Solution of the Second Midterm Exam for MATH 244, Semester 2, 1433H

I) Choose the correct answer:

a) Which of the following sets of vectors form a basis of R??
Answer: {(1,1),(3,1)}.

Reason: 1) The set S = {(2,1),(1,—1),(0,2)} is linearly dependent
because dim S = 3 > 2 = dim R%.

2) The set S = {(0,1),(0,—3)} is linearly dependent because (0,—3) =
~3(0,1).

b) If u = (-2,-3,4,—6), v = (4,1,6,16) and w = (8,—13,0,20), then
the vector z € R* for which 5z — 2v + 3u = 2 (w — 5x) is

Answer: z = (2,-1,0,6).

Reason:
5z —2v + 3u =2 (w — 5x)
— bxr — 2v + 3u = 2w — 10x
= 15z = 2w + 2v — 3u
1
=—(2 2 —
=z 15( w + 2v — 3u)
1
=z =—(2(8,-13,0,20) +2(4,1,6,16) — 3 (—2,—3,4,—6))

15
1
= @ = = ((16,-26,0,40) + (8,2,12,32) + (6,9, ~12,18))

1
= ¢ = 7= (30,-15,0,90)

— 2 =(2,-1,0,6).
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c) If A= [ } , then the set of matrices {A, B} is linearly inde-
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Answer: B—{Q O]'



Reason: 1) B = { 3 } is a scalar multiple of A, namely, B = —A.

-2 0

2) Any set containing the zero vector B = [ 8 8 } is linearly dependent.

d) If |a(—2,2,—1)|| = 3, then the values that « can take are
Answer: {—1,1}.

Reason:

o (=2,2,-1)[ =3
= laf[[(=2,2,-1)[| =3

— Jal /(=2 + 224+ (-1)* =3
= |a|V4i+4+1=3
= 3|a| =3
= |a| =1
= a={-1,1}.

e) If w and v are vectors in R”, then d (2u + v, u) equals
Answer: |u+ vl

Reason:

d(2u+v,u) I2u + v — ul|

[+ vl

IT) Decide if the following statements are true (T) of false (F). Justify your
answer.

a) For all u, v € R", [lu+ || = [ul| + [|v]| .



Answer: F
Example: Take u = (1,1), v = (=1,1) in R?, then

[ut+vol = [I(1,1)+ (=1L 1)]
= [1(0,2)]]
- ez
2.
But
ull + ol = (1@, )]+ (=1, 1)]]

12412 4+4/(~1)% +12
= V2+V2
= 2V2.

Clearly, for our choice

lu+ofl # [lull + o]l -

b) The coordinate vector (P (X))g of P(X) =2— X +3X? with respect
to the basis S = {1+ X,1 — X, X2} of P2 (X) is (2,-1,3).
Answer: F
Reason: Note that

214+ X)-1(1-X)+3X? = 242X -1+ X +3X?
= 1+3X+3X?
# P(X).
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c) The column vectors of the matrix A = [

independent.
Answer: T
Reason: The column vectors ¢; = CO.S9 and cg = sin 0 are
—sinf i cos 6

linearly independent if and only if det (4) # 0. Now,

’ cosf  sinf =cos?f +sin?0 =1#0.

—sinf cos6




d) If lu+ o] =5 and |ju — v|| = 3, then u.v = 6.

Answer: F

Reason:

e) Let V = R. If the addition and multiplication on V are defined as
a+b=a’and k (a) = ka, for all a,b € V and all scalars k € R, then

V is a vector space.

Answer: F

Reason: Axiom 2 in DEFINITION 1 (page 172) is not satisfied. For
example, if we take a = 1, b = 2, then

a+b =

but

b+a

So, for our choice
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a+b#b+a.



ITI) Determine the value of a such that the matrices

1 2 10 1 —4
0 1}’ 1 0} a —2
are linearly independent.

Answer: The above matrices are linearly independent if and only if the vector
equation

1 2 1 0 1 —4 0 0
kl{o 1]*’@[1 O]+k3[a —2]_{0 0}’ )
has only the trivial solution. The vector equation (1) is equivalent to
k1 2k + ke O n ks —4ks | [ 0 O
0 kl kg 0 (lk‘3 —2k3 o 0 0
ki+ ko + ks 2k; — 4ks . 0 0
ko + aks k1 — 2ks 100

which gives the system

or

k1 + ko + ks 0 (2)
%y —dks = 0
ko+aks = 0
ki—2ks = 0
The augmented matrix for system (2) is given by
11 1 o0
2 0 —4 0 | —2Bi+R2—Ry,~Ri+Ri—Rs
01 a O
10 -2 0
1 1 1 0
0 -2 —6 0 %RQ+R3—>R3,N—%R2+R4—>R4
0 1 a O
0 -1 -3 0
(1 1 1 0
0o -2 —6 0
0 0 a—3 0
000 0 0

Therefore, system (2) has only the trivial solution if and only if a — 3 # 0.
Therefore, for all a € R—{3}, the given matrices are linearly independent.



IV) Determine whether
V={(y):z,y R}

is a vector space, when addition and multiplication on V are defined by
(2,y) + (m y) = (m Yy ) ;o V=), (w y) ev
respectively

k(z,y) = (kz, ky), Vk e RV (z,y) € V.

Answer: V is not a vector space because axiom 7 in DEFINITION 1 (page
172) does not hold. Take, for example, k¥ = —1, (z,y) = (1,2) and

(xy) = (2,3), then

Bl@y+ ()] = -110.2+@3)]

But

k(z,y) +k (xy) = —1(1,2)-1(2.3)

That is, for our choice

k [(x,y) + (x/,y/ﬂ #+k(z,y)+k (a:l,y'> )

V) Show that S = {v1,v2,v3} is a basis for R?, if v; = (1,1,0), vo = (1,1,1)
and vz = (0,1,-1).

Answer: The number of vectors in S is equal to dim (R3). Therefore, to
prove that S is a basis for R? we only need to prove that S is a linearly
independent set or that S spans R3.



The set S is linearly independent if and only if the matrix whose column vectors
are v1, v2 and vg has a nonzero determinant. Now,

. 11 10
L= 471 4
01 -1

= —2-(=1)

= —1#0.

VI) Prove that W = {(a, b,c) €ER3:b=5a,c= 0} is a subspace of R3.
A vector in W can be written in the form (a,5a,0) where a € R.
(1) The vector (0,0,0) € R3, hence W # ¢.
(2) Let (a,5a,0) and (b, 5b,0) be two vectors in W, then
(a,5a,0) + (b,50,0) = (a+b,5a+ 5b,0)

(a+b,5(a+10),0)
= (¢,5¢,0)

where ¢ = a + b € R. This shows that (a, 5a,0) + (b, 5b,0) € W.
(3) Let k be any scalar, and (a, 5a,0) be a vector in W, then

k(a,5a,0) = (ka,5ka,0)
= (ka,5(ka),0)
—  (d,5d,0)

where d = ka € R. Thus, k (a, 5a,0) € W.

Steps (1), (2) and (3) prove that W is a subspace of R3.



