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Table 1 )
Matrix polynomials P(A) = 3L, MA; with structure S € S.

Structure S Definition Coefficients property
Hermitian P(X) = P*(L) A= A;‘

symmetric P(A) = PT (%) A=Al

*-Even P(X) = P*(—1) Aj = (—1)YA*

*-0dd P(L) = —P*(—1) Aj = (—1yHax
*-Palindromic P(A) = )»mP*(%) A =An_;

x-Antipalindromic ~ P(A) = —A"P*(}) A = —A%

m—j

the notion of Jordan pair (X, J) for a single matrix A € C"*", where X € C™*" is nonsingular, J is a
Jordan canonical form for A, and A = XJX . The matrix X in a Jordan triple (X, J, Y) for P(A) is n x mn
and, as for the single matrix case, it contains the right eigenvectors and generalized eigenvectors of
P(). The matrix ] € C™>*™ js in Jordan canonical form, displaying the elementary divisors of P(1),
and the matrix Y € C™>" plays the role of X! for a single matrix, i.e., the columns of Y* determine
left eigenvectors and generalized eigenvectors of P()). A Jordan triple is a particular standard triple
(U, 7, V) in which the matrix 7 is in canonical form. Standard and Jordan triples are defined precisely
in Section 2.2.

Our objective is to study the standard and Jordan triples of structured matrix polynomials P()) of
the types listed in Table 1, where we use % to denote the transpose T for real matrices and either the
transpose T or the conjugate transpose * for matrices with complex entries. The structure of standard
and Jordan triples are well understood for Hermitian matrix polynomials [4,5] and more recently real
symmetric matrix polynomials [2,11]. With no assumption on the sizes of the Jordan blocks, Gohberg,
Lancaster and Rodman [4] show that if (X, J, Y) is a Jordan triple for a Hermitian matrix polynomial
then Y = SX* for some nonsingular mn x mn matrix S such that S = $* and JS = (JS)*. We show in
Section 3 that results of this type also hold for the structures in S, where

S = {Hermitian, symmetric, *-even, %-odd, T-even, T-odd, (2)
*-palindromic, *-antipalindromic, T-palindromic, T-antipalindromic}.

For S € S, we introduce the notion of S-structured standard triples. With the exception of T-
(anti)palindromic matrix polynomials of even degree with both —1 and 1 as eigenvalues, we show
that P()) has structure S if and only if P(X) admits an S-structured standard triple, and that for any
P(X) with structure S, all standard triples for P(A) are S-structured. Finally, we study in Section 4 the
special case of S-structured Jordan triples.

Two important features of this work are (a) a distinction, when necessary, between triples and
matrix polynomials defined over the complex (C) or real (R) fields, and (b) a unified presentation of
the results, except in Section 4, where we provide explicit expressions for the S-matrix of S-structured
Jordan triples that are structure-dependent.

2. Preliminaries

The set of all matrix polynomials with coefficient matrices in F"*" (F = R or C) is denoted by
P(F™). When the polynomials are structured with structure S, the corresponding set is denoted by
Ps(IF™) (see Table 1). Throughout this paper we assume that P(A) has a nonsingular leading coefficient
matrix as in (1). Recall that A is an eigenvalue of P(A) with corresponding right eigenvector x # 0 and
left eigenvector y #~ 0 if P(A)x = 0 and y*P(A) = 0. We denote by A(P) the set of eigenvalues of
P(A).
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2.1. Structured linearizations

Linearizations play a major role in the theory of matrix polynomials. They are mn x mn linear matrix
polynomials L(A) = AA + Brelated to P(A) € P(F™) of degree m by

P(A) O
EQ)L(VF(L) = o
(m—1)n

for some matrix polynomials E(A) and F(A) with constant nonzero determinants. For example, the
companion form
-1 -1 -1
AL An—1 AL Am—a ... AL Ag
—I 0 ... 0

0 -, 0

of P(L) = Z]m:o AjAj defines a linearization AI — C of P(1).
Some of the results in Section 3 and all the results in Section 4 rely on the construction of lineariza-
tions that preserve the structure of P(1) € Ps(F™"). The vector space of pencils

Li(P) ={LA) : LAM)(A®I) =v@P(), ve F"},

T
introduced in [14], provides a rich source of such linearizations. Here A = [)mel A 1] Ltis
shown in [7,12,13] that for some v € F™ satisfying the admissible constraint

(i) v € R™if S = Hermitian,
(ii) v = Xpvif S € {T-even, T-odd} orv = X ,,vif S € {*-even, *-odd},
(iii) v = Fyv if S € {T-palindromic, T-antipalindromic} or v = Fp,v if S € {*-palindromic,
s-antipalindromic},

where

Y =diag()™", ..., (=1, Fn=| . |,
1

there exists a unique pencil A As + Bs € L1 (P) with structure S € S. This pencil is a linearization of
P(A) if the roots of the v-polynomial

P(x; V) = vix™ T+ vax™ 2 e b X A+ v

are not eigenvalues of P [13, Theorems 6.3 and 6.5]. The vector v = e;;, where e, is the mth column
of the m x m identity matrix, is an admissible vector for S € {Hermitian, symmetric, x-even, x-odd}
since e, € R™ and Xpe;,, = ep. Also, the roots of p(x; e;,) are all equal to oo and since det(A;;) # 0
then co ¢ A(P). Hence the structured pencils AAs + Bs € L1 (P) with vector ey, are linearizations
of P. They are given by (see [7,13] for the construction)

MA(1) + B(1) when S € {Hermitian, symmetric},
AMs + Bs = (4)
MA(—1) + B(—1) when S € {%-even, x-odd},
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where
-1
0 0 ™A,
m—2
A
Ae) = & Pm1 ]
%A, %A, _, %A,
and
_ . _
0 0 g™ A, O
8m—2Am Em_zAm,]
B(e) = — 0
Ay, €A1 - eA, 0
0 0 —A

Note that for %-(anti)palindromic P(1), we have 0 ¢ A(P) since oo ¢ A(P). Whenm = 2k + 1,
vV = ey satisfies v = Fpv = Fpv and 0, oo are the only roots of the v-polynomial. The corre-
sponding -(anti)palindromic pencils in IL; (P) are linearizations. They are given by (see [13] for the
construction)

Ao+ B 2A0% 4 (40ddy* \when S = %-palindromic with m = 2k + 1, 5)
S s =
AA%d _ (40dd)* \when S = %-antipalindromic with m = 2k + 1,
where
dd odd
ot _ AT AR 6)
- 40dd qodd |’
21 A2

with A4 = (AT = Oppxnr+1) and

—Ax 0 ... 0 Am Am—1 ... Art+1
—AX " : 0
dd -1 dd
AR = m Ay = . )
0 : s Ao
—A;Jrz oo —AX | —AN 0 ... 0 Ap

For %-(anti)palindromic polynomials of even degree m = 2k, a nonzero vector v satisfying F,v = v
when % = T or F;;v = v when % = * can be taken of the form v = zey + z*ej1. The corresponding
*-(anti)palindromic pencil in ILq (P) is a linearization of P(1) if —z/z* is not an eigenvalue of P and is
given by (see [13])

AAZ () + (A%"(2))* when S = %-palindromic, m = 2k,
Ms + Bs = o ) (7)
AAE (Z) — (A%"(2))* when S = %-antipalindromic, m = 2k,

where

AN (7) = A?]/en (2 A?éen (2
ST e e
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with
0 O 0 Ak+1 0... 0
AT (2) =2 LA =z
o 0 ... O An—10...0
Am Am—1 ... Aks1 An 0...0
z*Ao ZAo 0 e cae 0 ]
Z*Aq Z*Ag + 7A1
A%’\éen(z) — _ . . . . . N ,
‘ 0
7*Ak_o Z*Ag_o + ZAk—1 - z2¥A1 + zAy z¥A0 + ZA1 ZAo
—ZzAj + 2*Ak_1 Z*Ak_o 7*Aq z*Ag
[ 2%Am zAm + 2*Am—1 ZAm—1 + Z*Am—2 ... ZAks2 + 2*Aks1 |
0
A =
ZAm—1 + 2¥Am—2
L Z2%Am ZAm 4+ 7¥Am—q
0 . . .0 *Am

Note that when % = %, we can always pick a z € I such that —z/z* ¢ A(P). But when x = T,
—z/7* = —1so0if —1 € A(P) the corresponding x-(anti)palindromic pencil in IL{(P) is not a
linearization of P(A). In fact it is shown in [13] that some T-(anti)palindromic matrix polynomials
of even degree do not have T-(anti)palindromic linearizations. Instead, we allow a linearization with
“anti” structure: palindromic becomes antipalindromic and vice versa. For this, let v = ex4+1 — ek
satisfying v = —Fpv. If P(X) is T-palindromic then there is a unique T-antipalindromic pencil in
L1 (P) with vector v. Similarly if P()) is T-antipalindromic then there is a unique T-palindromic pencil
in IL; (P) with vector v. Such pencils are linearizations of P if 1 ¢ A(P) and are given by

JA

LA 4 (A‘fle")T when S = T-antipalindromic when m = 2k,

— (Ail’e”)T when & = T-palindromic with m = 2k,

AMs + Bs = ‘ 9)

where A%*"(z) has a block structure similar to that of A®*"(z) in (7) with z replaced by —1 and z*
replaced by 1. In particular, when m = 2,

—Ay —A; — Ao
A = .
A —Ap

The next result, useful later, shows that the linearizations (4)-(9) share a property.

Lemma 21. Let S € S and P(A) € Ps(F™) with nonsingular leading coefficient. If A As + Bs is a
structured linearization of P(X) as in (4)-(9) then C = —AS_IBS, where C is the companion form of P(A)
given in (3).
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Proof. Some easy calculations show that —AsC = Bs. O

Hence, with the exception of T-(anti)palindromic P(A) of even degree with both —1 and 1 as
eigenvalues, the companion form of P(1) can be factorized as ¢ = —AngS, where AAs + Bs =
As(M — C) is a structured linearization of P().

2.2. Standard triples

Recall that (U, 7) is an (m, n)-standard pair over F if 7 € F™>™" and U € F™™" are such that
UTm—l
Q=QWU,7T):= ’ (10)
uTt
U

is nonsingular [11, Definition 2.1]. The triple (U, 7, V) forms an (m, n)-standard triple over FF if (U, T)
is an (m, n)-standard pair over F and V € ™" is such that U7™~ 'V is nonsingular and, if m > 2,

UV =0, j=0:m-—2, (11)
or equivalently,
QV=e;®N (12)

for some nonsingular n X n matrix N, where ey is the first column of the m x m identity matrix [11,
Definition 2.3]. Note that the definitions of standard pairs and triples make no reference to matrix
polynomials. )

An (m, n)-standard pair (U, 7) over I is a standard pair for P(A) = ij=0 MA; if

ApUT™ + Ap_UT™ V4o 4+ AJUT + AU =0 (13)

[6, p. 46]. A standard triple (U, T, V) is a standard triple for P(1) if (13) holds and A, = (UT™ V)]
(ie, N = A,;l in (12)). Any P(1) € P(F™") with nonsingular leading coefficient admits a standard
triple. For example, it is easy to check that

(e @ In, C,e1 ® AL (14)

with C as in (3) is a standard triple for P(1). We refer to (14) as the primitive standard triple for P()).
Let U; € ™Mt ;. ¢ FMXM apd V; € F™*" i = 1, 2. Then (Uy, T3, V1) is similar to (Uy, T2, V>)
if there exists a nonsingular G € F™>*™" such that

U, =UG, T =G '1G, V,=0G V. (15)
It is easy to check that Q (Uy, 71)G = Q (U3, 72). Hence G is uniquely defined by (Uy, 77), (U1, 73) and
is given by

G=QU1, 7)) 'QUy, To). (16)

Also, (U, T3, V,) defined in (15) is a standard triple if (Uy, 77, V1) is a standard triple [5, Proposi-
tion 12.1.3]. Moreover if (U, 7, V) is a standard triple for P(1) then, with Q = Q (U, 7) as in (10), we
find that

@@ ®Le=U, Q'cQq=7, Q (e1®A,")=V. (17)

Hence any standard triple (U, 7, V) for P(A) is similar to the primitive standard triple (e; R, C,e1®

A#). Note that because 7 is similar to C, Al — 7 is a linearization of P(A) and A(P) = A(7). The
following result [5, Theorem 12.1.4] will be needed.
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Lemma 2.2. Let U € F™™M 7 ¢ Fmm>xmy ¢ ™M gnd let P()) € P(F") be of degree m with
nonsingular leading coefficient. Then (U, T, V) is a standard triple for P(X) if and only if P(\)™! =
UM —T) W fora e C\ A(P).

A Jordan triple (X, J, Y) over IF for P(1) is a standard triple for P(A) for which the matrix J is in
Jordan form or real Jordan form if F = R. By (13) and [6, Proposition 2.1], we have that ij:O AXP =0

and ij=0 ]j YA; = 0. The columns of X and Y* determine right and left eigenvectors and generalized
eigenvectors of P(A). The matrix J is the Jordan form of the companion form C of P(}).

3. S-structured standard triples

We now consider standard triples in the context of structured matrix polynomials. We start by listing
two assumptions used in our analysis. Let S € S, P(A) € Ps(F") have degree m with nonsingular
leading coefficient and let 7 € F™>mn,

Assumption (a): if S € {T-palindromic, T-antipalindromic} and P()) has degree m = 2k then either
—1¢ A(P)or1 ¢ A(P).

Assumption (b): if S € {T-palindromic, T-antipalindromic} and m = 2k then either —1 ¢ A(7) or
1¢ A(T).

Assumption (a) ensures the existence of a structured linearization. Assumption (b) ensures the exis-
tence of @ € IF such that «*o = 1 and —a ¢ A(7). Also, for x-(anti)palindromic structures, the
eigenvalues of 7 come in pairs (A, A~*).Hence 0 ¢ A(7) since co ¢ A(7) and 7 * is well defined.
So for some 7 satisfying assumption (b) we define uy(7), t5(7), vg(7) as in Table 2. We note that
assumptions (a) and (b) are equivalent when AI — 7 is a linearization of P(1).

Before stating our main result in Theorem 3.4, we provide a few lemmas and introduce the notion
of S-structured standard triple. The first lemma of this section extends to all structures in S a result in
[6, Theorem 10.1] for Hermitian structure.

Lemma 3.1. Let (U, T, V) be an (m, n)-standard triple for P().) € P(F™") with nonsingular leading
coefficient and let S € S. Assume that T satisfies assumption (b). Then P()) has structure S if and only if
(V*ug(7T), ts(T), v (T)U*) is a standard triple for P(1).

Proof. (=) Assume that P(A) is structured with structure S. Since any standard triple for P(A) is
similar to the primitive standard triple (Uy, C, Vo) := (e; QI Che1 ® A;l) (see comment before
Lemma 2.2), it suffices to show that (U, C, Vo) is similar to (Vug(C), t5(C), vs(C)UF). Note that
under assumption (b), P(1) has a structured linearization A.As + Bs, which is one of (4)-(9) and by
Lemma 2.1, AngS = —C. Define

Table 2
Definition of ug(7), t5(7), vg(7) for some 7 € F™*™" satisfying assumption (b), where o is
some scalar in F such that e*a = 1and —a ¢ A(7).

Structure S uy(7) ts(7)  ve(T)
Hermitian/symmetric I T I

*-Even —I |

*-0dd I —T* I

*-Palindromic, m = 2k + 1 —7*k=1 T* 7k
*-Palindromic, m = 2k —*k=D(fqr*)" 1 T I+ aT*)T**=D
*-Antipalindromic, m = 2k +1  7*k=D TF Tk

*-Antipalindromic, m = 2k T**K=D (] 4 @7*) 7! T* I+ a7*)7*k=D
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e Z7* A" (z) if P is %-(anti)palindromic, m = 2k, —z/z* ¢ A(P), (18)
o As otherwise,

with A" (z) as in (8). We aim to show that
V3ug(C) = UpG, G 'CG=1t5(C), vs(OUF =G 'V, (19)

that is, (U, C, Vp) is similar to (VZus(C), ts(C), vg(C)UY) for all S € S. That (19) holds for S €
{Hermitian, symmetric, x-even, %-odd} is easy to check.
For S € {%-palindromic, %-antipalindromic}, the proof that G~ '¢G = ¢™* = t5(C) follows from

the definition of G and ¢ = e.A5 ' A%, where ¢ = £1 depends on whether B; = A% or By = —A%.
To prove that the first and third equalities in (19) hold for palindromic structures, we consider three
cases.

(i) m = 2k + 1.In that case, G~ ! = 4°% with 4°¥ as in (6). Then
G Wo=G"(e1 ®A,") = ery1 @1 = (€N (em ® ) = v5(O)UF,
from which it follows that V3 = (el, ® I)c*G* so that, on using G~'¢G = ¢™*,
VEug ()G = (eh ® ek (—c* kD61
— (e;rn ® I)Ckc('lfk)(_c*cfl)
= (el ®1) = Up.
(i) m = 2k, *x = Tand —1 € A(7).Inthat case,G~! = A with A9 as in (9). Then
vs(@Uy = 1= V(e ®@ 1) = err1 ® I —ex @1 =G '(e1 ® DA, =G Vs,
From Vo = Gvg(C)U} it follows that Vi = Upc® = (1 — ¢)GT, so that
Viuge) = —Upc® V(1 — 0)6"c"*k=V (- ¢T)!
= —Upc®* D1 =) PcT (1 —chH7!
=UoG(UI — (I — "™ = Uy,

where we used ¢G" = G and GTcTk=DG—T = ¢—k=1),
(ili) m = 2k, * = *,T and if x = T then —1 ¢ A(7). The proof is similar to that in (ii) with
o = z/z* in the definition of ug and v, and G~! = z7* A% (z) with A®*"(z) as in (8).

The case of antipalindromic structures is proved similarly.
(<) Suppose that (U, 7, V) and (V*ugy(7), t4(T), vg(T)U*) are standard triples for P(1). By
Lemma 2.2, we have that

UM —T)7V =P() ! = V¥u (T) (M — t5(T)) ™ vg(TU . (20)
As shown in the proof of [6, Theorem 10.1] for Hermitian structure, (20) implies that
(P*) ™ = (PQ)) ™ = WU =)'V = Vi = 797U = P() !

showing that P(X) is Hermitian. This proof extends easily to structures S € {symmetric, x-even,
*-odd}.
We now concentrate on palindromic structures. Using the left hand side of (20) we find that

ATMPOTN) T = ATMUGTH = 7)) = AR — ) U,
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If IN7*|| < 1 for some subordinate matrix norm | - || then
I=AT) V=14 AT+ 2272 . (21)
Using (21) and the fact that V*7*U* = 0,j = 0: m — 2 (see (11)), we obtain
)\’,m(P()\’,*)),* — V*,]—*(mfl)(l + )\.T* + )\‘27-*2 + .. )U*
— V*'T*(k_l)(l _ )»T*)_lT*(m_k) U*
— _V*,Z-*(kfl)()t] _ Tf*)flT*(mfkfl)U* (22)
forall |A| < ||7*||~!. When m = 2k + 1, (22) and the right hand side of (20) yield
ATTPOTN T = V¥ug(T)(M — T%) v (THU* = P(V) ™. (23)

Note that (M — 77*)~1 commutes with 7*1, (I + «7*) and (I + «7*)~ ! so when m = 2k,
(22) can be rewritten to yield (23). Since A™™(P(A™*))™* = P(A)~! holds for many values of A,
P(1) = A™P*(A~1) for all A, that is, P(1) is %-palindromic.

That P(L) = —A™P*(1~1) for the %-antipalindromic structure is proved in a similar way. [

Lemma 3.1 naturally leads to the following definition.

Definition 3.2 (S-structured standard triple). Let S € S. An (mn, n)-standard triple (U, 7, V) with T
satisfying assumption (b) is said to be S-structured if it is similar to (V*uy(7), t5(7), v4(T)U*).

If (U, 7, V) is an S-structured standard triple then there is a nonsingular S € F™*™" such that
US = V*ug(T), ST'TS=ty(T), S~V =vy(T)U* (24)
The matrix S is unique and is given by (see (16))

S =QW, 7)'Q(V*ug(7), t5(7)).

We refer to S as the S-matrix of the S-structured standard triple (U, 7, V).
The next lemma shows that any standard triple that is similar to an S-structured standard triple is
itself S-structured.

Lemma3.3. Let (U, 7, V) beastandard triple similar to (Uy, Ty, V1), thatis, (Uy, 77, V1) = (UG, G176,
G~'V) for some nonsingular matrix G. Let S € S and assume T satisfies assumption (b). If (U, T, V) is
S-structured with S-matrix S then (Uy, Tq, V1) is S-structured with S-matrix S; = G~'SG™*.

Proof. If (Uy, 77, V;) = (UG, G~17G, G~1V) with (U, T, V) S-structured then

(V}G*ug(GTiG™), ts(GTiG™ 1), ve(GTiG™HG*UF) = (V¥ug(T), ts(T), ve(T)U*)
= (US,S7175,571v)
= (U;G7's,s716T67 s, s7lawy).
Since ug(GT1G™") = G *ug(71)G*, ts(GTHiG™!) = G *uy(71)G*, and vg(GT1G™") = G *v4(77)
G*, it follows that (U;, T3, V4) is S-structured with S-matrix G~1SG™*. O

We can now state our main result, which is a direct consequence of Lemma 3.1 and Lemma 3.3. It
extends a result for Hermitian structure [5, Theorem 12.2.2] to all structures in S.

Theorem 3.4. Let S € S and P(L) € P(IF") with nonsingular leading coefficient satisfying assumption
(a). Then P(A) has structure S if and only if P(A) admits an S-structured standard triple, in which case
every standard triple for P(A) is S-structured.
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The relations in (24) imply certain properties of S, as shown in the next theorem.

Theorem 3.5. Let S € S. An (m, n)-standard triple (U, 7, V) with T satisfying assumption (b) is S-
structured with matrix S if and only if V = Sv4(T)U* and S satisfies the following properties:

S =S*7S = (75)* when S € {Hermitian, symmetric},

S = —S* 7S = (TS)* when S = x-even,

S =S5* 7S = —(7S5)* when S = %-odd,

TS* = —S when S = %-palindromic and m = 2k + 1 or 7S* = —aS when S = x-palindromic and
m = 2k,

TS* = S when S = w-antipalindromic and m = 2k + 1 or 7S* = «aS when S = %-antipalindromic
and m = 2k,

for some o € T such that «*a = 1 and —a ¢ A(T).

Proof. (<) Assume that V = Sv¢(7)U* and that S satisfies the properties listed in the theorem. We
show that (24) holds. The last equality follows from V = Sv¢(7)U* and the second equality follows
from the properties of S. Now from V = Sv4(7)U* we have that V*u4(7) = U(v4(7))*S*ug (7). That
(vg(T))*S*ug(T) = Sfor S € {Hermitian, symmetric, x-even, x-odd} follows from the definition of
ug, Vg and the properties of S. For palindromic structures, slrs = ts(7) implies that

S*(T*)(k—l) — T_(k_l)s*. (25)
Hence, whenm = 2k + 1,
(Ve(M)*S*ugy(T) = —T**T**1) = k=D — _75% =,

where we used (25) and the assumption that 7S* = —S. When m = 2k,

(ve(M)*S*ug(T) = —7* V(1 + o*D)S*T** D (1 4 a7*) !
=—(I+a*D)S*U + a7*) !
=6 —=SMU+aT) ' =SU+aT*)I+aT*) ! =5.

In a similar way we can show that (v4(7))*S*uy(7) = S for antipalindromic structures. Hence
V*ug(T) = US.

(=) Assume that (U, 7, V) is S-structured with S-matrix S so that (24) holds and hence V =
Sv¢(T)U*. By [11, Theorem 2.4] there exists a unique matrix polynomial P(1) = ij=0 MA; for which
(U, T, V)isastandard triple. This triple is similar to the primitive triple (Ug, 7o, Vo) = (e,Tn Ry, C,e1®
A1), where A1 = UT™V. The proof of Lemma 3.1 shows that (U, 7o, Vo) is S-structured with
S-matrix S = G defined in (18). It is easy to check that Sy = G and 7, = C satisfy the properties
displayed in the bullet points of the theorem. By Lemma 3.3, S = 07 1SpQ* and since T = Q175Q
(see (17)), we have that 7S = Q !75S0Q ~*, 7S* = Q !7S¥Q *. This completes the proof since
the properties of Sg and 7Sy are preserved by x-congruences and it is easy to check that 7S* is the
appropriate multiple of S for the (anti)palindromic structures. [J

We point out that Hermitian and symmetric structured standard triples are called self-adjoint stan-
dard triples in the literature (see for example [5, p. 244]). For (anti)palindromic structures, the matrix
T of an S-structured standard triple (U, 7, V) with S-matrix S is S~ -unitary, that is, 7*S~'7 = s~ 1.
With additional constraints on 7”'s structure, Lancaster, Prells and Rodman refer to (U, 7, V) as a uni-
tary standard triple [8, Definition 4]. Hence a unitary standard triple is S-structured but the converse
is not true in general.

The S-matrix of an S-structured standard triple (U, 7, V) for P(1) can be expressed in terms of
U, 7 and the matrix coefficients of P(1) as the next result shows.
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Proposition 3.6. Let S € S and P()) € Ps(F™) be of degree m with nonsingular leading coefficient and
satisfying assumption (a). If (U, T) is a standard pair for P(A) then (U, T, Sv4(T)U*) is an S-structured
standard triple for P(A) with S-matrix S given by

1 Z7*Q* A% (2)Q if P is w-(anti)palindromic, m = 2k, —z/z* ¢ A(P),
| e*asq otherwise,

where Q := Q(U, 7) is as in (10), and As and A®*"(z) are as in (4)-(9).

Proof. The primitive standard triple (e%@ln, C, e1QA,, 1) is S-structured with matrix G defined in (18).
Since (U, 7) is a standard pair of P()), we easily check that Q ~'¢Q = 7 and (e; & In) Q = U.Define

v=0Q! (e1 ® A#). Then (U, 7, V) is a standard triple for P(A) similar to (e,Tn QI C,e1 ® A;l).
By Lemma 3.3, (U, T, V) is S-structured with matrix S = Q 'GQ * and V = Svs(THU*. O

4. S-structured Jordan triples

We now explain how to obtain explicit expressions for the Jordan matrix and S-matrix of S-
structured Jordan triples (X, J, Sjvs(/)X*) of P(1) € Ps(F™). We note that the matrix S; displays
the sign characteristic of P()), whose definition we now give.

Let (U, T, S7v5(T)U*) be a standard triple for P(1) € Ps(F"). The sign characteristic of P(}) is
defined as the sign characteristic of the pair (7, S}l), which is a list of signs, with a sign (41 or —1)
attached to each partial multiplicity of

e real eigenvalues of Hermitian or real symmetric matrix polynomials,

e purely imaginary eigenvalues of x-even, *-odd, real T-even and real T-odd matrix polynomials,

e eigenvalues with unit modulus of x-(anti)palindromic and real T-(anti)palindromic matrix poly-
nomials.

These signs can be read off the canonical decomposition of AS}I — S;]T via *-congruence (see [5,
Section 12.4] for Hermitian structure). Note that the definition of the sign characteristic for P(1) is
independent of the choice of standard triple. Indeed if (U;, 7;, Sz;vg (’Z})Ul-*), i =1, 2 are S-structured
standard triples for P(A), then by Lemma 3.3 there exists a nonsingular G such that 7, = G~'7;G and
S, = G 1S;,G™*.Hence, AS,' —S,' T, = G*(ASy,' —S7,'71)G, that s, the pencils AS7 ' —S7' 75, i =
1, 2 are %-congruent. They share the same canonical decomposition via x-congruence and therefore
the same sign characteristic.

We know that the triple ((e£1 R, C,(e1 ® A,;l)) is a standard triple for P(A) and by Theorem
3.4, it is S-structured with S-matrix as in Proposition 3.6 with Q = I,;;,. Hence, on using Lemma 2.1,
we find that

Ayt —S;lc = a2z * As + 27 *Bs,

where AAs + Bgs is a structured linearization of P()A) as in (4)-(9), and z = 1 except when As =
A®"(2), in which case z € F is chosen such that —z/z* ¢ A(P). So what we need is a canonical
decomposition of AAs + Bs via x-congruence,

Z*(MAs + Bs)Z = MZ* AsZ) — (Z* AsZ) (27" cz) = 22 (A — 571,

where ] = Z~1¢Z is the Jordan form of C. Fortunately, such decompositions are available in the litera-
ture for all the structures in S. We use these canonical decompositions to provide explicit expressions
for J and S; in Appendix A. These expressions show that S; and ] have the same block structure and
that we can read the sign characteristic of P(A) from certain diagonal blocks of S.



828 M. Al-Ammari, E. Tisseur / Linear Algebra and its Applications 437 (2012) 817-834
5. Concluding remarks

The results in this paper represent a first step towards the solution of the structured inverse polyno-
mial eigenvalue problem: given a list of admissible elementary divisors for the structure, and possibly,
corresponding right eigenvectors and generalized eigenvectors, construct a structured matrix polyno-
mial having these elementary divisors and eigenvectors/generalized eigenvectors. Indeed, using the
results in Sections 3 and 4 we show in[1] how to construct an S-structured (2, n)-Jordan triple (X, J, Y)
from a given list of 2n prescribed eigenvalues and n linearly independent eigenvectors and generalized
eigenvectors, and use the fact that an S-structured (2, n)-Jordan triple defines a unique structured
quadratic Q(A) = A%Ay + A1 + Ag € Ps(F™), where Ay = (XJSvg (Hx*1,

Al = —AXPSvs(DX*Az, Ag = —Ay(XI2Svs(NDX* A1 + XPPSvs ()X *Az),
and v4(-) as in Table 2.

Finally, we note that standard triples have been useful to describe structure preserving transfor-

mations (SPTs) for matrix polynomials, and in particular quadratic matrix polynomials [3]. We believe

that the notion of S-structured standard triples will further our understanding of SPTs for structured
matrix polynomials.
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Appendix A. Explicit expressions for J and S;

Using the canonical decompositions of structured pencils via x-congruences, we provide in this
appendix an explicit expression for the Jordan matrix and S-matrix of S-structured Jordan triples
X, ], Svs(DX*) of P(A) € Ps(EF™) for each S € S. We assume that P(1) is of degree m with non-
singular leading coefficient matrix. To facilitate the description of J and Sj, we introduce the matrices
E; = F; = [1] and for integers k > 1

1
1 1
E = =(-D""E, F=
1
k1 1 kxk
=1 kxck
We denote by
A 1
Ak -
Jo, () = € Chxb,
o
Ak
the Jordan block of size £} associated with Ay, and by
Ak 12
- A e ag Pk
Kamy (Mer 1) = Koy (Ag) = e RIMOAM A= | ,
. I —Br oy

Ay



M. Al-Ammari, E. Tisseur / Linear Algebra and its Applications 437 (2012) 817-834 829
the 2my, x 2my real Jordan block associated with the pair of complex conjugate eigenvalues (A, Ay),
where Ay = oy + 1By with ok, Bk € R, Br # 0. We use the notation @}:1 F; to denote the direct sum
of the matrices Fy, ..., Fr.

Note that there are restrictions on the Jordan structure of P. For instance, a regular n X n matrix
polynomial cannot have more than n elementary divisors associated with the same eigenvalue [6,
Theorem 1.7]. Also, the elementary divisors have certain pairing, which depends on the structure
S € S and the eigenvalue. Hence we describe for each S € S the elementary divisors arising from
P(A) € Ps(F") and then provide an expression for J and S.

A.1. Hermitian structure
Suppose P(A) is Hermitian with

e rreal elementary divisors (A — )\,j)gj,j =1:r,and
e s pairs of nonreal conjugate elementary divisors (A — )™, (A — ﬁj)mf,j =1:s,

with ¢j, mj such that >3, ¢; + 2 3;_; m; = mn. It follows from [9, Theorem 6.1] that
r N r N
J =By %) & BUm (i) & Jm; (1)), S =5" =D eiFe; & D Fom-
j=1 j=1 j=1 j=1

Here {e1, ..., &} with ¢ = =1 is the sign characteristic associated with the real eigenvalues A;,
j=1:rof P(X). We easily check that §; = Sj* and JS; = (JSp*.
A.2. Real symmetric structure

Suppose P(A) is real symmetric with

e 1 real elementary divisors (A — )»j)gf,j =1:r,and
e s pairs of nonreal conjugate elementary divisors (A — )™, (A — &)™, j = 1: 5,

with ¢;, m; such that 3/_; ¢; + 2 >;_; mj = mn. On using [9, Theorem 9.2] we find that

r N r N
J=@®Jy\) & Bkom (s i1p), S =5" =D eiFy; ® P Fomy.
j=1 j=1 j=1 j=1

where the scalars ¢; = =1 form the sign characteristic associated with the real eigenvalues of P(1).
Note that S, = S/ and J5; = (J))".

A.3. Complex symmetric structure

Suppose P(}) is complex symmetric with g elementary divisors (A — A))™, A; € C,j = 1: g, with
m;j such that ZJ‘-’:1 m; = mn. Then [18, Proposition 4.3] leads to

q q
J=@®Im0p). §=5"=EDFn.
j=1 j=1

which satisfy S; = S] and J§; = (Js))".
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A.4. x-Even structure
Suppose P(A) is x-even with
e 1 purely imaginary (including 0) elementary divisors (A — i,Bj)Zf,j =1:r,and
e s pairs of nonzero and non-purely imaginary elementary divisors (A — ip;)™, (A — zﬁj)mf,
j=1:s,
with ¢;, m; such that >f_; ¢; +2 >5;_; m; = mn. With the change of eigenvalue parameter A = —ig,

the x-even lmearlzatlon of P(A), )\As + Bs = (—iAs) + Bs becomes a Hermitian pencil in . Using
Appendix A.1 we obtain that

_l(@h}( B & @ (]mj( ) D Jm; (— )] ) 5= _l(@nglj D @an])

Here {e1, ..., &} withe; = d=1isthe sign characteristic associated with the zero and purely imaginary
eigenvalues ofP(A) Note that S5 = —Sj and JS; = (JSp*.

A.5. Real T-even structure

Suppose P(A) is real T-even with (see [15])

t zero elementary divisors A" with nj even,j = 1: t,

r pairs of real elementary divisors (A + o))", (A — oj)P withpjoddife; =0,j=1:r1,

s pairs of purely imaginary elementary divisors (A + i,Bj)"J', A — iﬂj)kf with 8j > 0,j = 1: 5,
and

q quadruples of nonzero and non-purely imaginary elementary divisors (A + )™, (A — )™,
A +m)™, (A —m)™h,j=1:q,

with nj, pj, kj, mj such that 3_, nj + 237, pj +235_, ki + 4>, mj = mn. Using [10, Theo-
rem 16.1], we find that

J= @Jnj(O)ea@(Jp,(a])@ Iy ()"

j=1

® EBszj (B, —ip) @ ea (Kamy (145 117) & —Kom, (1. 1))

j=1 j=1
t r
0 _Iij
S =D eEn © D @@SJ(E& ®Ez)@® ,
j=1 =1 Ip 0 =1 [fm O
where the scalars ¢ = 4=1 form the sign characteristic associated with the purely imaginary eigen-
values and zero eigenvalues of even partial multiplicities (see [17]). We easily check that S = —SJT

andJs; = (spT.

A.6. Complex T-even structure
Let A; € C\ {0} and suppose P(1) is complex T-even with (see [15])

e t zero elementary divisors A™ with m; even,j = 1:
e ¢ pairs of elementary divisors (A — /)%, (» + A/)% with kjodd if Aj = 0,j = 1: g,
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with mj, k;j such that Z}zl mj + 2 Zle kj = mn. Then, by [18, Proposition 4.7 (b)], we obtain that
L]0 —Fi, 410 —F,
J= EBJm,(O)eB@Uk,w)@Jk,( ). S =6 2 o P i
j=1 =1 |F1p O j=1[Fig 0

Note that S; = —S] and J§; = (Js))".

A.7. x-odd structure
Suppose P(1) is *-odd with

e r purely imaginary (including 0) elementary divisors (A — iﬁj)@i,j =1:rand
e s pairs of nonzero and non-purely imaginary elementary divisors (A — i)™, (A — mj)mf,
j=1:5,

with ¢;, m; such that 3/, ¢; + 2 3;_; m; = mn. Note that for the *-odd linearization A.As + Bs of
P(}) in (4), the pencil i(AAs + Bs) is *-even and the structure for Sy and J follows from Appendix A.4.
We find that

r S T S
J= _i(@fﬁj(_ﬂj) ® D Um (—i27) eajmj(—uj))), S =5" =D eFy & D Fom.
j=1 j=1 j=1 j=1
which satisfy 5, = SJ* and J§; = —(]SJ)*. Here {g1, ..., &} with &; = %1 is the sign characteristic

associated with the zero and purely imaginary eigenvalues of P(A).

A.8. Real T-odd structure
Suppose P(A) is real T-odd with (see [15])

o t zero elementary divisors A% with ¢; odd,j = 1: t,

e 7 pairs of real elementary divisors (A + a;)?, (A — «;j)P with pjevenifaj =0,j=1:r,

e s pairs of purely imaginary elementary divisors (A + iﬁj)"f, (A — iﬂj)"fwith Bi>0,j=1:5
and

e g quadruples elementary divisors (A 4+ )™, (A — )™, (A + @)™, (A — @)™,j =1:q,

with £;, pj, kj, mj such that >0, & + 2> pj+2>7 ki +4 ZJ‘-’:] m; = mn. On using [10, Theo-
rem 17.1] we find that

J= @JZJ(O)@GB(JP,@)@ —Jpy(@)")

j=1
©® @szj (113]7 _113]) @ @ (szj (M]v ﬁ’j) ® _szj (I’L]a [L])T) s
j=1 j=1

pj j=1 j=1 IZmJ 0

01 0 I
§=5 @sjfe,ea@[ "J}@@wm"f 1>@®[ }

where the scalars ¢j = =1 form the sign characteristic associated with the purely imaginary eigen-
values and the zero eigenvalues with odd partial multiplicities. We easily check that 5 = S]T and

Js;=—usp’.
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A.9. Complex T-odd structure

Let 4; € C\ {0} and suppose P(1) is complex T-odd with (see [15])

e s zero elementary divisors A4 with £jodd,j=1:s,and
e ¢ pairs of elementary divisors (A + kj)"f, (A — kj)"f withkjevenifA; =0,j=1: g,

with ¢;, k; such that 215»21 4+ 2 2?:1 kj = mn. It follows from [18, Proposition 4.7(b)] that
s q S q
I =@l D (<) @I (), S =5"=PDE, ® P Fu
j=1 j=1 j=1 j=1

Clearly, S; = S} and JS; = —(Jsp)".
Notice the difference between the zero elementary divisors associated with T-even and T-odd
pencils (see [15, Corollary 4.3]).

A.10. =-(anti)palindromic structure
Suppose P(1) is complex «-palindromic with —1 ¢ A(P) and (see [16])

e ¢ pairs of elementary divisors (A — kj)"f, r = 1/Xj)ki withA; € C\ {0}, |Xj| #1,j=1: ¢,
o t elementary divisors (A — A;)?67! with A; € C such that |A;| = 1,j = 1: t,and
e selementary divisors (A — Aj)sz withA; € C, |4l =1,j=1:5,

with k;j, £;, m; such that 2 Z;’Zl ki + Z}Zl (2¢j +1) +2 >;_; mj = mn. Then using either [19, Theo-
rem 5] or [20, Section 2.2.2] we find that
J==55"
with
0 0 FyJp (=4))
9 oy FeJi (—A; t 4 S [0 Fondm (=4,
S] _ @ ki kJ]kJ( ]) ® @Sj 0 (—)Lj)l/z e{ ® @ mj mJ]m)(T ])
i=1 Fk- Ok- i—=1 Fm e.e
J j j J lj 1*1
ng 0 0
has the above elementary divisors. Here e; is the first column of the identity matrix. The scalars
gj = &1 form the sign characteristic associated with the eigenvalues of unit modulus of P(1) (see [8]).
For the sx-antipalindromic structure, | = S]S]_* with S; as above but with —A; replaced by A;.

A.11. Real T-(anti)palindromic structure
Suppose P(1) is real T-palindromic with —1 ¢ A(P), A; € C \ {0}, and (see [16])

e 1 pairs of real elementary divisors (A — A%, (A — 1/A)8 with A; € R, || #1,j=1:1,

e g quadruples of nonreal elementary divisors (A — Aj)", (A — )™, (A — 1/A)", (A — 1/2;)"
with [Aj] #1,j=1: ¢,

e s elementary divisors (A — 1)2™,j = 1: s,

e ¢ pairs of elementary divisors (A — )Mﬂrl - )2zj+1 j=1:1¢

e 1 pairs of elementary divisors (A — A; ) L= ) j w1th Al =1,41 # 1, E/ odd,j = 1: u,and

e p pairs of elementary divisors (A — )LJ) J, r— AJ) j with [Aj] = 1,4; # 1, mj even,j =1: p.

We have that 2 37 1I<J+4ZJ P23 mi 232G+ 1) +230 1£’+szp | m; = mn.
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Using [20, Theorem 2.8] we find that ] = —S]S]_T has the above list of elementary divisors, where

T —. q _ X N _
S - [okj FigJy, ( A,)}@ EB[ Oany Ky € A,)}EB @[0 Fongm 1)}

= Fg Ok =1 Ly ®L 0y =1 |Fm 0

J

.| 0g 0 Fele(—1) ¢ |04 0 FeJy(=1)

e@Pe| 01 el e@Pe| 01 e
i=1 j=1

| Fe; O O, Fy 0 O,
oo 0 Ky_q(—4)
. -1 ) -1 j ) 0, Ky(—A))
eDe 0 (-4)? oL o@Dy L
j=1 =1 |F1, ®L e1e;®L
_F%(ZJ{_]) ® 12 0 Og}{_«l 27

Here (—Aj)% is the principal square root of —A;. The scalars ¢; are signs &1 and form the sign
characteristic associated with the eigenvalues of unit modulus of P()) except the eigenvalues 1 with
even partial multiplicities (see [8]).

For the T-antipalindromic P()), ] = S]SJ_T where §; is as above but with —2;, —1, —A; replaced
by A;j, 1, Aj, respectively.

A.12. Complex T-(anti)palindromic structure
Suppose P(1) is complex T-palindromic with —1 ¢ A(P) and (see [16])

e t elementary divisors (A — 1)™ withm; even,j =1:t,
e ( pairs of elementary divisors (A — Aj)kf, A — l/kj)kf with kj odd when A; = 1,j =1: g,

with m;, k; such that Z;zl mj +2 Z]g:] kj = mn.On using either [19, Theorem 1] or [20, Theorem 2.6],
we find that with

5 = é [Omj/z ij/zlmj/z(—l)} ® é {ij ijka(—?»j)}

T
j=1 | Fmj/2 €16 j=1 [ Fi Oy

the matrix | = —S]SfT has the above elementary divisors.
Now if P(A) is complex T-antipalindromic with —1 ¢ A(P) and (see [16])

e t elementary divisors (A — 1)% with fiodd,j=1:t¢,
e ¢ pairs of elementary divisors (A — )%, (A — 1/2;)% with k; evenif A; = 1,j = 1: g,

with ¢;, k; such that Z}Zl 4+ 2 Zﬁ:] kj = mn. On using [20, Theorem 2.6], we find that the matrix
J=55" with

¢ | 0¢ 0 FyJe; (1)

110 FiJi; (A9)
s=@|o1 o @@[F: s
Jj=1 Fr. 0 0 j=1 j Kj

J J

has the above elementary divisors.
Note that J in Appendices A.10-A.12 is “almost” in Jordan canonical form.
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