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Please answer all questions
1. A quantum SHO at =0 is at the
Y(0)= A(6y, +8y))

a) Calculate A?

(2 marks)
b) What is the average energy?

(2 marks)
c) What is the uncertainty in energy?

(2 marks)
d) What is the state of the SHO at time ¢ = r ?

[0}
(3 marks)

e) If at +=0 we do a measurement and we find that the SHO is at
state ¥, what will be the energy of a particle at time 7= L

3w
(1 mark)

Solution: a) From normalization condition we calculate the constant A.

ﬂq/(x)r dx=1= 36 4° ﬂwo(x)\z dx + 64 4° j‘wl(x)‘z dx +96 4 jwo(x)wl (x)dr=1
0 0 0 0

%f—/ %,—/
=1 =1 =0

=1004’=1= 4=0.1

The probabilities for the particle to be in states 0 and 1 are:

P =(64) =036 and P,=(84) =0.64



b) Thus the average energy is given by
(E)=RE,+ PE,=036E,+0.64E,

h 3n
but in a quantum SHO E = (n+%)hw thus E, = Ta) and E = Ta) So

1

(E)=1.14he
c) Similarly

(E*)= B E} + PE} =036 E2 +0.64E% = 1.53(hoo)

Then
AE=\(E*)- (E) =0.48h0.

d) The wavefunction after some time t is given by

t=rt/w

—iEyt/h —ikt/h __ —iot —i3wt _
W (x,t) = 0.6y, (x)e """ + 0.8y, (x)e " = 0.6y (x)e"* + 0.8y, (x)e " =
0.6y, (x)e ™ + 0.8y, (x)e **'? = —0.6iy (x)e ™" + 0.8y, (x)

e) After the measurement the system collapses to the state vy, so any repeated

measurement of the energy will give us the value E|

2. An electron is confined in an infinite potential well. When this
electron makes a transition from the state n=2 to the state n=1 it
emits a photon with a wavelength A =700 nm.

a) Calculate the width a of the well.
(2 marks)

If the electron is prepared, at t=0, at the state ¥ = A3y, +4y,):

b) Calculate A.
(2 marks)

c) Calculate the average energy of the electron at this state.
(2 points)

d) What is the probability of finding the particle in the region
(0,a/6)?
(4 points)



Solution: a) The energy of the photon is equal to the difference of the energies
of the two levels:

EZ—EI:hf:Ez—EI:%:nl: he :A:L:

E, - E, n'n’ (22_12)

2
2ma

W h 64x107™ 107
L_yrr 3 l:\/3x66 XA XT00X107 _ 01052 08
2mhc 8cm 8x3x10°x9.1x10~

b) From normalization condition we calculate the constant A.

ﬂq/(x)\z dv=1=94" ﬂwl () de+16.4° j\wz (x) dr + 242 jwl (x)w, (x)dx=1
0 0 0 0

%/—/ %/—/
=1 =1 =0

=254°=1=4=0.2

The probabilities for the particle to be in states 1 and 2 are:

P =(34) =036 and P=(164) =0.64
c) Thus the average energy is given by
(E)= RE, + PE, =036E, +0.64E,

but in an infinite well E = En’ thus E, =4E,. So

2.2
(E)=036E, +0.64E, = 036E, +0.64 X 4E, = 2.92F, = 2.92 j T
ma

(1055 % 10‘3“)2 x 3.142
2.92

_=275x10°T =1.72 eV
2%9.1%107! x(o.8>< 10-9)

d) The probability is given by

PO<x<al6)= 9A2aj6 y, (x) dx+ 16A2aﬂq/2 () i+ 24Azaj6 v, (x)w, (x)dx

0 0 0

9 (2)“ Y62\ (2axY . 242 2
=—| — J.sin > dx+—| — Jsin X dx+—| — Jsin > sin X dx
25\ a 5 a 25\ a 0 a 25\ a ) a a

=0.124




3. For a quantum SHO show the following;:

a) [N, az}:—Zaz.
(2 marks)

b) [N, aa*a} =—ad'a.
(2 marks)

c) Assume that the SHO is at the state ‘n) Using algebraic
techniques show that <n‘ px‘ n> = %
(4 marks)

Solution:
a) [N, asz[N, aa]z[N, a]a+a[N, a]
But [N, a]z—a,so
[N, a]z—aa—aaz—Zaz.

b)

[V, aa'a]=| N, a(a'a)|=a| N, (a'a)|+[ N, a](a'a)=0- a(a'a) = -aa'a

¢) From the relations

a:,/m—w x+£ , d'= /m_a) x—ﬂ
2h mo 2h mo

we solve for x and p and we get

S ETH PR N T

so we have




px=%(a+ aT)(a— aj‘)zzzi(a2+ a”—aaT+a+a)
<n‘px‘n>=2zi<n‘(a2+ a“—aa%+aTa)‘n>:

2 (el )~ G+ o) =

=0 =0 1+n =n

h h.

—_ =

4. (a) An electron with kinetic energy E = 16.0 eV is incident on a
“step” of positive potential and is reflected with a probability equal to

R=1/9. What is the “height” ¥ of the potential barrier?
(3 marks)

(b) An electron is trapped in a one-dimensional finite potential well of

0
depth V,=6¢V and of width @ =10 4. Calculate the number of bound

states.
(2 marks)

(c) A particle of mass m is moving in the potential V' = Ax*e™ . Use the
parabolic approximation to calculate the first two energy levels of this
potential.

(3 marks)

Solution:
(a) Solution: The reflection probability is

o P ) S ()

Put x = /16— v, and remember that x > 0.

2
é:(:ij = (4+x) =9(4-x) = (x* +8x+16) = 9(x* ~ 8x +16)

= 8x*—80x+128=0=x*—-10x+16=0

Solving this you get
x =8, x,=2
Thus



8=\16-V, =16-V =64 =V =-48eV impossible
2=\16-V, =16V, =4=V =12V

(b) Solution: The number of bound states in a finite well is given by

2mV
N:[L}H v, =2 A= aU,

/2 h?

Le a\2mV, 10x 107°v2x9.1x 107 x6x 1.6 x 10"

=125
h 1.055x107*

N = A t1=| 122 +1:[7.96]+1=8
w/2 1.57

c) Solution: The parabolic approximation for any potential is given by
V(x)=V(0)+V (0)x+ %V"(O)xz +....
For the given potential we have

V(0)=0
V'(0) = 2ax(1 - ax*)exp(—ax’ )‘ W= 0

V'(0)=24 exp(—axz)(l —5x%a+ 2a2x4) =24
x=0
Thus
V(x)= 1(2A)x2
2
As we see this a SHO potential with k=24 = mw" =24 = w0 = ,|—
m

Thus the energies of the first two states are

E=ho/2=" 22 Elzshw/zz% 24
m

0 2 m

Multiple Choice Section

Each question gets 1 mark for correct answer



5 . Which of the following functions could represent the wave function
of a free particle?

a. Ae™
b. Ae™
c. Ade™
d. Asin(kx)

6. Particles have a total energy that is greater than the "potential
step." What is the probability that the particles will be reflected?

more information is needed
zero

100%

greater than zero

a0 op

7. DParticles have a total energy that is less than that of a potential
barrier. When a particle penetrates a barrier, its wave function is

exponentially increasing
oscillatory

exponentially decreasing
none of the above

o

8. The ground state energy of a harmonic oscillator is

a. E=hw

b. E=ho/2

c. E=2/3)hw
d. E=0

e. E=hw/4

Physical constants and formulas



h=6.63x10 -5, h=h/2x=1.055x10J -5, 14=10"m, m =9.1x10"" kg,
leV =1.6x107"J

For an infinite square well:

h2n2
2 . [ nmx = 2 = oo
Wn(x): ;Sln[ ; J En 2ma2 n, n 1, 2, ey
For a particle wave:
A=h/pand k=2r1/A.
For an finite square well:
A 2mV,
Vel B A=t

For a potential step: E >V,

) e
k+k E+JE-V, (k+k) (JE+ E- VO)

For a potential barrier of finite width: E >V,

s£(E-,)

y2 sinz(L(2m/h2)0'5«/E— V0)+4E(E— V)

For a potential barrier of finite width: E <V,
4(V,-E)E

v sinhz(L(zm/hz)O's,/Vo - E)+4(V0 ~E)E

sinhx = %(ex - e"‘)

T =

For the SHO:



1/4
En:(nJr%]hw, l//n(x)=[n;—2)j \/21”—;111—["(@8_62/2, E= ’”wa
H =1
H =2¢&
H,=4& -2
H, =88 —12¢

H, =165 -48& +12
H, =328 -160&° +120&

2h mo 2h mo
a‘n>=\/;‘n—l>, aT‘n>=\/n+l‘n+l>

N=a'a, [a, a'1=1

Useful mathematics:

[ sin (fex sin (24 ) dx = é(%in(kx) — sin (3kx))

V(x)=V(0)+V (0)x+ %V"(O)xz +....

(sinx) =cosx, (cosx) =—sinx

+oo

—oco

_ 2
e dy=— =

22\ 17

[4,B]=4B-B4, [4,B]=-[B, 4], [4.B+C]|=[4,B]+[4.C],

[ 4,BC|=B[4,C]+[ 4,B]C



