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SPECTRAL DISCRETIZATION OF THE VORTICITY, VELOCITY,
AND PRESSURE FORMULATION OF THE STOKES PROBLEM*

CHRISTINE BERNARDIT AND NEJMEDDINE CHORFI!

Abstract. We consider the Stokes problem in a square or a cube provided with nonstandard
boundary conditions which involve the normal component of the velocity and the tangential com-
ponents of the vorticity. We write a variational formulation of this problem with three independent
unknowns: the vorticity, the velocity, and the pressure. Next, we propose a discretization by spectral
methods which relies on this formulation and, since it leads to an inf-sup condition on the pressure
in a natural way, we prove optimal error estimates for the three unknowns. We present numerical
experiments which are in perfect coherence with the analysis.
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1. Introduction. We consider the Stokes problem in a two- or three-dimensional
bounded domain when provided with boundary conditions on the normal component
of the velocity and the vorticity in dimension 2 and on the normal component of the
velocity and the tangential components of the vorticity in dimension 3. The well-
posedness of this problem is first proved in the pioneering paper [6]; however, the
formulation that is considered in this work deals with the velocity and the pressure as
only unknowns and requires the convexity or some regularity of the domain. As first
proposed in [18] and [26] (see also [19] and [1]), this problem admits an equivalent
variational formulation where the unknowns are the vorticity, the velocity, and the
pressure. This formulation involves the domains of the divergence and curl operators,
as first suggested in [25]. We also refer the reader to [21] for a different formulation
where the unknowns are the vorticity, the vector potential, and the pressure and to
[20] for a comparison between different formulations. The aim of this paper is to
propose and analyze a discrete problem which relies on the vorticity, velocity, and
pressure formulation and is constructed by spectral methods.

Indeed, it seems that the numerical analysis of discretizations relying on this
formulation has been performed only for finite element methods; see [26], [2], and
[11]. We refer the reader to [8] for the analysis of a spectral discretization of the same
problem relying on the velocity and pressure formulation. However, the formulation
that we consider here leads naturally to a more accurate approximation of the pressure.
One of the difficulties in the discretization consists in handling both the two- and three-
dimensional cases. Indeed, the vorticity is a scalar function in dimension 2 and can be
approximated in a standard polynomial space while it is a vector field in dimension 3:
This requires the introduction of appropriate polynomial spaces which are the spectral
analogues of Nédélec’s finite elements; see [24]. The discretization that we propose
takes into account these considerations, and its numerical analysis leads to optimal
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error estimates on the three unknowns. This is the main advantage of this formulation
since, in most usual spectral discretizations of the Stokes problem, a lack of optimality
appears in the estimate concerning the pressure; see [13, sects. 24-26], and [14] for
a possible but less natural improvement. We present numerical experiments which
confirm the optimality of the discretization and its efficiency for the Stokes problem
provided with this type of boundary condition, both in the two- and three-dimensional
situations.

The extension of this study to the case of the nonlinear Navier—Stokes equations
is presently under consideration. The main difficulty here is the choice of variational
spaces in order to preserve the compactness of the nonlinear term. We also intend to
treat more complex geometries by using a spectral element discretization.

An outline of the paper is as follows.

e In section 2, we write the variational formulation of the problem in the case of
homogeneous boundary conditions.

e Section 3 is devoted to the description of the spectral discrete problem. We
also prove its well-posedness.

e Optimal error estimates are derived in section 4.

e The extension to the case of nonhomogeneous boundary conditions on the
velocity is explained in section 5.

e In section 6, we present some numerical experiments which turn out to be in
good agreement with the analysis.

2. The velocity, vorticity, and pressure formulation. Let (2 be a bounded
connected domain in R?, d = 2 or 3, with a Lipschitz-continuous boundary 9€2. We
assume for simplicity that €2 is simply connected and has a connected boundary. The
generic point in  is denoted by = (z,y) or & = (x, y, z) according to the dimension
d. We introduce the unit outward normal vector n to € on 02 and consider the
Stokes problem

—vAu+gradp = f in €,

divu =0 in Q,
(2.1)

u-n=0 on 012,

ve(curlu) =0 on 0N.

To make precise the sense of the operator ~;, we recall the following.

e In dimension d = 2, for any vector field v with components v, and v,, curlv
stands for the scalar function d,v, —0,v., so that the operator -, is the trace operator
on 0f).

e In dimension d = 3, for any vector field v with components v,, vy, and v,
curlv stands for the vector field with components dyv, — 0,vy, 0,v; — Ozv;, and
O0xvy — Oyvs, and the operator v, is the tangential trace operator on 02, defined by
y(w) =w x n.

Of course, the operator 7; is only defined on smooth enough functions as will be made
precise later on.

In system (2.1), the unknowns are the velocity w and the pressure p, while the
data f represents a density of body forces. The viscosity v is a positive constant. To
go further, we introduce the vorticity w = curlwu and observe that system (2.1) is
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fully equivalent to

veurlw+gradp = f in £,

divu =0 in €,
(2.2) w = curlu in €,

u-n=>0 on 0,

Y(w) =0 on 09.

Note that the operator curl in the first line of this system coincides with the previous
one in dimension d = 3 while, in dimension d = 2, it is applied to scalar functions ¢:
curl ¢ here denotes the vector field with components 9y¢ and —0,¢.

In order to write the variational formulation of problem (2.2), we consider the full
scale of Sobolev spaces H*({). As usual, we denote by L3(£2) the space of functions in
L?(Q2) with a null integral on 2. Let also D(Q2) be the space of infinitely differentiable
functions with a compact support in . We introduce the domain H(div, ) of the
divergence operator, namely

(2.3) H(div,Q) = {v e L*(Q)% dive € L*(Q) }.

A consequence of the Stokes formula, valid for smooth enough vector fields v and
scalar function ¢,

24) [ @ivo)@)e) iz =~ [ o) @Eradea)de+ [ (@ n)(rer i

oN

is that the normal trace operator v — v - n can be defined from H(div,2) into
H~2(99). This leads us to introduce its kernel

(2.5) Ho(div,Q) = {v € H(div,Q); v - n =0 on 9Q}.

Similarly, we introduce the domain of the curl operator

d(d—1)

(2.6) H(curl,Q) = {9 € L*() 7z ;curld € LQ(Q)d}.

The Stokes formula here reads, for smooth enough functions ¥ in LQ(Q)w and v

in L2(Q)4,
(2.7)
/Q(curl J)(x) -v(x)de :‘/Qﬁ(sc) - (curlw)(x) dx —/ Y (3)(7T) - A (v) (7) d,

o0

where 7,(v) is equal to v in dimension d = 3 and to vyn, — v;n, in dimension d = 2.
This allows us to define the kernel

(2.8) Hy(curl, Q) = {¥ € H(curl,Q); v,(9) =0 on 9Q}.

Remark 2.1. Note that the spaces H(curl,Q) and Hy(curl, Q) coincide with the
spaces H1(Q) and H}(Q2) in dimension d = 2, so that their approximation relies on
more standard discrete spaces than in dimension d = 3.
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We now consider the following variational problem:
Find (w,u,p) in Ho(curl, Q) x Hy(div,Q) x LZ(Q) such that

Vo € Ho(div,Q),  a(w,u;v) +b(v,p) = (f,v),
(2.9) Vg € L3(9), b(u,q) =0,
V9 € Hyo(curl,Q), c(w,u;9) =0,

where (-, -) denotes the duality pairing between Hy(div,Q) and its dual space. The
bilinear forms a(-,-;-), b(-,-), and ¢(-, ;) are defined by

(2.10)
a(lw,u;v) =v /Q(curlw)(a:) -v(x)de, b(v,q) = —/Q(divv)(a:)q(m) dx,

c(lw,u;p) = /Qw(a:) - (x) da:f/ﬂu(:c) - (curl p)(x) dx.

It can be noted that the boundary conditions that appear in (2.2) are treated as
essential ones in (2.9). So a direct consequence of the density of D(Q)? in Hy(div, Q)
and of D(Q) “ in Hy(curl, Q) (see [22, Chap. I, sect. 2]) is the following statement.

PROPOSITION 2.2. Problems (2.2) and (2.9) are equivalent, in the sense that any
triple (w,u, p) in H(curl, Q) x H(div, ) x L3(Q) is a solution of problem (2.2) if and
only if it is a solution of problem (2.9).

We briefly recall from [26] (see also [11, sect. 3]|) the main arguments for the
analysis of problem (2.9), in view of their discrete analogues. Let V' be the kernel

(2.11) V = {v € Ho(div,Q); Vg € L§(R), b(v,q) = 0}.

Since the divergence of any function in Ho(div,Q) belongs to L3(f), it is readily
checked that V' coincides with the space of divergence-free functions in Hy(div, ().
We also introduce the kernel

(2.12) W = {(9,v) € Hy(curl, Q) x V; Vo € Hy(curl,Q), c(d,v;p) =0}.

As can easily be derived from the previously quoted density result, YW coincides with
the space of pairs (¥,v) in Hg(curl,Q) x V such that 9 is equal to curlv in the
distribution sense. Moreover, it follows from the continuity properties of the forms
b(-,-) and c(+, ;) that both V and W are Hilbert spaces.

We observe that, for any solution (w,u,p) of problem (2.9), the pair (w,u) is a
solution of the following reduced problem:

Find (w,u) in W such that

(2.13) Vv eV, alw,u;v)=(f,v).

So we first investigate its well-posedness.
LEMMA 2.3. There exists a positive constant « such that the form a(-, ;") satisfies

(2.14)

Yo € V\ {0}, sup  a(w,u;v) >0,
(w,u)eW
V(w,u) € W, sup M

Za w curl,Q + ||| 2 d).
veV H'v||L2(Q)d (” HH( 1,Q) ” ”L (Q))
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Proof. 1t is performed in two steps, only in the case d = 3 for brevity.

(1) Let v be a function in V' such that a(w,u;v) cancels for all (w,wu) in W.
Since 2 is simply connected, and v is divergence-free and satisfies v - n = 0 on
09, it follows from [3, Thm. 3.17] that there exists a divergence-free function
in Hy(curl,Q) such that v is equal to curle). Similarly, since Q has a connected
boundary and %) is divergence-free, it follows from [3, Thm. 3.12] that there exists
a function z in V' such that v is equal to curlz. So the pair (1), z) belongs to W.
Taking (w,u) equal to (1, z) thus yields that v is zero, whence the first part of (2.14).

(2) For any (w,u) in W, we observe that the function v = curlw + u belongs to
V. With this choice, we have

a(w,u;v) =v chrlw||%2(ﬂ)d +v /(curlw)(m) ~u(x) de.
Q

Since w is equal to curlu, we obtain by integrating by parts

14 14
. — l 2 - 2 B - 1 2 .
a(w,u;v) = v|lcurlwl|72 g + 5 ||‘-"||L2(Q)d<d2 n T3 [[cur U||L2(Q) a(d_1)

Next, using [3, Cor. 3.16] yields that, since 2 is simply connected,

(2.15) Yw eV, [w| g < churlem(Q) aa-1) -

Inserting this inequality applied to u into the previous line gives
v v
a(wvu; ’U) > 5 ||wH§—I(curl,Q) + ﬁ ”’u’”%ﬁ(ﬂ)d

This, combined with the bound

[N

o[22 (@) < V2 (leurlwlfFzga + lwlF2g)) *

leads to the inf-sup condition in (2.14).
The next result is now a direct consequence of (2.14); see [22, Chap. I, Lem. 4.1].
COROLLARY 2.4. For any data f in the dual space of Hy(div, ), problem (2.13)
has a unique solution (w,w) in W. Moreover, this solution satisfies:

(2.16) lwll 2 (curto) + 1wl z2(0)e < |l f || Ho(aiv.0) -

We recall the inf-sup condition, which is easily derived by taking v equal to
grad p, where y is the unique solution in H*(Q2) N L3(£2) of the Laplace equation with
data ¢ and zero Neumann boundary condition:

b(v,
(2.17) Ve 2@, s 2D S gl

veHo(div,) |1?]H(div,0)

where 3 is a positive constant. We are now in a position to prove the main result of
this section.

THEOREM 2.5. For any data f in the dual space of Hy(div,2), problem (2.9)
has a unique solution (w,w,p) in Ho(curl, Q) x Ho(div,Q) x L3(Q). Moreover, this
solution satisfies:

(2'18) ||w||H(cur1,Q) + HUHH(div,Q) + Hp”L?(Q) <c ||f||Ho(div,Q)"
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Proof. We prove separately the existence and the uniqueness.

(1) With any data f in Ho(div,)’, we associate the unique solution (w,u) of
problem (2.13) by applying Corollary 2.4. It follows from the definition of V' and W
that the second and third lines in (2.9) are satisfied by this solution. Moreover, since
the norms || - || 2(q)ye and || - || g(aiv,@) coincide on V, this solution satisfies the first
part of (2.18). On the other hand, the pressure p must now satisfy

Vv € Ho(div, ), b(v,p) = (f,v) — a(w,u;v).

Since the right-hand side of the previous line vanishes for all v in V' (see (2.13)), the
existence of a solution p of this equation in L3(2), together with the second part of
(2.18), is a consequence of condition (2.17); again see [22, Chap. I, Lem. 4.1].

(2) Let (w,u,p) be a solution of (2.9) with data f equal to zero. Then (w,u) is
a solution of (2.13) with f = 0, so that it is zero thanks to Corollary 2.4. Then the
pressure p satisfies

Vv € Hy(div, ), b(v,p) =0,

so that it is zero due to the inf-sup condition (2.17). This yields the uniqueness of
the solution of (2.9).

We refer the reader to [10] for the characterization of the dual space of Hy(div, Q)
to which the data f must belong. To conclude, we state some regularity properties of
the solution of problem (2.9) which can easily be derived from [3, sect. 2], [16], and
[17].

PROPOSITION 2.6. The mapping f — (w,u,p), where (w,u,p) is the solution
of problem (2.9) with data f, is continuous from H™*10:s=1H( Q) into H*(Q) A
H*(Q)? x H*(Q) for

(i) all s < % in the general case,
(ii) all s <1 when Q is convex,
(iii) all s < I in dimension d = 2 when § is a polygon with largest angle equal
to w.
Moreover, when the data f belongs to L?()?, the pressure p belongs to H'(Q), to-
gether with the vorticity w in dimension d = 2.

We refer the reader to [16] and [17] for more details about the previous statement.
These properties seem weaker than the corresponding ones for the Stokes problem with
Dirichlet boundary conditions on the velocity. But they are the appropriate ones for
proving the convergence of the discretization.

3. The spectral discrete problem. From now on, we assume that €2 is the
square or cube | — 1,1[¢, d = 2 or 3. The discrete spaces are constructed from the
finite elements proposed by Nédélec on cubic three-dimensional meshes; see [24, sect.
2]. In order to describe them and for any triple (¢, m,n) of nonnegative integers, we
introduce

e in dimension d = 2, the space Py, () of restrictions to Q of polynomials with
degree < ¢ with respect to z and < m with respect to vy,

e in dimension d = 3, the space P¢ ,,, »(£2) of restrictions to 2 of polynomials with
degree < ¢ with respect to z, < m with respect to y, and < n with respect to z.
When ¢ and m are equal to n, these spaces are simply denoted by P, (Q2).

Let N be an integer > 2. The space Dy which approximates Hy(div, ) is defined
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by
(3.1)
]P)N,Nfl(Q) X]P)Nfl,N<Q) lfd=27
Dy = Ho(div, ) N ¢ Py no1,v—1(2) X Py_1, v, v—1(Q) X Pn_y nv—1, 8 ()
if d =3.

In contrast, the space Cp which approximates Hy(curl, §2) is rather different accord-
ing to the dimension, for the reasons explained in Remark 2.1; it is defined by

(3.2)
oo [m@nry©) ifd—2,
N Ho(curl, Q) n (PN—LN,N(Q) X PN,N—l,N(Q) X ]P)N,N,N—l(Q)) if d = 3.

Finally, for the approximation of LZ({2), we consider the space My:
(3.3) My = L§(Q) NPx-1(9).

Setting £, = —1 and £y = 1, we introduce the N — 1 nodes &;, 1 < j < N —1,
and the N + 1 weights p;, 0 < j < N, of the Gauss-Lobatto quadrature formula.
Denoting by P,,(—1,1) the space of restrictions to [—1, 1] of polynomials with degree
< n, we recall that the following equality holds:

1 N

(3.4) VP € Pon—_1(—1,1), / () d¢ =) (&) p;-

—1 =0

We also recall [13, form. (13.20)] the property, which is useful in what follows,

N
(3.5) Von € BPa(=1,1), llonllzz—1, < Yo%) ps <3 llenlTaray:
j=0

Relying on this formula, we introduce the discrete product, defined on continuous
functions v and v by

S S o u(Ei §)0(EL &) pips ifd =2,
3.6 , = ( J
0 (ol {Zil\io Zj‘vzo Zg:o w(&i, &5, &) (& &Gy Ek) pipspk if d = 3.

It follows from (3.5) that it is a scalar product on Py (). Finally, let Zy denote
the Lagrange interpolation operator at the nodes (&;,§;), 0 < 4,5 < N, in dimension
d =2 and at the nodes (&;,§;,&k), 0 < 4,7,k < N, in dimension d = 3, with values in
Py (9). -

From now on, we assume that the data f are continuous on 2. The discrete prob-
lem is constructed from (2.9) by using the Galerkin method combined with numerical
integration. It reads as follows:

Find (wn,un,pn) in Cny x Dy x My such that

Vony € Dy, an(wwy,un;vn) +bn(vw,pn) = (F,on)n,
(3.7) Vgny € My, bn(un,qn) =0,
VN E(CN, cN(wN,uN;ﬁN):O,
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where the bilinear forms an(-,;-), bx (-, -), and en(+, ;) are defined by

an(wn,un;vN) =v(curlwy,vn)n, bn(vn,qn) = —(divon,gn)n,

3.8
B8 ey (wnunign) = @xs on) — (wy, curlgy ).

It follows from (3.5) combined with Cauchy-Schwarz inequalities that the forms
an(+,++), bn(--), and cy(+,+;+) are continuous on (CN X ]D)N) x Dy, Dy x My,
and ((C NxD N) x Cp, respectively, with norms bounded independently of N. More-
over, as a consequence of the exactness property (3.4), the forms b(-,-) and by (-, ")
coincide on Dy x M.

The somewhat complex choice of the discrete spaces is justified by the following
lemma (its finite element analogue is well known; see [24]).

LEMMA 3.1. The range of Dy by the divergence operator is contained in My .
The range of Cy by the curl operator is contained in Dy .

Proof. For any vy in Dy, divoy belongs to Py_1(€Q2) and the fact that it has
a zero integral is derived from the property vy - m = 0 on 92 together with the
Stokes formula. This yields the first part of the lemma. Similarly, for any ¥y in
Cx, each component of curl dy is a polynomial of the right degree and the boundary
conditions vy (9 x) = 0 on 99 imply that curl ¥y - n vanishes on 912, which concludes
the proof.

In analogy with the continuous case, in order to investigate the properties of
problem (3.7), we introduce the kernel

(3.9) Vy = {vn € Dy; Ygn € My, by (vn,qn) = 0}.

The following result is easily derived from Lemma 3.1 by taking gy equal to divoy
in the previous line.

COROLLARY 3.2. The kernel Vi is the space of divergence-free polynomials in
Dy, i.e., it coincides with Dy N'V.

We now introduce the kernel

(3.10) Wy = {(¥n,vn) € Cy x Viv; Voo € Cn, en (PN, vn50y) =0},

and we consider the following reduced discrete problem:
Find (wy,un) in Wy such that

(3.11) Yoy € Vy, an(wy,un;vn) = (f,vn)n-

We must now establish the analogues of (2.14) for the form an(-,-;-) on the discrete
spaces. This requires several preliminary lemmas. We refer the reader to among
others [15, Thm. 2.1] and [23] for analogous results in the finite element case.

LEMMA 3.3. The kernel of the curl operator in Cy is reduced to {0} in dimension
d = 2 and equal to the range of H}(Q) NPn(Q) by the gradient operator in dimension
d=3.

Proof. Since the lemma is obvious in dimension d = 2, we prove it only in
dimension d = 3. Let ¥x be a curl-free polynomial in Cp. Using [22, Chap. I,
Thm. 2.9] yields that it is the gradient of a function p. It follows from the identity
Yy = grad p that p belongs to Py (€2). Moreover, the two tangential derivatives of
w1 vanish on all faces of 2: Indeed, for instance on the faces contained in the planes
x = =1, the second and third components of ¥y are equal to zero thanks to the
definition of Cy, so that Oyp and 0. vanish. So p is constant on J€) and, since it is
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defined up to an additive constant, it can be taken equal to zero on 9€2. The converse
imbedding is readily checked.

The next lemma makes the second part of Lemma 3.1 more precise.

LEMMA 3.4. The range of Cn by the curl operator is equal to Vi .

Proof. Let vy be any polynomial in Vy. We treat only the more complex case
of dimension d = 3. Denoting the components of v by vy, Uny, and vy, we first
define a function ¥y = (¥Ung, YNy, ¥nz) by

(3.12)
wNw(mvyaz):/ UNy(xay7C)dC7
-1

z

wNy(‘Tayvz):*‘/ UNJC(x7ya<)dC7 q111\72:0
-1
The first two components of ¥ belong to Py_1 n v () and Py n_1,n5(€2), respec-
tively. This function is such that the first two components of its curl are equal to vy,
and vyy,. Moreover, since vy belongs to V. we have

z

(ainy - 8waw)(x7y7 Z) = - /_1(8vaa: +8yUNy)(-r7 y,C) dC

— [ w00 e = vnelo2).
~1

So curlpy is equal to vy. Moreover, it is readily checked that (1) vanishes on

all faces of €2 but on the face I' is contained in the plane z = 1. In a second step, we

look for a function py in Py (£2) such that v, (grad py) is equal to zero on 0Q\T' and

to y:(¥ ) on I'. Denoting by gy, and gy, the functions defined on I' by

1 1
ng('Thy) :/_1 UNy(xa:%C)de gNy(xvy) = _/1UNw(x7y7C)dC>

we observe that the function g5 = (gnz, gny) belongs to Py_1 n(I') x Py y—1(T),
with obvious notation for these new spaces, has its tangential component equal to
zero on the four edges of I', and satisfies, for the same reasons as previously,

1
@ry = Dyana) o) = [ (@on:) (e dc =0

Again applying [22, Chap. I, Thm. 2.9] yields that g is the tangential gradient of a
function k%, which is defined up to an additive constant. When choosing this constant
such that k% (—1,—1) is zero, we easily derive that k% belongs to H¢(I') NPy (T).
Then, using an appropriate lifting operator of polynomial traces as proposed in [9,
Chap. II, Thm. 4.1], we derive the existence of a uy in Px(2) equal to 0 on 9Q\ T
and to k% on I'. The function 4, — grad sx now belongs to Cy and has its curl
equal to vy, whence the desired result.

It follows from Lemmas 3.3 and 3.4 that, for any function vy in Vi, there exists
a unique function ¥} in Cy such that curl}, is equal to v and which, moreover,
satisfies in dimension d = 3

Let Ay be the operator defined from Vi into Cy by Ay (vy) =¥y -
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LEMMA 3.5. There exists a constant ¢ independent of N such that the following
inequality holds:

(3.14) Von € Vi, [[AN(UN) | H(curr,0) < cllvn|lz2()e-

Proof. Since curl Ay (vy) is equal to vy, it suffices to bound || Ay (vy) ||L @D
2 2
There also, we consider only the case d = 3. The function v defined in (3.12) obvi-

ously satisfies

(3.15) Y nllLz)p < 2lvnlp s

For the same reason, the function k%, introduced in the proof of Lemma 3.4 satisfies,
thanks to the Poincaré—Friedrichs inequality,

16 oy < cllgnllzzay < ev2]unllzas-
Thus applying [9, Chap. II, Thm. 4.1] leads to the estimate
lgrad un |22z < eIkl (),
whence
(3.16) lgrad pun |z < ¢ lon| e

Finally, the Lax-Milgram lemma combined with (3.5) and the Poincaré-Friedrichs
inequality yields that there exists a unique fiy in H}(Q) NPy () such that

Von € HY(Q)NPx(Q), (grad iy, grad py)y = ($y — grad uy, grad py) .

Moreover, this function satisfies

~ 3
(3.17) lgrad fin|[z2(2)2 < 32 ([[YnllL2(o)s + llgrad pnlL2(0)3)-

The choice of fiy yields that the function ¢, — grad uy — grad iy is equal to
An(vp), so that the desired estimate follows from (3.15) to (3.17).
We are now in a position to prove successively the two analogues of (2.14).
LEMMA 3.6. The form an(-,-;-) satisfies the following positivity property:

(3.18) Yoy € Vy \ {0}, sup an(wn,un;vy) > 0.

(wn,uN)EWN

Proof. Let vy be a polynomial in Vi such that ay(wn,un; vy ) vanishes for all
pairs (wy,uy) in Wy. We set 9y = An(vn) and consider the equation:
Find zn in Vi such that

(3.19) Ywy € VN, (ZN,wN)N = (19N7AN(wN))N'
Since the norms |[| - [| gr(aiv,0) and | - [ 2(q)s are equal on Vy, it follows from (3.5) that
the bilinear form in the left-hand side is elliptic on Vi, so that this problem has a

unique solution zy. Moreover, this function satisfies for any ¢, in Cy

(zn,curlpy)ny = (In, An(curlpy)) -
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Note that Ay (curley) is the sum of ¢, and of the gradient of a function uy in
HYHQ)NPx(Q). Then it follows from the choice of 9 (see (3.13)) that

(ZN,CUI'I(PN)N = (19N’LPN)N

So the pair (9, zn) belongs to Wy and taking (wy,uy) equal to (9y, zx) yields,
thanks to (3.5), that vy = curl®dy is zero, which concludes the proof.

LEMMA 3.7. There exists a positive constant o, independent of N such that the
form an (-, -;-) satisfies the following inf-sup condition:

V(wN,'u,N) S WN,

(3.20) IN\WN, UN; UN
sup ( ) > o ([wnllmeurte) + lunllz2)e)-
vNEVN ”vN”Lz(Q)d

Proof. For any (wy,uy) in Wy, we set vy = uy + curlwy. Thanks to the
definition of Wy, this gives

2
an(wN,uN;vN) 2V HwN”H(curl,Q)'
On the other hand, again using the definition of Wy and (3.5), we write

||uNH%2(Q)d < (uN,curlAN(uN))N = (wN,AN(uN))N

< 3% uonl g e [ An ()], o s

L2(Q)
So by using Lemma 3.5 we obtain

d
lunz2@) <3 C||“’N||L2(Q ) -

)

By combining these two inequalities and noting that

N

o2y < \@(H"“’N”%—I(curl,Q) + ||UN||%2(sz)d) )

we derive the desired inf-sup condition.

The following result is a direct consequence of Lemmas 3.6 and 3.7; see [22, Chap.
I, Lem. 4.1]. Note also from (3.5) that if Zn denotes the Lagrange interpolation
operator introduced at the beginning of this section, the following property holds for
any vy in Dy (note that this requires the continuity of f):

(fion)n = (InF,on)n <3¢ IZn Fll2)allvnlL2)a-

COROLLARY 3.8. For any data f continuous on €0, problem (3.11) has a unique
solution (wn,un) in Wy. Moreover, this solution satisfies for a constant ¢ indepen-
dent of N:

(3.21) lwnll#eurro) + lunllL2@)e < el Zn fllp2)e-

To go further, we now state an inf-sup condition on the form by (-,-). We refer
the reader to [4, Lem. 3.1] for the main arguments of the proof in a slightly different
case (and to [5] and [13, Thm. 24.6] for the basic ideas).
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LEMMA 3.9. There exists a positive constant B, independent of N such that the
form by (-, -) satisfies the following inf-sup condition:

b
(3.22) Vqny € My, sup M

> Bellan |2 (o)-
oneby VN[ E(div.0)

Note that Lemma 3.9 makes the first part of Lemma 3.1 more precise: Indeed, it
implies that the range of Dy by the divergence operator is equal to M. We skip the
proof of the next theorem since it relies on exactly the same arguments as Theorem
2.5 with Corollary 2.4 replaced by Corollary 3.8 and (2.17) replaced by (3.22).

THEOREM 3.10. For any data f continuous on Q, problem (3.7) has a unique
solution (wy,un,pn) in Cy X Dy x My. Moreover, this solution satisfies for a
constant ¢ independent of N:

(3.23) lwnll#(eurt,0) + lunllH@iv,0) + IPNl22) < cllZN fllL20)e-

4. Error estimates. We now wish to derive the error estimates between the
solution (w,u,p) of problem (2.9) and the solution (wy,un,py) of problem (3.7).
The proof is rather technical and requires several lemmas. In all that follows, ¢
stands for a generic constant which can vary from one line to the next one but is
always independent of N.

LEMMA 4.1. The following estimate holds for the error between the solution
(w,u,p) of problem (2.9) and the solution (wn,un,pn) of problem (3.7):

lw—wnHEuro) + | —un|lH@v,0

(4.1) <c (ﬂNfui’rJl\]f;EWN (”w - '&N”H(curl,ﬂ) + ||U - wN||L2(Q)d

+EL + Ej“v(ﬁN,wN)),

where the quantities E{, and E% (9N, wn) are defined by

<f7vN>_(favN)N

EJ{, = sup
(4.2) vnEDN H'UNHLZ(Q)d
’ a (a—an)(In, wN;VN)
EY (YN, wy) = sup
vy €EDN ||'UNHL2(Q)d

Proof. Let (9n,wy) be an approximation of (w,u) in Wy. By using (3.11), we
have, for all vy in Vy,

CLN((.UN — ﬁN,uN — wN;'vN) = (f,'UN)N — CLN(’&N,’UJN;’UN).
Then using problem (2.13) (we recall that Vi is contained in V') leads to

an(wy — VN, uny —wn;vN) = (f,on)Ny — (f,on) + a(w — Iy, u —wn;vN)
+ (e —an)(On,wN;VN).

By combining this identity with the inf-sup condition (3.20), we derive

|wn = IN[H(curro) + [un — w20
< ¢ ([leurl (w — )| L2yt + EL + EY(9n, wn)).
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We conclude thanks to a triangle inequality, by noting that both w and uy are exactly
divergence-free.

LEMMA 4.2. The following estimate holds for the error between the solution
(w,u,p) of problem (2.9) and the solution (wn,un,pN) of problem (3.7):

(4.3)

lp— w2 < ¢ inf [p—anll2)

i
qn EMN

+c inf (w—ﬂ e + |l — w
(IN,wN)EWN ” NHH( 1,Q) || N”L?(Q)d

+EL + Ej'{;(ﬁm’wN)),

where the quantities EI{[ and B4 (9N, wn) are defined in (4.2).
Proof. Tt follows from problems (2.9) and (3.7) (note also that b(-,-) and by (-, -)
coincide on Dy x M) that, for any vy in Dy and ¢ in My,

by(vn,pn —qn) = (f,on)ny — (fLon) +a(w —wy, u —un;vy)

+ (e —an)(wn,un;vn) +b(vN, D — gN)-

Moreover, we use the identity

(a—an)(wn,un;vn) = (a—an)(On, wn;vn) + (a—an)(Wy —On, uny —wWN;UN).

Combining the inf-sup condition (3.22) with Lemma 4.1 and a triangle inequality
leads to (4.3).

In order to evaluate the distance from (w,u) to Wy, we now prove an inf-sup
condition on the form cn(-, ;).

LEMMA 4.3. There exists a positive constant 7y, independent of N such that the
form cn (-, ;) satisfies the following inf-sup condition:

(4.4)

eny(wy, upn;
Voun € Cn, sup (@, un; )

> ||<P ||H 1,Q)-
(wnumcCrxVa NON [aeurLo) + [unllzye — 7 N ewre)

Proof. For any ¢, in Cy, we take (wy,un) equal to (¢, —curle,) and note
that it belongs to Cy x Vi; see Lemma 3.1. Next, we derive from (3.5) that

en(wn, un;pn) = (Pnsen)N + (curlpy, curlpy )y > HSONH?-I(curl,Q)'

On the other hand, we have

lwnllf(eurro) + [unllz2@@)e < 2[leN || H(curL0),

which leads to the desired inf-sup condition.
COROLLARY 4.4. The following estimate holds:

(4.5)

. f ( - 19 cur - )
(ﬁNyiil)?v)GWN e Nz (eurr0) + [[u wN||L2(Q)d

<c CNHG%N zNiTg/N (||w — CnllH(curo) + lu — 28| L2)e + EJCV(CszN))a
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where the quantity ES (¢, zn) s defined by

(4.6) ES(Cy,2n) = sup (¢ —en)(Cns 2N5 )
pnECN ||"PNHH(cur1,Q)

Proof. For any (¢, zn) in Cy x Vi, we derive from the inf-sup condition (4.4)
the existence of a pair (¢, Zn) also in Cy x Viy which satisfies, for all ¢ in Cy,

CN(&NvéNacpN) = CN(<N7zN;<PN)7
and, moreover,

¢ > — CN C s 2N P
||CN||H(curl,Q) + HZNHL2(Q)d < (’y*) 1 sup M
pneCnN ||LPN||H(CUI‘1,Q)

We also note that

CN(CN7ZN§ pn) = —c(w—Cn,u— ZN?‘PN) —(c— CN)(CNazN; (PN>'

Since the pair (9, wy) with 9y = ¢y — &‘N and wy = zy — Zn belongs to Wy,
the desired estimate is easily derived from the two previous lines.

Remark 4.5. The same argument as in the previous proof, combined with the
inf-sup condition (3.22), leads to the estimate
(4.7) uf |u —2zn|lL2)pe < c oJnf | —vn|l#@iv.0)-
However, we prefer to avoid dealing with the approximation error in the H(div,Q)-
norm and directly estimate the distance from w to Vy.

By combining Lemmas 4.1 and 4.2 and Corollary 4.4, we observe that the full
error

|w—wnllEEuro) + v —unlz@y.o + P —prlzz @

is bounded by the sum of the three terms of approximation error,

inf — inf - inf —
oot lo = Cnllmeuney, | inf - flu—2zx]r20)p, qugMNHp anllr2(e),

plus the three quantities EZ’:,, E% (9N, wn), and ES (¢, 2n) which are issued from
numerical integration.

In order to estimate these last ones, we introduce the orthogonal projection op-
erator II_; from L2(Q) onto Py_1(Q). Indeed, we derive from (3.4) that, for any
VN in DN,

(fron) = (f,on)v = (f —On-1f,on) = (F —Tn-1f,on)N
=(f-Un_1f,on) — InFf—-Tn_1f,vn)N,

so that, owing to (3.5),
(48) Ef < (143 |1 f = Hy-a F oz + 371 F = Infllize

Similarly, we have, for any vy in Dy,

(@ —an)(POn,zn;VN) =V /Q(curlﬂN —Hy_1(curlw))(z) - zn(z)d

—v (curlﬁN - HN_l(curlw),zN)N7
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so that

(4.9)
E(On,wy) < (1+3%) (|[eur] (w — IN) |20y + [[eurlw — Iy 1 (curl w)|| p2(0)a).

Note that a bound for the quantity ||curl (w—9y)||.2(q)a is provided by Corollary 4.4.
Finally, the same arguments lead to

(4.10)

By (G 2n) < (1439 (o = Cxll o wa + =Ty 1w sy

L2(Q) 2(©)

+ = 2nllze@e +llu—y_1ullL2g)e).

We now recall from [13, Thms. 7.1 and 14.2] the approximation properties of the
operators IIy_; and Zy: For any function g in H*(Q2), s > 0,

(4.11) lg —Tn-19llz2() < N7l ms (),

d

and, for any function g in H*(€2), s > §,

(4.12) lg —ZIngllrz) < e N7 gllms -

Estimates (4.11) and (4.12), when applied to each component of f and combined with
(4.8), lead to the desired bound for EJ{, When combined with (4.9) and (4.10), they
allow us to reduce the evaluation of E% (9y,wn) and ES({x,2zn) to a bound for
the approximation error.

The approximation error for the pressure can also be estimated from (4.11). To
go further we recall the following:

e In dimension d = 2, the orthogonal projection operator H}\}O from HE () onto
Cy satisfies, for all functions ¢ in H*(Q2) N H}(Q), s > 1,

(4.13) le — TN @l 20y + N7 o = TR0l ) < e N7 | 1e (-

e In dimension d = 3, a spectral analogue Ry of the Nédélec operator [24, sect.
2] has been constructed in [7, sect. 4]. It maps smooth functions in Hy(curl, ) onto
Cy and satisfies, for all functions ¢ in H*(2)? N Hy(curl, Q), s > 2,

(4.14) le —Rnellrz@)ps < e N2 lellms )3,
and, for all functions ¢ in Hy(curl, ) such that curl ¢ belongs to H*(Q)3, s > 1,
(4.15) llcurl (¢ — Ry®)|lL2()s < e N77 |lcurl || s qys-

Applying these estimates leads to a bound for the approximation error on w. More-
over, since the velocity u is divergence-free and has a zero normal trace on 01, it is
equal to curlp for a function ¥ in Hy(curl, ). Thus, thanks to Lemma 3.1, its best
approximation in Vy can be bounded from (4.13) or (4.15).

To state the final estimate, we introduce the scale of spaces, for s > 0,

d(d—

(4.16) H*(curl, Q) = {p € HS(Q)#I); curly € HS(Q)d}.

Note that this space coincides with H*T1(Q) in dimension d = 2.
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THEOREM 4.6. Assume that the data f belong to H? (Q)? for a real number o > 4
and that the solution (w,w,p) of problem (2.9) belongs to H*(curl, Q) x H*(Q)? x
H?*(Q) for a real number s > d — 1. Then the following error estimate holds between
this solution and the solution (wx,un,pn) of problem (3.7):

(4.17)
|w —wn|EEurno) + v —unlm@v.o + P — PNl @

<c (Nfs (||w||Hs(cur1,Q) + l|wl s (e + Hp”HS(Q)) +N7° ”f”Hf’(Q)d)-

Estimate (4.17) is fully optimal, which is especially interesting as far as the pres-
sure is concerned since this optimality is not obtained for most spectral discretizations
of the Stokes problem.

The regularity which is required (s > d — 1) concerns only the vorticity w and
seems reasonable at least in the case of a square. Moreover, it follows from [16] and
[17] that both w and w can be written as a sum of a regular part and the gradient of
a linear combination of the singular functions associated with the Laplace operator.
These two terms can be approximated separately and, as usual in spectral methods
[12], the approximation of the singular part is better than can be hoped from the
general theory. This leads to the following result, where, in dimension d = 2, oq is
equal to 4 — ¢ for any € > 0.

COROLLARY 4.7. Assume that the data f belong to H° ()¢ for a real number
o > g, Then the following error estimate holds between the solution (w,u,p) of
problem (2.9) and the solution (wy,un,pn) of problem (3.7):

(4.18) lw —wnllEEurro) + v — unllH@iv.0) + P — PNz
< cNTmimeoed| £ 4o o,
where oq s a real number > 1 depending only on €.

5. Case of nonhomogeneous boundary conditions. We briefly explain how
the results of the previous sections can be extended to the problem

veurlw+gradp = f in £,

divu =0 in €,
(5.1) w =curlu in Q,

u-n=g on 01},

Y(w)=0 on 092,

where the function g belongs to H *%(89) and satisfies the compatibility condition
(here (-, -)aq obviously denotes the duality pairing between H =z (9Q) and H = (92))

(5.2) (9:1)an = 0.
We consider the following variational problem:
Find (w,u,p) in Ho(curl, Q) x H(div,Q) x LE(Q) such that
(5.3) u-n=g ondfd
and that
Yv € Hy(div, Q), a(w,u;v) + b(v,p) = (f,v),
(5.4) Vg € L§(9), b(u, q) =0,
V9 € Hyo(curl,Q), c(w,u;d) =0.
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Thanks to the arguments given in section 2, it can be checked that problems (5.1)
and (5.3)—(5.4) are equivalent, in the sense made precise in Proposition 2.2. To prove
the well-posedness of problem (5.3)—(5.4), we need a lifting of the boundary condition
(5.3).

LEMMA 5.1. For any g in H_%(('?Q) satisfying (5.2), there exists a divergence-free
and curl-free function wy, in L*(Q)? such that wy-m is equal to g on 0Q. Moreover,
this function satisfies

(55) HubHH(div,Q) < c||g||H,%(8Q)~

Proof. The following variational problem,
Find p in HY(Q) N LE(Q) such that

Vp e H'(Q) N L3(Q), / grad ;.- grad pdzx = (g, p)o,
Q
admits a unique solution p which satisfies

Then the function u, = grad p satisfies all the properties stated in the lemma.

THEOREM 5.2. For any data f in the dual space of Hy(div,?) and g in H™= (0Q2)
satisfying (5.2), problem (5.3)—(5.4) has a unique solution (w,u,p) in Hy(curl, Q) x
H(div, Q) x L3(Q). Moreover, this solution satisfies

(5.6)  lwllaeur,o) + 1wl m@iv.o) + I2ll2@) < ¢ (1F 1o @iv.0y + HgHH’%(SQ)>'

Proof. Using the function u; introduced in Lemma 5.1 and setting ug = w — uy,
we note that (w,u,p) is a solution of problem (5.3)—(5.4) if and only if (w,uo,p) is
a solution of a problem similar to (2.9). So the existence and uniqueness of (w,u, p)
follow from Theorem 2.5, and estimate (5.6) is derived by combining (2.18) and (5.5).

In order to write the discrete problem, we introduce the space

= HDN7N_1(Q) X HDN_LN(Q) ifd= 2,
(5.7) Dy = .
Py n—1,v-1(Q) X Py v v—1(Q) X Py voa,n () ifd=3.
Assuming that the function g belongs to L%(092), we define an approximation gy of g
as follows: On each edge (d = 2) or face (d = 3) I', of Q, 1 <r < 2d, gnr, is equal to
the image of g, by the orthogonal projection operator from L?(T,) onto Py _1(T,).

Then we consider the following problem:
Find (wn,un,pn) in Cy x Dy x My such that

(5.8) uy - m=gy ondf
and that

Yoy € Dy,  an(wn,un;vn) +bn(vn,on) = (f,on)w,
(5.9) Vg € My, bn(un,qn) =0,
V’l?NE(C]\“ CN(WNauN;'&N):O'

Remark 5.3. The choice of g as the discrete boundary condition is justified at
least in a first step by the following reasons:



VORTICITY, VELOCITY, AND PRESSURE FORMULATION 843

(i) The normal trace operator on each I',, 1 < < 2d, maps Dy onto Py _1(T,),
so that each gyr, belongs to the right space.

(ii) In dimension d = 2, on two adjacent edges (i.e., that share a vertex), the
normal trace operator involves different components of any function in H(div, Q), so
that gn does not have to satisfy any compatibility conditions at the common vertex.
The same remark holds in dimension d = 3 for two adjacent faces (i.e., that share an
edge).

(iii) Property (5.2) is still satisfied with g replaced by gn, which is essential since
we intend to work with exactly divergence-free discrete velocities.

Moreover, the computation of gy is not too expensive.

THEOREM 5.4. For any data f continuous on Q and g in L?(0Q) satisfying (5.2),
problem (5.8)~(5.9) has a unique solution (wy,un,pn) in Cxy x Dy x My.

Proof. Tt is readily checked that problem (5.8)—(5.9) can be written as a square
linear system. Moreover, it follows from Theorem 3.10 that the unique solution of
this problem when the data f and gy are zero is (0,0,0). This yields the existence
and uniqueness property.

We briefly recall the arguments that can be used in order to derive the same error
estimates as in section 4.

(1) Tt follows from [7, sect. 4] that, in dimension d = 3, an extension Ry of the
operator Ry introduced in section 4 can be constructed such that estimate (4.15)
still holds but now for s > % and that, for any smooth enough function ¢, the normal
traces of curl (Rye) on each I',. coincides with the images of the normal traces of
curl ¢ by the projection operator from L?(T,.) onto Py_1(T,). A similar operator
can obviously be constructed in dimension d = 2.

(2) Since the velocity w is divergence-free and thanks to (5.2), there exists a
function 9 such that curl+ = u. Then the function zy = curl (Ry) belongs to
Dy, is divergence-free, and has its normal trace equal to gy on 9§2. Moreover, the
distance of u to zy in L?(Q)¢ can easily be evaluated from (4.15).

(3) Let V denote the space of divergence-free functions in Dy. Thanks to
Lemma 4.3 (see also the proof of Corollary 4.4), for the previous function zy and any
¢y in Cy, there exists a (9, wy) in Cx x Vi such that the pair (9, wy) satisfies
(4.5), the normal traces of wy and zy coincide on 99, and, moreover,

Veon € Cn, en(In,wn;py) = 0.

(4) The pair (wy — 9y, uny — zy) now belongs to Wy. So exactly the same
arguments as in the proof of Lemma 4.1 lead to estimate (4.1).

THEOREM 5.5. If the assumptions of Theorem 4.6 hold and the data g satisfies
condition (5.2) and is such that each g, 1 < r < 2d, belongs to H™(I';) for a
nonnegative real number 7, the following error estimate holds between the solution
(w,u,p) of problem (5.3)—(5.4) and the solution (wn,un,pn) of problem (5.8)—(5.9):
(5.10)

|w —wn|EEurno) + v —unlz@v.o) + P — Pyl @

< ¢ (N2 (@l eurne) + lull =@y + 9] )

2d
+ N fllaroye + N2 Y llglireir )-

r=1

COROLLARY 5.6. Assume that the data (f,g) belong to H7(Q)% x H =2 (9K) for
a real number o > g and that condition (5.2) is satisfied. Then the following error
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estimate holds between the solution (w,w,p) of problem (5.3)—(5.4) and the solution
(wn,un,pN) of problem (5.8)—(5.9) for the same real number oq as in Corollary 4.7:

|w—wn|#Eur0) + [|lv —un|B@iv.0) + P — PNl

5.11 — min{o,o
(5.11) < eNTE ) (| ] g ya + gl

”*%(aQ))'

6. Some numerical experiments. Before presenting the numerical experi-
ments, we briefly describe how problem (3.7) is implemented. Let ¢;, 0 < j < N,
denote the Lagrange polynomials in Py (—1,1) associated with the nodes &;. We fix
an integer j, between 0 and N (usually equal to the integer part of %), define J* as
the set {0,..., N} \ {j*}, and set

(6.1) @i(Q) = w(¢) =3, jeJ"

¢ — &
Then the unknowns wy and uy and a pseudopressure py admit the expansions, in
dimension d = 2 for simplicity,

N—-1N-1
N(z,y)= Z Z wij pi(x)p;(Y),
i=1 j—1
N-1 N-1
une () = > > uei@)e (), uny(y) = > > uliei(@)e;(y),
i=1 jeJ* ieJ j=1
pn(z,y)= Z pij i (x)e5 ()

ieJ*,j€J*,(4,5)#(0,0)

The function py vanishes in (—1,—1) but no longer belongs to L(2); however, the
real pressure py can easily be recovered in a postprocessing step, thanks to the formula

- 1
(6.2) p(@y) = P (@, y) = 55 (B, D
We denote by Q°, U, and P the vectors made of these coefficients. Their dimen-

sions are equal to @N‘*Q(N —1)2, dN¥Y(N — 1), and N9 — 1, respectively.
Problem (3.7) can thus be written equivalently as the square linear system

A 0 B\ [ F
(6.3) 0 BT 0 Ul=1[0],
Co Cu 0 P 0

where BT denotes the transposed matrix of B. The global matrix is not symmetric,
even if the subblocks ( BOT ]g ) and C,, are symmetric. Note that, up to the multiplica-
tive constant —v~!, the matrix C,, coincides with A”. The system is very similar in
the case of nonhomogeneous boundary conditions, except that a further vector —BT G
appears in the second line of the right-hand side.

In what follows, system (6.3) is solved via the GMRES method, so that it has not
to be assembled. As a preconditioner, we use the matrix issued from an incomplete
LU factorization of the global matrix in (6.3). Moreover, as standard in spectral
methods, it follows from the tensorization properties of the polynomial spaces that
each product of this matrix by a vector is realized with ¢ N4t! operations, which
highly reduces the cost of the inversion.
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F1G. 1. Error curves for the solution defined from (6.4).

Two-dimensional experiments. We first work in the square =] — 1,1[?, with
v = 1. We consider a given solution constructed thanks to the formulas u = curly
and w = curlw in the two situations

(1) of functions 9 and p of class C*, defined by

(6.4) Y(z,y) = sin(rz)sin(ry), p(r,y) = zy,

and
(ii) of functions ¥ and p of limited regularity, defined by

(S

6.5) Yy =1—2231—yD)E, play) =2l -2 (1+y?) 3.

Figure 1 for the solution issued from (6.4) and Figure 2 for the solution issued from
(6.5) present the convergence curves of the relative errors on w, w, and p in the
corresponding norms, both in standard and logarithmic scales, for N varying from 5
to 30.

In Figure 1, the convergence is exponential and the three errors are smaller than
10719 from N = 15. The convergence is, of course, slower in Figure 2. It can be
noted that the vorticity and the pressure have the same regularity near the edges of
Q contained in the lines # = +1 (they behave like (1 —22)2) and that the error slopes
are the same.
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F1G. 2. Error curves for the solution defined from (6.5).

Figure 3 presents, from left to right and top to bottom, the values of the vorticity
of the two components of the velocity and of the pressure corresponding to the data

f = (fa, fy), with

(6.6) f==0, fy=ay?

in the case g = 0 of homogeneous boundary conditions, obtained with N = 40.

Figure 4 presents, from left to right and top to bottom, the values of the vorticity
of the two components of the velocity and of the pressure corresponding to the data
f = (fs, fy), given in (6.6) and with g given by

6.7) g~y =—-1-92, gLy =1-y>)3,  g(z,+1)=0,

obtained with N = 40. It can be noted that the vorticity wy and pressure py are
nearly the same in Figures 3 and 4.
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Fia. 3. The solution (w,ugz,uy,p) for the data f defined in (6.6) and g = 0.

SN
NNl o S
SR

Vit

% D
L S
NS

S

S

.=
===

F1a. 4. The solution (w,ug,uy,p) for the data (f,g) defined in (6.6)—(6.7).

Three-dimensional experiments. We now work in the cube Q =]—1,1[3, with v = 1
and always in the case ¢ = 0 of homogeneous boundary conditions. We consider a
given solution constructed thanks to the formulas w = curlvy and w = curlu, with
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F1G. 5. Error curves for the solution defined from (6.8).

¥ = (Yg, ¥y, v,) and p defined by

wa:(x’y,z) = (1 - y2)3(1 - Zz) )

I~

Yy(@,y,2) = (1 —2?)F(1 - 22)°,

(6.8)

Figure 5 presents the convergence curves of the relative errors on w, u, and p,
both in standard and logarithmic scales, for NV varying from 5 to 18. It can be noted
that the regularity of the solution is the same as for the two-dimensional solution
defined from (6.5) and that the slopes of the error are very similar to those in Figure
2. We do not present the convergence curves for a solution of class C* since they are

1/12(%%2) = (1 - 1‘2)3(1 - y2) ’

[SIE

p(x,y, 2) =

z(1— 22)2

(L+y2)2(L+22)2

exactly the same as in Figure 1.

Figure 6 presents, from left to right and top to bottom, the curves of isovalues in
the plane x = 0 of the three components of the vorticity and the velocity and of the

pressure corresponding to the data f = (fs, fy, f.), with

(6.9)

fx:xa fy:()a

obtained with N = 18.
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F1G. 6. The solution (wg,wy,wz, Uz, Uy, Uz, p) for the data f defined in (6.9).

As a conclusion, both two- and three-dimensional experiments are in perfect
agreement with the error estimates derived in sections 4 and 5 and bring to light
the efficiency of the spectral discretization for this type of problem.
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