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Student ID Number...........cccovviiiiiiiiiininnnnn

Student Grade: ....... /40

Please answer only 4 of the following questions

1. Show that the Legendre polynomials satisfy the relation: P, (1) =1. Hint:

Use the relation for the generating function of the Legendre polynomials:

m EP ( ) t" . You will also need the relation: IL = Et

t n=0
(10 marks)
Solution:
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2. Show that: i[x"Jn(x)] =x"J (x).
dx

Hint: You are given that,

J, (x)+Jn1(x)— J(x) J (x)-J (x)=2J;1(x)

n+l

(10 marks)

Solution:

2n
Sin )+, () ===J,(%) ()4 )+ ()= ()= 22T (1) +2] (x) =
¥ X

n+l

J (x)-J (x)= ZJ; (x)
2 (x)= 2—an D) +2J () =>J _(0)=2J (x)+J (x)=
X X
x"J (x)= ﬁx”Jn () +x"J (x)=x"J _(x)=nx""J (x)+x"J (x)=
X

x"J L (x)= (x” ) J (x)+ x”J}; xX)=x"J _(x)= di[x"]n (x)]
X

3. a)lf f(x)=§A H (x) show that 4 =

n" " n n /
n=0 2’17’1'
m#n

n'\/7 m=n

f e f(x)H (x)dx. You
are given that: f e‘szm (x)H (x)dx =

(5 marks)

Solution:

a)
f(x) = EAan(x) = f(x)]—[m(x)e—xz/Z — E an(x)H (x)e—x 272 -

f SO)H (x)e™ " dx = iA” f H (x)H (x)e™?dx=

X=—00 n=0 X=—0

f SOOH, (x)e™ dx = 4, f [#,(0)] e dv=

X=—00 X=—00

] FOH, (x)e™ " dx = 47201 =
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b) Use the relation H (x)=2nH (x) to find the integral f H,(x)dx if you
0

are given that H,=8x"-12x.

(5 marks)
Solution:

Hl;(x) =2nH (x)=>iH3 (x) =6H, (x) =

n=3 dx

2 I 40 20
=g(8-23—12-2)‘=g(64—24)=z=?

4. a) Find the associated Laguerre polynomial L (x). You are given that
o d) 1
k 2
I (x)=(-1) (E) L . (x) and that L, =E(x ~4x+2).
(5 marks)

Solution:

L (x)- (—1)"(%) L) = )= (—1)1(%) L(x)=

L(x)= —%Lz(x) = I'(x)= —%B(ﬁ —4x+2)] -

Li(x) =—%(2x—4) =2-x
b) Show that the associated Laguerre polynomial L (x), satisfies the
differential equation:

xLI: (x)+(k+1—x)Lf: (x)+nLi (x) =0.
(5 marks)

Solution:



0-(2-x)+(2-x)=0

5. a) Find the associated Legendre functions P/(x) and P,(x) starting from
the Legendre polynomials P, (x) and P, (x).

(5 marks)
Solution:

gm(x)=(1-x2)m/zj—mp(x) = Pl(x)=(l—x2)l/2%Pz(x)=>
Pi@)=(1-x) Zci(sx -1)=P(x)_—(1 ) 6x =

Pl(x)=3x(1-x" )”2

Pn"’(x)=(1—x2)m/2:—mP(x) - Pl(x)=(1-x2)”2dip3(x)=

zgl(x)=(1—x2)”zic;(5x ~3x)= Pl(x) - (1 ) (15x* -3)

b) Show that the functions P/(x) and P/(x) are orthogonal i.e.
1

[ P(x)P!(x)dx=0

-1

(5 marks)
Solution:

lPZI(JC)P;()c)dx=él x(1-x7 " 1-x° - 15x* =3)dx =
J 2£

1

%j;x(l—xz)(Isz —3)dx =%f(x—x3)(15x2 —3)dx=

-1

3 1
Z [ (~15x° +18x° =3x)dx =0
2_f]( )

You are given that: P"(x)= (1 ) d

o P (x)




P(x)= %(3)62 _1) and P(x)= %(5x3 _3x)



