = s0 otherwiseHere, the dependence of �t upon the step-size � is implicit. Eqs (6) and (7) may be rewritten as(8) with Ft = Lt�Tt and �t = Ltvt measurement noise; �t = �wt+1 lag noise(10) 2. Perturbation expansion: the methodIn this section, we concentrate on the general recurrence equation (8). We apply the results tothe lag-error term ~�t in the next section. Equations of the form (8) have received a considerableattention in the literature. The �rst question of interest is to derive conditions upon which f�tg isstable in Lp (p � 1), in the sense that there exists some �0 > 0 such that, for all 0 < � � �0supt�0 k�tkp <1; k�tkp = E(j�tjp)1=pwhere, for any p�q matrix X = [Xij ], jX j denotes the Euclidean norm: jX j = (Ppi=1Pqj=1X2ij)1=2.Lp stability is an obvious extension of the notion of stability for deterministic linear systems. Toour best knowledge, it was apparently �rst tackled by Eweda and Macchi (1985,1986), who providean explicit expression for the bound under very restrictive conditions (m-independence and moment



ON A PERTURBATION APPROACH FOR THE ANALYSIS OF STOCHASTIC TRACKING ALGORITHMS 3conditions). As elaborated, e.g. in Guo (1994) and Guo and Ljung (1995) the essential key to theanalysis of (8) is to prove that the product of random matrices �(t; s) is exponentially stable inLq (for q su�ciently large), meaning that, there exists a constant cq < 1 and � > 0 such that0 < � < 1=�0 verifying k�(t; s)kq � cq(1� ��)t�sfor all t > s and all 0 < � � �0. It is easily seen that exponential stability of this product ofmatrices in particular implies the Lp stability of �t by application of the Holder inequality. Resultsin that direction have been obtained recently by Guo (1994) and Guo and Ljung (1995), wherepractical conditions guaranteeing the exponential stability of product of random matrices are given.As explained in the introduction, the purpose of this paper is to go one step beyond : we want todevise a general method enabling to obtain not only bounds but explicit approximate expressionsfor the moments of �t. As pointed out in Ljung and Gunnarson (1989,1990) these quantities areessential to understand the tracking behavior of a given algorithm or / and to design algorithmwith better tracking performance. As illustrated in section 5 on a particular (simple) situation,these approximate expressions allow to evaluate the impact, both qualitatively and quantitatively,of di�erent factors on the tracking performance (e.g. the dependence structure of the regressorsequence, of the observation and the lag noise). Results in that directions have been obtainedby Ljung and Priouret (1991), who gave an exact �rst order approximation of the tracking errorcovariance of a stochastic gradient algorithm with a �xed step-size, and by Solo (1992), who workedout a �rst-order approximation of the tracking error covariance for the LMS algorithm (see alsoSolo and Kong (1995)). These results were latter extended to a more general class of algorithms(under much weaker assumptions) by Guo and Ljung (1995). However, in these works, only �rstorder expansions of the tracking error are considered.The approach developed in this contribution relies upon a perturbation technique. Applied tothe recurrence equation (8), the whole procedure goes as follows. Denote �Ft = E(Ft) (it is admittedat this point that this expectation exists) and Zt = �Ft�Ft. We may decompose (I��Ft) accordingto I � �Ft = (I � � �Ft) + �Zt:(11)Now, decompose the recurrence equations (8) into two separate recursions:J(0)t+1 = (I � � �Ft)J(0)t + �t; J(0)0 = 0(12) H(0)t+1 = (I � �Ft)H(0)t + �ZtJ(0)t ; H(0)0 = 0(13) �t = J(0)t +H(0)t :(14)According to (12), J(0)t satisfy a deterministic inhomogeneous �rst-order linear di�erence equation:J(0)t+1 = tXs=0 (t; s)�s(15)



4 R. AGUECH , E. MOULINES , P. PRIOURETwhere, as above,  (t; s) = 8<: (I � � �Ft)(I � � �Ft�1) � � �(I � � �Fs+1) t > sI t = s0 otherwiseUnder appropriate assumptions on the matrix valued sequences fFtgt�0 and on the excitation f�tg,it will be shown that, for some p > 0 there exists a constant C < 1 and �0 > 0 such that for all0 < � � �0 supt�0 kJ(0)t kp � C=p� and supt�0 kH(0)t kp � C(16)where C <1 is a constant depending on fFtg and f�tg (see below). Thus, J(0)t may be considered asthe leading term in the expansion, while H(0)t may be seen as a correction term. This decompositionforms the basis of the �rst-order approximation results obtained in Priouret and Ljung (1991), Solo(1992) and Guo and Ljung (1995) The same procedure can be iterated to obtain approximationsof increased accuracy. For that purpose, it su�ces to decompose (13) using (11), and iteratethat decomposition up to order n > 1. Using this technique, the weight-error vector �t may bedecomposed as �t = J(0)t + J(1)t + � � �+ J(n)t +H(n)t ;(17)where the processes J(r)t , 0 � r � n and H(n)t are respectively de�ned asJ(0)t+1 = (I � � �Ft)J(0)t + �t ; J(0)0 = 0(18) J(r)t+1 = (I � � �Ft)J(r)t + �ZtJ(r�1)t ; J(r)t = 0; 0 � t < r(19) H(n)t+1 = (I � �Ft)H(n)t + �ZtJ(n)t ; H(n)t = 0; 0 � t < n(20)The processes J(r)t depend linearly on �t and polynomially in the error Zt = �Ft � Ft. It is thusfeasible (examples are given below) to compute the joint moments of these processes, and to obtainexpressions for the moments of ~�(n)t = J(0)t +� � �+J(n)t . The residual term H(n)t is, under appropriateconditions, uniformly bounded, i.e., there exists some constant C < 1 and �0 > 0, such that, forall 0 < � � �0, we have supt�0 kH(n)t kp � C�n=2:(21)Upper bounds for the constant C (depending upon the regression sequence, the observation noiseand the lag noise) are given below. ~�(n)t is thus the leading term of the expansion, whereas H(n)t isa remainder, which is uniformly bounded in Lp. By computing the moments of ~�(n)t , on can obtainan approximation of the moments of the tracking error �t, the error between the exact and theapproximate expressions being uniformly bounded by �n=2.3. Main results3.1. Notations and De�nitions. All the processes are assumed to be de�ned on the same basicprobability space (
;A; P ). For p > 0, and B � A, denote Lp(
;B; P ) the Banach space of B-



ON A PERTURBATION APPROACH FOR THE ANALYSIS OF STOCHASTIC TRACKING ALGORITHMS 5measurable random variables such that kXkp < 1; for brevity, we set: Lp(
;A; P ) = Lp. Arandom matrix sequence fXtgt�0 is called Lp-bounded if supt�0 kXtkp < 1. Let X �= fXtgt2Zbea vector-valued random process. The �-�eld generated by the random variables Xt, a � t � b isdenoted Mba(X).3.2. Assumptions on fFkgk�0. As mentionned in the previous section, the key assumption isthe exponential stability of the products of random matrices Q(I � �Fk) and the correspondingproducts of deterministic matrices Q(I ��E(Fk)). After Guo (1994), de�ne, for p � 1, �� > 0 and0 < � < 1=��, S(p; �; ��) the Lp exponentially stable familly asS(p; �; ��) = 8><>:F : 





 kYj=i+1(I � �Fj)





p � K 0�;��(F ) (1� ��)k�i 8 � 2 (0; ��]; 8 k � i � 09>=>; :Likewise, de�ne the averaged exponentially stable familly as:S(�; ��) = 8<:F : ������ kYj=i+1(I � �E(Fj))������ � K�;��(F ) (1� ��)k�i 8 � 2 (0; ��]; 8 k � i � 09=; :Practical criteria for checking exponential stability have been proposed by Guo (1993) and Guo(1994). Some improvements of these results can be found in a series of papers co-authored by Guoand Ljung (1995). Necessary and su�cient conditions for the LMS algorithm are presented in Guoet al (1997). Alternate conditions implying exponential stability have been obtained in the casewhere the matrix valued process fFtgt�0 is Markovian (Priouret and Veretenikov (1996)).In addition to Lp- and averaged- exponential stability, additional moments and mixing conditionsare required. Here, mixing refers, as usual, to some kind of `decorrelation' between the past andthe future of the process. It is convenient to use the notion of weak-mixing, introduced by Doukhanand Louhichi (1997).De�nition Let q � 1 and let X = fXngn�0 be a (l � 1) matrix-valued process. Let � = (�(r))r2Nbe a sequence of positive numbers decreasing to zero at in�nity. The sequence X = fXngn�0 issaid to be (�; q)-weak dependent if there exist �nite constants C = fC1; � � � ; Cqg, such that for any1 � m < s � q, any m-tuple t1; � � � ; tm and any (s �m)-tuple tm+1; � � � ; ts, with t1 � � � � � tm <tm + r � tm+1 � � � � ts, it holdssup1�i1 ;��� ;is�l ��cov(Xt1;i1 � � �Xtm;im ; Xtm+1;im+1 � � �Xts;is)�� � Cs�(r)where Xn;i denotes the i-th component of Xn.As shown in Doukhan and Louhichi (1997), weak-dependent processes encompass a large class ofmodels and in particular strongly mixing processes, weak shift processes or models with a Markovianrepresentation... Recall that the process fXtgt�0 is strongly mixing ifsups2Z supA2Ms�1(X);B2M1s+�(X) jP (A \B) � P (A)P (B)j = �X(�)!�!1 0



6 R. AGUECH , E. MOULINES , P. PRIOURET�X(�) is referred to as the (strong) mixing coe�cient. The following lemma shows that strong-mixing processes also are weak-mixing and give the relation between the strong-mixing coe�cient�X(�) and the sequence �(�) appearing in the de�nition of weak-mixing processes. We have:Lemma 1. Assume that X = fXtgt�0 is a (l � 1) strongly mixing process and that:supt�0 sup1�i�l kXt;ikq0 <1for some q0 > q. Then X = fXtgt�0 is (�; q)-weak dependent, with, for s 2 f1; � � � ; qg,�(r) = �(r)(q0�q)=q0 ; r � 1Cs = 12 supt�0 sup1�i�l kXt;iks+q0�q!sThe proof is in section A.3.3. Assumptions on the excitation sequence � = f�kgk�0. In addition to the above statedassumptions on the matrix process F = fFkgk�0, we need to impose some conditions on theexcitation sequence � = f�kgk�0. Typically, it is required that � = f�kgk�0 is mixing (in a sensegiven below) and possesses a su�cient number of �nite moments. To cover the application to theanalysis of stochastic tracking algorithm, it is convenient to express these conditions in a slightlynon conventional way, by de�ning a subset of process verifying a kind of generalized Rosenthal'sinequality with random weights. This construction is explicited below.Let B be a sub�eld of the basic probability space (
;A).� Let q � p > 0 be two real numbers. For any � = f�kgk�0 (d� 1) matrix-valued sequence,de�ne(22) N (p; q;B) = �� : 




 tXk=sGk�k




p � �p;q(�) tXk=s kGkk2q!1=2 8 0 � s � t and8 G = fGkgk�0 (1� d) vector-valued process 2 Lq(
;B; P )�In the previous de�nition, �p;q(�) is a �nite constant, depending upon � = f�kgk�0 but not ons; t or on the sequence G = fGkgk�0. As above, it is of interest to state conditions upon whicha process f�kgk�0 belongs to the set N (p; q;B) and to give an upper bound for the value of theconstant �p;q(�). To deal with the applications considered in this paper (see 10), we restrict ourattention to the case where f�tgt�0 may be decomposed as�t =Mt�t(23)where the processes M = fMtgt�0 and � = f�tgt�0 verify� (X1) fMtgt2Zis a (d� l) B-measurable matrix{valued process� (X2) f�tgt2Zis a l � 1 vector{valued process,



ON A PERTURBATION APPROACH FOR THE ANALYSIS OF STOCHASTIC TRACKING ALGORITHMS 7� (X3) fMtg and f�tg are independent.Recall that, in our application, Mt is either equal Lt (for the measurement noise) or to the identityI (for the lag-noise) and is measurable w.r.t to the �-sub�eld generated by the regressor sequence�(�s; 0 � s � t). The noise �t is either equal to the measurement noise vt or to the lag-noise wt.The assumptions (X1-X3) are thus most often met in our application.Under these assumptions, it may be shown that f�tg 2 N (p; q;B) if fMtg is Lr-bounded (forlarge enough r) and f�tg is either a martingale di�erence or an �-mixing process, under appro-priate conditions on the moment and (for �-mixing processes) on the rate of decay of the mixingcoe�cients. To be more speci�c, de�ne the class of processes(24) N 0(p) = �� : 




 tXk=sDk�k




p � �0p(�) tXk=s jDkj2!1=2 8 0 � s � t and8 D = fDkgk2N (1� l) deterministic vector�Proposition 1. Assume that �t =Mt�t and (X1-X3) . Let q > p. Assume in addition that:supk�0 kMkkpq=(q�p) <1 and � �= f�kg 2 N 0(p):Then, f�kg 2 N (p; q;B) and �p;q(�) = �0p(�) supk kMkkpq=(q�p):(25)Proof is given in section C. Some typical examples of processes belonging to N 0(p) are given inthe proposition below.Proposition 2. f�tg belongs to N 0(p) if(i) f�tgt�0 is a Lp-bounded martingale increment: supt�0 k�tkp < 1. In such case, �0p(�) in (24)may be chosen to be �0p(�) = Bp sups�0 k�skp(26)where Bp is a universal constant that depends only on p and l (the dimension of the f�sg ).(ii) f�tgt�0 is �-mixing with mixing coe�cients ��(�). Moreover, there exists � > 0 such that:sups k�skp+� <1 and X� ��(�)2�=(p(p+�)) <1:(27)In such case, the constant �0p(�) may be set to�0p(�) = B0p  X� ��(�)2�=p(p+�)! sups k�skp+�(28)where B0p is a universal constant which depends only on p and l.



8 R. AGUECH , E. MOULINES , P. PRIOURET(i) is a consequence of the Burkholder inequality for martingale increments (see Hall and Heyde(1980)). (ii) is a an application of Proposition 10, Corollary 11 by Kouritzin (1994). The proof isin section C.To conclude this section, it is worthwhile to note that N (p; q;B) (resp. N 0(p)) are invariant bystable linear time-varying transformation. This means that, if f�kg 2 N (p; q;B) (resp. f�kg 2N 0(p)), then the process f�kg de�ned as�k = 1Xj=�1A(k; j)�k�j 1Xj=�1 supk jA(k; j)j<1where A(k; j) are deterministic matrices, also belongs to N (p; q;B) (resp. N 0(p)). Moreover, theconstants are upper bounded by�p;q(�) � �p;q(�)0@ 1Xj=�1 sup jA(k; j)j1A ;(29) �0p(�) � �0p(�)0@ 1Xj=�1 sup jA(k; j)j1A(30)Thus, random processes generated from martingale di�erence or �-mixing process via an in�niteorder time-varying linear �lter can all be included in N 0(p).3.4. The Main Results. We may now formulate the central results of our contribution. The�rst result gives condition upon which J(r)s is uniformly bounded in Lp and provides an expressionfor that bound.Theorem 1. Assume that, for some integer n and real numbers q � p � 2:� (i) F = fFtgt�0 is averaged exponentially stable: F 2 S(�; �0),� (ii) F is (�; q(n+ 2)) weakly dependent, and P(r + 1)(q(n+2)=2)�1�(r) <1,� (iii) � = f�tg 2 N (p; q;F )Then, there exists a constant K <1 (depending on F and on the numerical constants p; q; n; �0; �but not on f�tg or on the stepsize parameter �), such that for all 0 < � � �0, for all 0 � r � nsups�1 kJ(r)s kp � K �p;q(�)�(r�1)=2:(31)where �p;q(�) is the constant de�ned in (22). (the precise value of constant K may be found fromthe proof).Here N (p; q;F ) is a shorthand notation for N (p; q;M10 (F )). The proof is given in sectionB. To complete our program, we need to bound the remainder term H(n)s . As shown below,under appropriate conditions, H(n)s is uniformly bounded in Lq as soon as J(n+1)s is Lr stable (forsu�ciently large r) and the bound for sups kH(n)s kq is proportional to sups kJ(n+1)s kr.



ON A PERTURBATION APPROACH FOR THE ANALYSIS OF STOCHASTIC TRACKING ALGORITHMS 9Theorem 2. Let p � 2 and let a; b; c > 0 such that 1=a + 1=b+ 1=c = 1=p. Let n 2 N. Assumethat � fFtg 2 S(a; �; �0) for some �0 > 0 and 0 < � < 1=�0,� sups�0 kZskb <1 and,� sups�0 kJ(n+1)s kc <1.Then, there exists a constant K 0 < 1 (depending on the numerical constants a; b; c; �; �0; n andon the process fFtg but not on the process f�tg or on the stepsize parameter �), such that for all0 < � � �0, sups�0 kH(n)s kp � K 0 sups�0 kJ(n+1)s kc:(32)(the precise value of K 0 may be found from the proof)4. Performance of adaptive tracking algorithmsA number of useful error bounds or expressions can be drawn from the results derived in theprevious section. We use the notations introduced in section 1. Let n be a positive integer and pbe a real number p � 2. Finally, let a; b; c; d be positive numbers such that a�1 + b�1 + c�1 = p�1and d � c. Denote: Ft = Lt�Tt .� (H1) F = fFtg is La and averaged exponentially stable: F 2 S(�; �0)\S(a; �; �0), for some�0 > 0 and 0 < � < 1=�0.� (H2) F is (�; d(n+ 2))-weak dependent; in addition,supt�0 kFt � E(Ft)kb <1 and X(r+ 1)d(n+2)=2�1�(r) <1:� (H3) fLtvtg 2 N (c; d;F ) and fwtg 2 N (c; d;F ).As emphasized in proposition 2, assumption (H3) is veri�ed when fwtg is a martingale increment oran �-mixing processes (under appropriate conditions on the moments and on the rate of convergenceof the mixing coe�cients). The parameter to track �t follows a random walk model, perhaps withnon stationary and non independent increments. (H3) implies that k�tkp=pt (but not k�tkp) isupper bounded.Note that, under the additional assumption that the observation noise is independent from fFtg,propositions 1 and 2 give practical criteria to establish that fLtvtg 2 N (p; q;F ).According to (4), the tracking error may be expanded as ~�t =u ~�t+�v ~�t+w ~�t, where u~�t, v ~�t andw ~�t are respectively de�ned in (5), (6) and (7). The terms v ~�t and w ~�t may further be decomposed



10 R. AGUECH , E. MOULINES , P. PRIOURETas v ~�t = rvXk=0 vJ (k)t + vH(rv)tw ~�t = rwXk=0 wJ (k)t + wH(rw)twhere rv and rw are two integers (not necessarily equal) such that 0 � rv � n�1 and 0 � rw � n�1.Under (H1)-(H3), theorems 1, 2 show that there exists a constant K (depending on fFtg, theconstants a; b; c; d; �; �0, but not on fvtg , fwtg or on the stepsize �), such that, for all � 2 (0; �0]supt kvJ(k)t kp � K�c;d(Lv)�(k�1)=2; k 2 f0; � � � ; rvg and supt kvH(rv)t kp � K�c;d(Lv)�rv=2supt kwJ(k)t kp � K�c;d(w)�(k�1)=2; k 2 f0; � � � ; rwg and supt kwH(rw)t k � K�c;d(w)�rw=2Summarizing these results, we haveProposition 3. Assume that (H1-H2-H3) hold, and let rv; rw 2 f0; � � � ; n�1g. Then, there existsa constant K < 1 (depending upon a; b; c; d; n; �; �0 but not on fLtvtg and fwtg), such that, forall � 2 (0; �0] and all t � 0k~�t � � rvXk=0 vJ(k)t � rwXk=0 wJ(k)t kp � K ��c;d(Lv)�rv=2+1 + �c;d(w)�rw=2�+ k�(t; 0)~�0kp:Setting rv = rw = 0, one obtains the expansion of the tracking error bounds presented in Priouretand Ljung (1991), and latter extended for more general algorithms by Guo and Ljung (1995), Guoet al (1997). Higher-order expansions can be used to obtain re�ned approximation of the trackingerror moments (see the discussion below). Tracking error bounds can trivially be derived fromthese formulas. 5. A worked-out exampleIn this section, approximate expressions of the tracking error covariance matrix for the LMSalgorithm are derived. To illustrate our �ndings, it is shown in this section that �rst order approxi-mation of the tracking error covariance may fail, in certain situation, to capture the behavior of thealgorithm. It is argued that a second order expansion leads to signi�cantly better approximation,in many situations of practical interest; moreover, second order approximation reveals the impactof certain factors which do not in
uence the �rst order approximation, in particular the dependencebetween the successive regression vectors. To illustrate these e�ects without obscuring the presen-tation with cumbersome notations and details, a very simple situation is considered. Theoreticalresults are validated by means of a small-scale Monte-Carlo experiment. More details will be givenin a forthcoming paper.� (M1) The regressor f�tgt�0 is a strict-sense stationary vector autoregressive process�t+1 = ��t + ut+1



ON A PERTURBATION APPROACH FOR THE ANALYSIS OF STOCHASTIC TRACKING ALGORITHMS 11where � (�1 < � < 1) is a scalar, futgt2Zis a sequence of independent and identicallydistributed Gaussian random vectors with zero-mean and covariance matrix �2uI .� (M2) The measurement noise process fvtgt�0 and the lag-noise process fwtgt�0 are twosequences of zero-mean i.i.d random variables (vectors), with bounded moments of order r,where r > 2. Moreover: E(w0wT0 ) = 
2I .� (M3)M10 (v),M10 (�) and M(�) are independent.Because, our main concern in this section is the asymptotic regime, we set: ~�0 = 0. To applythe results in section 4, we �rst need check that assumptions (M1-M3) imply (H1-H3). We setb = c = 2r, a = 2r=r � 2 and d = r + � where � > 0 but is otherwise arbitrary. Note that:a�1 + b�1 + c�1 = p�1, with p = 2.It follows from Mokkadem (1988) that, under (M1), f�tg is geometrically completely regular(see also Davydov (1973)), so that Ft �= �t�Tt is strongly mixing with exponentially decayingstrong-mixing coe�cient and thus, by lemma 1 (see section A), weak-dependent with exponentiallydecaying weak-dependent coe�cient. Thus Zt = Ft�E(Ft) veri�es the assumption of proposition 6,for any n � 1. It follows from Theorem 1 (Priouret and Veretenikov (1996)) that Ft is exponentiallystable, i.e. for any p � 1 there exists �0 > 0 and 0 < � < 1=�0 such that fFtg 2 S(�; �0) \S(p; �; �0). Similarly, by applying propositions 1 and 2, we have: f�tvtg 2 N (r; r + �;F ) andfwtg 2 N (r; r; F ), and�r;r+�(�v) = Brk�0kr(r+�)=�kv0kr and �r;r(w) = Br
�r(w)(33)where �r(w) is the standardized moemt of order r of fwtg and Br is a universal constant de�nedin (26). Hence, (H2) and (H3) are satis�ed. Because fwtgt�0 and fvtgt�0 are independent, theprocesses fv~�tgt�0 and fw ~�tg are uncorrelated. Thus,� = limt!1E(~�t~�Tt ) = v��2 + w�where v� = limt!1E(v~�vt ~�Tt ) and w� = limt!1E(w~�wt ~�Tt ). We wish to obtain approximate ex-pressions for v� and w�, denoted v�� and w�� such that, for all � 2 (0; �0]jv� �v ��j � K�1=2 and jw��w ��j � K
2�1=2where K <1 is some constant. To that purpose, we expand v ~�t and w ~�t to the second-order:v ~�t = vJ(0)t + vJ (1)t + vJ (2)t + vH(2)t ;w ~�t = wJ(0)t + wJ (1)t + wJ(2)t + wH(2)tUnder the stated assumptions, it follows from theorems 1 and 2 that, there exists some constantC <1, such that for all � 2 (0; �0], we havesupt�0 ���E(vJ (1)t (vJ(2)t + vH(2)t )T ��� � C�2r;r+�(�v)�1=2 supt�0 ���E(vJ (0)t vH(2)t )��� � C�2r;r+�(�v)�1=2(34) supt�0 ���E(wJ(1)t (wJ(2)t +w H(2)t )T ��� � C
2�2r(w)�1=2 supt�0 ���E(wJ (0)t wH(2)t )��� � C
2�2r(w)�1=2(35)



12 R. AGUECH , E. MOULINES , P. PRIOURETIt remains to evaluate limt!1E(vJ(0)t vJ(i)t ), limt!1E(wJ(0)t wJ(i)t ), i = 0; 1; 2 and E(vJ (1)t vJ (1)t )and E(wJ(1)t wJ(1)t ). Denote: � = �2u=(1� �2). Tedious but straightforward calculations show thatlimt!1E(vJ(0)t vJ(0)t T ) = �2v�(2� ��)I;limt!1E(vJ(0)t vJ(1)t T ) = ��2�2v(d+ 1)�2(1� �2) I +O(�);limt!1E(vJ(0)t vJ(2)t T ) = �2�2v�(d+ 1)�4(1� �2) I +O(�);limt!1E(vJ(1)t vJ(1)t T ) = (1 + �2)�2v�(d+ 1)4(1� �2) I + O(�)yielding the following expression for v ��v�� = �2v2�I + ��2v d+ 24 I +O(�)(36)It is worthwhile to note that the �rst order correction does not depend upon the autoregressivecoe�cient �, i.e. the dependence among the successive regressors does not in
uence the covariancev�� up to the second order in the stepsize �. It may be shown that this results holds under muchweaker assumptions on the regression sequence f�tg (see Perrier et al (1995) for a more generaldiscussion), as long as fvtg is a martingale increment and is independent from f�tg. Similarly, itcan be shown that limt!1E(wJ(0)t wJ(0)t T ) = 
2��(2� ��)I;limt!1E(wJ(0)t wJ(1)t T ) = 0;limt!1E(wJ(0)t wJ(2)t T ) = 
2�2(d+ 1)4(1� �2) I +O(
2�);limt!1E(wJ(1)t wJ(1)t T ) = 
2(1 + �2)(d+ 1)4(1� �2) I + O(
2�):yielding the following approximate expression for w�,w�� = 
22��I + 
24  1 + (d+ 1)1 + 2�21� �2 ! I + O(
2�):(37)It is interesting to note that the �rst order correction depends upon the autoregressive coe�cient� : when � is close to one, the correction term becomes large. This behavior is illustrated in �gures5 and 5, where the asymptotic tracking error variance limt!1 k~�tk2 is displayed as a function of thestepsize �. In both cases, we set: 
 = 0:05, d = 10, �2v = 3 and, for every value o �, �2u = 1��2 (sothat � = 1). Two values of � are considered: � = 0 (�gure 5) and � = 0:9 (�gure 5)). On the �gures,the value of the asymptotic tracking error variance obtained by Monte-Carlo simulations (solid-line)are compared with the approximate expressions obtained by (i) retaining only the �rst term in (36)and (37) (dashed line) or (ii) including the two terms in (36) and (37) (dashed-dotted line). Asseen on these �gures, the autoregressive coe�cient strongly a�ects the asymptotic tracking error



ON A PERTURBATION APPROACH FOR THE ANALYSIS OF STOCHASTIC TRACKING ALGORITHMS 13variance, as predicted by the second-order approximation (whereas the �rst-order approximationdoes not predict any e�ect with respect to the variation of the autoregressive parameter). It ishowever interesting to note that the optimal value for the stepsize (the value which minimizesthe asymptotic tracking error variance) obtained by minimizing the second-order approximationdoes not vary with � and is reasonably close to the one obtained by minimizing the �rst orderapproximation.
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Figure 1. � = 0. solid line: Monte-Carlo simulation. Dashed line: �rst orderapproximation. Dashed-dotted line: second-order approximation
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Figure 2. � = 0:9. solid line: Monte-Carlo simulation. Dashed line: �rst orderapproximation. Dashed-dotted line: second-order approximation



14 R. AGUECH , E. MOULINES , P. PRIOURETAppendix A. Rosenthal's type inequalities for weak dependent sequencesIn this section, some useful properties on weak dependent sequences are given. The most usefulresult in this section is the proposition 6, which can be seen as an extension of Rosenthal's inequality:this proposition is repeatedly used in the sequel. Most of the material in this section is alreadyknown. We have found however convenient to gather the most important results and proofs forcompletness.Proposition 4. Let G = fGtgt�0 be a (d� d) zero-mean matrix-valued process. Let q be an eveninteger and j 2 N. Assume that G is (�; qj)-weak dependent. Assume in addition that1Xr=0(r+ 1)qj=2�1�(r) <1:(38)Then, there exists a �nite constant �Dq;j(G), such that:





 Xs�i1<���<ij�tGi1 � � �Gij





q � �Dq;j(G) (t� s)j=2(39)for all 0 � s � t.Proof of Proposition 4: The proof is a direct application of the following result:Proposition 5. Let q � 2 and let X = fXtgt�0 be a (l� 1) be a zero-mean (E(Xt) = 0) vector-valued (�; q)-weak dependent process. Assume in addition that P10 (r + 1)q=2�1�(r) < 1. Then,there exist �nite constants 
 = f
2; � � � ; 
qg such that, for all 1 � s � q and all n � 1,sup(i1;��� ;is)0@ X1�t1;��� ;ts�n jE(Xt1;i1 � � �Xts;is)j1A � 
s s! ns=2(40)Remark The constants 
2; � � � ; 
q, can be evaluated recursively as follows. Let �s = P1r=0(r +1)s=2�1�(r), for 1 < s � q. Set 
1 = 0, 
2 = C2�2 and, evaluate, for 2 < s � q
s = s�1Xm=1 
m
s�m + (s� 1)Cs�s:(41)Proof of Proposition 5: The proof is adapted from Doukhan and Louhichi (1997). De�ne, for1 < s � q: I(n; s) = f(t1; t2; � � � ; ts) : 1 � t1 � � � � � ts � ng(42) A(n; s) = sup(i1;��� ;is) XI(n;s) jE(Xt1;i1 � � �Xts;is)j:(43)Note that sup(i1;��� ;is) X1�t1;��� ;ts�n jE(Xt1;i1 � � �Xts;is)j � s!A(n; s)



ON A PERTURBATION APPROACH FOR THE ANALYSIS OF STOCHASTIC TRACKING ALGORITHMS 15De�ne for 1 � m � s � 1 and 0 � r � n� 1, the setsI(n; s;m; r) = f(t1; � � � ; ts) 2 I(n; s) : tm+1 � tm = r = max(ti+1 � ti)g;I(n; s;m) = n�1[r=0 I(n; s;m; r):It is easily seen that I(n; s) = s�1[m=1 I(n; s;m) = s�1[m=1 n�1[r=0 I(n; s;m; r)and the cardinal of set I(n; s;m; r) is bounded by n(r + 1)s�2. Let 1 � m � s � 1. Note thatE(Xt1;i1 � � �Xts;is) =E(Xt1;i1 � � �Xtm;im)E(Xtm+1;im+1 � � �Xts;is) + cov(Xt1;i1 � � �Xtm;im ; Xtm+1;im+1 � � �Xts;is)This implies, under the weak-dependence condition, thatsup(i1;��� ;is) XI(n;s;m) jE(Xt1;i1 � � �Xts;is)j � A(n;m)A(n; s�m) + Cs n�1Xr=0 �(r)n(r+ 1)s�2For 0 � r � n � 1, n(r+ 1)s�2 � ns=2(r + 1)s=2�1. Thus:A(n; s) � s�1Xm=1A(n;m)A(n; s�m) + (s� 1)Csns=2 n�1Xr=0(r+ 1)s=2�1�(r)(44)The proof and the expression of the constant is obtained by a straightforward induction.2Proposition 6. Let p � 1 and n 2 N. Let G = fGtgt�0 be a (d � d) zero-mean matrix-valuedprocess. Assume that (�; p(n+ 2)){weak dependent and thatX(r+ 1)p(n+2)=2�1�(r) <1:(45)Then, there exists a �nite constant Dp;n(G), such that for all j 2 f1; � � � ; ng and all 0 � s � t <1,we have 





 Xs�i1<���<ij�tGi1 � � �Gij





pn=j � Dp;n(G)(t� s)j=2:(46)Proof of Proposition 6: For j 2 f1; � � � ; ng, denote q(n; j) the smallest even integer veri-fying pn=j � q(n; j). It is easily seen that pn=j � q(n; j) � pn=j + 2, which implies thatmaxj2f1;��� ;ng jq(n; j) � (p + 2)n. Under the stated assumption, Proposition 4 implies that, forall 0 � s � t k Xs�i1<���<ij�tGi1 � � �Gijkpn=j � k Xs�i1<���<ij�tGi1 � � �Gijkq(n;j);� �Dq(n;j);j(G)(t� s)j=2which concludes the proof.



16 R. AGUECH , E. MOULINES , P. PRIOURET2 We conclude this section by the proof of lemma 1. This proof is directly adapted from theDoukhan and Louhichi (1997) (see also Yokoyama (1981) for similar results and arguments).Proof of Lemma 1: Set � = q0 � q. Let a; b; c � 1 be constants such that a�1 + b�1 + c�1 = 1,and G, F � A be two �-algebra. Suppose that � 2 Lb(
;G; P ) and � 2 Lc(
;F ; P ). It is knownthat (Deo,1973), jE(��)�E(�)E(�)j � 12(�(G;H))1=ak�kbk�kc(47)where �(G;H) , supA2G;B2H jP (A \B)� P (A)P (B)j :Set s 2 f1; � � � ; qg,m 2 f1; � � � ; m�1g. Finally, let 1 � t1 � � � � � ts be an arbitrary ordered s-upletwith tm+1� tm = r. Apply (47) with � = Xt1;i1 � � �Xtm;im , � = Xtm+1 ;im+1 � � �Xts;is , G =Mtm�1(X),H =M1tm+1(X), and a = (s+ �)=�, b = (s+ �)=m and c = (s+ �)=(s�m):(48) ��cov(Xt1;i1 � � �Xtm;im ; Xtm+1;im+1 � � �Xts;is)��� 12kXt1;i1 � � �Xtm;imk(s+�)=mkXtm+1;im+1 � � �Xts;isk(s+�)=(s�m)�(r)�=s+�Holder inequality yieldskXt1;i1 � � �Xtm;imk(s+�)=m � mYj=1 kXtj;ijks+� ;kXtm+1;im+1 � � �Xts;isk(s+�)=(s�m) � sYj=m+1 kXtj;ijks+� :which, together with (48) implies��cov(Xt1;i1 � � �Xtm;im ; Xtm+1;im+1 � � �Xts;is)�� � 12 supt�0 sup1�i�l kXt;iks+�!s �(r)�=s+�which concludes the proof2. Appendix B. Proof of theorems 1 and 2In the �rst part of the section, a sketch of the proof of given; technical lemmas are given at theend of the section.Proof of Theorem 1: Before going further, we need some additional notations. De�ne: S0(t; s) = (t; s) for t � s and S0(t; s) = 0 for s > t. For k � 1, de�ne Sk(t; s) recursively asSk(t; s) = tXu=s  (t; u)ZuSk�1(u� 1; s) = tXu=s Sk�1(t; u)Zu (u� 1; s):(49)



ON A PERTURBATION APPROACH FOR THE ANALYSIS OF STOCHASTIC TRACKING ALGORITHMS 17Denote respectively D1(t; s) = tXu=sZu; t � s; D1(t; s) = 0; s > t;(50) Dk(t; s) = tXu=sDk�1(t; u+ 1)Zu(51)Note that, by construction, for k � 0Sk(t; s) = 0; s > t� k; and Dk(t; s) = 0; s > t� k + 1:From (18), (19) and (49), it is easily seen that J(r)t+1 may decomposed asJ(r)t+1 = �r tXs=0Sr(t; s)�s(52)Let r be an integer, and c; �0; � some real numbers such that c > 0, �0 > 0 and 0 < � < 1=�0.Consider fW (u; v;�)g a process indexed by (u; v) 2 N� N and � 2 R+. We say that W (u; v;�)belongs to the set L(�; �0; c; r), if there exists a constant CL(W ) <1, such that, for all 0 � u � v,and 0 < � � �0 kW (u; v;�)kc � CL(W )(1� ��)v�u(v � u)r=2 rXk=0�k(v � u)k:(53)It is easily seen that the subspaces L(�; �0; c; r) are nested in the sense that for c0 � c and r0 � r,we have L(�; �0; c; r)� L(�; �0; c0; r0).Lemma 2. Assume that Sr �= fSr(t; s)g 2 L(�; �0; q; r) and � �= f�kg 2 N (p; q;F ). Then, thereexists a constant C(Sr) < 1 (depending upon �; �0; p; q; r and fFkg but not on f�kg or on thestepsize �) such that supt�0 kJ(r)t kp � C(Sr) �p;q(�)�(r�1)=2 8 � 2 (0; �0]:Proof of Lemma 2: Since f�tg 2 N (p; q;F ), there exists a constant �p;q(�) such thatkJ(r)t+1kp � �p;q(�)�r  tXs=0 kSr(t; s)k2q!1=2Under the stated assumptions, Sr(t; s) 2 L(�; �0; q; r): there exists a constant CL(Sr) < 1 suchthat, for all t � s � 0:kSr(t; s)kq � CL(Sr) (1� ��)t�s(t � s)r=2 rXk=0�k(t� s)k 8 � 2 (0; �0]:This latter relation implies thattXs=0 kSr(t; s)k2q � rC2L(Sr) rXk=0�2k tXu=0(1� ��)2uu2k+r 8 � 2 (0; �0]:



18 R. AGUECH , E. MOULINES , P. PRIOURETThe proof is concluded by noting that, for all � � 0, there exists a constant D� < 1, such that,for all 0 < � � 1=�, 1Xu=0(1� ��)2uu� � D�=(��)1+�The previous lemma will allow us to conclude the proof if we are able to prove thatfSr(t; s)g 2 L(�; �0; q; r); for r 2 f1; � � � ; ng:In fact, we will prove a slightly stronger property: Sr(t; s) 2 L(�; �0; qn=r; r), for r 2 f1; � � � ; ng.This part is more intricate, and requires some preparatory lemmas.Lemma 3. Let j 2 f1; � � � ; r � 1g. Denote: �j(v; u) = Dj(v; u) � Dj(v; u + 1). We have, fort � s,tXu=s  (t; u)�j(t; u)Sr�j(u� 1; s)� tXu=s  (t; u)�j+1(t; u)Sr�j�1(u� 1; s) =� tXu=s  (t; u) �Fu�1Dj(t; u)Sr�j(u� 2; s)� � tXu=s  (t; u)Dj(t; u) �Fu�1Sr�j(u� 2; s)tXu=s  (t; u)�r(t; u) (u� 1; s)�  (t; s+ 1)Dr(t; s+ 1) =� tXu=s (t; u) �Fu�1Dr(t; u) (u� 2; s)� � tXu=s  (t; u)Dr(t; u) �Fu�1 (u� 2; s):Proof of Lemma 3: The proof involves only simple algebraic manipulations. First note thattXu=s  (t; u)�j(t; u)Sr�j(u� 1; s) = tXu=s ( (t; u)�  (t; u� 1))Dj(t; u)Sr�j(u� 2; s)+ tXu=s (t; u)Dj(t; u) (Sr�j(u� 1; s)� Sr�j(u� 2; s))For t � s we have  (t; s)�  (t; s� 1) = � (t; s) �Fs�1; (t; s)�  (t� 1; s) = � �� �Ft (t� 1; s) t > sI t = sSk(t; s)� Sk(t� 1; s) = ZtSk�1(t� 1; s)� � �FtSk(t� 1; s):The proof of this lemma is concluded by noting thatDj(t; u)Zu�1 = Dj+1(t; u� 1)�Dj+1(t; u):2Consider fV (u; v)g a process indexed by (u; v) 2 N� N. We say that V (u; v) belongs to the setM(c; r), if, there exists CM(V ) <1, such that, for all u � v, we havekV (v; u)kc � CM(V )(v � u)r=2:(54)



ON A PERTURBATION APPROACH FOR THE ANALYSIS OF STOCHASTIC TRACKING ALGORITHMS 19Lemma 4. Let r 2 N and j 2 f1; � � � ; r� 1g and let V �= fV (u; v)g and W �= fW (u; v;�)g be twoprocesses such that V 2 M(cr=j; j) and W 2 L(�; �0; cr=(r� j); r� j), for some c > 0. Then, theprocess fU(t; s;�)g de�ned byU(t; s;�) = � t�1Xu=s (t; u)V (t; u)W (u; s;�)belongs to the set L(�; �0; c; r).Proof of Lemma 4: The proof is elementary. Let t � s � 0. Since fFtg 2 S(�; �0), j (t; s)j �K�;�0(F )(1� ��)t�s for all � 2 (0; �0] and 0 � s � t. This implieskU(t; s;�)kc � K�;�0(F )� tXu=s(1� ��)t�ukV (t; u)kcr=jkW (u; s;�)kcr=(r�j);� K�;�0(F )� sups�u�t �kV (t; u)kcr=j� sups�u�t �kW (u; s;�)kcr=(r�j)=(1� ��)u�s� (t� s)(1� ��)t�s:The proof follows by noting that, under the stated assumptions, there exist constants CM(V ) <1and CL(W ) <1 such that, for all 0 � s � t, and all 0 < � � �0sups�u�t kV (t; u)kcr=j � CM(V )(t� s)j=2;sups�u�t �kW (u; s;�)kcr=(r�j)=(1� ��)u�s� � CL(W )(t� s)(r�j)=20@r�jXk=0�k(t� s)k1ABy combining the two preceding lemmas, we obtain the following useful criterionLemma 5. Assume that fFtg 2 S(�; �0). Let c > 0 and r 2 N. Assume in addition thatfDj(t; s)g 2 M(cr=j; j) for 1 � j � r and fSj(t; s)g 2 L(�; �0; cr=j; j) for 1 � j < r. Then,fSr(t; s)g 2 L(�; �0; c; r).Proof of Lemma 5: By iterated application of Lemma 3, we have for t � s � 0Sr(t; s) = tXu=s (t; u)�r(t; u) (u� 1; s) + r�1Xj=1Gj(t; s);(55)where the processes Gj(t; s) are de�ned, for 1 � j � r � 1 asGj(t; s) = � tXu=s  (t; u) �Fu�1Dj(t; u)Sr�j(u� 2; s)� � tXu=s  (t; u)Dj(t; u) �Fu�1Sr�j(u� 2; s):Under the stated assumptions, Lemma 4 shows that Gj(t; s) 2 L(�; �0; c; r), for 1 � j � r� 1. The�rst term on the RHS of (55) may be decomposed (Lemma 3) astXu=s  (t; u)�r(t; u) (u� 1; s) =  (t; s+ 1)Dr(t; s+ 1)+ � tXu=s  (t; u) �Fu�1Dr(t; u) (u� 2; s)� tXu=s (t; u)Dr(t; u) �Fu�1 (u� 2; s)!



20 R. AGUECH , E. MOULINES , P. PRIOURETSince Dr(t; s) 2 M(c; r), there exists a constant CM(Dr) <1, such that kDr(t; s)kc � CM(Dr)(t�s)r=2 for all t � s � 0. Since fFtg 2 S(�; �0), we have




 tXu=s  (t; u)�r(t; u) (u� 1; s)




c � K�;�0(F )CM(Dr)(1� ��)t�s(t� s)r=2(1 + � sups�0 j �Fsj(t� s))for all t � s � 0 and all 0 < � � �0, which concludes the proof.2 Under assumption (ii) of theorem 1, an application of proposition 6 shows that: fDr(t; s)g 2M(qn=r; r), r 2 f1; � � � ; ng; lemma 5 leads us to a condition upon which Sr(t; s) belongs toL(�; �0; qn=r; r), r 2 f1; � � � ; ng.Lemma 6. Under the assumptions of theorem 1, it holds thatfor r 2 f1; � � � ; ng; fSr(t; s)g 2 L(�; �0; qn=r; r):Proof of Lemma 6: The proof is by induction on r. By application of proposition 6, we have:D1(t; s) 2 M(qn; 1). This implies by Lemma 5 that S1(t; s) 2 L(�; �0; qn; 1). Assume now thatthe property is veri�ed up to order r � 1, with 1 < r � n. Set c = qn=r. By application ofproposition6, we have Dj(t; s) 2 M(qn=j; j) =M(cr=j; j). The induction hypothesis implies thatSj(t; s) 2 L(�; �0; qn=j; j) = L(�; �0; cr=j; j), for 1 � j < r. We have Sr(t; s) 2 L(�; �0; c; r) =L(�; �0; qn=r; r) by Lemma 5, which concludes the proof.2 The proof of theorem 1 is concluded by applying Lemma 2 and Lemma 6.Proof of Theorem 2: Solving recursively the di�erence equation (20), we may express H(n+1)t+1 asa linear combination of J(n+1)s , with random matrix-valued weights �(t; s)H(n+1)t+1 = � tXs=0�(t; s)ZsJ(n+1)s :(56)Since fFtg 2 S(a; �; �0) we have, for all 0 < � � �0, and all 0 � s � t, k�(t; s)ka � K 0a;�;�0(F )(1���)t�s, which implies kH(n+1)t+1 kp � K 0a;�;�0(F )��1 sups�0 kZskb sups�0 kJ(n+1)s kc:By construction, H(n)s may be decomposed as H(n)s = J(n+1)s +H(n+1)s ; the Minkowski inequalityimplies kH(n)s kp � kJ(n+1)s kp + kH(n+1s kp �  1 +K 0a;�;�0(F )��1 sups�0 kZskb! sups�0 kJ(n+1)s kc:which concludes the proof.2



ON A PERTURBATION APPROACH FOR THE ANALYSIS OF STOCHASTIC TRACKING ALGORITHMS 21Appendix C. Proof of Propositions 1 and 2Proof of Proposition 1: Denote M10 (�) and M10 (F ) the �-�eld generated by f�tgt�0 andfFtgt�0, respectively. Let 0 � s � t and fGkg be a process measureable w.r.t M10 (F ) andbounded in Lq (but otherwise arbitrary). We have, under the stated assumptionsE  ����� tXk=sGkMk�k�����p! = E  E  ����� tXk=sGkMk�k�����p j M10 (F )!! ;(57) E  ����� tXk=sGkMk�k�����p j M10 (F )! � [�0p(�)]p tXk=s jGkMk j2!p=2(58)The proof is concluded by applying the Minkowski inequality and the Holder inequalityE0@ tXk=s jGkMkj2!p=21A �  tXk=s kGkMkk2p!p=2 ;(59) � supk�0 kMkkppq=(q�p) tXk=s kGkk2q!p=2(60)Proof of Proposition 2: Its is assumed (without any loss of generality) that fDkgk�0 and f�kgk�0are scalar-valued. Assume �rst that f�kgk�0 is a Lp stable martingale increment. According tothe Burkholder's inequality (Hall and Heyde (1981)), there exists a universal constant Bp < 1(independent of the sequence of scalar weights fDkgk�0 and on the process f�kgk�0) such thatE ����� tXk=sDk�k�����p � Bp 




 tXk=sD2k�2k




p=2p=2 ;� Bp supk k�kkpp tXk=sD2k!p=2which concludes the proof for martingale increments. (ii) is an application of proposition 10,Corollary 11 (p. 264) by Kouritzin (1994)E ����� tXk=sDk�k�����p � Bp  tXk=s ��(k) 2�p(p+�)!p=2 supk�0 k�kkpp+�  tXk=sD2k!p=2References[1] R.R. Bitmead and B. Anderson, and T. Ng, Convergence rate determination for gradient based adaptive esti-mators, Automatica,AC, vol. 25(4), pp.185-191, 1980[2] A. Davydov, Mixing conditions for Markov chains, Th. Prob. Appl., vol. 18, pp. 312-328, 1973[3] C. Deo, A note on empirical processes of strong mixing sequences. Ann. Probability, Vol. 1, pp. 870{875, 1973[4] P. Doukhan and S. Louhichi Weak dependence and moment inequalities Pre-print Universit�e de Paris-Sud, 1997.[5] E.Eweda and O.Macchi., Tracking error bouds of adaptive nonstationary �ltering, Automatica, vol. 2(3), pp.293-302, 1985
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ON A PERTURBATION APPROACH FOR THE ANALYSIS OF STOCHASTIC TRACKING ALGORITHMS 23Appendix D. Detailed derivationsD.1. Observation noise. For notational convenience, we set vJ t = Jt. Straightforward applica-tion of the de�nitions yield:J(1)t+1 = � tXs=0(1� ��)t�s�1D1(t; s+ 1)�svs;J(0)t+1 = tXs=0(1� ��)t�s�svs:Thus, limt!1E �J(1)t J(0)t T� = ��2v 1Xs=0(1� ��)2u�1E �D1(u; 1)�0�T0 �It is easily seen that, for u � 1E(D1(u; 1)�0�T0 ) = ��2(d+ 1)�21� �2u1� �2The expression follows. Similarly, we haveJ(2)t+1 = �2 tXs=0(1� ��)t�s�2D2(t; s+ 1)�svsThus, limt!1E �J(2)t J(0)t T� = �2�2v 1Xs=0(1� ��)2s�2E(D2(s; 1)�0�T0 ):One may show that, for v > u > 0E(ZvZu�0�T0 ) = �3�2v(d2 + 3d+ 4) + �3�2(v�u)(d+ 1):The proof follows. Finally,limt!1E(J(1)t J(1)t T ) = �2v�2 1Xu=0(1� ��)2u�2E(D1(u; 1)�0�T0D1(u; 1)):We haveE(D1(u; 1)�0�T0D1(u; 1)) = �3(d2 + 3d+ 4) uXv;w=1 �jv�wj�v+w + �3(d+ 1) uXv;w=1 �2jv�wjand the expression follows.D.2. Lag noise. It follows from the de�nition thatJ(2)t+1 = �2 tXs=0(1� ��)t�s�2D2(t; s+ 1)ws:Hence, limt!1E(J(2)t J(0)t T ) = 
2�2 1Xs=0(1� ��)2s�2E(D2(s; 1)):



24 R. AGUECH , E. MOULINES , P. PRIOURETThe proof is concluded by noting that, for v > u � 0,E(ZvZu) = �2�2(v�u)(d+ 1)ISimilarly, limt!1E(J(1)t J(1)t T ) = 
2�2 1Xs=0(1� ��)2s�2E(D1(s; 1)D1(s; 1))and E(D1(s; 1)D1(s; 1)) = s�1X�s+1(s� j� j)E(Z�Z0) = �2(d+ 1) s�1X�s+1(s � j� j)�2j� jwhich concludes the proof.D.3. Some useful summation formulas.X1�u<v�s a2v = a2 ��a2s+1 + sa2s(a2 � 1) + a2�(a2 � 1)2 ;X1�u<v�s a2(v�u) = �a2 �� �a2�s + a2s � s + 1�(a2 � 1)2 ;sXv;w=1 a2jv�wj = s(1� a4)� 2a2 + 2a2(s+1)(1� a2)2 ;sXv;w=1 ajv�wjav+w = a2(1� a2)2 �1 + a2 � (2s+ 1)a2s + (2s� 1)a2(s+1)� ;1Xs=0(1� ��)s = 1��1Xs=0 s(1� ��)2s = �(�1 + ��)4 ��2�2 � 2��� 1��2�2 (�2 + ��)2


