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Aims and Audience

This book, which has grown out of research conducted by the author with
J. Michael Harrison in 1981, is designed to serve as a textbook for advanced
undergraduate and beginning graduate students who seek a rigorous yet
accessible introduction_to the modern financial theory of security markets.
This is a subject that is taught in both business schools and mathematical
science departments, and it is also a subject that is widely and extensively
utilized in the financial industry. The derivatives industry has roughly $20
trillion in notional principal outstanding as this book goes to press, and the
portfolio management industry is probably even bigger. Mathematics play
crucial roles in both these areas. Consequently, financial practitioners (espe-
cially ‘rocket scientists,” quants, financial engineers, etc.) may find this book
useful for their theoretical background.

The full theory of security markets requires knowledge of continuous time
stochastic process models, measure theory, mathematical economics, and
similar prerequisites which are generally not learned before the advanced
graduate level. Hence a proper study of the complete theory of security
markets requires several years of graduate study (or equivalent, sink or
swim, experience). However, by restricting attention to discrete time models
of security prices it is possible to acquire an introduction without making a
h}g investment in the advanced mathematics. In fact, while living in a
discrete time world it is possible to learn virtually all of the important
financial concepts. The purpose of this book is to provide such an intro-
ductory study.

There is still a lot of mathematics in this book. The reader should be
comfortable with calculus, linear algebra, and probability theory that is

on calculus (but not necessarily measure theory). Random variables

and expected values will be playing important roles. The book will develop
Important notions concerning discrete time stochastic processes; prior
kl.lowledge here will be useful but is not required. Presumably the reader
be interested in finance and thus will come with some rudimentary
llillOWIedge of stocks, bonds, options, and financial decision making. The
last topic involves utility theory, of course; hopefully the reader will be




vi Preface

familiar with this and related topics of introductory microeconomic theory.
Some exposure to linear programming would be advantageous, but those
lacking this knowledge can make do with the appendix and independent
study.

The aim of this book is to provide a rigorous treatment of the financial
theory while maintaining a casual style. There is an emphasis on computa-
tional examples, and exercises are provided to check understanding and
provide supplemental information. Readers seeking institutional knowledge
about securities, derivatives, and portfolio management should look
elsewhere, but those seeking a careful introduction to financial engineering
will find that this is a useful and comprehensive introduction to the subject.

Brief Summary of This Book

This book consists of seven chapters, each divided into a number of sections.
Important equations, fundamental statements, examples, and exercises are
labeled with numbers by chapter. For example, equation 2.1 is the first
equation in chapter 2.

This summary will point out which subjects are most important, and why
(usually because I think something is of fundamental importance rather than
a narrow result of limited or temporary consequence). It will also indicate
topics that are new, at least in their treatment. Arguably, there are no new
results in this book, but, like Monday morning quarterbacking, we can look
backwards and see better ways to say and do things. Hopefully, the book
will successfully do this, thereby conveying a clear understanding of some
fundamental ideas about security markets.

The first two chapters are devoted to single period models. Most of
the important concepts in this book are introduced here, making sections
1.1.-1.5 and 2.1-2.3 especially important. Section 2.4 is a modern treatment
of the important mean-variance portfolio analysis. Sections 1.6 and 2.5-2.7
are extensions and ventures into significant topics that are a bit out of this
book’s mainstream.

The rest of this book is devoted to multiperiod models. This builds on the
single period results, emphasizing what is new and different. The redundant
material is kept concise in order to spare the patience of the stronger reader
(but such readers will still find it worthwhile to refer to the first two
chapters). Chapter 3 describes the basic elements of securities market models
and introduces important notions such as dividend processes and the bino-
mial model. Chapter 4 is devoted to derivatives, including forwards and
futures; all the sections here are of fundamental interest. Chapter 5 attends
to optimal consumption and investment problems. Sections 5.2 and 5.4 are
the most important ones here (of course I might be biased, for the ideas
originated from my research in 1982 and 1986), because they deal with the
risk neutral computational approach. Sections 5.5-5.8 are extensions and
special cases.

Preface vii

~ Interest rate derivatives have become extremely important in recent years.

Chapter 6 is devoted to this subject, covering examples of key derivatives
such as caps and swaptions and explaining how discrete time interest rate
models are used for derivative valuation.

Chapter 7 provides a brief look at models with infinite sample spaces. This
seemingly innocuous extension leads to significant mathematical complica-
tions and technicalities, and so this chapter will be most appealing to readers
whose interests lean in the direction of abstract mathematics.

Suggested Readings

The aim here is to provide some suggestions for further study, not to give an
account of which researchers are responsible for specific results. Most of the
references that will be mentioned are books, and some of these have very
comprehensive bibliographies of old research. This discussion is for the
reader who wishes to learn more mathematical finance, not history.

I will begin with the prerequisites, starting with basic probability theory.
Feller (1968, 1971) is a classic still worth reading. I used Olkin, Gleser, and
Derman (1980) for teaching probability courses in the 1970s and 80s. More
recent texts on basic probability theory include Ross (1997a), Karr (1993),
and Pitman (1993). All these texts assume the reader knows some calculus,
but measure theory is not needed.

. This book uses a lot of linear algebra and matrix theory, another subject
where the newer books are no better than a classic, namely, Gantmacher
(1959). Nevertheless, here are some newer books: Brown (1991), Roman
(1992), Lay and Guardino (1997), and Riess et al. (1997).

Growing out of linear algebra is the subject of linear programming, the
problem of maximizing or minimizing a linear objective function subject to
some linear constraints. The appendix provides a quick overview of this
subject as well as a list of good references. A closely related subject, quad-
ratic programming, involves similar optimization problems, differing only in
that the objective function is a quadratic function. Even more general are
convex optimization problems, also called nonlinear programming pro-
blems, where the objective function is not necessarily quadratic. Such
problems arise in finance when a portfolio manager seeks to maximize
expected utility. Some good references include Jeter (1986), Hayhurst
(1987), Bazaraa (1993), and Rockafellar (1997).

One. subject of mathematics that should not be ignored is introductory
analy§m, This has to do with things like convergence, open and closed sets,
functions, and limits. The books by Bartle and Sherbert (1992), Mikusinski
and Mikusinski (1993), Berberian (1994), and Browder et al. (1996) are
Popular texts for this area.

M;lny of the preceding mathematical topics are covered in the intro-
ductions to the mathematics that are useful in economics by Klein
(1973), Chiang (1974), and Ostaszewski (1993). These books are highly
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recommended, because while giving primary emphasis to the mathematical
tools, they also explain how the math is used in economics, thereby provid-
ing some economic background for the study of financial markets. In this
same category, but focusing more narrowly on the application of optimiza-
tion theory to economics, is the book by Dixit (1990).

So much for the prerequisites. It is not necessary to be an expert in any of
the preceding areas, but you should be familiar with them.

I now turn to three areas that are developed in this book and that the
reader may wish to investigate further. For discrete time stochastic processes
(random walks, Bernoulli processes, Markov chains, martingales, etc.) there
are several introductory books to choose from: Hoel, Port, and Stone (1972),
Cinlar (1975), Karlin and Taylor (1975, 1981), Taylor and Karlin (1984),
Ross (1995), (1997b), Kijima (1997) and Norris (1998). At a more advanced
level (some measure theory may be used) one should be aware of the classics
by Doob (1953), Neveu (1975) and Revuz (1984) as well as the more recent
books by Durrett (1991) and Williams (1991).

Another mathematical topic that is developed in this book is dynamic
programming. This has to do with the optimal control of a stochastic
process. In the common situation where the process is Markovian, this
topic is called Markov decision theory. Here one can do no better than
look at the work by Bertsekas (1976), Denardo (1982), Whittle (1982, 1983),
and Puterman (1994).

Finally I come to financial economics. Until recently, most of the books
on the theory of security markets were written by finance professors and
thus tended to emphasize economic theory at the expense of probability
modeling. Markowitz (1990) is the definitive reference on single period
portfolio management. Ingersoll (1987) and Duffie (1992) provide good,
broad treatments of both discrete and continuous time models. Other
books containing some general treatments of discrete time models, but
presented in an older fashion, are Jarrow (1988), Huang and Litzenberger
(1988), and Eatwell, Milgate, and Newman (1989). Meanwhile, three excel-
lent books with a narrower focus, namely, on discrete and continuous time
models of derivatives, are by Cox and Rubenstein (1985), Hull (1993), and
Jarrow and Turnbull (1996). Also worth looking at is the book by Wilmott,
Dewynne, and Howison (1993), which studies option pricing from the
partial differential equation perspective, and the one by Dixit and Pindyck
(1994), which studies capital investment decisions by firms and thus covers
some of the same ground as one would when investing in securities.

In the last few years a variety of finance books have been written by
mathematicians. These tend to emphasize probabilistic rather than economic
arguments. Luenberger (1998) and Panjer et al. (1998) take very broad,
introductory perspectives. Baxter and Rennie (1996), Lamberton and
Lapeyre (1996), Elliott and Kopp (1998), and Mikosch (1998) provide
good introductions to the continuous time theory after first developing
some discrete time theory. All of these might be sensible for a first year
graduate course.

Preface ix

At a more advanced, research level, one can find comprehensive treat-
; ents by Duffie (1988), Dothan (1990), Merton (1990), Musiela and
‘Rutkowski (1997), Bingham and Kiesel (1998), and Bjork (1998). Korn
1997) and Karatzas and Shreve (1998) provide advanced studies of optimal

-

.-q-".;’ ébnsmption/in\_'estment problems. Rebonato (1998) focuses on models of
~interest rate derivatives.

~ Final Remarks

" The first two printings of this book had a number of typographical errors.
These are listed on my web page: www.uic.edu/~srpliska. If you discover any
errors in this printing, please bring them to my attention by contacting me

 at: srpliska@uic.edu.

A solutions manual for all the exercises in this book has been prepared for
' instructors who adopt this book for classroom use. Instructors should con-
tact me about this, and I will mail a copy free of charge.

o :

Stanley R. Pliska
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1.1 Model Specifications

i noy d .
- Single perlod models are obviously unrealistic representations of complex,
~ time-varying, random phenomena such as stock and bond prices. But they

~ have the virtues of being mathematically simple as well as being able to

: 'ilhlstrate many of the important economic principles associated with even

~ the most complex, continuous time models. Hence single period models are
worth studying for introductory purposes.

&ahe following elements of the basic, single period model are specified as

i w; )

e 4 ]

£ | Ilmlal date ¢ = 0 and terminal date ¢ = 1, with trading and consumption
gt o 'possﬂ_ale at these two dates.

] ® A finite sample space (2 with K < oo elements:

Q= {(1)1,(1)2,...,0)1(}

Here each ® € Q should be thought of as a possible state of the world, the
Valu.e of which is unknown at time ¢ = 0 but which becomes apparent to
the investors at time # = 1.

® A probability measure P on 2, with P(w) > 0 for all ® € Q.
~ ® A bank account process B={B;:t=0,1}, where By =1 and B is a
- random variable.' The bank account process will be distinguished from
the ot'her securities because its time ¢ = 1 price B (®) will be assumed to
. be strictly positive for all ® € 0. Usually, in fact, B; > 1, in which case B;
it ::ihould be thought of as the time 7 = 1 value of the bank account when $1
- 18 deposited at time t = 0 and r = B; — 1 > 0 should be thought of as the
. interest rate. For many applications the quantities r and B, are taken
to be deterministic scalars. If necessary for a particular application,
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however, B, can be a positive random variable with r violating the
constraint r > 0.

e A price process S={S;:t=0,1}, where S;=(Si(1),%:(1)...,
Sn(1)), N < 0o, and S,(?) is the time ¢ price of security n. For many
applications these N risky securities are stocks. The time ¢ = 0 prices
are positive scalars that are known to the investors, whereas the time
¢t =1 prices are non-negative random variables whose values become
known to the investors only at time = 1. When N = 1, it is convenient
to simply write S; for the time ¢ price.

Having specified all the data describing the model, the next step is to
define several quantities of interest. A trading strategy H = (Ho, H,,
...,Hy) describes an investor’s portfolio as carried forward from time
t =0 to time z = 1. In particular, the scalar Hp is the number of dollars
invested in the savings account, and for n > 1 the scalar H, is the number of
units of security n (for example, shares of stock) held between times 0 and 1.
In general, H, can be positive or negative (negative means borrowing or
selling short), but sometimes there are constraints specified for the trading
strategies to be admissible (for example, H, > 0 for n > 1; that is, no short
selling of the risky securities).

The value process V ={V,:t=0,1} describes the total value of the
portfolio at each point in time. By simple bookkeeping this is

N
Vi=H,Bi+ Y HS,(t), 1=0,1
n=1
Note that the value process depends on the choice of the trading strategy H
and that V] is a random variable.

The gains process G is a random variable that describes the total profit or
loss generated by the portfolio between times 0 and 1. Since H,(Sx(1)—
S,,(0)) is the net profit due to investment in the nth security (similarly for the
bank account), the gains process is

N
G = Hor+ ) H,AS,
n=1
where, by standard notation, AS, = S,(1) — S,(0).
A simple calculation verifies that

(1.1) Vi=Vo+G

Hence equation (1.1) says that any change in the value of the portfolio must
be due to a profit or loss in the investment and not, for example, due to the
addition of funds from an outside source.

The movement of the security prices relative to each other will be impor-
tant to study, so it is convenient to normalize the prices in such a way that
the bank account becomes constant. In other words, we are going to make
the bank account the numeraire. We do this by defining the discounted price
process S* = {S* : t =0, 1} by setting S} = (S}(?),...,Sy(r)) and

1.1 Model Specifications

S5 (1) = Sa(t)/ By, n=1,...,N; t=0,1
iscounted value process V* = {V}:t=0,1} by

N

by Vi=Ho+ Y H,S(1), 1=0,1

! n=1

| the discounted gains process G* by the random variable
N

G =) H,AS,

n=1

ookkeeping, one eventually obtains

vV =V./B, t=0,1

| as the discounted counterpart of equation (1.1), namely,
nN=V+G

ample 1.1 Suppose K =2, N=1,r=1/9, So =5, Si(o;) =20/3

Si(@;) =40/9. Then By =1+r=10/9, Sj(w;)=6, and

(@) =4. For an arbitrary trading strategy H we have
= V5 = Ho + 5H, as well as

| 4] =(10/9)H0+H1S1 Vl* =Ho+H1S;
G=(1/9)Ho+Hi(Si—5) G =H(S -5

nce in state o,

B

Vi = (10/9)Ho + (20/3)H;  V} = Hy + 6H,

A G = (1/9)Ho + (5/3)H, G' = H;

iR .
~ Whereas In state o,

| 4
i :l

Vi = (10/9)Ho + (40/9)H1 Vf = Hy + 4H,
G=(1/9Hy— (5/9H G =—H

i easy to verify that equations (1.1) to (1.3) hold for both » € Q.

- Example 1.2 With everything else the same as in example 1.1, take

; 3 and set S (w3) = 30/9, so that Sj(w3) = 3. The other quantities
tt?mt are left to the reader. Although this was a simple modifica-
it will be shown later that we have substantially changed the
acter of this model.

1.3 For a simple model featuring two risky securities, sup-
¢ K =3, r = 1/9 and the price process is as follows:

. as one should guess, AS;; = S;(1) — S;(0). With some more elemen-
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n S, (O) Sh ( 1 )

] (0] 3
1 5 60/9 60/9  40/9
2 10 40/3 80/9 80/9

It follows that the discounted price process is given by

n S(0) S, (1)
(O] (1)) w3
1 5 6 6 4

10 12 8 8

The other quantities of interest are left to the reader.

Example 1.4 Again, and as will be shown later, a small modiﬁcatipn
will create a model having substantially different character. With
everything else the same as in example 1.3, we take K = 4 and set the
prices in state s to be Si(1) =20/9 and Sx(1) = 120/9. Now the
discounted price process is:

n 830 Sy(1)
] (O} w3 W4
1 5 6 6 4 2
10 12 8 8 12

Exercise 1.1 Verify (1.2).
Exercise 1.2 Verify (1.3).
Exercise 1.3 Specify V, V*, G and G* for

(a) Example 1.2
(b) Example 1.3
(c) Example 1.4

1.2 Arbitrage and other Economic Considerations

In order for the single period model to be reasonable from the economic
standpoint, it must satisfy various criteria. For example, the model would
be unreasonable if the investors were certain to be able to make a profit on a
transaction, without any risk of losing money or even of failing to make a
gain. Such would be the case if there existed a dominant trading strategy.
A trading strategy H is said to be dominant if there exists another trading
strategy, say H, such that ¥y =V, and Vi(0) > V(o) for all ® € Q. In

Y 1.2 Arbitrage 5

other words, both trading strategies start with the same amount of money,
but the dominant one is certain to end up with more.

If H is a trading strategy satisfying ¥y =0 and V(@) > 0 for all ® € Q,
then H is dominant because it dominates the strategy which starts with zero
money and does no investment at all. Conversely, if the trading strategy H
dominates the trading strategy H, then by defining a new trading strategy
H=H—H it follows by the linearity in the definition of ¥ that
Vo= Vo— Vo =0 and V(o) = Vi(0) — Vi(®) > 0 for all ® € . In other
words, the following is true:

(1.4) There exists a dominant trading strategy if and only if there exists a
trading strategy satisfying ¥y = 0 and V(@) > 0 for all ® € Q.

Note that the condition in (1.4) is unreasonable from the economic
standpoint; an investor starting with zero money should not have a guaran-
teed way of ending up with a positive amount of money. Hence a securities
market model having a dominant trading strategy cannot be a realistic
one.

Not surprisingly, if there exists a dominant trading strategy, then there
exists a trading strategy which can transform a strictly negative initial wealth
into a non-negative wealth. To see this, suppose H satisfies the condition in
(1.4). Then by (1.2) and the fact that B, > 0, one has Vj =0 and V}(w) >0
for all ® € . So by (1.3), (Hy, ..., Hy) must be such that G*(») > 0 for all
® € §). Now define a new strategy H by setting H, = H, forn=1,...,N
and

N
Hy=-) H,S,(0)-35
n=1

where
8 =minG*(0) >0
(0]

It follows from the definition of -V} that ¥§ = —8 < 0 and V}(0) = Vg+
G*'(w) = -8+ G*(w) > 0 for all ® € Q. Hence by (1.2), again, H is as
desired.

Conversely, suppose there is a trading strategy such as fl . Then by rever-
sing the preceding argument one sees that (Hj,...,Hy) is such that
G*(®) > 0 for all ® € Q. Hence upon setting H, = H, forn=1,...,N and

N
Hy = — Z H,S,(0)
n=1
it follows that the new trading strategy H satisfies ¥, = 0 and V(@) > 0 for

all ® € Q. In view of (1.4), this means there is another equivalent condition:

(1.5) There exists a dominant trading strategy if and only if there exists a
trading strategy satisfying ¥y < 0 and V;(®) > 0 for all ® € Q.

The existence of a dominant trading strategy is unsatisfactory from an-
other standpoint: it leads to illogical pricing. For reasons which will soon
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become clear, it is often useful to interpret V(o) as the time 7 = 1 payoff of
a contract or claim when state @ pertains, in which case ¥V, can be inter-
preted as the time ¢ = 0 price of this claim. But if the trading strategy H
dominates H, then the contingent claims ¥ and V" have the same prices even
though the former claim has a strictly greater payoff in every state . This is
not consistent with reality.

The pricing of claims will be logically consistent if there is a linear pricing
measure, that is, a non-negative vector T = (n(@1),.. -, n(wk)) such that for
every trading strategy H you have

Ve =Y n(@)Vi(0) =Y n(@)Vi(e)/Bi(®)
(0] [0}
Now the illogical pricing associated with dominant trading strategies no
longer exists; each claim has a unique price, and a claim that pays more
than another in every state will have a higher time ¢ = 0 price.
If there is a linear pricing measure , then by its definition and that of V;

one has

N N
(1.6) Ho+ Y H,S;(0) =Y n(0) {Ho + ZH,,S’;(I)(m)]

n=1 ()] n=1
Taking H; = ... = Hy =0, it can be seen that the linear pricing measure
must satisfy () + ...+ n(og) = 1; thus one can interpret = as a prob-
ability measure on the sample space (). Taking for arbitrary i € {1,...,N }
a trading strategy with H, =0 for all n # i, one sees that this equation
implies
(1.7) ;0 =Y _n(@S;()(@), n=1...,N

(0]
Conversely, suppose T is a probability measure on €2 satisfying (1.7). Then

(1.6) is satisfied, and it follows that:

(1.8) The vector = is a linear pricing measure if and only if it is a probability
measure on ( satisfying (1.7).

Since a linear pricing measure 7 can be taken to be a probability measure,
(1.7) says that the initial price of each security is equal to the expectation”
under 7 of the final discounted price. Similarly, by the original definition of
n, the initial value Vo of any portfolio is equal to the expectation under  of
the final discounted value of the portfolio.

It turns out there exists a close relationship between the concepts of
dominant trading strategies and linear pricing measures:

(1.9) There exists a linear pricing measure if and only if there are no domi-
nant trading strategies.

This important principle can be verified with linear programming duality
theory.? In particular, let 7 € RX be a column vector, let Z € RY *+1 denote
the column vector

" 4 1.2 Arbitrage |

1(0)

+(0)
1

and let Z denote the (N + 1) x K matrix
Sf(l,(l)l)...S;(l,(OK)

7= : :
Sy(1,@1)...8y(1,0k)
L' s 1

Then by (1.8) the existence of a linear pricing measure implies the existence
of a solution to the linear program

(1.10) maximize  (0,...,0)n
subject to In=2

n > 0.

By duality theory there must exist a solution & = (hy, ..., hy+1) to the dual
linear program

(1.11) minimize = hZ
subject to hZ > 0

and the two optimal objective values must coincide (in which case they
obviously equal zero). Now interpret the solution & of (1.11) as a trading
strategy, with the last component of & corresponding to Ho. The objective
function in (1.11) says that Vj =0, whereas the constraint says that
Vi (@) > 0 for all ® € Q. Since the minimizing strategy h has an objective
value equal to zero, there cannot be any trading strategies with Vo < 0 and
Vi(@) > 0 for all ® € Q. Hence by (1.5) the existence of a linear pricing
measure implies there cannot be any dominant trading strategies.

Conversely, if there are no dominant trading strategies, then (1.11) has a
solution, namely, 4 = 0. It follows by duality theory that (1.10) has a solu-
tion m which, as explained above, can be taken as the linear pricing measure.

To summarize matters up to this point, securities market models that
permit dominant trading strategies are unreasonable from the economic
point of view. Moreover, models without dominant strategies are reason-
able, it would seem, because they are accompanied by linear pricing mea-
sures. Hence it makes sense to concentrate attention on the latter kind of
model. But before agreeing to drop from consideration all models with
dominant trading strategies, it is worth mentioning that one can have an
even less reasonable securities market model.

It is said that the law of one price holds for a securities market model if
there do not exist two trading strategies, say H and H, such that




8 Single Period Securities Markets

Vi (w) = I7|(m) for all ® € 2 but ¥y > V. In other words, if the law of one
price holds, then there is no ambiguity about the time ¢ = 0 price of any
claim. On the other hand, the law of one price does not hold if there are two
different trading strategies that yield the same time 7 = 1 payoff but the
initial values of the two corresponding portfolios are different. This notion
was mentioned above, just following principle (1.5).

Notice that if there do not exist two distinct trading strategies yielding
the same payoff at time 1, then automatically the law of one price holds.
On the other hand, if H and H are as in the preceding paragraph, then
Vi =V} and ¥§ > Vg which, in turn, imply G*(0) < G*(0) for all w € .
Defining a new trading strategy H by taking H, = H,— H, for
n=1,...,N yields G*(w) >0 for all @ € Q. Finally, taking Hy=—5_
H,S;(0) leads to V5 =0 and V(o) > 0 for all ® € 2. Hence by (1.4) the
following is true:

(1.12) If there are no dominant trading strategies, then the law of one price
holds. The converse, however, is not necessarily true.

In other words, if the law of one price fails to hold, then there will exist a
dominant trading strategy. The converse is not necessarily true, because, as
will be illustrated in example 1.5 that follows, you can have a dominant
trading strategy for a model that satisfies the law of one price. Thus failure
of the law of one price is, in a sense, worse than having dominant trading
strategies.

Example 1.5 For a trivial example where the law of one price fails to
hold, suppose K =2, N=1, r=1, Sy =10, and Si(0;) = Si(w,)
= 12. Hence V) is constant on (2, and for any scalar A there is an
infinite number of trading strategies with ¥; = A, each of which has a
different value of V.

Now suppose S (o) is changed to the value 8. For any X € R? there
is a unique H (and thus a unique time 7 = 0 price) such that V; = X, so
the law of one price must hold. However, the trading strategy
H = (10, —1) satisfies ¥y = 0 and V; = (8, 12), so it must be a domin-
ant trading strategy.

Returning to the category of models that are without dominant trading
strategies, it is clear that such models cannot have trading strategies that
start with zero wealth and are certain to have a strictly positive amount of
wealth at time 7 = 1. But what about trading strategies that start with zero
wealth, cannot lose any money, and end up with a strictly positive amount of
wealth at time 7 =1 in at least one of the states ®, but not all? In other
words, investors would have the possibility of being able to make a profit on
a transaction without being exposed to the risk of incurring a loss. Such an
investment opportunity is called an arbitrage opportunity, and it is unreas-
onable from the economic standpoint.

Formally, an arbitrage opportunity is some trading strategy H such that
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i ——

@ V=0

- () V>0 and

(c) EV; > 0.

Note that an arbitrage opportunity is a riskless way of making money: you

start with nothing and, without any chance of going into debt, there is a
chance of ending up with a positive amount of money. If such a situation
were to exist, then everybody would ‘jump in’ with this trading strategy,
affecting the prices of the securities. This economic model would not be in
equilibrium. Hence for our single period model to be sensible from the
economic standpoint, there cannot exist any arbitrage opportunities.

The following principle is true by (1.4) and example 1.6, which follows.

(1.13) If there exists a dominant trading strategy, then there exists an arbit-
rage opportunity, but the converse is not necessarily true.

Example 1.6 Suppose K =2, N=1, r=0, Sy =10, Si(0;) = 12,
and Sj(w;) =10 (with one stock, the subscript denotes time). The
trading strategy .H = (—10,1) is an arbitrage opportunity, because
Vo =0 and V; =(2,0). However, there are no dominant trading
strategies, because © = (0, 1) is a linear pricing measure.

From (1.2) and the fact that B, > 0 for all t and o, it follows easily that H
is an arbitrage opportunity if and only if

@ V=0,
(®) V¢ >0, and
(c) EV>0.

In fact, there is still another equivalent condition:

(1.14) H is an arbitrage opportunity if and only if
(@) G* =2 0, and
(b) EG* > 0.

To see this, suppose H is an arbitrage opportunity. By (1.3),
G* = V{ -V, so by the preceding remark G* > 0 and EG* = EV|—
EV§ = EV} > 0. Conversely, suppose (a) and (b) in (1.14) are satisfied by
some trading strategy H. Then consider the strategy H = (Hy, H,, ... Hy),
where

N
Hy=-Y_H,5;(0)
n=1

Under H one has V§ = 0. Moreover, by (1.3) one has V{ = ¥V + G* = G*.
Hence (a) and (b) in (1.14) imply ¥} > 0and EV} > 0, in which case H is an
arbitrage opportunity by the preceding remark.

In summary, and as illustrated in figure 1.1, all single period securities
market models can be classified into four categories: (1) there are no arbit-
rage opportunities, (2) there are arbitrage opportunities but no dominant
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No
arbitrage
opportunities

No dominant trading strategies

Law of one price

Law of one price
does not hold

Figure 1.1 Classiﬁcation of securities market models

trading strategies, (3) there are dominant trading strategies but the law of
one price holds, and (4) the law of one price does not hold. And only the first
category is reasonable from the economic point of view.

Unfortunately, it is not so easy to check directly whether a model has any
arbitrage opportunities, at least when there are two or more risky securities.
But there is an important necessary and sufficient condition for the model to
be free of arbitrage opportunities. This condition involves the discounted
price process and something called a risk neutral probability measure, which
is a special kind of linear pricing measure. It will be the subject of the next
section.

Exercise 1.4 Consider the model with K = 3, N = 2, r = 0, and the follow-
ing security prices:
no 5,(0)  Sa(I)(@1) Sa(1)(@2) Sa(1)(w3)

1 4 8 6 3
2 7 10 8 E

Show that there exist dominant trading strategies and that the law of one
price holds.

Exercise 1.5 Show for example 1.3 that there are no dominant trading
strategies but there exists an arbitrage opportunity.
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1.3 Risk Neutral Probability Measures

In the preceding section it was explained that if there exists a linear pricing
measure, then there cannot be any dominant trading strategies, although
there can still be arbitrage opportunities. In order to rule out arbitrage
opportunities, we need a little bit more: there must exist a linear pricing
measure which gives strictly positive mass to every state @ € §).

A probability measure Q on (2 is said to be a risk neutral probability
measure if

(@ Q(w)>0,alwe, and
) Eg[AS:]=0,n=1,2,...,N.

Here the notation Ep[X] means the expected value of the random variable X
under the probability measure Q. Note that

Eg[AS;] = Eg[S;(1) — §,(0)] = Eg[S,(1)] — §;(0),
so Ep[AS;] = 0 is equivalent to
(1.15) Ep[S,(1)] = S,(0), n=12...,N
This is essentially the same as (1.7) and says that under the indicated
probability measure the expected time ¢ = 1 discounted price of each risky
security is equal to its initial price. Hence a risk neutral probability measure

is just a linear pricing measure giving strictly positive mass to every o € {2.
We now come to a very important result.

(1.16) There are no arbitrage opportunities if and only if there exists a risk
neutral probability measure Q.

Before proving this result, it is worthwhile to look at some examples and
provide some intuition.

Example 1.1 (continued) We want to find strictly positive numbers
O(m;) and Q(w,) so that (1.15) is satisfied, that is,

5=60(0;) +40(w;)
Also Q must be a probability measure, so it must satisfy

1= Q(w1) + O(w2)

It is easy to see that Q(m;) = Q(w;) = 1/2 satisfies both equations, so
this is a risk neutral probability measure, and by (1.16) there cannot be
any arbitrage opportunities.

Of course, with this simple example it is easy to see from the discounted
price process that there cannot be any arbitrage opportunities. Indeed,
principle (1.16) is easy to understand in the case where there is a single
risky security (i.e., N = 1). From the definition, there is an arbitrage oppor-
tunity if and only if one can take a position H; in the discounted price
Process S* that will possibly gain but cannot lose. This means that either
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AS* > 0 with AS*(w) >0 for at least one w € 2 or AS* < 0 with
AS*(w) < 0 for at least one ® € Q. Clearly, in both cases it is impossible
to find a strictly positive probability measure satisfying (1.15). On the other
hand, if neither of these two cases applies, then one can find a risk neutral
probability measure and there are no arbitrage opportunities.

Example 1.2 (continued) The system of equations to be solved,
namely,

5=6Q(w1) +4Q(2) + 30(ws3)
1= Q(o) + Q(w2) + QO(ws)
involves three unknowns but only two equations, so we will solve for

two of the unknowns in terms of the third, say Q(®;). Thus this system
will be satisfied for an arbitrary real number Q(w;) if

Q) =2-30(e) and Q(az)=—-1+20(w;)

Now for Q to be a strictly positive probability measure we must have
Q(w;) > 0 for all i. Using the preceding two equations, this leads to
three inequalities for Q(w; ), including Q(w@;) > 0. In view of its equa-
tion, Q(w;) > 0if and only if Q(®;) < 2/3. Similarly, Q(w3) > 0 if and
only if Q(w;) > 1/2. Hence our solution will be a strictly positive
probability measure if and only if 1/2 < Q(w;) <2/3. In other
words, Q = (A,2— 3\, —1 + 2A) is a risk neutral probability measure
for each value of the scalar A satisfying 1/2 < A < 2/3, and there are
no arbitrage opportunities.

Example 1.3 (continued) We seek a solution of

5= 60(w;) + 6Q(m) + 40Q(w3)

10 = 12Q(w;) + 8Q(w2) + 8Q(w3)

1= Qo)+ Qw)+ Q)
There exists a unique solution to these equations, namely, Q(w;) =
Q(m3) = 1/2, O(w2) = 0. This is a linear pricing measure, but this
solution is not strictly positive, so there does not exist a risk neutral
probability measure. By (1.16), therefore, there must exist an arbitrage

opportunity. It takes a bit of work to find one; we will come back to
this example later.

Example 1.3 illustrates why the intuition which worked for the case of a
single risky security does not work when there are two or more risky
securities. Looking at the discounted price process for the first security, it
is clear that we can find a strictly positive probability measure Q satisfying
Ep[S}(1)] = 5. Similarly for the second risky security. The problem, how-
ever, is that we cannot find a single strictly positive probability measure that
will simultaneously work for both securities. The interactions between these
two securities permit arbitrage opportunities even though, taken individu-
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ally, the securities seem acceptable. And it is these kinds of interactions
which make the intuitive understanding of principle (1.16) much more
difficult when there are two or more risky securities.

These three examples illustrate the three kinds of situations that can arise:
either (1) there is a unique risk neutral probability measure, (2) there are
infinitely many risk neutral probability measures, or (3) there are no risk
neutral probability measures.

We now return to the explanation of (1.16) for the case where N > 2. For
a general, single period model, consider the set

W = {X € R¥ : X = G*for some trading strategy H}

One should think of W as a set of random variables, and because of (1.3) one
should think of each X € W as a possible time ¢ = 1 discounted wealth when
the initial value of the investment is zero. Note that W is actually a linear
subspace of RX, that is, for any X, X € W and any scalars a and b one also
has aX +bX € W.
Next, consider the set
A={XeRK:X >0X#0}

This is just the non-negative orthant of RX. In view of (1.14) it is apparent
that there exists an arbitrage opportunity if and only if W N A # 0, that is, if
and only if the subspace W intersects with the non-negative orthant of RX.
Hence to find an arbitrage opportunity in a model for which there is no risk
neutral probability measure, one can use linear algebra to characterize W

quantitatively and then compute a vector in its intersection with A.
Now corresponding to the subspace W is the orthogonal subspace

WH={reR¥:X-Y=0 forall XeW}

where X - Y = X(w;)Y(®1) + ... + X (0k) Y (0k) denotes the inner product
of X and Y. If you consider the geometric picture for the case K = 2 (see
figure 1.2) or even the case K =3, it should be easy to believe that
W N A = 0 implies the existence of a ray in W+ along which every compo-
nent of every point not at the origin is strictly positive.* In particular, along
this ray there will exist one point whose components sum to one, in which
case this point can be interpreted as a probability measure. In other words,
denoting

Pt={XeRX: Xi+...+Xx=1,X1 >0,...,Xx > 0}
the geometry suggests that W N A = @ if and only if W NP+ # 0.

Since AS; € W for all , it follows that any element of the set Wt NPt is
actually a risk neutral probability measure. Conversely, if Q is any risk
neutral probability measure, then for any G* € W (with corresponding
trading strategy H) we have

N
(1.17) EoG" = Ey

N
H,,ASZ] =Y H,Eo[AS;| =0

n=I n=1
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X (02)

X (o))

W.I.

Figure 1.2 Geometric interpretation of the risk neutral probability measures

so Q € WX NP*. Thus if we let M denote the set of all risk neutral prob-
ability measures, we have that
M =W+ nP*

Moreover, by the geometric intuition used above we conjecture that
WnNA = g if and only if M # @. This conjecture, of course, is the same as
principle (1.16).

In order to make this argument more rigorous and apply it to the case of
general K, it is convenient to use a version of the Hahn-Banach theorem
called the separating hyperplane theorem. Consider the set

At={X€e€A:EX > 1}

This is a closed and convex® subset of RX, and the absence of arbitrage
opportunities implies W and A" are disjoint. Hence by the separating
hyperplane theorem there exists some ¥ € W such that X - ¥ > 0 for all
X € A*. For each k=1,...,K we can find a vector X in A" whose
kth component is positive and other components are zeros, so every
component of Y must be strictly positive. By setting Q(wy) =
Y(or)/[Y (o) + ...+ Y(ok)], it is clear that Q is a probability measure
with Q € W*. Since AS} € W for all n, we conclude that Q is a risk neutral
probability measure.

What about the converse of (1.16)? This is easy. If Q is a risk neutral
probability measure, then, as explained above, for an arbitrary trading
strategy H we have equation (1.17), which shows that G* cannot satisfy
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both G* > 0 and EG* > 0. Hence by (1.14) there cannot be any arbitrage
opportunities, and so our conjecture and principle (1.16) are verified.

Example 1.3 (continued) We want to compute W N A, which we know
is non-empty. Knowing S;, one computes AS; to be as follows:

n AS;(o) AS;(n) AS;(w3)

1 1 =1
2 2 -2 —2

It follows that

W={XeR:X
= (Hy +2H,,Hy — 2H>,—H, — 2H,) forsome H;, H; € R}
Notice that X; + X3 = 0 for all X € W. Conversely, given any vector X
with X; + X3 = 0, one can readily find a unique trading strategy H
with G* = X. Hence
W={XeR: X;+X; =0}
that is,
W+ = {Y e R*: Y = (1,0,A)for some ) € R}
Now comparing W and A we see that

WNA={XeR*: X, =X;=0,X; >0}

So starting with any positive number X5, we compute the trading
strategy H which gives rise to the time 7 = 1 portfolio value (0, X3,0).
This will be the solution of

H,+2H, =0
H,-2H, = X,
namely, H, = X,/2 and H, = —X;/4. Finally, upon setting

Hy = —H,57(0) — Hy5;(0) = —(X2/2)(5) — (=X2/4)(10),

one obtains Hy = 0. It is apparent that H = (0, X>/2,—X,/4) is an
arbitrage opportunity for every X, > 0.

Exercise 1.6 Show that W and W are linear subspaces.
Exercise 1.7 Specify W and W+ in the case of

(a) Example 1.1.
(b) Example 1.2.
(c) Example 14.
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Exercise 1.8 Determine either all the risk neutral probability measures or
all the arbitrage opportunities in the case of example 1.4.

Exercise 1.9 Suppose K =2, N = 1, and the interest rate is a scalar para-
meéter r > 0. Also, suppose Sp =1, Si(0;) =u (‘up’), and S)(w,) =d
(‘down’), where the parameters » and d satisfy u > d > 0. For what values
of r, u, and d does there exist a risk neutral probability measure? Say
what this measure is. For the complementary values of these parameters,
say what all the arbitrage opportunities are.

Exercise 1.10 Let A4 denote the (K + 1) x (K + 2N) matrix

0 0 0 0 1 |
AS]*(O)l) —AST((D;) AS;((D;) —AS’;V((DI) | 0 --- 0
ASj(02) —ASj(02) AS3(@z) --- —ASy(m) 0 -1 -+ 0
ASi(@x) —AS;(0x) ASj(@x) - ~ASy(ex) 0 0 - -1

and let b denote the (K + 1)-component column vector (1,0,...,0)". Show
that

Ax=b, x>0, xeRKN

has a solution if and only if there exists an arbitrage opportunity.

Exercise 1.11 Farkas’s Lemma, a variation of the separating hyperplane
theorem, says that given an m x n matrix 4 and an m-dimensional column
vector b, either

Ax=b, x>0, xeR"
has a solution or

yA<0, yp>0, yeR"

has a solution, but not both. Use this and the results of exercise 1.10 to show
that if there are no arbitrage opportunities, then there exists a risk neutral
probability measure.

1.4 Valuation of Contingent Claims

A contingent claim is a random variable X representing a payoff at time
t = 1. You can think of a contingent claim as part of a contract that a buyer
and a seller make at time ¢ = 0. The seller promises to pay the buyer the
amount X (o) at time ¢ =1 if @ € Q turns out to be the true state of the
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world. Hence, when viewed at time 7 = 0, the payoff X is a random variable,
and so the problem of interest is to determine the time 7 = 0 value of this
payoff. In other words, what is the fair price that the buyer should pay the
seller at time ¢ =0 in order for the two parties to be happy with their
contract?

Now one might suppose that the value of a contingent claim would
depend on the risk preferences and utility functions of the buyer and seller,
but in a great many cases this is not so. It turns out that by the arguments of
arbitrage pricing theory there is often a unique, correct, time ¢ = 0 value for
the contingent claim, a value that does not depend on the risk preferences of
the parties who buy and sell this claim.

Here is the argument. A contingent claim X is said to be attainable
or marketable if there exists some trading strategy H, called the
replicating portfolio, such that ¥, = X. In this case one says that H gener-
ates X. Now suppose the time ¢t =0 price p of X is such that p > V.
Then an astute individual would sell the contingent claim for p at
time ¢t = 0, follow the trading strategy H at a time ¢ = 0 cost of V), and
pocket the difference p — V,. This individual has made a riskless
profit, because at time 7 = 1 the value V; of the portfolio corresponding
to H is exactly equal to the obligation X of the contingent claim in
every state of the world. In other words, if p > Vp, then this astute
individual could lock in a profit of p — ¥ by investing in a portfolio that
provides exactly the right value to settle the obligation on the contingent
claim.

Similarly, if p < Vp, then an astute individual would follow the trading
strategy —H, thereby collecting the amount Vj at time ¢ = 0, and purchasing
the contingent claim for the amount p, thereby locking in a risk free
profit of Vo — p. At time ¢t = 1 the amount collected X is exactly what is
needed to settle the obligation V; associated with the trading strategy —H.
Again, if p < Vj, then this astute individual could lock in a riskless profit
of Vp — p-

If p = V, then apparently we cannot use H to create a riskless profit. So
does this mean that V) is the correct value of X'? Not necessarily, for
suppose there is a second trading strategy, say H, such that V; = X but
Vo # Vo. Then even if p = V), one could use H and the argument above to
lock in a riskless profit, thereby implying the different price V. The problem
here, of course, is that the law of one price does not hold. So for ¥ to be the
unique, logical, time 7 = 0 price of X, it is necessary to assume that the law of
one price does indeed hold. In this case we say that Vj is the price of X as
implied by arbitrage pricing theory.

As explained in section 1.2, if there are no arbitrage opportunities, then
there are no dominant trading strategies, and if there are no dominant
trading strategies, then the law of one price holds. Thus by (1.16) the
existence of a risk neutral probability measure implies the law of one price.
Alternatively, we can see this directly from the following, very important
calculation:
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(1.18) If Q is any risk neutral probability measure, then for every trading
strategy H one has

N
Vo= Vg = EgVy = Eg[V] — G'] =EQVT—EQ[ZHnAS;]

n=1
N
= EoV} — 3" HEgAS]) = EgV; —0 = EqV; = Eg[Vi/Bl]

In other words, under Q the expected, discounted, time z = 1 value of any
portfolio is equal to its initial value. So if there is a positive probability that
the portfolio will go up in value, then there also must be a positive prob-
ability of going down in value, and vice versa. Moreover, there is no way you
can have two tradmg strategies H and H with both V; = ¥; and ¥, # Vo, so
the law of one price must hold.

Notice for future reference that the calculation in (1.18) does not depend
on the choice of Q, because V7 is the time 7 = 1 discounted value of the
portfolio under some trading strategy. In other words, for a model where
there are two or more risk neutral probability measures, Eg V7 is constant
with respect to such Q.

Returning to the contingent claim X, by the arguments near the beginning
of this section we have the following important valuation concept:

(1.19) If the law of one price holds, then the time ¢ = 0 value of an attainable
contingent claim X is Vo = HyBy + 2,1:':1 H,S,(0), where H is the
trading strategy that generates X.

If we have the stronger condition that the model is free of arbitrage
opportunities, then we have the following, sensational result:

(1.20) Risk neutral valuation principle: If the single period model is free of
arbitrage opportunities, then the time /= 0 value of an attainable
contingent claim X is Eg[X/B], where Q is any risk neutral probabil-
ity measure.

This follows immediately from (1.2), (1.18), (1.19), and the fact that By = 1.
We now turn to several examples.

-

Example 1.1 (continued) Supposer = 1/9, X(w;) = 7,and X (w,) = 2.
Then the time ¢ = 0 value of X is

Eo[X/By] = (1/2)(9/10)7 + (1/2)(9/10)2 = 4.05

providing X is attainable. How do we check this? One way is to try to
compute the trading strategy H that generates X. This can be done by
solving

There is one unknown, Hj, and two equations, one for each ®, but
both equations give the same solution, namely, H; = 2.25. To deter-
mine H, one can solve

1.4 Valuation of Contingent Claims

4.05 = Vo = Hy + H,S) = Hyp + (2.25)(5)

to obtain Hy = —7.2.

In summary, the contingent claim X is indeed attainable. To generate
it you start with 4.05, you borrow 7.2 at the riskless interest rater = 1/9,
and you use the sum 4.05 + 7.2 = 11.25 to purchase 11.25 + 5 = 2.25
shares of the risky asset. At time # = 1 you must pay (7.2)(10/9) = 8 to
settle the loan. The amount of money remaining in the portfolio will
depend on o: in state ®; this will be ¥; = (2.25)(20/3) — 8 = 7, whereas
in state m, this will be V; = (2.25)(40/9) — 8 = 2. If the time ¢ = 0 value
of this contingent claim were different from 4.05, then you could use this
trading strategy in the manner discussed at the beginning of this section
to lock in a riskless profit.

Example 1.7 For a general securities model, taking

xo={y oz
for some & € ) leads to the time ¢ = 0 price (if X is attainable)
EglX/Bi] =) Q(0)X(w)/Bi(0) = Q(&)/Bi()

For this reason Q(®)/B;(®) is sometimes called the state price for state
® € Q. Thus the time ¢ = 0 price of an attainable contingent claim is
simply the weighted sum across the states of the payoffs under X, with
the weights being the state prices.

Example 1.8 — Call Options Suppose N = 1 and X has the form

= (Sl — e)+ = max {O,Sl - e}

where e is a specified number called the exercise price or the strike price.
Hence X is the contingent claim corresponding to the right to purchase
the risky security at time ¢ = 1 for the amount e. If it turns out that
Si > e, then at time 7 = 1 this right will be worth the difference S; — e,
and so the option should be exercised. On the other hand, if S < e, then
at time ¢ = 1 this right will be worth nothing, and so the option should
not be exercised. If X is attainable, then its time 7 = 0 price is

Eg[X/Bi] = ) Q(0)[Si(®) - e]/Bi(o)

eV

where (¥ = {0 € 2 : Si(0) > e}.

Example 1.1 (continued) With r = 1/9 and e = 5, the time ¢ = 1 value
of the call option is
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5/3, =
X(m):{(/) o

Hence if X is attainable, then its time 7 = 0 value is

EglX/Bi] = (1/2)(9/10)(5/3) = 0.75

To check whether X is attainable, we shall try to compute a trading
strategy that generates X. We solve the system of two equations (one
for each state)

Vi=HoBi+H|S =X

for the two unknowns and obtain H;, = 0.75 and Hy = —3. So, indeed,
Vo = Ho + H;So = —3 + (0.75)(5) = 0.75 is the time ¢ = 0 price of X.

Example 1.9 — Put options Suppose N = 1 and X has the form

X = (e—S1)+ = max {O,e——Sl}

Then Xis tpe contingent claim that gives the owner the right to sell the
risky security at time 7 = 1 for the amount e. This option should be
exercised if and only if S; < e.

Example 1.2 (continued) Consider an arbitrary contingent claim
X = (X1,X3,X;). This claim is marketable if and only if V)=
HoB, + H,S1 = X for some pair of numbers Hy and H,, that is,
there exists a solution to the system of equations

o1 : (10/9)H, + (20/3)H, = X,
®y (10/9)Ho + (40/9)H1 =X;
3 : (10/9)Ho+(30/9)H1 =X
Since there are three equations with only two unknowns, perhaps there

is no solution. Let’s see. Using the third equation to substitute for H,
in the first two gives

H1 —= (3X| . 3X3)/10 and H] = (9X2 == 9X3)/10

Hence the contingent claim is attainable if and only if these two values
of H, are the same, that is, if and only if

(121) X1 -3X,+2X3=0

This example il}ustrates the general principle that not all the contingent
claims are attainable whenever the underlying model has multiple risk

neutral probability measures, a principle that will be developed in the
next section.
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~ Exercise 1.12 For example 1.1 with r = 1/9, what is the price of a put
- option with exercise price e = 5?7 What trading strategy generates this con-
tingent claim?

Exercise 1.13 — Put-Call parity Suppose the interest rate r is a scalar, and let
¢ and p denote the prices of a call and put, respectively, both having the same
exercise price e. Show that either both are marketable or neither is market-
able. Use risk neutral valuation to show that in the former case one has

c—p=So—e/(l+r)

1.5 Complete and Incomplete Markets

Just because, as will be assumed throughout this section, there exists a risk
neutral probability measure, it does not necessarily follow that one can use
the risk neutral valuation principle to determine the time 7 = 0 price of a
contingent claim. The problem, of course, is that the contingent claim might
not be marketable, in which case it is not clear what its time ¢ = 0 price
should be. In particular, there is no reason to be sure that Eg[X/B)] is the
correct value. We therefore need a convenient method for checking whether
a contingent claim is indeed marketable. One method, as illustrated with
example 1.1 in the preceding section, is to try to compute a generating
trading strategy by solving a system of linear equations. A solution to such
a system will exist if and only if the contingent claim is marketable. But there
exist alternative methods.

The model is said to be complete if every contingent claim X can be
generated by some trading strategy. Otherwise, the model is said to be
incomplete. It turns out there are simple ways to check whether a model is
complete. One way is to understand when the system of linear equations
mentioned just above will always have a solution.

(1.22) Suppose there are no arbitrage opportunities. Then the model is com-
plete if and only if the number of states in Q equals the number of
independent vectors in {By, Si(1),...,Sx(1)}.

To see this, define the K x (N + 1) matrix 4 by

Bi(@1) Si(1)(w1) --- Sn(1)(en)
Bi(02) Si(1)(w2) --- Sn(1)(a2)

By(wx) S1(1)(@x) -+ Sx(1)(@k)

and consider column vectors H = (Hy, Hy,---,Hy) and X = (Xy,..., Xk).
Then the model is complete if and only if the system 4H = X has a solution
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H for every X. By linear algebra, this last fact will be true if and only if the
matrix A has rank K, that is, this matrix has K independent columns.

Example 1.1 (continued) The matrix

1=[10s o)

has two independent rows, so this model is complete

Example 1.10 Suppose we take example 1.1 and add a second risky
security with §,(0) = 54, S,(1)(@;) = 70, and S5(1)(w;) = 50. Note
that Q = (1/2,1/2) is still a risk neutral probability measure because
54 = (1/2)(9/10)70 + (1/2)(9/10)50. Now

C[10/9 20/3 70
A‘[10/9 40/9 50]

but this still has rank two. Hence this augmented model is still com-
plete, although the risky securities are redundant.

Example 1.2 (continued) The matrix

[ 10/9 20/3}
A=|10/9 40/9
10/9 10/3

has rank two, whereas K = 3, so this model is incomplete. Now we saw
earlier that the risk neutral probability measures are of the form
Q= (A2-3\-142)), where A is any scalar satisfying
1/2 < A < 2/3. Suppose we take any such Q and then use the formula
from the risk neutral valuation principle (1.20):

Eg[X/Bi] = M(9/10)X; + (2 — 30)(9/10)X; + (=1 + 21)(9/10) X

If X is marketable, then this value will be the same for all A because it
must coincide with ¥ under the generating trading strategy. Note that
this value is the same if and only if equation (1.21) holds. Moreover,
recall from the discussion of (1.21) that a contingent claim is market-
able if and only if (1.21) holds. Putting this together, we see that a
contingent claim in this model is marketable if and only if Eo[X/B,] is
the same value under every risk neutral probability measure. It turns
out that this necessary and sufficient condition holds in general.

As stated earlier, throughout this section it will be assumed that M # 0,
where M is the set of all risk neutral probability measures. Now if the
contingent claim X is attainable, then Eo[X/By] is constant with respect to
all @ € M. This is because, as already discussed in connection with (1.18),
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~ one has Vo = Eg[X/B] for all Q € M, where V} is the initial value of the

replicating portfolio. ‘ _ .

To show the converse, it suffices to suppose that the contingent claim X is
not attainable and then demonstrate that E¢[X/B;] does not take the same
value for all Q € M. Consider the K x (N + 1) matrix 4, the (N +1)-
dimensional column vector H, and the K-dimensional column vector X as
described above in connection with (1.22). If X is not attainable, then there is
no solution H to the system AH = X. By a slightly modified version of
Farkas’s Lemma (see exercise 1.11), it follows that there must exist a row
vector T = (my, ..., k) satisfying

ntA=0, =nX>0.
Let O € M be arbitrary, and let the scalar A > 0 be small enough so that

O(ox) = O(ox) + AmBy(ax) >0, all k=1,...,K.

Since 7 times the ‘zeroth’ column of A is zero, it follows that the quantity Q
which was just defined is actually a probability measure givigg positive
probability to each state m € 2. Moreover, for any discounted price process
S; we have

EgS;(1) = O(ox)[Sa(1, %))/ [Bi (o))
=" 0(0x)[Sn(1, 0k)]/[B1(@k)] + 1Y meSa(1, k)
= 0(x)S;(1, %)

where we used the fact that & times the ‘nth’ column of 4 is zero. But Q € M,
50 3" O(w) S (1)(wx) = S2(0), in which case we realize that Q € M.

It remains to show that the expected value of X'/B; under Q is different
from the expected value under Q. Denote = nX and note that § > 0. Then

Eo[X/Bi] =) Q(cx) X (e)/[B1(ex)]

i Z O(ox) X (k) /[B1 (k)] + A Z e X (k)
= Q[X/B]] + Ad

In other words, Eg[X/B1] # E|X/B] since Xis not attainable. In summary,
therefore, we have the following important result.

(1.23) The contingent claim X is attainable if and only if Eg[X/B,] takes the
same value for every Q € M.

Notice that if M is a singleton and X is an arbitrary contingent claim, then
trivially Eo[X /B, takes the same value for all Q € M, in which case X must
be attainable and the model must be complete. On the other hand, suppose
every contingent claim X is attainable but M contains two distinct d§k
neutral probability measures, say Q and Q. In this case there must exist
some state wy with Q(wx) # Q(wx), so take the contingent claim X defined by
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_ | Bi(x), 0 = o
Eip)= {0, otherwise

Then

Eo[X/Bi] = Q(ax) # Q(wx) = Ey[X/By]

But this contradicts (1.23), which says that if X is attainable, then Ep[X /B, ]
takes the same value for all Q € M. Hence if the model is complete, then M
cannot have more than one element. We can combine these observations as
follows.

(1.24) The model is complete if and only if M consists of exactly one risk
neutral probability measure.

To summarize matters, if the model is complete then we know how to
price all the contingent claims. Moreover, if the model is not complete then
we know how to price some of the contingent claims, namely, all the attain-
able ones. But what about the claims that are not attainable in an incomplete
model? For such a claim we cannot pinpoint its time ¢ = 0 price, but it turns
out that at least we can identify an interval within which a fair, reasonable
value for the time ¢z = 0 price must fall.

For the rest of this section we shall be considering an incomplete model
and we shall focus on an arbitrary contingent claim X that is not attainable.
Consider the quantity

Vi(X)=inf{Eg[Y/By]: Y > X, is attainable}

and refer to figure 1.3 throughout this discussion. The choice of Q € M here
does not really matter since it is only being used to compute the price of
attainable contingent claims. Note that AB) is an attainable contingent claim
for all values of the scalar A and that AB; > X for all large enough values of
A; hence V. (X) is well defined and finite. Notice also that ¥, (X) is bounded
below by sup {Ep[X/B] : Q € M}.

The quantity ¥, (X) is important because it is a good upper bound on the
fair price of X. This follows from an arbitrage argument that is similar to the
one discussed in the preceding section. If X could be sold for a greater
amount, say p > V,(X), then one should make use of the trading strategy
that replicates Y, which is any attainable contingent claim satisfying ¥ > X
and p > Ep[Y/B;] > V. (X). In particular, one should sell X at time ¢ = 0,
use part of the proceeds to purchase for the amount Eg[Y/B] the portfolio
which replicates ¥, and pocket the difference p — Eg[Y/B] as a riskless
profit. At time 7 =1 the value of the portfolio Y will always be enough to
cover the obligation X of the contingent claim. Hence V., (X) is the price of
the cheapest portfolio that can be used to hedge a short position in the
contingent claim X.

The unattainable contingent claim X cannot trade at a price higher than
Vi(X), or else there will exist an arbitrage opportunity. Similarly, this
contingent claim cannot trade at a price lower than V_(X), where
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solution of (1.25) s o N

®X

. solution of (1.26)

X(wy)

0 Figure 1.3 Determining fair prices for unattainable contingent claim X

V_(X) = sup{Ep|Y/By] : ¥ < X, Y is attainable}

As with V. (X), the quantity V_(X) is well defined and finite with
V_(X) < inf{Ep[X/By] : Q € M}. The fair price (or prices) of X must be
in the interval [V_(X), V,(X)]. We therefore are interested in computing
Vi(X) as well as any attainable contingent claim Y > X satisfying
V.i(X) = Ep[Y/B], and similarly for V_(X).

Consider the linear program

(1.25) minimize to A
subject to Y>2X
U-Y/B =0
A-U-01=0
A-U-0;,=0

LeR, YeRK, UeRK

Here 0 eM= W+ NPT, j=1...,J, are chosen to be independent vectors,
thereby forming a basis of W, which is assumed to have dimension J. This
means that the subspace W of discounted gains has dimension K — J and
can be expressed as

W={XeR¥:X.-0;=0 for j=1,---,J}
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Now suppose Y is an attainable contingent claim with time ¢ = 0 price A,
and set U = Y/B,. Because V| = ¥V + G*, this statement is equivalent to
the statement that U — Le € W and U = Y /B, where e here is a row vector
of I’s. But e Q; = 1 for all j, so this statement, in turn, is equivalent to the
statement that U =Y/B) and U-Q; —A =0 for j=1,---J. Hence the
feasible region in the linear program (1.25) can be interpreted as being the
set of all attainable contingent claims Y with ¥ > X. It follows that if A and
Y are part of an optimal solution of this linear program, then V,(X) =1
and Y is an attainable contingent claim with ¥ > X and time ¢ = 0 price
equal to V. (X). Note that an optimal solution always exists to this linear
program because the feasible region is nonempty and the objective function
is bounded below.

Similarly, if you solve the linear program

(1.26) maximize A
subject to Y<X
U-Y/B =0
A-U-01=0
A-U-0;=0
LeR, YeRX UeRf

and obtain an optimal solution (A, Y, U), then V_(X) and Y is an attainable
contingent claim with ¥ < X and time ¢ = 0 price equal to V_(X).

It turns out that not only does linear programming enable us to comple-
tely solve for the quantities of interest, but it gives us something extra as a
bonus. Consider another linear program:

K

(1.27) maximize ) (X (k) /Bi (o))
k=1
subjet to O +---+0,=1
Vi — Qi(@)0; — -+ — Qy(w1)8, =0
Vg — OQ1(0g)0; — -+ — Qs (wg)0;, =0
VERK  0eR’ y>0

If (, 8) is an arbitrary feasible solution, then

V=001+60+ --+6;0y,
which is non-negative. Moreover, with e a row vector of 1’s we have

e.\l,=e|e.Q1+...+913.QJ=91+...+9‘,:1
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~ since each Q; is a probability measure, so y can be interpreted as a prob-
 ability measure too. For any discounted price process S, we have

E\p[AS;] =00y AS;++9]Q]AS; =0

~ since each Q; € M. Hence Y can be interpreted as a linear pricing measure
i 'ﬂ;ut not, necessarily, as a risk neutral probability measure). In other words
~ the feasible region can be interpreted as the closure of M. It follows that the
*f @ptimal value of the objective function in linear program (1.27) is precisely
~ equal to sup{Eg[X/By] : Q € M}.
~ Now here comes a startling result of fundamental importance. By linear
- programming theory the linear programs (1.25) and (1.27) are duals of each
" other. Both programs are feasible, so by linear programming duality theory,
~ their optimal objective values are equal to each other. Analogous results
~ hold for linear program (1.26), of course, so all these results can be summar-
~ ized as follows:

(1.28) If M # g, then for any contingent claim X one has

V. (X) = sup{Eo[X/B] : Q €M} and

1 V_(X) = inf{Eq[X/B] : Q € M}.

» Of course, if X is attainable, then V. (X) = V_(X) is its usual time =0
price.

i Example 1.2 (continued) Consider the contingent claim X = (30,20,
10). This is not attainable, because it does not satisfy equation (1.21).
Recalling that M consists of all probability measures of the form
0 =(q,2—3q,—1+2q) where 1/2 < g <2/3, it is straightforward
to compute (making a slight and obvious change of notation for this
particular example) E,[X/B;] = 27 — 9q. Hence

V,(X) = sup E,[X/B] = sup {27 —9¢} =27 -9(1/2) =22 1/2
q q
and

V_(X) = inf E;[X/By] = inf {27 — 9q} = 27 - 9(2/3) = 21
q q
Upon solving the linear program (1.25) one obtains the attainable
contingent claim corresponding to ¥V, (X); this is ¥ = (30,20, 15), as
can be verified by checking equation (1.21) and checking that the time
t = 0 price of Y is indeed 22 1/2. Similarly, the attainable contingent
claim corresponding to V_(X) is verified to be ¥ = (30,50/3, 10).

' Exercise 1.14 Explain why the model in example 1.4 is not complete.
~ Characterize the set of all the attainable contingent claims. Compute
= Vi(X) and V_(X) for X = (40, 30,20, 10).
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Exercise 1.15 Use (1.23) to verify whether there are any values of the
exercise price e such that the call option is attainable for the model in
example 1.2. Similarly, specify which put options are attainable. Assume
r=1/9.

Exercise 1.16 Just after linear program (1.25) it was asserted that one
can choose Q; e M = WtnP*, j=1,---,J, to be independent vectors,
thereby forming a basis of W*, which is assumed to have dimension J.
Use linear algebra to carefully verify this assertion. Compute Q; vectors
for example 1.4.

1.6 Risk and Return

With Q a risk neutral probability measure and ® € ), recall that
Q(0)/B;(w) is sometimes called the state price of . For this reason, the
random variable

- P(o)

is called the state price vector or the state price density. The main result to be
shown in this section is that the risk premium of an arbitrary portfolio is
proportional to the covariance® between a return corresponding to the state
price density and the return for the portfolio, a result that resembles a
principal finding of the capital asset pricing model.

Assuming the time ¢ = 0 price S,(0) is strictly positive, the return R, for
risky security 7 is defined to be the random variable

_ Sa(1) = $x(0)

Lo) = 2@

R, = =1..-.
n Sn (O) ) n 1 ] ) N
Similarly, the return corresponding to the bank account is defined by
Ro = Ll — BO =r

By
The returns are useful quantities for a variety of purposes, one of which is
that if you know the time 7 = 0 prices and the returns, then you can compute
time 7= 1 prices. Since prices are non-negative one has R, > — 1, with
equality if and only if S,(1) = 0. It is left as an exercise to verify that the
gain for a portfolio can be written as

N
(1.29) G = HoByRy+ Y _ HyS,(0)R,
n=1
Hence the gain for a portfolio is a weighted combination of the underlying
returns, each weight being the amount of money invested at time ¢ = 0 in the
corresponding security.

S e S N P S
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The returns can also be used to compute risk neutral probability measures.

- Since

_ Sa(1) — B1S,(0)
R
_ [1+ Ra]Sx(0) — [1 + Ro]Sx(0)
a 1+ Ry

Rn - RO
=&@(H«J

S,(1) = S5,(0)

it follows from (1.15) that

(1.30) If Q is a probability measure with Q(w) > 0 for all ® € 2, then Qis a
risk neutral probability measure if and only if

R, — Ry
:0, :l,.'.,N
EQ(1+R0) !

Notice that when the interest rate Ry = r is deterministic, the equation in
(1.30) becomes simply

Eg[R,) =, n=1,...,N

This is one example of many situations where, under the assumption of a
deterministic interest rate, one has a nice, and often important, relationship
involving returns. Therefore, this assumption will be in force for the balance
of this section, as will be the assumption that there exists a risk neutral
probability measure Q. B

The mean return for security n, denoted R, = E[R,|, often plays an
important role. For example, it is easy to see that cov(R,, L) = E[R,L]—
E[R,)E[L] = Eg[R,) — E[R,] = r — R,. In other words,
(1.31) R, —r = —cov(R,, L), n=1,--- N
The difference R, — r here is called the risk premium for the security; nor-
mally this is positive because investors usually insist that the expected
returns of risky securities be higher than the riskless return r. Tlgus (1.31)
says that the risk premium of a security is related to the correlation’ between
the security’s return and the state price density.

Consider the return R of a portfolio corresponding to an arbitrary trading
strategy H = (Hy, H, ..., Hy). Assuming ¥V, > 0, this is

Vi—Vo
==
Using S,(1) = S,(0)[1 + R,] and the definition of ¥, one obtains
H & H,,S,,(O)]
=+ 30|72 R,
(1.32) R V0r+" 1[ Ve
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If you interpret H,/V, as the fraction of money invested in the savings
account (recall By = 1) and H,S,(0)/V, as the fraction of money invested in
the nth security, then (1.32) says that the return on the portfolio is a convex
combination of the returns of the individual securities. Using (1.31), (1.32),
and some basic properties of the covariance, it is straightforward to verify
that

(1.33) R—r=—cov(R,L)

where, of course, R = E[R].

Now fix two scalars a and b with b # 0, and assume the contingent claim
a+ bL is attainable, that is, suppose there exists some trading strategy H’
such that V] =a+bL. Since V(1 + R') = a+ bL (here V' and R’ denote
the value and return processes, respectively, corresponding to H’), one can
substitute for L and use the properties of the covariance relationship to
verify that

4
cov(R,L) = % cov(R,R')

(R still corresponds to an arbitrary trading strategy). Hence (1.33) can be
rewritten as

(1.34) R—r:—% cov(R,R')

In particular, in the special case where you choose H = H', (1.34) says
that
1 VI 4
R-r= —70 cov(R,R) = —% var(R')
Using this to substitute for ¥{/b in (1.34), where now we are back to an
arbitrary trading strategy H, we obtain the following:

(1.35)  Suppose for scalars a and b the contingent claim a + bL is generated by
some portfolio having return R’ and suppose the interest rate r is
deterministic. Let R be the return of an arbitrary portfolio. Then

< cov(R,R)) -
R_r_*var(R') (R -r)

The ratio cov(R, R')/var(R') is called the beta of the trading strategy H
with respect to the trading strategy H'. This result says that the risk premium
of H is proportional to the risk premium of H’, with the proportionality
constant being this beta. Or from a slightly different perspective, (1.35)
says that the risk premium is proportional to its beta with respect to a
linear transformation of the state price density. This result resembles the
traditional capital asset pricing model, only here H’ corresponds to a linear
transformation of the state price density instead of the market portfolio.

Notice that with a deterministic interest rate r and with arbitrary scalars a
and b (b # 0), the contingent claim a + bL is attainable if and only if the

%
¥

a
-

4 ¥ o i A
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R

~ state price density L is. This is because Ho(1 +r) + > H,Su(1) = a+bL if
~ and only if

N
1 a 1
— - — —-H,S,(1)=L
b[Ho 1+r](l+')+"§=lb (1)

Exercise 1.17  Verify equation (1.29), both in general and by applying it to
example 1.1.

. Exercise 1.18 Assuming the time ¢ = 0 price is strictly positive, the dis-

counted return R, is defined by R} = [S;;(1) — S;(0)]/S,(0) forn=1,...,N.
Show that

N
@ G'=) H,S,(0)R;

n=1
(b) R;:?J:RR;" n=1,...,N

(c) The strictly positive probability measure Q is a risk neutral probability
measure if and only if Eg[R;] =0forn=1,...,N.

Exercise 1.19 Analyze the risk and return properties of example 1.1 assum-
ing P(w;) = p for a general parameter 0 < p < 1.

(@) What are R; and R;?

(b) Whatis L?
(¢) Verify (1.31) forn =0 and 1.

From now on suppose H = (Hy, H;) = (1, 3).

(d) What are R and R?

(e) Verify (1.32).

() Verify (1.33).

() What are H',Vjj, and R"?
(h) Verify (1.34).

(1) Verify (1.35).

NOTES

1 If X is a random variable, this means X is a real-valued function on the sample space
§. In other words, we know the value X (w) for each state of the world ® € Q.

2 The expected value (also called the mean or average) of the random variable X is
denoted EX or E[X] and defined to be

K
EX =) X(wx)P(ox)
k=1
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More generally, if f'is a real-valued function on the real line,

K
Ef(X) =) /(X (00) P(o)
k=1

In particular, for scalars a and b, E[aX + b] = aEX + b.

3 See the appendix on linear programming.

4 In other words, for some ¥ € W* whose components are all strictly positive, the
ray is of the form {¥ e RV : Y =AY, 1 > 0,1 € R}.

5 Closed means that if {X;} is a sequence of points in A" that converges to some
X eRX then X € A™"; convex nmeans that for any X, X e A" and any scalar A with
0 <A<, then AX + (1 —A)X € A*.

6 For two random variables X and Y, the covariance cov(X, Y) is defined to be
E[XY] — E[X]E[Y]. Note that cov(X — E[X], ¥) = cov(X, Y). Moreover, given
three random variables X, Y, and Z and two scalars @ and b, one has
cov(aX +bZ,Y) =acov(X,Y) +bcov(Z,Y).

7 The variance, denoted var(X), of a random variable X is defined by var(X)
= E[X?] - (E[X))* = E[(X — E[X))?]. The standard deviation of X is oy =

var(X). The correlation between the random variables X and Y (assuming
ox >0 and oy > 0) is defined by p(X, Y) = cov(X, ¥)/(cxoy). Hence the risk
premium for security n equals —p(R,, L)og, oy.
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Investment

2.1 Optimal Portfolios and Viability
2.2 Risk Neutral Computational Approach
2.3 Consumption Investment Problems

" 24 Mean-Variance Portfolio Analysis

2.5 Portfolio Management with Short Sales Restrictions and Similar
Constraints

2.6 Optimal Portfolios in Incomplete Markets

2.7 Equilibrium Models

2.1 Optimal Portfolios and Viability

This chapter is concerned with the problem of choosing the best trading
strategy for the purpose of transforming wealth invested at time ¢ = 0 into
time ¢ = 1 wealth. With some variations of this problem that will be con-
sidered in later sections, a portion of the wealth is consumed at time ¢ = 0.
The problem is to compute an optimal trading strategy, and for this a
measure of performance is needed.

The measure of performance that will be used here is that of expected
utility. In particular, suppose u:RxQ — R is a function such that
w — u(w,Q) is differentiable, concave, and strictly increasing for each
® € Q. If w is the value of the portfolio at time ¢t =1 and o is the state,
then u(w, ®) will represent the utility of the amount w. Hence our measure of
performance will be the expected utility of terminal wealth, that is,

Eu(Vy) =) P(o)u(Vi(0),0)

weN

Note that the utility function u can depend explicitly on both the terminal
wealth w and the state ®. However, for many applications it suffices for « to
depend only on the wealth, in which case u is simply a concave, strictly
increasing function with a single argument.

Let H denote the set of all trading strategies, that is, H = R¥*!, the linear
space of all vectors of the form (Hy, Hy,...,Hy). Let v € R be a specified
scalar representing the initial, time ¢ = 0 wealth. We are interested in the
following optimal portfolio problem:
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(2.1) maximize Eu(Vy)
HeH
subject to Vo=v
Since V) = B1 ¥} and V{ = ¥V + G, this is the same as ¥
(22) maximize E[u(Bi{v+ H\AS; + ... + HyAS}})] 3

-

Notice that if there exists an arbitrage opportunity, then there cannot exist
a solution to (2.1). In other words, if H is a solution and H is an arbitrage
opportunity, then setting H = H + H gives

N N N N
v+ H,AS; = v+ Y HAS, + Y HAS; > v+ H,AS;

n=1 n=1 n=1 ) n=1
where the inequality follows because H is an arbitrage opportunity. In fact,
this inequality is actually strict for at least one » € . Since u is strictly
increasing in wealth and since P(w) >0 for all ® € £, this means the
objective value in (2.2) is strictly greater under A than under H. This
contradicts the assertion that H is an optimal solution of (2.2), in which
case the following must be true:

(2.3) If there exists an optimal solution of the portfolio problem (2.1) or (2.2),
then there are no arbitrage opportunities.

In other words, (2.3) says that if there exists an optimal solution to (2.1)or
(2.2), then there exists a risk neutral probability measure. By a result that is
somewhat surprising, there exists an explicit relationship between any such
solution and the risk neutral probability measures. This relationship can be
derived from the first order conditions necessary for optimality. To see this,
rewrite the objective function in (2.2) as

> P(@)u(Bi(0){v + HiAS}(®) + ... + HyASy(0)},0)
e

so that the first order necessary condition can be expressed as

(24) 0= OE[u(Bi{v+ H\AS} +... + HyAS,))]
‘ - 0H,
- ZP(“’)“’(Bl (@){v+ HiAS}(0) + ... + HyASy (0)}, 0) B (0)AS? ()
e

=E[BW/(V)ASY], n=1,...,N

where # denotes the partial derivative of u with respect to the first argument.
Hence if (H, V) is a solution of (2.2), then it must satisfy this system of N

equations. But recall the condition which a risk neutral probability measure
must satisfy:

(25) 0=Eg[AS;] =) Q@)AS(®), n=1,...,N

e

e
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Comparing (2.4) and (2.5) it is apparent that upon s_etting QO(w) =
P(0)B;(0)#(V1(0),®) one has obtained a mqasure.satlsfy.mg (2.5). Note
that Q(@) >0 for all ® since u is strictly increasing. However,
Q(®1) + ... + O(wk) is not necessarily equal to one, so Q is only a prob-
ability measure up to a constant. It is easy to see what this constant should
be, and so we have the following:

(2.6) If(H, V)is a solution of the optimal portfolio problem (2.1) or (2.2), then

_ P(0)Bi(0)¢ (V1(0), 0)

0@ =——Fmwy = ©°

defines a risk neutral probability measure.

Rewriting (2.6) slightly in the case where B; = 1 + r is constant, we obtz_lin
L(o) = Q(0)/P(0) = v/ (Vi(0),®)/E[W(V1)]. In other words, vyhen the in-
terest rate is deterministic, the state price density is proportional to the
marginal utility of terminal wealth. e

What about the converse? If there exists a risk neutral probability measure
0, then does the optimal portfolio problem (2.1) ha\{e a solu‘tion? Not
necessarily, for some u and v may be such that no solution exists. How-
ever, one can always find some » and v such that a solution H does
exist. Formalizing this idea, we will say that the model is viable if there
exists a function u:RxQ — R and an initial wealth v such that
w — u(w,®) is concave and strictly increasing for each ® € {2 and §uch
that the corresponding optimal portfolio problem (2.1) has an optimal
solution H.

(2.7) The securities market model is viable if and only if there exists a risk
neutral probability measure Q.

In view of (2.6), to verify this principle it suffices to assume the existence of
a risk neutral probability measure, cleverly select u and v, apd then demon-
strate the existence of a solution of (2.2). The choice of » will be

O(w)
ulw, ) = " 5(0)B. (@) )51 (@)

while v will be arbitrary. Now for an arbitrary (Hy, ..., Hy) we have
E[u(B\{v+ H\AS] + ...+ HyASy}, 0)]
=Y P(0)Bi(){v + HiAS] + ... + HyASy}Q(0)/[P(0)Bi (0)]
= Z O(0){v+ HiAS} + ...+ HyASy}
=v+ HEg[AS]] + ...+ HvEg[ASy] = v

so every vector (Hj,...,Hy) gives rise to the same objectivq valu_e in (2.2).
Equivalently, every trading strategy with initial wealth v gives rise to the
same objective value in (2.1), which means that all such t‘radmg strategies are
optimal. Hence (2.7) is true by this clever choice of utility function.
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The optimal portfolio problem (2.1) or (2.2) is a standard convex optimi-
zation problem, so one can use standard techniques to compute a solution.
One such approach is to work with the necessary equations (2.4), a
system of N equations and N unknowns. Unfortunately, as seen in the
following example, these equations can be nonlinear in A and thus difficult
to solve.

Example 2.1 Suppose N =2, K =3, r=1/9, and the discounted
price process is as follows:

n S,(0) Sy(1)
(O] (0)) 3

1 6 6 8 4
2 ‘10- <13 9 8

Note that there exists a unique risk neutral probability measure, be-
cause Q = (1/3,1/3,1/3) is the unique solution of the following sys-
tem of equations:

6 =60Q(w;1) + 8Q(w;) + 40(w3)
10 = 13Q(@1) + 9Q(w2) + 8Q(w3)
1 = Q(o1) + Q(w2) + O(e3)

_With the exponential utility function u(w) = —exp{—w}, the mar-
ginal utility function is «/(w) = exp{—w}. Hence the necessary condi-

tions (2.4) are:
0 = P(w;) exp{—(10/9)(v + 0H, + 3H,)}(10/9)(0)
+ P(w2) exp{—(10/9)(v + 2H, — H,)}(10/9)(2)
+ P(3) exp{—(10/9)(v — 2H; — 2H,)}(10/9)(-2)

0 = P(w1) exp{—(10/9)(v + OH; + 3H3)}(10/9)(3)
+ P(w2) exp{—(10/9)(v + 2H; — H2)}(10/9)(-1)
+ P(w3) exp{—(10/9)(v — 2H, — 2H>)}(10/9)(-2)

Needless to say, these are not so easy to solve for H; and H,.

Exercise 2.1 Suppose N=1,K =2, S, =35, Sj(0;) = 20/3, and Si(w;) =
40/9. Solve (2.1) in the case of r = 1/9 and general scalar parameters for
the initial wealth v > 0 and the probability P(w;) = p under the utility
functions

(@) u(w)=Ilnw
(b) u(w) = —exp(-w)
(©) u(w)=1vy"'w?, where —co <y < 1,y #0.
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2.2 Risk Neutral Computational Approach

“As seen in example 2.1, solving the optimal portfolio problem (2.1) can be

computationally difficult. Fortunately, there is an alternative technique
which involves the risk neutral probability measure and is much more
efficient. The idea is based on the observation that the objective function
H — Eu(V}) in (2.1) can be viewed as the composition of two functions, as
illustrated in figure 2.1. The first function H — V| maps trading strategies
into random variables which represent the time ¢ = 1 value of the portfolio.
The second function ¥, — Eu(¥;) maps random variables into numbers on
the real line. Corresponding to this composition, the risk neutral computa-
tion technique involves a two-step process. First you identify the optimal
random variable V7, that is, the value of ¥V} maximizing Eu(V;) over the
subset of feasible random variables. Then you compute the trading strategy
H that generates this ¥, that is, you solve for the trading strategy that
replicates the contingent claim V.

Step 2 is easy. This is exactly the same as was discussed in section 1.4 for
computing the trading strategy which replicates an attainable contingent
claim. If the subset of feasible random variables were chosen correctly for
step 1, then the computed trading strategy which replicates ¥ will corres-
pond to a portfolio having time ¢ = 0 value equal to v. In other words, the
attainable contingent claim V; will have time ¢ = 0 price equal to v, the
specified initial value of the portfolio.

Step 1 is a bit more challenging, but it just involves straightforward
optimization theory. The key to success is to specify the subset of feasible
random variables correctly and conveniently. If the model is complete, this
subset is simply

(2.8) W, = {W € RX : Eg[W/By] = v}

Eu(B)(v + ZH,AS,*))

(By(v+ ZH,AS,*))

Set of attainable wealths Real line

Set of trading strategies

Figure 2.1 The risk neutral computational approach
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(the specification of W, for incomplete models is more complex and will be
discussed below). To see this, note that under any trading strategy H with
Vo = v one has Eg[V/B;| = v by the risk neutral valuation principle. Con-
versely, for any contingent claim W € W, there exists, again by the risk
neutral valuation principle, a trading strategy H such that V) =v and
Vi = W. In the context of optimal portfolio problems, the subset W, (actu-
ally, an affine subspace) is called the set of attainable wealths.

The first step in the risk neutral computation technique is to solve the
subproblem:

(2.9 maximize  Eu(W)
subject to WeW,

When the model is complete, this problem can be conveniently solved with a
Lagrange multiplier. In view of (2.8), problem (2.9) is equivalent to

Eu(W) — \Eq|W /B))
where the Lagrange multiplier A is chosen so that the solution in (2.10) satisfies
(211) EQ[W/B]] =V

Introducing the state price density L = Q/P, the objective function in (2.10)
can be rewritten as

Eu(W) — NE[LWBy] = E[u(W) — \LW/B]
=Y P(o)[u(W(0)) — AL(w) W (0)/B; ()]

(2.10) maximize

If W maximizes this expression, then the necessary conditions must be
satisfied, giving rise to one equation for each € Q:

W (W(0)) = AL(w)/B; (o), alwe N

Note that this equation is exactly the same as the one in (2.6); in fact, since
W =V, one can deduce that A is equal to E[B«/(W)], where W is the
optimal solution. To compute W we solve the preceding displayed equation
for W(w) giving
(212) W(0) = I[AL(0)/B) ()]
where I denotes the inverse function corresponding to «/.

Hence (2.12) gives the optimal solution of (2.9) when A takes the correct

value. But what is the correct value? It is simply the value such that (2.1 1)is
satisfied when (2.12) is substituted for W, that is,

(2.13) Eo[I(AL/B,)/B)] = v
The inverse function I is decreasing, and its range will normally include
(0,00), so normally a solution A to (2.11) will exist for v > 0.

Example 2.2 Suppose u(w) = —exp(—w), so that «/(w) = exp (—w).
Then «'(w) = i if and only if w = — In(i), so I(i) = —In(i). Hence the
optimal solution of (2.9) is of the form
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gl

W = —In(AL/By) = —In(A) — In(L/B1)
and (2.13) becomes
v = —Eg[B' In(AL/By)] = —In(A\)EgB; " — Eo[In(L/B1)/Bi]
Hence the correct value of A is given by

—v— Eg|B{'In(L/By)]
b= { EQlBT' }

SO

-1
EgB
Substituting this into —exp (— W) gives

- -1 B 'In(L/B
u(W)=_ex_p{ V+ln(L/Bn)EQ?Qm1EQ[ I In(L/ 1)1}

= —AL/B;
so the optimal value of the objective function in (2.9) is

Eu(W) = —\E[L/B] = —AEoB;"

This example illustrates a general pattern: general formulas for the opti-
mal wealth W and so forth are obtained which depend on the underlying
securities market model only via the probability measures P gnd 0. I.n pther
words, P and Q comprise what can be thought of asa sufficient statistic for
the optimal portfolio subproblem (2.9). After 'denvmg the f(_>rmu1as like
those in example 2.2 for a particular utility function, one can qu1ckly analyse
any complete securities market model having the same utility function.

Examples 2.1 and 2.2 (continued) Suppose If’(ml) =1/2 and P(o;) =
P(w3) = 1/4 so the state price density L is given by L(®;) = 2/3 and
L(a,) = L(ws) = 4/3. With r = 1/9 and B; = 10/9 we compute

Eolln(L/B1)] = (1/3)[111(%-19—0) +2In (;%)] — _0.04873

so the optimal attainable wealth is
W =v(1 +r) + Eg[In(L/By)] — In(L/B))
¥(10/9) + 0.46209, © = o
a { ¥(10/9) — 0.23105, © = @, 3

Note that Eg[W/Bj|=v, as desired. Now A= exp{—(10/9)v+
0.04873}, so the optimal value of the objective function is
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Eu(W) = —\EoB' = — %x
Notice that, consistent with (2.6), A = E[B«/(V, )]. Also, having
comput_ed the optimal attainable wealth W, we can now easily Z:ompute
the optugal trading strategy H by solving W /B, = v + G*. In state ®]
the discounted terminal wealth W(w1)/B equals
ks 9/ 10)(0.46209) = v+ 0.41588, whereas the initial wealth plus the
discounted gain v+ G*(w) equals v+ Hi(6—6)+ H,(13 — 10)
=v+ 3H,. S_umlarly, equations are obtained corresponding to states
@, and @3, yielding the following system of three equations:

o : 0.41590 = 0H, + 3H,
wy : —0.20795 = 2H| = Hz
3 : —0.20795 = —2H1 b 2H2
These equations are redundant and there exists a uni i
ese e ique solution,
which is H; = —0.03466 and H, =0.13863. Using v =V, = Hy+
6H, + 10H, to solve for H, yields Hy = v — 1.17834. Finally, notice

that, as desired, this trading strate i iti
s ) gy satisfies the necessary cond
(2.4) (see example 2.1 above). R
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Exercise 2.2 (log utility) Suppose u(w) = In(w). Show that the i

functloq I(i) = i7!, the Lagrange multiplier A =( v)‘l, the optimal I;ett:i]::lrj:
wealth is W =vyL™'B;, and the optimal objective value is In(v) — E[In
(L/B'l )]. Compute these expressions and solve for the optimal trading strat-
egy in the case where N=1, K=2, r= 1/9, So =35, Si(o1) =20/3
Si(®2) = 40/9, and P(ay) = 3/5. B ’

Exercise 2.3 (isoelastic utility) Su =y

ppose u(w) = y~'w?, where —oco <y < 1
and y # 0. Show that the inverse function I(j) = i~!/(1-7)
wir ! 5 ion I(i) =i , the Lagrange

A= v—(l—v){E[(L/Bl)—v/(l—v)]}(l—v)
the optimal attainable wealth
- V(L/Bl)—l/(l—v)
E[(L/Bl)—‘r/(l—v)]

and the optimal objective value E [u(W)] = Av/y. Compute these expressions

and solve for the optimal trading strategy in the c :
i : ase wh
model is as in exercise 2.2. ¢ where the underlying

2.3 Consumption Investment Problems

A consumption process C = _( Co, C1) consists of a non-negative scalar Cp and
a non-negative random variable Cy. A consumption-investment plan consists

of a pair (C, H), where C is a consumption process and H is a trading
strategy. A consumption-investment plan is said to be admissible if (1)
Co + Vo = v, the money available at time ¢ = 0, and (2) C; = V. We always
assume v > 0.

The quantity C, should be interpreted as the amount consumed by the
investor at time t. Since Cp equals time zero consumption and since
Vo = Ho + 3 H,S,(0) is the amount invested at time ¢ = 0, the amount of
money v available at time zero must be at least Cp+ Vo. Since
Vi = HyoB + Y H,Sy(1) is the amount of money available at time f = 1, it
must be that C; < V;. Now a sensible investor who can consume only at
times ¢ = 0 and ¢ = 1 would not leave money ‘lying on the table’ at either
time, so this investor would probably not want to adopt a consumption-
investment plan unless it is admissible.

A question that naturally arises is, given a consumption-investment plan
(C, H) and an initial amount of funds v, how do you check whether (C, H) is
admissible? Of course one way is to compute ¥, and then check whether both
Co + Vo = vand C; = V. Notice that if (C, H) is indeed admissible, then C,
is an attainable contingent claim with

Eo[Ci/Bi] = Eg[Vi/Bi] = Vo
for every risk neutral probability measure Q, in which case
(2.14) EQ[CO = C]/B]] =v

Now here is a harder question: given some v > 0 and some consump-
tion process C, how do you know whether there exists some trading
strategy H such that (C, H) is admissible? Well, if C; is an attainable
contingent claim, then there exists some trading strategy H such that
Cy = V| = HyB\+ Y H,S,. If, moreover, (2.14) is satisfied for some Q,
then Cy+ Vo=v, in which case (C, H) is admissible. Notice that
Eo[Cy + C1/B1] is constant with respect to all risk neutral probability mea-
sures if and only if C; is attainable. Hence we can summarize all these
findings as follows:

(2.15) Let the initial amount of money v > 0 and the consumption process C
be fixed. There exists a trading strategy H such that the consumption-
investment plan (C, H) is admissible if and only if

Co+ Eg[C1/Bi] =V

for every risk neutral probability measure Q.

Example 2.1 (continued) This model is complete with Q = (1/3,
1/3,1/3). In order for the consumption process (Co, C1) to be part of
an admissible consumption-investment plan we must have, of course,
0 < Cy < vand C; > 0. In addition, we must have by (2.15)

9

3
v— Co=—EoC = [Ci(01) + Ci(®2) + Ci(a3)]
10 10
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Suppose an investqr starts with initial wealth v and wants to choose an
admissible consumption-investment plan so as to maximize the expected
value_ of the utility of consumption at both times 0 and 1. Here the utility
functlop u:R; — R is assumed to be concave, differentiable. and strictl
increasing. Mathematically this problem is: : !

maximize u(Co) + E[u(Cy)]

N
subject to Co + HoBy + Y H,S,(0) = v
n=1
(2.16) N
Ci— HoBi - Y H,S,(1) =0
n=1

C=20 C >0 HeRV!

As with the optimal .portfoh'o problem, this consumption-investment pro-
blem can be solved either with standard optimization theory or with a risk

neutral computational approach. To illustr. :
: . ate the
following: former, consider the

Example 2.1 (continued) Suppose u(c) = In(c). Since In(¢) - —o0 as
6V i\t'ho}’zve )can 1(}rzop Eihe (exp)licit non-negativity constraints in (2.16).

_ W) = and P(w;) = P(w3) =1/4 and r = imi-
zation problem becomes iy ! r'=1/9, the optimi

maximize - In(Co) +3In(Ci(w1)) +4In(Ci(@2)) + 1 1n(Cy (w3))

subject to Co=v—Hy— 6H, — 10H,
10
Ci(o1) = —H, +@H1 +29H2
(2.17) s . :
' Ci () ey B 0O
9 0 9 1+—9'H2
10 40 80
C = — P —
1(m3) 9 Hy + 9 H; + 9 H,

This simplifies to become

maximize In(v — Hy — 6H, — 10H,)

1. /10 60 130
+§ln(?H0 +?H1 +TH2)

1. /10 80 90
+4ln(3'H0 +?H1 +?H2)

1. /10 40 80

Computing the partial derivatives with respect to the H, and then
setting them equal to zero, we obtain the necessary conditions:

(218 ___1.’_1 .1_0—1_. +lE_l_+l 1_0_1_—
’ ) Co 2 9 C]((D1) 4 9 C[(mz) 4 9 C]((D3)—
-6 1 60 1 1 80 1 1 40 1

Fo+2 9 C]((D]) +4 9 Cl(O)z) 4 9 Cl((D3)
—_10 1 130 1 1 90 1 1 80 1

G279 Con 39 Clm) 49 Cm)

Here the four equations in (2.17) were used in order to be concise, so
actually the three equations in (2.18) involve just the three unknowns
H,, H;, and H>. Hence, although it is not particularly easy to do so,
these three equations can be solved for the optimal trading strategy H,
and then finally the four equations in (2.17) can be used to obtain the
optimal consumption process C.

A general consumption investment problem (2.16) can be solved in a
manner similar to that just used for example 2.1. The N + 1 first order
necessary conditions are, in general:

(2.19) u'(Co) = E[Biu'(C)]
(2.20) W (Co)Sn(0) = E[(C1)Sa(1)], n=1,...,N

Using the constraints in (2.16) to substitute for C and C; gives riseto N + 1
equations which, in principle, can be solved for the N +1 unknowns
Hy, H,,...,Hy. Substituting these values into the constraints of (2.16)
gives the values of Cy and Cj. This procedure yields a solution of (2.16)
provided Cp and C; are both non-negative (suitable assumptions about the
utility function, such as #/(c) — oo as ¢ \, 0, will guarantee the success of
this procedure).

For some utility functions it is possible that one or more of the non-
negativity constraints will be binding, in which case the procedure just
described would be unsuccessful. Standard methods can be used to cope
with such complications, but they will not be described here.

Notice that equation (2.20) is similar to the condition that must be
satisfied by a risk neutral probability measure. Not surprisingly, therefore,
we have the following counterpart to (2.6):

(2.21) If C is part of a solution to the optimal consumption investment
problem (2.16) with Cy > 0 and C)(®) > 0 for all o, then

0(0) = P(0)Bi(0) L)

defines a risk neutral probability measure.
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To see this, simply note that
Eo[Sa(1)/B1] = Y Q(@)Sy(1,0)/By(w)
_ #(Ci (@) (Sa(1,®)
a ZP(m)Bl(m)( u’(éO) )( B () )
1
~ (@)

E[W/(C1)Sq(1)]

Meanwhile, if Cy > 0 and Cj(®) > 0 for all ® € , then the first order
necessary condition (2.20) must hold. In this case it follows that
E[/(C1)Sx(1)]/4/(Co) and thus Ep[S,(1)/B;] equal S,(0). Finally, using
(2.19) it is easy to show that - Q(») = 1, and so, indeed, Q as defined in
(2.21) is a risk neutral probability measure.

We now turn to the risk neutral computational approach for solving the
consumption-investment problem (2.16) in the case of a complete model.
The idea is to first use principle (2.15) to rewrite (2.16) as follows:

(2.22) maximize  u(C) + Eu(Cy)]
subject to  Cy + Eg[Cy/B)| = v
G20 G =0

The optimization problems (2.16) and (2.22) are essentially the same, be-
cause if the pair (C, H) is feasible for (2.16), then C is feasible for (2.22);
conversely, if C is feasible for (2.22), then there exists some H such that (C,
H) is feasible for (2.16).

Notice the trading strategy H does not appear at all in (2.22), so the first
step with the risk neutral computational approach, solving (2.22), is much
easier than solving (2.16). This leaves for the second and final step the
computation of the trading strategy H that generates the contingent claim
Ci, where C) is time 7 = 1 consumption under the solution of subproblem
(2.22). Analogous to the optimal portfolio problem, these two steps can be
readily solved with standard methods.

To solve (2.22) with a Lagrange multiplier, one first analyses the uncon-
strained problem

(2.23) maximize u(Co) + E[u(C)] — M{Cy + E[C,L/B]}

(recall E[C\L/By] = Eo[C;/B,]). With suitable assumptions about the utility
function u to ensure the optimal solution of (2.22) will feature strictly
positive consumption values, the following first order necessary conditions
must be satisfied:

u’(Co) =) and u’(C1 ((D)) = M/B]
Hence
(2.24) Co=1I(A) and C(0)=I(AL/B))
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where I(-) is the inverse of the marginal utility function «(-). Of course, the
Lagrange multiplier A must take the correct .value, namely, the value such
that the constraint in (2.22) is satisfied. This is

(2.25) I(\) + EQUI(AL/By)/B1] = v

As is the case with (2.13), the inverse function I is fiecreasing so this equation
will normally have a solution A. If the corresponding values of .CO and C13 as
given by (2.24), are non-negative, then they must be an optimal solution
ofI(f2 tﬁjzs) .procedure yields a consumption value that.is not non-negative, then
a more complicated algorithm must be used to de.rlve the solu_tlon of (2.22).
Such algorithms are standard, although they will not be discussed here.
Suffice it to say that in this case it is still much easier to solve (2.22) than

(2.16).

Example 2.3 Suppose u(c) = In(c), so that «/(c) = 1/c and the inverse
function (i) = 1/i. Equations (2.24) and (2.25) become

Co=1/r and Ci(®)=1/(AL/B:)

and :
1 1 1,1 _2_
X'l‘xEQ[L ]—X_’-)\.E[l]_}\, %
so A =2/v, Co =v/2, and Ci(0) = vB, (m)P(pJ) /.[2Q(0))]. Notice that
these are non-negative as long as v > 0. Substituting these values gives
the maximum value of the objective function in (2.22) to be 2In(v/2)+

E[In(By/L)].

Example 2.1 and 2.3 (continued) With L(w;) = 2/3, L(@2) = L(m3)
=4/3, and r = 1/9 as before, we have

5
- 0= O
S 6"
Cl(m)=v§L I = 5

—v, ©=0,03

Note that the equation in (2.15) as well as the necessary conditions
(2.18) are satisfied, as desired. We compute‘the optimal H; and H; by
solving the system C;/B; = v/2 + G*, that is,

%v-}-OHl +3H,

v

v %v+2H1 —1H,;

wlw Plw njw

v=%v—2H1—2H2
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Al?houg?{ there a;z ;hree equations and two unknowns, the solution is
unique: H; = —v and H, = v/12. Since v/2 = Hy + 6H i
follows that Hy = —(5/24)v. : i i

In summary, principle (2.15) greatly simplifies the solution of the optimal
consumption investment p{oblcm because it allows one to decompose the
original problem into two simpler subproblems: in the first you solve for the
op(tim-lalt l(;ousump(;lon process without worrying about the trading strategy
and 1 the second you derive the trading strategy that ,
solution of the first subproblem. = ® S

The basic consumption investment i

asic ¢ problem (2.16) can be generalized in
several directions. For example, the objective function can begwritten as

(2.26) u(Co) + BE[u(Cy)]

where the scalar B satisfies 0 < p < 1. The idea here is to model the time-

value of when consumption occurs by regardin i
. the s
by 1l y reg g pecified parameter B as

orA s;cond g:ngralization of (2.16) is to allow the consumer to have income
endowment E at time ¢ = 1, where E is a specified rand i

endowr 5 om va A
optimization problem thus is: rable-The

2.27) maximize u(Co) + E[u(Cy)]
N
subject to Cy + HoBy + Z H,S,(0)=v

n=1

N
Ci—HoBi - Y H,S,(1)=E

n=1
G=>0 C >0 HeRV!

The pair (v, E) is sometimes called the endowment process for the consumer.

Exercise 24 Derivg formulas for A, Cy, and C; for the consumption
nvestment problem in the case where the utility function is:

(@) u(c) = —exp{—c}.
() u(c) =v7'c", where —0o <y < 1 and y # 0.

Exercise 2.5 Show that if the objective function for the consumption

investment problem is as in (2.26), th ion i
gl (2.26), then the equation in (2.21) should be

“(Ci(w))
u'(Co)

Exercise 2.6 For the consumption i i
ption investment problem (2.27) with -
dowment, show that the equation in (2.15) generalizes to e ne

Q(0) = BP(w)B: ()

Co +EQ[(C1 - E)/B]] =vy
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Exercise 2.7 For example 1.4, suppose the initial wealth v = 100. Charac-
terize the set of all consumption processes C such that there is a trading
strategy H making the consumption-investment plan (C, H) admissible.

2.4 Mean-Variance Portfolio Analysis

Throughout this section it will be assumed that the interest rate is determi-
nistic, there are no arbitrage opportunities, and there exists some portfolio
with E[R] # r. A classical problem in this case is to solve the mean-variance
portfolio problem:
(2.28) minimize var(R)
subject to E[R] = p
R is a portfolio return

where p is a specified scalar. Notice that for each value of p > r, the feasible
region in (2.28) is nori-empty (to see this, just take a suitable linear combina-
tion of the riskless portfolio and a specific one with E[R] # r), and so the
solution of (2.28) is well defined. In particular, the optimal value of the
objective function equals zero if and only if p =7; otherwise, it will be a

finite, positive number.
Recalling that the return for a portfolio can be expressed as

__Hyp X [HySa(0)
R= 70" + Z[ Vo Rn

it follows that R is the return for a portfolio if and only if it can be written in
the form R = (1 — Fy — ... — Fy)r + Y_ FyR,, where F), can be interpreted as
the fraction of time ¢ = 0 wealth that is invested in security n. Hence (2.28)
can be rewritten as

(2.29) minimize FCF'

subject to (1 —Fy—...— Fy)r+ ZF,,R,, =p
where C is the N x N matrix of the covariances for the returns (its ijth
element is cov(R;, R;), R, = ER,, and F = (Fy,...,Fy). This is a quadratic
programming problem, a well-known kind of problem in the area of opti-
mization theory, and it has been the subject of extensive study by financial

researchers and mathematical programmers.
In this section, problem (2.28) will be solved with a different approach,

one that relies on the modern theory developed in section 2.2. Consider the
following problem:

n=1

(2.30) minimize var(V7)
subject to  E[V1] = v(1 + p)
Vo=v
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Here the constraints identify the set of all time # = 1 portfolio values that can
be achieved startmg with initial wealth v and which have mean v(1 + p),
where p > risasin (2.28) and v > 0 is a specified scalar. Notice that if Viisa
solution of (2.30), then R = (¥, — v)/v satisfies the constraints in (2.28).
Moreover, if R is any other return that is feasible for (2.28), then
V1 = v(1 + R) satisfies E(V)) = v(1 + p), which means V; is feasible for
(2.30). Hence

var(R) = lvar( ") < lvar( V1) = var(R)

yvhich means R is a solution of (2.28). Conversely, a solution of (2.28) gives
Just as easily a solution of (2.30), so really (2.28) and (2.30) are equivalent
problems. In other words,

(2.31) The relationship ¥, = v(1 + R) establishes a one-to-one correspon-
dence between feasible solution of (2.28) and (2.30).

You can see where we are headed: we want to reformulate (2.28) so we can
apply the results of section 2.2, and (2.30) is a step in this direction. For the
next step, consider how to solve (2.30) with a Lagrange multiplier. Introdu-
cing the scalar B, one is interested in minimizing the objective function
var(¥}) — BE[V1], subject to the constraint ¥y = v. But var(V;) = E[V?]—
(EV1)7, so, as will be verified later, this objective function can be written as
E[}VZ —BV1]. In other words, with the Lagrange multiplier approach we
are interested in solving

T 1
(2.32) maximize E[- > Vi+ BV
subject to  Vp = .

Problem (2.32) is in the form studied in section 2.2, so applymg the results
there one concludes the optimal solution, denoted V, is given by (this is left
as an exercise)

5 L
233 V=——(EoL-L 1+
(233) L (EoL —L)++(1+1) 57
in which case E[V] = (EQL —1)/EgL + v(1 +r)/EgL (recall L = Q/P is
the state price density). Now assuming Q and P are not identical, one has
EgL > 1 (this is also left as an exercise). Hence E[V] = v(1 + p) if and only if

V(14 p)EgL — (1 +71)]
EgL—1

Substituting this into (2.33) means that ¥ is feasible for (2.30). If ¥ is any
other random variable that is feasible for (2.30), then the facts _that
E[V] = E[V] and that E[-} P2+ BV] > E[-1¥? + B¥] imply var(¥) <
var(V). Hence ¥ is an optimal solution of (2. 30)

Conversely, suppose ¥ is a solution of (2.30) with B asin (2.34). If V'is any
other random variable that is feasible for (2.30), then E[-1V?+BV] >
E [—l V% + BV]. We saw above that any solution of (2.32) must be feasible

(2.34) -
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for (2.30), so we conclude that ¥ must be an optimal solution of (2.32). The
relationship between (2.30) and (2.32) is summarized as follows:

(2.35) Portfolio problems (2.30) and (2.32) are equivalent provided p and B
are related according to (2.34).

Notice according to (2.34) that B is a strictly increasing function of p
which equals v(1 + r) when p = r. Moreover, when p = r, the optimal solu-
tion (2.33) is ¥ = v(1 + r). This is a constant, as anticipated.

Problem (2.32) has the standard form of sections 2.1 and 2.2 if the
investor’s utility function is taken to be the quadratic function u(w) =
—w?/2 4 Pw. Although quadratic utility functions are dubious because
they are not non-decreasing with respect to wealth (this function is concave
but attains its maximum value at w = B < c0), they are accepted for various
applications. In particular, principle (2.31) implies there is a one-to-one
correspondence between solutions of the quadratic utility portfolio problem
(2.32) and solutions of the mean-variance portfolio problem (2.28).

This correspondence has a fundamental consequence. Looking at (2.33)
we see that the solution of (2.28) must be an affine’ function of the state
price density. Indeed, substltutmg (2.34) in (2.33) we compute that the return
R corresponding to V is

R_pEQL-r_ p—r

~ EgL-1 EgL-1
Hence we conclude (this also could have been worked out using (2.12) for the
case of a quadratic utility function):

(2.36)

(2.37) The optimal solution R of the mean-variance portfolio problem (2.28)
is an affine function of the state price density L.

A further consequence is realized if you tie this together with result (1.35)
concerning the relationship between the risk premium of an arbitrary port-
folio and its beta with respect to a portfolio whose return is an affine
function of the state price density. It is apparent that we have established
the famous security market line result of the capital asset pricing model
(CAPM) theory:

(2.38) CAPM: If R is a solution of the mean-variance portfolio problem
(2.28) for p > r and if R is the return of an arbitrary portfolio, then

cov(R R))

(R’ E[R’]_r)

E[R] -

This relationship is quite important, because in a world of mean-variance
investors there is often a portfolio (for example, a stock index) which can be
assumed to be a solution of (2.28) and whose mean return can be estimated,
thereby giving via (2.38) estimates of the mean return of arbitrary portfolios.
Principle (2.37) has another important consequence. Fix some arbitrary

p > r and consider the corresponding return R as given by (2.36). Think of R
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as corresponding to some portfolio or mutual fund that is available for
investment. Suppose an investor puts the fraction A of his money in the
riskless security and the balance 1 — A in this mutual fund, where A =
(p—p)/(p—r) and p>r (A < 0 corresponds to borrowing at the riskless
rate). Since this portfolio’s return R =Ar + (1 —A)R, one can do some
tedious algebra to verify that, in fact, R is given precisely by (2.36),
only with p instead of p on the right hand side. Hence to achieve any
solution of the mean-variance portfolio problem (2.28) it is not necessary
to trade the individual securities, provided there is a mutual fund
available which corresponds to one solution. It is just a question of
dividing up the invested funds between the riskless security and the
mutual fund. Since all the risky securities are in the mutual fund, it
must mean that the relative proportions invested in the risky securities
(that is, the money invested in security n divided by the money invested in
the mutual fund) are constants with respect to p. This all can be summarized
as follows:

(2.39) Mutual fund principle: Suppose you fix a portfolio whose return is a
solution of the mean-variance portfolio problem (2.28) corresponding
to some mean return p > r. Then the solution of (2.28) can be achieved
for any other mean return by a portfolio consisting of investments in
Just the riskless security and the fixed portfolio.

Hence a world of mean-variance investors is quite nice; it enjoys many
nice properties. However, it should be stressed that many of these nice
properties may disappear in the presence of investors whose decisions are
not consistent with quadratic utility functions. For example, as seen in
section 2.2, log utility investors will want to choose portfolios whose time
¢ = 1 values are proportional to the inverse of the state price density. In this
case the time 7 =1 wealth cannot, in general, be expressed as an affine
function of the state price density, and the security market line result will
not hold with respect to any portfolio in which the log utility investor would
desire to invest his or her money.

Indeed, it is almost a lucky accident that the CAPM security market
line result holds for a reasonable class of utility functions. With most
utility functions the return of the optimal portfolio will not be an affine
function of the state price density and thus cannot play the role of R’ in
(1.35). Result (1.35) is more fundamental in the sense that it applies to
any single period securities market provided its general hypotheses
are satisfied, whereas the CAPM result (2.38) is a special case or corollary.
But the general version is not particularly useful unless you can identify
R’ with an economically meaningful portfolio. In the mean-variance
world you can do this, and that is why the CAPM result (2.38) is so
important.

Example 2.4 Suppose N = 2, K = 3, and the return processes R, and
the probability measure P are as indicated in table 2.1.
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Table 2.1 Data for example 2.4

® (0] ®3
Ri(®) 0.2 0.2 0.05
Ry (o) 0.15 0 —0.1
P(o) 1/3 1/3 N
Ri(0) % S v
= —0.1—
5 Y T e

O(®) 0258+452 0.355—13r 0387-322r
L®) 0.774+13.56r 1.065—3.9r 1.161 —9.66r

lving EgR: = 0 for the risk neutral probability measure 0, it is
:gparegnt tQhat this exists, provided r < Q.387 / 3.2.2 =0.12. ”["hese quan-
tities along with the resulting state price density L are displayed in

le 2.1.
mﬁ‘f) solve the classical mean-variance problem (2.29), we first com-
pute ER; = ER; = 1/60, var(R;) = 0.02‘722,‘v'ar(R2) =0.01056, and
cov(R;, R;) = 0.00805. Assuming (for simplicity) from now on that
r = 0, this leads to the solution F; = 6.95p and F; = 53.05p. Hence,
for example, if p = 1 percent, then 6.95 percent of Fhe funds shoul(_i be
invested in the first risky security, 53.05 percent in the second risky
security, and 40 percent in the riskless security. Moreover, the return of

the resulting portfolio is

0.0936, = m
R=FR, +FKR, = —0.0140, 0o=w
—0.0496, ©=m3

. . EnL =
Alternatively, using formulas (2.33) and (2.34) one computes Eol
1.027, B=v[l1+38.04p], V =v[l+38.04p— 37.04pL], and R=
38.04p — 37.04pL. To get Fy and F, you solve R = FiR| + F>R,.
Hence, for example, if p = 1 percent, then you get the values already

presented above.

Exercise 2.8 With Q a risk neutral probability measure, P thq original
probability measure, and L the corresponding state price .dens1ty_, _shqw
that EpL >1, with equality if and on.ly if Q=P (hint: minimize
3" 0%(wx)/P(wx) subject to suitable constraints).

Exercise 2.9 Verify equation (2.33).

Exercise 2.10 Verify the assertion made in connection with the n}utual
fund principle (2.39): R = Ar + (1 — )R satisfies (2.36), where A= (p—p)

/(B —r).
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2.5 Portfolio Management with Short Sales Restrictions and
Similar Constraints

:I‘he basic_ optimal portfolio problem studied in earlier sections may be
inappropriate for many practical situations because important constraints
are ignored. For example, the investor might be prohibited by stock ex-
change rules from selling stocks short or from financing the purchase of
stoc!(s by borrowing money. Consequently, it is important to be able to solve
versions of problem (2.1) where constraints are imposed on the admissible
trading strategies.

In actual situations it is usually more natural to express the constraints in
terms of the fractions F, = H,S,(0)/V, of money invested in security
nn= 1,..., N, rather than in terms of the number H, of shares invested in
security n. For example, no short selling of security n is F,, > 0, no borrowing
from the bank account is Fy + ...+ Fy < 1,and a stipulation that no more
than 4 percent of the wealth can be invested in security 7 is F, < 0.04. In
general, therefore, the constraints of interest will be expressed by stipulating
that F = (F,...,Fy) € K, where Kc RY is a specified subset that is as-
su_med to be closed and convex. In order to simplify the presentation later in
this section, it will also be assumed that the strategy 0 € K, that is, it is always
feasible to invest all the funds in the bank account. For example, K is equal
to {FERY:F, >0}, (FERV:F+...+Fy<1}, and {FeR":F, <
0.04}, respectively, in the three cases mentioned just above.

With the trading strategy expressed in the form F, it is convenient to
express the time ¢ =1 wealth V; = V(1 + R) in terms of R, the return
process for the portfolio. In view of (1.32) this is

N N N
R= (1 - ZF,,)r+ZF,,R,, =r+Y Fy(Ry—7)
n=1 n=1 n=1

where R, is the return process for security n. Hence the optimal portfolio

problem can be written as
N

(2.40) maximize Eu(v(1+r+ Y F,(R,—7)))
Felk n=1
wher'e v = Vj is the initial value of the portfolio.
It is st.raightforward to solve this kind of problem with traditional meth-
9ds, similar to those used in section 2.1 for the unconstrained problem. This
is best explained by considering a simple example.

Example 2.5 The security processes are the same as in example 2.4,
but now r = 0, P(w;) =0.26, P(w;) = P(w3) = 0.37, and the utility
function is the log function. Thus the objective function is
0.26 In[1 + 0.2F, + 0.15F,] + 0.37 In[1 — 0.2F;]
+0.37 In[1 4 0.05F; — 0.1F,)
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\‘r
3

and the corresponding partial derivatives are

o 0.052 . 0.074 N 0.0185
OF, 1+02F, +0.15F, 1-02F, 1+0.05F —0.1F;

and
0 0.039 0.037

3F, 1+402F, +0.15F, 1+0.05F —0.1F,

Hence the optimal solution for the unconstrained problem, obtained by
setting these partials equal to zero, is F; = —0.21333 and F;, = 0.33467.

Now suppose that short sales of the risky securities are prohibited,
that is, K= {F € R?:F, >0 and F> > 0}. In this case the uncon-
strained optimal solution is not feasible, and so we must do some
more work. It is apparent that the new optimal solution must be on
the boundary of K at a point where the directional derivative is normal
to K. In view of the unconstrained optimal solution, we conjecture the
new optimal solution satisfies F; =0 and F> > 0. We therefore look
for a point satisfying Fy = 0, F, > 0, 0/0F, = 0, and 0/0F; < 0. Using
the above expressions for the partials, we readily compute the optimal
solution for the constrained problem to be F; =0 and F> = 0.21164.
Note that the optimal attainable wealth is

1.03175v o =w;
W=V[1+F1R1+F2R2]= v, 0=
0.97884v, = w3

and the optimal objective value is
EInW = Inv + 0.26In(1.03175) + 0.37In(0.97884) = In v + 0.00021

To summarize the traditional method for solving problem (2.40), first
obtain the unconstrained optimal solution and check to see if it is feasible;

i not, then look for a point on the boundary of K where the directional

derivative is normal to [, using the partial derivatives throughout. While
this method was easy to apply in the case of example 2.5, the computations
could become formidable in a case where there are many securities and/or
there is a different kind of utility function. Furthermore, these computa-
tional difficulties are compounded when dealing with multiperiod models.
We therefore are interested in an alternative method, a risk neutral compu-
tational approach.

The risk neutral computational approach for constrained portfolio pro-
blems is roughly as follows. For each value of a parameter k contained in a
certain subset K C RY define a modified securities market denoted .# (x = 0
corresponds to the original market). Then consider the unconstrained
problem for the market .#,. In particular, using the formulas developed in
section 2.2 focus on the optimal objective value, denoted Ji(v), for each
K € [K. Then solve the dual problem:
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(2.41) minimize
k € K
If k denotes the optimal solution of (2.41), then the optimal solution for the
unconstrained problem in the market .#; will turn out to be the optimal
solution for the constrained problem in the original market .#,. Moreover,

the corresponding optimal objective values will coincide.

Although the risk neutral computational approach still requires one to
solve a constrained optimization problem with traditional methods, it turns
out that solving (2.41) is often easier than solving (2.40).

Turning to some details, the set K is simply

IRE{KEIRN:S(K)<00}
where the function & : RV — R U {+o0} is defined by
3(k) =

Je(v)

sup (—Fx')
FeK
and «’ denotes the transpose of the row vector k. The function & is convex
and is called the support function of —K. Notice that & is non-negative,
because 0 € K. It will be assumed that [ is such that § is continuous on .
The set [, called the effective domain of 8, is a convex cone that contains the
point x = 0. For example, if K= {FeR" : F,>0,n=1,... ,N}, then

0, xekK
(2.42) d(x) = {oo, &K
and K = K. For another example, if K = {F e RV : F, + ... + Fy < 1}, then
—A, =...=ky=A<0
(2.43) 8(k) = { G
00, otherwise
and K = {k € R : =...=K, €0}.

To define the auxiliary market .#, for each « € [, we simply modify the
return processes for the bank account and the risky securities according to

r—r+93(k)
R, — R, + 3(x) + K, n=1,...,N

In other words, in the market .#, the bank’s interest rate is replaced by the
original rate plus the non-negative quantity §(x), and so forth. Notice that
the case x = 0 does indeed coincide with the original market.

In order to solve the unconstrained problem in the market .#,, we will
need to use the corresponding risk neutral probability measure, which is
denoted Q. Throughout this section it will be assumed that the risk neutral
probability measure Q = Qy for the original market exists and is unique.
Since Qy is the unique probability measure satisfying

R, —r
EQ<1+r)—0, n=1,... N
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' ‘t follows for other x € [K that Q, must be a probability measure satisfying

or 0 = O«
F Ry, +%n—r1
— ") =0, n=1,...,N
_ EQ(I rr+ 8(1())
.‘ 1t is not clear whether O, will exist for all x € K, but a unique O, vYﬂl exist
and the function k — Q, will be continuous at lea}st for all ¥ € [ in some
open neighborhood of x = 0, by the assumed continuity of 8(-).
"~ Inthe market .#, the state price density and the bank account process are
~ denoted respectively by
_ &
= - .
- Moreover, given any trading strategy F, the time ¢ = 1 value of the portfolio
in the market .#, is given by

L and By =1+r+3(x)

N
L+7+8(k) + Y _Fu(Ry+%n — r)]

n=1

VE=v(1+R)=v

N N
v[l +r+ Y Fy(Ry—r) +8(x) + ZF,,K,,]
n=1 n=1

_ VY +v[8(x) + Fx/]

s i i ition of 8(-) one has
It is important to note that if F € [, then by the definition 0

~ 3(k) + Fx' >0, in which case V'F > V}. On the other hand, if F ¢ K, then
~ possibly 3(x) + Fx’ < 0, in which case V' < ¥} and Eu(V}) < Eu(V?). This
s the reason why it is possible to have the optimal objective values satisfy
- JK(V) < JO(V). ) ) ) 1
~ We are now in a position to illustrate how the risk neutral computationa
- approach works.

I

Example 2.5 (continued) With K={F € R*: F|; > 0, F, > 0}, we have
K = I and 8(-) as in (2.42) above. With r = §(x) = 0 for x € K, (2.44)
reduces to

O.ZQK((Dl) = 0.2QK(0)2) + O.OSQK((Og,) = —Kj

0.150. (1) —0.10(03) = -k
Solving this system along with Eg_[1] = 1 leads to
8 — 40k, — 100K,)/31, ©= oy
Oc(®) = { [11 + 100k, — 60k]/31, © =,
[12 — 60x; + 160x;]/31, o = o3

These probabilities are strictly positive, and thus Qy is a valid risk
neutral probability measure for the market .#,, as long as x € K and

40%x;+ 100k, < 8.



56 Single Period Consumption and Investment

The next step is to solve the unconstrained optimization problem for
the market .#. Letting W, denote the corresponding optimal attain-
able wealth, we have by exercise 2.2 in section 2.2

(246) W, = VB';/L,; = VP/QK
Moreover, the optimal value of the objective function is

(2.47) J(v) = In(v) — Eln(Ly/BY) = In(v) + EInP — EInQy
= In(v) + [0.26n(0.26) + 2(0.37) In(0.37)]
— 0.261n(8 — 40x; — 100x,) + 0.37In(11 — 100k, — 60x:)
+0.371In(12 — 60K, + 160x,) — In(31)]

The next step is to minimize J,(v) with respect to k € K. In view of
the preceding expression, this is the same as solving

maximize 0.26In(8 — 40x; — 100x,) + 0.37In(11 — 100x; — 60x>)
+0.37In(12 — 60x; + 160x;)

subjectto k; =0, x>0

Using partial derivatives in the standard way, the optimal solution is
computed to be k; = 0.0047 and k, = 0. Substituting these values in
(2.46) and (2.47) yields the same values for the optimal attainable
wealth and the optimal objective value as were obtained earlier with
the traditional approach.

Why does this risk neutral approach work? The key is expression (2.45)
for the attainable wealths in the market .#, as well as the observations made
immediately thereafter. By the same considerations, the optimal objective
value for the constrained problem in the original market .#,, which we
denote by J(v), must be less than or equal to the optimal objective value
for the constrained problem in the market .#, for any x € . And the latter,
of course, must be less than or equal to the optimal objective value for the
unconstrained problem in the market .#,. Hence we must have

(2.48) Jv) < Jc(v), all xekK

Apparently this inequality can be an equality for the k that minimizes the
right hand side of (2.48), as explained in the following.

(2.49) Suppose for some & € K that F, the optimal trading strategy for the
unconstrained portfolio problem in the market .#;, satisfies
(a) FekK
(b) 3(k) + Fk' = 0.

Then F is optimal for the constrained problem in the original market
Mo, and J(v) = Ji(v) < J(v) for all x € K.
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To see this, note by (2.45) that (b) implies W, the attainable wealth under

3 F in the market .#;, satisfies

N
W=v l+r+ZF,,(R,,—r)
n=1

~ which means that W is also the attainable wealth under F in thg, original
" market #,. Since F is feasible for the constrained problem, it follows

that Eu(W) < J(v). But Eu(W) = Ji(v),_so by (2.48) we must have

-~ Eu(W)=J (v) =Ji(v) < J(v) forall x € K.

In summary, the obvious candidate for the « in (2.49) is the solution of the

| dual problem (2.41). Having computed this , you then verify whether F, the

optimal trading strategy for the unconstrained optimal portfplio problem in
the market .#;, satisfies F € K and 8(k) + Fk’ = 0 (there is no guarantee

~ that both these conditions will be satisfied, but in a wide variety of cases they
- will both automatically hold). If so, then F will be optimal for the con-

strained problem in the original market .#.
This section concludes with another example.

Example 2.6 The security processes are the same as in examples 2.4
and 2.5, but now r =0, P(o;) = P(w;) = P(w3) = 1/3, the utility
function is the log function, and borrowing funds from th2e bank
is prohibited. Thus K= {FeR*: F + /, <1}, K={k e R*: x; =
K2 < 0}, and

3(x) =

- x1=K=A<0
00, otherwise,

and so for ease of exposition we will identify the vector k € KK with the
- scalar A < 0. '

The interest rate for the bank account in the market .#, will be —?\.,
but the return processes for the risky securities in the market .# vylll
be the same as in the original market .#,. Hence by (2.44) the risk
neutral probability measure Q, can be obtained by solving the system

0.20x (@) — 0.2Qx(®2) + 0.050«(w3) = —A
O.ISQK((D]) - O.IQ,(((Dg) =—A
Oc(m1) + Qx((DZ) + Ok(m3) =1
This leads to
(8 — 1401]/31, o=y
Oc(®) = ¢ [11+401]/31, o=o0;
[12 4 100A]/31, © = o3

These probabilities are all strictly positive and thus Qy is a legitimate
risk neutral probability measure if —0.12 < A < 0.
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With Bf = (1 —-1), the optimal objective value for the uncon-
strained problem in the market .#, is given by

Jx(v) =In(v) — Eln(L,/Bf) = In(v) — EInQx + EInP + In(1—2)
Hence dual problem (2.41) amounts to the same thing as

b 1 1
maximize  —In(8 — 140)) + = In(11 + 40\
—0.12<2<0 3 o :

1
+3 In(12+ 1001) — In(1 - 1)

Althqugh this objective function is not concave on the real line, the
solution of this constrained problem is easily found to be approxi-
mately A = —0.00711, that is, k = (—0.00711, —0.00711).

The next step is to compute the optimal trading strategy F for the

uncgnstrajned problem in the market .#;. The corresponding optimal
attainable wealth is

L.157v, o=

g 1.0071vP
Wi = vBE /L = Tv ={0972, 0=o
% 0.921v, ® =,

so F can be computed by solving (2.45), that is,
Wi(®) = v[1.00711 + F; (R, (w) — 0.0071 1) + F(Ry () — 0.00711)]

This yields F = (0.14,0.86). Clearly F € I and 8(k) + Fk' =0, so by
(2.49)' F must be the optimal solution for the constrained problem.
Supstltutxng K = —0.00711 in the above expression for Jx(v) gives the
optimal objective value equal to Inv + 0.01171.

Exercise 2.11 Solve example 2.6 assuming P(o;) = 0.5, P(0;) = 0.3, and
P(w3) = 0.2, ’

2.6 Optimal Portfolios in Incomplete Markets

Throughout this chapter up to this point it has been assumed that the model
1s complete, a crucial assumption for the risk neutral computational ap-
proagh. Under this assumption the set of attainable wealths is easy to
!dentgfy and characterize, and so after using convex optimization theory to
identify the optimal attainable wealth, one is assured of finding the trading
str.ate'gy which generates this wealth. In the case of incomplete markets the
principles are the same, but more work must be done to properly identify the
set of attainable wealths. Having done so, one computes the optimal attain-
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i;ble wealth and finally the trading strategy which generates this wealth, the
- same as before.
~ Of course, one could always revert to the standard approach, working
~ with the first order necessary conditions and so forth, exactly the same as
~ described in section 2.1. The standard approach is no more difficult with
~ incomplete than with complete models, so the relative advantages of the risk
~ peutral computational approach are diminished in the case of incomplete
~ models. However, the risk neutral approach is still preferred when dealing
~ with certain utility functions and, as will be seen later, when analyzing

s

~ multiperiod models.
It turns out there is even a third approach for solving optimal portfolio
. i;xoblems in incomplete markets. This approach relies on the constrained
~ optimization methods presented in the preceding section, and so it lends
~ jtself well to the introduction of short sales restrictions and/or similar con-
~ straints. The idea is to introduce fictitious securities to the market in such a
~ way as to make the model complete, and then use constraints to prohibit any
g 3_\p‘ositions in these fictitious securities. This fictitious security approach will be
- described later in this section, after examining the risk neutral computational
- approach.
- A key to the identification of the set of attainable wealths is principle
~ (1.23), which says that a contingent claim (i.e., wealth) W is attainable if and
~ only if Eg[W/B,| takes the same value for every risk neutral probability
- measure 0 € M. Thus W,, the set of wealths that can be generated starting
~ with initial capital v, is given by W, = {W e R : Eo[W/B ] =, all
- Q€ M}. But this characterization of W, is not practical, because with
- incomplete models the set M of risk neutral probability measures contains
~ an infinite number of elements. This difficulty is resolved with the help of
~ relationship (1.17), which says that M is the intersection of a linear subspace
~ and the set of strictly positive probability measures. In particular, there
~ exists a finite number of independent vectors in M (the closure of M), say
-~ O(1), 0(2),...,0(J), such that each element of M can be expressed as a
~ linear combination of these J vectors (see the linear program (1.25)), where
- the weights, some of which can be zero or negative, add up to one. Hence
~ Ep[W/By| =vforall Q € Mifand only if Eg;[W/B)]=vforj=1,...,J,
- and so

W, ={W eRX: Ep y[W/Bi]=v for j=1,...,J}

~ It follows that the optimal portfolio problem (2.1) (or (2.9) ) can be written as
I maximize Eu(W)

subject to  Eg)[W /B =v, j=1,...,J

o As in section 2.2, problem (2.50) can be solved by introducing J Lagrange
= multipliers as well as J corresponding state price densities L; = Q(j)/P:

& (2.50)

(2.51) maximize Eu(W) — Zj:x,E[L,-W/B,]
{ j=1
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The first order necessary conditions, one for each o € {2, are:
J
(W) =) NLio)/Bi(0), al o0cQ
J=1
or

(2.52) W(w) =1 [ 21: A Li(@)/B (a))] . al 0e®
j=1

where I(-) is the inverse function of . This gives the solution of (2.51) as a
function of the J Lagrange multipliers. Substituting this expression into the J
constraints of (2.50) enables one to solve for the values of the Lagrange
multipliers which provide the solution of (2.50). In other words, substituting
the values of the Lagrange multipliers satisfying

(253) E[Lj](lel/Bl+...+XJLJ/BI)/B|]=v, J=1;0ad

into (2.52) provides the optimal solution of (2.50). From this solution, the
optimal attainable wealth, one finally computes the optimal trading strategy
in the usual way.

The system (2.53) will normally have a unique, non-negative solution,
depending upon the properties of the utility function. If the utility function
is strictly concave, then the solution of (2.50) will be unique. This computa-
tional procedure will now be illustrated with an example.

Example 2.7 The securities model is the same as in example 1.2,
namely, K =3, N=1,r=1/9, So =5, and

o Si(o) Sje) Pw)

o 20/3 6 173
wy 40/9 4 173
w3 309 3 1/3

In chapter 1 it was established that this model is incomplete with M
consisting of all probability measures of the form

0=(0,2-30,—-1+20), where %<9<§

and with a contingent claim X = (Xj, X;, X3) being attainable if and
only if

(254) X1 -3X,+2X3=0

In this case a ‘basis’ for M can be obtained by taking any two distinct

elements of M. In fact, one can take the two endpoints, corresponding
to ® = 1/2 and 6 = 2/3, and this is what we will do:

o(1) = (1/2,1/2,0) Q(2) = (2/3,0,1/3)
Li=(3/2,3/2,00 L,=(2,0,1)
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" Taking u(w) = In(w) one has «'(w) = 1/w and I(i) = 1/i, so system
b (2.53) becomes, after a little algebra,

1 1
W+ dh, 3N

4 +_1__— \%
o\ + 120 3Ay

v

k1
. The unique, non-negative solution is found to be
i M o= 0464821 Ay = 053519y

Substituting these values into (2.52) yields

W(©) = §.46a82(9/10)L; () + 0.53519(9/10) Ly (o)

(0.62860v, &=a
=< 1.59360 v, o©=wm
2.07611v, ©=w3

for the optimal attainable wealth. Notice, as verification, that W
satisfies equation (2.54). Solving Hy + 6H, = (9/ 10)(0.6286)v and
Hy + 4H, = (9/10)(1.5936)v for the optimal trading strategy yields

Hy=3.17124v and H; =-043425v

The optimal objective value is 0.24409 + Inv.

3 In summary, the risk neutral computational approach for incomplete
" models is essentially the same as for complete models, but the computational
- difficulties are increased due to the need to first specify and then cope with
- the additional constraints in (2.50).
- We now turn to an alternative computational approach that features
- fictitious securities. The idea is to add one or more securities to the model
. in such a way as to make it complete (without, of course, creating any
- arbitrage opportunities). Then one solves, using the methods of the preced-
~ ing section, the optimal portfolio problem with the constraint that no
" position can be taken in any of the added, fictitious securities. Since this
~ optimization problem is done for a complete market, the computations may
~ be simpler than with the two alternative approaches, even with the con-
~ straints.
~ While this concept is simple, a key step is to properly specify the added,
~fictitious securities. A good way to do this is to work with the K x N matrix
- 4 of chapter 1:
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By(a1) Si(1)(@1) ... Sy(1)(e)
Bi(@2) Si(1)(w2) ... Sn(1)(wy)

Bi(wx) Si(1)(@x) -+ Sw(1)(@x)

This matrix has rank less than X, since the market is incomplete. We need to
add some fictitious securities, that is, column vectors of non-negative num-
bers to A, so that the rank of 4 becomes equal to K. When selecting column
vectors one must be careful to avoid adding arbitrage opportunities. A little
linear algebra will ensure a successful result, as illustrated in the following
example.

Example 2.7 (continued) It suffices to add one fictitious security, so
that the matrix A4 has the form

[10/9 60/9 s2(1)(m,)J
A= 10/9 40/9 Sz(l)((!)z)
10/9 30/9 S(1)(ws)

Taking, for instance, S,(1) = (50/9,20/9, 70/9), it is easy to verify that
the matrix 4 will have full rank 3. Since all the risk neutral probabil-
ities in the original market satisfy 0=(0,2—-30,—1+20) for
1/2 < 8 < 2/3, it follows that the unique risk neutral probability mea-
sure in the new market must be of this form as well. Taking,
for instance, 6 =7/13 gives Q= (7/13, 5/13,1/13) as well as
$5(0) = Eol(9/10)S5(1)] = 4.

It remains to solve the optimal portfolio problem in the new market
with the constraint that positions in security #2 are prohibited. Taking
the approach described in the preceding section, this means that I =
{FeR*: F, =0},

0, =0
8(x) = sup (—F¥)= sup (—Fx )= K1 '
FelK FieR oo otherwise

and K= {keR?:x, = 0}. The return processes in the market .#, are

W1 [0} 3

Ri(®) 1/3 ~1/9 -1/3
Rz((l)) 7/18+K2 —4/9+K2 17/18+K2

and the corresponding risk neutral probability measure is computed
to be

7/13—(18/65)1(2, o =
Oc(®) = ¢ 5/13 + (54/65)x;, © = W)
1/13 - (36/65)x2, © = w3
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'y. Notice that these probabilities are strictly positive as long as

& K2 < 5/36. Since Bf = 10/9 and we are still using log utility,
thzesﬁ)‘ti;alz obje{:tive value lfor the unconstrained problem in the
market #, is Jc(v) = Inv —1n(9/ 1.0).—_ EInQy + ElnP. The d\{al pr‘oI;
blem is therefore the same as maximizing ElnQ, over K, that is, V‘:]lt
respect to k; over the interval (—25/54,5/36). Some simple calculus
provides the optimal solution: k = (0, —0.18321)..

The corresponding optimal attainable wealth is

0.62860v o=
Wi = vB/Le = o — | 159360 %, o=,
210 | 50711, ©=o

which is seen to be generated by the trading strategy

 F =(—2.17125,0). Since F € K and 8(k) + FK’ =0, it follows that

this is also the optimal solution for the constrained problem as well

~ as for the original unconstrained problem in the incomplete market.

A virtue of the fictitious securities approach is that it readily lends itself to

o problems which have short sales restrictions or similar constraints on the
. real securities. One proceeds in exactly the same way, only choosing the
. constraint set I so as to capture the explicit constraints on t_he real securities
~ aswellasthe prohibition from taking a posit_lon in the fictitious securities. A
~ return to the same example will illustrate this.

i ibi sales, so the
Example 2.7 (continued) Suppose we proh}blt short. ales, |
soluticl:n obtained earlier is now infeasible. With the fictitious security
the same as before, take K = {F € R?: F; > 0, F, = 0}, so that
0, x5 = 0
8(k)= sup (—Fx)= sup (-Fixi)=
FeK Fi >0

and K = {kx € R? : k; >0} . The return processes in the market .# are

oo otherwise

® (0] 3

Rl((D) 1/3+K| —1/9+K1 —1/3+K|
Rz((D) 7/18 + K2 —4/9 + x; 17/18 + K2

and the corresponding risk neutral probability measure is
7/13 — (45/26)x; — (18/65)x;, =@,
Oc(®) = ¢ 5/13+ (9/13)x; + (54/65)x2, © =
1/13 + (27/26)x; — (36/65)x2, ® = ©3

iliti i iti i lar subset
Note these probabilities are strictly positive on the triangu
of R? where ky < —(25/4)x; + 35/18, x2 > —(5/6)x; — 25/54, and
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k2 < (15/8)x; +5/36. The optimal objective value for the
unconstrained problem in the market .#, has the same form as before,
so the dual problem comes down to maximizing E InQy on the inter-
section of this triangular subset with the half-plane where K; = 0.
Using the first order conditions, it is easy to verify that
K = (4/27,—5/27) is the optimal solution. Corresponding to this are
O =(1/3,1/3,1/3) and W; = 10v/(27Q;) = (10v/9)(1,1,1), both
constants on ). The trading strategy that generates W is easily com-
puted to be F = (0,0), that is, invest all the money in the bank
account. Clearly F € K and §(k) + FX' = 0, so F is also the optimal
trading strategy for the original constrained optimal portfolio pro-
blem, which is what we suspected from the start. The optimal objective
value is Inv + In(10/9).

Exercise 2.12 Solve example 2.7 with P(w;) =0.5, P(o)=0.3, and
P(w3) = 0.2, assuming

(a) short sales are allowed,
(b) short sales are prohibited.

2.7 Equilibrium Models

Until now, the specification of the security price processes S|, S, ..., Sy, has
been part of the data, external to the model. But it is important to under-
stand prices, and so financial economists develop and study models where
the price processes are internal, that is, endogenous.

An important category of models of this type is the class of equilibrium
models. Sometimes the prices at both time 7 = 0 and time 7 = 1 are internal.
Other times, and this is the kind of equilibrium model that will be looked at
in this section, the prices at time 7 = 1 are specified and only the prices at
time ¢ = 0 are internal.

The data for the one-period equilibrium model will consist of the sample
space (2, the probability measure P, the bank account process B, and the N

random variables S;(1), S(1),...,Sy(1) representing the time ¢ = 1 prices
of the risky securities. In addition, there are I investors (or traders or
consumers), numbered i =1,2,..., 1. Corresponding to each trader is a

utility function u; (differentiable, concave, strictly increasing) and an endow-
ment process (v;, E;).

Internal to the model are three kinds of variables: the time ¢ — 0 security
prices S1(0), $2(0), ..., Sx(0); a consumption process C' = (G, Ci) for each
investor; and a trading strategy H' = (H§, Hi, ... H}) for each investor. The
equilibrium solution concept involves finding values of all these variables such
that a set of internally consistent conditions is satisfied. In particular,
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i LHY}, i= id to be an
by e variables S,(0),n=1,...,N, and {C',H'}, i= 1,...,1, are said to be |
b ::uilibriwn solu;ion if for each i the consumption investment plan (C', H') is
- optimal for investor i, that is, (C*, H") is a solution of

L
255 maximize u(Ch) + Elui(C})]

N
subject to  Ch+ HoBo + Y _ HjSx(0) = vi
n=1
n
Cl—HyBi - H,S.(1)=E
n=1

H' e RV*!

~ and the security market clears, that is, the aggregate demand for each security
s zero, that is

(2.56) S Hi=0 for n=0,1,...,N

i=1

~

Note that (2.55) does not include any explicit con.stra'ints requiring the
nsumption to be non-negative; if negative consumption is a prob!em, then
e could specify utility functions that would force thp consumption to be
~ pnon-negative. It is possible to add explicit non-negativity constraints, bqt
‘.,“ﬁ'oing so would make the analysis of the equilibrium model more compli-
~ cated. The requirement (2.56) that aggregate demand bc zero does not make
" much sense for securities such as stocks and bonds, but it does hpld perfectly
“well for things like futures contracts. Alternatively, one can imagine that
some individuals act as firms, raising capital by selling stocks 'fmd. b'onds, and
investing in the technologies that produce returns. These individuals are
short the securities while everybody else is long. In the aggregate, the net
~ positions in the securities are zero, and real aggregate wealth is equal to the
~ total investment in the fundamental technologies. '
B ~ Since the traders have strictly increasing utility functions, if ther; exists a
» - solution to the equilibrium problem, then by (2.21) there must exist a risk
‘ _I'; neutral probability measure, say Q. It follows, therefore, that the time ¢ = 0
- prices must satisfy
E $1(0) = Eg[Su(1)/B]
 Hence if we can derive the equilibrium consumption processes, tpen every-
3 thing else will fall into place: (2.21) and the preceding eguation will prov3de
~ time zero prices, and investor #’s trading strategy H' will be the one which
~ generates the contingent claim C} — E; (assuming C] — E; is attainable for
 all i, which will be the case if the model is complete). ‘

- Unfortunately, it is rather difficult to compute equilibrium consumption
~ processes. In fact, an equilibrium solution does not necessarily exist, in
4 general, so we shall not attempt to compute one. We shall need to be content
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with a study of the relationship between the equilibrium solution and some-
thing called Pareto efficiency.

But first notice that if you add up the time # = 0 budget constraint in
(2.55) across i and rearrange terms you get

I N 1 1 I
ByY Hy+ ZSn(O)ZH:; =Y - > .G
i=1 P P pa i=1

In view of (2.56), if this is an equilibrium solution, then the left hand side
equals zero, in which case the same can be said for the right hand side. One
obtains a similar conclusion from the time # = 1 budget constraint in (2.55),
and so

(2.57) If the consumption processes C', i =1,...,1I, are part of an equili-
brium solution, then

A collection of consumption processes satisfying these two equations is
said to be feasible. In other words, the aggregate consumption equals the
aggregate endowment, which is a kind of budget constraint.

The collection {C',C?,...,C!} of consumption processes is said to be
Pareto efficient if they are feasible (as in (2.57)) and there is no other
collection {C', C?%,..., C!} of feasible consumption processes such that

(2.58) ui(Cy) + Eui(C}) > wi(Ch) + Eui(Cl), i=1,...,1

with this inequality being strict for at least one i.

The condition for Pareto efficiency says that there is no feasible collection
of consumption processes such that all of the investors are just as happy as
they would be under the feasible collection {C', C?2,. .. C’}, with at least one
being strictly happier. Hence one might conjecture that a necessary and
sufficient condition for {C', C?,..., C'} to be part of an equilibrium solu-
tion is that it be Pareto efficient. While this is not exactly right, we do have
the following:

(2.59)  If the model is complete and {C", C?, ..., C'} is part of an equilibrium
solution, then {C', C?,..., C'} is Pareto efficient.

To see why this is true, suppose {C!, C2,..., ¢! } is part of an equilibrium
solution, but there exists a feasible collection {C', C?,..., C!} of consump-
tion processes as in (2.58), with at least one inequality being strict. I will
show this leads to a contradiction. Since the model is complete, for each
investor i there exists a trading strategy H' satisfying

N
(2.60) HyBy +) HS,(1) = C| - E,

n=1
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o view of (2.56), this means that
I N I N (L

: o=Z[H(;BI +ZH,‘,S,,(1)] = (ZH(‘) B, +2; Z:H,, Sp(1)
A = n=1 P =1 N o=

; defining a new trading strategy H by

n=01,...,N

i=1 o
see that the time ¢ = 1 value of the portfolio correqunding to H is
entical to zero. Since there are no arbitrage opportunities (recall that

ce the time ¢ = 0 value of this portfolio must be zero, that is,

N 1 ) N I ;
1) 0=HoBy+ Y H,S:(0)= (Z H;,) By + Z] (Zl H,,) $,(0)
i=1 n= i=

e n=1
\

4 This equation will be used in a moment. Meanwhile, define the scalars
. 2
2.62) V= Ch—vi+ HiBo+ Y H\S:(0), i=1,....1
n=1
‘,I'hink of Ci — \; as time ¢ = 0 consumption for investor i. The consumption
- process {C(')(", —‘il,li, Ci} is attainable by (2.60) and (2.62). If ; < 0, then
investor i strictly prefers the consumption process {C; = V;, Ci} to the
~ consumption process {Ch, C }. Moreover, {C; — ;, C } satisfies th’g buidge_t
" constraints in investor i’s optimization problem (2.55), and {CO, Ci} ts
~ preferred to {C}, Ci} by inequality (2.58). Hence < 0 would imply {Cl‘;),
Ci} is strictly preferred to {Cp, Cj}, thereby contradicting the fact that t ﬁ
' latter is an optimal solution of (2.55). It must be that {; >0 for a
l B:r, z;lil'n,(fst the same logic, if inequality (2.58) for investor i @s strict, 'tl.len
\; = 0 leads to a contradiction, and so this same \; must be stpctl_y positive.
Since at least one inequality in (2.58) is supposed to be. strict, 1f_ we sum
~ equation (2.62) across i, we see that both sides of the resultmg.equ'atu‘)n must
~ be strictly positive. Using (2.61), we see that the right hand side is simply

ic(') — iv; >0
i=1 i=1

But this contradicts the supposition that {C!,C?,...,C’ }As?tlsfy EI}e feasi-
bility requirement (2.57); we conclude the collection {C',C?,...,C"} must
be Pareto efficient. -

In summary, if the market is complete, then a necessary c;ondltlon _for a
collection of consumption processes to be part of an equilibrium sol.u'thn is
that the collection be Pareto efficient. Hence to compute an equilibrium
solution, a reasonable approach might be first to identify all the Pareto
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efficient collections of consumption processes and then to search among
these for one that is part of an equilibrium solution. Unfortunately, this
approach is easier said than done, in general, and so this idea will not be
pursued any further. Instead, we will study a variation of the equilibrium
problem for which it is easier to compute equilibrium solutions.

Suppose we simplify the basic equilibrium problem by stipulating that
Co =0 and E; = 0 for every investor i = 1,...,1 and ignoring the utility of
time ¢ = 0 consumption, so that (2.55) for each investor is simply a standard
optimal portfolio problem. Furthermore, condition (2.56) for an equilibrium
solution is replaced by

1
(2.63) ZH:;=S,., for n=1,...,N
i=1

where s, > 0 represents the total supply or number of units or shares of
security n that are present in the market. The equilibrium problem can now
be thought of as a market where all the investors share common beliefs
about the time ¢ = 1 prices in each of the states, and the question is, ‘What
are the appropriate time ¢ = 0 prices? Or perhaps N companies are making
initial public offerings of their securities, they can assess the correct time
t = 1 prices of their securities in each of the states, and they want to set the
time 7 = 0 offering prices properly. In any event, the equilibrium solution
will now consist of time ¢ =0 prices and a trading strategy for each in-
vestor such that the optimal portfolio problem (2.55) is satisfied for each
investor and the market clearing condition (2.63) is satisfied.

To solve this kind of problem, a good approach is first to compute
H'(So) = {H{(S0),- .., Hy(So)}, the optimal solution of the portfolio pro-
blem (2.55) as a function of the specified time ¢ = 0 prices Sy = {S; (0),...,
Sn(0)}. Thus Sy — H,(S,) should be thought of as investor ’s demand
‘curve’ or demand function for security n. Knowing these demand functions
for all i and n, it remains to substitute them in (2.63) and solve for a time
t=0 price vector Sy such that the market clearing condition (2.63) is
satisfied.

We know something about the demand functions right away: they are
finite at the point Sy if and only if there exists a risk neutral probability
measure at the point Sp. This is because if there is no risk neutral pro-
bability measure, then there is some arbitrage opportunity, in which case
the investors would find it desirable to buy long or sell short an infinite
quantity of one or more of the securities. It follows that the region where the
demand functions are all finite, which will be denoted S, is a subset of the 7-
dimensional interval

N
n)il [min{S;(1)(®) : ® € Q}, max{S*(1)(0) : 0 € 0}

If .N e 1, .then this interval coincides with S. With N >2, S can either
coincide with the n-dimensional interval or be a proper subset of its interior.

)

E
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Consideration of this interval helps to organize the computation of the

demand functions.
If the utility functions are suitably smooth with «/(-) taking all the non-

E negative values on the real line, then the demand functions So — H'(So) are

continuous on S. This is because the first order necessary conditions (2.4)

are satisfied for each investor i, namely,

(2.64) 0 = E[Byi/ (vi + H{{S}(1) — $1(0)} + ... + H.{S:(1)
= Sa(0)D{SH(1) — Sa(0)}], n=1,....N

~ (recall S,(0) = S;,(0)). These equations are satisfied by some H' for each Sp

in S, and with modest assumptions the solution H'(Sp) will vary in a
continuous fashion with respect to Sy by what is called the implicit function
theorem.> Moreover, the absolute value of one or more components of the
demand functions will become arbitrarily large as Sy approaches the bound-
ary of S. For example, in the case N =1 the function H}(S,) becomes
arbitrarily large (small) as Sy approaches the lower (respectively, upper)
endpoint of the interval S.

As stated above, to compute an equilibrium solution the recommended
approach is first to compute the demand functions and then to substitute
them in the market clearing condition (2.63) to solve for Sy. But one should
be warned that this recipe will usually entail some nasty calculations; in fact,
this approach is not guaranteed to be successful. It is instructive to now look

at an example.

Example 2.8 Suppose N =2, K =3, P=(1/3,1/3,1/3), r = con-
stant, and there are I identical investors with u;(w) =In(w) and
v; = v. The time ¢ = 1 discounted prices are:

n_ S1)
(0] (0] 3

1 6 8 4

2 13 9 8

Recalling the matrix A4 that was studied in chapter 1, it is apparent that
if there is a risk neutral probability measure, then this market must be
complete. To compute the risk neutral probability measure as a func-
tion of the still unknown time ¢ = 0 prices, one solves the usual system
of equations and obtains

—28 — 51(0) + 45,(0)

18 r BE0
—4 4 58,(0) — 28,(0

Q(m) _ Iig) 2( ), =,
50 — 45 (0) — 255(0)

18 ¥ =g
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'NOTES

‘ ine function is equal to a constant plus a hnear function. y _

; ?:ratflf; situation here, suppose the N partial denvauves'of the n_ght hand sndg of
(2.64) with respect to each H} as well as to each S,.(O) is a continuous fu.ncn.on.
 Moreover, suppose the determinant of the N x N matrix of the partlal. dgnvanves
~ of the right hand side of (2.64) with respect to each Hi,n=1,...,N (thisiscalled a

The region where these three fractions are all strictly positive coincides
with the region S where the demand functions are finite; some simple
algebra reveals this to be the interior of the triangle with vertices at
(4,8), (6,13), and (8,9). With log utility the optimal attainable wealth is
of the form W = vP(1 +r)/Q (see exercise 2.2), so solving the system
Ho(1 +r)+ HSi(0) + H>S>(w) = W(w), one obtains the demand

Fanctipns ~ Jacobian), is non-zero at some point Sy where (2.64)_ is satisfied. Then the implicit
"‘ —(1/3)v (4/3)v  function theorem says there exist continuous functions Ig{g&}), ‘ '2;1,11?(?3) ss(:x:)l;
= = : - i ion i ti or
Hi(So) —28— 5,(0) + 45,(0) 50 — 45,(0) — 25,(0) tha;,h :ol:;r:,os:]l?}tg:ted in (2.64), this equation is satisfie 0
(5/3) " '
—4 4+ 58(0) — 25,(0)
80 T8~ 51(0) +45,(0) 50 — 45,(0) — 25,(0)
@/3)v

~ —4+55/(0) — 25,(0)

Hence knowing the values sy, 55, 1, and v, one can substitute these two
functions in the two market clearing equations (2.63) and solve for the
two unknown time ¢ = 0 prices. For example, if there are I = 2 inves-
tors each having v = $6000 to invest, and if there are available
51 =4000 and s, = 2000 shares of securities 1 and 2, respectively,
then system (2.63) yields S;(0) = 5 and S,(0) = 9. Substituting these
values back into the demand functions gives H| =2000 and
Hj = 1000, numbers which are as anticipated, since with / identical
investors the equilibrium trading strategies will necessarily satisfy
H,', =S,,/I. Note that Hy = v—H|S|(0) = H2S2(0) = —13,000, so
each investor will borrow $13,000 in order to finance these tran-
sactions.

Exercise 2.13 Suppose N = 1, K = 2, r = constant, S;(o;) = 6, S (a;) =
4, and P(®;) = 2/3. There are I identical investors, each with initial capital v
and with log utility preferences.

(a) Show that the risk neutral probability measure must be of the form
O(w1) = [So(1 +r) —4]/2 with S = (4/(1 +),6/(1 +r)).
(b) Show that the demand function is
v(1 +r){3S0(1+r) — 16}
3{4 — So(1+r)}{6 — So(1 +7r)}

and is strictly decreasing on S.

H(So) =

(¢) Derive a formula for the equilibrium price Sy in terms of general
parameters I, v, s;, and r. What is the equilibrium price when I = 3,
v =s1 = 1000, and r = 0?
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3.1 Model Specifications, Filtrations, and Stochastic Processes

Mu.ltiperiod models of securities markets are much more realistic than single
perlod_ mc?dels. In fact, they are extensively used for practical purposes in the
financial industry.

The following elements of the basic, multiperiod model are specified as data:

® T +1 trading dates: t = 0,1,..., T.
e A finite sample space 2 with K < oo elements:

Q= {mlvaa'“)mK}

e A probal?ﬂity measure P on {2 with P(®) > 0 for all ® € Q.

e A ﬁltratfon F= {.9" 5t=0,1,..., T}, which is a submodel describing
how the information about the security prices is revealed to the investors

e A bank account process B = {B;;t=0,1,..., T}, where Bis a stochasti(;
process with By = .1 and with B,(®) > 0 for all 7 and w. Here B, should be
thought of as the time 7 value of a savings account when $1 is deposited at
time 0 Usually Bis a non-decreasing process, and the (possibly random)
qua{ltlty re= (B —Bi1)/B.120,t= 1,..., T, should be thought of as
the interest rate pertaining to the time interval (t—1,0).
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N risky security processes S, = {Sx(7); t=0,1,... T}, where S, is a non-
negative stochastic process for each n =1,2,... N. Here S,(r) should be
thought of as the time ¢ price of risky security n, for example, the price of
one share of common stock of a particular corporation.

Note the multiperiod securities market model has two new features not
shared with single period models: the information submodel and stochastic

2 ~ process submodels of prices. These will now be described.

3.1.1 Information Structures

It is important to have a clear idea about how information concerning the
security prices is revealed to the investors. This is done in terms of subsets of

~ the sample space (2.

Consider that at time ¢ = 0 every state ® € 2 is possible. Some states may

be more likely than others, but none is ruled out. Meanwhile, at timet = T (it

will always be assumed) the investors learn the true state o of the world (and
thus the true value of every random variable). This is because as time evolves
the investors will be able to deduce the true state by observing the informa-
tion as it unfolds, since it will be assumed there exists a one-to-one corre-
spondence between each possible sequence of information and each state.
What about the information at intermediate times, namely, when
0 < ¢ < T? How do we model the way the information evolves? Well, the

~ new information observed over one time period enables the investors to rule

out certain states as being impossible. Hence one can view the evolution of
information as a random sequence {4,} of subsets of Q, where 4o = (2,
Ar = {0} forsome @€ 2 and 492 41 2 ... 2 Ar-1 2 Ar. The investors
know at time # that for some subset 4, the true state is some ® € 4,, but they
are not sure which one it is. Some states ® € 4, may be more likely than
others, but none is ruled out. On the other hand, every state @ € 4; (the

~ complement of 4,) is ruled out by the investors at time ¢. The investors know

the true state of the world is not outside 4,. Logically, one period later the
relevant subset A4,,, describing investor information must be, in turn, a
subset of 4,. Thus the sequence {4} of subsets that unfolds for the investors
must satisfy 4,,; C A4, for all ¢.

Notice there exist K possible information sequences {4,} of subsets. At
time ¢ = 0 the investors are aware of all these sequences, but they do not
know which one is going to unfold. Arbitrarily select one such sequence {4}
and some time s < T, and consider the collection of all the sequences {A4:}
which coincide with {4,} up through time s along with {4} itself. In
particular, consider all the time s+ 1 subsets A4,,; from the sequences in
this collection. If ® € A, then there must exist at least one subset Ay
containing o (if none of the sequences coinciding with {4,} through time s
ends up in state ®, then ® should not have been in 4; to begin with). Hence
the union of all the subsets A, that can possibly follow 4; must be equal to
Aj. Moreover, this collection {41} of subsets must be mutually exclusive
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(if ®, say, were contained in two distinct subsets, then there would exist
two or more distinct sequences {4,} corresponding to state m, a contra-
diction). Hence the collection {A4,;,} of subsets that can possibly follow A,
forms a partition of A;, that is, a collection of disjoint subsets whose union
equals A;.

In particular, taking s = 0, we see that the collection {4,} of all possible
time 7= 1 subsets forms a partition of Q. This partition is denoted 2,.
Moreover, the collection {4,} of all possible time 7 = 2 subsets also forms
a partition, denoted 2,, of ; it has the property that each 4 € 2, is equal to
the union of one or more of the elements of 2,. It follows, therefore, that the
information structure is fully described by a sequence 2,,2,,...2r of
partitions of 2, with 2 = {Q}, 27 = {{w,},..., {ok}}, and satisfying the
property that each 4 € 2, is equal to the union of some elements in P4 for
every t < T. This sequence {#,} of partitions is uniquely constructed from
the collection of possible information sequences {4,}. Conversely, given a
sequence {#;} of partitions as above, there is a unique, corresponding
collection of possible information sequences {4.:}.

There are several good ways to visualize the information structure. The
sequence of partitions can, of course, be described with a sequence of
pictures of the sample space, one picture for each point in time showing
the corresponding partition. Alternatively, the sequence of partitions can be
described with a network diagram known as a tree, where each node corres-
ponds to one element A, of the time ¢ partition, and there is one arc going
from this node to each node corresponding to some A,.; C A,. There will
thus be one path from the time ¢ = 0 node (i.e., Ao = ) to each t = T node
(i.e., A7 =  for each state w), and each such path will indicate a possible
information sequence {4,}.

Example 3.1 WithK =8and T = 3, suppose the time ¢ = 1 partition
is
P21 = {{o1, 0, 03,04}, {05, 05,07, 08}}

Then for the time ¢ = 2 partition we could take

P2 ={{o,m}, {o3,04}, {0s,06}, {07,05}}
or

'?2 = {{0.)1}, {(02,0)3,0)4}, {(05,(06, 0)7,0)8}}

for example, but we could not take

P = {{mlvm27m3}? {0)3,(04}, {(05’0)6}’ {0)7,(03}}

for example, because two of the subsets are not disjoint, nor could we
take

92 . {{(D],(Dz}, {0)3,(!)4,(05}, {(1)5,0)7,0.)8}}
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because no union of any of these Asubsets equa.l_s . {ws, ¢, @7, g}
Adopting the first suggestion for the time 7 = 2 partition, this examp}e
can be conveniently described by the sequence of pictures shown in
figure 3.1 or by the tree diagram in figure 3.2.

In summary, the submodel of information structure can be.organized asa
sequence of partitions, with each successive partition becoming finer. Or it

~ canbe organized as a tree. There is still another way to specify the submodel.

A collection Z of subsets of  is called an algebra on €2 if

(@ QeF
(b) FEF=>F=Q\FeF

" (©) FandGe# = FUGEZ.

= i i then it must contain

Note that the empty set ¢ = Q¢, so if & is an algebra, : ;
the empty set. Note also that FNG = (F°U Q”)‘, so if # is an algebra
containing F and G, then # must contain the intersection F NG of F and
G. Hence an algebra on Q is a family of subsets of § that is stable under
finitely many set operations. ‘

Givin an algebra on (2, denoted #,, you can always find a unique
collection {F,} of subsets F, such that

(a) each F, € 4, o
(b) the subsets {F,} are disjoint, and
(c) the union of the subsets {F,,} equals Q.

In other words, corresponding to the algebra &, is a partition of 2, which is
unique.

(o (0% @5 g
(OF] Wy W7 g
t=1
[N ®; @5 Wg (o) ®; @5 g
W3 W4 7 g w3 [0 w7 g
t=2 t=3

Figure 3.1 Partitions corresponding to information submodel for
example 3.1
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@5
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@7

g

Figure 3.2 Information tree submodel for example 3.1

Conversely, given a partition i
. > & you can perform a variety of elementary set
:r;;ir'atlons (taking complements, intersections, unions, and so forthjar)éen-
Ing as many new subsets as possible. You th ' it
algebra, which is unique. Py o p wilh &
Hence there is a one-to-one corres i
pondence between partitions of Q and
algebr.as on 2, and so the submodel of the information structure can be
:)t_ga:)m;zed as a sequence {#%,} of algebras. We write F— {#
=0,1,...,T} and call F a filtration. Note that Fo={0,0} and ?T’
conzllstshof all the subsets of Q. .Since each subset in the time ¢ partition
;_m s the union _of some subsets in the time (¢ + 1) partition, we must have
t CF o, that‘ is, eaqh sqbset of &, must be an element of # ++1- One thus
can say that our filtration is a nested sequence of algebras.

Example 3.1 i i i iti
= algebra (continued) Corresponding to the time 7 = 1 partition is
F1= {6, {1, 0, 03, 04}, {05, 06, 07, w5} }

Corresponding to the time 7 = 2 partition we adopted is the algebra

F2={6,Q, {0, 02}, {03, 04}, {0s, 06}, {@7, 08}, {01, 02, @3, 004},
{5, 06, 07, 05}, {01, 03, 05, 6}, {01, 02, 07, 5}, {03, 04, 05, 6}
{@3, 04, 07, 08}, {01, 0, @3, 04, 05, 0}, {@1, 02, 03, 04, 07, g},
{01, 0, s, 05, 07, 03}, {3, 04, w5, 06, @7, wg}}.

’
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~ 3.1.2 Stochastic Process Models of Security Prices

" A stochastic process S, is a real-valued function S,(t,®) of both 7 and w.
~ Hence the domain is {0,1,...,7} x . For each fixed o€ Q, the
~ function t — S,(¢,®) is called the sample path. For each fixed ¢, the function
. @ — Su(t,0) is a random variable.

" For modeling purposes, we want our stochastic process model of the
" security prices to be consistent with the information structure. In particular,
. we want the information available to the investors at any point in time to
~ include knowledge of the present and past security prices. This is accom-
~ plished by introducing the concept of measurability of random variables.

~ The random variable X is said to be measurable with respect to the algebra
& if the function ® — X () is constant on any subset in the partition
~ corresponding to #. Equivalently, for every real number x, the subset
. {® € Q: X(o) = x} is an element of the algebra #.

Example 3.2 With #, = {$, 2, {01, 0, 03,04}, {05, 06,07, 0}} as
in Example 3.1, suppose

6, ® = 01, 0,03, Or W4
X(@) =4 e
8, ® = ws, W, W7, O (g

and

1, ® = 01,03,0s, Or ©7
Y((D) = ’ ’ ' '
0, ® = i, w4, W6, OF g

Then X is measurable with respect to &, but Y is not.

A stochastic process S, = {S(#); t=0,1,..., T} is said to be adapted to
~ the filtration F = {#,;1=0,1,..., T} if the random variable S,(¢) is mea-
~ surable with respect to &, for every r=0,...,T. It will be assumed in all
~that follows that the price of the nth risky security is an adapted stochastic

- process S, forn=1,...,N, and the same for the bank account process B.

~ So how does the requirement that the stochastic processes be adapted
- ensure that each investor has full knowledge of the past and present prices?
" The investors know at time ¢ that the true state ® is contained in a particular
subset in the time ¢ partition 2,. The time 7 price S,(f) of each security must
be constant on this subset, so the investors can work out what the time ¢
~ values of the securities must actually be. Moreover, since the partitions form
. a nested sequence, the investors can infer the observed subsets in earlier
~ partitions and thereby deduce the actual security prices at earlier times.

In summary, our securities market model will consist of security processes
that are adapted to the filtration, so the investors will have full knowledge of
the past and present prices. While the information and security submodels
can be specified simultaneously, in practice the filtration is often specified
only after first specifying the stochastic process submodel of the securities.



78 Multiperiod Securities Markets

But starting with a specification of the stochastic processes, it is usually
possible to specify two or more filtrations such that the security prices will be
adapted. Some of these filtrations may be unacceptable, however, because
they may be consistent with allowing the investors to look into the future.
For example, if time ¢ + 1 prices are %, measurable, then the investors know
at time 7 what the prices will be at time ¢ + 1. Nevertheless, there is always
one filtration that corresponds to learning about the prices as time goes on,
but learning nothing more. The derivation of this kind of filtration is illu-
strated in the following example.

Example 3.3 Consider an investor who watches a security and knows
that it is going to evolve as follows:

~
Il

W =0 t=1

(O]} S0=5 S1=8
W So=5 S =28
w3 So=5 5124
W4 S0=5 S|=4

2Ny
(R
WSRO N

I

Here N =1, and we are using the convention that when N =1 the
subscript can denote the time index instead of the identification of the
risky security. Moreover, T = 2 and K = 4, so the stochastic process S
has been specified for every (2, ®).

Now at time ¢ = 0 all the investor observes is Sy = 5; in other words,
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So=5

W3

A A

$,=3 04

Figure 3.3 Information structure and risky security for example 3.3

the investor does not have a clue about the true state, so ¢ = {¢, 2}.
But at time 7z = 1 the investor observes either S; = 8 or S; = 4. In the
former case the investor infers the true state must be either ®; or wy; in

prices, making sure the processes are adapted to ensure appropriate investor
knowledge of past and present prices. This is illustrated in the following
example.

the latter case it must be either w; or m4. Hence the relevant partition is
{o1, @} U {03, 04}, and the corresponding algebra is

F1={,9, {01, 2}, {03,04}}

At time ¢ = 2 the investor observes S, and thereby deduces the true
state ® (the investor distinguishes ®, from w; by remembering S)).
Hence the relevant partition is ®; U @, U 3 U o4 and £ is the collec-
tion of all subsets of 2. The resulting information structure can be
described as the tree in figure 3.3. Note that, indeed, the stochastic
process S is adapted to the filtration.

A filtration constructed in the manner illustrated in example 3.3 is said to
be generated by the stochastic process. The resulting filtration is the coarsest
one possible, that is, the various algebras have the fewest possible subsets
such that the stochastic process under discussion is adapted.

But there is another useful way to construct the securities market model.
You can start with a filtration submodel, based upon, perhaps, a variety of
information reports. Then you add stochastic process models of security

Example 3.4 Suppose, with K =4, N =1, and T = 2, that at time
t = 1 a marketing survey will be conducted that will be either favorable
(corresponding to the subset {®;, w3}) or unfavorable {w;, w4}, re-
spectively). Morever, in either case the risky security will possibly take
one of two distinct values. Hence the relevant partition at time # = 1 is
®; U, Uws Uwyg and the corresponding algebra % is the collection
of all subsets of 2. Note that the risky process defined in example 3.3
is adapted to this filtration and thus consistent with the informa-
tion submodel. But since the investors can distinguish ®; from w, as
well as w3 from w4 at time ¢ = 1 by observing the marketing report,
they learn more information than by only observing the price
process. In fact, the investors can now look into the future, for
they know at time ¢ = 1 what the prices will be at time ¢ = 2. The
filtrations in examples 3.3 and 3.4 are different, although the price
processes are the same. This modeling flexibility is one reason why we
go to the trouble of having filtration submodels of the information
structure.
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3.1.3 Trading Strategies

A trading strategy H = (Hy, H,, ---, Hy) is a vector of stochastic processes
H,={H,(t);t=1,2,---,T}, n=0, 1,---, N. Note that H,(0) is not
specified; this is because, for n > 1, H,(f) should be interpreted as the
number of units (e.g., shares of stock) that the investor owns (i.e., carries
forward) from time ¢ — 1 to time 7, whereas Hy(¢)B;—; equals the amount of
money invested in the bank account at time ¢ — 1. Note also that H,(¢) can
be negative; this corresponds to borrowing money from the bank (in the case
n = 0) or selling short security » (in the cases n > 1).

It may seem odd to model an investor’s trading strategy as a stochastic
process, but upon recalling that a stochastic process is little more than a real-
valued function of time and the state, this begins to make sense. A trading
strategy should be a rule (i.e., a function) that specifies the investor’s posi-
tion in each security at each point in time and in each state of the world.
Moreover, this rule should allow the investor to choose a position in the
securities based on all the available information, but it should not allow, for
example, the investor to ‘look into the future.” Hence the trading strategies
must be related to the filtration submodel of the information structure in just
the right way so that the investor can base the trading position on the
available information, but nothing more. This is done by introducing the
concept of predictibility.

A stochastic process H, is said to be predictable with respect to the
filtration F if each random variable H,(f) is measurable with respect to
F,forallt=1,2,.---, T. Since #,_, C #,, this means that all predict-
able stochastic processes are adapted.

It will be assumed in all that follows that each component of a trading
strategy H is a predictable stochastic process. Since the trading position
H,(t) established by the investor at time 7 —1 is constant on the subset
that is observed in the time ¢ — 1 partition £,_;, the investor can take
into account all of the information available at that time, but nothing
more.

Example 3.1 (continued) Since H,(1) € #, the position in security »
carried forward from time ¢ = 0 to time ¢ = 1 must be the same for all
o € Q. At time ¢ = 1 the trader can adjust this position based on the
information which becomes available, that is, on the observation as to
whether the true state ® € {®;, @;, ®3, ®4}. Consequently, the inves-
tor can choose one value for H,(2, o) if ® € {0, @, ®3, 4} and a
second value for H,(2, o) if ® € {®;, ®2, ®3, 04}. In other words, the
investor’s new position at time ¢ =1 can be according to any rule
H,(2) with H,(2) € #,. Finally, and in a similar fashion, at time
t =2 the investor learns the information corresponding to % ;;
the investor can take a new position according to any rule H,(3)
with H,(3) € #,; and this rule will have the property that
H,(3, o1) = H, (3, ®2),- -+, and H,(3, @7) = H,(3, wg).
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3.1.4 Value Processes and Gains Processes

The value process V. ={V;;t=0,1,---,
by

T} is a stochastic process defined
N

1) Bo+ 3 Hi(1)S,(0), £ =0
n=1

t) B, +EN:H,,(1)S,,(t), b1

Hence V) is the initial value of the portfolio and, for ¢ > 1, V, is the time-t
value of the portfolio before any transactions are made at that same time.
Note that V' is an adapted stochastic process (if you know the subset in 2,,
then you know H(?), B,, and S,(¢), in which case you know V).

Denote

AS,(t) = Su(t) — Su(t—1)
for the change in the value of the stochastic process S, between times ¢ — 1

and . Then H,(t)AS,(t) represents the one-period gain or loss due to the
ownership of H,(t) units of security n between times 7 — 1 and ¢. Similarly,

ZH ) AS,(u)

represents the cumulative gain or loss through time 7 due to the investment in
security n. This sum is an example of what is called a (discrete time)
stochastic integral, being the weighted sum of the values of one stochastic
process (H,), where the weights are given by the one-period changes of
another stochastic process . Finally,

G = ZHo(u )AB, +ZZH )AS,(u), 1>1

n=1 u=1
defines the gains process and represents the cumulative gain or loss
through time ¢ of the portfolio. Thus G is the stochastic integral of
the trading strategy with respect to the price process. Note that
G ={G; t=1,...,T} is an adapted stochastic process.

Example 3.3 (continued) Suppose B; = (1 +r)’, where r>0 is a con-
stant. Then for the value process we have Vy = Hy(1) + 5H;(1),

% {(1 r)Ho(1) +8H (1), o = o1,

PTN A +n)Ho(1) +4Hi (1), © = o304
and

Vs (1 +r)2Ho(2) +6H|(2), ®2, ®3
(147r)Ho(2) +3Hi(2), © = w4

Il

e
Il

{(1 +1)2Ho(2) +9H1(2), o = o,
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The gains process is given by

o rHo(1)+3H1(1), 0 = 0,0
"I U rH(1) = Hy(1), o = o3,04

and
rH()(l) +3H1(1) +r(1 +Y)Ho(2) +H1(2), 0 = O
G — rHo(l)+3H1(l)+r(1+r)Ho(2)—2H1(2), O = W
27 rHo(1) — Hy(1) + r(1 + r)Ho(2) + 2H,(2), © = w3
rHo(1) — Hy(1) + r(1 + r)Ho(2) — H1(2), O = o4

3.1.5 Self-Financing Trading Strategies

As mentioned earlier, for #>1 the quantity V; represents the time ¢ value of
the portfolio just before any transactions (that is, any changes of ownership
positions) take place at that time. Meanwhile,

N
Ho(t+ 1)Bi+ Y _Hy(t+1)S,(1), t>1
n=1
represents the time ¢ value of the portfolio just after any time # transactions,
that is, just before the portfolio is carried forward to time ¢ + 1. In general,
these two portfolio values can be different, which means that at time ¢ some
money is either added to or withdrawn from the portfolio. However, for
many applications money cannot be added to or withdrawn from the port-
folio at times other than # = 0 and ¢ = T, and so this leads to the concept of
self-financing trading strategies.
A trading strategy H is said to be self- financing if

- :
(31)  Vi=Ho(t+1)B,+ Y Hy(t+1)Sy(t), t=1,...,T—1.
n=1

In other words, the time ¢ values of the portfolio just before and just after
any time ¢ transactions are equal. Intuitively, if no money is added to or
withdrawn from the portfolio between times ¢ =0 and ¢ = 7, then any
change in the portfolio’s value must be due to a gain or loss in the invest-
ments. Note this concept is not relevant to single period models. Moreover,
one can show by some simple bookkeeping calculations that:

(3.2) A trading strategy H is self-financing if and only if

V(=V0+Gt, t=1,2,...7T.

Example 3.3 (continued) For the trading strategy H to be self-finan-
cing, one must have at time ¢ = 1

Vi=(1+r)Hy(l) + 8H (1) = (1 +r)Hy(2) + 8H;(2)
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in states ®; and m, and
Vi=(14+r)Ho(l) +4H (1) = (1 + r)Hy(2) + 4H,(2)

in states @3 and 4. Equivalently, using V, = V + G, for t =1 and
t =2 gives ¥V} = V5 — [G2 — G;]. Computing this for @, yields

Vi = (1+r)Ho(2) + 9H(2) — [r(1 +r)Ho(2) + H;(2)]
= (1+r)Ho(2) + 8H,(2)

which is the same as the self-financing equation (3.1). Similarly for ;.
For 3 one computes

Vi = (1+7r)Ho(2) + 6H,(2) — [r(1 + r)Ho(2) + 2H,(2)]
= (1+r)Ho(2) +4H,(2)

which is also the same as earlier.

3.1.6 Discounted Prices

It is convenient to introduce discounted versions of some of the price
processes that have been introduced above. For much of the financial theory
that will be developed, what matters is the behavior of the security prices
relative to each other, rather than their absolute behavior. Hence we will be
interested in normalized versions of the security prices, obtained by dividing
the prices of the various securities by the price of one of them. For this
purpose it is convenient to select the bank account as the divisor, that is, as
the numeraire.
The discounted price process S;, = {S;(t);t=0,1,..., T} is defined by

S'() = Su(H)/Bi, t=0,1,...,T; n=1,2,...,.N
The discounted value process V* = {V/};t =0,1,..., T} is defined by

Ho(1) + S H(1)S3(0), 1=0
VI* = n=1
Hy(t) + %H,,(I)S;(t), t=1,...,T

n=1

Finally, the discounted gains process G* = {G};t =1,2,..., T} is defined by
N ¢
G =Y Y HyuwAS,wu), t=1,...,T
n=1 wu=l1

where the notation AS;(«) means S} (u) — S, (u — 1), as should be guessed
from the earlier definition of the (undiscounted) gains process. All of these
are adapted, stochastic processes.

By carrying out some bookkeeping calculations it is straightforward to
verify that
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(3.3) Vi=V/B;,t=0,1,...,T
and that
(3.4) A trading strategy H is self-financing if and only if

Vi=V;+Gj, fort=12,...,T

Exercise 3.1 Verify (3.2).
Exercise 3.2 Verify (3.3).
Exercise 3.3 Verify (3.4).

3.2 Return and Dividend Processes

Given a price process S,,n=1,..., N, suppose one defines a new process
R, = {R,(1); t=0,1,...,T} by setting R,(0) =0 and, forallt=1,...,T,

65 AR() = {(?,Sn(t)/sn(t— 1), g:g: B ig

This process R, is called the return process corresponding to the price process
S,. The return process Ry is defined in terms of the bank account process B
in a similar manner, giving ARy(¢#) = r;. These and other kinds of return
processes are often useful for making various kinds of calculations.
Note that AR,(f)> — 1, because the prices are non-negative Moreover,
AR,(t) > —1 for all ¢ if and only if the price process Sh is strictly positive.
The equation defining R, is the same as

(3.6) AS,(t) = Su(t — 1)AR, (1), t=1,...,T

which, in turn, is the same as

(3.7) S,(t) = S, +Zs (u—1) AR,(u), t=1,...,T

u=1

Still another equivalent equation is
(3.8) S(t) = O)H (1+ AR,(w)), t T

These last two equations show that starting with a return process R, satisfy-
ing AR, > —1 together with an initial price S,(0), one can define a strictly
positive price process . Hence there is a one-to-one correspondence between
positive price processes and pairs consisting of a positive initial price to-
gether with a return process having jumps bigger than minus one. This is a
useful fact, because it is often easier to set up a securities market model by
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first specifying the return processes rather than by directly specifying the
price processes.

3.2.1 Returns for Discounted Price Processes

The return processes corresponding to value processes, discounted price
processes, and so forth can be defined in exactly the same way. Since
S:(t) = Su(t)/B; for t =1,..., T, one may wonder how R;, which denotes
the return process corresponding to S;, relates to R,, the return process
corresponding to the undiscounted price process. To find out, we can
compute

AS; (1) = S,(1) — Syt = 1) = Su(1)/B, — S, (t - 1)
_Sa(t =D+ AR(0)]  f,
= TBal+ ARG Y
. AR, (1) — ARy(1)
=5~ 1)| 1+ AR (1) ]
Since AS? (1) = S;(t — 1)AR;(t) by definition, this implies
t) — ARy(?)

e ARy(1)
AR =T AR

This is consistent with

t
=5,0) [] (1 + AR} (u
u=1

1+ AR, (u)

= 5,(0) [r:m

u=1

| = s:0/3,

3.2.2 Returns for the Value and Gains Processes
Since H,(1)AS,(t) = H,(2)Sx(t — 1)AR,(1), it follows that the gains process
satisfies

G,=Xt:Ho( B._1ARy(x) +Z ZH Sp(u—1) AR, (u)
u=1

= f: Mo(u) AR, (u) + Z ZMn(u) ARy (u)
u=1 n=1 u=1

where the quantity

Hy(?) B, =0
(t)E{ 08 (;_1) 2=1,2,...,N

can be interpreted as the money invested in security n beginning at time
t—1. In other words, M = {Mo,M,,...,My} is an alternative way to
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specify the trading strategy, and the preceding expression for G says that the
gains process is equal to the stochastic integral of the trading strategy M
with respect to the return process of the securities. Note that
M, = {M,(t);t =1,2,...,T} is a predictable stochastic process.

Next, consider the return process, denoted R, corresponding to the value
process V. Since

= Vi1 + Ho(t) AB,+ZH () AS, (1)

n=1
N
= Vi1 + Mo(t) ARy (1) + Y M, (1)AR,(1)
n=1

it follows that
AR(t) == [Vt - V,_]]/V[_]

Mo(t) X M(1)
-5 ARo(r)+Z[ = | AR,

n=1

= iF,,(t)AR,,(t)

n=0
where
F,(t)=M,(t)/ V-1, n=0,1,...,N

represents the fraction of the investor’s wealth invested in security » at time
t — 1 and about to be carried forward to time z. The equation for R expresses
the return process for the value process in terms of the return processes for
the individual securities. Note that F, = {F,(t);t =1,2,..., T} is a predict-
able stochastic process. The quantity F,(f) can be negative for some n, ¢, and
o, but one always has Fy(t)=1—F(t)—...— Fy(t). Hence F =
{Fy,...,Fy} is still another form of the trading strategy.

In summary, the trading strategy can be expressed in three ways: as the
number of units, H,, invested in security n; as the amount of money, M,,
invested in security »; or as the fraction of wealth, F,, invested in security
n. In the latter case, if you also know the return process for each security,
then you have a convenient, alternative expression for the value process,
namely,

=V H[l + AR®w)] = Vo ]'[[1 +ZF
n=0
So, starting with a trading strategy in the fractional form F = {F, ..., Fy}
together with the individual return processes {R,} and the initial value Vo,
one can compute V; as well as the trading strategy in the monetary form
M = {My, M;,...,My}. Knowing, in addition, the initial prices By and
S,(0), one can compute the price processes as well as, finally, the trading
strategy in unit form H = {Hoy, Hy, ..., Hn}.
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With R* = {R*(t); t=0,1,...,T} denoting the return process corres-
ponding to the discounted value process V*, it follows from the above results
that

AR(t) — ARy(1)

9 AR (t) = ————7—=
(39) O =11 ar0
Hence
1 + AR(u)

v _V*H[1+AR*(u]_VoH[1+ARO(u)

which is consistent with the fact that V* = V/B.

3.2.3 Dividend Processes

Various kinds of securities, such as dividend-paying stocks, issue cash pay-
ments to the owners on a periodic basis. Up to this point, this feature has
been ignored. It is of no interest for the single period model, because S,(1)
represents the time ¢ = 1 value of one unit of the security for the investor
who made the purchase at time 7 = 0, and how this is divided up between a
cash dividend and the time 7 = 1 value of a stock certificate, say, is of no
consequence. For multiperiod models, however, it is often important to
explicitly model any dividend payments. For example, the investor holding
a stock over several periods may receive a cash dividend, and it is necessary
to carefully model whether the investor reinvests the cash in the same stock,
deposits the cash in the bank account, or uses the cash in another way.

There are two ways to incorporate dividend payments: implicitly and
explicitly. With the implicit approach, S,(#) should be interpreted as the
value of the investment where one unit of the security is purchased at time
t = 0 and held indefinitely, and any dividends received are reinvested in the
same security. For example, if a $1 dividend is received at time ¢ = 1, then
the ex-dividend price at that time 1s Sn(1) — 1, which means the $1 dividend
was used to purchase (S,(1) — 1)~ additional units of the security. But as
time evolves further the bookkeeping becomes rather messy, as one tries to
keep track of the true security price, the true position in the security, and so
forth. Nevertheless, this implicit approach is sometimes convenient for
addressing issues where the return process is what matters, because two
securities having the same return process are (at least for some purposes)
equivalent, even though one pays dividends and the other does not. In other
words, the implicit approach is really one where you can work exclusively
with return processes rather than a price process; in effect, each dividend-
paying security is replaced by a security that does not pay any dividends but
has exactly the same return process.

To see what the return process is for a dividend-paying security, and to
describe the explicit approach, we call D, = {D,(t) : t =0,..., T} the divi-
dend process for security n, n=1,...,N, where D,(0) =0 and AD,(¢)
represents the dividend per security unit paid at time 7. Thus D,(#) represents
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the cumulative dividend payments associated with one unit of the security.
Moreover, S,(t) represents the ex-dividend price of the security, that is,
the price after any time ¢ dividend payment. It will always be assumed that
the dividend process is an adapted process. For securities paying dividends,
the dividend processes should be specified as part of the data.

Now an investor owning one unit of security » at time 7 — 1 will earn a
profit of AS,(t) + AD,(t) over the ensuing period, so the corresponding
one-period return is (assuming S,(z — 1) > 0)

AS,(1) + AD,(2)
AR,(t) = yt=1,....T;yn=1,...,
®) Sa(t— 1) " v

Thus knowing the price and dividend processes for a security, one can
deduce the security’s return process (of course, R,(0) = 0), but not conver-
sely. For a given return process, it is clear that there can exist an infinite
number of price-dividend process pairs all having this same return process,
with one of these pairs satisfying D, = 0.

The discounted return process R}, for a dividend-paying security is defined
by taking R}(0) = 0 and
_ AS; (1) + ADW(1)/B,
- Si(t—1) ’
It is not difficult to verify that the earlier expression AR}(f) =
[AR,(1) — ARy(1)]/[1 + ARy(?)], derived for the case of no dividends, still
holds.

In all that follows, a dividend-paying security will have its dividends

modeled in this explicit fashion. Thus if no dividend process is specified,
then it should be assumed the security does not pay any dividends.

AR:(f) t=1,....,T;n=1,...,N

Exercise 3.4 Show that in example 3.3 one has R;(1,®;) = R;(1,®;) = 0.6,
R](l,(l)g.) = Rl(l,(D4) = —-0.2, R1(2, 0)1) = 0725, R1 (2, 0)2) = 035,
Ri(2,m3) = 0.3 and R, (2, m4) = —0.45. What is the return process R}, corre-
sponding to S} in the case where the interest rate is the constant r > 07

Exercise 3.5 Show that (3.5), (3.6), (3.7), and (3.8) are all equivalent when
S, is strictly positive. What if S, can be zero?

Exercise 3.6 Verify relationship (3.9) in two different ways.

3.3 Conditional Expectation and Martingales

Just as with single period models, the multiperiod securities market model
will have no arbitrage opportunities if and only if there exists a risk
neutral probability measure. However, in the multiperiod situation the risk
neutral probability measures are defined in terms of things called martin-
gales, and these, in turn, are defined with conditional expectations. The
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purpose of this section will therefore be to introduce these two concepts from
the world of probability theory.

In elementary probability theory, where, as we are assuming, the sample
space (2 is finite, the conditional expectation of the discrete random variable
Y given the event A is denoted E[Y|A] and defined in terms of the condi-
tional probability distribution P{Y = y|4} by

E[Y|4] =) y P{Y =y|4}

Since P{Y = y|A} = P{Y =y, A}/P{A} by Bayes’s Law, it follows that
E[Y|4] =Yy P{¥(0) = y,4}/P{4} = ) Y (0) P{o}/P{4}

oeA

Hence in example 3.3, for instance, where P{w} = 1/4, for all ® € {2, one
has P{S,=9|S|1 =8} = P{S,=6|S; =8} =(1/4)/(1/4+1/4) =1/2, in
which case E[S,|S) = 8] = 7.5. Similarly, E[S,|S) = 4] = 4.5.

When working with stochastic processes defined on a filtered probability
space, it is often convenient to use E[Y|#] as a summary of all the condi-
tional expectations of the form E[Y|A] as the event A runs through the
algebra #. The idea is that E[Y|#] is defined by

E[Y|#] 14 = E[Y|4], all A € 2
where 2 is the partition of 2 that corresponds to % . Thus E[Y|#] will be a

random variable that is measurable with respect to % . In the case of example
3.3, for instance,

7.5, ; and o

E[S:|#,] = {4_5, o3 and oy

Since E[Y|#] is a perfectly good random variable, we can compute its
expectation:

E [E[Y|§"]] = E[Z E[Y|4] 1,,] =Y P{4} E[Y|4]

Ae? Ae?

=3 P4} 3 ¥(0) Plo}/P{4}

AeP? weAd

=Y > Y (0) P{o} = EY

AcP? o€eA
A slight generalization of this is the following.

(3.10) If #, C #,, then E[E[YL%_] | #1] = E[Y|#1]

In example 3.3, for instance, E[E[S:|#1]] = 7.5/2+4.5/2 = 6 = ES,.
If the random variable X € %, then one can write

(3.11) X= ¥ %ila
Ae?
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where x4 is a scalar and 2 is the partition corresponding to % . Hence
E(XY|#] = E[XY|4]1,=) E[x4Y|4] 14

AeP AeP
= x4E[Y|4] 14 = X E[Y|#]
Ae?

In a similar fashion one can verify the following generalization.

(3.12) Given random variables X;, X, Y, and Y> with X, X, € #, one has
E[Xl i+ X, Yzl.g"] = XlE[Y| |g"] + XzE[Yzlg].

If Yis a constant, then clearly E[Y|#] = Y. Taking ¥ = 1 and using (3.12),
it follows that
(3.13) If X € # then EX|#] =X
In the case of example 3.3, for instance, E[S|S:|# ] = S1E[S2|# 1] and
E[S] |9'—1] =S.

Taking 4 € # implies 14 € #, so E[Y1,4|F]| = 14E[Y|#] by (3.12).
Hence by (3.10) one has

E[IE[Y|#]| = E[Y14], all A € #

It turns out this equation provides an alternative definition of E[Y|#], one
that generalizes to probability spaces where (2 is not finite. In particular,
suppose X € Z satisfies

(3.14) E(1,X]=E[Y1,], al Ae F
Taking X as in (3.11), it follows that E[1,X] = x,P{A4} when 4 € 2, the
partition corresponding to &#. Meanwhile, taking the same 4 € Z one has

E[Y1,]=)_ Y(0)P{o} = P{4}) Y (0)P{o}/P{d} = P{A}E[Y|4]
weAd weAd :
Hence (3.14) implies
x4 =E[Y|4], all 4 € 2
which means X = E[Y|Z]. This characterization of E[Y|#] is summarized
in the following.

(3.15) Given an arbitrary random variable Y, the conditional expectation
E[Y|#] is the unique random variable such that

(a) E[Y|F|eF
(b) E[E[Y|F)14 =E[Y1,), al A€ F
We now turn to the topic of martingales. We are given a filtered prob-

ability space together with an adapted stochastic process
Z={Z; t=0,1,...,T}. The process Z is said to be a martingale if

E[ZI+S|'97I] = Z[, all S,IBO
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Example 3.4 Consider a coin with P(heé.ds) =p,where0 < p < 1. Let

N, = number of heads after ¢ independent coin flips,
Z, = N, —pt, and
Z , = algebra corresponding to the observations of the first ¢ coin flips.

It is easy to see that E[N,| = pt. Moreover, Z is a martingale, because

E[Z115|F ) = E[Nyss — p(t + 5)|F ]
= E[Npys — Ni+ N|\F ] - p(t + 5)
= E[Nyys — Ni|F (| + E[N{|# ] — pt — ps
= E[N,] + N, — pt — ps
=N, —pt=2,

Here we used the self-evident fact that coin flips ¢+ 1, t+2,...,1+s
are independent of the first 7 flips, in which case the expected number
of heads observed during flips 1+ 1, #+2,...,7+ s, conditioned on
the observations of the first ¢ flips, is equal to the expected number of
heads observed during s flips.

Martingales are often used as models of fair gambling games, where Z;
represents the gambler’s stake after ¢ plays of the game.

I conclude by mentioning two kinds of processes that are closely related to
martingales. An adapted stochastic process Z = {Z,;¢t =0, 1,..., T} is said
to be a supermartingale if

E[Z, |F/]<Z, ,all5,t>0

Thus a supermartingale resembles a martingale, except that the conditional
expectation of the future value can be less than as well as equal to the current
value. All martingales are supermartingales, but not vice versa.
Finally, an adapted stochastic process Z = {Z;;1=0,1,..., T} is said to
be a submartingale if
E[Z, ,|F|>Z, alls,t>0

Thus Z is a submartingale if and only if —Z is a supermartingale. Also, Zis a
martingale if and only if it is both a submartingale and a supermartingale.

Exercise 3.7 Verify (3.10).
Exercise 3.8 Verify (3.12).

Exercise 3.9 With X = {X,;7=0,1,..., T} an adapted stochastic process,
show that the following are equivalent:

(a) X is a martingale.
b) X,=E[X7|#J;t=0,1,...,T -1
(C) E[AX,+||91]=O,t=0,l,...,T—1.
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3.4 Economic Considerations

I now return to our securities market model and develop a relationship that
is analogous to the one for single period models: there are no arbitrage
opportunities if and only if there exists a risk neutral probability measure.
This and most other economic concepts developed for single period models
hold in a rather similar fashion for multiperiod models; really only the
details are different.

An arbitrage opportunity in the case of a multiperiod securities market is
some trading strategy H such that

(@ W=0,

(b) Vr>o0,

(¢) EVr>0,and

(d) H is self-financing.

As with single period models, the existence of an arbitrage opportunity is not
consistent with economic equilibrium. The presence of a possibility of turn-
ing zero dollars into a positive amount of dollars without any risk of losing
money would beckon market forces that would disrupt the underlying
structure of security prices.

In view of (3.3), it is immediate that

(3.16) The self-financing trading strategy H is an arbitrage opportunity if and
only if
(@ V;=0,
(b) V7>=0,and
(© EV;>o.

And thanks to (3.4), we also have that

(3.17) The self-financing trading stragegy H is an afbitrage opportunity if
and only if

(a) G3>0, and
(b) EG; > 0.

Example 3.3 (continued) If B, =1 for t =0, 1, and 2, then there are
no arbitrage opportunities. If the investor has any position at all in the
risky asset at time ¢ = 1, then there is always the possibility that the
price will move in a losing direction. If any position is taken in the risky
asset at time ¢ = 0, then there is the possibility of ‘being in the red’ at
time 7 = 1 with no guaranteed way of recovering in the next period.
On the other hand, suppose B, = (1 + r)" with the scalar r>12.5 per
cent. Consider the trading strategy where you start with zero dollars
and do nothing at time ¢ = 0 or at time ¢t = 1 if §; =4, but if S; = 8
then at time =1 you sell short one share of the risky asset (i.e.,
Hy(2) = —1) and invest the $8 proceeds in the bank account (i.e.,
Hy(2) =8/(1+r)). Then at time ¢ = 2 the value of the portfolio is
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_ {(1+r)2H0(2)+9H1(2)=8(1+r)—9>0, o = o
(1+7)Ho(2) + 6H,(2) =8(1 +7) — 620, ® =

Hence this trading strategy is an arbitrage opportunity.

It turns out that, as with single period models, there are no arbitrage
opportunities if and only if there exists a risk neutral probability measure.
But while risk neutral probabilities are defined in terms of ordinary expecta-
tions for single period models, they are defined in terms of martingales for
multiperiod models.

A risk neutral probability measure (also called a martingale measure) is a
probability measure Q such that

1 Q(o)>0forallmeQ, and
2 The discounted price process S: is a martingale under Q for every
n=1,2;...;N.

In other words, in view of the definition of martingales, a risk neutral
probability measure Q must satisfy
E,[S,(t+5)|F ] = S,(1), 1,s>0
that is,
(318) EQ[BISn(t+S)/Bt+s|gt] - Sn(t), I,SZO
Example 3.3 (continued) Suppose B, = (1 + r)" where r>0 is a con-
stant. We want to compute a martingale measure, if there is one. To do

this, we can use (3.18) for different values of s and ¢, giving the
following equations:

t=0,s=1: 5(1+r) =8[Q(w1) + O(w)] + 4[Q(w3) + O(w4)]
t=0,5=2: 5(1+r) =90(w) + 60(0,) + 6Q(m3) + 30(s)
t=1,s=1: 8(1+r) =[90(w1) + 6Q(x2)]/[Q(m1) + O(w2)]

i —

t=1,s=1: 4(1+r) =[60(w3) + 30(w4)]/[Q(@3) + O(w4)]

Taking any three of these equations together with the equation
O(w1) + ...+ O(wg) = 1 allows one to solve for the four unknowns:

o) = (52) (555) = (45) (5%)
= (57)(45%) 0= (5%)(5%)

Note these are all strictly positive, and thus we have a valid probability
measure, if 0<r < 1/8. On the other hand, if 7>1/8 then Q(®,) is not
strictly positive, in which case there is no martingale measure.

If r < 1/8, then you cannot find any situation (that is, any time and
state) where the discounted price next period can be strictly higher
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than the current discounted price unless there is a chance the dis-
counted price next period is strictly lower. Nor can you find any
situation where the discounted price next period can be strictly lower
than the current discounted price unless there is a chance the dis-
counted price next period is strictly higher. Hence in every situation
there is a risk that a non-zero position in the risky security will lose
money over the next period, and so there are no arbitrage opportun-
ities.

On the other hand, if r>1/8, then if S; = 8 at time ¢ = 1 (which
means the state is ® or ®,), then S5 (w;) < S} () and S3(w,) < S7(w,).
Here is a situation where the discounted price next period can be
strictly lower than the present price without there being any risk that
the discounted price next period can be strictly higher. Of course, now
there is an arbitrage opportunity, as was described earlier.

We now come to the principal result of this section.

(3.19) There are no arbitrage opportunities if and only if there exists a
martingale measure Q.

A proof of this is similar to our proof of the analogous result for single
period models. In order to explain one direction, namely why the existence
of a martingale measure implies there are no arbitrage opportunities, we will
first provide a useful result that is in general terms:

(3.20) If Zis a martingale and H is a predictable process, then

G = 2H,, AZ,

u=1

is also a martingale.

This follows from some straightforward calculations using some proper-
ties of conditional expectations. Let s,7>0 be arbitrary. Then
E[G1ys|F (] = E[Gt4s — G + G| F ]
=EHAZj1+ ...+ Hy AZ | F () + G,
= E[EH1AZn|#1] | F1]
+ E[E[HH.zAZHz‘g'—H_]] | g"g] + s
+ E[E[H s AZ 5| F 115-1] | Fi] + Gy
= E[HE[AZn|F ) | F1]
+ E[H2E[AZ | F 1] | Fi] + ...
+ E[Hz+sE[AZt+s|37"r+s—l | #1 + G,
= E[H1-0|F |+ ...+ E[Hs - 0|F ] + G,
=G,
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where the next to last equality follows from the fact that Z is a martingale.
Hence G is a martingale too.

It follows directly from (3.4) and (3.20) that we have the following result,
which is of considerable practical importance:

(3.21) If Qis a martingale measure and H is a self-financing trading strategy,
then V*, the discounted value process corresponding to H, is a
martingale under Q.

We can use (3.21) to quickly show that the existence of a martingale
measure Q implies there cannot be any arbitrage opportunities. Suppose H
is an arbitrary self-financing trading strategy with V>0 and EV} > 0. This
implies Eg V7 > 0. Since by (3.21) V* is a martingale under Q, it follows that
Vs = EgV > 0. Hence by (3.16) H cannot be an arbitrage opportunity, nor
can any other trading strategies be arbitrage opportunities, by the arbitrary
choice of H.

One can show the converse of (3.19) in several ways, such as by using an
extension of the separating hyperplane theorem argument that was used for
the case of single period models. However, it is much easier to build on what
we already know for single period models, namely, the single-period result
analogous to (3.19). In particular, knowing there are no arbitrage opportun-
ities for the multiperiod model, one can construct one-period conditional
probabilities that are compatible with risk neutrality. The martingale mea-
sure Q can then be computed from these conditional probabilities by multi-
plying them together in accordance with the information structure of the
multiperiod model. In other words, the martingale measure for the multi-
period model is constructed by ‘pasting together’ various single period
models.

To be more precise, there is one underlying single period model corres-
ponding to each non-terminal node of the tree structure of the information
submodel, that is, to each 4 € 2, (the minimal partition corresponding to
Z,) for each t < T. The single period ‘time 0’ discounted price of risky
security n is S;(¢,),® € 4, which is constant on 4. The corresponding
single period ‘sample space’ consists of one state for each cell 4’ C 4 that
is a member of the partition 2, (that is, one state for each branch coming
out of the node in the tree structure of the information submodel). Finally,
the ‘time 1’ discounted prices for this single period model are given by the
values of S;;(1+ 1,0) for ® € 4.

If any underlying single period model has an arbitrage opportunity in
the single period sense, then the multiperiod model must have an arbitrage
opportunity in the multiperiod sense. To see this, suppose there exists
an arbitrage opportunity H for the single period model corresponding
to some 4 €, for t<T. This means that the discounted gain
I?.AS{(H— 1)+ ...+ HyASy(t + 1) is non-negative and not identical to
zero on the event 4. Now construct a multiperiod trading strategy H by
taking
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A

H,, s=t+l,w€Ad,n=1,.,N
Hy(s,0) = —HiS;(0) — ... — HySy(1), s=t+l,0€4,n=0
' HiAS}(t+ 1) +...+ HyASy(t+ 1), s>t+l, o€ 4, n=0
0, otherwise

Thus, as can be verified with a little work, H is the self-financing trading
strategy which starts with zero money and does nothing unless the event
A occurs at time ¢, in which case at time ¢ the position H, is taken in the
nth risky security, while the position in the bank account is chosen in a
self-financing manner. Subsequently, no position is taken in any of the
risky securities; any non-zero value of the portfolio is reflected by a
position in the bank account. If A is an arbitrage opportunity for the
single period model, then this subsequent position in the bank account
will, in fact, be non-negative for all € Q and strictly positive for at
least one ® € A. In particular, under H one will have Vj =0, V; >0,
and V3 (w) >0 for at least one we€ Q, that is, H will be an arbitrage
opportunity.
In other words, we see that

(3.22) If the multiperiod model does not have any arbitrage opportunities,
then none of the underlying single period models has any arbitrage
opportunities in the single period sense.

Consequently, in view of what we know for single period models, corres-
ponding to each underlying single period model is a risk neutral probability
measure. For example, corresponding to each 4 € 2, for t < T is a prob-
ability measure, denoted Q(z, 4), on the single period sample space. This
probability measure gives positive mass to each cell 4’ C A4 in the partition
2141, it sums to one over such cells, and it satisfies Ey(, 4)AS; (¢ + 1) = 0 for
n=1,...,N.

Notice that Q(t, 4) gives rise to a probability for each branch in the
information tree that emerges from the node corresponding to (z, A).
These probabilities should be thought of as conditional risk neutral prob-
abilities, given the event A at time 7. Hence starting with a collection of risk
neutral probability measures Q(z, 4) for all 4 € #, and ¢t < T, one can
construct a probability measure Q for the whole multiperiod model by
proceeding in an obvious manner: Q(w) is set equal to the product of the
conditional probabilities along the path from the node at ¢ = 0 to the node
corresponding to (T, ). Clearly )" .,0(w) = 1. Moreover, Q(w) > 0 for
every o € (2, because all the conditional risk neutral probabilities are strictly
positive.

It remains to explain why the probability measure Q that has been con-
structed is actually a martingale measure. Since Eg(, 4)AS;(1+ 1) =0 for
n=1,...,N,A € P, and t < T, it follows that

(3.23) Ep[AS,(t+1)|F]=0forn=1,...,.Nandt< T
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Now take arbitrary s, 7, >0 and n:
Eg[S;(t+ 5)|F /] = Eg[AS,(t+5)+ ...+ AS;(t+ 1) + S, ()| # ]
= Eg[Eg[AS,(t + 8)|F rys1] |F 1] + ...
+ EglEg[AS, (1 + 1)|# ] |#: ]+ S,(t)
= Eg[0|F /| + ...+ EQ[0|# ] + S,(¢)
= 5,(1)

where the next to last equality follows from (3.23) (note this calculation
demonstrates that, in general, an expression like (3.23) is equivalent to that
used in the definition of a martingale). Hence S} is a martingale under Q,
and so Q is a risk neutral probability measure.

The preceding explanation of the fundamental principle (3.19) may be a
bit abstract, but it becomes transparent if you look at the picture of an
information tree for a simple multiperiod model.

Example 3.3 (continued) Suppose B, = (1 +r)" with r a constant, as
before. Looking at the node corresponding to ¢ = 0 (which has two
branches emerging, corresponding to {®,;,®,} and {w;, @4}, respec-
tively), one sees that the conditional probability measure Q(0,2) can
be obtained by solving 5 = p8/(1 +r) + (1 — p)4/(1 +r). Thus p, the
conditional probability associated with the {w,,®;} branch, is
(1 +5r)/4, in which case the conditional probability associated with
the other branch is (3 — 5r)/4. In a similar fashion, one analyzes the
(1,{w,,®}) node and finally the (1,{w;,04}) node to obtain
(2+8r)/3, (1—8r)/3, (1+4r)/3, and (2 — 4r)/3 for the conditional
probabilities associated with the branches leading into the (2, i),
(2,0,), (2,03), and (2,04) nodes, respectively. Notice that all of
these conditional probabilities are strictly positive when 0 <r < 1/8,
in accordance with our earlier observation that arbitrage opportunities
will exist when r > 1/8. Moreover, notice these conditional probabil-
ities are unique, that is, no other choices will yield risk neutral prob-
abilities for the underlying single period models. Hence multiplying the
conditional probabilities along the four paths leading to the four states
in Q, we quickly obtain the same martingale measure Q that was
derived earlier in a different way. Indeed, we now recognize the earlier
expressions for Q(o) as being simply the products of the appropriate
conditional probabilities.

The martingale measures can be defined in terms of return processes
instead of price processes. We saw above that a strictly positive probability
measure Q is a martingale measure if and only if (3.23) is satisfied. Since
AS:(t+ 1) = Si(1)AR; (1 +1), (3.23) is true if and only if S:(1)Eg[AR;,
(t+1)|#,]=0forallnand t < T.But S;(t) = 0 implies AR; (¢ + 1) = 0 by
the definition of the return process, so this last statement is true if and only if:

(3.24) EolAR:(t+1)|#]=0,allnandt < T
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that is, if and only if R} is a martingale under Q for all n. In summary, we
have

(3.25) The strictly positive probability measure Q is a martingale measure if
and only if R} is a martingale under Q forn=1,...,N.

The corresponding requirement in terms of the (undiscounted) return
process R, is not so nice. It is not difficult to verify that

(t+l)—ARo(t+l)>

* * AR"
AS,,(t+1)=S,,(t)< 1T AR+ 1)

so if all the price processes are strictly positive, then (3.23) is the same as
AR,(t+1) — ARy(t +
1+ ARy(t+1)

Of course, we could have known immediately that this is equivalent to (3.24),
in view of the expression in section 3.2 for AR} in terms of AR,.

Now suppose some of the securities pay a dividend. To check whether
there are any arbitrage opportunities, what really matters are the return
processes of the securities, so principle (3.25) remains true. In other words,
there are no arbitrage opportunities if and only if (3.24) (or (3.26)) holds,
where now the return processes are defined in terms of dividend processes as
in section 3.2: AR,(t+1) = [AS,(t+ 1) + AD,(t +1)]/Sa(r) and AR} (1+

= [AS;(t+ 1) + AD,(t + 1)/By11]/S;(t). Thus (3.24) can be rewritten as

(327)  Eg[S;(t+1)+ AD,(t+1)/B.1|# /] = Si(1), allnand t < T

1
(3.26) Eo [ ) |.9°‘,] =0,allnandt< T

This makes sense: if the investor purchases one unit of security » at time ¢,
then the expected discounted value of this investment next period is equal to
the discounted value of the time ¢ position.

Using (3.27) and a fundamental property of conditional expectations, it is
easy to see that

Eo[S,(t+2) + ADy(t +2)/Bis2 + ADy(t + 1) /By | F ]
= EQ[EQ[S;(t +2)+ ADn(I + 2)/By+2|f;r+l]
+ ADy(t+1)/Biy1|F ]
=Ep[S,(t+ 1)+ AD,(t + 1)/B,11|F ]
=5,(1)
By a generalization of this argument, we therefore have:

(3.28) If Qs a risk neutral probability measure, then for each risky security
and every ¢, s >0

S, (1) = Eg[AD,(t+ 1)/Bis1 + ...+ ADy(t + 5)/Bris + Si(t + 5) |#]

Thus the time ¢ discounted price equals the conditional expected value of the
discounted dividend payments up through time ¢+ s plus the time ¢+ s
discounted price.
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Turning to another topic which is analogous to a notion introduced for
single period models, a linear pricing measure is a non-negative vector m =
(1, - ., m) such that for every self-financing trading strategy H you have

Vo= Zw ) V(o)

If Q is a risk neutral probability measure, then clearly it is also a linear
pricing measure. Conversely, any strictly positive linear pricing measure 7
must be a risk neutral probability measure. To see this, first take any trading
strategy with H; = ... = Hy =0 to conclude m + ...+ m = 1. Next, fix
arbitrary n,t < T, and some event 4 € #, = 1, and consider the self-finan-
cing trading strategy which starts at time ¢ = 0 with $1 in the bank account
and does no transactions unless event 4 occurs at time #, in which case all the
money is transferred into a long position in security » for one period, after
which it is immediately transferred back into the bank account, where it
remains until time 7. The bank account equals B, at time #, so with security n
having value S,(#)14 (here 14 denotes the indicator function of the event 4,
that is, 1 4(@) = 1 if ® € 4, whereas 14(0) = 0if ® & A4), this strategy entails
a time ¢ purchase of B;/S,(f) = 1/S;,(#) units of security » if event 4 occurs.
Since all the money is transferred back to the bank account at time ¢ + 1, the
discounted gain under this trading strategy will be

= (14/8S;(1)) AS;(t+1) =14 AR, (t+1)

Now the trading strategy is self-financing, so (3.4) holds. Thus if 7 is a linear
pricing measure, it follows that

3 r(©)Gr(@) =0

This is true for every 4 € #,, so taking Q(®w) = m(®) we conclude by (3.24),
(3.25), and our expression for G that Q is a risk neutral probability
measure.

In summary, a vector 7 is a linear pricing measure if and only if it'is a
probability measure on £ under which all the discounted price processes are
martingales. This is the multiperiod generalization of principle (1.8).

As with single period models, the law of one price holds for a multiperiod
model if there do not exist two trading strategies, say H and H, such that
Vr(®) = Vr(o) for all @ € Q but ¥, # V. Clearly the existence of a linear
pricing measure implies that the law of one price will hold.

Denote

W = {X € RX : X = G* for some trading strategy H}

L—{YeRX:X.Y=0forall X € W}

A={XecRK:X>0, X #0}

P={XeRf:X;+...+Xx =1, X>0} and
={XeP :X;>0,...,Xg >0}
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Then just as with single period models, P N W* is the set of all the linear
pricing measures and M = P* N W is the set of all risk neutral probability
measures. Moreover, fundamental principle (3.19) is the same thing as
saying WNA = g if and only if M # @. Notice that M is a convex set
whose closure equals P N W-*.

Exercise 3.10 Consider a 2-period problem with Q = {®y,...,®s}, r =0,
and one risky security:

o S(o) Si(o) S (o)

(o 6 5 3
O 6 5 4
w3 6 5 8
(O7] 6 7 6
W5 6 7 8

The filtration is the one generated by this risky security. Show that the set of
all the martingale measures is

M={QeR’:Q1=¢/2,0,=(3-59)/8, 05 = (1+4)/8,
0s=05=1/4,0<g<3/5}

Show that P N W, the set of all the linear pricing measures, is equal to
MU{(0,3/8,1/8,1/4,1/4)} U{3/10,0,1/5,1/4,1/4)}.

Exercise 3.11 Let Q be a probability measure, such as a risk neutral
probability measure, that is equivalent to P, set X7 (o) = Q(0)/P(o), and
let X; = E[X7|#,] for t=0,1,...,T — 1. Show that X is strictly positive
with Xo = 1. Let {Y;; t =0,1,..., T} be a stochastic process. Show that Yis
a martingale under Q if and only if the process {X,Y;; t=0,1,..., T} is a
martingale under P. (Hint: use the abstract definition of conditional expec-
tations).

Exercise 3.12 Use exercise 3.11 to show that if there exists a martingale
measure, then there must exist a strictly positive, adapted, real-valued
process Z={Z; t=0,1,...,T} satisfying Zy=1 and such that
B/Z,, $\(t)Z;,..., and Sy(?)Z, are all martingales under P. Conversely,
show that if there exists a process Z as indicated, then there must exist a
martingale measure Q. Moreover, show how to compute Q from a specified
Z. (Note: such a process Z is called a state-price deflator.)

3.5 The Binomial Model

The ‘binomial model’ is a simple yet very important model for the price of a
single risky security. It is commonly used by practitioners, for example, to
determine the price of various kinds of stock options.
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Each period there are two possibilities: the security price either goes up by
the factor u (u > 1) or it goes down by the factor d (0 < d < 1). The prob-
ability of an up move during a period is equal to the parameter p, and the
moves over time are independent of each other. Hence the binomial model is
related to the process N, (introduced in example 3.4) representing the num-
ber of heads after ¢ independent coin flips. The process N;, in turn, is based
upon what is called a Bernoulli process.

The stochastic process {X;;¢1=1,2,...} is said to be a Bernoulli process
with parameter p if the random variables Xj, X, ... are independent and
P(X;=1)=1-P(X, =0) =p for all . Hence one should think of a se-
quence of coin flips where the event {X, = 1} means that the outcome of flip
number ¢ is a ‘head.” The underlying sample space () consists of all the
sequences of the form

o=(0,1,0,0,1,1,...)

with each € Q providing, in an obvious manner, a record of a possible
sequence of flips.

Strictly speaking, the Bernoulli process features an infinite number of
coinflips, so the vector ® has an infinite number of components and the
sample space (2 has an infinite number of states. However, our securities
market model features just a finite number T of periods, so for our purposes
it suffices to consider a ‘modified’ Bernoulli process corresponding to only 7
coin flips. Now each state o will have T components, each being either a 0 or
a 1. There are 27 vectors like this, and the sample space for our modified
Bernoulli process will have exactly one of each. Whether standard or mod-
ified, X;(w) will take the value 1 or 0 as the  component of ® € Qis 1 or 0,
respectively. Moreover, %, will be the algebra corresponding to the observa-
tions of the first ¢ coin flips, that is, 2, will be the partition consisting of 2
cells, one for each possible sequence of 7 coin flips. And the probability
measure is given by P(w) = p"(1 — p)7™", where o € § is any state corre-
sponding to » ‘heads’ and T-n ‘tails.’

The process {N;;¢=1,2,...} is defined in terms of the Bernoulli process
(or the modified Bernoulli process) by setting

Ni(o) = Xj(0) + ... + X (@)

Hence the random variable N, should be thought of as the number of heads
in the first ¢ coin flips (or as the number of up moves by the security during
the first ¢ periods). Since E[X;] = p and var(X;) = p(1 — p), it follows that, for
any ¢,
and
var (Ny) = 1p(1 — p)

Moreover, it is not difficult to show that

(329) Forallt=1,2,...

P(N, =n) = (;) F(l=-p)™ n=0,1,...,t.
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This is called the binomial probability distribution, and

(t) B t!
n) — nl(t—n)
is called a binomial coefficient.
We are now ready to define the binomial security price model. This model

features four parameters: p, d, u, and Sy, where 0 < p< 1,0<d <1< u,
and, of course, Sy > 0. The time ¢ price of the security is given simply by

S;=SouMd™N t=12,...T

Hence, as advertised, each period there are two possibilities: either with
probability p the coin flip is heads and the price goes up by the factor u, or
with probability 1 — p it is tails and the price goes down by the factor d.
Moreover, in view of (3.29), the probability distribution of S, is given by

(330)  P(S, = Sud"™") = (;) P(1=p)™" n=0,1,...,t

With 27 elements in the underlying sample space, the information tree
terminates with 27 nodes, as illustrated in figure 3.4. In particular, there are
2T possible sample paths for the security price process. However, it is
convenient to use a more compact diagram to illustrate the various possible
sample paths. The event {S;(w) = Sou”"d" "} occurs if and only if exactly n
out of the first # moves are ‘up’ moves; the order of these  moves does not
matter. For example, {S>(®) = Soud} if either the first move is an ‘up’ and

(]
0]

3

[V

W

Ok

[V

g

t=0 t=1 t=2 e t=T

Figure 3.4 Information tree for the binomial model (K = 27)

3.5 The Binomial Model 103

the second is a ‘down,’ or vice versa. As you can see from (3.30), at time ¢ the
price process S; can take one of only 7 + 1 possible values, although there are
2! possible sample paths of length 7. Figure 3.5 shows a network where there
is one node corresponding to each event of the form {S,(0) = Sou"d"™"}.
Note that the number of ways this event can occur is equal to the number of
paths to this event from the beginning node, and this is equal to (;). While
the kind of network shown in figure 3.5 is convenient for many purposes,
it should not be confused with the information structure network as in
figure 3.4.

A desirable feature of the binomial security price model is that its return
process is given simply by

(3.31) AR()=uX d"™% -1,¢=1,2,...,T

In other words, either AR, = u — 1 with probability p or AR; =d — 1 with
probability 1 — p. In particular, the value of the return process is indepen-
dent of the current price of the security, a feature that is often desirable when
modeling securities such as common stocks.

What about the martingale measure? Assuming the interest rate is con-
stant so that ARy () = r for all #, by (3.26) and (3.31) we must have

(s a-o i -
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whe're q is the conditional probability the next move is an ‘up’ move given
the information %, at any time ¢. Hence

_l+r-d

T ou—d
for all #; and r. Since we need g < 1, we realize that there will exist a

martingale measure if and only if # > 1+r. In this case the martingale
measure is given by

Q) =q"(1-¢""
where ® € Q is any state corresponding to n ‘ups’ and T — n ‘downs.’ It

fol'lgws that the probability distribution of S, under the risk neutral prob-
ability measure is given for all 7 by

(332) QS = Suld™") = (’t’)q"(l — ™ n=0,1,....t

The binomial model lends itself to some useful computations, such as the
probability distribution for the maximum value achieved by the security
process during the T periods. We will derive this for the special case where
d=u"", thereby leading to the simplification S, = S,u*V~!. Define

level Sou‘

Figure 3.6 The reflection principle
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Yr =max{S,:t=0,1,...,T}, and note this random variable takes the
T + 1 values Sy, Sou,...Sou’. Our aim is to compute P{Yr>Sou'} for
i=12,...,T.

Fix i and notice that S, > Sou' if and only if 2N, — t>i, so P{ Y7 >Sou'} is
the same as P{2N, — t>i for some t}. We shall compute this latter prob-
ability with something called the reflection principle, as illustrated in figure
3.6. The idea is to define the first passage time 7; = min{t: 2N, —t = i},
where 7 = o0 if 2N, — t < i for all 1< T, and consider all the sample paths for
which 7; < T. There are three mutually exclusive events. If i equals one of the
values T, T —2, T —4,..., then it is possible to have 2N7 — T =1, in
which case, of course, 7;<7. Secondly, you can have 7, < T and
2Ny — T > i. Thirdly, you can have 7; < T and 2Ny — T < i. Hence

P{Yr>Sou'} = P{2N, — t>i for some t}
= P{event 1} + P{event 2} + P{event 3}
This first probability is

P {event 1} = P{Nr = (T + 0)/2} = (;)p(TH)/Z(I _p)(T—i)/Z
2
when 7 +i is an even number, whereas P{event 1} =0, otherwise. The
second probability is easy, because if 2Ny — T > i, then automatically
7, < T. Thus

T
P{event 2} = P{N7 > (T +1i)/2} = Z (:) pPa-p’"
n=n*
where n* denotes the smallest integer strictly greater than (7" + i)/2 (this sum
is taken to be zero if n* > T).

Computing the third probability is more difficult, and this is where we use
the reflection principle. The idea is that each sample path in event 2 is paired
with a unique sample path in event 3, as illustrated in figure 3.6. The sample
paths coincide up to time 7;, and then each is the mirror image of the other
across the level i. Hence the number of sample paths in the two events are
equal, although the probabilities of the two events are not equal unless
p=1/2

To finish the computation of P{event 3} we need to do some book-
keeping. Consider an arbitrary sample path from event 2, and suppose it is
such that Np =n(>n*). This sample path occurs with probability
p"(1 —p)" " and there are () sample paths with N7 = n. Now upon look-
ing at figure 3.6 it becomes apparent that the ‘partner’ of this sample path
terminates with Ny = T +i—n, a symmetric distance below the level
(T + i)/2. The probability of this ‘partner’ sample path is p”*"(1 — p)"".
Since there are (”) sample paths in event 3 with Ny =T +i—n, it
follows that

P{{event 3} N{Nr =T +i—n}}= (:) pTH= (1 — p)*i




106 Multiperiod Securities Markets

in which case

P{event 3} = ZT: <:) prH—m(1 —p)

n=n*

Hence we finally have

: T i -
(3-33) P{ YT > Soul} = (E—_l)p(T-H)/z(l e p)(T )/2
2

T
+ (:) [p"(1=p)"" +p"H (1 = p)" ]
n=n*

where the first term on the right hand side is zero when T +i is an odd
number and where n* denotes the smallest integer strictly greater than
(T +1i)/2.

We now have, in principle, the probability distribution for the maximum
security price during the 7 periods. More generally, these formulas can also
be used for the maximum security price during the first ¢ periods when ¢t < T.
Since the event {Y,>Sou'} is the same as the event {7;<t}, we also have
the probability distribution for the first passage time to security price level
Sou’.

Similar formulas can be derived for the probability distributions of
the minimum security price and the first passage times to price levels
below Sy.

Exercise 3.13 Derive (3.29).

Exercise 3.14 For the case T =4 and d = 1/u, compute the probability
distributions of Y7 and 7.

3.6 Markov Models

This section will introduce a class of stochastic processes that share what is
called the ‘Markov property:’ the future is independent of the past, given the
present values of the process. Markov processes are important models of
security prices, because they are often realistic representations of true prices
and yet the Markov property leads to simplified computations.

Throughout this section the filtration F = {#,; t =0,1,..., T} is gener-
ated by a stochastic process X = {X;; t=0,1,..., T}. This process takes
values in some finite set E, called the state space. If X, = j € E, we shall say
‘the process is in state j at time z.” The most common situation is for the state
to be a scalar, but frequently it is more convenient for the state to be a
vector. As usual, there is a sample space {2 and a probability measure P on it,
and the information &, should be thought of as the history of the present
and past values of the process X.
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The stochastic process X is said to be a Markov chain if
P{Xi11 =j|F 1} = P{Xi11a = jlX:}

for all j € E and all 7. By elementary probability calculations, it follows that
(3.34) P{XH,J =_]|.9—g} = P{XH.; =]lXt}, all S?l

Thus a Markov chain is a stochastic process where the only information
useful for predicting future values is the current state; in other words, given
the history of the process, the past values can be ignored as long as you know
the present state.

The Markov chain X is said to be stationary or time-homogeneous if the

conditional probabilities P{X,;; = j|#} do not depend on time ¢. In this
case it is convenient to define the transition probabilities

P(i,j) = P{Xr+l =jlX; = i}, IhLj€EE

and to organize them into a transition matrix
P= [P(i, j)]

Note this is a square matrix with the number of rows equal to the number of
elements in the state space E. Moreover, the sum of the elements in each row
of P equals one. It should be clear from the context whether P denotes the
probability measure, a transition probability, or the transition matrix.

If the Markov chain is not stationary, then one can still talk about the
transition probabilities, only now they depend on time: P;(i,j) = P{X;41 =
jlX: = i}. In this more general case there is a distinct transition matrix for
each point in time:

P = [P,(i, j)]

Example 3.5 The process N = {N;; t =1,..., T} studied in section
3.5 and representing the number of heads in ¢ flips of a coin that lands
‘head’ with probability p is an example of a stationary Markov chain.
For the state space it is convenient to take {0, 1,..., T'}, in which case
the transition matrix is

1-p p 0 0
0 1-p p 0
P= ) . ; :
6 0 0 5. 1

Since this Markov chain starts in state 0, it can only reach state T at
the final time period 7, and so the transition probabilities from state
T do not really matter, except that they must add up to one. We
arbitrarily took P(7,T)=1, meaning that the Markov chain
would remain in state T forever, even if it were to keep operating
after time 7.
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A useful property of Markov chains is provided by the following:
(3.35) If Y =f(X;, X41,...,Xr) for some function f, then

E[Y|# /] = E[Y|X]

This says the future and the past are conditionally independent, given the
present.

Now suppose we have a securities market model where the discounted
price process is a Markov chain. This means that P{S; 6 =j|#,} =
P{S;,, =j|S;} for all j € E and ¢. It is natural to wonder whether anything
special can be said about the martingale measure, if there is one. In parti-
cular, one should ask whether the discounted security prices are Markov
chains under the martingale measure. This is a non-trivial question, because
a stochastic process may lose its Markov property when you change from
one probability measure to an equivalent one. For example, you can make
the third coin flip depend on the first coin flip just by changing the
probability measure associated with the heads counting process N, in
example 3.5.

It turns out, however, that our question can be answered in the affirma-
tive:

(3.36) If there are no arbitrage opportunities, if the discounted price process
S* is a Markov chain under P, and if the filtration F is the one
generated by S*, then there exists a martingale measure Q under
which S$* is a Markov chain.

To see this, suppose the Markov chain (under P) is stationary, and consider
the construction of the martingale measure as developed in section 3.4.
In particular, consider the conditional probabilities associated with the
‘single period model’ associated with an individual node of the information
tree. If the corresponding, current state of the discounted price process S*
is s, then the conditional, risk neutral probabilities must be, of course,
such that the expected value of S* at the end of the period is equal to s.
But there is a one-to-one correspondence between each branch leading
out of this node and each transition probability P(s, j) from state s that
is strictly positive. In other words, P(s,j) > 0 if and only if j is a possible
state for S* at the end of the period. Hence choosing the risk neutral
conditional probabilities for this node amounts to suitably choosing
new transition probabilities Q(s, j) from state s, making sure Q(s,j) >0
if and only if P(s, j) > 0 for all j. By hypothesis, we know this choice can be
made.

Now there may be many other nodes in the information tree where the
corresponding, current state of S* is s, but the same situation will exist. The
single period models will all be identical, and so you can choose the same set
of risk neutral transition probabilities Q(s, j) for all these nodes.

In a similar manner, one chooses the risk neutral transition
probabilities for all the other nodes in the information tree, making sure
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the probabilities are the same for all the nodes that share the same value for
the current state of the discounted price process. Hence not only does this
lead to the risk neutral probability measure Q as was derived in section 3.4,
but these transition probabilities form a Markov transition matrix under
which S$* is a Markov chain. Hence (3.36) is true when S* is a stationary
Markov chain under P, and this argument can be easily extended to cover
the case where S* is a Markov chain that is not stationary.

It follows from (3.35) and (3.36) that Eg[S;; (1 + 5)|# ] = Eg[S;;(t + 5)|S}].
Hence the standard relationship for Q to be a martingale measure can be
written as

Sy (1) = Eg[S;(t +5)|S7], alln, t, and s

If the original price process S; is a Markov chain under P and the bank
account B, is deterministic, then the discounted price process S; = S;/B; will
also be a Markov chain. However, if the bank account process is stochastic,
even a Markov chain, then the discounted price process will not necessarily
be a Markov chain. In this case all is not lost; it might still be possible to take
advantage of the Markov properties of the model.

One way to proceed when B, is stochastic is to set up the securities market
model with an underlying stochastic process X that is a stationary Markov
chain under P and with the filtration being generated by this process. For
example, X; could be a vector of the current prices of all the relevant
securities. In doing this, one would normally fix the initial state X, = iy
and then let the sample space ) be the set of all the possible sample paths
of X. Then if ® € Q corresponds to the sample path (i, i1, iz, . . ., i), one
would take the probability measure to be such that P{w} = P(iy, i) P(i1, i2)
5 P(iT_l, iT).

Next, suppose for each 7 that f; is a real valued function on the state space
E such that the bank account process satisfies B; = f;(X;). If the risky
security price processes are defined in a similar manner, then the discounted
price processes can also be expressed as functions of the underlying Markov
chain X, being the ratio of two such functions. Now none of these price
process is necessarily a Markov chain; for example, the function f may give
rise to the same price for two distinct states in E. However, we may re-do the
argument for (3.36) and recover a useful result.

Again, we look at the single period model associated with each node of the
information tree, only now associated with each node is the current state of
the Markov chain X. We construct the conditional probabilities Q(i, j) and
the martingale measure Q as before, only now X will turn out to be a
Markov chain under Q. Hence by (3.35) we will have for the resulting O
that Ep[S;(t + 5)|# ] = Eg[S;(t + 5)|X;], in which case the standard rela-
tionship for Q to be a martingale measure can be written as

S'(1) = Eo[Si(t+5)|X], all, m t, and s

Example 3.5 (continued) Taking f;(x) = Sou*d*™* we have for the
binomial security price model of section 3.5 S; = f;(N,), where the
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head counting process N, is a Markov chain, as discussed earlier.
Actually, S; is also a stationary Markov chain, even though f; depends
on ¢, because the future changes in the price process depend only on the
future ‘coin flips,” which are independent of time. If s is the state where
S;=s, then the transition probability P(s,j) =pifj=su,
P(s,j) =1—pif j=sd, and P(s,j) = 0, otherwise. For general para-
meters u and d the state space is rather messy, as it can contain up to
(T + 1)(T + 2)/2 distinct values, that is, the number of nodes in the
network such as figure 3.4. However, in the important special case
where d = u~!, the state space has only 27 + 1 distinct values, as can
be seen by studying figure 3.5.

To demonstrate the preceding equations which the martingale mea-
sure O must satisfy, we have St = Sou™d*~¥ /(1 +r)" and

Eo[S;,,187] = Eg[Sou®++Nig t1=Xm=Ne /(1 4 r)™*1| 53]
= (8;/(1 +r))Egu™+d' ¥ |S7]
= (87 /(1 + ) Egu*d" %]

=/, o)

Similarly, one verifies Eg[S;,|N;] = S;.

A virtue of Markov chains is that it is straightforward to compute condi-
tional probability distributions for the state of the Markov chain at a
specified number of periods in the future. For example,

PXo=jIX, =i} =) P{Xo=j, Xy =k|Xo =i}
keE
=3 P{X, =j| X1 =k, Xo = i}P{X; = k|Xo =i}
keE
=Y "P{Xy = j|Xi = K}P{X; = k|Xo = i}
keE

=Y "Py(k,j)Po(i,k)

keE

We recognize this last expression as the result of matrix multiplication. In
other words, P{X,,, =j|X; =i} will be equal to the ijth element of the
matrix product P,P,,;. This pattern extends to any number of periods:
P{X,,,; = j|X; = i} will be equal to the ijth element of the matrix product
PiPiyy...Pys1. Of course, in the stationary case one simply has
PIPt+1-~-Pt+:~l =P

Example 3.6 Consider the binomial security process model with
d = u™'; the price process S, is a Markov chain with state space
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E= {Sou_T, Sou—TH, Sa sy S()u_l, So, Sou, ... ,S()uT_l, SouT}. But sup-
pose the conditional probability of an ‘up’ move varies with the
state. In particular, suppose P{S..; = Sou'"!|S, = Sou'} = 1 — p; and
P{Sis1 = Sou'|S, = Sou'} = p; for 2T — 1 parameters p;,i = —T+
l,...,—1,0,1,...,T — 1. (For example, the model builder could give
price level So a measure of stability by setting p; > 1/2 for i < 0 and
pi < 1/2 for i > 0). Thus the transition matrix is

| 0 0
l=p7410 p_rpy

l—p, O P-1
l—po 0 po
1—p1 0 py

1—pr1 0 pry
] 0o 0 1 |

and, for example, P{S; = Sou} = (1 — po)p_1po + po(1 — p1)po + po
pi(1—p2).

Exercise 3.15 Derive (3.35).
Exercise 3.16 Derive (3.34). (Hint: Use (3.35))

Exercise 3.17 Prove by mathematical induction for a stationary Markov
chain X with transition matrix P that P{X,,; =j|X; + i} is equal to the ijth
element of the s- fold matrix product of P.
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4.1 Contingent Claims

A contingent claim is a random variable X that represents the time 7" payoff
from a ‘seller’ to a ‘buyer.” This definition is essentially the same as for single
period models, and it turns out that the basic ideas are very similar as well.
However, much more can be said, primarily because the multiperiod setting
leads to a number of rich examples, many of which see practical use in the
financial industry.

In most instances the random variable X can be taken to be some function
of an underlying security price, and so contingent claims are examples of
what are called derivative securities. With a single period model, contingent
claims are about the only kind of derivative security you can think of. But
with several periods to work with it is possible to consider other kinds of
derivative securities, that is, securities whose values depend on underlying
securities but which cannot be modeled as a time 7 payoff X. Other kinds of
derivatives will be discussed later in this chapter.

As with single period models, a contingent claim is like a contract or
agreement between two parties. Since one party (the seller) promises to pay
the other party (the buyer) the amount X at time 7, the buyer will normally
pay some money to the seller when they make their agreement, say at time
t < T. The fundamental question to be addressed is: what is the appropriate
value for this time 7 payment? In other words, what is the time ¢ value of this
contingent claim?

In general, the time 7 payoff X can be strictly negative for some states of
the world ® € (. This amounts to a payment by the buyer to the seller. In
contrast, of considerable importance is the case where the buyer has the
option at time 7 to proceed with the payment at that time. In this case, called
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a European option, the payment will naturally take place if and only if it
is positive. Consequently, European options are the same things as non-
negative contingent claims.

Example 4.1 Consider the simple model with 7= 2 and K = 4 that
was introduced as example 3.3 in chapter 3. The single risky security is
as follows:

Ok t=0 t=1 t=2

(O]} S0=5 S|=8 Sz=9
(0V)) So=5 Sl=8 Sz=6
3 So=5 S1:4 Sz=6
(O] So= S1=4 S2:3

If X = S, — 5, the net profit at time 7" = 2 for purchasing one unit of
the security for the price 5, then the payoff is negative in state 4. But
if this is a European option, then one should take X = max
{S>—35, 0}, so X(w) takes the values 4, 1, 1, and 0 in states
i, 0, o3, and o4, respectively. This European option is called a
call option with exercise price 5. Similarly, X = max {e — S»,0} is a
put option with exercise price e, that is, X is the option to sell one unit
of the security for the price e at time 7 = 2.

Example 4.2 Suppose for the same securities market model as in
example 4.1 that X = max {[So + S1 +S2]/ 3 -5, 0}, so that X (o)
takes the values 7/3, 4/3, 0, and 0 in states ®;, ®;, ®3, and w4, respec-
tively. Now X is an example of what is called an Asian or averaging
option. Options like this are used to hedge against rising prices for
parties who need to buy fixed quantities of the security every period.
Unlike put and call options, where the value of X depends only on the
final value of the security, here the value of X depends on the whole
history of the security.

Throughout this chapter it will be assumed that the securities market
model is economically reasonable, that is, there exists a risk neutral prob-
ability measure Q. A contingent claim is said to be marketable or attainable if
there exists a self-financing trading strategy such that V7 (w) = X () for all
o € Q. The corresponding portfolio or trading strategy H is said to replicate
or generate X. In the case of single period models, the time 7 = 0 value of a
contingent claim was seen to be the expectation under a risk neutral prob-
ability measure of the discounted value of the claim. In the multiperiod case
this conclusion generalizes slightly to:

(4.1) Risk neutral valuation principle: The time ¢ value of a marketable con-
tingent claim X is equal to ¥, the time ¢ value of the portfolio which
replicates X. Moreover,

V! = V,/B, = Eo[X/Br|#)], t=0,1,...,T
for all risk neutral probability measures Q.
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The first statement in (4.1) is a consequence of the law of one price. Indeed
(as will be discussed more fully below), if X could be purchased or sold at
time ¢ for an amount other than V,, then one could exploit an arbitrage
opportunity by taking suitable positions in this contingent claim and the
other securities. Since V7 = X if and only if V; = X/Br, the equation in
(4.1) follows from the fact that V* is a martingale under Q (see (3.21)).

Example 4.1 (continued) Suppose r = 0 (see example 3.3) so O = (1/6,
1/12, 1/4, 1/2). If the call option with exercise price e = 5 is attain-
able, then its time ¢ = 0 value must be

1 1 1 1
= Eg[X] = 3(4) +ﬁ(1) +Z(l) +§(0) =1
In states o; and w, we have
2 1
= EolX|$1 =8 =5 (4) +3(1) =3
while in states w3 and w4 we have
1 2 1
Vi = Eg[X|S1 = 4] —5(1)+§(0) =3

Similarly, the put with exercise price e = 5 pays off the amounts 0, 0, 0,
and 2 in states m; to g, respectively, so ¥y =1, ¥} =0 in states o,
and o, and V) = 4/3 in states ®3 and 0.

It is important to be able to compute the trading strategy which generates
a particular contingent claim. For one thing, this verifies that the contingent
claim is indeed attainable. Moreover, even if you know the contingent claim
is attainable, you may want to use the replicating trading strategy, perhaps

to hedge a position in the contingent claim.

There are several good methods for computing rephcatmg trading strate-
gies. For the first method you already know the value process V for the
replicating portfolio, and so you solve for the trading strategy H using the
linear equations (one for each state ) in the definition of the value process

N
Vl = HO(t)Bl + ZHn(t)Sn(t)
n=1
and keeping in mind that H is predictable. This is illustrated in the following
example:

Example 4.1 (continued) For ¢ = 2 we have
Va(w1) =4 = Ho(2)(01)1 + H(2)(1)9
Va(wa) = 1 = Hp(2)(2)1 + Hi(2)(002)6

Va(o3) = 1 = Ho(2)(w3)1 + H1(2)(03)6
Va(wa) = 0 = Hp(2)(ws)1 + H1(2)(w4)3
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Since H is predictable we also have

Ho(2)(w1)1 = Ho(2)(@2)  Ho(2)(@3)1 = Ho(2)(w4)
H,(2)(o1)1 = Hi(2)(w2) Hi(2)(w3)1 = Hy(2)(ws)
Solving these equations yields Hy(2) = —5 and H,(2) = 1 in states o;

and o,, whereas Hy(2) = —1 and H,(2) = 1/3 in states o3 and .
Meanwhile, for # = 1 we have

Vi(o) = 3 = Ho(1)(@)1 + Hi(1)(@)8, ©= o,
Vi(0) = 5 = Ho(1)(@)1 + Hi(1)(@}, o= s,

Ho(1)(w1) = Ho(1)(w2) = Ho(1)(ws3) = Ho(1)(w4)
Hy(1)(e1) = Hi(1)(e2) = Hi(1)(w3) = Hi(1)(w4)
Solving these gives Hy(1) = —7/3 and H;(1) = 2/3 for all ®.

For the second method for computing a replicating trading strategy,
suppose all you know is X. You then work backwards in time, deriving V'
and H simultaneously. Since V7 = X, you first solve

N
X = Ho(T)Br + »_ Ha(T)Sn(T)

n=1

for H(T) as in the first method. Since H is self-financing, it follows that

N
Vroy=Ho(T)Br_1+ Y  Hy(T)Su(T - 1)
n=1
so now you know Vp_;.
Next you solve

N
Vi1 =Ho(T — 1)Br_1+ Y _ Ha(T — 1)S,(T - 1)
n=1
for H(T — 1) as in the first method, and then you compute V'7_,. You repeat
this cycle working backwards in time until, finally, you compute V.

Example 4.1 (continued) Using this second method we first compute
Hy(2) = —5 and H;(2) =1 for states ®; and w,, so V; =—5(1)+
1(8) =3 in these same two states. Similarly, Hy(2) = —1 and
H;(2) = 1/3 in states @3 and o4, so ¥; = —1(1) + (1/3)(4) =1/3 in
these same two states. Next we use these values of V| to compute
Hy(1) =—-7/3 and H;(1)=2/3 for all . Finally, we see that
Vo =(=7/3)(1) + (2/3)(5) = 1 for all .

Still another method for computing a replicating strategy involves
working with the discounted prices and the discounted value process. The
self-financing equation Vj + G; = ¥} is the same thing as
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V(@) + ) Ha(1) (@) AS;(D)() = V; (o)
n=1

So if you know ¥/, then you can use this system of equations together with
the predictability requirement to solve for ¥}, along with the positions
H(t)...,Hy(t). Hence you begin with =T and V; = X/Br and you
work backwards in time, computing the discounted value process V* of
the replicating portfolio as well as the replicating trading strategy’s positions
in all the risky securities. This gives ¥ = V*B. Finally, using the definition of
either V or V*, you compute Hy, the positions in the bank account. This is
illustrated in the following example.

Example 4.2 (continued) Assuming r = 0, the equations are
Vi+H(2)(1)=17/3
and

Vi + Hi(2)(-2) =4/3

in states @, and o, respectively. Hence ¥V} =2 and H;(2) =1/3 in
these same states. Similarly, the equations

Vi +H(2)(2)=0
and
Vi+H(2)(-1)=0

give V7 =0 and H,(2) = 0 in states o3 and .
For the second iteration we have

Vo (@) + Hi(1)(0)(3) =2, o=, o

V(@) + Hi(1)(0)(-1) =0, ©=o3 o

Hence V; = 1/2 and H,(1) = 1/2 for all ®.

It remains to compute Hy. Using Hy(1) = V5 — Hi(1)So we get
Hy(1) = —2. Similarly, we get Hy(2) = —2/3 in states »; and o, and
we get Hp(2) =0 in states w3 and 4. Note that Ep[X] = (1/6)
(7/3) + (1/12)(4/3) = 1/2, the same as the value of Vj that was
already computed.

We now return to the earlier discussion of arbitrage pricing. If the actual
traded price of a contingent claim differs from the value of the replicating
portfolio, then one can find an arbitrage opportunity. To see this, let P,
denote the actual time ¢ price of the contingent claim.

First suppose P, > V;. Then sell the contingent claim for P,, collecting this
amount. Simultaneously, begin the replicating trading strategy with an ini-
tial amount of capital equal to V;. Invest the difference, P, — V, at the bank
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account rate. At time 7" your liability on the contingent claim will be
Py = X, but this will coincide exactly with your replicating portfolio. One
will precisely offset the other. Meanwhile, the investment in the bank ac-
count has become (P, — V;)Br/B; > 0, a sure profit.

On the other hand, if P, < V;, then you do the opposite of these transac-
tions. You buy the contingent claim, follow the negative of the replicating
trading strategy (thereby collecting V; dollars), and invest the difference
V, — P, in the bank account. At time T your liability V7 is exactly offset
by the value Pr = X of the contingent claim. Meanwhile, you now have
(Vt - P;)BT/B} > 0 in the bank.

Turning to another topic, if the bank account process B is deterministic
(see exercise 4.3) then a call option on a security is marketable if and only if
the put option on the same security with the same exercise price is market-
able. If they are both marketable, then one has the put-call parity re-
lationship:

(4.2) p=c+eEp[l/Br|—So

where ¢ and p are the time 7 = 0 prices of the call and put options, respec-
tively, both having the common exercise price e and the underlying security
S. This is one in a number of examples where the price of the option of
interest (in this case the put) can be expressed as a linear combination of the
prices of one or more conventional calls, the price of the underlying security,
and the ‘forward’ price Eg[l/B7]. Here is another example.

Example 4.3 Suppose the buyer acquires at time 0 an option which
provides the right to choose at fixed time ¢, where 0 < ¢ < T, between a
call option and a put option, both having the same exercise price e and
expiring at time 7. This is called a chooser option. If C; and P, denote
their respective time ¢ prices, then the option buyer will choose the call
if and only if C; > P,, in which case the time T payoff will be

(St — ) lic,spy + (e — S1) cepy

where 14, the indicator function of the event A, equals one if event
A occurs and equals zero if it does not. We are interested in
computing the time 0 value of this option with the risk neutral valua-
tion principle (4.1).

Now by adding and subtracting the term (St — e-)+l{c,< p,}» it fol-
lows that the time T payoff of the chooser option is equal to

(St —e)" + (e — S1)l{c,<py

Hence by risk neutral valuation, if this chooser option is marketable,
then its time O price is equal to the price of the ordinary call option
(St — €)™ plus the quantity

(4.3) EQ[(e = ST)I{CI<PI}/BT]
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Assuming the interest rate r is constant and the call option (S7 — e)" is
marketable, expression (4.3) has a simple form. The put-call parity
relationship (4.2) appl1es at time ¢, so the event C; < P, is the same as
the event S; < e(1 +r)""". Hence

Egl(e—Sr)1(c,<p)/Br] = EglEol(e — S1)lic,<py /(1 +1)T|# ]
= Eg[l(c,<r}Egl(e — ST)/(1+ NTI# ]
= Eg[l{c<py(1 + 1) {e(1 +1)'"" — Eg[Sr(1+ ) T|#]}]
= Egllicepy(1+7)7"[e(1 +7)"" T = 5]
= Eg[l 5, ce(14ry-myle(1 + N'T=8)/(1+n)]

where the next to last equality uses the fact that the discounted price
process S* = S/B is a martingale under Q. We recognize the final
expression to be the time 0 price of an ordinary put option that has
exercise price e(1 +r)""7 and expires at time ¢. Hence under the in-
dicated assumptions the time 0 price of the chooser option equals the
price of a certain ordinary call plus the price of a certain ordinary put,
with the latter expressable in terms of another call by the put-call
parity relationship.

Example 4.1 (continued) With interest rate r = 0 and exercise price
e = 5, consider the chooser option where the buyer chooses between
the put and call at time ¢t = 1. By our earlier calculations for the
ordinary put and call, the chooser option buyer will choose the call if
S1 = 8 and will choose the put if S; = 4. Hence the chooser option will
pay off the amounts 4, 1, 0, and 2 in states ®; to wg4, respectively, at
time 2. The time 0 price of this chooser option is

Vo= g (@) +5()+30) +3() =13

Meanwhile, the put with exercise price 5 that expires at time 1 will pay
off the amount 0 if S; = 8 and the amount 1 if S} =4, so its time 0
price is 1 (0) + 3 (1) = 3. The time 0 price of the call that expires at time
2 was calculated earlier and found to be 1, so this illustrates that the
price of the chooser option equals the price of this put plus the price of
this call.

Of course, options can be defined in terms of two or more underlying
securltles For example, given a function g: RY — R™ one can take
X =g(81(T),...,Sn(T)). Thenif you know the joint probability distribution
of the random variables S1(T),...Sy(T) under the martingale measure, it is
easy to compute the time 0 value of this contingent claim. In particular, with

g(s1,...,s8) = (@151 +... +aysy —e)"
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for positive scalars ay, ... ay you could have a call option on a stock index.
Or with

g(s1,...,5v) =max {s,...,sn,e}

you would have a contingent claim delivering the best of N securities and the
cash amount e.

Example 44 Suppose K =9, N=2, T=2, r=0, and the price
processes and information structure are as displayed in figure 4.1.
There is a unique risk neutral probability measure Q for this model;
it is also displayed in figure 4.1. Now consider a call option with
exercise price ¢ = 13 on the time 7 =2 value of the stock index
Sl(t )+ S5 ( 2 In other words, this contingent claim X = (S,(2)+

—13)" and is displayed in figure 4.1. As will be explained in
sectxon 4.4, X is marketable. Hence its time 0 price is easily computed
to be EgX =19/18.

Exercise 4.1 Consider the usual two-period model as in example 4.1 with
r = 0. Compute the time 7 = 0 values and the replicating trading strategies
for the following European options:

(a) A call option with exercise price 7.

(b) A put option with exercise price 7.

(c) An Asian put option with exercise price 7.

(d) A chooser option with exercise price 7 and decision time 1.

O(w) X(w)
552=7,50=1] 1 1
5i(1)=8,85(1)=5 $12)=9, 5,(2) =ﬂ 19 1
52=8,52)=3 | 1 0

1/6 1

512)=6,52)=8

[5:0=7.5:0=6 [—{si0=7.50=8

5,2)=6,5(2)=9 ] 112 2

512)=10,52)=7| 112 4
51(2)=3,5(2)=8 1/12 0

$1(1)=6,85,(1)=5 512)=6,5(2)=3 ] 116 0

512)=9,5(2)=6

1/12 2

Figure 4.1 Data for example 4.4
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Exercise 4.2 A look-back option is one where the payoff is based on the
maximum (or perhaps the minimum) price of the underlying security during
a recent time interval. Compute the time 7 = 0 value and the replicating
strategy for the following look-back call option: X = max {0,S; — 7,
81— 7,82 — 7}. As usual, work with the two period model of example 4.1
with r = 0.

Exercise 4.3 Consider a European put and a European call option on the
same security S, where they have the same expiration date 7 and the same
exercise price e.

(a) Show that (4.2) holds if both the put and call are marketable (Hint: use
(St —e)" — (e — S7)" = S+ — e to show that the claim with time T
payment equal to the constant e is also marketable).

(b) Show that if the bank account process B is deterministic, then the call
option is marketable if and only if the corresponding put option is
marketable (Hint: specify the trading strategy which replicates the
constant payment e).

(c) Show that if the bank account process B is predictable but not deter-
ministic, then it is possible for a call to be marketable even though the
corresponding put as well as the claim with time 7 payment equal to the
constant e are not marketable. Do this by considering the model with
T= 2, K = 6, N = l, P = {{(01,(02}, {0)3,0)4}, {0)5,0)6}}, So = 40,
options expiring at 7' = 2 with e = 43, and prices as follows:

® B (o) Si(o) B(®) S (o)

o) 1.10 45 1.232 55
[0} 1.10 45 1.232 40
®3 1.10 40 1.21 50
W4 1.10 40 1.21 35
s 1.10 35 1.188 40
0% 1.10 35 1.188 30

Exercise 4.4 For the model in example 4.4, compute the time 0 price and
the replicating portfolio for the following options:

(a) Call with e =13 on the time 2 value of the index S; + S, (hint: we
already know the price is 19/18).

(b) Put with e = 13 on the time 2 value of the index S; + 5.

(c) An option to acquire the maximum of S;(2) and S(2).

(d) . A call with e = 6 on max {S;(2), 52(2)}.

(e) An Asian (i.e., averaging) call option with e = 13 on the index S; + S>.

4.2 European Options Under the Binomial Model

The binomial model was introduced in section 3.4. It consists of a single
risky security satisfying

i
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Sy = Sou™Md™, t=1,2,...,T

where 0 <d <1<wuand N = {N;;t=1,...,T} is a binomial process with
parameter p, 0 < p < 1. Assuming the interest rate r is constant with
u > 1 + r, there exists a martingale measure; it is given by
2 l+r—-d
o o T-n =
Q@) =¢" (1-9"", q=—"2°

where ® € Q is any state corresponding to n ‘up moves’ and 7 — n ‘down
moves’ by the risky security.
The probability distribution of S; under the martingale measure is given
by (3.32). Hence if a contingent claim is of the form
X =g(Sr)

for a specified real-valued function g, then the time # = 0 value of X is given by
4.4) Vo=(1+r)"" Egg(Sr)

§:<)¢(L_zwd&wfq)

The binomial model is a good illustration of a useful principle: if the
underlying securities are Markov chains, then you probably can work out
explicitly the probability distribution for the time 7 values of the securities
under the martingale measure, in which case you can compute explicit
formulas for the values of contingent claims which are of the form

X = g(ST).
Example 4.5 For a call option with exercise price e we have
s—e S$=2¢

g =6-a"={57% iZ

Hence the time ¢ = 0 price is

Lo T "
) Z;QJf(
Note that

So'dT ™" —e > 0 & (u/d)" > e/(Sod")
& nlog(u/d) > log(e/(Sod™))
log(e/(Sod™))
log(u/d)

We define # to be the smallest non-negative integer » such that this
strict inequality is satisfied.

Now if i > T, then Sou"d” " < eforall n < T, in which case ¥y = 0.
On the other hand, if 0 < 7 < T, then there is a chance the call option
will finish in the money, in which case ¥, > 0. In particular,

—¢)"™" max {0, Sou"d" " — e}

on>
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Zl( ) -9

n=l

+(1+7) TZ()
TZ( )q,,(l Ty T

—%HZ(,,)«;"U g

- S"Z( ) [1 + r] [(11_+qr)d] -

—efnz(f)q"u g
—Sonz< )ra-aT <1_+72T:<:> 71—

where ¢ = qu/(1 +r). It is left to the reader to use elementary algebra
to verify that 1 —§g=(1—¢)d/(1+r) and 0 < g < 1. Hence both
terms in the formula for ¥V, involve the sum of T — 7+ 1 binomial
probabilities.

g)" " [Sou"dT " — ]

Example 4.6 Consider a look-back call option X = (Y7 —e) ", where
Yr =max {S,:t=0,1,..., T}, as introduced in section 3.4. Assume
d =u', so that Y7 will take one of the T + 1 values Sy, Sou, . .., or
Sou”. Under the martingale measure, the probability P{Yr > Sou'} is
given fori = 1,..., T by formula (3.33), only with parameter g in place
of p. Hence in principle we have the probability distribution of Y7, and
S0 it is stralghtforward to compute a formula for the time ¢ = 0 price
(1+r)" EQ(Y r —e)". Similar approaches will work for the look-back
put option X = (e — YT)+ as well as look-back puts and calls based on
the minimum security price level reached before time 7.

Example 4.7 Knockout options are ones which expire worthless if the
price level ever hits a specified level, say k. For example, suppose
So <k,e<k,X=(Sr—e)" if the maximum price Y7 <k, and
X =0 if Y7 > k. The ideas developed in section 3.4 and applied in
example 4.6 can be used to value this option.

Suppose d = u~! and i is such that Sou' = k. As explained in section
3.4, we know, at least in principle, the probability distribution under
the martingale measure of 7;, the first passage time to security price
level k. Note that 7; takes one of the values 1, 2,..., 7, or, if the
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security price never reaches the level k, infinity. Moreover, we know
the conditional probability Q{S7 = So#/ | 7; = t} is the same as the
conditional probability Q{Sr_; = So#/~!|Sy = k}, where integer
j < i.In other words, this conditional probability is the same as the
probability that the price process which is at level £ at time ¢ will find
itself exactly i — j price levels lower after the remaining 7" — ¢ periods.
Under the martingale measure, this conditional probability is

O{Sr = Sol|ri =t} = <Tn_ t) (-9 j<i

provided n = (T — t+j — i)/2 is an integer (here n is the number of
‘up moves’ during the last T — ¢ periods so that the price moves from
level k to level Soi/). Hence we can compute the joint probability
distribution

O{Sr = Sow, 7 = 1} = Q{Sr = Sl |1 = 1} Q {r; = 1}
forj<iandt=1,...,T. Next we easily compute for j < i

T
O{St = So/, 7 = 00} = Q{Sr = Sod) — ) O{Sr = Sovd,7; = 1}
=1

All these probabilities, of course, are under the martingale measure Q.
Fmally, e compute the price (1+7)~ TE X of the knockout option
by using (1 +7r)” ZK, O{Sr = S, 7; = oo}(Sou’ —-e)t.

The option in example 4.7 is also called an up-and-out call. You could also
have a down-and-out call (k < Sp,k < e), an up-and-out put (Sy < k,e < k),
and a down-and-out put (k < So,k < e). With all these options you can
compute the time 0 price with a similar approach, that is, by deriving the
joint probability distribution under the martingale measure Q{St = Sot/,
T; = 00}.

Paired with each of these four knockout options are options that become
activated if and only if the price level k is ever reached. For example, an up-
and-in call (Sp < k, e < k) expires worthless if the maximum price remains
strictly less than k, whereas the expiration value is (Sy — e)* if the maximum
security price during [0, 71 is greater than or equal to k. You also have down-
and-in calls, up-and-in puts, and down-and-in puts. All eight of these options
are called barrier options. Again, you can compute time 0 prices of these four
‘in’ options by deriving the joint probability distribution Q{Sr = Sot/,
7; < 0o}. Or, if you already know the price of the paired knockout option,
then you can use the fact that the time 0 price of an ordinary call (or put) is
equal to the sum of the prices of the barrier options in a pairing. For
example, the price of the up-and-in call option with parameters k and e is
equal to the price of the European call option with exercise price e less the
price of the up-and-out call option with parameters k and e. This is because
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the expiration value of the call option is equal to the expiration value of the
up-and-in call plus the expiration value of the up-and-out call.

Exercise 4.5 Consider the European call option under the binomial model
with T =2, e = 1000,u = 1.1, d = 0.9, and r = 1/100. Compute the option
price as a function of the initial stock price Sy and draw a precise graph of
this function.

Exercise 4.6 Suppose So =80, T =3, u=1.5,d = 0.5,and r = 0.1 are the
parameters for the binomial model, and consider a call option with exercise
price e = 80.

(a) Draw a lattice (i.e., recombining network) for the model and label the
nodes with the security’s price S;.

(b) Compute ¢ and g.

(c) Label each node with the corresponding option value.

(d) Determine the replicating portfolio.

Exercise 4.7 Suppose So =36, T =2, u=1.5, d =2/3, and r = 0 are the
parameters for the binomial model. Compute the prices of the following
barrier options by deriving the joint probability distribution Q{Sz,7},
where 7 is the first passage time to the barrier k.

(a) Up-and-in call with k = 54 and e = 24.

(b) Up-and-out call with kK = 54 and e = 24.
(¢) Up-and-in put with k = 54 and e = 40.

(d) Up-and-out put with £k = 54 and e = 40.
(¢) Down-and-in call with k = 24 and e = 30.
() Down-and-out call with k = 24 and e = 30.
(g) Down-and-in put with kK = 24 and e = 54.
(h) Down-and-out put with k = 24 and e = 54.

4.3 American Options

With European options, that is, with contingent claims, the payoff X can
only occur at a specified date 7, the expiration date. American options are
similar, only now the payoff can occur at any time 7 on or before the
specified expiration date 7.

As with European options, you should think of an American option as a
contract between two parties, a buyer and a seller. Specified as data is a non-
negative, adapted stochastic process ¥ = {Y;;¢=0,1...,T}. If they make
an agreement at time ¢, then at that time the buyer pays the seller an amount
Z, equal to the time ¢ value of this option. The buyer then has the right to
exercise this option at any time 7, where ¢t < 7 < T. If the option is ex-
ercised at time 7, then the seller pays Y, to the buyer. An American option

4.3 American Options 125

can only be exercised once. If it is never exercised, then no payoff occurs.
The key problem, of course, is to determine the time 7 value Z, of this option,
that is, the value process Z = {Z;;t = 0,1,..., T} for this American option
Y.

Example 4.8 Setting Y, = (S,(f) —e)" gives rise to an American call
option with exercise price e. Hence the buyer has the right to purchase
one unit of security » for the amount e at any time on or before date 7.
Similarly, setting Y; = (e — S,(¢))* leads to an American put which
gives the option buyer the right to sell one unit of the security on or
before time T for the price e.

If you buy an American option, then you can always postpone the exercise
decision until time 7, so the value Z, of the American option Y is at least as
large as the value V; of the European option that has payoff X = Yr. In
addition, the possibility of being able to collect a desirable payoff at an
earlier time tends to make American options more valuable than their
European counterparts. Surprisingly, however, there are important situ-
ations where the two values coincide.

(4.5) Consider an American option ¥ = {Y,;1=0,1,..., T} and the corre-
sponding European option with time T payoff X = Yr. Let V, denote
the time ¢ value of this European option. If V; > Y, forall fand © € (2,
then, for all ¢, V; is equal to Z,, the time ¢ value of the American option,
and it is optimal to wait until time 7 to exercise.

The reasoning is quite simple: if you bought the American option and
V, > Y., then exercising at time ¢ would be foolish, because you can always-
guarantee yourself a time ¢ payoff of V,. For example, you could turn
around and sell the corresponding European option for V;, or you could
go short the portfolio which replicates the corresponding European option.
Since it is optimal to wait until time 7 to decide whether to exercise, the
values of the two options must be the same.

Example 4.1 (continued) Suppose Y, = (S, —5)*, where S, is the
price process in example 4.1. Recall r = 0 and 7' = 2. The value process
V, for the corresponding European option X = max {0, S, — 5} was
derived in section 4.1. Figure 4.2 displays on the information tree for
this model the price process, the value process ¥, and the payoff
process Y. Since V, > Y, for all #, V is equal to the value process Z
for the American option.

Alternatively, suppose the American option’s payoff Y is as dis-
played in figure 4.3. The time 2 payoffs are the same as in the figure
4.2 example, but now the time 0 and 1 payoffs Y; are greater (e.g.,
think of the American call option with e = 4, and suppose the stock
pays a $1 dividend between times 1 and 2). Hence the value process V;
for the European option X = Y, will be the same as in the figure 4.2
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Sz=9, Y2=4,
V2=4

5=6,Y,=1,
V2=1

So=5,Y=0,
V0=

5,=6,Y,=1,
V2=

5,=4,7,=0,
V=173

~ N

5,=3,Y,=0,
V2='0

Figure 4.2 Values of American and European options are the same for
example 4.1

example, but now the payoff process will not satisfy ¥ > Y. In parti-
cular, Y; > V; when §; = 8, and now there is no reason to suppose

§,=9,Y,=4,
Vz=4,22=4

<k
wn

N <

IS

ANIAY

w

So=5,Y=1,
Vo=1,2Zy=125

Sl=4, Y|=0,
Vi=13,Z,=1/3

$,=3,Y,=0,
V2=0,Z2=1

Figure 4.3 Values of American and European options are different for
example 4.1
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the American option’s value is given by V. The value process Z for

this American option is displayed in figure 4.3 and will be derived

later.

In order to evaluate American options, it is necessary to introduce a new
kind of stochastic process. The adapted stochastic process Z = {Z;
t=0,1,..., T} is said to be a supermartingale (see section 3.3) if

EZ,|#F|<Z, al0<s<t<T

Thus a supermartingale resembles a martingale, except that the conditional
expected future value can be less than, instead of identical to, the current
value. All martingales are supermartingales, but not vice versa. We know
that the discounted value of a European option is a martingale under the risk
neutral probability measure. It turns out that the discounted value of an
American option is a supermartingale under the same measure.

It is necessary to introduce a second topic from the theory of stochastic
processes. A stopping time is a random variable 7 taking values in the set
{0,1,...,T,00} such that each event of the form {r =1}, < T, is an
element of the algebra #,. Thus you can evaluate whether the event
{r =t} occurs simply by examining #,, the information available at time
t. For example, for a security with Sp =10, 77 = min{r: S, > 20} is a
stopping time, because you learn the event {7 =t} by time ¢. However,
the random variable » = max{z: S; > 20} is not a stopping time, because
you may not learn whether {7» = ¢} until time T Stopping times are allowed
to take a value such as oo in order to provide for the possibility that the event
of interest never occurs. For example, 7 = oo if the event {S; > 20} does not
occur by time 7.

There are many stopping times associated with our security model’s
filtration. It is convenient to classify these stopping times by letting ((s, ?)
denote the set of (random variables which are) stopping times that take finite
values in the closed interval [s,z].

The process Z in what follows will turn out to be the value process for the
American option Y.

(4.6) Suppose there exists a risk neutral probability measure Q and define the
adapted stochastic process Z = {Z;;t=0,...,T} by

4.7) Z, = max,eq(,r)Eq[Y-Bi/B;|F .

Then the process Z/B is the smallest Q- supermartingale satisfying
(4.8) Z, =Y, alto.

Moreover, the stopping time
(4.9) 7(f) =min{s > ¢t : Z; =Y}

maximizes the right hand side of (4.7) for t =0,1,...,T.



